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1. KOHCHEKT JEKIH
1.1 Jlekuusi Ne 1 (2 4). Tema: «KomruiekcHbIC UnCIia U ICHCTBHS C HUMU»
1.1.1 Bonpocsl Jexkuun:
1. KoMIuiekcHbI€ YiCiia U JEHCTBUS C HUMH.
2. KoMIiekcHas TIOCKOCTb.

1.1.2 Kpatkoe coaep:kaHue BOIPOCOB:
1. KoMIuiekcHBIE Yucia U JEUCTBUS C HUMHU.

Komnnexcnovim wucnom, npedcmasnenuvim (3anucanuvim) 6 aieebopaudeckou gopme, Ha-
3bIBAETCS BBIpaKeHHe BUAa Z=X+i-Y, rae X,Y € R- neilicreurensupie uncna, X=Rez-

NeficTBUTENbHAS YacTh KoMmiekcHoro uncia, Y = IMZ - maumas gacts (nepes. ¢ aHriL: real-

o - o . o Y
peanbHBIN, image- MHUMBIN). CUMBOJI | Ha3bIBae€TCS MHUMOU equHUIEH: |~ = -1.
OmuoweHnue paseHcmea KOMIUIEKCHBIX YHCEN: JBAa KOMIIJIEKCHBIX YHCTIa

Z=X+1-Y, Z,=X,+1-Y, paBHBI TOr/a ¥ TOJBKO TOT/a, KOTJ]a PaBHBI COOTBETCTBEHHO
HUX NEUCTBUTEILHBIE U MHUMEIE YaCTH: Xl = Xz, y1 = y2 )

Cymmoti 08yx komnaekchvlx uucen L, Z, Ha3pIBaeTCs YUCIO Z , paBHOE
Z2=72+2,=X+1- Y+ X +1-Y, =X +X)+i-(y,+V,).
IIpouseedenuem komniekchvix yucen L,, L, Ha3pIBaeTCs YUCIO Z, PaBHOE

- - - - - 2
=11, :(X1+y1'|)'(xz+'Y2 "):Xi'xz TX Yo T XY+ Y Yol =
=(% % = Y1 Y,) + (Y, + X, ¥,) -1
Jlnst mo6oro KoMIuiekcHoro yucia Z = X+ iy CYILIECTBYET KOMMIEKCHO-CONPANCEHHOE

= . " = 2 2 .
yycno Z = X—1y, npuuém Z-Z =X +Y . Ha mnockoctu C KOMIUIEKCHO-CONPSKEHHBIM

quciaM COOTBETCTBYIOT TOYKH, CUMMCTPUYHBIC OTHOCHUTECIIBHO HCﬁCTBHTeHBHOﬁ OCH.

Mooynb u apzymenm KOMNIAEKCHO20 Yucia, mpuzoHomempuueckas opma 3anucu. /leiicm-
6UA C KOMNJIEKCHBIMU YUCIAMU 8 MPUZOHOMempuydeckoii ghopme. @opmyna Myaepa.
bynem un3obpaxarbs koMmiuiekcHble uncia Z = X+ 1y # 0 pangnyc-BEKTOpaMu TOYEK Z

(Puc. 2). Inuna paauyc-BeKTOpa TOYKU Z HA3BIBACTCS MOOYIeM KOMNIEKCHO20 Yucia I 1 000-
2
— 2 2 — -
3HavaeTcsa |Z|: ‘Z‘Z\/Z-Z =\/X +Vy, Z2-Z= ‘Z‘ , |Z|=|Z|. 31ech |Z|- paccTosHue OT
Hayaja KOMIUIEKCHOW MIOCKOCTHU JI0 TOYKH Z , |Z2 — 21| - PaccTosHME MEXAY TOUKaMu Z; u Z,.

Yron ¢, KOTopbIii 06pasyeT paguyc-BeKTOp Z ¢ MOJNOXKUTETbHBIM HanpaBiennem ocu OX , Ha-
3BIBAETCS AP2YMEHMOM KOMNIeKCHo20 yucia Z w obosHadaercs Arg(z). 3uavenns Arg(z)
HaXOJATCSA HEOJAHO3HAYHO, C TOYHOCTBIO 10 cnaraemoro 27K, K € Z . Ilagnvim snavenuem ap-

rymenta arg(z) kommiekcHoro wymcna Z HasbIBAETCS 3HAYEHHE Argz U3 TIPOMEKYTKaA
-, . Arg(z)=arg(z)+ 27k, keZ, -z <arg(z) <.

HOJ’IL3y5ICL (bOpMyJ'IaMI/I nepexoga OT ACKAPTOBLIX KOOPAUHAT K IMMOJIAPHBIM

4



Y
X
Z B BUAE Z Z‘Z‘- COS@+1-SiN@ . Dra dopma 3anMUCH KOMILIEKCHOTO UHCIIA HA3BIBACTCS

KoopauHaTtam X = |Z| -COSp, Y= |Z| -Sin @, — =10 3anumem KOMILUIEKCHOE YKCIIO

mpuzcoHomempudeckou(uiu nonsapuou). GopMynbl ISl HAXOXKICHUS TJIABHOTO 3HAYCHUS apry-
MEHTa KOMIUIEKCHOTO YHCJIa:

arctg Y , X>0;
X
arctg Y +7,X<0,y>0;
X
arg(z) =4 arctg Y —-7,Xx<0,y<0;
X
T
—,Xx=0,y>0;
5 y
T
—-—,x=0,y<0
5 y

21.]'[51 KOMIIJICKCHBIX YHUCECJII
z,=|z|- cosg +ising, , z,=|z,|- cose, +ising,

3aMMCaHHBIX B TPHTOHOMETPHUECKOI (popme, CripaBeTUBBI CIISIYIOIINE TPaBHiIa
YMHOXCHUA U ACTICHUA:

2,-2,=|z||z,|- cos(g, +@,)+isin(p, +¢,) |

Z _ |Zl| el 0

I COS((pl _(02) + |S|n(¢’1 - (pz) y L #F V.

z, |z,
B wactHOCTH, cripaBeayiuBa ¢hopmyna Myaspa 6036e0eHusi KOMNIEKCHbIX YUCET 8 CIENeHb

n

- - n - -
2"= z- cosp+ising  =z|"- cosnp+isinng ,neN.
KomruiekcHble uncna Z; = |21| - COS@, + Isin ¢ wnli,= ‘22‘- CoSp, + iSiI’](p2 ,
3aIlIlMCaHHBIC B TpHFOHOMeTqueCKOﬁ (bopMe, PaBHBI TOr'ZIa U TOJIBKO TOI'Id, KOr'la
z|=|z,|, Arg z, —Arg z, =2zm, M- uenoe.

C moMoIIBI0 ATOrO MOHSTHS PABEHCTBA KOMILIEKCHBIX YHCeT U (POPMYIIbI
MyaBpa Bo3Be/IeHUS B CTEIIEHb MOJIYYaloT CIEAYIOILYI0 popmyny Myaspa uzéne-
yenust koprei N — Ol CTENEHN U3 KOMILUIEKCHBIX YHCE:

Q/_:Q/ﬂo(cos(m)+ I -sin[MD, k=012,..n-1.
n n

B O6H_ICM cjiydac UIA ar000ro komiuiekcHoro Z # 0 CymeCTBYCT pOBHO n Pa3JIMYHBIX 3HA4YC-

Huil \/Z , KOTOpble M300PaXaIOTCA HAa KOMILIEKCHON IIOCKOCTH BEPLIMHAMH MPABUILHOTO N -

YTOJIbHUKA, BIMCAHHOTO B OKPY)KHOCTb paauyca I = 1”/|Z| C LIEHTPOM B HYJIEBOH TOouke(1100

3HA4YeHUs Q/; N300paXkaroT pagnyc-BEKTOPaMH).

3. Ilokazamenvnaa gpopma 3anucu KOMnaAeKCHvIX yucen. /leiicmeus ¢ KOMNIeKCHbIMU
yuciamu 6 noKazamenvHou gopme.

C nomotukto gpopmyner Jiinepa

e'? =cosp +i-sing

5



n060e komiuiekcHoe yncno Z # 0 MoxkHO IpencTaBuTh 6 nokazamensroti popme:
I
z=|z]-e?.

B mokazarensHO# Gopme yIoOHO YMHOXKATh U JETUTh KOMIUICKCHBIE YHCIIa, BO3BOJUThH B CTE-
[IEHb U U3BJIEKATh KOPHU:

ecnn 21=|zl|-e'(/)1, Z, =|zz|-ei(p2, z:|z|.ei(p,ro

. . _ ip _
Z,-2, =|Zl|.e|(p1 -|Zz|-e|(p2 =|Zl.22|.e|((p1+(p2), i:‘zl‘—eil,: 4 .e|(¢1—¢2),
& ‘Zz“e% &

"= |z " elne 27" = | B -e_in(”, 7:|z|-e_i¢.

- ..
OtMmetum, uto U3 popmyIbl Ditsiepa cienyer: € P = CoOSp—1-Sing,

el(/) e—l(/) . elfﬂ _ e—W
Cosp=—"— SiNp=——n
2 2-1

2. KoMIuiekcHas mioCKOCTb.

MHO0KeCTBO BCeX KOMINIEKCHBIX UHCET 3aMKHYTO OTHOCHUTCJIBHO onepauI/Iﬁ

CJIIOKEHUS U YMHOXEHUS U 00Opasyem noje, 0003HA4aeMoe 4epe3 C. Dnemenrsr Z=X+ 1y
nons C otoxnaecreiusorest ¢ Toukamu M (X;Y) mmockocrn XOY . B sToM ciydae miockocTh

XOy Ha3BIBAIOT KOMNAEKCHOU niockocmvlo. KoOMINIEKCHBIE dmciia MOYKHO I/I306pa)KaTB TaKXeE

paanycC-BEKTOpaMH TOYCK. CnoxeHre W BBIYNTAHHE KOMIIJICKCHBIX YHMCEII MOYKHO reoMeTpruydc-
CKH MHTCPHPETUPOBATH KaK CJIOKCHNEC U BBIYMTAHUEC BEKTOPOB Ha KOMIIJIEKCHOM TNIOCKOCTH.

Jis mo6oro komiiekcHoro yucia Z = X+ 1Y cymectByeT komniekcHo-conpsicénuoe

= . " = 2 2 o
yucno Z = X—1y,npuuém Z-Z =X + Y . Ha nnockoctu C KOMIIJIEKCHO-CONPSIKEHHBIM
YHUCJIAM COOTBETCTBYIOT TOUKH, CHMMETPUYHBIE OTHOCUTEIIBHO AEHCTBUTEIBHON OCU

1. 2 Jexkuusi Ne 2 (2 4). Tema: «JIuHuu 1 0071aCTH Ha KOMIUIEKCHON TUTOCKOCTH
1.2.1 Bonpochl JieKIIUM:

1. JInHMM HA KOMILUICKCHOM IIJIOCKOCTH.

2. O0acTy Ha KOMIUIEKCHOM IIOCKOCTH.

1.2.2 KpaTkoe coaep:kaHue BONPOCOB.
1. JIMHUY HA KOMIUIEKCHOM TITOCKOCTH. .« .« un ettt e e e e e e et e e e e e e,

PaCCMOTpI/IM MHOXCECTBO DgC, COCTOAIICEC M3 KOMINICKCHBIX YHMCCII. Byz[eM CUyuTaTrb, 4TO
3HAYCHUEM Z MOKET OBITh J1000€ KOMILIEKCHOE YMCIIO M3 MHOXKECTBA D . B satom cJIydyac YA

HAa3bIBAKOT KOMNJAEKCHbIM nepemerHHbiM, a MHOXKCCTBO D -001acThIO H3MeHeHus Z. B anre6pa1/1—

ueckoit opme Z umeer Bug Z=X+1-Y.
Hycts @(t), y(t) - neiicTBuTeNbHBIE HEMpepbIBHbIE QYHKIHH NeHCTBUTENHLHOTO Mepe-

mennoro t, & <1 < [B. Cucrema ypasuenuii



X=o(t),
y=y(t)
oIpeaensaeT Ha IIOCKOCTH xOy HenpepwvléHyIo JuHulo (TapaMeTpuueckum 3aganueM). Hempe-

PBIBHYIO JIMHUIO HAa KOMIUIEKCHOW IJIOCKOCTU MOJKHO 3aJaTh KOMNIEKCHO-NAPAMEempUydecKum
ypasHeHuem

z=z() e z=p)+i-wyt), a<t<p.
Eciu @(t), y/(t) HenpepbIBHBI, UMEIOT HENIPEPHIBHBIE TIPOU3BOIHBIE U
!/ 2 ! 2
o't) + y'(t) #0, a<t< g,

TO JIUHUIO HA3BLEAIOM 21A0KOU. 3AMKHYTYIO JIMHHIO, HE UMEIOIIYIO TOUYEK CaMOTIEPECEUEHHUS, Ha-
3BIBAIOT KOHMYPOM (3AMKHYMbIM KOHMYDOM).

JIMHMIO HAa KOMIUIEKCHOM MIOCKOCTH MOYHO 3aaTh HE TOJBKO KOMILIEKCHO- TapaMeTpPH-
YECKHUM, HO U KOMNACKCHbIM YDAGHEHUCM.

Hpocmeﬁmue JUHUU HA KOMARJIEKCHOI NA10CKOCMU

1. a) Komnnexcnoe ypasnenue okpysx#crHocmu ¢ IEHTPOM B TOUKe Z = Z, paauyca I :
|2— 2| =1 (Puc. 11);
0) Komniexcho-napamempudeckoe ypaeHeHue OKpyjICHOCmU C UEHTPOM B TOYKe Z =Z, pa-
mayca I': Zz=2,+r-(cost+i-sint), 0<t <27 (Puc.11);
B) KOMNIEKCHOE ypasHerue 0y2u OKpYyJCHOCmU C IIEHTPOM B Touke Z = Z, paguyca I' (Puc. 12):
lz-z,|=r,
a<arg z-z, <[5
T') KOMNIEKCHO-NApaMempuyecKoe ypasrenue 0yeu OKpy#CHOCMU ¢ ISHTPOM B
TOuKe Z =Z, pamuyca I': Z=12,+r-(Cost+i-sint), o <t < S (puc. 12).
1) KOMNIEKCHO-NAPAMEMPUYECKOe YPAGHEHUe OKPYICHOCMU 6 NOKA3AMeNlbHOU hopme C LeH-
TPOM B TOuKe Z = Z, paguyca 1 Z=2Z,+T -ei'(ﬂ,OSt <2r:
€) KOMNIEKCHO-NapamempuiecKoe ypasHeHue Oyeu OKPYIJICHOCMU 8 NOKA3amenbHoU gopme ¢

LIEHTPOM B TOUKe Z = Z, paauyca I': Z=ZO+I’-ei'(/),0(StSﬁ.



/

A\

(

./

-2

|z—z,|=r

N

z=2z,+r-(cost +i-sint), 0<t<2x

P | |
Puc.11 Oxpyocnocme

2. Komniekcno-napamempuyeckoe ypagHeHue npsamou, npoxooaujeli yepe3 08e 3a0aHHbie MouKu

¥

welz-z)=F \

= ag(z—z)=a

|z—2y|=7
a<arg(z—z)<p:
\

z=z,+r-(cost+i-sind), a<i<pf

Puc 12 Jyza okpyxcrocmu

X

Z,ui,2=2+(2,-2)t, —oo <t <+oo(puc.13).

¥

S

1
Puc13. Opavaz

z=7+(z, — 7)1, —w<t <+

|

Y

.\“

agz-z)=a " |

e

2 I L
A

Puc 14

eDarg(z)=a———

AR F

Puc1s T arg(z-z)) =«

3. JIyy, evixoosuyuii uz mouxu Z =0 mox yrmom a x ocu OX: arg(z) = o (puc. 14).

4. Jlyu, evixoosuuil usz mouku Z = Z, nog yriom ¢ x ocu OX: arg(z — z,) = a (puc.15).

2. O0acTi Ha KOMIUIEKCHOM INIOCKOCTH

Hpocmeﬁmue ooacmu KOMNJIEeKCHOU NJ10CKOCMU

1. Omxpeimoni kpye ¢ nenTpom B TouKe Z = Z, paauyca I' (oxpectHocts)(Puc. 18):

z—z|<r.

2. 3amkrymeltl Kpye C IEHTPOM B TOUKe Z = Z, pamuyca I' (Puc. 19): |Z - Zo| <r.

¥

——

——

; ~ .
N
4 ! / \\
7 ] /
, \ / \
I' ° I
\ ' { o/ /)
* > x X
4 2\ A + it il /
AY 5 /
N V4
\"--___g'/ \
N
Puc. 18
m\ \

4

A1

Omupsimutil kpye(oxpecm o

mb}|z— 23|< r
| |

Puc. 19

Sauxcnymuil kpye |z - z| <7
[ | | |

3. Brewmnocmo Kpy2a omkpblimas ¢ IEHTPOM B TOUKe Z = Z, paauyca I : |Z - Zo| > I (Puc. 20).

4. Buewnocmo Kpyea 3amMKHymas ¢ LIEHTPOM B TOUKe Z = Z, pamuyca I : |Z - ZO| 2T (Puc. 21).

8
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Puc 20 /| Puc. 21 /l
7 / i
Buewnocms RHUEQ' ommpbzmaﬂ |Z - Z:)|} r Buewnocms kHLfs"ﬂ' 3(1\(1‘(‘?{}??1(151 |Z— Z:)| 27

5. Omkpwimoe Kpy2060e Kolbyo C LCHTPOM B TOUKE Z = Z,,, OTPaHHYCHHOE KOHIICHTPHYECKUMH
okpyxHocTamu paguycoB I u R, O<r<R (Puc. 22): r <|Z—ZO|< R. Konemo moxer

BKJIFOYATh YacTh TPAHUIIGI WK BCIO rpanuily. Hampumep, HepaBeHCcTBO < |Z - Zo| <R 3amaér

3aMKHYTO€ KOJIBIIO.

VT
4 Z" LA/

4

[}

'
7

4
\ >
2\
L
L

A
—

7/
!/

/{ .

-1 1

_{\
\{\/

A-...‘-‘

— |
—— -
-

+# 1
a7 / /
Vd
P [

\"--...__.//‘“

T
S

.

-
/?I,."--. .,_,..--'r
AL

4 4

Puc.22 Omxpeimoexpyeosoexonsyo r < 2=z |< R | | Puc 23 3amsnymuui yzon a <arg(z—z,)< B

6. 3amxnymetii yeon ¢ BepIMHOM B Touke Z = Z, (Puc. 23):

aarg z—-2, <P, a<p.
CropoHsl yria, 1100 HEKOTOpPbIE Y4acTKU CTOPOH, MOTYT He BKJItoyaThcs B oOnacts. Hampumep,
a<alg z—-%, < 3 3a1aéT OTKPHITHIH YrodL.
7. OmKpoimelil Kpy2060ti cekmop ¢ UEHTPOM B TOUKE Z = Z,, OTPaHUYECHHBIA JTYTOH OKpPYKHO-
cru pammyca I wm  aysamum arg(z—z))=ca, arg(z-z,)=L0, a<pf (Puc. 24)

|Z — Zo| <r,g<ag Z—-¢, < ,B . KpyroBoii cexTop MOKeT ObITh 3aMKHYTBIM.



8. Cexmop kpy206020 KobYya C LIGHTPOM B TOUKE Z = Z,, OTPAHMYCHHBIIl IyraMi KOHICHTPUYC-
CKHX OKpyXHOCTe#l pamuycoB I u R wnywamun arg(z—z,)=a, arg(z—z,)=4, a<p
(Puc. 25): I <|2—2,|<R, @ <arg z—2z, < S (orxpsrmsii).

KpyroBoii ceKTop MOKET ObITh 3aMKHYTBIM.

= -
= “v Y e Y-
- - -~
LT T S )
7R LY kS r AL LY =y )
+ LY B + 4 .
" > . [ }
. L i e ! P [ +
— =17 r y ; . Y
. L"‘ .- o '-' ..‘ q"' al .||
Z, ’ - . P a -
(1] | I | L] " "
T ! ] i M
* r n " Z_:I kd J
‘; L) - . ;
y » X = ' - X
b ok B Lot 1 4 -4 R . 1 o] 1 ". '_i 4
1 1' 1 -y ant™ .J
~||. -l‘
L] *
N L] T I N
3 3
Puc. 24 Puc 25
Kpyeosoticexmop |z—z,|<r, a<arg(z-z,)< B Cexmopronpya r<|z—z)|<R, a<arg(z-z)< f
| |

9. Ilpoxonomas oxpecmnocms ¢ UEHTPOM B Touke Z = Z, paguyca I' (Puc. 26):
0<|z—2z,|<r.

10. Komnnekcnass niockocme ¢ paspe3om BIOJb OTPUIIATEIBLHON YacTH JCUCTBUTEIHHOU OCH

(Puc. 27): —r<arg z <rx.
4= ¥ Ay
- -
e '—/ Eh - 3
/ A
! N N —
! A
f .
! ; /® i y
L [ /
Y = x 1--"3"--"---L“!' 1 I
4 - 2\ A 7N ; ; R 1
N7 / / 1
N 7 /
\\‘. g d
Puc.26
| 5 3
| 3
Tpoxonoman oxpecmuocms 0 <|z—zy|<r / q
: : 4 : : : Puc 27 Kounilexcrai niockocms ¢ paspesom

11. Ilpasas nonynnockocme komnnexcrou niockocmu (3aMkHytas) (Puc. 28):
Rez>0.

12. Bepxnss nonyniockocms komniekchou niockocmu (3aMkHyTtas) (Puc. 29):
Imz>0.

[TosmymnockocT MOTYT OBITh OTKPBITBIMHU.
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3

3
/ ~ TV . - -
Puc 28 Ilpasaa noayniockoches Rez =0 Puc.29 Bepxraanoryniocxkocme Imz = 0

13. Ilepsas uemsepmo komnaexcroii nnockocmu (Puc. 30): Rez>0,Imz >0 (3a-mxnyras).

14. ITpamoyzonvnux na komnnexcroii niockocmu (Puc. 31): a<Rez <b,
c<Imz<d, a<b,c<d,a,b,c,d e R (zamknyrsIii). [IpAMOYroNEHHKE MOTYT OBITH OT-

KPBITBIMH.

£

(1T : = 20— A =
Puc.30 llepsanyemeepmy KIT -Rez20.Imz2 0 |Puc.31 IIpAMoYz0ib HUK HA KOMIIEKCHOU NIOCKOCMU

JImanm u O6J'IaCTI/I, 3aJaHHBIC KOMIUICKCHBIMHU YPAaBHCHUSAMH W HCPABCHCTBAMH, IIPOIIEC
BCCTO CTPOUTH HUCIIOJIB3Yysd HATIJIAAHYHO I'€COMCTPHYCCKYIO MHTCPIPECTALIUIO MOAYJIA U apryMmMcHTa

KOMIIJICKCHOT'O 4YHCJIa.

1. 3 Jlekuus Ne 3 (2 4). Tema: «Omnpenenenne OKII. OnHo3HauHbIe U OIHOJUCTHEIE
¢byukuun. Ilpenen u HenpepbIBHOCTh. OTOOpaXKEHHUS C MOMOIIBIO HEMPEPBIBHBIX (DYHKIIHA.
Crenennblie psaabl. DneMeHTapHbie KID»

1.3.1 Bonpocsl j1eKIum:

1. Onpenenenue OKII. OHO3HAYHBIE U OJTHOIUCTHBIE (DYHKIUH.
2. IIpenen u HENPEPHIBHOCTb.

3. OToOpakeHus ¢ MOMOIIBIO HEeNpPepbIBHBIX (YyHKIMHA. CTerneHHbIe pabl. DlIeMeHTap-
Hbie OKIL
1.3.2 Kpatkoe coaep:kaHue BOIPOCOB:

1. Onpenenenue OKII. OHO3HAYHBIE U OJTHOIUCTHBIE (DYHKITUH.
11



IIyctb D u G - KoMIUIEKCHBIE YUCIIOBBIE MHOKECTBA (BOOOLIE TOBOPS, MHOKECTBA HA
paciuupenHoi komiuiekcHoH 1ockoctu C ). @yukyueti W= f(2) xomnaexcrnozo nepemennozo
Z naspiBaercs 6uHapHoe otHomenne f mexay muoxectBamn D u G, npuuém kaxoe ducio

Z mHOx)ecTBa D OyzieT ABIATHCS MEPBBIM >IEMEHTOM KaKOM-JIM00 YHOpPsAI0YEHHOM naphl MoI-

muoxecta f nexaprosoro mpoussenenns D x G (f < D xG). Muoxkecreo D naseiaercs
obnacmoio onpedenenus @ynxyuu, G -obnacmoto smavenuti pynxyuu, a E=1 D G-

MHOHCecmeom 3Havenuii ynkyuu. Eciu xaxaomy 3nadennio Z € D coorserctByeT numb ommHo
3HaueHne W € G, To QyHKIMS HA3bIBACTCS 0OHO3HAYHOU, €CITA KE HEKOTOPBIM Z COOTBETCTBY-
eT OoJiee ueM OJHO 3HAYeHUE W, TO (YHKIIUS HA3bIBACTCS MHO203HA4UHOU. TONHKO OTHO3HAUHAS
KOMILIEKCHasi (YHKIUS sBIseTcsl (QyHKIUEH B OOIIECNPUHITOM MOHUMAaHUU (OTOOpa)keHHe).

Urax, oonosnaunoii ¢ynxyueu W= f(z) xomnnexcnozo nepemennozo 7 nassiBaercst otoOpa-
xenne f xommmekcroro umcnosoro muoxkectsa D B komMmekcnoe uncnosoe muoxkectBo G .
OGosHaumM Z=X+1-Y u mnpeacTasum ¢yEKIMIO B anTebpamdeckoit hopme
W=U+1-V, rae X, Y -neiicreutensusie uncia. Toraa B anrebpanueckoil popme
w=Tf(2)=f x+i-y =u X,y +i-v X,y .
JleiicTBUTENbHAS ¥ MHHMAs 4acTH (YHKIMH KOMIUIEKCHOTO mepemensoro Re f (Z) =u X,y ,

Im f (Z)=V X,Y ABIAIOTCS NEHCTBUTENBbHBIMM (DYHKLIMAMHU JABYX ICHCTBUTEIBHBIX Iepe-
MEHHBIX X U Y.

Urak, pynxuus W= f (Z) onpenenser nse neiicTBuTenbuble GyHKINH AEHCTBUTENbHbIX
nepemenubix U=U X,¥ u V=V X, Y . O6parHo, 3amanue ¢yukuuii U=U X,¥Y u
V=V XY ompenensieT  KOMIUIGKCHYIO  (YHKIIMIO  KOMIUIEKCHOTO  TIEPEMEHHOTO
w=Tf(z2)=u X,y +i-V X,y B anre6pandeckoii popme.

Jliist HarasaHOM TreoMeTpudeckoit munoctpanyuu Gyrkuun W = T (Z) 3nauenms apry-
MeHTa Z u300paxaroT Ha KomiuiekcHoi muockoctu XOY , kotopyro o6o3nagaror (Z), a 3Hade-

o !
Hus GyHKIMM W n300paskaroT Ha KoMruiekcHol miockoctu UQ'V, kotopyro o6osnagaror (W) .

Takum 06pa3oM, KOMILIEKCHas (DYHKIMS 0TOOpaXkaeT MHOKECTBO Touek D KoMmiekcHoM

mnockoctu (Z), Ha MHOkecTBO Touek E kommnekcnoit mnockoctu (W) (puc. 44 ).

12



i | D Y
w=£(2)
!
D—E
O b’ o' ¥ ! h’ y
ITnockocms (W)
Puc. 44 Iltocxocms (z) x

I/IHOF)Ia I TECOMETPHYCCKOT0 NPCACTABIICHUSA (bYHKIII/Iﬁ KOMIIJICKCHOT'O IEPEMECHHOTO B

cucreme koopauHar OXYp H300paKaOT 108EPXHOCHb MOOYIs WA peinvedh Gynkyuu:

,0=|f(Z)| . Ecmm W=f(Z)EU X, Y +1-v X,Y , TO MOBEPXHOCTH

MOJyJIsl 3a1a€TCS yPaBHEHHEM PO = \/ u® x, y + V2 X, y . Ha pucynke 45
2
MpecTaBiIeHa TOBEPXHOCTh MOAyNst pyHKImm W = z%: o= |22| = |z| =x*+ y2. Oto mapa-

00JI0u] BpallleHNUsI OTHOCUTEIIPHO BEPTUKAILHOMN OCH.

Puc.45

B Teopun QyHKIMIA KOMILUIEKCHOTO MEPEMEHHOTO OMEKTHUBHOE oToOpaxenne W= f(Z)

obnactu D ma obnacts E npumaro maswBath odmoaucmmuoii gynxyueri. JIns omHONUCTHOMN

GyHKIUH w=f(2) CIIPaBEUTHBO cIeyIonIee YTBEPIKICHHE:
Vz2,,2,eD z,#2,= f(z)# f(z,)

13



B npunoxeHusx BaXHOE 3HAYCHHE MMEET CBOMCTBO OTOOpPaXEHUH C MOMOIIBIO OJHO-
3HAYHBIX HEMPEPHIBHBIX (DYHKIMIA: €CIM OJHO3HA4YHAs HempepbiBHas B obmactu D Qynxmus
w = f(2) oroGpaxkaer a1y 06nacts Ha MHOKkecTBO E, To MHOXKecTBO E Tak xe sBasercs 06-
nacTeio. Eciu, cBepx Toro, (YHKIHS HENpephIBHA B 3aMBbIKAaHUH 00JIACTH D ,10 T oTobpaxaer
0D na OE , T.e. rpanuneii o6pasa obnactu D Gyner 06pa3 rpaHuLbl 9TOM %ke 001aCTH:

CE=f oD <o D =f oD .

2. [Ipenen u HENIPEPHIBHOCTb.

Onpeneaenne. Dynkuus w= f(z) =u(x, y)+iv(x, y) UMeeT npeae B TOUYKE Zg, pABHBIN

yncny A = a + ib, eciu | lim |f(z)—A| =0: limf(z)= 4.

zfzo‘—)O

CBolicTBa mpeaeiioB GVHKIINMNA KOMILIEKCHOTO TIEPEMEHHOTO.

Jlns mpenenoB GyHKIHE KoMILTeKcHOTO iepemennoro f(z) u g(z) cnpaBemuBel ciaemyro-

II[€ CBOMCTBA:
1) lim f(2) £ ¢(2)_F lim f(2) + lim g (2)
2) lim f(2)- g(2) ¥ lim f(2)- lim g(2)
lim £(2)

3) limZ &) =2 T i g(2) =0,
Sag(z) limg(z)’

Omnpenenenne. Oynkimus w= f(z) =u(x,y)+iv(x,y) Ha3pIBacTCs HeNpepbLIBHOI B
TOYKE Zp, €CJIH BBITIOJIHSIETCS PABEHCTBO

lim £(2) = £(z,)

3. OTobOpaxkeHus: ¢ IOMOIIBIO HEMPEPhIBHBIX (yHKIMH. CTEeeHHBIC PAIbI. DJIeMEHTap-
geie OKII.

[Tox snmemeHTapHBIMU QYHKIUSMH KOMIUIEKCHOTO iepeMeHHoro Z = X+ 1Y noHumaror
0OBIYHO QPYHKIIUU:

f (Z) =a-Z+Db- wneiinas Qyukyus abeZ ;

f (Z) =7"- cmenennas @ynxyus, N -uenoe;
a-z+b

f (Z) = —d -0pobno-nuneiinas gpynkyus  a,0,c,d €Z ;
C-Z2+

_ n n-1 n-2 .
f (Z) =qy-Z +a, -2 +a,-Z " +..+a,- yeraa payuonanvras QynKyus,

14



8, 2"+a- 2" +a, 2" +..+a,
by 2" +b 2" +b, 2"+ + b,

f(z) =

-00Was payUoOHAILHAsL PYHKYUS,

1 1
f(z)= E 1 Z+ E -¢ynrkyua XKykoseckozo,

f (Z) = @’ -nokazamenvuas (yHryus,
f (2) = LNZ -nocapugpmuuecxas pynxyus;

. sinz C0Sz
f (z) =sinz, f (z) =C0SzZ, f (Z) =th =—, f (Z) = Cth = ———- mpueoHomempuye-
COSz Sinz

cKue QyHKyuu,
f(z)=Arcsinz, f(z)=Arccosz, f(z)=Arctgz, f(z)= Arcctgz-o6pamuvie mpuzo-

HOMempuuecKkue QyHKyuu,

z -7

eunepboauyeckue QyHKyuu. shz=—— -CHHYC TUTIEPOOTUIECKUH,
e’+e’’ shz
chz=—— -KOCHHYC TUTIEPOOTNYECKUM, thz = T -TaHTE€HC TUTIEPOOTUIECKUH,
chz
chz
cthz = T — KOTaHT'€HC THIepOOINIECKUIA,
snz

oOpaTHbIe TunepOoInYecKre PyHKITNH.
IIpencraBiieHre OCHOBHBIX 3JIEMEHTAPHBIX (PYHKUIMH B ajredopanyeckoit popme (popmyJibl

BbIYNCJIeHNS 3HAYeHUIT PyHKIUI) 1 IpocTeiiue cBOMCTBA QYHKIIHIA.

z
1. lloka3zareabHass pyHKUMUSA €.
1.1. Tloka3arensHas GYHKIMS ONpeIeeHa Ha BCEH KOMIUIEKCHOM TIJIOCKOCTH U €€ Tpei-

CTaBJIeHHUE B alredpanyeckoil popme onpenensiercss Gopmymnoin
e’ =" =e*.(cosy +i-siny)=e*-cosy+e*-i-siny,
re. Re ¢° =e*.cosy, Im e¢* =e*-siny.
IIpn Yy = O i mefCTBUTEIBHBIX Z = X HMEeM e’ =¢* ;Ipu X = O 1s YMCTO MHUMBIX
Z=1- Y nonyunm dpopmyny Ditnepa: " =cos y+i-siny.
e’

1.2.|e‘|=¢€", Arg e* =y+27k, k=0,£1,+2,43,....

15



z o o o
1.3. q)yHKI_[I/ISI € ABIAETCA AaHAIIMTUYECKOU HA BCEH KOMILIEKCHOM IIJIOCKOCTH, IIPpHU 3TOM

zZ z ,+Z
1.4.VZ,2,| e*-e? =", —=¢

z o, 2 P o
1.5. ®ynkuus €° aBnsieTcs NepuoaMYecKon: yuciao Z771 - OCHOBHOM mepHuo, roboe dnc-

no 27zKi, roe K € Z |, 6yner nepronom
Vz e et _ gl . @2M — g, cos27 +i-SiN27 =€’

z
1.6. [lokazarenbHast GyHKIMSA € CBs3aHA C TPUTOHOMETPUUYECKUMU (PYHKIUSAMU TOXKIE-

CTBOM Diinepa: e =cosz+i-sinz.

1.7.Vz e*#0 .

o Z
1.8. OrobOpaxenue, ocymiectBisieMoe (pyHkumert W =E€", sBiseTcs KOHQOPMHBIM Ha

BCEW KOMIUIEKCHOM IMIOCKOCTH.
, T . T .
Ipumep 24. Beraucnnts 3Hadenne €° npu a) Z=—-1,6) Z=3— Z 1.

z
Pewenue. 3nauenus GpyHKIuu € BeIUMCIsseM 1o ¢popmysie myHkra 1.1:

e’ =" =¢*.(cosy +i-siny)=e*-cosy+e*-i-siny.
T

Y/ T = T . . T .

) 2=—-1=2x=0y=22 ezze2:e°-(005—+|-sm§)=|;

6)2=3-C.imx=3 y=-"Loe =e ¢=¢|cos| - |+i-sin[ - T ||=
4 4 4

(N2 N2 N2,
= J—=] — |=e°-—. 1-1] )
2 2 2
2. JlorapudgMbl KOMILIEKCHBIX yncesl. Jlorapupmuueckas gpynxuus LNZ.

Jlozapugpmuueckasn ynkyusa onpedensiemcs Kax QyHKyus, oopamuas noKa3ameibHOuU.

Onpe()eflenue. Komnnexcroe uucna W nasvieaemcs ]ZO.?CIpMd)MOM KOMNJIEKCHO20 Hucia

Z, ecu €" =7 u obosnauaemeas W= LNZ,
Teopema. Jlns no6ozo xomnexcrozo uucna L #0 cywecmeyem nocapugpm W= LNZ. Jloea-

pugpm Hya 6 KoMnjieKcHOU obnacmu He cyujecmeyem (max dice KaK u 8 0elcCmsumenbHou 06-

aacmu).
16



Jokazamenvcmeo. llycts nano Z € C, Z # 0. Tokaxkem cyliecTBoBaHue yuciaa W Takoro, 4ro

e" =2, 1e. W=LNZ. Yucno W= LNZ npencraBum B anre6pandeckoit popme W=U+1i-V,

. i-A
rae U u V MoKa He M3BECTHBI, a YHCIO Z - B MTOKa3aTelnbHOU Gopme: Z = |Z| "M Torma pa-
U+i-v i-Argz
BEHCTBO €' = Z mpumer Buj € = |z|-e e [Tostomy
u+i-v i-Argz u iv i-Argz
e =|z]- e o' eV =|7]- e &

i-Argz

oe'=|7, e =e"" < u=Inlz|, v=Argz.

[TosTomy dopmyna BeruncIeHUS JoraprdmMa KOMIUIEKCHOTO YKciia (TpeacTaBieHus jJorapudpma

B anreOpanyeckoil popme) umeeT BU
Lnz=u+i-v=In|z|+i-Argz.
Tax xak Argz =argz + 2zk, k =0,£1,42,43,..., rne argZ - rnasHoe 3HaUECHHE apTyMEHTa
KOMIIJIEKCHOTO yHucia Z, TO
Lnz =In|z|+i-argz + 27k, k =0,£1,42,43,... .
B stux dopmymnax In | Z| - HaTypaJbHbIN Jorapudm AeCTBUTETHLHOTO YUCIIA |Z| #0.

Teopema nokaszaHa.

; [\2 2
Ecmu Z=X+1-Y, 10 |Z| =4/X"+ Y~ wu morapudm KOMIIJIEKCHOTO YhCiIa Z BBIYHCIIA-

eTcs o opmyie

Lnz=Inx*+ Yy’ +i-argz + 2zki, k =0,£1,+2,43,....

Ota (opMyra MOKa3bIBAET, UTO JorapupmMudeckas (GyHKIHS KOMIUIEKCHOTO apryMeHTa
W=LNZ umeer Geckoneuno MHOro 3HaueHumii (6eckoneuno3naunas). Ipu K =0 Beigensror

BETBb ATOH (PYHKIIMH, HA3BIBAEMYIO TJIABHBIM 3HAYECHUEM JIOTapudma:
Inz=Inz|+i-argz.
Ipumep 25. Boraucnuts 3navenne LNZ npu a) 2=1i,6) z=-1,8) Z=1+1.
Pewenue. 3nauenns dpyukuun LNZ Beramcinsem no gopmyie
Lnz =In|z|+i-argz + 27k, k =0,£1,%2,43,...
2). Lni = Inli|+i-argi + 277ki = In1+i- = + 27ki :i-%+27zki,k =0,+1,42,43,...
I'maBHOe 3HaueHme norapudma umcna Z=I mnomyunM u3 dtoii dopmynsr mpu K =0:
T

Ini = Ini|+i-argi=In1+i- 2 =i-Z
22
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0). B KoMIuIeKcHOI 00nacTu CymIeCTBYIOT Jiorapu(Mbl OTpULATENBHBIX uHcen. Hampumep,
Ln -1 =In|-1+i-arg -1 +27ki=Inl+i-7+27ki=i- 1+2k -7,k=0,£12,...;
npu K = 0 nosnyunm rnasuoe 3nauenue norapudma yncna Z =—1:

In -1 =In|-]+i-arg -1 =i-x.

g). Ln 1+i =Infl+i|+i-arg 1+i +27rki=In\/§+i-%+27rki,k=0,i1,i2,i3,...,

In 1+i :In\/§+i-%.

3. TpuroHomerpnuyeckne PyHKIUH.

3.1. Tpuronomerpuueckue ®KIT SINZ u COSZ ompeseneHs HAa BCEH KOMILIEKCHOI

IJIOCKOCTH U BbIpakatoTcs yepes nokasarenbHyto OKII ¢ nomomibio ToxaecTB Ditnepa:
iz —iz iz L-iz

+€ .
COSZ=T, SINZ =

. sinz C0SZ
Oyuxmuu tgZ u CtQZ onpenensrorcs wepes SINZ u COSZ: tgz=——, ClgZ=——. Mlns
C0sz SInz
JNEUCTBUTENBHBIX Z = X 3TH (QYHKIMU COBIANAIOT C TPUTOHOMETPpUYECKMMHU (DYHKIIUSIMU Belie-
CTBEHHOTO apryMEHTA.
3.2. TlonoxuB Z=X+1-Y B popmynax m. 3.1, IOIydHM TIpeCTaBICHHE SINZ u cosz

B anreOpanyeckoi hopme:
C0SZ=C0S X+1i-y =cosx-chy—i-sinx-shy,
sinz=sin Xx+1i-y =sinx-chy+i-cosx-shy.
3.3. CBs13b MEXIy TPUTOHOMETPUUYECKUMH U TUTIEPOOTUICCKUMU (PYHKIIHSIMU:
siniz=1i-shz,cosiz=chz,
shiz=1i-sinz, chiz=cosz.

3.4. OyHKIIMHU SINZ u COSZ amanuTUyeckue Ha Beeid miockocty, a fanz u cotz - B

obnacTu onpeeseHus, Ipudém

—, Ctgz =-

. ! ! . ]
SIhZ =C0SzZ, COSZ =-SINnZ, tgz = — .
COS™ z SIN~ Z

3.5. Otobpaxenus, ocymecTBiuseMbie GyHkimaMu SINZ u COSZ , ABISIOTCA KOHPOPM-

HBIMU Ha BCEU KOMIUIEKCHOW INIOCKOCTH.
3.6. ®ynkmuu SINZ u COSZ ABNAIOTCA TIEPHOAMYECKUME: YHCIO 277 - OCHOBHOM MepH-

o, moboe uncno 277K, rae K € Z , 6yner neprogom.
18



3.7. B xommuekcHoii obmactu i Gyskuuit SINZ m COSZ HapymAIOTCS M3BECTHBIE
CBOMCTBA |sin Z|Sl, |COS Z|Sl, T.. MOAYAH 3TUX (YHKIMI MOTYT NPHUHMMATh 3HAYCHUS,

6onpmme equauibl. Hanpumep, uz dopmyn . 3.3 criemyer, 4to

e+1
et +e™

cosi|=chl= = 29 ~1.543, r.e. |cOSi|>1. 310 croiictso

cosi =chl. IMosromy,

SINZ 1 COSZ MOXHO YBUJIETh, 300pa3uB B cucteme koopauuat OXY o nosepxnocms mooy-

5L UM penveqh pynkyuu: O = |sin Z| ¢ MathCAD. Tak kak

sinz=sin x+i-y =sinx-chy+i-cosx-shy, ro mosepxmocts momymns p=|Sin Z|3a11a-

ércst ypaBHEHHEM p:\/ sin x - chy ‘4 cos X - shy ? (Puc. 46).

Puc. 46 o =sinz]|

. /2.
IIpumep 26. Boruucnuth 3Hauenue COSZ mpua) Z=1,06) Z= E +1.
Pewenue. a). 3nauenue COSI Borumcisiem 1o popmyiae COSIZ=chz (npu z=1):

1
1 1 e+ —
cosi = chl, rxe chl=" +2e - 2ez1.543.

o
0). 3HaueHue COS(E + I) BBIUHUCIISIEM 110 popMyIie

COSZ=CO0S X+i-y =C0SX-chy—i-sinx-shy mnpu x=%0, y=1:

19



1
cosi=cos 0+i-1 :coso-chl—i-sinO-shl:chlze 5 = zez1.543.

4. I'unepOosmyeckne QyHKIUH.

chz=ch x+i-y =chx-cosy+i-shx-siny,

shz=sh x+i-y =shx-cosy+i-chx-siny.

1. 4. Jlekums Ne 4 (2 4). Tema: «I[IpousBoanas OKII. Ycnosus Komm- Pumana, ananu-
THYecKue (QyHKIMU. ['eoMeTprUYecKUuil CMbICI MOJYJS M apryMeHTa MPOU3BOJHOMN. DiIeMEHTHI
TeOpUH KOH(DOPMHBIX OTOOpaKEHUIN

1.4.1 Bonpocsl Jiekuumn:

1. ITpouszsoanas OKII. Ycaosus Komu - Pumana, ananutuueckue GyHKIUH.

2. ['eoMeTpHUYECKHI CMBICT MOJYJISI ¥ apTyMEHTA MTPOU3BOIHON. DIIEMEHTHI TEOPHH KOH-
(hopMHBIX OTOOpaKEHHIA.

1.4.2 KpaTkoe coaep:kaHue BOIMPOCOB:
1. ITpoussoanas OKII. Ycnosus Komu- Pumana, ananmurnaeckue GyHKITUH.
[Tycts omHO3HauHas (GyHKIUs KomruiekcHoro nepemennoro W= f(z) onpenenena B

OKPECTHOCTH KOHEYHOM TOYKH Z KOMIUIEKCHOU ruiockoctr. Ecim touka Z + AZ npuHamsiexut

stoit okpectHoctd, T0 AW = f(Z+ Az)— f(2) Oymer npupamennem dynxuun W= f (2)

IpH TIEpPEX0ie OT TOUKKM Z K Touke Z + AZ. Eciu cymecTByeT KOHEUHbIH Mpeies

IimM: lim f(z+Az)- f(2) |
Az—>0 A7  Az—0 AZ

TO OTOT NpEJEN HasbIBaeTCs npoussoonot pyuxyuu W= T (2) 6 mouxe 7 n o6o3navaercs

W)= 1(2) = lim S = fim 2202 1D,
Z—>! Z z—> 7

a cama pynxuus W= T (2) naseiBaerca ougpgpepenyupyemoii ¢ mouxe 7. IlpencraBum QyHK-
muro W = f(2z) B anre6panueckoit popme f(z) =u(x,y)+1i-v(X,Yy), rme u(x,y), v(x,y)-
neicTBUTENbHbIE QYHKLUU IBYX JEHCTBUTENbHBIX apryMeHToB X, Y.

Heobxooumvle u oocmamounvie ycnosus ouggepenyupyemocmu PpyHKUNN B KOHEUHOM
TOYKE O00JIACTH KOMIUIEKCHON TUIOCKOCTH (BO BHYTPEHHEHW TOYKE OONacTH): AL TOTO, YTOOBI

pynxkmms T (z) =u(X,y)+i-V(X,Y), onpenenénnas B o6mactu D xommexcnoii miockocrw,
6blma B Touke Z = X+1-Y 5T0if obmactu muddepeHnupyeMoii KaKk (yHKIHS KOMIUIEKCHOTO

apryMeHTa, HeoOXOIUMO M I0CTaTO4YHO, uT0o0bl pyrkuuu U(X,Y) u V(X,Y) Obum muddepen-
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nupyeMbl B Touke (X,Y) Kak QyHKIMU ABYX IE€HCTBUTENBHBIX MEPEMEHHBIX U BBIOJHSIMCH

ycnoBusi Komm-Pumana (Ditnepa-/lamambepa)

[ou_ov
-
oy

[Ipy BBITIONHEHHH BCEX 3TUX ycnoBuit nmpousoanas f'(Z) Moxer ObITh BBIYKCIEHA 110 OXHOM

U3 ClIeyIomuX GopmMyi:
, ou .ov ou .ou ov .ou ov .oV
f'))=—+1—=—-1—=——-1—=—+I—.
OX OX ox oy oy oy oy X

Jlocmamounvle ycrosus ouggepenyupyemocmu @GyHKyuy B KOHEUYHOM TOUYKE 00yacTu

KOMIUIEKCHOM  TJIOCKOCTH: s nauddepeHIMpyeMOCTH  KOMIUIEKCHOM — (DyHKIMH

auauav@

f(z)=u(x,y)+i-v(X,y) mocrarouno, 4toObl YacTHBIE MPOM3BOAHBIE —, —, —,
oX oy Ox oy
CYIIECTBOBAJIM, ObUIM HEMPEPHIBHBIMU U YI0BIETBOPsIH yciaoBuio (KPOI).
OyHKIMS Ha3bIBACTCA Oughepenyupyemoii 6 obracmu, ecnu oHa muddepeHnupyema B

Ka)KIIOW TOYKE 3TOM 00JI1acTH.

®yuxuus W= f(z) ognosnaunas u nuddepenuupyemas B 00JaCTH HA3bIBAETCA AHA-

aumuyeckou(AHAYE, 2010MOPPHOU, pe2yIApHOU, NpasuibHol) B 3TOU o0macTu. OYHKIUS HA3BI-
BAETCS aHaAnUumMuyeckol B KOHEYHOU Touke Z , eCliM OHA SBJSETCS aHATUTUYECKONH B HEKOTOPO
OKPECTHOCTH 3TOW TOYKH. TOUKH MJIOCKOCTU Z, B KOTOPBIX (PYHKIHMS HE SBISETCS aHATUTHYe-
CKOM, Ha3bIBAIOTCS 0COObIMU MOUKAMU ITOH (QYyHKIIHH.

2. ['eoMeTpHUYECKHI CMBICT MOJYJISI U apTyMEHTA MTPOU3BOIHON. DIIEMEHTBI TEOPHH KOH-
(DOPMHBIX OTOOPAKECHMI. ... euveenrrsenteenteenteeteeneeeteeaeeaneenneeaaeannas

[Mycte pyukims o = f t: mupdepenuupyema B Touke Z, u f '€, } 0. IMpoBenem uepe3
TOUKY Z, JIr00yto riuaakyio kpusyto L. Ee 00pazom taroke Oyner kakas-To riaakas kpusas f (_:
, TIpoXosias uepes Touky o, = f €, :

[TycTh 00 0O3HAuUaeT yroj HAaKJIOHA KacaTeJbHOHW B TOUYKE Z, K KpuBOHW L, a f — yros HakioHa
kacarenbHOU K f (_: B TOYKE @), .

Yron moBopoTa KacaTelbHOW K KpuBOM L mipu naHHOM oToOpakeHHMH OyIeT paBeH
p-—a=argf’ z, .

C y4eTroMm TOTO, YTO pe3yabTaT MOMYUYUIICS HE 3aBUCAIIMM OT BbIOOpa KpUBOU L, MOXHO cre-
JaTh BBIBOJI, YTO BCE KPHUBbIC, MPOXOSIIME Yepe3 TOUYKY Z,, IPU JaHHOM oToOpakenuu f mo-

BOPAYMBAIOTCS HA OJIMH U TOT YK€ YIrOJl, PaBHBIM apryMEHTY IIPOM3BOJHON B JAHHOMN TOYKE.
Ecnu Teneps paccmoTperhb nBe KpuBbie L, u L, , mpoxonsmue yepe3 TOUKy Z,, U YroJl MEX-

Ay HUMHU 0003HAYNUTH qepe3 Y, TO MOCKOJIbKY 00e KpPHUBLIC (TO‘-IHGC, KacCcaTCIbHBIC K HI/IM) noBopa-
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YHBAKOTCA HA OJMHAKOBBIHA yroi, To yroa Mexuay obpazamu - f €, u f, - toxe Gyzmer pa-
BCH Y.

Omnpenenenue. OToOpaXkeHHE, COXPAHSAIONIEE YIJIBI MEXIYy KPHUBBIMHU, MPOXOAAIIUMH Yepe3
JAHHYIO TOYKY, Ha3bIBAeTCs KOH(POPMHBIM B 3TOH TOUKE.

Takum 006pa3zom, 0TOOpaXKeHHE MOCPESACTBOM aHATUTHYCCKOW B oOmactu GpyHkiuu f BO Beex

\
Toukax Z,,rne '€, # 0, sBnsercs KoHPOPMHBIM.

Wrak, f'QOI - 3TO JIOKAJIbHBIA KOA(POUIMEHT PACTSDKEHHSI OKPECTHOCTH TOYKU Z, OTHOCH-

TENLHO Z, nipu oToOpakeHuu f .

1. 5 Jlekuusa Ne 5 (2 y). Tema: «"apmoHndeckne (HyHKIUU U MX CBSI3b C aHAJTUTHYE-
CKUMHU (YHKLHAMHU, CONPsDKEHHBIE TapMOHUUYecKue (pyHKIMU. BoccTaHOBIIEHNE aHATUTHUECKOM

(GyHKIMY 110 €€ NeHCTBUTENBHON I MHUMOMN 4acTH»

1.5.1 Bonpocsl Jiekuum:

1. l'apmoHnyeckue QyHKINHU, COTPSKEHHBIE TADMOHUYECKUE (PYHKLINU.

2. BoccraHoBNIeHHE aHATTUTHYECKON (DYHKITHH 11O €€ TeHCTBUTEIHHOMN MM MHUMOH Yac-
TH.

1.5.2 KpaTtkoe coep:kaHue BONPOCOB:
1. l'apmoHnyeckue QyHKINHU, CONPSKEHHBIE TapMOHUYECKUE QYHKIIUH. ..........

ITycts onHosHaunas pynkmus f (z) =u(X,y) +i-V(X,Yy) onpenenena B o6nactu D
Hamomuum, uto mis toro, uroosr U(X,Y) (V(X,Y) Gbuta aeicTBUTENBHON(MHMMOM) YaCThIO
anamuruueckoit pynkmuu T (Z) meobxomumo, a B ciaydae omHocsssHoi o6mactu D u mocra-
TOYHO, YTOOBI (PyHKIIHS u(x, y) (V(X, y)) MMella HEPEPBIBHBIC YaCTHBIE IIPOU3BOJHBIE 10

BTOPOTO TOPSIIKA BKIFOYHTEIHHO M YAOBICTBOPsiIa AuddepeHnaIbHOMY YPaBHEHHUIO C YacT-
HBIMHU HpOH?;BOI[HBIMI/I
ofu(x,y)  o%u(x,y)
—+ = 0.
OX oy

SBIIIOTCS. 2apMOHU4eckumu ynkyusamu. 910 quddepeHuanbHoe ypaBHEHHE HA3bIBAIOT Vpas-

nenuem Jlanaaca. JehctBurensuyro Gynkiuo U(X,Y), UMEIONIyI0 HENPEPbIBHBIE YaCTHBIE

MIPOU3BOJIHBIC JIO BTOPOTO MOPSIKA BKIOYHTEIBHO U YIOBJICTBOPSIONIYIO paBHeHHIO Jlaruiaca
HA3BIBAIOT 2apmoHuueckoli pynxyueii 6 obnacmu D . Ypasuenue Jlannaca 3amuchIBaloT B CHM-
BOJIMUECKOH opme
Au=0.
Wrak, neiicTBuTenpHAs U MHUMAasl 4YacTU aHATUTHYECKON (PYHKIIMU SBISIOTCS TapMOHHU-

yeckuMu (yHkiusimu. He Bcsikast mapa rapMoHMYecKuX (YHKIHMNA 0oOpa3yeT aHaIMTHYECKYIO
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dynkuuo. @yuxiusa T (2) =u(X,y) +1-V(X,Yy) Oyxer aHaNMTHYECKOH, €CIM TADMOHHYECKUE
yuximu U(X,Y) u V(X,Y) cessanbl yenosusmu Ko - Pumana.
[Mapy rapmonuueckux Gpyuxuuini U(X,Y) u V(X,Y), cBazanusix ycnosusimu Koum- Pu-

MaHa, Ha3bIBAIOT CONPANCEHHbIMU capMoHuyeckumu @yukyuamu. Takum oOpa3oM, AeHCTBUTEb-
Hasi © MHUMas 4acTH (QYHKIMH, aHATTUTUYECKON B HEKOTOPO 00J1aCTH, SIBJISIFOTCSI B 3TOW o0Osac-
TH CONPSDKEHHBIMHA TAPMOHUYECKUMHU (YHKITUSMH.

3Has OfHY M3 TAPMOHHYECKUX (DYHKIMI, HAlIpUMep NEHCTBUTEIBHYIO (MHUMYIO) YacTh
HEU3BECTHON AHAJTUTHYECKON (YHKLHHU, MOKHO BOCCTAaHOBUTH JAPYI'YI0, HAalpUMEpP MHHUMYIO (
JNEUCTBUTENBHYIO) YacTh 3TOM aHamuTH4ecKOoW (GyHKUMHM. TakuM 00pa3oM aHAIUTHYECKYIO
(YHKIIUIO MOKHO BOCCTAHOBUTH 10 M3BECTHOM JEMCTBUTENHLHOM WM MHUMOM dactu. Kak rap-
MOHHMYECKas, TaK U aHAIMTUYECKast PYHKLIMH BOCCTAHABIUBAIOTCS C TOUHOCTBIO J10 MIOCTOSIHHOTO
ciaraemoro. [Ipu 3ToM (pyHKIMS BOoCCTaHABIMBAETCs OJHO3HAYHO, €CIIM 3aJaH0 OJIHO M3 3Haye-
HUHN ATON QYHKIHHU.

2. BoccraHoBNeHHE aHATTUTHYECKON (DYHKITUH 110 €€ AeHCTBUTEIHHON MM MHUMOMW Yac-

PaccmoTpuM MeTo/16I BOCCTAaHOBJICHHS aHAIMTHYECKON (DYHKIIMUA B OJHOCBSI3HOW oOmac-

TH.

IIpumep 23. TpoBeputs, sBisiercs au Gyukuus U(X,Y) = N y2 + 2X JIeHCTBUTENBHON Ya-
CTBIO HEKOTOPOH aHamuTHueckoi Gpynkuuu f(Z), u ecnu sBnsercs, To HAUTH 3Ty aHAIMTHYE-
ckyro dynxmmio, e T (0) =0.

Pewenue. ®ynxuuro f(z) Oynem uckars B Bune f(z)=u(x,y)+i-v(X,y), rme u(x,y)
naHa B ycnoBusx 3agaun, a V(X,Y) nHewssectHa. @ynkuusa U(X,Y) onpeneneHa Ha Beel KOM-

IJIEKCHOM MJIOCKOCTH (B OAHOCBA3HOM 00nacTu). Beruncisem

2 2 2
a—u:2X'|‘2,a—u:—2 auzz, au zo’a_u:_zl

OX oy ar Oxoy oy?

Buano, uro ¢pyrkumsa U(X,Y) HMeeT HENpephIBHBIE YaCTHBIE IPOU3BOJHBIE O BTOPOIO MOPSI-

Ka BKIIIOUYHTCIIBHO, y,HOBJ'IeTBOp}IeT ypaBHeHI/IIO JIaHJIaca
2 2
ou ou
— +—=0.
oX°~ oy
HOBTOMy OHa FapMOHI/I‘leCI(a}I N ABJISICTCA ,ZLCI\/'ICTBI/ITGJ'IBHOI\/'I qaCTbIO HCKOTOpOﬁ aHaHHTquCKOﬁ

dynxuuu T (z) na Beeit mnockoctn. Haiiném rapmonndeckyro ¢pynkuuo V(X,Y), conpskén-
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uyo ¢ gynkuueir U(X,Y). Torma 6yner Boccranosiena u ¢ynkuus f(z). Cymecrsyer ne-
CKOJIBKO crioco6oB Boccranosenus f (2) .
IIepeviti cnoco6 soccmanosnenus T (Z) (c momonipro HeompeaeNEHHOr0 HHTErpaia OT

¢byHKIMY IeHCTBUTENBHOTO aprymenTa). M3 ycnosuii Komn- Pumana criemyer, uro

ou _ ov [ov Lo,

X oy o x oy
u_ v v _ou_au_
oy OX [0y OX

CnenoBarenbho, Gynkius V(X,Y) sBiasercs pemenreM cucteMbl qupGpepeHnaibHbIX ypaBHe-

2X+ 2.

HUU IIEPBOTO MOPSIAKA C YACTHBIMU ITPOU3BOJHBIMA

oV oV
— =2y, —=2X+2. S
{ax y’ay X+ ®)

WHTerpupoBars 3Ty CUCTEMY YPAaBHEHHI MOKHO € ITIOMOIIBIO HEONIPEAEIEHHOTO HHTErpajia niu
KPHBOJIMHEWHOTO.

WuTerpupys nepBoe ypaBHeHHE cucTeMbl (S) Mo X (cumras Y TOCTOSHHBIM), BOCCTa-

nasmuBaeM Qynkuuo V(X,Y) ¢ TOYHOCTBIO N0 IPOU3BOJBHOM TJIAAKON (IIOKA HEW3BECTHOM)

bysxumn o(y):

V(x,y)= [2y-dx+g(y), [V y) =2y [dx+g(y),

=
@=2x+2. @=2X+2,
T.C.
V(X y) =2yx+o(y),
@ =2X+ 2.

HaiizieHHyo B IIEpBOM ypaBHEHHH 3TOM cuCTeMbI ypaBHeHuH pyHkuuoo V(X,Y) npoauddepen-

oupyem I1o y " IOACTaBUM BO BTOPOC YPABHCHUC CUCTCMbI (I/ICKJHO‘II/IM U3 CUCTCMbI ypaBHCHI/Iﬁ

oV

)
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V(X y)=2yx+o(y), {V(x, y) =2yx+o(y),

=2x+¢'(y),
&
{2x+go'(y)=2x+2, o'(y) =2.

=2X+ 2.

22 2|2

\

PemMm BTOpOE YypaBHEHUE 3TOM CUCTEMBI (0'(y) = 2 (npocrteiiniee 06bIKHOBeHHOE MU(epeH-

nuaneHoe ypapuenue) u Haiiném dynxumio @(Y): @(y) =2y +C, rme C- npoussonpnas
BENIECTBEHHAS TIOCTOSHHAs. DTy (YHKIHMIO 0JICTABMM B IIEPBOE YPABHEHHME CUCTEMBI M HAHIEM
COTPSKEHHYIO TAPMOHHYECKYIO (yHKIIHIO
v(Xx,y)=2xy+2y+C.
Ananurnueckas pyukuus f(Z) BoccraHoBieHa Hamu B BujIE

f(2)=u(x,y)+i-v(X,y)=x*—y> +2x+i- 2yx+2y+C ,
T.€.

f(2)=u(X,y)+i-v(X,y)=x"—y> +2x+i- 2yx+2y +i-C.
[Moxcrasnas B o1y popmyny HauansHoe 3nauenne f(0)=0, z=0= x=0,y =0, naxogum
C: 0=1-C = C =0. Urax, no aeiicteutensHoii vactu U(X,Y) HaiifieHa GpyHKIMS aHATUTH-
4ecKas Ha BCEH KOMIUIEKCHOM TIOCKOCTH

f(2)=x>—y* +2X+i- 2yx+2y .

3amernm, uto f(Z) MOXHO 3a1aTh AHATUTUYECKMM BBHIPAXKEHUEM, 3aBHMCAIIUM OT Z.

Z+7Z 72-7
Ilonaras X = Y= — , TIOJIy4UM
2 21
2+7YV (z-7V .z+7 7-7(72+7
f(z)= - - + 2 +1-2-— +1|=
2 21 2 21 2
2+72.7+ 7 °+2%-z2-7+ 7° A B
= 1 +Z+7+ +2-7,

Z zZ
f(z)=z—+—+22+%—7=zz+22,T.e. f(z)=2*+2z.

3ameuanue. JIns T0ro, yT0ObI BBIpasuTh f (Z) aHamMTHUECKMM BBHIPAKEHHEM OT Z , J10C-
tatouno B dopmyne f(z)=u(X,y)+1-V(X,y) Bbmonnuts GopManbHy0 3aMeHy X = Z,
y=0.

Bmopoii cnocob eoccmanoenenus () (c momompro kpuBonMHeiinoro unrerpana). Ws

cucTeMbl ypaBHeHui (S) cieayer, uro nonHsii mupdepenuman Gynkuuu V(X,Y) pasen
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oV oV
dv=—-dx+—.-dy=2y.-dx+ 2x+2 -dy.
o Y y=2y y

Hanomuuwm, uto Beipakenue P(X,Y) - dX + Q(X,Y) - dy B onnoceasHoit o6nacTu sBs-

ercs momaeM auddepertmanom (mpu raaakux P(X,Y) u Q(X,Y)) Torna u tonsko Tormaa, xo-

P 0
I7la BBIIOJIHAETCS YCIOBUE E = 8_Q B nannoMm mpumepe mus Gyakmuiit P(X,Y) =2y u
X
oP 0
Q(X,Y) = 2X + 2 5TH yc/oBHSA BBIIONHIIOTCA: — = 2, a—Q =2
X

B opHocBs3HOM o6nacTy (pyHKIUS V(X, y) BOCCTAaHABJIMBACTCS IO CBOECMY ITOJTHOMY

muddepeHnrany ¢ IOMOIIBI0 KpUBOJIMHEHHOT0 HHTErpajia 2- ro THIAa HE 3aBUCSILEr0 OT (JOPMBI

JIMHUU UHTCTPUPOBAHUA

M
VXY =V X5, Y, + Izﬂ'df-f- 26+2 -dn, ne M, X,,Y, - duxcuposaunas, a

Mg
M X, y - HepeMeHHafl TOYKH KOMHHCKCHOﬁ IIJIOCKOCTH, g, 77 - HepeMeHHHe I/IHTerI/IpOBaHI/Iﬂ.

Junus MM kycouno-riankas. Bei6pas navanshoit Touky My X, Y, =0(0,0), a muuio

UHTErpUpoOBaHus cocTaBieHHON 3 oTpeskoB koopauHatHelx guanit OM =ON U NM | rze

N = N (X,0), Beruncimm kpuBoIMHEHHBIA HHTErPAT CBEICHUEM €TI0 K ONMPeIeISHHBIM:
N M

V X,y =v 0,0 + jzn-d§+ 26+2 -dn+ _[277-d§+ 26+2 -dn.
0 N

B s1oii hopmyre nepBeIii HHTErpall paBeH HYJIIO

N

jzn.d§+ 26+2 -dp=(n=0,dp=0;)=0,

0

a BTOPOUl paBeH

M y
jzn-d§+ 26 +2 -dn:<§:x,d§:0;03n3y>:I2x+2 -dn =
N 0

= 2Xxn7+2n ‘Z:2xy+2y.

Hostomy, V X, Y =V 0,0 +2Xy+2Y. Yuurssas nauansroe ycnosue f (0) =0, a tarxe
yro U(0,0)=0 u f(0)=u(0,0)+1i-v(0,0), szaxmouaem: V(0,0)=0. Cnenosarennto,
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V X,Y =2Xy+2Y. Tlonydwniu Takoii e pe3ynbTaT, Kak M B IEPBOM METOJIE:
f(2)=x>—y* +2x+i- 2yx+2y =7 +2z.

Tpemuii cnoco6 eoccmanosnenus T (Z)-c momomuisro nepBoo6GpaszHoii (HEONPEAENEHHOTO
uHTerpana  oT  (YHKUMM  KOMIUIEKCHOTO  apryMeHTa). AHajuTuyeckas  (QyHKUUS
f(z)=u(x,y)+i-vV(X,y) sBasercs mudpepeHnpyeMOoi, IPUYEM €€ IIPOU3BOIHYIO YI00HO

HAaxOJIUTh 110 OJHOM U3 CIEAYIOMUX GopMy
ou . ou ov . ov
f'(z)=——-1-—=—+I :

OX oy oy OX

Tax kak 110 yciosmio gana dyskimsa U(X, Y) = X* — Y* + 2X, To st HaXOK/ICHHS MPO-

m3Bozroit T'(Z) cnemyer B3sTh hopmyity

ou . ou )
f(2)=——1-—=2X+2+1i-2V.
(2) = & y

Z+7 -7
[IpeobpazoBanuem X = Y = o IIPUBOIUM IIPOU3BOJIHYIO K BHIY
[
ou . ou . 2+7 . 2-Z
f'(2)=——-1-—=2X+2+1-2y=2———+2+1-2——=22+2.
OX oy 2 21

®dyaxuuo T (Z) Haxomum mo €€ MpoM3BOAHONM C TIOMOIIBIO HEONPEAECTEHHOTO MHTErpajia M

epBOOOPA3HOM:
f(2)=[f'(2)-dz+C=[2z+2 -dz+C=z"+2z+C.
Hauanbnoe 3nauenue f (0) =0 nossonser naiitu C = 0. CnenosarensHo,
f(z)-z° +2z.
Ewé ooun cnocob soccmanosnenus T (z2) mo neiictBurensuoii uactu U(X,Y) wmu MHU-

MOU 4acTH V(X, y) OCHOBAaH Ha MpUMEHEHUH (popmyI

Z+7Z,.2

-7, = . (247, 11
: —-C.,, f(2)=2-i-v 0.
2 2i ) o0 1(2) ( 2

7 —
> °j+CO, C,=f(z,).

f(z)=2-u[

1. 6 Jleknust Ne 6 (2 4). Tema: «/HTerpan KOMIUIEKCHO3HAYHOI ()YHKIMH BEIIECTBEH-
HOro aprymenTa 1o orpe3ky. Muarerpans! or @KII no xpusoii. Teopema Komm 111 ogHOCBA3HON
oOmnactu u e€ 0600menus. Ileppoodpasnas ¢pynkus. MaTerpansHas Gopmyna Ko

1.6.1 Bonpocsl JieKIuu:

1. MlHTerpas KOMIJIEKCHO3HAYHON (PYHKIIMM BELIECTBEHHOTO apryMeHTa Mo oTpe3ky. UH-
terpansl oT @KII no kpusoil.
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2. Teopema Komm mist omHOCBsI3HOM oOnactu u e€ 0600menus. [lepBoobpasnas GyHk-
.

3. Unrerpanbuas gopmyna Komm...........

1.6.2 Kpatkoe coaep:kanue BOIPOCOB:

1. UnTerpan KoMIUIEKCHO3HAYHOU (DYHKIIMH BEILIECTBEHHOTO apryMeHTa 1o otpe3ky. 1H-
Terpaibl OT OKIT MO KPUBOM. ...oovuuiiiiiiiii i,

B aT0i1 TemMe paccMaTpuBarOTCS CIEAYIOLIME NPOCTEHIINE METOJbl BHIYMCIECHUS HHTE-

rpana (YHKIUH KOMIUIEKCHOTO apryMeHTa:

1) Beipaxkenue 3HaueHust naterpana OKII B anredpandeckoit popme yepes aBa IEHCTBUTEIBHBIX
KPUBOJIMHEWHBIX UHTETpaJia 2-ro TUIA;

2) cBenenue Bbruncienns uaterpana OKII no rmaakoi ayre L k BbIMMCIEHHIO MHTErpasa oT

KOMILIEKCHO3HAYHOM (yHKIIMM BEIECTBEHHOTO apryMenTa | Ha oTpeske (&, ,B ;

3) npumeHeHue ananora ¢popmyiasl HeroToHa-JIeliOHnIa 11 aHamUTHYECKON (PYHKIINH, KOTOpas
no3BoJisieT Beruucuth uaterpan OKII, ecnu uzBectHa e€ mepBooOpazHast.

Bonee riybokoe paccMOTpeHHE BOIIPOCOB MHTEIPUPOBAHUS, CBSI3aHHBIX C HHTETpaIbHON
teopemoit Komm u unterpanbaoit popmynoit Kommu, psinamu 1 Teopreil BBIYETOB OCYIIECTBII SI-
€TCs B CIEAYIOIINX TEMax.

§1. Humezpan om KOMN1EKCHO3ZHAYHOU (YHKUUU 8eUieCIM8EHHO20 apZyMenma.

PaccMOTPHM KOMILIEKCHYIO (ByHKIIHIO BEIIECTBEHHOTO apryMenta t Ha otpeske ;b :
w=f{t)=u(t)+i-v(t), roe pysxmmn U(t), V(t) mempepiBas Ha 3TOM OTpE3Ke.

Unmeepan pynkyuu W = f (t) Ha ompe3ke d, b swiuucisemes no gopmyne

bjf(t)-olt: bju(t)-o|t+i.ij(t)-dt.

§2. Humezpan om pynkyuu KOMnaeKCHO20 nepemMeHH020 No KPUueoil.

Paccmotrpum  teneps pynkmuo W= f (Z) = U(X, y) +1 -V(X, y) KOMILIEKCHOTO TIepe-
MeHHOro Z=X+1- Y u Beruncnenue narerpana or @KII no rmagkoi nyre L.

Ilepswiii cnocob eviuucnenus unmezpanra PKII no anaokou dyee. Wuterpan ot OKII

W= f(2) no rmaakoit xyre BerancIseTCS MO opMyIE

If(z)-dz: j(u+iov)-(dx+i-dy): ju-dx—v-dy+i-_[v-dx+uody,
L L L L

KOTOpas BbIPAXXACT 3HAYCHHUEC UHTCIPAJIA OKII qucepe3 ABa JIECTBUTEIBHBIX KpHBOHHHeﬁHBIX HH-

Terpaia 2-ro THIA.
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Bmopoii cnoco6 eviuucnenus unmezpana OKII no znaokoii oyee L . Ilpeamonaras ayry

L rmamkoit, 3anmceiBaroT €& ypaBHEHHME B KOMILIEKCHO-TIApaMETpHYecKoi dopme: Z = Z(t),

te a;f ,re. 2=0p(t)+i-w(t). Torma
B B B
[1@-dz=[1 «() - 2(t)- dt= [Re(t) d&+ i [Im(t) d,

rre Ret)=Ref z(@t)-Z () Imt)=Imf z(t) - Z (). Taxum o6pasom, sta dopmyna
HO3BOJIAET cBeCTH Bhruncienne uarerpana OKII no rmagkoit ayre L k BeMmMCcIeHUIo nHTErpaia
OT KOMILIEKCHO3HAYHO! (DYHKIIUM BEIIECTBEHHOTO aprymenta | Ha oTpeske ,B (cm. §1).

2. Teopema Komm myist oTHOCBsI3HOH oOnactu u e€ 0000menus. [lepBooOpasnas GyHK-
us.

Tpemuii cnocob eviuucaenus unmezpana OKII no znaokoii doyze L. O6nacts D, o6na-
Jaromiasi CBOMCTBOM: BHYTPEHHOCTH JIFOOOM 3aMKHYTOW HEMPEPHIBHOM JIMHUH, JIEKAIIEH B 3TON
00J1acTH, TaKKe BKIIIOYAETCS B JAHHYIO 00JIaCThb, HA3BIBACTCS OOHOCBA3HOU 001ACMbIO KOM-
miekcHoit mnockoctu C . O6nactu, He 061afaKOIIMeE STUM CBOHCTBOM, HAa3BIBAIOTCS MHO20CE53-
Hoimy. OrpaHudYeHHas 00J1acTh KOMIUIEKCHOM TUIOCKOCTH sIBIsieTcsl N -césA3Holl, ecliu €€ TpaHu-

11a COCTOUT U3 N MOMapHO HeMepeceKaIoUIUXCs 3aMKHYTHIX HEMPEPBIBHBIX JTUHUI.

4 Y a Y
-~ -

Puc. 49 OdnoceasHai obnacme Puc. 50 Aeyceasnan obracms

DTOT cnoco0 BBIYKMCICHUS HWHTErpaJioB OCHOBAaH Ha CJ'ICIIYIOHIeﬁ TCOPEME, BLITeKaIOH_[eﬁ

3 uHTErpabHoii Teopems! Komm: ecmu dynkuus f (Z) menpepsisro muddepennupyema B oa-

HOCBs3HOM o6mact D (a 3Haunt ananuruyeckas B o6nactu D), To B 910it 06nactu cyimecTy-

et nepsoobpasnas F(z) nna ¢pymximm f(z). Torma mmrerpan jf (z)-dz me 3aBucur ot
L

dopmsI nyrn nnTerpuposanus L, a 3aBucut ot HavanbHOM Z; M KOHeuHOH Z, Touek myru L.
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Jlnst aHanmuTHYeCKor (pyHKIMM cripaBeuiuB aHanor Gopmynsl Hetorona-JleitOnuia, kotopas mo-

3BOINIAET BHIYMCIMTG uaTerpan PKII, ecim usBectHa eé mepsoobpasnas F (2):

jf(z)-dz:zjf(z)-dz: F(z)\;2 =F(z,)-F(z).

3. Nnaterpanbras ¢popmymna Koma. ...,

Ecnu ¢ynkums f(z) — ananutudeckas B OJHOCBS3HOW 3aMKHYTOH OOJIACTH C KYCOYHO —
rI1aKoi rpanunei L,

TO cupaseuiiBa (popmyJia Komu:

e = [L2 g

2mi ;) z -z,

rje Zo — Ja100as Touka BHYTPH KOHTypa L, HHTerpupoBaHue 1Mo KOHTYPY MPOU3BOIUTCS B MOJIO-
KUTEJIbHOM HaIpaBJIeHuU (IIPOTUB 4acOBOW cTpeniku). MIHTerpana B mpaBoi 4acTH Ha3bIBAeTCA
uHTerpajgom Komm.

1. 7 Jlekuuss Ne 7 (2 4). Tema: «Hynu u 0coOble TOYKH aHATUTHIECKON QYHKIHH. Psi-
nbl Telnopa u Jlopana»

1.7.1 Bonpochl jieKIIUM:

1. Hynu 1 ocoOble TOYKHM aHATMTUIECKOHN (YHKITUH.

2. Panwr Teiinopa.Psaner Jlopana. .............

1.7.2 KpaTkoe coaep:kaHue BONPOCOB.

1. Hynu 1 ocoOble TOUKHU aHATUTUYECKON PYHKIIUU. ....oovveneeneinnanne...
[Tycts ¢yHkums aHamuTHdeckas B OTKpbIToM kpyre 0 < |z - zo| <R 3a uckIOUCHHEM

LEHTpaJIbHOW TOUKM Zo. Kak mpaBuiio, B 3Toil Touke (QyHKIuUs ObIBaeT He ompejeneHa. Toraa
TOYKA Zo Ha3bIBACTCS M30JMPOBAHHOM 0c000ii TOukol (yHkIUH f.

PaccmoTpuM clieayromne 4acTHbIE CIIyqau:
1) dynxuus f(x) umeer Bun: f(z) = f,(z) = ch (z—z,)" . T.k. cTenennoii psm cxo-
k=0

JMTCSI BO BCEX TOYKAaxX BHYTPH Kpyra, To ero cymma fi(X) ompenenena u HempepsiBHO mudde-

peHIHpyeMa BO BCEX TOYKaAX Kpyra, a, CICJI0BATCIbHO, U B IICHTPE Kpyra Zo. B »Tom cJydgac ro-
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BODSAT, 4TO 0COOeHHOCTh (pyHKIMHU T B Touke Zp yerpanuma. [[jis ycTpaHeHuss 0CO00H TOUKH
JOCTATOYHO J0OMpeaeauTh QyHKIUIO B 1ieHTpe Kpyra (f(zo) = Co) u pyHKIMs OyneT aHaTUTHYC-
CKOM HE TOJIbKO B OKPECTHOCTH IICHTPA KPYyra, HO M B CAMOM IICHTPE. B stom ciygae

I f(z2)dz=0 nna moboro koHTypa L, comepikamiero TO4Ky Zg W NPHHAICKALIETO K KPYI'y
L

|Z—ZO|<R.

2) ®ynkuus f(X) umeer Bun: f(z) = f,(z) + Z ch (z—z,)".

k=1 Zo) k=
B sTOM citydae Touka Zo Ha3bpIBAaeTCS MOJIOCOM q)ymcupm f(z) nopsiaka (KpaTHocTu) m.
[Tpu M = 1 TouKy Zo Ha3BIBAIOT €IIe MPOCTHIM MOJII0cOM. [Topsiiok mosroca MOXeT OBITh OTIpe-
nesieH mo gopmyie:
lim(z —z,)" f(z)=c#0, Zo— moJroc nopsaKa m.

3) Oyuknus f(z) umeer Bua f(z) = ch(z z,)" +Z - Z) =f,(2)+ f,(z), rne B

0

Cc_
piany f,(z)= Z —kk HE PaBHO HYIII0O OSCKOHEYHOE KOJIMYECTBO KOIPPHUIMEHTOB c.k. B
o (z— Zo)
3TOM Cllydae TOBOPAT, uTo GyHKIus f(Z) nMeeT B ToUke Zp CymIeCTBEHHO 0COOYIO TOUKY.

2. Psiytet Tetinopa. Psmbl JIOpaHa ....o.viviii i

(ITeep Anbdonc Jlopan (1813 — 1854) — dhpaHIy3cKuii MaTeMaTHK)

Oyuknus f(z), anamuTryeckass B Kpyre |z —zo| < R, pa3maraercst B CXOJSIIUINCS K HEH
CTEMEHHOM S/ 10 cTeneHsM (Z — Zg). KoadduuueHTs! psia BIYUCIIIOTCS 110 GOpMyIIam:
(k)
z z)dz
o= LG L J@E g,
K 2mi 7 (z—2z,)

CrerneHHOM psif ¢ K0P GUIIMSHTaMH TaKOTO BUa Ha3biBaeTcs psijaom Teiiaopa.

Paccmorpum Teneps Gyuknuto f(z), ananmuTHdeckyro B KOJbLe r<|z—zo|<R. Ora

(GyHKIHS MOKET ObITh MPEACTaBIeHa B BUAE CXOSIIErocs psaa:

@)=Y e (z-z2,)" Zc (z-z,)" +Z

n=—w (Z ZO)
JOdt_ 04140,

rue c, j —;
" omi J(t=2z,) “

Psn takoro Buma HasbiBaeTcs psigoM Jlopana. Ilpu stom ¢ynkuus f(z) moxer ObITh
NIPEJCTABICHA B BUJE CYMMBI:

D=1+ H@: iD= z-2) folz)= Z
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Psn, onpenensitomuii pynkuuto fi(X), Ha3pIBaeTCs MpaBHIILHOI YacThIo psja Jlopana, a
psin, onpenenstomuii pyHkuuio f»(X), Ha3pIBaeTcs riaaBHoi YacTbio psifa Jlopana.

[Tonyuennass wHTerpaNbHas Gopmyrna aias KOdP(GUIMEHTOB pslla HAa TPAKTHKE HE OYCHBb
ynoOHa. Yaire Bcero [yt pa3iokeHus B psn JIopaHa HCIONB3YIOT U3BECTHBIEC PA3JIOKEHUS B PAT
Tewmopa.

1. 8 Jlekuusi Ne 8 (2 u4). Tema: «BbI4eTsl U UX MPHIOKCHUS»
1.8.1 Bonpochl JIeKIUM:
1. Boruetsr.
2. [Tpumenenne TeopeMbl Kot 0 BeIYeTax K BEIYMCICHUIO HHTETPAJIOB.
3. Berunciienue HHTErpajIoB OT BEMIECTBEHHBIX PYHKIHMA. ................

1.8.2 KpaTtkoe coaep:xanue BONPOCOB:
1. Boruersl.

Onpenenenune. [lycts Zp — u30oimMpoBaHHas ocobas Touka ¢yHkims f(z), T.e. mycTh
byukius f(z) — aHanuTHYECKass B HEKOTOPOM Kpyre |z - zo| < R W3 KOTOPOTO UCKIIIOYEHA TOYKA

Zo. Torna unTerpan
L' jf(z)dz = Buiu f(z)=Resf (z)
2’}Tl L Z=2p Zy

HasbpiBaeTcs BbIueToM (yukuuu f(z) B Touke o, rme L — koHTYp B Kpyre |z - zo| < R, opueHTH-

POBaHHBIN MTPOTHUB YaCOBOM CTPENIKU U COJAEpIKaIei B ce0e TOUKy Zo. Beruer Takxe 0003Ha4a0T
unorna Resf (z).
Zo

Ecmn f(z)= D c,(z—z,)";  0<|z—2z,|<R; ecrs psin Jlopana dyuxuun f B Touke
k=—0

Zo, 10 Buiu f(z) =c .

z=2z,
TakuMm 00pa3zoM, €Clii U3BECTHO pa3liokeHHe QyHKIHMH B psa JlopaHa, TO BBIYET JIETKO
MOXET OBITh HAWJICH B CiIy4ae J1t000H 0co00# TOUKH.

B yacTHbBIX ciy4asx BeIYET MOXKET OBbITh HaiiieH u 0e3 pasnoxkenus B psj Jlopana.

Hanpumep, eciiu dynkuus f(z) = M, ¢(z,) #0, a y(z) numeer mpocToil HYIb TIPH Z

y(z)

=20 (Y(zy)=0, y'(z,)#0), T0 Z = Zo sBiIseTCs pocTeiM nosmocoM Gyukuuu f(z). Torma
MO’KHO TI0Ka3aTh, YTO BBIYET HAXOIUTCS 10 (GOpMyIIe

Boiu=c_ = (p'(_zo) .
e v'(zy)

Ecnu z = zp — momioc mopsiika M > 1, To BEIYET MOKET OBITh HaiiieH no opmyre:

32



Boiu f(z)=c_, = m d"'[(z=z,)" f(2)] .

(m —1)1=>= dz""

2. HpnMeHeHne TEOPEMbI Komu o BbIueTax K BBIYHCIECHHUIO HHTErpaJjioB.

Teopema. [Iycmo hynkyus 1(z) — anarnumuyeckas na éceii niockocmu 2, 3a UCKIIOYEHUEM KO-
HEeYH020 YUCia mouex 11, Zy, ..., IN. To20a eepro paseHcmeo:

ﬁ:szqf(z) + Blji’{f(z) =0

A unmeepan om ¢ynkyuu no konmypy L, cooeporcawemy enympu cebs smu mouxu, pagem

[f(z)dz= ZniZN: Beruf (2)

3. Boluncienue HHTErpaJjoB OT BCIICCTBCHHBIX q)yHKIIHﬁ.

Teopema. Ecnu pynkums f aHamuTmueckas B 3aMKHYTOH BepXHEH MOJYIIIOCKOCTH, 32
HCKIIIOYEHUEM KOHEYHOr0 4YHCIa OCOOBIX TOYCK, HE JIeXxalupx Ha O0CHu OX, n

f(2)= O(Zfl), Z —> o0, To BepHa popmyIia

Tf &« dx= 27ziZn:Bbm fe.
> k=1
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2. METOAUYECKHUE YKA3AHMUS 110 BBITIOJIHEHUIO
JIABOPATOPHBIX PABOT

JIabopatopHbie pabOThI HE IPETYCMOTPEHBI pa0OYNM YI€OHBIM IIAHOM.
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3. METOAUYECKHUE YKA3AHUA
IO MMPOBEJEHUIO TIPAKTUYECKUX 3AHSATUI
3.1 IMpakTuueckoe 3anstue Ne 1 (2 yaca). Tema: «KomruiekcHbIe Yncia v AHCTBUS C HUMKD

3.1.1 3aganue nJs1 padoThI:
1. ITone KOMIUIEKCHBIX YUCE, IEHCTBHS ¢ KOMITJIEKCHBIMH YHCIIaMH B alireOpandeckoit popme.
2. 'eoMeTpuueckas HHTEPIIPETALMS KOMITJIEKCHBIX YHCEN.

3. Moaynpb 1 apryMeHT KOMIUIEKCHOTO YHCIIa, TPUTOHOMETpUYecKas (hopma 3ammcu.
4. JleficTBUS C KOMILJIEKCHBIMM YHCJIaMU B TpUuroHomerpuueckoi popme. ®opmyna Myaspa

3.1.2 KpaTKOC ONMHUCAHHUE NMPOBOAUMOIO 3AHATHA .

1. Tlojie KOMILIEKCHBIX YHCEJ, AeHCTBHA ¢ KOMIUIEKCHBIMM YUCJIAMH B ajiredpamyeckoii
dopme.

1. Beruuciaurh L+, 4L —1

2,=1-2i,2,=3+51

2 ecnu

Pewenue. 2+, =1-2i+3+51=14+3+(-2+5)i=4+3i,

2, —7,=1-2i—(3+5i) =1-3+(-2-5)i =—2-7i .
2. Beraucmuts Z, - Z,, B34B Z;, Z, U3 ipuMepa 1.
Pewenue. Z,-2,= 1-2i - 3+51 =3+5i —6i —10i* =13—i.

Z

3. Boruucnute (mpencraBuTh B anreOpawdeckoit popme) —
z
2

, B3B Z,, Z, u3 npumepa .

Pewenue. YMHOXKEHHEM YHCIHUTEIS W 3HAMEHATEIIS ,Z[p06I/I Ha KOMHJ’ICKCHO'COHPH)KéHHOC K

3HAMEHATEIIO ATY APOOh MPEACTABIISIOT B alreOpandeckoit opme.

4 _1-2i_ 1-2 - 3-5 3-5i-6i+10i° —7-1%i 7 11

z, 3+5 345 -3-5 32,52 34 34 34

2. T'eomeTpuyeckasi HHTEPNPETALNUA KOMILIEKCHBIX YHCEJI.

s moboro xommiiekcHoro yucna Z = X+ 1Y cymectByer komniekcHo-conpsicénuoe

= : N - 2 2 "
yycno Z = X—I1y, npuuém Z-Z =X +Y . Ha mnockoctu C KOMIUIEKCHO-COIIPSHKEHHBIM

qucjiaM COOTBCTCTBYIOT TOYKH, CUMMCTPUIHBIC OTHOCH-
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h
23]

B
B

N
4

=
IS

Puc. 1 Puc.1°

TenbHO AeicTBHTENbHOM ocn (Puc 1, Puc 1).

Ipumep 3. HaiiTi KOMIUIEKCHOE YHCII0, conpsokénnoe k Z = 4 + 21 u n300pa3uth uncna Z,Z
Ha KOMIUIEKCHOU MJIOCKOCTH.

Pewenue. 7 =4-2i (Puc 1).

3. MoayJib ¥ apryMeHT KOMILUIEKCHOT0 YHCJIa, TPHrOHOMeTpHYecKasi popma 3anucu.

1. HaiiTu MOAyIb M apryMeHT KOMILIEKCHOTO YMCJIa, 3alUcaTh YMCIO B TPMIOHOMETPHUECKOM
dopme. M300pasuth wumcio Ha KOMIUIEKCHOi miockoctn: 1.z, =1+1; 2.2, =-2i;

3.23:—1+i-\/§.
Pewenue. 1. X, =Rez, =1, y, = Imz, =1, |z,|=v1? +1* =/2.

y 1 - T .. T
gpl:arctgzl:arctgizz,zl:|zl|- cosg, +ising, :ﬁ-(coszﬂsmzj,
(Puc.3).

¥ 3 |
z=1+1

Puc. 3

2. JleiicTBUS ¢ KOMILIEKCHBIMH YMCJIAMH B TPUIOHOMeTpHYeckoii ¢gopme. ®opmyaa My-
aBpa
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YA . .
1. Beraucauts 7, - Z,, Z—l B TpuroHomerpudeckoii opme:  z, =1+1,2, = \/§ —1.

2

Pewenue. 3anuiieM KOMIUIEKCHbBIE YHCIIa B TPUTOHOMETPUUECKOIT (hopMme.

1. x=Rez =1y =Imz =1 ‘21‘2\/12 +1% =4/2, (plzarctgﬁzarctgiz
X

z,=|z,|- cose, +ising, =\/§-(cos%+isin%).

2.%,=Rez, =13, y, =Imz, =1, |z,| =\/(s/3)* + (-1)> =1+3 =2,
Ya -1 V3

—arctg—= = —arctg > = -2~
3 6

X, N

. ) -
Z,=|z,|- cosg, +ising, :2.(cos(—gj+|sm[—g)j,

Haxomnm IMPOU3BCIACHUC U HACTHOC UM CCII:

21'22:‘21"‘22" cos(p, +@,) +isin(p, +¢,) =

T T .. T T T . . T
=22 | cos(———=)+i1SIn(———) |=2+2 -| cOS— +1SIn— |.
\/_ ( (4 6) (4 6)j \/_ ( 12 12)

@, = arctg =2

T . T
3nauenus COS—, SIN— sorauciasgseM ¢ MathCAD:
12 12

cos \/_ £~0966 sin \/_—£~0.259
(12) (12}

[Toaromy

2,-2,=22- (cosﬁﬂsm—j 22 [\/_+\/_ 6- \/_}

4

J_2+2 J_z

= ~2,732+0,732-1i.

2
V2

7]
2

Z - -
L =To. cos(p, —@,)+isin(p,—p,) =
Z, ‘ 2‘

_f(

5
COS— +isin— |. Buosb BerumciasieM ¢ MathCAD
12 12

AN

-(cos(% +%) - isin(% +%)j =



ﬁ.(ﬁ_GJ
4 4
ﬁ-cos ST —— ~(0.183
2 12 2

[.(ﬁ+6j

4 4

Q.Sin 5_”j_) ~ 0.683 1 oKOHUYATEIHHO HAXO UM
2 12 2
ﬁzﬂ (cos5—+|sm5—j 0,183+0,683-1i.
z, 2 12 12

2. HaiiTu Bce 3HaUCHUS KOPHS \/I_ .

Pewenue. Yucno Z =1 mpeicTaBuM B TPUTOHOMETPUUECKOH (opMe:

x=Rez=0,y=Imz=1=|z|= JO2+ 17 =1p=

z=|z|]- cosp+ising =1 (cos +|sm j

ITo hopmyne MyaBpa u3BiIeYeHUST KOPHEH HAXOIUM

Yz =yl (cos( j [(p+n27[kD,k:O,1,2,...,n—l

z+2%k Z+2%k

\/i_:\/i- cOoS ZT +1-Sin

,k=0,1.

3nech \/i =1 -apudmeTHuecknii KOpeHs, TOATOMY \/I_ UMEET JIBa 3HAYCHUSI:

T
npu K=0 \/i_k =| cos % +1-sin
=0

T T
—+2r —+2r 5.7 5.
mpu K =1 Ji =] cos 2 +i-sin| 2 =C0S| — |+1-sin| — |=
2 2 4 4
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2 2

|Z| =|I| =1, u306paxaroTcs HA KOMIUIEKCHOW IJIOCKOCTH KOHLIAMH JMAMETPa €AMHHYHON OK-

£ 2

Haitnennpie 3HaueHUs] KOPHS \/I_ KOMIUIEKCHO-COIPSKEHHBIE U, TAK KaK

PYXHOCTH € IEHTPOM B HyJieBol Touke (Puc. 6):

L' Y

iy

Puco -J;

3.2.1 Pe3yabTaThl M BBIBO/IBI: B pe3ynpraTe MpoBEICHHOTO 3aHSTHS CTYACHTHI:
- OCBOMWJIM IIOHATHA O TpI/IFOHOMeTpH‘IeCKOfI (1)0pMe 3aIllMCU KOMIIJICKCHBIX YHUCEIT U JlefICTBI/IHX B
TPUTOHOMETPHUECKOH popMe;
- MPUOOPENTU YMEHUS U HABBIKM OCHOBHBIX ONEpaluii ¢ KOMIUIEKCHBIMU YHUCIaMH B TPUTOHOMET-
pudeckoit opme.
B pe3ynbraTe npoBeAEHHOTO 3aHATUS CTYICHTHI:
- OCBOWJIM MOHSATHS 00 OCHOBHBIX omnepanusix B nosie C 1 KOMIJIEKCHOM MI0CKOCTH;
- IprOOpeN yMEHHS B BBITIOJTHEHUH oriepariuii B C;
- BBIpa0OTaJIM HaBBIKK BBITIOJIHEHUs oniepanwii B C.

Tema: «IlokazarenpHas (bopMa 3allMCU KOMIIJICKCHBIX YHCEII. Z[eﬁCTBHX C KOMIIJICKCHBI-
MU YHCJIaMHU B IIOKa3aTeIbHOM (bopMe. HpI/IJ'IO}KeHI/IH anre6p51 KOMILICKCHBIX YHCEI B TCOPHUHU
OJICKTPHUICCKUX meremn MNEPEMEHHOI'O TOKaA: KOMIIJICKCHBIH MCTOJ pacqéTa OJICKTPUYCCKUX ueneﬁ
IIpHU YCTAHOBUBIIHUXCA PEKUMAX CUHYCOUAAJIbHBIX TOKOB»

3.1.1 3aganue nJs1 paéoThI:
1. TTokazaTenbHas Gopma 3alMUCH KOMILICKCHBIX Yhcell. JIeHCTBUSA ¢ KOMIUIEKCHBIMU YHCIIaMHU B
moKasarejbHoOi (opMme.
2. IpunoxxeHus anreOpbl KOMIUICKCHBIX YMCEN B TEOPUH DJCKTPHUCCKUX IEHCH MEePEeMEHHOTO
TOKA: KOMIUICKCHBIH METOJI pacuéra JJICKTPUUYCCKUX IIETICH MPH YCTAHOBHUBIIUXCS PEKUMAX CH-
HYCOMJIAIbHBIX TOKOB.

3.2.2 KpaTkoe onucanue NpoBoANMOro 3aHATHA:

1. Iloka3zarenbHasa (popMa 3aNHCH KOMILUICKCHBIX YHces. [leficTBHA ¢ KOMINIEKCHBIMH YH C-
JIaMM B MIOKa3aTeJIbHOH (popMme.

1. Banmmcats uncno B nokasarensHoit popme: 1.2, =1+1, 2.z, =-2i, 3.2, =-1+1i- \/§

39



Pewenue. 1. X, =Rez, =1, y, =1mz, =1, ‘21‘:\/5’ o, :arctgﬁzarctg%:%,
X

.. T .. T .
Z = ‘21" Cosp, +IsIing, = \/5-(0082 +1SIn Z) ITo dbopmyne Diinepa 3amuieM YuCIO
i o
B [IOKA3aTelbHOI opme B Buae Z, = ‘Zl‘ e P \/E .e4 .
Z, . : :
2. Boruucnuts Z, - Z,, — B IoKasarenbHoi popme: Z, =1+1,2, = \/§ —1.

2

2. Pewenue. 3aniieM KOMIUIEKCHBIE YHCTIa B TOKAa3aTeIbHON Gopme.

1.x,=Rez =1y, = Imzl:1,|zl|:\/§,(pl=arctg%=%,

. T
. i =
z,=|z,|]- cose, +ising, :ﬁ-(cosgﬂsin%j,zl:|zl|-e'(p1:\/E-e 4

2.%,=Rez,=+13, y, =Imz, =1, |z,| ={/(s/3)* + (-1)> =1+3 =2,
J3

Y2 -1
= arctg— =—arctg—=-
J3 3

X5

@, = arctg =2

i
6

Z,=|z,|- cosg, +ising, :Zo(cos(—%jnsin(—%)) ZZ=|22|.e|¢2 =2.¢ O

HaXO,Z[I/IM IMPOU3BCIACHUC U HACTHOC UM CCII:

- i(Z-2) i
21,22:|Zl_22|,el(<o1+¢2):zﬁ,e 4 6 _2\/_e12

T T .5
_+_) i—

i(
lp—p) _N2 4 6 _J2 12

Z ‘Zl‘ .= i

Z, Z,

2 2

‘22"9

2. llpuinoxkennsi anredOpbl KOMILIEKCHBIX YKCeJ B TEOPHHU JJIEKTPUYECKHUX LieNeil mepeMeH-

HOI0 TOKA: KOMILICKCHBII METOA pacyéra JeKTPHYECKHX Ieneidl NMpH yCTAHOBHUBIIMXCS
peXNMAaxX CHHYCOMIAJIbHBIX TOKOB.

B TCOPCTUYICCKHUX OCHOBAX JJICKTPOTCXHUKU pACCMATPUBAIOTCA METOAbBI pacucTa JIMHEHN-
HBIX DJICKTPUYCCKUX Lemnemn MNEPEMCHHOTO TOKA B CTAHUOHAPHLBIX PCIKUMAX, B KOTOPBIX 3[[(:, TO-
KN W HAIIPAKCHUSA SABJIIFOTCA TapMOHUYCCKUMU (bYHKL[I/IﬂMI/I BpPCMCHHU. OHpCI{GHGHI/IC TOKOB H

HaHpH)KCHI/Iﬁ B TaKuX ILECIAX CBA3aHO C HAXOXIACHUCM YaCTHBIX pCI_I_IeHI/Iﬁ JIMHEHNHBIX HEOJHO-
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POJHBIX OOBIKHOBEHHBIX MU(PEepeHINATBHBIX YPAaBHEHUN C TMOCTOSHHBIMH KO3 (UIHEHTaAMH,
COCTaBJICHHBIX HA OCHOBE 3aKOHOB Kupxroda.

Jlnist BBIUUCIIEHUS C MTOMOIIbI0 3aKOHOB Kupxroga Toka B y3iax memnu, HanpspDKeHus: Ha
y4acTKe LIeNH HeoOX0MMO CYMMHPOBATh TOKU WM HanpspkeHus U OJ1C, npecTaBieHHbIE CH-
HYCOMJIAIBHBIMH (TapMOHHYECKUMH) (HyHKIMAMU. Kak MBI y)e BHIENN Ha MPEAbIIyIIeH cTpa-
HUIIE, 3Ta omnepamys (CIoKeHUs KoyebaHuil) TpedyeT TPyIOEMKIX U TPOMO3IKHX BBIYHCICHUH,
T.K. Takue QYHKIUUA TOMHUMO 33JIaHHOM YIJIOBOM YacTOTHI (» OMPENEISIOTCS e ABYMs BEIU-
YMHAMH - aMIUTUTYI0H U HavyaabHOU (ha3zoit. KomrutekcHbie uncina Z # 0 Tak e 3a71ar0Tcs IBY-
Ms BETMYMHAMU: MOJIYJIEM M apryMEHTOM. DTO CONOCTaBJIEHHE MO3BOJIMIIO CO3JaTh METOJ, YII-
POCTHUBIINI BBIYUCIIECHHUS.

Meron 3aKiro4aercs B CONMOCTABICHUU JEHCTBUTEIbHBIM TaPMOHNYECKUM BO3JICHCTBUAM
(rapMOHHYECKUM KOJIe0aHUSIM) KOMIUIEKCHBIX BO3JIEHCTBUH, T.€. B CHMBOJMYECKOM H300paxe-
HUU 3TUX KOJIeOaHUN KOMIUJIEKCHBIMU YUCIIaMHU (KOMIUIEKCHBIMU 9KCHOHEHMAMU) U HA3bl8Aemcs
KOMNIIEKCHbIM MeMOOOM WU CUMBONUYECKUM MemMOOOM, a TAKKE MemoOoM KOMNIEKCHbIX aM-
naumyo. Meton Ob11 TipeayioxkeH amepukanckuM uHxeHepom Y. I1. lreitamernem B 1893 1., a B
Poccnu BBenén akanemukom B. @. MuTtkeBrdeM.

Kpamkoe onucanue memooa xomnnexcuoix amnaumyo. Ilyctb rapMmoHHUECKOe BO3AECHCT-

BHE, HAPUMEP B BHJIE CHHyCOMIanbHO Mersomerocs Toka, | =1 1 3amaérca dpopmymnoit
I=1,-sin o-t+¢ ,
B KOoTOpoii |, - ammmTy/a Konebanuii, @ - yrmosas 4acToTa (CKOPOCTH H3MEHEHHs apryMeH-

2r

ta-yrna 0-t=0, o= T = 27 - T, T- nepuon rapmonnueckux koneGanuii, t - Bpems,

1

f = = - yacrora koneGanwmii), a (- HavanbHas daza konebannii; @ -t+ @ - pasa Konebanwmii.
N3 popmyn Ditnepa
e” =cosz+i-sinz, sinz=

CJICAYCT, YTO

ei ot+¢ . e_i ot+e .
I=1,-sin o-t+¢p =1,- _ =Im 1,-e"“"" |
2-1
i ot —-i ot+p
€ +€ .
I:lO-COS a)t+§0 :|0. —Re Io'el ot+e
2

i ot+e
‘e

k. | =1,-cos o-t+¢ +i-l;-sin o-t+¢ .
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Komnnexcnosnaunasn ¢hynxyus

i ot+p

_ Lalo alot _ | aloet
l,-e =l,-e”-e” =1,-e

6EWECNBEHHO20 apcymeHma t sensemca cumeonuueckum u306panC€Hu€M 661/1,{66'1’}’16€HH0Mv

pynryuu 1 =1, SIN @-t+¢@ (deticmeumenvrozo cunycoudarbno2o moka) u Npu 3aTAHHOM
yrioBoii uactote @, Tak xe kak u | =1 t | onpenenserca nyms Benmmumnaamu - aMImuTyI0#

|, u HauansHOM hasoit ¢ . Komniexcroii amnaumyooii moxa | =1 t naspBaerca xkommekc-

HOE€ YHCIIO0
- o
l,=1,-¢7.
BemecTBeHHyI0 CHMHYCOUAANbHYI0 QyHKnu0o | = |0 -Sin o-t+@ nazviearom opueu-

i ot+o ot

HanoM, a KOMIUIEKCHO3Ha4Hyt0 dyHkimio |, -€ =1,-&"" - e¢ usobpascenuem u numryt

i- ot+e ot

I=1,-sIn o-t+9p = I;-€ =1,-€

Urak, 1r060My neiicTBUTENTbHOMY TapMOHHUYECKOMY BO3JIEHCTBHUIO
Xt =A-Ccos ot+p (wm Xt =A-sin o-t+¢ )

Ha KOMIIJIEKCHOM IIOCKOCTH COOTBETCTBYCT KOMILIICKCHOC BOB,HCfICTBPIC

Xt =A-C0S w-t+¢p +i-Sin w-t+p =A-e" " =A.e’.e" =A™ (A
T.c. Xt =A-e xt =ReA-e“'+i-ImA.e"", (B)
A-cos o-t+¢p =Rext , A-sin o-t+¢p =Imx t, (©)

. . L 3
rae kommuekchoe yncno A= A-e"” = A-COS@ +1-SiN@ naswBaeTcs KomnaekcHou amniu-

myooii sosoeiicmeus: X(t) = X(t) = A-e"". (D)

Opuczunan: capmonuueckoe ozoeticmaue X { H3soopasicenue: komniexcnoe

gosoeticmeue X(t)

Xt =Acos ot+¢ wm Xt =Asin ot+¢ x(t)=A-e"!

[To3TOMY aHAIU3 DNEKTPUUYECKHUX IeNel TIPOU3BOIAT He MPHY FapMOHMYECKUX, a MIPH KOMILIEKC-
HBIX BO3/IEHCTBHAX, COOTBETCTBUE MEXKy KOTOPLIMHU ycTaHaBauBaercs Gopmynamu (A)-(D).
IIpumep 15. K serBu AB nenu ¢ nocnenosarensho coenunénneivu yuactkamu R, L, C npu-

noxero Hanpsokerne U =U -SIN @ -t + ¢ . TpebGyercs: 1) cocrauts ypasnenue Kupxroda

JJIA IOCIIHA, 2) C IMOMOIBIO KOMIIIICKCHBIX 1/1306pa>1<eH1/H71 TOKa B ICTIN U HAIIPSKCHUA HepeﬁTH K
aﬂre6pa1/1quKOMy YpaBHCHUIO, 3) peunB anre6pa1/1qec1<oe YPaBHCHHUC HaWUTH KOMIIJICKCHYIO aM-
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IUTUTYy U KOMIUIEKCHOE N300paskeHne TOKa, 4) HAliTH OpUTHHATI- MTHOBEHHOE 3HAYEHUE CHHY-
COMJATTFHOTO TAPMOHUYECKOT0 KOJIeOaHHsI TOKA B IETIH.

Pewenue. 1). [lo BTOpomy 3akony Kupxroda (3akoH Kupxroda ans KOHTYpOB) cymma Hanpsi-
JHCEHULL 80 BCex 8eMBAX 1100020 3AMKHYMO20 KOHMYpa dnekmpuydeckoli yenu pagua cymme I/[C
ucmounuKo6 snepauu, oeticmeyiouux 6 smom xonmype. Eciu x nexoropoii Beteu AB nemu ¢

MOCJICIOBATEIILHO COCAUHEHHBIMU AKTHBHBIM COITPOTHUBJICHUCM R, KaTyHIKOfI C MHAYKTUBHO-

creio L, xonnencaropom émxoctero C mpunoxeno manpsokenne U =U, -Sin @ -t+¢ , 10

naJIeHUe HaPsOKEHUS BJIOJb BCEW BETBH OyIET PaBHO CyMME HANPsDKEHHN Ha STHX 3JIEMEHTaX:

U=U,+U_+U..

4 U=Up+Up+U;
® Up=R-1I
dg L dU, .. 1 Eo.o.. o
L =—=0-—2U,=—-|I(£)-d+U,(0
dt dt ¢ [ [) 2 C(}
i v,=1-2
dt
P t
Z | | U:R'”L'ﬁ‘*l-[I[fj-arf}UC([]}
d C;
Io 3akony Oma Ha ydacTke nemu ¢ akTuBHEIM conmpotusiaennem U, = R- 1. Hanpsxe-
di

HHME HA KOHIAX KATYIIKH WHIYKTHUBHOCTH U L= L. E Jlig y4acTka ey ¢ KOHJIEHCAaTOPOM

d

HU3BECTHO, YTO UC =%, rac q' 3apsaa KOHACHCATOpa, IIO3TOMY dUC =Eq. Tak xak

d
I=d—?:>dq=l-dt,m du, =

- | - dt . Murerpupys 510 paBeHCTBO HOUIEHHO MO OTPE3-

O+

ky O0;1 . nomyuum dopmyny mis U.:

faue= 2 [i@)-dz. e U0 =2 19) 0 +U.@)

1
C
Uc=%' Jl(f)-dcfw(()) :

[MozacraBisis HaiieHHble BoIpaxkenus 1t U R U L ,UC B (hopmymy
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U =U; +U, +U_., nomyunm cnenyromee ypapaenne Kupxroda s nenu ¢ nocneoBaresb-

ueiM coequaennem R, L, C

dl 1

U=Relslo ot 0j|(§).o|§+q(0) .

B 5ToM ypaBHEHHH HEH3BECTHOMN (yHKIMEl ABseTca MrHOBeHHoe 3Hauenue Toka | (1) .
Tax kak HensectHas Gynkuus | () BxoauT kak Moz 3HAK MPOM3BOAHOM, TaK M TIOJ] 3HAK UHTE-

rpaia, TO ypaBHEHHE Ha3bIBaeTCs MHTErpo-auddepeHnuansupiM. PemmM ero MeTogoM KoM-

IJICKCHBIX aMIJIUTY (CI/IMBOJ'II/I‘IGCKI/IM MGTOI[OM).

dl

B coorBerctBHe ¢ MerTomoM kommmekcEbx ammmutyn U (), 1(t), E’
t

j| (&)-d&+g(0) 3amennm ux KOMIUTEKCHBIME U300pakKEHUSIMH:
0

Opuzunan: 2apmonudeckoe §03oelicmeue Komnnexcroe uzobpasicenue
U=U,-sin o-t+¢ U(t)=U,-e""
I=1,-sin o-t+¢ it)=1, e
3_1 %zl-a)-lo-emt
[16)-d&+q(0) e
0

3necs U, =U, "7, I, =1, -e"” -KOMIIeKCHbIE aMIUIUTY (bl HANPSKEHUS U TOKa. B pe3yib-

TaTe BMECTO HHTerpo-auddepennuanbaoro ypasHenus Kupxroda momyunm anredpamdeckoe

] ) i-ot
ypasaenue otHocutensto | (t)=1,-€

- Io ‘eiw-t.
-0

U,- e =R-I,-e" +L-i-0-l,-" +

O|r

ot o o
COKpaTI/IB O6e YaCTHU YpaBHCHUS Ha e , HOJIYYHUM IPOCTCUILCC JINHECHHOC anre6pa1/me—

CKOC YPaBHCHUEC OTHOCUTCIIBHO KOMILIEKCHOM AMIUIUTYObI TOKA

L
i,=1,-e

I'O-(R+L-i-a)+_;jzu'o,
I-w-C
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U,

3 koToporo Haxomum |, : |, =

R+L-i-o+——
1-o-C

Ilo xKoMIIEeKCHOM AMIINIUTYAC TOKAa BOCCTAHABJIMBACM OpPUI'MHAJI- MTHOBCHHOC 3HAYCHHC

CHHYCOMATLHOTO TapMOHMYECKoro Konebarus Toka B meru | (1) :

U,

I(t)=ImI(t)=ImIl,-e“" =Im gt

R+Li-o+——
I-o-C

3.2.3 Pe3yabTaThl M BHIBOJBI: B pe3ynbraTe MpOBEICHHOTO 3aHITHS CTYACHTHI:
- OCBOWJIM MOHSATHUS O TIOKa3aTeJIbHOM (hopMe 3amnucy KOMIUIEKCHBIX YHUCeN U AEUCTBUSX B MOKa3a-
TeabHOU (hopMe, O MPUKIAIHBIX MATEMATUYECKUX MOJIEIISIX Ha OCHOBE KOMIUIEKCHBIX YUCEIT;
- IpuoOpeN yMEHUs U HaBBIKM OCHOBHBIX ONEpalil ¢ KOMIIJIEKCHBIMU YHCJIaMU B MOKa3aTeNlb-
HOH opme, MOJETUPOBAHUS C IIOMOIIBIO KOMIJIEKCHBIX YHCE.

3.2 lIpakTuyeckoe 3ansaTue Ne 2 (2 yaca). Tema: «JIunun U 06JIaCTH HA KOMIUIEKCHOM
TUTOCKOCTH

3.2.1 3apanue nJst paéoThI:
1. JIuann Ha KOMIDIEKCHOM IUIOCKOCTH.

2. O0nacTy Ha KOMIUIEKCHOM IIIIOCKOCTH.

3.2.2 KpaTkoe onucaHue NpoBOAMMOTO 3aHSATHSA:

1. JIuHMM HA KOMILIEKCHOM IJIOCKOCTH.
1.0Onpenenuth ¥ M300pa3uTh JUHUMA HA KOMIUJICKCHOUW TUIOCKOCTH, 3aJaHHBIC KOMILICKCHBIMH

ypaBHeHI/IHMI/I:
1 |z]|=3; 2. |z—i|=2; 3. |z+1-i|=2; 4. |z+i|=|z-1.
PemeHue. 1 |Z| - 9TO paCCTOf[HI/Ie OT TOYKHU Z J0 HaydalJia KOOpI[I/IHaT. ypaBHeHI/Ie 3aﬂaéT MHO-

KCCTBO TOYCK, y,I[aJ'IéHHBIX OT Ha4dajJla KOOpAHWHAT Ha OOHO M TOXKC PaCCTOAHHC, PAaBHOC 3. Ilo-

9TOMY Ni€pBas JIMHUA SABJISICTCA OKPYXKHOCTBIO C ICHTPOM B Ha4YaJI€ KOOPAHUHAT U palnyCoOM 3.

2. |Z - I|- 9TO PACCTOSIHME OT TOYKH Z JI0 TOYKH Z,= . YpaBHeHue 3amacT
MHOKECTBO TOYEK Z, yNAIEHHBIX OT TOYKU Z,= | Ha 0aHO W ToXke paccTosHuUe, paBHOE 2. Io-
3TOMY BTOpast JIMHUS SIBJSIETCS OKPY/KHOCTBIO C IICHTPOM B TOYKE Z, = I u paauycom 2. (Cwm.

puc. 32).
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T et
| Puc.32 . ._ Puc.33 .
3.|z+1-i|=|z—(-1+i)|=|z—z,| =z, =—1+i. Tooromy, [z+1-i|
PaBHO PACCTOSIHHIO OT TOUKH Z 10 TOYKH Z, =—1+1. Obpawaem énumanue yumamenei na

Mo, Umo CMbLCI PACCMOAHUA MeHCOY MmouKamu Z u Z, umeem |Z — ZO|, awue |Z + ZO|: |Z + Zo| -

9MO paAcCmMosHUA Mexcoy moukamu L u (— Zo) ! VpaBHeHue 3a1aéT MHOXKECTBO TOYeK Z,
YIanéHHBIX OT TOUKH Z, =—1+ | Ha OIHO M TOXKeE paccTosHKE, paBHOE 2. [T09TOMY TpEThs JH-
HUS ABIIAETCS OKPYKHOCTBIO C IEHTPOM B TOUKe Z, = —1+ I upaguycom 2. (Cwm. puc. 33).

2. O0JacTH HA KOMIIJIEKCHOM IMJIOCKOCTH.

1. Onpenenuth 1 W300pa3uTh 00IACTH KOMIUIEKCHOM IJIOCKOCTH, 3aJJaHHBIC HEPABEHCTBAMHU
1.|z[<3;2|z—i|<2; 3. |z+1-i[>2; 4. |z+i|<|z-1].
Pewenue. 1. HepaBeHCTBO 3a/1a€T OTKPBITHIA KPYT' ¢ IEHTPOM B Hayayie KOOPAWHAT, PaIuycoM 3.

2. OTKpBITEIA KPYT € LEHTPOM B TOUKe Z, =1 u paguycom 2. (Puc. 35).

Y
- 4 o ¥
Yl

SN
/

-B -2 '\ -1 // 2 . - \_ -1 / 1 fh
S o

=)

Puc.35 3 = Puc.36 3

3. HepaBeHCTBO 3a7aéT BHEIIHOCTh KPYra (3aMKHYTYIO) C LHEHTPOM B TOYKE
Z, =—1+1 u pamnycom 2. (Puc. 36).
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. 4. HepaBeHCTBO 334a€T HUKHIOIO MOJIYIIJIOCKOCTD (3aMKH Y-

TYI0), TPaHUIIEH KOTOpOH siBsieTcs Ouccekrpuca 2-ro u 4-

ro koopauHatHBIX yriioB (Puc. 37). [Ins «mpoOHON TOYKNY

7 =1 Z = —1 HwKHel NONYINIOCKOCTH CIPABEUIMBO JAHHOE He-
X
PaBEHCTBO:
7= z=—1:>|z+i|s|z—]l<:>

o -1+ilg]-1-1]ev2 <2,

Puc.37 Honynrocxociy: |z +1| < |z 1]

3.2.3 Pe3yabTaThl ¥ BBIBOABI: B pe3ynbTaTe MpoBEeICHHOTO 3aHATHS CTYACHTHI:
- OCBOMJIH IOHATHS 00 OCHOBHBEIX BUJIAX JIMHHHI U 00JIacTell Ha KOMINUIEKCHOH IJIOCKOCTH, CIIOCO-
0ax Ux 3aJaHus, CBOMCTBAX;
- IpUOOpENIn YMEHUSI U HABBIKW 3aJaHHs, N300paKeHUS, KIacCH(PUKAIMKI TPOCTEUIITUX JTUHUN U
obnacTeil Ha KOMILUIEKCHOM INTIOCKOCTH.

3.3 IIpakTnyeckoe 3ansitue Ne 3-4 (4 yaca). Tema: «Onpenenenne ®KII. Onno3Ha4unbIe
W onHONHCTHBIE QyHKIWH. [Ipenen n HenpepbiBHOCTH. OTOOpaKEHHS ¢ TOMOIIBIO HEMTPEPHIBHBIX (YHK-
uuit. CrenenHbIe paasl. dnementapuasie GKID

3.3.1 3apanue nJis1 paéoThI:
1. Onpenenenne ®KII. OgHO3HAYHBIC U OTHOTUCTHBIC (DYHKIIUH.
2. [Ipenen u HEMPEPBIBHOCTb.

3. OToOpaskeHHs ¢ IOMOIIIBIO HEMPEPHIBHBIX (PYHKITUH.
3.3.2 KpaTkoe onucaHue NpoBOAMMOI0 3aHATHS:

1. Onpenesnenne @KII. OqHo3HayHbIE M OTHOJIMCTHBIE (DYHKIMH.
1. ®ynkuno W = Z° npezcrasuts B anrebpandeckoii popme T (z) =u(X,y) +i-v(X,y).

Pewenue. Tx. W= X+1-Y 2:x2+2ixy—y2,rou X,y =X2—y2,V X,y =2Xy.

ITostomy W= 7" =% - y2 + 2Xy -1.
2. Ilpenes u HeNpPepPbHLIBHOCTb.
1. VccrenoBath Ha HEMPEPHIBHOCTD QYyHKIMHU: 1). @) = |Z| = \/ x> + y2 2. W=7 =X— iy .

/ 2 2 . .
1) Oynkuua @ = |Z| =X +Yy + 10 HETIpEPhIBHA HA BCEH KOMIUIEKCHOH IIJIOCKOCTH, TaK KaK

Ha Hel HemnpepbiBHBL U = \/XZ + y2 , v=0.

2) ®ynkmua @ =Z = X — Iy uenpepsiBHa Ha C.

3. OTo0paskeHHus ¢ NOMOLILIO HeNPEPbIBHBIX (PyHKIM.

1. Haiitn 06pa3 06acTi Npu yKa3aHHOM 0TOOpaxkeHuH ¢ nomomsio pynkuun W= f (2).
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1.Imz>Rez, w=—" 2.0<argz< X, w=22 3.|z—2|sl,w=1.
Z+1 2 z

1. Haiitu 0Gpa3bl npsimbix X =1, Y =1 npu otoOpaxkeHnn @ = z°.
Pewenue. 1ns dyukunun o = 22 = €+iy > = x* — y? +i2xy umeem

u=1-y?
ueg, y} x> —y* v, y} 2Xxy . Obpa3om npsiMoit X =1 siBisiercst mapaboia ) y TO €CTh
v=2y,
v? V2
u=1- 1 [Ipsimas y =1 oToOpaxkaeTcst Ha mapaboiy U = 7 -1.

3.3.3 Pe3yabTaThl M BBIBO/IBI: B pe3ynpraTe mpoBEeICHHOTO 3aHSTHS CTYACHTHI:

- ocBowin noHATHS 00 OKII, 01HO3HAYHBIX, MHOTO3HAYHBIX U OJHOJIMCTHBIX (PYHKIUAX; TOHATHUS
npenena u HenpepblBHOCTH DKII, ocHOBHBIE CBOMCTBA; MOHSITHE U OCHOBHBIE CBOMCTBA OTO-
OpaxeHuit ¢ momonibio HenpepbiBHBIX PKII;

- mpuobpenu ymeHusi B anrebpamdeckoMm mnpenctaBieHun OKII, B mpocTednx BBHIYUCICHHIX
IpesieioB U uccienoBanuu Ha HenpepbslBHOCTH OKII, B BhIMoONHEHNN TpOCTENIINX OTOOpaXke-
HUW ¢ momotbio HenpepbiBHbIX PKIT;

- BbIpaboTanu HaBbIku anredpamdeckoro npenactaBiennn OKII, npocreimux BeIUUCIEHUN Tpe-
JIeNIoB U HccaenoBanus Ha HenpepblBHOCTh DKII, BbImogHEHHS mpocTeHuX OTOOpaXeHu ¢
romo1bio HenpepblBHBIX DKIT.

Tema: «Onemenrapusie OKID»

3.3.1 3ananue ajst padoThbI:
1. Dnementapubie OKII.

2. Beruncnenue 3nauennii OKII.

3.3.2 KpaTkoe onucaHue NpoBOAMMOT0 3aHATHSA:

1. Daementapubie PKII.

IIpencraBiieHre OCHOBHBIX 3JIeMEHTAPHBLIX (PYHKHUI B ajredOpamyeckoi ¢opme

(popmy.ibl BoIYHCIeHUSA 3HAYeHUIT PyHKUMI) 1 pocTeiiue CBOMCTBA (PYHKIMMA.

z o
1. TlokazarenvHas gynkius € . IlokazaTenbHas QyHKUHUs ONpeaeseHa Ha BCed KOM-

IJIEKCHOM MJIOCKOCTH U € MpeICTaBlIeHne B ainredpandeckoii popme onpenensercs Gopmynoit
e’ =" =e*.(cosy +i-siny)=e*-cosy+e*-i-siny,
re. Re ¢° =e*.cosy, Im e¢* =e*-siny.

2. ®opMmyna BBIYMCICHUS JIorapu(mMa KOMIUIEKCHOTO yuciia (IpeacTaBieHus Jorapupma

B anredpanyeckoi popme) UMeeT BU
Lnz=u+i-v=In|z|+i-Argz.
Tak kak Argz =argz + 2zk, k =0,£1,42,43,..., rne argZ - rnaBHoe 3HauCHHE apryMeHTa

KOMIUIEKCHOTO 4Kcia Z, TO
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Lnz =In|z|+i-argz + 27k, k =0,£1,42,43,... .

B >tux dopmynax In | Z| - HaTypaJbHBIN JIorapu(M AeHCTBUTEIHHOTO YUCIIA |Z| #0.

; [\2 2
Ecmm Z=X+1-Y, 10 ‘Z‘ =4/X"+Y" u norapudm KOMIUIEKCHOTO YHCTa Z BBIYHCIS-

eTcst o opmyie
Lnz =Iny/x* + y* +i-argz + 2zki, k =0,+1,+2,43,....

e+e” . et -e” sinz
3. Tpuronomerpuueckne Gpyskmum COSZ=——, SINZ=—— {07 =—,
2 2-1 COosz

C0SzZ
sinz

ctgz = U runepOoaIecKue (yHKIUH.

Honoxus Z=X+1-Y B >Tux hopMynax, MONydHM MpeICTaBICHHE SINZ u coSz B
anreOpandeckoit hopme:
C0SZ=C0S X+1i-y =cosx-chy—i-sinx-shy,
sinz=sin x+i-y =sinx-chy+i-cosx-shy.

CBs3b MKy TPUTOHOMETPHYECKUMH U TUIIEPOOTMUECKUMH (PYHKIIUSIMHU:
siniz=i-shz,cosiz=chz, shiz=i-sinz, chiz=cosz.
2. Boruuciaenune 3Hayennii ®KII.

T

. T .
1. BeranciuTh 3Hauenue € npu a) Z = 5 ‘1,0) Z =3—Z-I.

z
Pewenue. 3nauenus GyHkuu € BeIUUCIIEM 0 Gopmyrie

z X+H-y

e’ =" =e"-(cosy+i-siny)=e*-cosy+e*-i-siny.

T

a) 7=2.i=x=0, y:£:> ez=ei'5:e°-(cosz+i-sin£)=i;
2 2 2 2

62=3-Z.imx=3y=—L=e=e 4=¢"|cos| - = |+i-sin[ -~ ||=
4 4 4 4

=e’. g—i-g =e3~g- 1-i .

2. Boruncauts 3nauenne LNZ npu a) 2=1i,6) z=-1,8) Zz=1+ I
Pewenue. 3nayenns dpyukuun LNZ Berancnsem mo gopmyie

Lnz =In|z|+i-argz + 27k, k =0,+1,%2,43,...
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a). Ln|:In|||+|-arg|+27zk|:In1+|-5+27zk|:|-E+27zk|,k:O,J_rl,J_rZ,i3,...
I'maBHOEe 3HaueHme norapudma umucaa Z =1 nodyuum u3 dtoii ¢opmynsr npu K =0:
T

Ini = Inli|+i-argi = In1+i-= =i-Z
2 2

0). B xoMIUIeKCHON O00JIaCTH CYIIECTBYIOT JIOTapU(pMBbI OTPHIATEIBHBIX unced. Hampuwmep,
Ln -1 =In|-1+i-arg -1 +27ki=Inl+i-7+27ki=i- 1+2k -7,k=0,£12,...;
npu K = 0 monyunm rnasroe 3nauenue norapudma uncna Z = —1:

In -1 =In|-1+i-arg -1 =i-7.

B). LN 1+i =In[L+i[+i-arg 1+i +27rki:In\/§+io%+27zki,k:O,J_rl,J_rZ,i?u,...,
In 1+i =In\/§+i-%.

. /.
3. Beruucnuts 3Hauenne COSZ mpua) Z=1,0) Z= E +1.
Pewenue. a). 3uauenue COSI Bwrumcisiem o gopmyne COSIZ =chz (npu z=1):

1
1 1 e+-—
cosi = chl, rze chl=" +Ze _ 2e ~1.543,

T
0). 3HaucHNE COS(E + I) BBIYHCIIIEM 110 (hopMmyIie
. .. T
CO0SZ=C0S X+1-y =cosx-chy—i-sinx-shy npu x=50, y=1:

1
e1+e—1 e+ —
cosi=cos 0+1-1 =cos0-chl—i-sin0-shl=chl= 5 = 29 ~1.543,

3.3.3 Pe3yJII>TaTI>I M BbIBOABI: B pe3ysibTaTe NPOBCACHHOI'O 3aHATUA CTYACHTDI:
- OCBOMJIH ITIOHATHS 00 QJICMCHTAPHLBIX ®KII 1 0OCHOBHBIX CBOMCTBAX;
- HpI/IO6p€J'II/I YMCHHS UCIIOJIb30BAHU cpoiictB OKII u Berunciennun 3Ha‘leHHﬁ;
- BLIpa6OTaJ'II/I HaBBIKH HCI0Ib30BaHusA cBOMCTB PKII v BEIUMCIIEHNH 3HAYCHUM.

3.4 TIpakTuueckoe 3ansitue Ne 5-6 (4 uaca). Tema: «Ilpoussoanas ®KII. Vcnosus Ko-
mu-PuMana, anamuTideckue QYHKIMH. ['€OMETPUUECKHI CMBICI MOAYJsS M apryMeHTa MPOU3BOIHOM.
DNeMEeHTHI TeOPUH KOH(MOPMHBIX OTOOPAKEHHIA

3.4.1 3aganue s padoThI:
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1. ITpouzBonas OKII. Yenosus Ko - Pumana, ananurudyeckue GyHKIUH.
2. 'eoMeTpryUecKnii CMBICI MOJIYJIsl M apryMEHTa IPOU3BOAHOM.
3.4.2 KpaTkoe onucanue NpoBoAMMOro 3aHATHA:
1. IlpousBognas ®KIIL. Ycaosusa Komm - Pumana, ananuruyeckne pyHKIUM.

1. BBISICHUTB, B KaKMX TOYKAaX KOMIUIEKCHOW IUIOCKOCTH JuddepeHunpyemMsl (YHKIMH U BbI-

YHUCJIUTh IPOU3BOJHBIC B OTUX TOYKAX. B kakux To4ykax mJIOCKOCTH q)YHKHI/II/I aHaJII/ITI/IquKI/Ie?
. . 2 -
1 f(z)=€"-cosy+i-e*-siny; 2 f(z)=z|; 3 f(z)=1.

Pewenue. 1. ®yHK1Ms onpesereHa Ha Bcel KOMIUIEKCHOM IUIOCKOCTH. B mpencraBieHuu B ali-

redpanueckoit popme T (z) =u(X,y)+1-V(X,Yy) nannoi QyHKUMHU NEHCTBHTENLHBIE (QYHK-
mun U(X,Y) u V(X,Y) pasusl

u(x,y)=e*-cosy, v(X,y)=e*-siny.
YacTHble IPOU3BO/IHBIE CYIIECTBYIOT U HENPEPBIBHBI Ha Beeit miockoctn XOY :

a—u—ex-cosy @——ex-siny @—ex-siny @—ex-cosy
X Y "X "oy

u BeimoJsHAroTCs yenoBus (KPD/I). [To moctatounomy npusHaky audhepeHImpyeMoCTH TaHHAs
bynkuus quddepeHnupyemasi, a 3HAYUT U AHATUTHYECKAs, HA BCEH KOMIUIEKCHOW TIOCKOCTH.

[TpousBoHast MOKET OBITh HalifieHa 110 (opmyrie

, ou .ov .
f'(z)=—+i1—=¢e"-cosy+i-e”-siny.
oX  oX

3ameuanue. BugHo, 4TO f’(Z) = f (Z) , T 0 =1 s Bcex TOUEK KOMIUIEKCHO# MIOCKOCTH.
B neiictBuTensHON o0macT MOAOOHBIM CBOWCTBOM OOJIaaeT TOJBKO OJHA (PYHKIIHS:
f (X) =e". [ToaToMy yHKITHIO

f(z)=e"-cosy+i-e*-siny

o o o o z
Ha3bIBAIOT KOMILICKCHOM II0OKa3aTCIbHOU (bYHKI_II/IeI/I(SKCHOHeHTOI/I) 1 0003HAYarT € wm

expz:
e’ =e*-cosy+i-e*-siny.

2. f(z)=\z\2:> f(2)=x*+y*,u X,y =X+ V>,V X,y =0. Beruncmienm
MIPOU3BO/IHBIC M=2X, M:Zy, M=O, MZO.VCJ‘IOBI/I}I
OX oy OX oy

(KPOLT)
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(8_u=@<:>2)(=0,
oX oy
a—u:—@<:>2y:0
oy OX

BBINONHAIOTCS Juinb B Touke Z=0. Oynkuus quddepeHpyemMa TOJIbKO B OJHONW TOYKe
= O, HO HE SBJISECTCS AHAIUTUYECKOW HU B OJHOM TOYKE IJIOCKOCTH, TPOU3BOJHAS B TOYKE
2=0 (upu Zz=0=x=0, y=0) Beruncnsercsa no popmyine

ou(0;0) i ov(0;0)
OX OX

f'(0) = =2.0+i-0=0.

3. Oynknus He muddepeHUpyemMa U He SIBIISICTCS aHATUTUYCCKOW HU B OJTHOM TOYKE

mwiockoctn. Jeiicreurensho, f(zZ)=Z=X—-i-y,Uu X,y =X,V X,y =-—Y. Beuncmsiem
npomssoausie U, (X,Y) =1, Uy(X, y)=0, v (x,y)=0, Vy(X, y) =—1. Vcnosus (KPD]I) ue

BBITIOJIHAKOTCA HU BO}IHOﬁ TOYKE KOMIUICKCHOM INIOCKOCTH:

8_u=@<:>1¢_1’
ox oy

u__ v
oy OX

CnenoBarenbHo, QyHKIUS HEe AuddepeHupyeMa H1 B OJHOUW TOYKE IMJIOCKOCTH, HE SIBISIETCA

< 0=0.

AHAJTUTUYECKOMN.
2. 'eoMeTpUYeCKHil CMBICJ MOAYJISI © APTYMEHTA MPOU3BOJIHOM.

1. Ipumep. Haiinem ko3P PUIHEHT pacTsHKEHNS M Yol IOBOPOTA IpU oToOpaxkenuu f (:: z°

B TOUKe Z, =1+1.

Pewenue. Tak kak f'(:: 27, 10 f'(+i:: 2(+i:. Ho |2+2i| = 2\/5, a arg2(+i:=%, T.C.

T
yroJi IOBOPOTa paBeH 7 a K03 puLMeHT pacTssKeHus: paBeH 2.2

3.4.3 Pe3yabTaThl M BBIBO/IBI: B pe3ynbraTe NpoBeICHHOTO 3aHATUS CTYAEHTHI:
- ocBousn noHATHA nuddepenuupyemoit OKII, ycnoBus nuddepeHunpyeMocTd; reomeTpuye-
CKHUI1 CMBICI MOZYJISL U apI'yMEHTa POU3BOJHOM;
- npuoOpenu ymeHus u HaBblkH npoepku OKII Ha quddepeHnpyeMocTs U BEIUUCIEHUS PO 3-
BOJIHBIX.

Tema: «3neMeHTbI TeOpUN KOH(YOPMHBIX OTOOpAKEHUI»

3.4.1 3apanue s padoThI:
1. ITonsiTE KOH(POPMHOTO OTOOPAKEHUS U €T0 CBONCTBA.

2. OTOOpakeHus C MOMOIIBIO AHATUTHYECKUX (PYHKIIUH.
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3.4.2 KpaTkoe onucanue NpoBoAMMOro 3aHATHA:
1. IlonsiTue KOHGOPMHOI0 0TOOPAKEHHS U €ro CBOicTBA.

Hycrs W(Z) = f(z) amanurnueckas QyHKuHsS ¥ B HEKOTOPOi TOUKE Z, HPOM3BOJHAS
s1oi Qynkuuu He pasHa 0. Torjga HEKOTOpas OKPECTHOCTh TOYKM Z, OTOOPaXaeTcs B3aHMHO

OJIHO3HAYHO M HENPEPHIBHO Ha HEKOTOPYK OOJIACTH IUIOCKOCTH W, COAEPIKAILYI0 TOYKY
W, = f(z,). Ilpu 5ToM 0TOOpaKEHHH YroJI MEKTy ABYMs KPHBBIMH, IPOXOIAIIMMHU Yepe3 TO Y-

Ky Z,, IO BEJIMYMHE W HAIPABJICHUIO COBNANAET C YIJIOM MEXAy 00pa3saMu OTHX KPHBBIX B
wIockocTu W. JInHeinplid MaciiTad 0ToOpakeHus. B TOUKE Z, OJIMHAKOB JJIs BCEX KPUBBIX MPO-
XOIAIIMX YEPE3 TOUKY Z,. OTOOpaKeHHE COXPaHSIOUIEE YIIIbl MO BEIMYMHE M HAINPABJIECHHIO

Ha3bIBAETCSl KOHPOPMHBIM.

2. Oro0paskeHus ¢ NOMOIIbLI0 AHAJIMTHYECKUX (PYHKIMIA.

OtoOpaxkeHne MOCPEICTBOM aHATTMTUYECKOW B oOnacTu ¢pynkimu f Bo Bcex Toukax Z,,

\
rne f'€, # 0, sBnsercs koHPOPMHBIM.

Hpumep. W(z) = f(z) = z° —3z° + 3z +5. Haiitn yron noBopota i K03 (HIHEHT pacTsiKe-
Hus B Touke Z = | . B kakoii Touke HapymaeTcst KOHQOPMHOCTH OTOOPaKeH!s?

Pewenue. W(z) = f'(z) =32 -62+3=3(z> -2z +1) =3(z -1)°.
f'(i)=-61. arg f'(i) = —%, | f '(i)| = 6. KoH})OpMHOCTB 0TOOpaKEHHS HAPYIIAETCS B TOY-

ke Z=1, B koropoit f'(z)=0.

3.4.3 Pe3syabTaThl 1 BBIBOABI: B pe3ynbTate npoBeIeHHOTO 3aHATHS CTYACHTHI:
OCBOMJIM MOHSATHE KOH(POPMHOTO OTOOpa)KEHUS U €0 CBOMCTBA;
MPUOOPETN YMEHHS U HaBBIKU OCYIIECTBIICHUS MPOCTEHIINX KOH(POPMHBIX 0TOOpaKeHUH C IMO-
MOIIIbIO AHATTUTHYECKUX (PYHKIIUH.

3.5 IIpakTnyeckoe 3ansaTue Ne 7-8 (4 uaca). Tema: «["apmonnucckre (GYHKIUH, CO-
npsoKEHHBIE TAPMOHUUYECKUE (YHKIMK. BoccTaHOBIIeHNE aHATUTHYECKOH (DYyHKIIMU 1O €€ Nei-
CTBUTEJIBHON MJI MHUMOU YacCTH»

3.5.1 3apanue ajs1 padoThI:
1. F'apmonnueckre QyHKIMU, CONPSHKEHHBIC TApMOHUYECKHE (DYHKIIUU.

2. BoccraHOBNICHNE aHATTUTUYECKOW (DYHKINU 110 €€ IeHCTBUTEIBHOM MIIM MHUMOM YacTH.
3.5.2 KpaTkoe onucanue npoBoANMOro 3aHATHA:

1. F'apmMonunyeckne GPyHKIMH, CONPSIKEHHBbIE TApMOHUYeckHe GyHKIHM.
2 2 .
1. IlpoBeputs, ABIsIETCA JIU QYHKIUSA u(x, y) =X" -y + 2X rapMOHHYECKOI.
Pewenue. ®ynxuus U(X, Y) onpesenena Ha Bcell KOMILIEKCHOMN MIOCKOCTH (B OJHOCBS3HOM 00-

nactu). Beraucisiem
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2 2 2
a—u:2x+2, a—u=—2y, a—LZJ:Z, o =0, af=—2-
OX oy OX OXoy oy

Buano, uto ¢pyrkums U(X,Y) HMeeT HENPEPHIBHBIE YaCTHBIE IPOU3BOHBIE IO BTOPOTO MOPSI-

Ka BKJIIIOYHUTEIIBHO, YIOBJIETBOPSAET ypaBHeHHIO Jlarmaca
o°u ol
_2 + _2 = O .
oX° oy

[TosTOMy OHa rapMoHUYECKas

2. BoccTaHoB/IeHHE aHAJTUTHYECKOH (PYHKIMH M0 €€ TeficTBUTEIbHOI MM MHUMOI YacTH.
1. Hposepurs, seasercst mn Gyrxmust U(X, Y) = X* — y* + 2X [eficTBUTENBHOM YaCThiO HEKO-
Topoi ananmutuueckor Gpynkuuu f(Z), u ecnm sBsSETCS, TO HAWTH STy AaHATUTHYECKYIO (QyHK-
uuro, ecu T (0) =0.
Pewenue. ®ynxunro f(z) Oymem muckats B Bume f(z)=u(X,y)+1i-v(X,y), roe u(Xx,y)
nanHa B ycnoBusx 3agaun, a V(X,Y) mewssectHa. @ynkums U(X,Y) onpenenena Ha Beel KOM-
TIJIEKCHOM TIJIOCKOCTH (B OJTHOCBSI3HOM 00s1acTh). Beraucisem

ou ou ou ou o’u

—=2X+2, —=

-2y, — =2, =0, —5=-2.
OX oy OX OXoy oy

Buano, uto ¢pyrkumsa U(X,Y) HMeeT HENPEPHIBHBIE YaCTHBIE IPOU3BOJHBIE 0 BTOPOTO MOPSI-

Ka BKJIFOYUTEIBHO, YAOBJIETBOPSAET ypaBHEHMIO Jlamiaca
2 2
ou ou
— +—=0.
oX°~ oy
HOI)TOMy OHa FapMOHI/I‘leCKaSI N ABISICTCA ,Z[eﬁCTBI/ITeJIBHOfI qaCTbIO HCKOTOpOﬁ aHaHHTquCKOfI

¢ynxuun f(Z) ma Beeit mnockoctu. Haiiném rapmonrundeckyro gynkuuro V(X,Y), conpskén-
uyo ¢ gynkuueir U(X,Y). Torma Gyner Boccranosnena u ¢ynkuus f(z). Cymecrsyer ne-
CKOJIBKO crioco6oB BoccTanosenus f (2) .

Ilepewiii cnocob soccmanosnenus T (2) (c moMomp0 HEONPENEIEHHOTO MHTErpaia OT

(byHKUMYU eHCcTBUTENBHOTO aprymenTa). M3 ycnosuii Komu- Pumana cnenyer, uro

u_vo (v,
OX

ay <:><ax ay
ou oV oV oOu ou
= — =—=—=2X+2.
oy OX 0y OX OX

Crnenosarensho, Gynkuus V(X,Y) sBisercs penieHueM cucTeMbl U pepeHIanbHbIX ypaBHe-

HUM MEpBOIro nopsaka ¢ 4aCTHbIMHA MMPOU3BOJHBIMU
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oV ov
{ax y o X+ (S

HHTerpupoBars 3Ty CUCTEMY YPAaBHEHHMM MOKHO € IIOMOILBIO HEOIIPEAEIEHHOIO HMHTErpajia uin
KPUBOJIMHEWHOT 0.

WuTerpupys nepoe ypaBHeHHE cucTeMbl (S) mo X (cumrtass Y MOCTOSHHBIM), BOCCTa-

napmuBaeM (Qynkuuio V(X,Y) ¢ TOYHOCTBIO 10 TPOU3BOJILHOM TJIAAKON (II0OKA HEW3BECTHOM)

dymaun (y):

V(x,y)= [2y-dx+g(y), [V y) =2y [dx+g(y),

=
@=2x+2. @=2X+2,
T.C.
V(X y) =2yx+p(y),
ov

— =2X+ 2.

Haiinennyro B IEPBOM ypaBHEHHMH JTOM cucTeMbl ypaBHeHui Gpynkuuio V(X,Y) npomxuddepen-
LUpPYeM [0 Y U IOJCTaBUM BO BTOPOE YPaBHEHHE CUCTEMBI (MCKIFOUUM M3 CUCTEMBI YPABHEHUI
ov )

-

<

o |
oy 2O 2y e, (V) =2+ ()
v <:>{ ’ 4 ’<:>{ ’ PRI,

—o% 4D 2X+¢'(y) =2x+2, P'(y) =2.

"

Peumm BTOpoe ypaBHerue 3toii cuctemsl (' (Y) =2 (upocreiimee o6bkHOBEHHOE TU(DEpeH-

nuaneHoe ypapuenue) u Hainém ¢ynxummo @(Y): @(y) =2y +C, rme C- npoussonsnas

BCIICCTBCHHA IIOCTOSAHHAA. 9Ty (I)YHKI_II/IIO IOACTaBUM B IICPBOC YPABHCHHUC CUCTEMbI U Halaém

CONpPsLKEHHYI0 rapMoHndeckyto pynkmmio V(X, Y) =2xy + 2y +C.

Ananurrnueckas pynkuus f(z) Boccranoiena Hamu B BHjIE
f(2)=u(X,y)+i-v(X,y)=x* —y> +2X+i- 2yx+2y+C ,re.
f(2)=u(X,y)+i-v(X,y)=x"—y> +2x+i- 2yx+2y +i-C.

55



[Moxcrasias B o1y hopmyiy HauansHoe 3uauenne f(0)=0, z=0= x=0,y =0, naxoaum
C: 0=1-C = C =0. Urax, no aeiicteutenbHoii yactu U(X,Y) HaiijieHa QpyHKIMS aHATUTH-
YyecKasl Ha BCEM KOMIUIEKCHOW IIOCKOCTH

f(2)=x>—y* +2Xx+i- 2yx+2y .

3amerum, uto f(Z) MOXKHO 3amaTh aHANMTHYECKMM BBIPAKEHHEM, 3aBUCALIMM OT Z .

Z+7 2-7
Ilonaras X = Y= — , IOJIy4UM
2+7YV (z-7V .z+7 7-7(2+7
f(z)= - - + 2 +1-2-— +1|=
2 21 2 21 2
2+72-7+ 7 +2%-z2-7+ 7° -7t B
= +Z2+74+—+72-7,
4 2
722 7 22 7°
f(2)=—+—+22+——-——=7"+2z,1e. T(2)=2°+212.
2 2 2 2

3ameuanue. JIns T0ro, yToObI BbIpasuTh f (Z) aHaIMTHYECKUM BBHIPaKEHHEM OT Z , JI0C-
tarouno B ¢Qopmyne T (z)=u(X,y)+1-V(X,Y) BomomHuts (GOpManbHYHO 3aMeHy X = Z,
y=0.

3.5.3 PesyabTaThl 1 BBIBOABI: B pe3ynbTate NpoBeIeHHOTO 3aHATHS CTYACHTHI:
- OCBOWJIM MOHSITHSI TAPMOHUYECKOMN U CONMPSDKEHHBIX TAPMOHUYECKUX (QYHKIUI; METOAbI BOCCTa-
HOBJICHUS aHAJTUTUYCCKON (YHKITUH 110 €€ NeUCTBUTEILHON UM MHUMOM YacTH;
- IpuoOpenu yMEHHs M HaBBIKH BBISIBIICHUS TAPMOHUYECKHX U COMPSIKEHHBIX TAPMOHMYECKUX
(YHKIIMNA, BOCCTAHOBJICHHUS aHATMTUYECKON (PYHKIIUHU 1O €€ JCHCTBUTEILHON MM MHUMOM Yac-
TH.

3.6 IIpakTnueckoe 3ansaTue Ne 9-11 (6 uaca). Tema: «lHTerpan KOMIUIEKCHO3HAYHOM
(YHKIMM BEHIECTBEHHOTO aprymeHTa 1o otpes3ky. Murterpansr ot @KII mo kpuoii. Teopema
Komm st onnocBsizHO#M obnactu u e€ 06o0menus. [lepsooOpasnas Gpynkuusa. MHterpanphas
dbopmyna Koy

3.6.1 3apanue aJs1 padoThI:
1. MHTerpas KOMIUIEKCHO3HAYHON (YHKIIMH BEIIECTBEHHOTO apryMEHTa 10 OTPE3KY.

2. Nurerpansl ot OKII o kpuBoii.
3. Teopema Komu it otHOCBA3HOM 061acTu U €€ 0600mmenus. [leppooOpasHas GpyHKIuS.
4. UnterpanbHas ¢popmyna Komn.

3.6.2 KpaTkoe onucanue NpoBOAMMOro 3aHATHA:

1. MHTerpaJ KOMILUIEKCHO3HAYHOM ()YHKIMM BellleCTBEHHOI0 apryMeHTa 0 0TPe3Ky.
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PaccMOTpHM KOMILIEKCHYIO (DYHKIIHIO BEIIECTBEHHOrO aprymMenTa [ ma otpeske @b :
w=f({t)=u(t)+i-v(t), roe dbyuxuuu U(t), V(t) nenpepsisub! Ha 3TOM OTpeske. Mumezpan

@ynxyuu W= f (t) Ha ompeske ;b swruucnsemes no Gopmyne

bjf(t)-olt: bju(t)-olt+i.ij(t)-olt.

3

2
Ilpumep. BEIY4MCINTh HHTETpAII I e -dt.
0

Pewenue. Tpencrasum ¢yHkimio | (t) =g 3 anreOpandeckoil popmMe ¢ MOMOIIBI0 (HOPMYITBI

Ditnepa: €' =cost +i-sint. Torna

T

c z i cost
Ie"t dt = jcost-dt+ i- J.sint-dt :sint|05 —i-costj =
0 0 0

:sinz—sinO—i-(cosz—cosojzlﬂ .
2 2

2. Uuterpansl ot @KII no kpuBoii.
Paccmorpum temeps ¢yrkmuo W= f(z)=u(X,y)+1-V(X,Y) xommnekcroro mepe-
menHoro Z=X+1i- Y u BeIumcienne naTerpana or ®KII mo rnanxoit nyre L. Iepswiii cno-

cob sviuucnenusn unmezpana OKII no enadkoii dyee. Wnrerpan or ®KIT W= f (Z) 0 TJIaJKON

Jyre BhIYUCIAETCS 1o Gopmyrie

If(z)-dz: j(u+iov)-(dx+i-dy): ju-dx—v-dy+iojv-dx+u-dy,
L L L L

KOTOpPas BbIPaXXaCT 3HAYCHHUC UHTCI'palia OKII uepes3 ABa JIEHCTBUTEIIBLHBIX KpHBOHHHGﬁHHX HH-

Terpajna 2-ro THUIa.

2 ; .
Ilpumep 28. BoluucauTh UHTETpa J 6-2°—22—1 -dZ o nunum L , COeIN-HAIOMIEN TOUYKHU
L

Z, =0 u Z, =141, 1) no otpesky mpsamoii, 2) mo Ayre mapaboms Y = X2, 3) mo nomaHOMH

OAB (Puc. 47 ). Y6enurscst B TOM, UTO HHTErpAl He 3aBUCHT OT (OPMBI THHHH MHTETPUPOBa-

HHUA U YKAa3aTb JOCTATOYHOC YCJIOBUC HE3aBUCUMOCTHU.

Pewenue. IlpencraBuM (GyHKIHIO f (Z) =6-2°-27-is anreOpanyeckoit popme:
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f(2)=6-22—22-i=6- Xx+iy *=2 x+iy —i=6- X’ —y2+2ixy -2 X+iy —i=

= ¥
Tk | ]
) =1+i|p
y=x
y=x'
/
/(
> X
-4 i 1 o 1 A ]
— Puc 47 Beruucnenue [[rﬁ-zz—lz—i‘]-aiz—
- 1

=6X° —6Y° +12ixy —2X —2iy —i =6X* —6y° —2X +i- 12xy -2y -1 ,
u(x,y)=6x>—6y>—2x, v(x,y)=12xy-2y-1.

[Toaromy

j6-22—22—i dz = j(u+i-v)-(dx+i-dy): '[u-dx—v-dy+i-jv-dx+u-dy:
L L L L
:I6x2—6y2—2x dx— 12xy -2y -1 -dy +

L
+i-j12xy—2y—1 dx+ 6x*—6y*—2x -dy.
1)B;1Lom, orpeska OB mpsivoit (Puc. 47) Y =X, dy=dx,0<x<1

1 1
_[6-22—22—i -dz=j1—12x2 -dx+i-112x2—4x—1 dx =
L 0 0

i 4X°—2x7 =X ‘1= 1-4 +i- 4-2-1 =-3+i .

1
= x—4x3‘
0

0

2) Brioms xyru OB napaGonst (Puc. 47) Y = XZ, dy =2xdx, 0<x<1

_[6-22—22—i -dz:j6x2—6y2—2x dx— 12xy -2y -1 -dy +
L L
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+i-_[12xy—2y—1 X+ 6x*—6Yy*—2x -dy=
L

1 1
- j 6X2 +4%5 —30x* -dX+i- j 24%% —6X2 —12%° -1 -dx =
0 0

= 24X —6X ‘z+i- Bx* — 2% — 2X° — X ‘l: 241-6 +i- 6-2-2-1 =—3+]

3) Buous nomanoit OAB  (Puc. 47)

j6-22—22—i dz= J 6-22-2z7—i -dz+ j 6-22-2z7—i -dz=
L OA

AB

= I 6x> —6y° —2x -dx— 12xy -2y -1 -dy+
OA
+i- j 12xy —2y -1 -dx+ 6x*—6y*—2x -dy+
OA
+j 6X> —6Yy>—2x -dx— 12xy -2y -1 -dy+
AB

+i- I 12xy —2y -1 -dx+ 6x*—6y*—2x -dy.

AB

Brosb orpeska OA rneiicTBuTenBHOM OcH (Puc. 47) Y= 0, dy =0,0<x<1 ;Broms

orpeska AB Bepruxkamsroii npsmoit X =1, dX=0, 0< y <1, nosromy

j6-22—22—i -dz:]6x2—2x -dx—i-]dx—]lZy—Zy—l -dy +
L 0 0 0

1
: 2 _ 3_21_-_ 1 2 ! . _ 3 '
+|-Oj4—6y -dy= 2x° —X ‘O I x\o 5y y‘0+| 4y -2y =

= 2-1—i— 5-1 +i- 4-2 =1-i—4+i-2=-3+i.
2 H ..
Ommemum, umo unmezpar I 6-2°=2z—1 -dz no MPEM PA3IUYHLIM  TUHUAM L,
L
COCOUHSAIOUIUM MOYKU Z, = Ou Z, =141, umeem 00no u mo snce snavenue —3+1, m.e. ne sa-

gucum om ¢opmel dyu uHmezpuposanus. ITUM CBOMCTBOM 00JalaeT HE BCSAKas MHTETpUpYe-
Mas QyHKIusA. V3BeCTHO cClenyloliee ycrnogue He3asucUMOCmuy uHmezpaida om @opmvl JTUHUU

unmezpupoaHus- cJeAcTBMe U3 HHTerpajibHoi Teopembl Koum: eciu ¢pynxyus anarumuye-

CKast 8 00OHOCB3HOLU 0OIacCmU U Ll' I—2 - JIUHUU, 1escaujue 6 omotl obracmu u umerwue 06114148
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KOHY®bl, MmO UHRmezcpalivbl nNO SMUM JUHUAIM  DAGHbL. B oatom npumMepe (bYHKI_[I/ISI

2 H . o o
f (Z) =6-7°—2Z —1 sBnsercs aHATUTHYECKOH Ha Beeil KOMIUICKCHO# TLIOCKOCTH U HHTETPaI

9TO (YHKIIMH HE 3aBUCHUT OT (JOPMBI IYTU UHTETPHPOBAHHUS.
3. Teopema Koum 17151 oHOCBSI3HOM 00J1acTH U €€ 00001meHusi. [lepBoodpasnas GpyHKUMA.

3TOT croco0 BBIYHMCICHHUS WHTETPAJIOB OCHOBAH Ha CIEAYIOUICH TEOpeMe, BHITEKAIOUIeH

13 HTErpanbHoil Teopemsl Komm: ecnm dynxiusa f(Z) menpepsisro nuddepennupyema B o1-

HOCBs13HOM oOnactu D (a 3Hauut ananmuTuueckas B ooaactu D), To B a10# 06acTu cymiecTBy-

et nepsoobpasnas F(z) nns ¢ynxuuu f(z). Torma mmrerpan J.f (2)-dz ue 3aBucur or
L

¢opmbl ayru uaTerpupoBanus L , a 3aBucHT 0T HavanbHOI Z, ¥ KOHEYHOU Z, TOYEK JyTH L.

Jig aHanuTHYecKOM QYHKIUMU crpaBeUIuB aHasor ¢popmyiasl HetoToHa-JleltbHua, koTopas mo-

3BOJIAET BHIUMCIMTE uHTerpan PKII, ecnn u3secTHa eé nepBoobpasnas F (2):

jf(z)-dzzzjf(z)-dzz F(2)f =F(z,)-F(z).

2 ; .
Ilpumep. YOenuTscs B TOM, UTO UHTErPajl I 6-2°-2z—1 -dZ no mummn L, coemmmsromeit
L

TOUKH Z; = Omu Z, =1+1 He 3aBucuT OT GOPMBI JIMHUM MHTEIPHPOBAHUS U BBIYMCIUTH €rO

mpemvum cnocobom.

2 ; . .

Pewenue. B atoM nipumepe GyHKIUS f (Z) =6-2°—2Z —| sBusercs aHATHTHIECKOIT Ha Beeil

KOMILJIEKCHOM TJIOCKOCTH M MHTETpall 3TOM (GYHKIIMH HE 3aBUCUT OT (POPMBI Iyr' HHTETPUPOBa-
. _93 2

Hus. EE€ mepBooOpasHas paBHa F(Z) =22°—7°—1-2. Torma no ¢opmyre HproTOHa-

JletiounIta

Zy=1+i

=2 1+i 2= 140 " =i - 1+i =-3+i.

3=0

jGozz—Zz—i dz= 22°-2%-i-z
L

4. UnrerpanbHas ¢opmyaa Kommu.

Teopema. Ecnu ¢ynkius f ananuTudeckas B 3aMKHYTOW OJHOCBsI3HOU oOmactu D, orpa-
HUYCHHON KOHTYpOM J , a Z - 1100as BHYTPEHHsS TOYKa 3TOM 061acTu, TO

T 2n -1z

PRIV S

g2’ g2’
dz; 2)

|z+i[=1

-dz
A

IIpumep. Borancnutp 1)

i £
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T

—Z
e2
zZ—1

e%z -
dz=2rxi-e? =-2x,; 2).

Pewenue. 1).
|z-i]=1

Z—1

|z+i]=1

3.6.3 Pe3yabTaThl M BBIBO/IBI: B pe3ynbpraTe mpoBEeICHHOTO 3aHTHS CTYACHTHI:
- ocBomyn noHsTHE MHTErpana OKII, criocoObl BRIUKCIEHUS! HHTETPAIOB; HHTETPAITBHYIO TEOPEMY
Komm u popmyny Kommm, nx npuMeHeHrE K BBIYUCICHUIO HHTETPAJIOB;
- IproOpeNy YMEHUS U HABBIKW BBHIYHMCIICHUS! HHTETPAJIOB, IPUMEHEHUS! HHTETPAIILHONW TEOPEMBI
Komm u popmynsr Kormm.

3.7 ITpakTnyeckoe 3ansitne Ne 12-14 (6 yaca). Tema: «Hynu u ocoOble TOUKH aHAH-
tudeckoi pynkuu. Paasr Teitnopa u Jlopana»

3.7.1 3aganue nJst padoThI:
1. Hynu 1 ocoOble TOUKH aHATUTAYECKON (DYHKIIUH.

2. Panpl Teiinopa. Psapl Jlopana.
3.7.2 KpaTkoe onucanue NpoBoANMOro 3aHATHA:
1. Hyau v ocoOble TOUKHM aHATUTHYECKOH PYHKIMHU.

3aoanue 1. ins dynxipun f €  HaiiTi ©301MpOBaHHBIC 0COOBIC TOYKH, MPOBECTU UX KiIaccHpH-

Kalluio, BBIYUCIIUTH BBIYETHI OTHOCUTECIIBHO HaﬁHeHHBIX TOYCK.

z
e" -1 2
a) f€ > +=;
) f €3 33

1-cos6z
o) f (} 2—2 ;

~-

1
2€-i

B) f€ =€—iSsin

Pewenue.

a). Oco0oii Toukoit (pyHkIHMH sBisieTcss Touka Zg =0. UToOBI ompenenuTs BUI 0CO00i

TOYKH paziokuM (yHkuuio B psan Jlopana mo creneHsm Z :

~ et-1 2 z z° z" 1 1 2
f€ = =1+ —+ .t —F. |- +—==
AR 2 n! ]z?’ AN
1 1 1 z z"3 1 2 1 1 1 z "3
e e e P SR oSt o=ttt Fot—=
A 1z 20z 3 4 n! Z z 1z 201z 31 4 n! Z
5 1 1 z "3
= 4= +4+ 4+ +...
2z 172 3 4l n!
TJIaBHada 4aCThb HpaBI/IJ'II)HaSI qacTb

I'maBHas yacTh psaaa HopaHa COZICPKUT KOHEYHOE YHMCJIO ClIara€MbIX, 3HAYHUT Z = 0 - moiroc.

HOpH,Z[OK BBICILIEH OTpI/ILIaTeJIBHOﬁ CTCIICHU (1 = 2’ ONPCACIICT MOPAAOK IIOJIHOCA. CJ'IGI[OBa-
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TenbHO, Zg =0 - momoc kparHoctH 2. Beruer Haiiiem, ucnonb3ys ¢popmyny Res f Q:= C,

Torma Res f(}-g

z=0

0). Oco0oii Toukoil ¢pyHkuuu siBisiercss Touka Zg =0. YtoOwl ompenenuTs BUA 0co00W TOUKH
MCIOJIb3YEeM MPU3HAK TMOBEICHUS (YHKIIUUA B 0COOOU TOUKE.

1-cosbz . 2sin®3z
|Im—2 =lM——— =18, 3Hauur z,=0 ycrpanumas TO4YKa U, CJICAOBATEIHHO
z—0 Z -0 z
Res f € =0
z=0
B). Oco0oii TOUKO#H (YHKIUH SIBISIETCS Touka Zg =1. YTOOBI ONpenenuTh BUI 0COOO0M TOUYKH

WCIOJIb3YeM pasiokeHue (YHKIUH B psit JlopaHa 1o cTeneHs M Z —1i :

~ , e 1 S 1 1 1
f € =t—|\35|n—_\=t—|/ — —+ — ...
- -7 2€-i (zt—u/ AQE¢-i > 5Q€¢-i_

1 ¢«-i° 1 1 1
+ Glj — ——+...|= = — — —..t Glj <~ ——+....
en+1'€€—i ° 2 2°3 LR ¢-i en+1R" € —i °
TJIaBHadA4aCThb
I'maBHast yacTh psima JlopaHa coepKUT OECKOHEYHOE YHCIIO ClIaraeMbIX, 3HAUUT Zg =1 - CyIie-

- 1
CTBEHHO ocobast Touka. Torna Res f € =C_; =0, T.x. k03)PUINEHT TP —— paBeH HYIIIO.
z=i -
2. Psiab1 Teiiniopa. Psinbl Jlopana.

3adanue. Haiitn Bce nopaHoBckue pasnoxeHnst nanHoi ¢yukuun f €  mo crememsm Z - Zg.

VYka3arhb I1aBHYIO U IPaBUIBHYIO YaCTH psfa.

2z2+1
a) f(2)=——,2,=0;
) 1@ 224z2-2""°
o) f()=— 22t . 1
(z-D(z+2)
2z2+1
Pewenue. a) Oyuxuus f(z) = 5 uMeer JBe ocoObie Touku Z, =1 u z, =-2. Ormerum
2" +7—

HX Ha IIJIOCKOCTH Z, IIpOBCACM 2 OKPY>KHOCTH C LIEHTPOM B TOYKE Z, = O, mpoxoadamue CooT-

BETCTBCHHO Y€PE3 TOYKH Z; =1lmu Z, = 2. CHe,HOBaTeJ'ILHO, HMCCTCA TpHU 06J'IaCTI/I, B Ka)K,HOﬁ

U3 KoTopbix GyHkuus f(z) sBisieTcs: aHATUTHYESCKOM:

y 1) ‘Z‘ <1,
2) konb10 1< ‘Z‘ <2
/’ '\ 3) 06macTh |z| > 2, ABNAIOMIASCS BHEITHOCTHIO KpY-

kf‘/1 3 G ra ‘Z‘SZ.
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Haiinem psinpt Jlopana mis ¢ynkiuu f(z) B kaxoit u3 atux obnacreit, ucrois3ys Gpop-
Myy

(1—t)‘1=11t=1+t+t2+t3+...+t"+... (1)

cnipaeuTuByio nipu [t <1. Tpencrasum Gynkuuo f(z) B BHgE CyMMBI S5ieMeHTapHBIX 1pOGEi:
2z+1 1 1

5 = + )
2°+z2-2 z2-1 z+2

1 1
1) PaccmoTpum kpyr ‘z\ < 1. 3anumieM 31eMeHTapHbIe ApoOU —— U BUJE ——
z-1 z+ 2 1-t
rae [t| <1 mpu |z| <1. [pencrasum dynkumio f(z) cnemyromum o6pazom:
f(z) = bt + ; — Temneps k Takum 1poOsim mpuMeHnMa opmyma (1).
1- 1+ =
2
Tak Kak B paccMaTpuBaemoii obmactu |z| <1, 10 B crity popmymsi (1)
11=1+Z +2°+2%+..+2" +.... Tak KaK z| <1 m Tem Goree ; <1 (ecmm |z <1, To Tem Go-
A
1 z 22 7° z"
nee |z| < 2), 3Haunt, B cuiy dopmymst (1) ——=1-— — 4.+ (D" Z .
1 2 4 8 2"
+7
2
CieqoBaTesbpHO,
3 n
1,1 =—1—z—22—23—...—2“—...+E—E+Z— L A"+
1-z 21 z 2 4 8 16 2"
+7
2
13 7, 15, 2" -1, 2™ - 0L N
————1-=1"-—=7" - —— ==>17 + 1 =
2 4 8 16 2n+1 nz=(; 2n+1 Z nz(;( ) 2n+l

i (2n+1 1)Zn

HonyquHoe pa3JokKEeHUE COACPKHUT TOJILKO MPABUIIBbHYIO YacTh psana Jlopana.
2) PaccmoTpuM KoJibio 1< ‘ ‘ < 2. B 101 00s1acTH 3anuIIeM paccMaTpuBaeMyro (pyHK-

11 1 1

LIUIO B BUJIE f(z)———l 5T B 3HaMeHaTessax Apo6eii Mbl 3aIicaid BRIPAKEHUS BHA
1- 1+ —
z 2
1-t, rue ‘t‘ <1.
1 1
Tak xak |z >1, 70 |~ <1 1B cuity popmynsr (1) —— =1+ =+ + - +..+—+... Tak
z 11 z* 2z z
z
1 z 7° 7° L z"
KaK |z| < 2, T0, KaK U B IPE/IBLAYIIEM CITydae, =l- -4+ -+ + (D" =+
1 VA 2 4 8 "
+7
2
1 1 1 1
CnenmoBareiabHO, — —— + — =
7 1 2 yA
1-— 1+—
z 2
_ n 0 1 0 Zn
1+i+i+ +i+ U P PLIE LI 1)1 2" ==Y ) (D) =
z 22 73 z" 2 4 8 16 2" ~z7" = 2
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[TonyueHHO€E pa3noKeHUe COAEPKUT U NTPaBUIIbHYIO, U IV1aBHYIO 4acThb psjaa JlopaHa.

<1, mostomy B cuiy popmysr (1)

3) Paccmotpum o6nacTs |z| > 2. B a1oit o6mactu
z

1 1 1 1 1 N
———=1+=+ "+ +..+—+... Bpaccmarpupaemoii obnactu —| >1, 3Hauut — <1lu
11 z 7° 1 z z

z
1 2 4 2"
OITOMY —:1——+——E+...+(—1)”—+....
2 z 72 7° z"
1+-—
z
1 1 1 1
®Oynkuuio f(z) mpencrasum B Bune f(z2) = ——1+——2. B cuiy monydeHHBIX pasiioxe-
Z1-= f14°
z z

HHUI UMEET MECTO PABEHCTBO

f(z):1(1+1+12+13+...+1n+...+1—2+42—83+..+(—1)”2n+...j=
z z 1% 1 Z z 7° 1 z

B o) i ) ot 2n71 ~ © 1+(_1)n71.2nfl
_nz;zn-l_;( 1) 7" _Z n :

n=1 z
I[Toy4eHHOE Pa3NIOKEHHE COIEPIKUT TOIBKO TIIaBHYIO 9acThb psiaa JlopaHa.
0) ®ynkmus f(z) umeer 2 ocodsle Toukn Z; =1 u Z, =—2, OTMETUM HX Ha IUIOCKOCTH Z.

Touka z, =1 coBmanmaer ¢ Toukoil Z, =1. IIpoBoaMM OKPYKHOCTH C IEHTPOM B TOUKE Z, =1,
MPOXOJIAIIYIO Yepe3 TOUKYy Z, = 2.

CrefioBaTeIbHO CYIIECTBYIOT JIBE 00JACTH, B KaXI0H 13 KOTOphIX GyHkuus f(z) sBiser-
Csl aHAJTUTUYECKOM:

[
C

1) kombro 1<|z -1 <3

2) koo [z -1 >3

Haiinem psiast Jlopana mis ¢yakiun f(z) B kaxmoi
U3 3TUX obnacrei, ucnoan3ys Gopmyny (1). I[IpeacraBum

\-y 3 Gyukuust f(z) B Bume cymMMbI JlieMEHTapHBIX IPOOCHi:

-2
2z+1 1 1

= +
°+72-2 z-1 z+2
1) TpeOyetcst moayunth pasnoxenue Gpynkiuun f(z)

mo creneHsM z—1 B obnactu 1<|Z —ﬂ < 3. IlepBas npoOb yxe MpeacTaBisieT coOOOW CTENeHb

z-1. Z[J'ISI TOoro, YTOOBI BTOPYHO ,I[p06b peacTaBUTh B HICKOMOM BHJC, CACIAEM 3aMEHY Z 1=t

1 1
=——. JIpoOp —— pa3ioxkuM Mo CTeneHsM t Kak B IPEIblIylIeM
Z+2 t+3

npumepe. [Ipu 0 < \t\ < 3 BOCHOJIB3yeMCsl PEACTABICHUEM:

2 3 n © (_1\N N
. —11=1(1 t+t9—t+...+(—1)";n+...j:2(1)t;

,Torqa Zz=t+1mu

t+3 3, t 3" 3 27 o 3
3
Cnenaem oGpatHyto 3ameny. [lomydunm, yto npu 0 < ‘Z —1‘ <3 ¢ynkuus f(z) npencraBu-
Ma B BUJC
2z +1 1 1 1 1 3 . (z-D"
= +- = +> (1"
2°+z-2 171-1 3, z-1 z-1 nZ(;( ) 3+



[ToydeHHOE pa3ioKeHHE COJEPIKUT IPABUIIBHYIO U TIaBHYIO YacTh psina Jlopana.

1
2) AHaloTHYHO, clieNiaB 3aMeHy Z —1=1, moaydaem mnpeacraBieHue Apoou 23 B o0uac-
+

™ |t|>3
n n-1
BN B 1—§+%—§+...+(—1)”3—+... Z( 1)nl 3
t+3t13tttt t" ~
Tt
CraenaB 0OpaTHYIO 3aMEHY, ITOJIydaeM, YTO PU |z —:IJ >3 ¢ynkuus f(z) npencraBuma B
BHUJIE:
2z +1 1 1 1 . 3 a3t
T et Yy
2 +z-2 z-1 z-1,. 3 e} (z— 1) -r; (z-)"°
z-1

B nepBom ciyyae riiaBHas yacTh psaa JlopaHa cOIEpKHUT TOJIBKO OJTHO Cl1araeMoe, BO BTO-
poM citydae psia JIopaHa COCTOUT TOJIBKO U3 OJIHOW IJIaBHOW YacTH.

3.7.3 Pe3yabTaThl M BBIBO/IBI: B pe3ynpraTe MpoBEICHHOTO 3aHTHS CTYACHTHI:
- OCBOWJIM MOHSTHS HYyJEH U 0COOBIX TOUYEK aHaIUTHUeCKON pyHKIMH, psaa Teinopa u psaga Jlo-
paHa;
- MpUOOpENN YMEHMSI U HaBBIKM OTBICKaHMSI HYJEH W 0COOBIX TOUEK aHATUTUYECKOW (YHKIIHH,
pasznokeHus aHamuTHueckux ¢pyHkuil B pan Teiinopa u psan Jlopana.

3.8 IIpakrtnueckoe 3ansitue Ne 15-16 (4 yaca). Tema: «BbIueTbl ¥ UX TIPUIOKEHUD>

383.1 3apanue ajst padoThI:
1. BbI4eT OTHOCUTEIBLHO KPATHOTO TOJIIOCA.

2. Beruncnenue BpryeTa ¢ moMotnsio popmyssr Komm.
3.8.2 KpaTkoe onucaHue mpoBOAMMOT0 3aHATHSA:
1. BbrueT OTHOCHTEJIbHO KPATHOIO MOJIIOCA.

3aoanue. OnpenenuTh BU 0COOBIX TOUEK (PYHKIIMHM W HAHUTH B HUX BBIYETHI:

sinz Z2C0SZ
a)f()— ——:0) f()——z-
z+1 /1
sinz
Pewenue. a). ®ynkuus f (Z) = —————3 HUMCeT BHYTPH KOHTYpa MHTEIPUPOBAHUS JIBE OCO-
z z+1

oble Toukn Zz=0 n z =-1. Onpenenum BUJ 0COOBIX TOUEK U HAWJIEM B HUX BHIYECTHI.

. sinz -
lim ———— =1, cnegosatensao Res f € =0.
2->0z€+1° 2=0
sinz
lim ——— =00, cienoBarenbHo Z =—1 - mooc.
z>-17¢+1°
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sinz
Tak kak lim——— € + 1 =1, 10 Z=-1 - momoc mopsiaka n=3.

=>17€+1°

2 - . " o '
Res f¢\_L“md—[¢+lﬁ—smzj}=lIim{—smz} :ilim[—z 00522 sz} =

7=-1 N —ll 1dz? ~z¢ +1° AR 2121 Z

4 3

1 Iim{zz €osz —zsinz—cosz 3-2z€-cosz —sin z? m{zz -8inz +27c0sz —2sin z} B

21 z2>-1 7 21251 7z
_sinl-2cosl
> .
ZC0SZ
6). Oynxmus f(2) =————, HMeeT BHYTPH KOHTYpa WHTETPHPOBAHHs [BE OCOOBIC TOYKH
-7
Z=7m ¥ Z=—x. Tak Kak Z=7x U Z=—7x - TOJIOCHI IIEPBOTO MOPAAKA, TO AJIS BBIYUCICHUS
BBIYETOB mpuMeHuM ¢opmyry Res f (\ gD’(O =, r1e go(:: ZCOSZ, l//(} Z2 —7[2,
z=1, v'€o
'€ :: 2z.
~ ZC0SzZ 1 ~ ZC0SzZ 1
Res f ¢ = =——, Res f € = =-=
=7 22 P =7 22 7=z 2

2. Boluucienue Bpryera ¢ noMoubio ¢popmyJni Komm.

Ecim ¢ynknus f amanuruyeckas B 3aMKHYTOH OIHOCBsI3HOW oOmactu D, orpaHnyeHHOM

KOHTYPOM 7 , a Z,- I00as BHyTPEHHsAs TOYKa 3TOM 00mactu, To 1o dopmysie Komm

)= 705 d

f(2)
Z-1,

OIIPCACIICHUIO BbIYCTA

MMEET €IMHCTBEHHYIO M30JMPOBAHHYI0 0COOYIO TOUKY Z, BHYTPH 7 Tlo

DOyHKIUSA

2ri 71, =7 7 -1,

CpaBHI/IBaﬂ JBa IMOCICAHNX HHTCIPAJIbHBIX PABCHCTBA 3aKIIIOYAaCM:

f (z)

1 2 dz = Boiy f(2) :

B ) = o) S () 20,
=19 [ —
Z;
eZ
IIpumep. Beravcnuts Boiy
=7
Z2
2 7

Pewenue. Buiy

> T .. T .
] -=¢? =C0S—+iSIN—=1
=i 7 —| 2 2
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3.8.3 Pe3yabTaTsl 1 BBIBOJBI: B pe3ynbrare pOBECHHOTO 3aHSTUS CTYACHTHI:
- OCBOWJIM BBIYMCIICHHE BBIYETOB OTHOCHTEIBHO IOJIOCA U BBIYMCICHHE BBIYETOB C MMOMOIIBIO
¢dopmynsr Komy;
- MPHOOpENH YMEHHSI M HaBBIKM BBIYMCICHUE BBIYETOB OTHOCHTEIBHO IOJIOCA U C MOMOUIBIO
¢dopmynsr Komm.

4. METOAJUYECKUE YKA3ZAHUA
IO IMMPOBEJEHWIO CEMUHAPCKHX 3AHATUI

CeMuHapbl He IPEAYCMOTPEHbI pab0oYUM y4EOHBIM IIIIAHOM
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