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Jlekuus Ne 1 (2 yaca)

Tema: «AkcuoMbI cTepeomeTpur. IlapaiiebHOCTh NPAMBIX B IPOCTPAHCTBE»

1 Bonpocs! Jekuumn:

1.1. TlousiTHE CTEpeOMeTpPHH.

12. AKCHOMBI CTEPEOMETPHH.

1.3. CymecTBoBaHHe IOCKOCTH, IIPOXO/sIIIEli Yepe3 JaHHYIO PAMYIO U JAHHYIO TOUKY.

14. TlepecedyeHne npsiMoii ¢ MJIOCKOCTHIO.

1.5. CymecTBoBaHHe NIIOCKOCTH, IIPOXO/sIIIEil Yepe3 JaHHbIE TOUKH.

1.6. TloHsTHe Mapa/UIeIbHBIX H CKPEIIMBAIOIIUXCS MPSIMBIX.

1.7. TIpu3Hak mapajuieJbHOCTH NPSIMbIX.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHK IUISI CPEmHET0 MPOPECCHOHANBHOTO 0Opa3oBaHust /
H. B. Boromomnog, I1. . Camoiinerxo. — 5-e¢ m3m., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 5>neKTpoHHBIA //
O6pasoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka 1jist KOJUIe/pKel : yueOHOe mocodue it CpeHero mpoheCcCHOHaIbLHOTO
obpazosanus / H. III. Kpemep, O. I Koncrantuunosa, M. H. ®punman ; nox penakiueit H. III. Kpemepa. — 10-¢
u3n., nepepab. u gon.— Mockea: WM3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHslid // OGpa3oBatenbHas mardopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHUTEIBbHAS JINTEepaTypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ permeHussMu B 2 4. Yacte 1 : ydeOHOe mocoOme mist
cpenHero mnpodeccroHanbHOro obpasosanus/ H. B. BoromonoB. — 2-¢ wm3m., uwcnp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obOpazoBanue). — ISBN 978-5-534-09108-3. —
Tekct : anexTpoHHblt // Ob6pasoBarenphast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHusMd B 2 4. Yacte 2 : y4eOHOEe MmOcoOHe st
cpeanero mpodeccuonanbHoro obpaszosanus/ H. B. BoromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronanbaoe odpazopanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTponHbIi // O6pa3oBarenbHas miardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHue BONPOCOB (TE3UCHO U3JIOKUTH OCHOBHOE COJCPIKAHUE PacCMaTPUBAEMBIX
BOTIPOCOB)

3.1. IlonsiTue crepeomeTpun. CTepeoMeTpHs — 3TO pa3zie] T€OMETPUH, B KOTOPOM H3Y4atoTCs (GUTYPHI B
npoctpancTBe. OCHOBHBIMH (DPUTI'YpaMH B IIPOCTPAHCTBE SABIISFOTCS TOYKA, NPSAMasi U IIIOCKOCTb.

3.2. Akcuombl crepeomerpuu. I'pynna akcuom C:

Ci1. KakoBa Obl HU OblIa TNIOCKOCTh CYIIECTBYIOT TOYKH NPHHAJJICKAIINE ITOH IUIOCKOCTH, U TOYKH, HE
NpHHAUIeKALIHE eif.

C2. Ecnu nBe pasiiMyHbIC IUIOCKOCTH HMEIOT OOINYI0 TOYKY, TO OHH MEpeceKarTcs IO MPSMOI,
NPOXOISIIEH Yepes 3Ty TOUKY.

C3, Ecmn JBC PA3IMYHBIC MPIAMBIC UMCIOT O6H1y}0 TOYKY, TO 4Y€PE€3 HUX MOXKHO ITPOBECTU IJIOCKOCTH, U
IIPUTOM TOJIBKO O/IHY.

3.3. CyniecTBOBaHMM ILJIOCKOCTH, MPOXO/siLIEil Yepe3 JaHHYIO NPSIMYIO U JaHHYIO TOUKY.

Teopema 1.1. Uepes mpsiMyto U He JISKAIYIO Ha HEl TOUKY MOXHO MPOBECTH IUIOCKOCTh, U TIPUTOM TOJIBKO

OJIHY.

3.4. IlepeceyeHue NpsiMoii ¢ MIOCKOCTHIO.

Teopema 1.2. Ecnu 1Be TOUKM NpsIMOM NpHHAIUIEXKAT IUIOCKOCTH, TO BCSI HpsAMas NMPUHAUICKUT STOH
IUIOCKOCTH.

W3 TeopeMbl ciienyeT, 4TO IJIOCKOCTh M He Jexalas Ha Hel mpsiMas Ju0o He IepeceKkaroTcs, Jnbo
HEePECEKa0TCsl B OHOM TOUKE.

3.5. CymiecTBoBaHMe MIOCKOCTH, POXOASIIIEH Yepe3 TaHHbIE TOUKH.

Teopema 1.3. Uepe3 Tpu TOUKH, HE JEKaIIWe HA OTHOM MPSIMOIl, MOXKHO MPOBECTH IJIOCKOCTh, H IPUTOM
TOJBKO OZIHY.

3.6. IlonsiTue MapajuleJibHBIX U CKPEIMBAIOIINXCSI NPAMBIX. J[Be IpsIMbIe B IPOCTPAHCTBE HA3bIBAIOTCS
HapaJulebHBIMY, €CIIM OHU JIEXKAT B OJHOW IJIIOCKOCTH M He mepecekaroTcs. [Ipsamble, KOTOpbIE HE MEPECEKaroTCcsl U
He JIe)KaT B OJTHOM TIOCKOCTH, Ha3bIBAIOTCSI CKpenuBarorumucst (puc. 1).
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kA

Puec. 1
3.7. IIpu3Hak napau1eJIbHOCTH NPSIMBIX.
Teopema 2.1. Yepe3 TOuKy BHE NaHHOM NPSMOIl MOXXHO IPOBECTH HPSIMYIO, MApajuICAbHYIO JaHHOU
HPSIMOH 1 TIPH TOM TOJIBKO OJTHY.
Teopema 2.2. [Ipu3nak napa/uleJIbHOCTH NPAMBIX. J[Be TpsiMble, MapajuleNbHBIE TPEThEH MPSMOH,
HapaJuIenbHbI.

Jlekuus Ne 2 (2 yaca)

Tema: «Ilapa/uieJTbHOCTD MPSIMOI H MJIOCKOCTH, IJIOCKOCTEH B MMPOCTPAHCTBE)

1 Bomnpocsl JeKnuu:

1.1. TIlpu3Hak napaieJbHOCTH MPSIMOH U NMJIOCKOCTH.

1.2. Tlpu3Hak napauieJbHOCTH MJIOCKOCTEM.

1.3. CaoiicTBa napa/jieIbHBIX IJI0CKOCTEH.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHMK sl CpeqHEro mpodeccuoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnerko. — 5-e¢ u3m., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonanproe obOpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : 531eKTpoHHBIA //
O6pasoBarenbhas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematuka 1jist KOJUIe/pKeH : yueOHOe mocodue it CpeHero mpoheCcCHOHAIBLHOTO
obpazosanus / H. III. Kpemep, O. I Koncrantunosa, M. H. ®punman ; nox penakiueit H. III. Kpemepa. — 10-¢
u3n., mnepepab. u gom.— Mockea: M3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHslid // OOpa3oBatenbHast mardopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEJILHAS JINTEPATypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHusMu B 2 4. Yacte 1 : ydeOHOe mocoOme mis
cpennero mpogeccuoHanbHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccuonamsHoe obpa3oBanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTponHblit // Ob6pasoBarensHas riardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.1 2.2.2. boromonoB H. B. Maremaruka. 3aga4un ¢ pemeHusME B 2 4. YacTs 2 : yaeOHOE ocoOue st
cpeaHero npodeccuonanbHoro obpaszosanusi/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronansaoe odpasopanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpouHblii // O6pasoBarenbHas miardpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kpartkoe cogepxaHue BOTPOCOB (TE3MCHO W3IIOKUTH OCHOBHOE COJIEPKAaHHUE pPacCMaTpUBAEMBIX
BOTIPOCOB)

3.1. Tlpm3Hak mapa/uleJbHOCTH mNpsiMoii M 1IockocTH. [IpsiMas W IUIOCKOCTh, HA3bIBAIOTCS
napauieNIbHBIMH, €CJI OHU HE MEPECEKaI0TCsI, TO €CTh HE UMEIOT OOIIUX TOYEeK

Teopema 2.3. [lpusHak nmapajiejbLHOCTH NPSAMON M MUIOCKOCTH. Eciau npsimas, He npuHauIexalas
IUIOCKOCTH, TIApaJuielibHa KaKO-HUOYIb IPSMOil B 3TOM IJIOCKOCTH, TO OHA MapaylieibHa U CAMOM TIOCKOCTH.

3.2. Tlpusnak napaJuieJbHOCTH MJI0CKOCTEeM. J[Be MII0OCKOCTH HA3BIBAIOTCS MAPaUICIbHBIMU, €CIIH OHU HE
MEePECeKaOTCsl, TO €CTh HE UMEIOT OOIIUX TOYEK.

Teopema 2.4. [IpusHak mapajJieJibHOCTH ILIOCKOcTeil. Ecnu Be mepecekarolmuecs MpsiMble OIHOM
TUIOCKOCTHU COOTBETCTBEHHO IapaJlICIbHBI JIBYM IPSAMBIM ﬂpyFOﬁ IIJIOCKOCTH, TO O3TH IIJIOCKOCTHU IMapaJIJICJIbHBI.

Teopema 2.5. CyumiecrBoBaHHE NJIOCKOCTH, NapaJljle/IbHOIl JaHHOI MIocKkocTH. Yepe3 TOUKy BHE
JIaHHOM TIJIOCKOCTH MOYKHO MPOBECTH TUIOCKOCTD, MapajuIeNIbHYIO IaHHOW, U IPUTOM TOJIBKO OJTHY.

3.3. CaoiicTBa nmapajiesibHbIX IIOCKOCTEii.

1) Ecnu niBe napasuiesbHble MII0CKOCTU IEPECEKA0TCsl TPEThEM, TO MPsSMbIE MepeCceUeHUs! apaliebHbI.

2) OTpe3KH NapaIenbHbIX MPAMBIX, 3aKITFOYEHHBIC MEXK/TY ABYMS MapajUIebHbIMU MJIOCKOCTSAMH PABHBL

Jlexkmusa Ne 3 (2 yacoB)

Tema: «IlepneHIHKYyIAPHOCTD NPSAMBIX H II0OCKOCTEl B IPOCTPAHCTBE)»
1 Bomnpocsl Jeknuu:

1.1. IlepneHAUKYJSIPHOCTH NPSIMBIX B MPOCTPAHCTBeE.

1.2. Tlpu3dHak nepneHANKYJISIPHOCTH NPSAMON U MJIOCKOCTH.

1.3. CpoiicTBa nepneHIuKY/JISIPHBIX NPSIMO U NJI0CKOCTH.

2 Jluteparypa.
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2.1. OcHoBHAs TUTepaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK IS CpEeIHEro MpOoQecCHOHaIbHOro obpa3zoBanus /
H. B. Boromomnog, I1. . Camoitnerxo. — 5-e¢ m3na., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccuonanpaoe obOpa3zoBanue). — ISBN 978-5-534-07878-7. — Tekct : 5>neKTpOHHBIA //
O6pasoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka st KoJUIeIpket : yaeOHOe mocodue Uit CpeaHero MpoeCCHOHATFHOTO
obpazosanus / H. III. Kpemep, O. I Koncrantunosa, M. H. ®punman ; mox penakiueit H. I, Kpemepa. — 10-¢
u3n., nepepab. u  gon. — Mockea: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrponHslid // OOpa3oBarenbHast miardopma HOpaiT
[caiit]. — URL: https://urait.ru/bcode/469282.

2.2. lonoHATeILHAS JIATEPATYpa:

2.2.1. boromonos H. B. Maremaruka. 3amaun ¢ perieHussMd B 2 4. Yacte 1 : ydeOHOe mocoOue st
cpemaero npodeccronambHOro obOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wumcmp. m mom. — Mockaa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Tekct : anexTponHblit // O6pa3oBarenbHast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.1. 2.2.2. boromonoB H. B. Maremaruka. 3amgaun ¢ pemieHnsMd B 2 4. YacTs 2 : yueOHOE TocobOue
UL cpemHero mpogeccruoHanbHOro obpasoBanus/ H. B. boromomos. — 2-¢ w3am., wemp. u gom. — Mockasa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIt // O6GpasoBarenbHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe coaepxaHue BOMPOCOB (TE€3MCHO W3JIOKUTH OCHOBHOE COJEpXKAHHE paccMaTpUBAaEMbIX
BOTIPOCOB)

3.1. IlepneHIUKYJSPHOCTH NMPSIMBIX B MPOCTPaHCTBe. J[Be MpsMble HAa3bIBAIOTCS NEPHEHANKYIISIPHBIMU
€CJIK, OHU NIEPECCKAIOTCA MOA NPAMBIM YITIOM.

Teopema 3.1. Ecim pBe mepecekaronmmecs NpsMble IapajUlelbHBI  COOTBETCTBEHHO — JIBYM
HEePIeHIUKYIIAPHBIM IPSIMBIM, TO OHH TOXKE MEPIICHIUKYISPHBL.

3.2. Ilpu3Hak NepHeHAMKYJISPHOCTH NpsMoii M miockoctu. [Ipsmas, mepecekaromas IUIOCKOCTb,
Ha3bIBACTCsI MEPICHINKYIIPHON 3TOH IUIOCKOCTH, €CIIM OHA MEepIeHIMKYISpHaA JTI000H HPsMON, KOTOpas JICXKUT B
JaHHOM IJIOCKOCTH ¥ IPOXOIUT Yepe3 TOUKY repecedeHus. (puc. 2).

Puc. 2
Teopema 3.2. [Ipu3Hak nepneHANKYJISIPHOCTH NPSMON M MIocKocTH. Eciiu mpsiMasi nepreHAnKyspHa
JIBYM IIepECEKaIOINMCS TIPSIMBIM, JIEKAIIUM B TUIOCKOCTH, TO OHA MEPIICHIUKY/ISIpHA JaHHO# IIOCKOCTH.
3.3. CBoiicTBO NepneHANKYJISIPHBIX NPSIMON U MJIOCKOCTH.
Teopema 3.3. Ecnu IUIOCKOCTh MEPHEHAMKYJISIPHA OJHOW W3 JBYX HapaUIeNbHBIX MPAMBIX, TO OHa
HepIeHINKYIIPHA U APYTOH.
Teopema 3.4. [IBe npsMble, IEPHESHIUKYIAPHBIC OTHON U TOH e IUIOCKOCTH, NMapaliebHBI.

Jlexknus Ne 4 (2 yacos)

Tema: «IlepneHaAUKYJISIP M HAKJTOHHAS»

2 Bomnpocs! nexkuun:

1.1. TlepnmeHAMKYJISIP U HAKJIOHHAS.

1.2. Teopema o Tpex neprneHIUKyJIsIpax.

1.3. Tlpu3Hak nepneHAUKYJISIPHOCTH MJIOCKOCTEN.

2 Jlutepartypa.

2.1. OcHoBHas JiMTepaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHUK Jisi cpemHero mnpogecCHOHANIBLHOro oOpa3zoBanus /
H. B. Boromornos, I1. . Camoitnenko. — 5-e¢ u3n., nepepad. u mom. — Mocksa : UznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : aneKTpoHHBIH //
Oo6pasoBarenpHas wiatdopma FOpaiir [caiiT]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. IlI. Maremaruka 1151 KoJute/kel : yueOHoe rmocoOue uist cpeiHero npodeccroHanbHOro
obpazosanms / H. III. Kpemep, O.T. KoncrantuunoBa, M. H. ®puaman ; nox pemakiueit H. I, Kpemepa. — 10-¢
u3m., nepepab. u  gom. — Mockea: MzmarensctBo Opaiit, 2021.— 346 c¢c.— (IIpodeccuonanbhoe
obpazopanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHsiid // O6pa3oBarenbHasi miardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.
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2.2. IonoTHATEIbHAS JINTEPaTypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ permreHusiMd B 2 4. Yacte 1 : yueOHOE mocobme mist
cpemaero npodeccronambHOro obOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wumcmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Tekct : anexTpoHHblt // Ob6pasoBarenphast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. 2.2.2. boromonoB H. B. Maremaruka. 3amgaun ¢ pemieHnssMy B 2 4. YacTs 2 : yueOHOE TocoOme
Uil cpeaHero npodeccuoHansHoro obpasosanus/ H. B. boromonoB. — 2-e wm3n., ucmp. u gom. — Mocksa :
UznarensctBo IOpaiit, 2021. — 320 c. — (IIpodeccuonanproe odpazoBanue). — ISBN 978-5-534-09135-9. —
Texkcrt : anexTpouHblit // O6pasoBarenbHas miardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepxkaHue BONPOCOB (TE3UCHO U3JIOKUTH OCHOBHOE COJICP)KaHHUE PacCMaTpPHBAEMBIX
BOTIPOCOB)

3.1. Ilepnenaukyassp u HakjJonHasi. [lepneHTMKYISIPOM, ONYIIEHHBIM M3 JAaHHOM TOYKM Ha JAHHYIO
IUIOCKOCTb, HAa3bIBAE€TCS OTPE30K, COCAMHAIOIMN NAHHYIO TOYKY C TOYKON IJIOCKOCTH M JIeXKallUid Ha MpsSMOH,
NEPIEHANKYIAPHOH IulockocTH. KoHem 3Toro orpeska, JeXalMi B IUIOCKOCTH, HA3bIBACTCS OCHOBAHHEM
nephneHHKYJIspa.

PaccTosiHMeM OT TOYKH 0 MJIOCKOCTH, Ha3bIBACTCS JUIMHA NIEPHECHINKYIISIPA, OMYIICHHOTO U3 9TOH TOYKH
Ha TUTOCKOCTb.

HaxJioHHOHM, TIpOBEeACHHONW W3 NAHHOW TOYKH K [JAaHHOW IIIOCKOCTH, HA3bIBAeTCS IIOOOH OTpEe30K
COCIUHSAIONINM JaHHYIO TOUKY C TOYKOH IUIOCKOCTH, HE SBISIONIUICA MEpHeHIUKYIIPOM K IUlockocTH. Konen
OTpe3Ka, JIeKAIUH B INIOCKOCTH, HAa3bIBACTCSl OCHOBAHUEM HAKJIOHHOI.

OTpe3ok, coeTUHSIONMII OCHOBaHMS NEpPHIEHIUKYIApa U HAKJIOHHOM, MIPOBEIEHHBIX M3 OJHOW M TOH e
TOYKH, HA3bIBACTCS MPOeKI el HAKJIOHHOM.

3.2. Teopema o0 Tpex nepneHIUKY/IAPax
Teopema 3.5. Ecim mpsimasi, IpoBe/ICHHass HAa IUIOCKOCTH 4Y€pe3 OCHOBAaHWE HAKJIOHHOW, MEPIEHANKYISpHAa ee
MPOEKLIUH, TO OHAa MNEPIECHAMKYISpHA HarkIOHHOH. W oOparHo: ecnm mpsiMas Ha IUIOCKOCTH TEPICHINKYISpHA
HaKJIOHHOH, TO OHa MEPIECHIUKYIISIPHA U IPOSKIINN HAKJIOHHOM.

3.3. Ilpu3Hak mnepHeHAUKYJISIPHOCTH IJIOCKOCTel. J[Be nepecekaromiue IUIOCKOCTH, Ha3bIBAKOTCS
NepHeHIUKYJISIPHBIMH, €CIH TPEThsl IUIOCKOCTb, MEPHCHAMKYISAPHAS NPSIMOHW MEepecedeHHs 3THX IUIOCKOCTEH,
MePECEKaCT UX 110 MEPIECHIUKYISIPHBIM HIPSMBIM.

Teopema 3.6. IIpu3Hak nepneHMKYJISIPHOCTH INIOCKOCTel. EC/U MIIOCKOCTh TPOXOJUT Yepe3 MpsMYIo,
NEePNEHUKYIAPHYIO IPYTOU MIOCKOCTH, TO 3TH MJIOCKOCTU MEPIEHIUKYISAPHBI.

Jexkmus Ne 5 (2 yaca)

Tema: «/lekapToBbl KoOpaMHATHI B pocTpaHcTBe. [IpeodpasoBanue B mpocTpaHcTBe»

1 Bomnpocsl JieKnuM:

1.1. BBeaeHue 1eKAPTOBBHIX KOOPAMHAT B MPOCTPAHCTBE.

1.2. Paccrosinue MeKIy TOYKAMH.

1.3. KoopauHaThl cepeIMHBI OTPE3KA.

1.4. TIpeoGpa3oBanne CHMMETPHH B IPOCTPAHCTBE.

1.5. /IBuikeHUe B MPOCTPAHCTBE.

1.6. TlapajjeabHbIil mepeHOC B MPOCTPAHCTBE.

2 Jlutepartypa.

2.1. OcHOBHAas1 JiUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpeIHEro MpoQecCHOHaIbHOro obpa3oBanus /
H. B. boromomnos, I1. . Camoiinenko. — 5-e¢ usz., nepepad. u mon. — Mocksa : UsznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoanue). — ISBN 978-5-534-07878-7. — Tekcr : onekTpoHHbIH //
O6pazoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uist KoJuIe[pkeH : yaeOHOe mocoOue Tl CpeJHero MpogeCcCHOHATBHOTO
obpazosanus / H. I1I. Kpemep, O. I Koncrantunosa, M. H. ®puaman ; nox pemakuumern H. 1. Kpemepa. — 10-e
u3n.,, mepepad. u jgom. — MockBa: MzmarensctBo [Opaiit, 2021. — 346 c.— (IIpodeccrnonansHoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrponHslid // OOpazoBarenbHas mardopma HOpaiT
[caiit]. — URL: https://urait.ru/bcode/469282.

2.2. IonoTHATEIbHAS JINTEPaTypa:

2.2.1. boromonos H. B. Maremaruka. 3amauu ¢ perreHussMd B 2 4. Yacts 1 : yueOHOe mocoOue mist
cpearero npodeccronanbHoro obpaszosanus/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miargpopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. 2.2.2. boromonoB H. B. Maremaruka. 3amgaun ¢ peuicHussMd B 2 4. Yacts 2 : yueOHOE mocodue
Ul cpeaHero mpodeccroHansHoro obpasosanusi/ H. B. boromonoB. — 2-e wm3n., ucmp. u gom. — Mocksa :
WsnarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronansHoe obpasoanue). — ISBN 978-5-534-09135-9. —
Texer : anekrponHslit // O6pazoBarenbHas miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozmepkaHHe BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE COJEp)KAHHE pPacCMaTpPHBACMBbIX
BOIIPOCOB)
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3.1. BBenenne AeKapTOBBIX KOOPIMHAT B NMpPOCTPaHCTBe. Bozbemem TpH
B3aWMHO NEPICHINKYIIAPHBIC IPSIMBIE X, Y, Z, Iepecekatomuecs: B onHor Togke O. [IpoBenem depe3 KakAylo mapy
STHX MPSMBIX INIOCKOCTb.

[TmockocTe, mpoxopsmias depe3 MpsIMble X M Y, Ha3bIBACTCSA IUIOCKOCTBIO Xy. [IBe Npyrme IIOCKOCTH
Ha3BIBAIOTCSI COOTBETCTBEHHO Xz W yz. [IpsMBIe X, y, Z Ha3BIBAIOTCS KOOPOUHAMHBIMU ocAMU (WA OCSIMH
KOOpIWMHAT), TOYKa HX mepecedeHnss O — HadaloM KOOpAWHAT, a IDIOCKOCTU XY, YZ U XZ — KOOpPIWHATHBIMH
wiockocTsiMU. Touka O pa3OMBaeT KaKAyr U3 OCei KOOpJAHMHAT Ha JIBE MOJIYNpPSMblEe — MOJYOCH, KOTOPbIE MBI
YCIIOBUMCSI HAa3bIBATH MOJIOKUTENIBHOM 1 oTpHuareabHoi. (Puc. 3)

Puc. 3

Bo3smeM Teneps NpOU3BONIBHYIO TOUKY A M IIPOBEEM Uepe3 Hee MIOCKOCTh, MapauIeNbHYI0 INIOCKOCTH YZ
(puc. 4). Ona nepecekaet och X B HEKOTOPOU TOUKE Ay.
Z)

Puc. 4
Koopaunatoif x Toukum A OyneM Ha3bpIBaTh YHCIO, paBHOE MO aOCOTIOTHOM BeIMYHHE AJIMHE OTpe3Ka
OAx HOJIOKUTENBHOE, €CIN TOUKa Ay JISKUT Ha MOJOKUTEIbHON MonyocH X, U OTPULATENBHOE, €CIIH OHA JIEKUT Ha
oTpuuartensHoit momyocu. Ecnmm Touka Ax coBmamaer ¢ Toukod O, To momaraeM x = 0. AHaJOTHYHO
OTIPEIeIIAIOTCS] KOOPIMHATHL y M Z Touku A. KoopauHaTs! ToUkH OyneM 3aluchIBaTh B CKOOKAxX psioM ¢ OYKBEHHBIM
o0o3HaueHneM ToUKH: A (X; y; z). MTHOTHa OyneM 0603HauaTh TOUKY MPOCTO €€ KOOpAUHATaMH (X; V; Z).
3.2. PaccrosiHue Mexay TOUKaMu. Paccrosiaie Mexay ToukaMu Ay (X1; y1; Z1) U Az (X2; Y2; Z2) BBIYHCIISIOT

2 22 (2o V3
1o opmyse: Ay = V(- 2)™+ @y )+ (2 2)"

3.3. KoopauHarsl cepeannbl oTpe3ka. [Iycts A (x1; y1; Z1) U B (X2; y2; Z2) — iBe POU3BOJIbHBIE TOUYKH.
Koopmunats! (X; Y; z) cepenunsl C oTpe3ka AB BEMHCISIOTCS O hopMynam:

x +x; - 0ty

X = 2 ° y ) 2 = —.)-—.'.

3.4. Hpeoﬁpmonaﬂl/le CUMMETPHHA B MIPOCTPAHCTBE.

TlonsTue HpeO6pa3OBaHI/I5[ JUIA (1)I/Il"yp B MIPOCTPAHCTBE ONPEACIIACTCA TaK KE, KaK U Ha MJIOCKOCTH. Tax XKE,
KaK 1 Ha INIOCKOCTH, OIPEACIAIOTCS HpeO6paBOBaHI/IH CUMMCTPUHN OTHOCHUTCIIbHO TOYKHU U HpﬂMOﬁ.

KpOMC CUMMCTPUN OTHOCUTCIIBHO TOYKHU U HpHMOﬁ B IPOCTPAHCTBE, PACCMATPUBAIOT r[peo6pa30BaHHe

CUMMCTPUU OTHOCUTCIIbHO ITIJIOCKOCTH. 910 npeo6pa3OBaHHe COCTOUT B CJICAYIOLIEM (pI/IC. 5)

YX

X’
Puc. 5
ITycts o — mpon3BonbHAst (PUKCHPOBAHHAS IUIOCKOCTH. M3 Toukn X (GHUTypHI OIycKaeM HepHeHIUKYIIp XA
Ha IUTOCKOCTB Ol I Ha €T0 MPOJIOJDKEHHH 3a TOUKy A oTKiagsiBaeM oTpe3ok AX', paBHbId XA. Touka X' Ha3pIBaeTcs
CUMMETPHYHOI TOuke X OTHOCHTENILHO IUIOCKOCTH O, & IpeoOpa3oBaHHE, KOTOPOE IEPEBOANT TOUKy X B
CHMMETPHYHYIO el TOUKy X', Ha3bIBaeTCs MpeoOpa3oBaHUEM CUMMETPUH OTHOCHUTEIIEHO TNIOCKOCTH 0.



Ecnm Touka X J€XHT B TWIOCKOCTH 0, TO CIUTAETCS, 9TO ToUKa X mepexoauT B ceds. Eciu npeobpa3oBanme
CUMMETPHHA OTHOCHTEIHHO IUIOCKOCTH 0 IIEPEBOANT (GUTYypy B cels, TO ¢urypa Ha3BIBACTCI CHMMETPHUYHOMN
OTHOCHTEIBHO TNIOCKOCTH 0, & INIOCKOCTH 0L HA3BIBASTCS IJI0CKOCTHI0 CHMMETPHH 3TOH (DUTYPHL.

3.5. /IpuikeHune B MPOCTPaHCTBe. J[BIKEHHE B MIPOCTPAHCTBE ONPEACIICTCS TaK XkKe, KaK M Ha TUIOCKOCTH.
A UMEHHO: IBIKCHUEM Ha3BIBaeTCs Ipeodpa3oBaHme, IPHU KOTOPOM COXPAHSIOTCS PACCTOSHHS MEXy TOYKaMHU.

JlocnoBHO Tak e, Kak U JJIS ABIKCHHUS Ha IJIOCKOCTH, JTOKa3bIBACTCS, YTO TPH IBHKECHUH B IIPOCTPAHCTBE
IpsIMBIE TIEPEXOAAT B MPSIMBIE, TOIYNPSAMbIE — B IOJIYIPSIMBIE, OTPE3KH — B OTPE3KU M COXPAHSIOTCS YIIIBI MEKAY
MOJTYIPSIMBIMH.

HoBBIM CBOWMCTBOM IBMXKEHHUS B HPOCTPAHCTBE SIBISIETCSl TO, YTO JBHMIXKEHHE NEPEBOIUT IUIOCKOCTH B
TUIOCKOCTH.

3.6. [TapannensHbIi NepeHoc B mpocTpancTBe. [lapauielbHBIM IEPEHOCOM B MPOCTPAHCTBE HA3BIBACTCS
TaKkoe npeodpa3oBaHue, IPH KOTOPOM MPOU3BOJBHAS TOUKA (X; Y; Z) GUTYpBI IIEPEXOIHT B TOUKY (X +a; y + b; z + C),
e ymcia a, b, ¢ OHH U Te ke JJI BceX TOYEK (X; V; Z).

[NapanensHBIA IEPEHOC B IIPOCTPAHCTBE 3a1aeTcs GopMyliaMu

X'=x+a,y=y+b,z=z+c,

BEIPAXAIOUTIMH KOOPIWHATH X', V', Z' TOUKH, B KOTOPYIO TEPEXOTUT TOUKa (X; y; Z) MPH MapauleIbHOM
nepeHoce. Tak ke Kak ¥ Ha TUIOCKOCTH, TOKa3bIBAIOTCS CIECAYIONIIE CBOWCTRA MapajuIeIbHOTO IIepeHoca:

1. TlapamnensHBII MEPEHOC €CTH ABIKCHHUE.

2. Tlpu mapasieIbHOM MEPEHOCE TOYKH CMEIIAIOTCS 110 apalieIbHbIM (MM COBIAJAOIINM) IPSIMBIM Ha
OJTHO H TO € PACCTOSTHHE.

3. Ilpu napasuiesibHOM NepeHOCe KaKaas IpsMas IIEPEXOAUT B NapauIeNIbHYIO el mpsiMyto (Wi B ce0st).

4. KakoBbl Obl HU OBLITH TOYKH A U A', CYIIECTBYEST SAMHCTBCHHBIN MapajuieIbHBINA IEPEHOC, IPH KOTOPOM
TOYKa A TepexoauT B TOUKY A'.

HoBrIM 14 mapasienbHOTO IepeHoca B IIPOCTPAHCTBE SIBISICTCS CIEAYIOIIee CBOHCTBO:

5. Tlpum mapamiensHOM TEpeHOCe B MPOCTPAHCTBE KaKAas IUTOCKOCTH MEPEXOmuT 00 B ceds, b0 B
MapajuiebHYI0 eH MI0CKOCTb.

Jlexuusa Ne 6 (2 yaca)

Tema: «¥Yros Mexay nNpsiMmoil 1 MJI0CKOCTbHIOY»

1 Bomnpocsl JieKOuK:

1.1. ¥Yroa mexay cKpeuIMBaIOIIUMHCS NPSIMBIMH.

1.2. Yroa me:kny npsiMoii M MJIOCKOCTBIO.

1.3. ¥Yroa me:xkny IUIOCKOCTSIMH.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK sl CpEeJHEro mpodeccHoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnenko. — 5-e¢ u3n., mepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pasoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka it KoJUIe[pkeH : yaeOHOe mocoOue Tl CpeHero MpogeCcCHOHATBHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrautuunosa, M. H. ®punman ; nox pemakiueit H. III. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: MzmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazopanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHblid // OOpa3oBatenbHasi mardpopma HOpait
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ peumeHusMd B 2 4. Yacth 1 : ydeOHOe mocobue st
cpenHero mnpodeccroHanbHOro obpasosanus/ H. B. BoromonoB. — 2-¢ w3m., ucnp. W jgom. — Mocksa :
WznarensctBo HOpaiit, 2021. — 439 ¢. — ([IpodeccuonansHoe obpaszosanue). — ISBN 978-5-534-09108-3. —
Texer : anexrponHslit // O6pazoBarenbHas miarpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. 2.2.2. boromonoB H. B. Maremaruka. 3agaun c¢ pemenusimu B 2 4. Yacts 2 : yueOHOe 1mocobue
Uil cpeaHero mpodeccroHansHoro obpasosanusi/ H. B. boromonoB. — 2-e wm3n., ucmp. u gom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIit // O6GpasosarenbHas miardpopma fOpaiir [caiir]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe coaep)kaHue BONPOCOB (TE3UCHO H3JIOKUTh OCHOBHOE COJICPXKAHHE DPacCMaTPUBAEMBIX
BOTIPOCOB)

3.1. Yroa Mexkay cKpeluBaOIMMUCH NMPSIMBIMU. J[Be nepecekatoliecs npsmMble 00pa3yroT CMEXHbIE U
BEPTHKAJIbHBIEC YIJIbl. BepTHKAIbHbIE YITIBI PaBHBI, & CMEXHBIE YIIIBI TOTIONHSIOT APYT Apyra Ao 180°. YrmoBas mepa
MEHBIIIET0 U3 HUX Ha3bIBAeTCS YIIOM MEXAY NPSAMBIMU. YTOJ MEX/y NepHeHANKYIIPHBIMHU NMPSIMBIMU paBeH 90° 1o
OIIpEAEIICHHIO. YTOIl MEX/y HapaulelIbHBIMH IPSIMBIMUA CYMTAEM PAaBHBIM HYITIO.

VYoM MeXIy CKpeUIMBAIOIIMMHUCS IPSIMBIMH Ha3bIBAETCSI YroJl MEXIY IEPeCceKarolMMUCS NPSMBIMH,
KOTOpBIE MapalIeNIbHbI IJAHHBIM CKPEIMBAFOLINMCS TPSIMBIM.

3.2. Yroa mexxay mpsiMoii M MJI0CKOCTBIO. [IycTh 00 — IUIOCKOCTh M @ — TepeceKaromas ee npsmas, He
HepIEeHANKYISIpHAs TUIOCKOCTH o (puc. 6). OCHOBaHMS IEPHEHAMKYISIPOB, OMYIICHHBIX M3 TOYEK NPsAMOIl a Ha
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TJIOCKOCTH 0, JIEKAT Ha MpsSMoi a'. DTa mpsMas Ha3bIBaeTCs MPOEKIMEH NMpSIMOH a Ha MIIOCKOCTH 0. YTJIOM MEXIY
MPSIMOM M TUIOCKOCTBIO HA3BIBACTCS YTOJl MEXIY 3TOM MPAMOU U €€ MPOEKIUeH Ha MI0CKOCTb.

Puc. 6

Ecmu npsiMasi meprieHAUMKYIISIpHA MIOCKOCTH, TO yroi cuutaercs paBHbiM 90°. Ecnu mapamnensna, To 0°.
Tak kak mpsiMas a, €€ MPOCKIMs a' Ha IUIOCKOCTh U MEPICHAMKY/SAP K IUIOCKOCTH 0. B TOYKE €¢ MEPECCUCHHS C
MpPSIMO¥A a JieXkaT B OJJHOM IIOCKOCTH, TO YIOJ MEKIY MPSIMOW U IIOCKOCTBIO JOMONHSAET 70 90° yron MexIay 3Tou
MPSIMOM U MEPICHINKYIAPOM K IIOCKOCTH.

3.3. Yroa MexIy MI0CKOCTAMH. YTOJ MEXy MapaieIbHBIMU IIOCKOCTSIMHU CYUTACTCS PABHBIM HYITIO.

IlycTs maHHBIC TIUIOCKOCTH TiepeceKkaroTcs. IIpoBemeM IUIOCKOCTh, MEPIHCHIUKYISAPHYIO IPAMONA X
nepecedeHuss. OHa mepeceKkaeT JaHHBIE MIOCKOCTH IO JBYM TMPSIMBIM. YTONI MEXAY STHMH HPSMBIMU Ha3bIBACTCS
YIJIOM MEXIY JaHHBIMH TUIocKoCTAMHE. (Puc.7)

Jexkmus Ne 7 (2 yaca)

Tema: «BeKTopbI B IPOCTPAHCTBE»

1 Bomnpocsl JieKnuHK:

1.1. TlonsiTHe BEKTOpa B MPOCTPAHCTBE.

1.2. CnoxeHue M BbIYMTaHHE BEKTOPOB. YMHOKeHHE BEKTOPA HA YHCJIO.

1.3. CkaasipHoe npou3BeeHne BEKTOPOB.

1.4. KommiaHapHbIe BEKTOPBI.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTEpaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHMK sl CpeJHEro mpodeccHoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnerko. — 5-e¢ u3n., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonamproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pasosarenbHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka 1jist KOJUIe/DKEH | yaeOHOe mocodue it CpeHero mpodheCCHOHAIBLHOTO
o6pasosanus / H. I1I. Kpemep, O. I Koncrantunoa, M. H. ®puaman ; nox pexakiueir H. I11. Kpemepa. — 10-¢
u3n., nepepab. u gon.— Mockea: MWMsmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHsiid / O6pazoBaresnbHas ruiardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. JlonoHUTeIbHAS JIUTEPATYpa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMu B 2 4. Yacte 1 : ydeOHOe mocoOue mis
cpennero npodeccroHambHoro obpasosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — MockBsa :
WznarensctBo IOpaiit, 2021. — 439 c. — (IlpodeccronansHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Texer : anexrponHslit // O6pa3zoBarenbHas miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. 2.2.2. boromonoB H. B. Maremaruka. 3amgaun ¢ peuicHusMd B 2 4. Yacth 2 : yueOHOE mocobue
Ui cpemHero mpodeccroHansHoro obpasosanusi /| H. B. BoromonoB. — 2-¢ wu3m., wcmp. u gomn. — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miargpopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copepxaHue BONPOCOB (TE€3UCHO U3JIOKUTh OCHOBHOE COJICPIKAHHE PaCCMATPHUBAEMBIX
BOTIPOCOB)

3.1. IlonsiTHe BEKTOPa B MPOCTPAHCTBeE.

BekTopoM Ha3bIBaeTCsl HANPaBJICHHBIN OTPE3OK.



https://urait.ru/bcode/469433
https://urait.ru/bcode/469282
https://urait.ru/bcode/470790
https://urait.ru/bcode/470791

Koopnunaramu BekTOpa ¢ HadalioM B TOYKe Aj (X1; Y1, Z1) U KOHIIOM B TOYKE Az (X2; Y2; Z2) Ha3bIBalOTCA
qyucia X2 — X1, Y2 — Y1, Z2 — Z1.

3.2. CnoxxeHue U BHIYMTAHHE BEKTOPOB. YMHOKEHHEe BEKTOPa HA YHCJI0. Tak e KaK W Ha IUIOCKOCTH,
OTIPENIeIISTIOTCS IEHCTBHA Hall BEKTOPAMU: CIIOKEHUE, YMHOKCHIE Ha YHCIIO U CKAIIPHOE IPOHU3BEICHHIE.

Cymmoii Bektopo 8 =(a,;a,;d;) 1 b= (b;b,;b,) Haseaercst BexTOp c= (a, +b;a, +by;a;+b;)
TaK e Kak H Ha MIOCKOCTH, IOKa3bIBaeTcst BekTopHoe paercteo AB -+ BC = AC.

Ipoussesennem Bektopa a = (a,;a,;a,) Ha 4ucio A HassBaercs Bektop Ad = (Aa,; Aa,; Aa,).

Tak ke Kak M Ha TIOCKOCTH, IOKA3bIBAETCA, YTO abCONMIOTHAS BENMYMHA BekTopa Ad paBHa |ﬂ,||é:| ,a

HampaBJeHHE COBMANAET C HANPABIEHUEM BEKTOpa @, ecmu A > 0, M NPOTHBOMOJIOKHO HAIPABICHUIO BEKTOpa 4 ,
ecmm A < 0.
3.3. CkansipHoe npou3BeeHne BEKTOPOB.

CranspHeIM mpomsBefieHHeM BektopoB (a,;a,;as)u  (b;b,;b,) HaseBaercs wmcno, koTopoe

BBIHCIsICTCA 10 dopmyne &b, +a,b, +a,b,. ByksansHo Tak ke, Kak M Ha IUIOCKOCTH, NOKA3BIBACTCS, UTO

CKaJISIPHOE IIPOM3BEACHHE BEKTOPOB PAaBHO IMPOM3BEICHHIO MX AOCONIOTHBIX BEIMYMH Ha KOCHHYC yIla MEXIy
BEKTOPaMH.

3.4. KomnuiaHapHble BeKTOPBI.

Tpu BekTOpa B MPOCTPAHCTBE HA3BIBAIOTCS KOMIUIAHAPHBIMH, €CJIM PaBHBIE UM BEKTOPBI, OTIOKEHHBIE OT
OJTHOM TOYKH, JIE)KAT B OAHOHN 1IockocTH. (Puc.8)

Puc. 8

Jlekuus Ne 8 (2 uyaca)

Tema: «MHororpanusie yribl. MHororpansuk. Ilpusma

1 Bomnpocsl JieKnuHK:

1.1. JiByrpanHble yIibl.

1.2. Tpexrpannsie yribl. MHOrorpaHHbie yriibl.

1.3. IloHsATHE MHOTOTPAHHHMKA M €70 OCHOBHBIE 3J1eMEeHTBhI.

1.4. TlonsiTHe MPU3MBI U €€ OCHOBHBIE YJIEMEHTBI.

1.5. Tlpsmas u npaBUJbHAs MPU3MA.

1.6. IlonsaTHe mapajiejenumnena.

1.7. Teopema 0 MPOTHBOJIEKAIINX IPAHAX NMapajijiejenumnena.

1.8. IlpsimoyroabHbli napaieaenuneq. U3mepenus npsiMoyroabHOro napaJjjienennmnena.

1.9. Cummerpusi npsiMOYToJIbHOTO MapaJliejenumnena.

2 Jlutepartypa.

2.1. OcHOBHas1 JiUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpeIHEro MpoQecCHOHaIbHOro obpa3oBaHus /
H. B. boromomnos, I1. . Camoiinenko. — 5-e¢ usz., nepepad. u mon. — Mocksa : UsznarensctBo FOpaiit, 2021. —
401 c. — (IIpodeccuonanpoe obpazosanue). — ISBN 978-5-534-07878-7. — Tekcr : 9NeKTPOHHBIN //
O6pasosarensHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka Jyist KoJutemkel : yaeOHoe rmocodue Juisi cpesiHero npodeccrHoHanbHOro
obpazosanus / H. I1I. Kpemep, O. I Koncrantunosa, M. H. ®puaman ; nox pemakuumern H. 1. Kpemepa. — 10-e
u3n., mepepad. m jgom. — MockBa: MzmarensctBo [Opaiit, 2021. — 346 c.— (IIpodeccrnonansHoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrponHslid // OOpazoBarenbHas mardopma HOpaiT
[caiit]. — URL: https://urait.ru/bcode/469282.

2.2. lonoHATeIbHAS JIUTEPATYpa:

2.2.1. boromonos H. B. Maremaruka. 3amaun ¢ perreHussMd B 2 4. Yacte 1 : yueOHOE mocobue mist
cpearero npodeccroHanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpoHHblit // O6GpasosarenbHas miardpopma IOpaiir [caiir]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ peuieHusMd B 2 4. Yacth 2 : ydeOHOe mocobue st
cpeanero npodeccroHansHOro obpaszosanms/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u jgom — MOCKBa !
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WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpouHblii // OGpasoBarenbHas miardpopma IOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepkaHue BONPOCOB (TE3UCHO W3JIOKUTH OCHOBHOE COICPIKAHHE DPACCMAaTPHBACMBIX
BOTIPOCOB)

3.1. J[IByrpanHble Yyriabl. J[IByrpaHHBIM yIJIOM HasblBaeTcs (Qurypa, oOpa3oBaHHas IByMs
TIOJTYTUTOCKOCTAMK € 00mIedl orpanuumBaromiedi ux mnpsmoi (puc. 9). I1odyImIockoCcTH Ha3BIBAIOTCSA TPAHSIMH, a
OrpaHUYMBAIOIIAst UX IpsiMasi — pedpPOM JBYrpaHHOTO yIJia.

Puc. 9

[TnockoCTh, MEpHeHIUKYIISIpHAss peOpy ABYTPAaHHOTO YIJia, MEPECeKaeT ero rPaHH MO JBYM MOIYIPSIMbBIM.
VYron, 00pa3oBaHHBI O3TUMH MOJYNPSIMBIMU, HA3bIBACTCS JIHHEHHBIM YIJIOM JBYTPaHHOTO yIia. 3a Mepy
JIBYTPaHHOTO yIJIa MPUHUMAETCSI Mepa COOTBETCTBYIOIIETO eMy JIMHEIHOTO yriia. Bee niHeiHbIe yIvibl IByrpaHHOTO
yIjla COBMEIIAIOTCS MapaljielbHbIM NIEPEHOCOM, a 3HAauuT, paBHbL. [109TOMY Mepa AByrpaHHOTO yIvia HE 3aBUCHT OT
BBIOOpA JIMHEHHOTO yIIa.

3.2. Tpexrpannsie yribl. MHororpanusie yribl. PaccMorpum Tpu jyda a, b, ¢, HCXOJsIIHe U3 OJHON
TOYKM M HE JIeKalie B OJHOH ockocTH. TpexrpanHbM yrioM (abc) Ha3biBaeTcs (GUrypa, COCTaBICHHAs U3 TPeX
wiockux yrioB (ab), (bc) u (ac) (puc. 10). DTH yIiibl HA3BIBAIOTCS TPAHAMH TPEXTPAHHOTO YIJIa, @ UX CTOPOHBI —
pebpamu. OOIasi BepIIMHA IUIOCKHX YIJIOB HAa3bIBAETCS BEPIIMHON TpPEXIPaHHOrO yria. J[ByrpaHHbIE YIIIb,
00pa30BaHHbIC TPAHSIMU TPEXTPAHHOTO YIUIa, HA3bIBAIOTCS IBYTPAHHBIMH yIJIAMU TPEXTPAHHOTO YIJIa.

S

Puc. 10
AHAJOTHMYHO ONpeersieTcs OHATHE MHOTOTpaHHOro yria (puc. 11).

Puc. 11
3.3. [ToHsiITHE MHOTOTPAHHUKA U €r0 OCHOBHBIE 3JIEMEHThI. MHOTOTPaHHHK — 3TO TEJIO, KOTOPOE COCTOUT
M3 KOHEYHOTO YHCIIa MIIOCKUX MHOTOYTOJIbHUKOB. BBIMTYKIIBIM Ha3bIBA€TCS MHOTOTPAHHUK, €CITH OH PACIIONIOXKEH IO
OJIHY CTOPOHY IUTOCKOCTH, MPOBEACHHOW depe3 Jr000i MHOTOYrOJbHUK, OOpa3yroIIHii MOBEPXHOCTh JAHHOTO

MHOTOI'pPaHHHKA.

MHOTOYToJIbHUKH, COCTABJISIFOIME MOBEPXHOCTh MHOIOTPAHHMKA, HA3BIBAIOTCSl €r0 TPaHSIMH; CTOPOHBI
MHOTOYTOJIBHUKOB — pEOpaMu; BEPLIMHBI — BEPIIMHAMHA MHOTOTPaHHHKA.

3.4. TlousiTne MpU3MBI W ee OCHOBHBbIE 3JeMeHTHI. [Ipu3Moii Ha3pIBaeTCS MHOTOTPAHHMK, KOTOPBIN
COCTOHUT M3 ABYX IUIOCKMX MHOTOYTOJIBHHUKOB, JIEKAIIMX B Pa3HbIX IJIOCKOCTSAX M COBMELIAEMBIX IapajliesIbHbIM
NEPEHOCOM, M BCEX OTPE3KOB, COCAMHSIOIIMX COOTBETCTBYIOIIME TOYKH 3THX MHOTOYTOJBbHHKOB (puc. 12).
MHOTOYTOJIbHUKY HA3bIBAIOTCS OCHOBAaHMSMH HMPU3MBI, & OTPE3KH, COSANHSIONINE COOTBETCTBYIOIINE BEPIIMHBI,—
OOKOBBIMH peOpaMu MPHU3MBI.
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Puc. 12

[ToBepXHOCTB MPHU3MBI COCTOUT M3 OCHOBAHUH M OOKOBOW MOBEPXHOCTH. BoKOBas IOBEPXHOCTH COCTOUT U3
MapajuielorpaMMoB. Y KaXAOTO W3 JTHX MapajuieIorpaMMOB [BE CTOPOHBI SIBIIIOTCS COOTBETCTBYIOIIHMU
CTOpOHaMHM OCHOBaHHH, a 1Be Jpyrue — COCETHUMHU OOKOBBIMHU peOpamH.

BrIcoTOl NpU3MBI Ha3bIBAa€TCA PACCTOSIHUE MEXIY IUIOCKOCTAMU ee OCHOBaHUM. OTpe30K, COeANHSIOMUN
JIB€ BEpIIUHBI IIPU3MBI, HE IPUHAJIEKAIIKE OAHON I'PaHy, Ha3bIBACTCS AUATOHAIIBIO IPU3MBIL.

[Tpuzma Ha3bIBaeTCs N-yroJabHOM, eciu ee OCHOBaHMA — N-yTOJNBHUKH.
Ha pucynke 12 u3oOpakeHa MATHYroNbHAs Mpu3Ma. Y HEE OCHOBaHUSAMH sBistoTcs matuyroiphukun ABCDE,
A1B1CiDiE;. XX1 — oTpe3ok, coequHsIOMmUil COOTBETCTBYIOIINE TOUYKH OCHOBaHMH. BokoBble pedpa mpu3Mbl —
otpe3ku AA1, BB, CCy, DD, EE;. bokoBsie rpann mpusmsl — napasutenorpammel ABB1A;, BCCiBy, ... .

CedeHnsl TPU3MBI TUIOCKOCTSIMH, TapaJUIeIbHBIME OOKOBEIM pedpam, sSBIAIOTCS HapajienorpaMmamu. B
YaCTHOCTH, MapauieJorpaMMaMH SIBJIAIOTCS JAHATOHAIBHBIC CEYCHHUS. DTO CEUCHHUS IUTOCKOCTSAMH, MPOXOISIIAMHE
yepe3 J1Ba OOKOBBIX pedpa, He MPUHAATIKALIINX OHOH rpanu (puc. 13).

Puc. 13
Ha mnpaktuke, B 4YacTHOCTH, IpW pEIICHWM 3aJad YacTO IPHUXOJHUTCS CTPOUTH CEYEHHE IPU3MBI
TUTOCKOCTBIO, MMPOXOSIIEH Yepe3 3aJaHHYI0 MPSMYIO g Ha INIOCKOCTH OJHOTO M3 OCHOBAaHUH Mpu3Mbl. Takast npsiMas
Ha3bIBACTCS CIIEIOM CEKYIeH MIOCKOCTH Ha TIOCKOCTH OCHOBaHMA. J{JI HOCTPOGHHS CEYEHUS IPU3MBI JOCTAaTOYHO
MOCTPOUTH OTPE3KH MEPECEUECHHUS CeKyIIeH TNIOCKOCTH ¢ TpaHsIMHU Ipu3Mbl. [TokaxeM, Kak CTPOUTCS TaKOe CEYEHHE,
€CITM U3BECTHA KaKas-HUOY/Ib TOYKa A Ha MMOBEPXHOCTH MPU3MBI, IPHHAICKAIIAS ceueHuto (puc. 14).

a) 6) N
B avtS

Puc. 14

Ecmm nmanHas Touka A TPHUHAAICKUT OPYTOMY OCHOBAHHUIO TPHU3MBL, TO €r0 INEPECEUCHHE C CEKyIIen
TUTOCKOCTBIO MPEICTaBIsIeT coboii orpe3ok BC, mapamienbHbIi ciexy g U coaepKamuii JaHHy1o Touky A (puc. 14,
a).

Ecnu nannast Touka A npuHaUISKUT OOKOBOW I'paHH, TO MEPECeueHNe 3TOH TPaHu C CeKyIeH MI0OCKOCThIO
CTPOUTCS, KaK MOKa3aHO Ha pucyHke 14, 0. ViIMeHHO: cHayana cTpouTcs Touka D, B KOTOpOW IIOCKOCTH T'PaHu
HepeceKaeT 3aJaHHbI cien §. 3areM npoBogurcs npsimas uepe3 Toukn A u D. Orpesok BC mpsamoit AD Ha
paccMaTpuBaeMOl IpaHU U €CTh IIepeceueHre ITOM IpaHu ¢ CeKylleld MI0ckocThio. Eciu rpans, cogepaxaliasi TOUKy
A, nmapannensHa ciefy g, To CeKymias MI0CKOCTh EPECceKaeT Ty rpaHb Mo orpe3ky BC, npoxoasiemy yepes TOUKy
A ¥ mapayuieTbHOMY IpsIMOH J.



Konmpr orpeska BC mnpuHamiexar W cocemHuM TpaHsaM. [l0dTOMy ONMHCAaHHBIM CIOCOOOM MOYKHO
MMOCTPOUTH NIEPECEUCHHE ITUX I'PAHEH C Halllel CeKyIen MI0CKoCThI0. U T.1.

Ha pucynke 15 moka3aHO NMOCTPOCHHE CEYEHHUS YETHIPEXYTOJIBHOW IPU3MBI IUIOCKOCTBIO, HMPOXOASAIICH
Yyepe3 MPSIMYIO a B INIOCKOCTH HIKHETO OCHOBAHUSI PU3MBI M TOUKY A Ha OJJHOM M3 OOKOBBIX pedep.

Puc. 15
3.5. Ilpsmas W mnpaBuabHas mnpu3Mma. [lpusma Ha3pIBaeTCS NPsSMOW, eciau ee OOKOBBIE pedpa
HepIeHINKYIIPHBl OCHOBAHUAM. B IpOTHBHOM citydae npu3Ma Ha3bIBaeTCsl HAKJIOHHOM.

VY npsaMoii mpu3MBl OOKOBBIE TPaHU SABIIOTCS TpsAMOyronbHuKamu. [Ipu n300pakeHuH MpsiMoii TPU3MBI Ha
pucyHKe 60KOBbIE peGpa 0OBIYHO IPOBOIAT BEPTHKAIBHO (pHcC. 16).

—

— |

i
-
Puc. 16
[Ipsimass mpu3Ma Ha3bpIBaCTCS NPAaBUJIBHOW, €CIM €¢ OCHOBAaHHUS  SBISIIOTCS  MPABHILHBIMHU

MHOTOYT'OJIbHUKaMU.

BokoBOl MOBEPXHOCTHIO MPHU3MBI (TOUHEe, IUIOIMAAbI0 OOKOBOH MOBEPXHOCTH) HAa3bIBAaeTCAd CyMMa
wiomane OokoBbIX rpaHeit. IlodgHas MOBEPXHOCTh MPU3MBI paBHA CyMMe OOKOBOII MOBEPXHOCTH U IUIOIIAJEH
OCHOBaHHUI.

Teopema 8.1. BokoBasi MOBepXHOCTh MPSAMON NMPHU3MBI paBHA IPOW3BEICHHIO IEPUMETpPa OCHOBAHHSA Ha
BBICOTY NPHU3MBL, T. €. Ha ATHHY OOKOBOTO pedpa.

3.6. IlonsiTue mapanienenunena. [Ipu3ma, o0CHOBaHHEM KOTOPOH SIBISIETCS ApAIJIETIOrpaMM, Ha3bIBAETCS
HapaJulesIenuIe oM. Y mapajuieNienuiea Bce TpaHy napanienorpamMmsl. Ha pucynke 27, a n300pakeH HaKJIOHHBIH
HapaJulesIeuIe]l, Ha pUCyHKe 17, 6 — HaKJIIOHHBIH ITapaiIesenumes.

a) a)

Puc. 17
FpaHI/I napaJjurejienuiiesia, He UMCIOINEe O6H.II/IX BCPLINH, HA3BIBAOTCA MIPOTUBOJICIKAIIITUMU.

TeopeMa 8.2. I[I/IaFOHaJ'II/I napajuieJjienuiie/ia NepeceKaroTCs B O,I[HOi/‘I TOYKE ¥ TOUKOU NepeceyCHUst ACIATCA
I1oIroJjiaMm.

3.7. TeopemMa 0 NPOTHBOJIEKAINMX FPAHAX NapaJlielenunena.

Teopema 8.3. Y napasiesnenurena npoTHBOJISKALIME TPAHH MApaJUIeTIbHbI U PABHBI.

3.8. [IpamoyroabHsblii mapamienenuneq. 3Mepenus: npsMoyroJbHOro napaJjiesenumnena.

[Ipsimoii  mapammernenumnen, Yy KOTOPOTO OCHOBAaHHMEM  SBISETCS  MPSIMOYTOJIBHHWK, HAa3bIBACTCS
MPSAMOYTOJIBHBIM MapajuIeICIUIIeoM. Y IPSMOYTOJIFHOTO Mapauleenueia BCe TPaHl — IPSMOYTOJIEHUKH.

[IpssMoyropHBIN Mapajuienenune, y KOToporo Bce pedpa paBHbI, Ha3bIBAETCS KyOOM.

JnuHBl HemapasienbHBIX pedep IPSIMOYTroJbHOTO —Iapajulelienuiea Ha3bIBalOT €ro JIMHEHHBIMHU
pasMepamu (M3MepeHMsIMH). Y MPSIMOYTOJILHOTO MapajuieienuIea Tpu H3MEepeHHUSI.

Teopema 8.4. B npsiMoyroibHOM mapajuieNienuiee KBaapar J000H JAnaroHajal paBeH CyMMe KBaJpaToB
TPEX ero U3MepeHui.

3.9. CumMmeTpus NPSIMOYT0JIbHOTO NapaJliieJienunesna.

N MIPpAMOYTOJIBHOTO TTApAJUICICIIUIIE A, KaK U Y BCAKOTO Mapajuiejacenumneaa, €CTb HEHTP CUMMETPUN — TOYKA

MEpEeCeueHns] €ro auaroHayied. Y Hero ecTb TakkKe TPH IUIOCKOCTH CHUMMETPUH, MPOXOISIINE dYepe3 IEeHTP
CHMMETPHH TapajuIeNibHO ero rpadsM. (Puc 18)



Puc. 18

Ecnu y mapannenenunena Bce JTHHEHHBIC pa3Mephl pa3HbIe, TO Y HETO HET IPYTUX IJIOCKOCTEH CHMMETPUH,
KpOME Ha3BaHHBIX.

Ecnu ke y mapajiienenuiena JBa JIMHEWHBIX pa3Mepa paBHbI, TO Y HEr0 €CTh elle B IMJIOCKOCTH
CHUMMETPHH. ITO TIOCKOCTH THarOHaIbHEIX ceueHnit. (Puc. 19)

A

Jlexnusa Ne 9 (2 yaca)

Tema: «Ilupamuaa»

1 Bomnpocsl JieKOuHK:

1.1. TlousiTHe MUPAMUABI H €€ OCHOBHBIX 2JIeMEHTOB.

1.2. TlocrpoeHne MUPaMUABI U €€ IUVIOCKUX CeYeHUH.

1.3. VYceuennast nmpammia.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHMK sl CpeqHEro mpodeccuoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnenko. — 5-e¢ m3n., mepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonamproe oOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pasoBarenbHas miatdgopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uist KoJule[pke : yaeOHOe mocoOue Tl CpeHero MpogeCcCHOHATBHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakiueit H. 1. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: MzmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazopanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHblid // OOpa3oBarenbHas mardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPATypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMu B 2 4. Yacte 1 : ydeOHOe mocoOme mis
cpennero mpodeccronansHoro obpasosanusi/ H. B. boromonos. — 2-e¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTpoHHblit // Ob6pasoBarensHas iardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yacte 2 : y4eOHOe mocoOHe mis
cpennero mpogeccroHansHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3m., wucnop. u gon. — Mocksa
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpouHblii // OGpasoBarenbHas miardopma FOpaiir [caiir]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozaep)kaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE COJICPXKAHHE DPaCcCMaTPUBAEMBIX
BOTIPOCOB)

3.1. [loHsiTHE MUPAMHU/IbI M €€ OCHOBHBIX 3J1eMeHTOB. [T1paMu10ii Ha3bIBACTCSI MHOTOTPAHHHK, KOTOPBIi
COCTOHT M3 INIOCKOTO MHOTOYTOJIbHUKA — OCHOBaHHS IMHUPAMUJIbI, TOUKH, HE JIeXKAIel B IUIOCKOCTH OCHOBaHHS,—
BEPILMHBI MUPAMHUIIBI M BCEX OTPE3KOB, COCIUHIONIMX BEPIIMHY MUPAMUJIBI C TOUKaMHU OCHOBaHUs (puc. 20).
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Puc. 20

OTpe3ku, COSANHSIONINE BEPIINHY MUPAMHIBI C BEPIIMHAMYI OCHOBAHUS, HA3bIBAIOTCSI OOKOBBIMH peOpaMu.

[ToBepxHOCTH MUpaMHIBI COCTOMT M3 OCHOBaHMS W OOKOBBIX TpaHei. Kaxnas OoxoBasi rpanp —
TpeyroiabHUK. OJHON M3 €ro BEpLIMH SBIAETCS BEPIIMHA MUPaMUABI, a MPOTHBOJIXKAIIEH CTOPOHOI — cTOpoHa
OCHOBaHMS UPaAMHUJIBL.

BeicoTol mMpaMubsl Ha3blBaeTCs MEPHEHIUKYISAP, OMYIIEHHBIH W3 BEPLIMHBI MHPaMUAbI HAa MJIOCKOCTh
OCHOBaHHS.

[Mupamuma Ha3BIBaETCS N-YTOJNBHOW, €CIIM €€ OCHOBAaHHEM SIBISICTCS N-YTOJIBHUK. TpeyroipHas mupamMuna
Ha3BIBACTCS TAKXKE TETPAAPOM.

VY mmpamuner, n3o0pakeHHON Ha pucyHKe 20, OCHOBaHME — MHOTOYTONBHHK A1Aj...An, BepIINHA
mupaMuIel — S, 60koBEIe peOpa — SAi1, SAo,..., SAn, 60koBEIe TpaHl —SA1A2, SALA3,... .

B nampHeiimem wmbl OymeM paccMarTpuBaTh TONBKO MHPAaMHUABI C BEIMYKIBIM MHOTOYTOJBHHUKOM B
OCHOBaHHU. Takue MUPaMUABI SIBISIOTCS BBITYKIBIMI MHOTOTPAHHUKAMHU.

3.2. IlocTpoenne nupaMuIbl U ee MIOCKUX cedeHUil. CedeHUs] MUPaMU/Ibl INIOCKOCTSMH, IPOXOASIITIMHU
4yepe3 e¢ BEpIIUHY, MPEACTABISIOT co0oi TpeyronbHuKU (puc. 21). B yacTHOCTH, TpeyrolbHUKAMH SBISIOTCS
JIMaroHaJIbHBbIE CEYEHUS. DTO CEUSHHMsS IUIOCKOCTSIMHM, IMPOXO[IIMMHU Yepe3 JBa HECOCEeIHHMX OOKOBBIX pebpa
nupamu/el (puc. 22).

Puc. 21 Puc. 22

CedeHne nupamMu/bl MIOCKOCTBIO C 33JaHHBIM CIIEA0M J Ha IUNIOCKOCTH OCHOBAHUS CTPOMUTCS TaK XKe, KaK U
cedeHre Npu3Mbl. J[Is MOCTPOEHUS CEYEHMs MHPaMHJbl IUIOCKOCTBIO JOCTATOYHO MOCTPOHUTH INEPECEUECHUS €€
GOKOBBIX TpaHEH C CeKyIIeH MI0CKOCTHIO.

Ecnu Ha rpaHu, He mapajuieIbHON cieny J, U3BEeCTHA Kakas-HHOYy/Ib TOUKa A, IpUHAJIeKalasi CEYeHUI0, TO
CHaJaJjla CTPOUTCSI IEPECEUEHUE cea § CeKyIeH INIOCKOCTH € IUNIOCKOCTBIO 3TOM rpaHn — Touka D Ha pucyHke 23.
Touka D coemunsierca ¢ Toukoit A mnpsmoi. Torma oTpe3ok 3ToH MpsMOI, NMpHHAIUICKANIMA TpaHU, €CTh
repeceyeHne ITOU rpaHu ¢ CeKyIIeH MIOCKOCThIO.

D

Puc. 23
Ecimu Touka A NEXHT HA TPaHU, MAPAUICIEHON CIeAy  TO CeKymiasi IUIOCKOCTh MepeceKaeT 3Ty TPaHb 10
0Tpe3Ky, mapaiuieabHoMy mpsimoi . [lepexonms k cocemHeil OOKOBOM TpaHH, CTPOSAT €€ IEePECCUCHHE C CeKyIIeH
IUTIOCKOCTBIO | T. 1. B uTore momy4aercs TpedyeMoe CeueHHE THPaMHU/IBL.
Ha pucyHke 24 MOCTPOCHO CEYEHHE YETHIPEXYTOJbHON MUPAaMHUABI IUIOCKOCTBIO, MPOXOISIICH depes
CTOPOHY OCHOBaHUS M TOUKY A Ha OJTHOM U3 ee OOKOBBIX pedep.



Puc. 24

3.3. Yceuennasi nupamua.

Teopema 9.1. [lnockocTb, nepecekaroias MUPaMULy U MapajuielibHas €€ OCHOBAHHUIO, OTCEKAeT MOI00HYIO
MHPaMUY.

Mo Teopeme 9.1 MIOCKOCTH, MapajiesibHas MJIOCKOCTH OCHOBaHHS MHPaMHIbl M MEpeceKaromias ee
OokoBEIC pebpa, OTCeKaeT OT Hee MmomoOHyr mupamuy. [pyras 4acTh HpeACTaBisSeT CO00W MHOTOIPaHHUK,
KOTOPBIN HA3BIBACTCS YCEUeHHOMN mupamuzioi (puc. 25). [paHu ycedeHHON HMHpaMHIbI, JISKAIIUE B MapalieIbHBIX
TUTOCKOCTSIX, HA3bIBAIOTCS OCHOBAaHUSAMHM: OCTaJbHBIC TPAHW HA3BIBAIOTCS OOKOBBIMU rpaHsaMu. OCHOBaHUSA
YCCUCHHOW THPaMHUIIBI MPEICTABIAIOT CO00M Moao0HbIe (00Jice TOro, TOMOTETHYHBIC) MHOTOYTOJBHUKH, OOKOBEIC
rpaHu — TPamCIuu.

Puc. 25
IMupamuna Ha3pIBaeTCs NPAaBUIIBHOW, €CIM €€ OCHOBAaHHEM SBISETCA INPABHIBHBIA MHOIOYTOJBHHUK, a
OCHOBaHME BBICOTHI COBNAAACT C IIEHTPOM 3TOTO MHOTOyrodbHHKa (puc. 26). OChi0 NpPaBHIBHOW NHpPAMHIBI
Ha3bIBaeTCs MpsiMasi, cojepkamias ee BbicoTy. OueBHIHO, Y NpaBWIbHOM mUpamMuIbl OOKOBbIE pedpa paBHBI;
CJIe/IOBaTeIbHO, OOKOBBIE IPAaHU — paBHbIE PaBHOOEIPEHHBIE TPEYTOJIbHUKH.

Puc. 26

Bricota 60KOBO# TIpaHW NMpaBHIBHOW NMUPAMUIbI, IPOBEACHHAS W3 €€ BEPIIMHBI, Ha3bIBaeTCs ano(peMO.
BokoBoi1 TOBEPXHOCTHIO MUPAaMUJIBI HA3BIBACTCSI CyMMa ILIOIIA/ICH ee OOKOBBIX TPaHEH.

Teopema 9.2. boxoBasi MOBEpXHOCTh MPAaBUIIBHON MUpaMHIbl paBHA IPOU3BEICHUIO IOJYNEpUMETPa
OCHOBaHHMs Ha anodemy.

VYceueHHas nupaMuja, KOTOpas IOJIy4aeTcss U3 IPAaBUJIBHOM IMMpaMUIbl, TAKKE HA3bIBACTCS IPAaBUIILHOM.
bokoBble rpaHK NMPaBUILHOW YCEYEHHOH MUPaMHIbl — paBHbIE PABHOOOKHE TpArelHH; UX BBHICOTHI Ha3bIBAIOTCS
anodemamu.

Jexuus Ne 10 (2 uaca)

Tema: «IIpaBuiabHbIe MHOTOTPAHHUKU. Tea BpameHus»

1 Bomnpocs! Jeknumn:

1.1. Terpasap.

1.2. Ky®.

1.3. Okrasmp.

1.4. Jonexkasnp.

1.5. Hxocasap.

1.6. TloHAaTHe NMIMHAPA.

1.7. TlousTHe KOHYCA.

1.8. TlousTHe mapa.

2 Jlureparypa.

2.1. OcHoBHas JiMTepaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHUK Jisi cpemHero mnpogecCHOHANIBLHOro oOpa3zoBanust /
H. B. Boromomnos, I1. . Camoitnenko. — 5-e¢ u3n., nepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpaszoBanue). — ISBN 978-5-534-07878-7. — Tekcr : oneKTpoHHBIH //
Oo6pasoBarenpHas wiatdopma FOpaiir [caiiT]. — URL: https://urait.ru/bcode/469433.



https://urait.ru/bcode/469433

2.1.2. Kpemep H. III. Maremaruka [yist KoJute/kel : yueOHoe mocodue [uisi cpeiHero npodeccroHambHoro
obpazosanus / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakmueit H. I, Kpemepa. — 10-¢
u3n., mepepab. u  gonm. — MockBa: WMsmarensctBo IOpaiit, 2021.— 346 c.— (IIpocdeccmonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIN // ObOpa3oBarensHas Iwiatgopma FOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoIHUTeJILHAS JINTeparypa:

2.2.1. boromonos H. B. Maremaruka. 3amauu ¢ perreHussMd B 2 4. Yacte 1 : ydeOHOe mocoOue mis
cpeanero mpodeccuoHambHoro obpasosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texker : anekrponHsiit // O6pazoparenbHast mwiargopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonos H. B. Maremaruka. 3amauu ¢ pernreHussMd B 2 4. Yacte 2 : ydeOHOE mocoOHe st
cpennero npodeccuonambHoro obpaszoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom. — MockBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09135-9. —
Texker : anexrponHsrit // O6paszosarensHast miardopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe coaepkaHue BONPOCOB (TE3UCHO H3IOKUTH OCHOBHOE COJICPIKAHUE PAaCCMATPHBACMBIX
BOTIPOCOB)

3.1. Terpa’ap. Boinykiblii MHOTOTPAaHHHK HAa3bIBACTCSI IMPABWIBHBIM, €CIM €r0 TPaHH SIBISIFOTCS
NpPaBIJIbHBIMA MHOTOYTOJbHUKAMH C OJHAM U TE€M K€ YHCIOM CTOPOH M B KaXAOH BEpIIMHE MHOTOIpaHHHKA
CXOJIUTCS OZTHO U TO K€ YHCIIo pebep.

Cy1iecTByeT IATh THIIOB NMPABUIBHBIX BBIMYKIIBIX MHOTOTPAHHHUKOB (pHUC. 27): MpaBUIBHBIN TETpasp, KyO,
OKTasp, AOJEKadP, UKOCAIP.

oxmaxdp

Puc. 27

VY mpaBHIBHOTO TETpasnpa I'pPaHW — IMPABWIBHBIC TPEYTOJIbHUKH; B KaXXIOH BEPIIMHE CXOJHUTCS MO TPH
pebpa. Terpasap nmpeacTasiseT co0O TPEYroIbHYIO MMPAaMHIY, Y KOTOPOH Bce pedpa paBHBI.

3.2. Ky6. Y ky0a Bce TpaHH — KBaJIpaThl; B KQXKJOW BEpIIMHE CXOMUTCS 1O Tpu pedpa. Kyb mpencrasiser
co00i1 MpsSIMOYTOJIbHBIN MapajuiesienuIe;]] ¢ paBHBIMUA peOpamu.

3.3. Oxkrayip. Y okrayapa rpaHd — NpaBHIbHBIC TPEYTOJBHUKH, HO B OTJIMYKE OT TETpadapa B KaxkI0H ero
BEPIIHHE CXOAUTCS 10 YeThIpe pedpa.

3.4. lonexasnp. Y nopekaapa rpaHd — IPABUIIbHBIE ISITHYTOJIBHUKH. B KaXk1oil BepmInHEe CXOAUTCS IO
Tpu pebpa.

3.5. Ukocasnp. Y ukocasapa rpaHd — MPaBIIbHBIC TPEYTOJbHHUKH, HO B OTIIMYKE OT TETPAdIpa U OKTadapa
B Ka)K/I0M BEpIINHE CXOUTCS 110 IISTH pedep.

3.6. MHonsarne mmmHapa. L{wmuHapoMm (TOuHee, KPYroBBIM LIMJIMHIAPOM) HAa3bIBAeTCS TEJO, KOTOPOE
COCTOHUT M3 JBYX KPYTOB, HE JISKAIIMX B OJHOM IJIOCKOCTH M COBMENIAEMBIX MapajuIeIbHBIM MEPEHOCOM, U BCEX
OTPE3KOB, COCIUHAIOMINX COOTBETCTBYIOIIME TOYKH 3TUX KpyroB (puc. 28). Kpyru Ha3pIBalOTCS OCHOBaHHMSIMH
IWJIMHAPA, @ OTPE3KH, COSTMHSIOINE COOTBETCTBYIOIINE TOUKH OKPYXHOCTEH KPYroB,— 00pasyoIUMy IHINH/PA.

a) _—

2X

Puc. 28

Tak Kak mapauIeIbHbIH MEPEHOC €CTh IBMKEHHE, TO OCHOBAHUS IMIMHIPA PABHEL

Tak kaKk mpu Mapasuie/IbHOM MEPEHOCE MIIOCKOCTh MEPEXONT B MAPAUICIbHYIO TUIOCKOCTh (Miin B ¢e0st), TO
Y HAJTMHIPA-OCHOBAHUS JISKAT B MMAPaJUIC/IbHBIX IJIOCKOCTSX.

Tak Kak MpH MapajuieIbHOM MEPEHOCE TOYKM CMEMIAOTCSA 10 MapayUleJbHBIM (HJIM COBIAJAOIINM)
MPSIMBIM Ha OJIHO U TO YK€ PACCTOSTHKE, TO Y IMJIHHIPA 00pa3yroIIye MapauieibHbI U PaBHBI.

[loBepXHOCTh IWIMHApPA COCTOMT W3 OCHOBAaHMWA W OOKOBOW MOBEPXHOCTH. BOKOBas MOBEPXHOCTH
COCTaBJICHA M3 00pa3yIOMIHX.

Humuaap Ha3pIBaeTCS MPSMBIM, €CITH €r0 00pa3yIoNIre MePIeHAUKYISIPHBI TUIOCKOCTSIM OCHOBAHHH.
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B nmanbHeiinem Mbl OyeM paccMaTpUBaTh TOJNBKO NPSAMOH LMIMHIP, HAa3bIBask €ro Ui KPaTKOCTH IPOCTO
muaHapoM. [psAMoli UIHHAP HAIAIHO MOXKHO IPEACTaBUTh cede KaK Telo, KOTOPOE OMMCHIBAET NPSIMOYTONBHHK
TIPY BPAIEHUH €T0 OKOJIO CTOPOHEI Kak ocH (puc. 29).

Puc. 29
Pagnycom nmnmHzapa Has3bIBae€TCSl paJuyC €ro OCHOBaHHS. BBICOTOH LMIMHApa Ha3bIBA€TCS PacCTOSHUE
MEXAY IUIOCKOCTSMH €ro ocHoBaHMM. OCblO IWIMHIpA Ha3bIBAaeTCs IpsMas, NPOXOIsIIas 4Yepe3 LEHTPHI
ocHoBaHui. OHa napasuiebHa 00pa3yIOLIIKM.
CedeHre MUIMHIPA TUIOCKOCTHIO, TApaJUIeNIFHON €ro OCH, TPEeACTaBIsIeT coboil mpsimoyronsHUK (puc. 30,
a). JIBe ero cTopoHEI — 00pa3yloNIye WINHPa, a ABe Ipyrue — IapajulelbHble XOpabl OCHOBaHHMi. B gacTHOCTH,
NPSIMOYTOJIBHUKOM SIBJIICTCSL OCEBOE CEUCHHE. JTO — CEUCHUE LIIMHAPA IUIOCKOCTHIO, IPOXOAAIICH Yepe3 ero och

(puc. 30, 0).
a) 0)

Puc. 30

Teopema 10.1. IlnockocTh, mapajuiebHas IUIOCKOCTH OCHOBAHUS IMIMHAPA, MEPECEKAET €ro GOKOBYIO
MOBEPXHOCTH 10 OKPYXXKHOCTH, PABHON OKPY)KHOCTH OCHOBAHUSI.

3.7. Mousitue konyca. KoHycoM (TouHee, KPyrOBBIM KOHYCOM) HA3BIBAETCS TENO, KOTOPOE COCTOUT U3
Kpyra — OCHOBAHUs KOHYCa, TOUKH, HE JIeKanled B INIOCKOCTH 3TOTO KPyra,— BEPIIMHBI KOHYCA U BCEX OTPE3KOB,
COCIMHSIIONINX BEPIIMHY KOHyCa ¢ Toukamu ocHoBaHus (puc. 31). OTpesku, COeNMHSIONINE BEPIIMHY KOHyca C
TOYKAMH OKPYXXHOCTH OCHOBAHHS, HA3bIBAIOTCS 00pa3yromuMu KoHyca. [IOBEpXHOCTh KOHyca COCTOUT U3
OCHOBaHHS U OOKOBOM MOBEPXHOCTH.

Puc. 31
KoHyc Ha3pIBaeTCsl MpsSIMbIM, €CITH TPsIMasi, COCMUHSIONIAs BEPUIMHY KOHYCa C LEHTPOM OCHOBAHWUS,
MEePIEeHANKYIIPHA IUIOCKOCTH OCHOBaHWs. B nanbHeillieM Mbl OyeM paccMaTpHBaTh TOJBKO MPSIMOM KOHYC,
Ha3bIBasl €ro Jiisk KPATKOCTH MPOCTO KOHYcoM. HarmsiiHo mpsiMoit KpyroBoil KOHYC MOXKHO HPENCTaBIsATh cebe Kak
TEJIO, MOJYYEeHHOE MTPU BPAIEHUH MPSIMOYTOJILHOTO TPEYTOIbHUKA BOKPYT €ro Karera kak ocu (puc. 32).

Puc. 32



BricoToll kOHyCa Ha3bIBAaETCs NEPIEHIUKYIAP, OMYLIEHHbIM U3 €ro BEPLIMHBI HA INIOCKOCTh OCHOBAaHUA. Y
IpsIMOTO KOHyCa OCHOBaHHME BBICOTBI COBNAAACT C LEHTPOM OCHOBaHMA. OChIO IMPSIMOrO KpPyroBOrO KOHYcCa
Ha3bIBACTCS MpsiMast, COAECPIKAIasi €ro BBICOTY.

CedeHre KOHyca TUTOCKOCTBIO, TPOXOISIICH depe3 €ro BEepIINHY, IpeAcTaBiIsIeT co00il paBHOOEIPEHHBIN
TPEYTONBHUK, y KOTOPOTO OOKOBBIE CTOPOHBI SIBISIOTCA OOpasyrommMmMu koHyca (puc. 33, a). B wactHOCTH,
PaBHOOEIPEHHBIM TPEYTOIBHUKOM SBIISETCS OCEBOE CEUEHHE KOHyca. JTO CEUEHHE, KOTOPOE MPOXOAUT Yepe3 OCh

KoHyca (puc. 33, 0).
6)

Puc. 33
Teopema 10.2. IImockocTh, mapajuienbHas IIOCKOCTH OCHOBaHMS KOHYycCa, IIEPECeKaeT KOHYC IO KpYTy, a
GOKOBYIO ITOBEPXHOCTh — IO OKPY>KHOCTH C LICHTPOM Ha OCH KOHYCa.
ITnockocTs, napaienbHas OCHOBaHHIO KOHYcCa U IepeceKaroas KOHyC, OTCEKaeT OT HEro MEHbBIINI KOHYC.
OcraBirasicst 4acTh Ha3bIBACTCS YCEUCHHBIM KOHYCOM (pHC. 34).

Puc. 34

3.8. Tlousitwe mapa. IllapoM Ha3bIBAa€TCS TEJNO, KOTOPOE COCTOUT M3 BCEX TOYEK MPOCTPAHCTBA,
HaXO[ILIUXCS HA PACCTOSHUHM, HEe OONBIIEM IaHHOTO, OT JAHHOM TOYKH. DTa TOYKA HA3BIBAETCSA LCHTPOM IIapa, a
JaHHOE PACCTOSHUE PaJHyCoOM IIapa.

Ipannia Imapa Ha3bIBACTCS LIAPOBOM MMOBEPXHOCTHIO, WK cdepoil. Takum 00pa3oM, TouKamu CQepsl
SIBISIFOTCS. BCE TOYKH MLIapa, KOTOPBIE yHAleHbl OT IIEHTpa Ha pacCTOsHWe, paBHOE paauycy. Jio6oit oTpe3ok,
COCIMHSIIONINIT LIEHTP IIapa C TOYKOM [ApOBOM MOBEPXHOCTH, TAKXKE HA3BIBACTCS PAILYCOM.

OTpe30K, COSAUHAIONINI IBE TOUYKH [IAPOBON MOBEPXHOCTU U MPOXOISIIUIA Yepe3 LEHTP LIapa, Ha3bIBAETCS
JANaMETPOM. KOHHBI Jr000ro JAUuaMETpa Ha3bIBAOTCA AUaAMETPAJIbHO IMPOTUBOIIOJIOKHBIMH TOYKAMU HIapa.

[Tap, Tak >xe Kak HWINHIP U KOHYC, SBJISIETCS TeJoM BpamieHus. OH moydaeTcs Mpy BpallleHUH MOTyKpyTa
BOKpYT €ro [uamerpa Kak ocu (puc. 35).

Puc. 35
Teopema 10.3. Besikoe cedyeHuwe mapa IUIOCKOCTBIO €cTh Kpyr LIeHTp 3Toro Kpyra ectb OCHOBaHHE
MEepIEeHANKYIISPa, OMYIEHHOTO U3 IIEHTpa [1apa Ha CEKYILYIO IIOCKOCTb.
[TnockocTs, mpoxofsiias 4epe3 LEeHTp Iapa, Ha3bIBaeTCS JMaMeTpalbHOM IuiockocThio. CeueHue mapa
JMaMeTpajibHOW IIOCKOCTBhIO Has3bIBaeTcst OonbinM KpyroMm (puc. 36), a ceueHue cdepsl — Ooubinoi
OKPY>KHOCTBIO.

Puc. 36



Jleknus Ne 11 (2 yaca)

Tema: «O0BbeMbI MHOTOTPAHHHKOBY

1 Bonpocs! Jekuun:

1.1. O6bem mapanienenumeaa.

1.2. O6beM npu3Msbl.

1.3. O0bem nupamuabI.

2 Jluteparypa.

2.1. OcHoBHAasl JUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK ISl CpeaHEro MpodecCHoHaIbHOro obpa3oBaHus /
H. B. boromornog, II. U. Camoiinenko. — 5-¢ u3g., nepepad. u pomn. — Mocksa : U3narensctBo HOpaiit, 2021. —
401 c. — (IIpodeccuonanbuoe obpasoBanue). — ISBN 978-5-534-07878-7. — Tekct : 3nekTpoHHBIH //
O6pasosarenpHas wiatgopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka st KoJuIeIpkeit : yaeOHOoe mocodue Uit CpeqHero mpogecCHOHaTFHOTO
obpazoBanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakmmeit H. II. Kpemepa. — 10-e
u3n., mepepab. u  gonm. — MockBa: WsmaremsctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIH // ObOpa3oBarenpHas Iwiatgopma FOpaiiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMd B 2 4. Yacth 1 : ydeOHOe mocobue st
cpeanero mpodeccuonanpHoro obpasosanus/ H. B. BoromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronansaoe odpazopanue). — ISBN 978-5-534-09108-3. —
Texkcrt : anexTpoHHbIt // O6Gpa3oBarenbHas miardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yacte 2 : ydeOHOE mocoOme st
cpenHero mnpodeccroHanbHOro obpasosanus / H. B. BoromonoB. — 2-¢ wm3m., ucnp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obOpa3osanue). — ISBN 978-5-534-09135-9. —
Tekct : anexTpoHHblit // Ob6pasoBarenbHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepxaHHe BONMPOCOB (TE3UCHO H3IOXKUTH OCHOBHOE COICPIKaHHE pPaccMaTpHBACMBIX
BOTIPOCOB)

3.1. O6bem mnapayienenunena. [1ogoOHO ToMy, Kak Uil QUIYyp Ha IJIOCKOCTH BBOJAUTCS IOHSTHE
TUTOLIAJIH, IS TeJI B IPOCTPAaHCTBE BBOJIUTCS MOHATHE 00beMa. CHavyalia pacCMOTPUM TOJIBKO IPOCTHIE Tea.

Teso Ha3bIBaeTCs MPOCTHIM, €CIIM €T0 MOYKHO Pa30UTh Ha KOHEUHOE YMCIIO TPEYTONbHBIX THPAMUI.

Jnst mpocThIX Ten 00beM — 3TO MOJOXKUTEIbHAs BEJIMYMHA, YHCICHHOE 3HAa4eHHE KOTOpOM obnamaer
CJIEYIOIMMH CBOMCTBAMU:

1. PaBHBIE TeTa UMEIOT PaBHbIE OOBEMBI.

2. Ecnu Teno pa3OHMTO Ha 4YacTH, SBJSIOIIMECS NMPOCTBIMH TENAaMH, TO OObEM 3TOr0 Tejla paBeH CyMMe
00BEMOB €ro 4acTeid.

3. O6beM ky0a, peOpo KOTOPOro PaBHO SIMHUILE UTMHBI, PABSH SANHHMIIC.

Eciu xy0, 0 KOTOPOM HAET pedb B ONpEIeIeHHH, UMeeT pedpo 1 cM, To o0beM OyaeT B KyOMYeCKHX
CaHTHMeETpax; ecau pedpo Kyda paBHO 1 M, TO 00BeM OyeT B KyOMUECKHX METpax; eciid pedpo Kyda paBHO 1 kM, TO
00beM OyneT B KyOM9eCKIX KHIOMETPax ! T. 1.

[TpumMepom ImpocToro Tena ABJseTCs JII00OH BBITYKIBIH MHOTOTpaHHUK. Ero MOXHO pa30uTh Ha KOHEYHOE
YHCIIO TPEYTOJIBHBIX MUPAMUI.

O06beM MPSAMOYTOILHOTO TapaljIeNenuiesa ¢ JHHEHHbIME pa3MepaMu a, D, ¢ BeramcisieTcs mo popmyie
V=abc.

OO0beM NPSIMOYTOJILHOTO Tapaiesenueaa paBeH Mpou3BeleHHI0 ero u3MepeHuil. [IpousBenenue nByx
M3MEPEHUIT eCTh IUIONIAIb OCHOBAHHMS MapauleNieluIe]a, a TPEThe U3MEPEHUE — ero BHICOTA.

Takum 00pa3oM, y IPSIMOYTOJIEHOTO Mapajuiesienunea 00beM paBeH MPOU3BEICHHIO IUIONIAAN OCHOBAHUS
Ha BBICOTY.

Wrak, 06beM 1100010 Napasuiesienumneia paBeH MpOU3BEACHHIO TUIONIA I OCHOBAHHS HA BBICOTY.

3.2. O6beM NpHU3MBbI.

O0beM nr000¥ TPU3MBI PaBeH MIPOU3BEACHHIO TUIOIAIN €€ OCHOBaHMA Ha BeicoTy V = SH.

3.3. O0beM nupamMuabI.

OO0beM m000W TPEYroJIbHOW THpaMUJbI, PaBEH ONHONH TPETH MPOWM3BEACHHS ILUIOMAAN OCHOBAHUS Ha

e
—-SSH.

BEICOTY:
O06beM 0001 TUpaMUIBl PABEH OJHOUW TPETH MPOU3BEACHHUSI IJIOMAAN €€ OCHOBAHHUS Ha BBICOTY.
O0ObeM yceueHHOM nmupamMuIsl ¢ mromaasMu ocHoBanuii Q1 1 Q2 (Q1 > Q2) u BeicoTOl h BEIUMCIIAETCS 1O

,l‘h(Q| T “Q|Qg + Q_z)
dopmyne V =

Jlexuus Ne 12 (2 gaca)
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Tema: «O0beMbl TeJ1 BpanieHuii»

1 Bomnpocsl JieKIHHK:

1.1. O6beM nuauHIpAa.

1.2. O6bem KoHyca.

1.3. O6bem mapa.

2 Jlurepatypa.

2.1. OcHoBHAasl JIUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK ISl CpeIHEro MpodecCHoHaIbHOro obpa3oBamus /
H. B. boromornog, II. U. Camoiinenko. — 5-¢ u3g., nepepad. u qomn. — Mocksa : U3narensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : onexTpoHHBIH //
O6pasosarenbHas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka 1i1s Kojutexel : yueOHoe rmocoOue uist cpeiHero npodeccuoHaibHOro
obpazosanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakumeit H. II. Kpemepa. — 10-e
u3m., mepepab. u  gonm. — MockBa: WsmarensctBo IOpaiit, 2021.— 346 c.— (IIpodeccmonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snexkrpoHHBIN // ObOpa3oBarenpHast iatdopma FOpaiit
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoIHUTeJILHAS JINTepaTypa:

2.2.1. boromonos H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yacte | : ydgeOHOE mocoOme mist
cpeanero mpodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wucmp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronansaoe odpazopanue). — ISBN 978-5-534-09108-3. —
Texkcrt : anexTpoHHbIit // OGpa3oBarenbHast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMd B 2 4. Yacte 2 : ydeOHOe mocobue st
cpeanero mpodeccuonanbHoro obpasosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obOpa3osanue). — ISBN 978-5-534-09135-9. —
Tekct : anexTpoHHblt // Ob6pasoBarenbHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copaepkaHHe BONPOCOB (TE3UCHO W3I0KUTH OCHOBHOE COJACPIKAHHUE PACCMATPUBACMBIX
BOTIPOCOB)

3.1. O0beM HUJIMHAPA.

Ecnu Teno mpoctoe, T. €. I0MycKaeT pa3dueHNne Ha KOHEYHOE YMCII0 TPEYrodbHBIX MUPAMH, TO €r0 00beM
paBeH cyMMe 00beMOB THX NUpaMu/. J{J11 MPOU3BOJIBHOTO TeNa 00BEM ONPEIEIISETCs CIEIYIOMINM 00pa3oM.

JlanHoe Teno umeer 00beM V, eciu CyIIEeCTBYIOT COJAEpIKalllie ero MPOCThIe Tejla U COAEpIKaliecs B HeM
MPOCTHIE TeNa ¢ 00beMaMH, CKOJIb YTOTHO MaJIO OTIIMYAIOIIUMHUCS OT V.

V = SH = nR*H.

O0beM MUITHH/PA PABEH MPOU3BEICHUIO IUIONIAU OCHOBAHUS HA BBICOTY
3.2. O0bem konyca
O0beM  KOHyca paBeH OJHON TpeTH  TMPOU3BEIACHUS  IUIONAJAA OCHOBAHUS HAa  BBICOTY

) e e
3SH 3nR H.
OObeM yCEUEeHHOr0 KOHyCa, Y KOTOPOrO pajnychl ocHOBaHui paBHbl Ri1 m Rz (R1 > Ry), a BeicoTa h,

1 : 2
57 (Ri +R\Ry + R3).
HaxXoAAT 1o dopmyne V =
3.3. O0bem mapa.

O0neM mapa panuyca R ompenensercs mo hopmyrne

Jekmus Ne 13 (2 yaca)

Tema: «CTtaTucTudeckas o6padoTKa JaHHBIX)

1 Bomnpocsl JieKIHHK:

1.1. OcHoOBHbIE dTaNbl CTATUCTHYECKOH 00pPabOTKHU.

1.2. YmcnoBble XapaKTePHCTHKH CTATHCTHYECKOH 00padoTKH.

1.3. Omnpenenenne KpaTHOCTH U JUCHEPCHH. AJITOPUTM BBIYMCJIEHHS THCTIEPCHH.

2 Jluteparypa.

2.1. OcHoBHas JiMTepaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHUK Jisi cpemHero mnpogeccHOHANIBHOro oOpazoBanus /
H. B. Boromornos, I1. . Camoitnenko. — 5-e¢ u3n., nepepad. u mom. — Mocksa : UznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : dneKTpoHHbIH //
O6pasosarensHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. I1I. Maremaruka st KOJUISIDKEH | yaeOHOe mocodue it CpeaHero mpoheCCHOHaIbLHOTO
oopazosanms / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakiueit H. III. Kpemepa. — 10-¢
u3m., nepepab. u  gom. — Mockea: WMzmarensctBo FOpaiit, 2021.— 346 c¢c.— (IIpodeccuonanbhoe
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obpazosanue). — ISBN 978-5-534-05640-2. — Tekct : anekrponnsiii / ObOpasosarensHast riaropma FOpait
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoIHUTeJILHAS JINTepaTypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHussMu B 2 4. Yacte 1 : ydebHOe mocobme mist
cpemaero npodeccronambHOro obOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wumcmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronansHoe obpazoBanue). — ISBN 978-5-534-09108-3. —
Texker : anekrponHsiit // O6pazoBarenbHas mwiarpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonos H. B. Maremaruka. 3amaun ¢ pereHussMd B 2 4. Yacte 2 : y4eOHOE MOCOOHE s
cpennero npodeccuoHambHoro obpaszoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MockBa !
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Teker : anekrponHsIit // ObpazoBarenbhas miarpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHHe BONPOCOB (TE3UCHO H3IOKUTH OCHOBHOE COIEP)KAHHWE pPacCMaTpHBaeMBbIX
BOTIPOCOB)

3.1. OcHOBHBIE ITANBI CTATHCTHYECKOH 00paGOTKH.

PaccmoTpuM Ha npumepe.

Ha npazgamanom Bedepe cpexn yueHHKOB 11 «A» m 11 «b» xmaccoB mposemn notepero. Kaxasrit u3 50
IIKOJIBHUKOB MIPOU3BOJIBHO 3axyMan ogHy mudpy or 0 mo 9 u 3amucain ee W Ha JICBOH M Ha IIPaBOil MOJOBHHKAX
cBoero JortepeiiHoro Owiera. [IpaBble MOJOBHHKH OWJICTOB OCTAJHMCh y HX BIAJAENBIEB, a JICBBIC IIOJOBHHKH
TIOJIOXKHJIM Ha CTOJI IIepe]] opranusaropoM jorepen. Mrak, Ha crone 50 JIMCTOUKOB, COlEpIKAIINX BCIO HEOOXOIUMYIO
nundopmaruro. Kax B Heii pazobparbcs?

1) cHayana maHHBIC M3MEPCHHUI YIIOPAMOUYHUBAIOT U IPYIITHPYIOT;

2) 3aTeM COCTAaBISIOT TAONUIIBI pacTpeeICHHS JaHHBIX

Orser 0| 12|34 5 6 | 7|8 9] 10

KoanuecTso
OTBETOB

2|5|3|9|4|10|3)|5(3]5 1

3) TabnuipBl pacmpefeNicHHs] TO3BONSIOT MOCTPOUTh TpaduKH paclpelesicHHs OaHHBIX B BHIC
MHOT'OYTOJIbHUKA PAaCHpeAeIeHUs, THCTOTPaMMBI paclipeesIeHUs UM KPYTOBOH AuarpaMMsl.

PaccMOTpHUM Kak CTpOUTH MHOTOYTOJIBHMK pacmpeneneHus (moiuroH). ITo ocu abcryice OTIOXKEHBI caMu
OTBETHI (YMCNa U3 MEPBOH CTPOKU TAONHUIIBI), IO OCH OPJUHAT OTJIOKEHBI KOJIMYECTBA OTBETOB (YHCJIAa U3 BTOPOU
CTPOKH), a B KOOpAMHATHOW Iutockoctu otmedeHsl Touku (0; 2), (1; 5), (2; 3), (3; 9), ..., (9; 5), (10; 1),
COOTBETCTBYIOIIIME TapaM YHCeN U3 CTONOIOB Tabmuipl. OTMedeHHbIe 11 TOYeK AN HAIATHOCTH COCIMHEHBI
nomaHo#. [Tomyuusncst MHOroyrofisHUK pacnpesenenus (puc. 37).

Koux-go orseros

et
) NWER D000

12345678910 Omern
Puc. 37

I'mcrorpaMMa pacnpezneneHHs MOJTy4aeTcsl M3 IOJMTOHAa TakuM o0pa3oM. BepTukanbHBIA OTpe3oK c
koHaMu B Toukax (0; 0) u (0; 2) cUMMETpHUYHO «pa3ayT» BIPABO U BIEBO JO MPSMOYTOJBHOTO BEPTHUKAIBHOTO
CTOJIOMKa, IIUPHHA KOTOPOro paBHa 1, a BeIcoTa paBHa 2. TOYHO Tak ke CIEAYIOIMMH BEpTHKAJIBHBIN OTPE30K C
koHmamu B Toukax (1; 0) u (1; 5) cuMMeTpHUYHO «pa3myT» BIPABO M BIEBO /IO HPSIMOYTOJBHOTO BEPTHKAIBHOTO
cTonOuKa, IIMPHHA KOTOpOro paBHa |, a BbicoTa paBHa 5, W T. J. llomywaercs cronbuaras auarpamMmma —
rECTOrpaMma pacrpeneneHus (puc. 38).

—

Noasaomon0eo
R P T N S i Tl T
+—+ —t——

Puc. 38
KpyroBast auarpaMma COCTOMT U3 Kpyra, pasielieHHOro Ha 11 CeKTOpOB, BHYTPH Ka)KIOTO CEKTOpa YKa3aH
cootBeTcTBytonmii emy orBer. Cekrop «0» 3anmmaer 1/25 uvacth Kpyra, Tak Kak J(Ba MOJYYeHHBIX oTBeTa «0»


https://urait.ru/bcode/469282
https://urait.ru/bcode/470790
https://urait.ru/bcode/470791

cocraisior 2/50 = 1/25 yacTh OT 00IIEro Yucia BCEX OTBETOB. 3HAYMT, LEHTPAJbHBIA yroi cexropa «0» paBeH
360°/25 = 14,4°. Camblii 60761108 U3 Beex 11 ceKTopoB — 3T0 ceKTop «5», oH 3anuMaer 10/50 = 1/5 gacTe Bcero
KpyTa, ¥ ero NeHTPaJbHEIA yron paBeH 360°/5 = 72°. A cextop «10» — camblii MaJIeHBKHI1, €T0 IICHTPATBHBIN yTOI
paBen 7,2°. Tak mosydaercs Kpyrosas auarpamma (puc. 39).

N2
S

Puc. 39

4) mojy4yeHue Macmopra AaHHBIX U3MEPEHHsI, KOTOPBIA COCTOMT M3 HEOONBIIOr0 KOMMYECTBA OCHOBHBIX
YHCIJIOBBIX XapaKTEPUCTHUK MOJy4eHHOI nH(pOopMaLuH.

3.2. YucsioBbIe XapaKTEPUCTHKH CTATUCTHYECKOH 00padoTKH.

IepeuricnnmM HEKOTOPBIE YHCIOBBIE XaPAKTEPHCTUKH IS pa300PaHHOTO BBIIIE H3MEPEHUSL.

O0BeM H3MEpEeHHUs — 3TO YHCII0 0OBEKTOB, YUACTBYIOIINX B HCCIICAOBaHIH. B manHOM citydae oH paseH 50,
TaK Kak 00padaTbIBaIuCh OTBETH 50 yIaCTHHUKOB.

Pazmax m3MepeHUs — 3TO pa3sHOCTh MEXIy HauOONbIIMM M HAWMCEHBIIUM 3HA4CHUSIMH H3MepeHus. B
JIaHHOM cily4ae OoH paBeH 10.

Mopa u3MepeHus — 3To 3Ha4eHHe, HauboJyiee 4acTo BCTpedaroleecs B McClIeJoBaHUN. B maHHOM cityuae
OHa paBHa 5, Tak Kak OTBET «5» — caMbIil «MOJHBIIIY, CaMblil MOMYIAPHBINA, OH BCTpeTHIICS Yare apyrux — 10 pa3
u3 Bcex 50 pe3ynabTaToB.

Cpennee (uau cpefnee apudMeTuueckoe). ITo 4aCTHOE OT JACJICHUSA CYMMBI BCEX PE3YJIBTATOB M3MEPEHHUS
Ha oObem u3MmepeHus. CpenHee ymoOHO BBIYHCIATH IMOCIE TOrO, Kak COCTaBlieHa Tabiuua pacnpeneneHus. B
JaHHOM CJIy4Yac BbIYMCIICHUSA BBITTIAAAT TaK:

0-2+1.5+2.3+3-9+4.4+5-10+6-3+7-5+8-3+9-5+10-1 _
50

~0+5+6+27+16+50+18+35+24+45+ 10 _ 236 _ 472
50 50 )

Yame Bcero pesylnbTaTaMi U3MEPEHHMs SABIAIOTCS uucia. Kaxmoe dmcno, BCTpeTUBIIEECS B KOHKPETHOM
U3MEPEHUY, HA3bIBAIOT BAPUAHTOH M3MEpEHUs. B KOHKPETHOM H3MEPCHHMH €ro BapUAHTHl MOIYT ObITh HHKAK HE
YIOPSIOYCHBI, KaK, HAIpUMep, OMWICTHKH Ha CTOJIe Lepes opraHuzaTopoM Joreped. Eciu 3anucars Bce BapHaHTbI
M3MEPEHHs 110 HOPAAKY (HaIpUMep, [0 BPEMEHHU) UX HONYYCHHUs, TO HOITYYUTCS Psill JAHHBIX M3MepeHus. Eciu xe
HayaThb C HaUMEHbIIEH W3 BCEX BapHAHT MU3MEPEHHs M 3aTeM 3alMcaTb BCE BAapHAHTBI B IOPSAIKE BO3PACTaHMS
(ToyHee HeyObIBaHMS) MX YUCIOBBIX 3HAYEHUH, TO MOJYYMTCS CTPYIIMPOBAHHBIN psJ NaHHBIX. B pa3obGpaHHOM
BBILIE [IPUMEPE CrPYNIUPOBAHHbIN P JaHHBIX BBIIVISIUT TAK:

0,0,1...,1,2 22, 3..,3, 4,444, 5,...,5, 6,6,6,
e et e e A e e s e

2 5 3 9 4 10 3
7..7,8838,9..9, 10.
et T N I —
5 3 5 1

CpenHIOI0 BapHaHTy B CIPYIIIMPOBAHHOM psiJie TaHHBIX HA3bIBAIOT MeIWaHOW m3MepeHus. Ecim cpemHux
BapHaHT JIB€, TO Me/IMaHa paBHa MX Moirycymme. Tak, B paccMoTpeHHOM npumepe 50 BapHaHT, CpeHIX — JIBE, 3TO
BapuaHTHI Ne 25 u Ne 26. OOe oHHM paBHBI 5, 3HAYNT, U MEMaHA paBHA 5.

3.3. OnpenesieHue KPATHOCTH M JMCIEPCUM. AJITOPUTM BbIYMCJIEHUS JUCTIEPCHU.

OtBer «0» BcTperwics ABa pa3a. B cTarHcTHKE B 3TOM Ciydae TOBOPST, YTO aOCOJIIOTHAs YacToTa
BapuaHThl «0» paBHa AByM. OTBET «7» BCTPETWICS IIATh pa3. 3HAUMT, aOCOTIOTHAS YacTOTa BapUaHTHl «7» paBHa
mati. K coxajeHuio, B CTaTHCTHKE TEPMHH «JacTOTa» HCIONB3YEeTCS B PA3IMYHBIX COYETAHHUIX: aOCOIIOTHAs
4acTOTa, OTHOCHUTENbHAS YacTOTa, MPOIEHTHAs YacTOTa, CTATHCTUYECKas YacTOTa, SMIMPHUYECKas 4acToTa, YacToTa
HACTYIUICHHS CIIy4aifHOTO COOBITHS U T. 1. MBI 3aMEHNM TEPMHH a0COTIOTHAS YacTOTa Ooiree KpaTKUM.

Onpedenenue. Ecam cpenu BcexX TaHHBIX KOHKPETHOTO M3MEPEHMS OJIHA M3 BapHaHT BCTpeTwiack k pas, To
YHCII0 k Ha3BIBalOT KPAaTHOCTHIO STOH BapHAHTHI.

B pa3oOpanHOM mpuMepe KpaTHOCTh BapuaHTHI «5» paBHa 10, KpaTHOCTH BapHaHTHI «3» paBHa 9 u T. 1.
(cm. Tabmuiy).

Bapuanra
Cymma
0|]1]|2|3|4[5]|6|7]|8|9] 10
Kpatsocts | 2 | 5| 3| 9| 4|10|3|5|3|5]| 1 50

Tak mnomywaercst Tabmuia pacnpeneneHusi TaHHBIX u3Mepenus. Kierky «Cymma» 100aBisiioT Juis
KOHTpOJISL: yncio B rpade «CyMMay Beerna I0JKHO PaBHATHCSI 00beMY H3MEpPEHUSI.



BapmuanTtoii m3MepeHus coBceM He 00S3aTeNbHO SBISIETCA YHCIO. BromHe BO3MOXXHBI CIydad, KOTIa
BapHaHTHl H3MEPEHUS OTIUYAIOTCS JPYT OT IpyTa IMPOCTO MO Ha3BAHMIO.

B Takux ciydasx roBopsAT 0 HOMHHATUBHOU IITKaJe BAPHAHT M3MEpEeHUs (HOMHHATHBHAS IIKajla — IIKaja
10 HOMHHAIIMSAM, T. €. TI0 Ha3BaHWIO, 110 MIMEHH). 3aMETHUM, YTO B TaKOM CIIydae TEpseT CMBICI IOHITHE pa3Maxa
W3MEpPEHHs: HEM3BECTHO, KaKas M3 BapHaHT HAWOOINbINAsA, a Kakas HanMeHbIIas. Ho Tak Kak BO BCEeX peallbHBIX
M3MEPEHISIX KOJIMIEeCTBO BapHAHT KOHEYHO, TO BCET/Ia MOKHO MX UMEHA WIIM Ha3BaHMS 3aMeHHUTH Ha Homepa Ne 1, No
2, Ne 3, ... m mocye ATOro nepeiiT K 0OBIYHOMY YHCIIOBOMY CHOCOOY MEpeYCICHUS BapUaHT.

YuCcnoByI0 XapaKTepUCTUKY JaHHBIX M3MEPEHHs, OTBEUAIOIIYIO 32 pa3dpoc (paccerBaHKe) TaHHBIX BOKPYT
UX CpEIHEro 3Ha4eHHMs, Ha3bIBaIOT Jucrepcuei (0T yar. disperses — pacchlaHHbIA, Pa30THAHHBIN, pacCesHHBIN) U
obo3Hawator OykBoW D; wmcio vo=D HA3bIBAIOT CPEOHUM KBAaApaTHUECKUM OTKJIOHCHHEM. UeM MeHbIIe
qucniepcust D wimm cpenHee KBaapaTniyeckoe OTKIOHEHHUE, TeM IUIOTHEE IPYNITUPYIOTCS JaHHbIe U3MEPEHHS BOKPYT
CBOETO CPETHETO 3HAYCHUSI.

AJNTOpUTM BBIYHUCIICHUS JUCIICPCUH.
Jis HaxoxkAeHus aucnepcuu D TaHHBIX U3MEPEHHS X1, X2, ..., Xn CJICAYCT BHIUUCIUTH:
M-Atmt..tn

1) cpenHee 3HaueHUe L ;

2) OTKJIOHEHHS JaHHBIX OT M, T. €. x1 - M, x2 - M, ..., Xn-1- M, xn - M;

3) xBagpatsl (Xi - M)? oTknoneHuit (xi - M) (=1, 2, 3, ..., 1), HaiileHHBIX HA OpebLAYILEM LIIAre;

4) cpenHee 3HAUYCHUE BCEX KBAPATOB OTKIOHEHHH — 3TO U €CTh Jquciepcus D:

D= (1 — MY + (x3 - M)* + .. + (xp1 — M) + (xp - 1"!)J
n ’
¢ =+D — cpeaHee KBafpaTHYeCKOe OTKJIOHEHHE.

Jlexuust Ne 14 (2 yaca)

Tema: «CouyeTanusi U pa3MelieHusD

1 Bomnpocsl JieKOuHK:

1.1. Onmnpenenenue N pakTopuall.

1.2. Omnpenesienne Yucjaa COYETAHUN U Pa3MeleHHIA.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHK sl CpeqHEro mpodeccuoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnenko. — 5-e¢ m3n., mepepad. u mom. — Mocksa : UznaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccronanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pasosarenbHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka 1jist KOJUIe/DKeH | yaeOHOe mocodue it CpeaHero mpodheCcCHOHaIbLHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrautuunosa, M. H. ®punman ; nox penakiumeit H. III. Kpemepa. — 10-¢
u3n., mepepab. w jgom — MockBa: WsmarensctBo [Opaiit, 2021.— 346 ¢c.— (IIpodeccronansHoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHblid // OO6pa3oBatenbHas mardpopma HOpait
[caiiT]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPaTypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMu B 2 4. Yacte 1 : ydeOHOe mocoOme mis
cpennero mpogeccronansHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpaszoBanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTpoHHbIt // Ob6pasoBarensHas iardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ peumeHusMu B 2 4. Yacte 2 : ydeOHoe mocobue st
cpeanero npodeccuonanbHoro obpaszosanusi/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronanpaoe odpazoBanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIii // OGpasosarenbhast miardopma FOpaiir [caiir]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozaep)kaHue BONPOCOB (TE3UCHO H3JIOKUTh OCHOBHOE COJICP)KAHHE PacCMaTpPHBAEMBIX
BOTIPOCOB)

3.1. Onpenenenne N pakTopual.

Onpedenenue. PakTopUaIoOM HaTypaJbHOTO YMCia N HA3bIBAKOT MIPOU3BEICHHE BCEX HATYPAJIbHBIX YHCEI OT

1 non.
nl=1-2-3-...-n—-2)-(n—1)-n.
3nravenus N! O4eHp OBICTPO BO3PACTAIOT C YBEIWICHHEM N.
n |1 2 3 4 5 6 7
nl | 1 |1:2=2|21.3=6 |31-4=24|4!-5=120{5!-6="720| 6! - 7=5040

3.2. OnpenesieHue YMcIa cOYeTaAHMIT U pa3MenIeHHil.
Teopema 14.1. N pa3aUYHBIX IEMEHTOB MOXKHO PACCTAaBUTH IO OAHOMY Ha N Pa3iIMYHBIX MECT POBHO N!
criocobamu.


https://urait.ru/bcode/469433
https://urait.ru/bcode/469282
https://urait.ru/bcode/470790
https://urait.ru/bcode/470791

Kak mpaBuio, 3Ty TeopeMmy 3amlmCHIBAIOT B BuAe Kpartko ¢opmynsr: Pn = n!, tae Pn — 310 umcio
MEPECTaHOBOK U3 N Pa3lNYHBIX JIEMEHTOB, OHO paBHO N!.
Onpeodenenue. Ynucmo Bcex BBIOOPOB K srmeMeHTOB 6e3 ydeTa WX TOpsAAKAa W3 N JaHHBIX 3JIEMEHTOB

Ha3bIBAIOT YHCIOM COYETaHHA M3 N 3MeMeHTOB mo K u 0603HavaroT Cn . CumBon Cn YUTACTCS B PYCCKOU
TPaHCKPUIIMKA Tak: «ud u3 9H mo k». BykBa C xopomo comiacyercs 34ech «u C (PaHIY3CKHM, U C
HIDKETOPOJCKAM»: ¢ ofHO#M croponbl, C — 310 TepBast Oyksa cioBa combinations, ¢ apyroit croporsi, C — 310
nepBasi OyKBa CIIOBa COYCTaHHE.

Yucno codeTanuii 13 N 2IeMEHTOB 10 K ameMeHTaM BIYHCIIIETCs 110 hopmyrte:

Ct= 8
n = Rln - k)
Onpedenenue. Yucno Bcex BHIOOPOB K 37IEMEHTOB M3 N JaHHBIX C YYETOM HMX HOPS/IKAa HAa3bIBAIOT YUCIOM

L]
pa3MerieHui 13 N 3JIeMEHTOoB 110 kK 1 0003HavYaroT An
Yucno pa3sMelieHuid n3 N 3JIeMEHTOB 10 K 371eMeHTaM BBIYUCISIETCS 110 (popMyIIe:

n!
A = (n = k)

Jlexuusa Ne 15 (2 yaca)

Tema: «IIpocTeiiiine BepOSTHOCTHBIEC 321a4M»

1 Bomnpocsl JieKOuK:

1.1. Kiaaccuyeckoe onpeneneHue BepoOsITHOCTH.

1.2. Anaroputm Haxo;kIeHUsI BEPOSITHOCTH CJIY4aiiHOTO COOBITHS.

1.3. IlpaBuiio cjioKeHHs] 1 YMHOKEHHSI BEPOSITHOCTH.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHMK sl CpeqHEro mpodeccHoHambHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnerko. — 5-e¢ m3na., mepepad. u mom. — Mocksa : UznarenmsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccuonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 531eKTpOHHBIA //
O6pasoBarenbhas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka Ist KoJUIeIpkeH : yaeOHOe mocoOue Il CpeqHero MpogeCcCHOHATFHOTO
oopazosanus / H. III. Kpemep, O. I Koncrantunosa, M. H. ®punman ; nox penakiumeit H. III. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: WM3marensctBo Opaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : asnekrpoHHslid // OOpazoBatenbHas ruiardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPATypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMu B 2 4. Yacte 1 : ydeOHOe mocoOme mis
cpennero mpodeccuoHansHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccuonamsHoe obOpa3zoBanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTpoHHblt // Ob6pasoBarensHas riardpopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMd B 2 4. Yactp 2 : y4eOHOe MOcCOOHe st
cpennero mpogeccuonansHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3a., wucnop. u gom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronanbaoe odpasopanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpouHblit // O6Gpasosarenbhast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470791.

3 Kpartkoe coaepxaHue BOTPOCOB (TE€3MCHO W3IIOKUTH OCHOBHOE COJEPKaHUE pPacCMaTpUBAEMBIX
BOTIPOCOB)

3.1. Knaccuyeckoe onpeaesieHne BeposiTHOCTH.

Onpeoenenue. BepositHocTeio P (4) coObitusi A HasbiBaeTcs orHomeHune yucina N(A) smeMeHTapHBIX
COOBITHH, OMArONPUATCTBYIOIIMX COOBITHIO A, K YHCIY BCEX NEMEHTapHBIX coOwrtuii N, T. €.

P(a) = M4

W3 kiaccudeckoro ompesenieHnsi BEpOSITHOCTH cliefyeT: 1) BepOoSTHOCTb JOCTOBEPHOTO COOBITHS paBHA
eIMHNIE; 2) BEPOSTHOCTh HEBO3MOXHOTO COOBITHS paBHa HYIIO; 3) BEpOSATHOCTb JIOOOTO COOBITHS A
ynosnetBopsier ycioBuio 0 < P (4) < 1; 4) aneMeHTapHbIE COOBITHS SBIISIOTCSA PaBHOBEPOATHBIMH, T. €. 00IaIat0T
OJIHOM U TOU K€ BEPOATHOCTHIO.

3.2. AnroputrM HaxoxKIeHHsI BEPOSITHOCTH CJIYYaiilHOro coObITHsl. [[JI1 HAXOXKACHHUsS BEPOSTHOCTU
CIIy4alHOTO COOBITHSI A TP ITPOBEJCHUH HEKOTOPOTO HCIIBITAHUS CIIEAYeT HAlTH:

1) uwmcio N Bcex BO3MOKHBIX HCXOIOB JaHHOTO HUCITBITAHHS,

2) xomyectBo N(A) TeX UCXOIOB, B KOTOPBIX HACTYMAET COOBITHE A;

N(a)
3) wuwactmoe N ;oHO U GyIeT paBHO BEPOSTHOCTH COOBITUS A.
[IpuHATO BEpOSTHOCTH COOBITHS A 0003Ha4aTh Tak: P(A).


https://urait.ru/bcode/469433
https://urait.ru/bcode/469282
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HamoMHMM, 9TO MPUMEHSATH 3TO MPABHJIO MOXKHO TOJBKO B MPEIIOJIOKEHHH O PABHO BO3MOMKHOCTH BCEX
HCXOJJOB MCIIBITAHUS.

3.3. [IpaBuJIO C/I0KEHHUST M YMHOKEHHSI BEPOSTHOCTH.

ITpn moncdere BEpOATHOCTH YacTO HCIIONB3YETCS MPABMIO YMHOKEHHMS, 3HAKOMOE BaM M3 Kypca anreOpbl
OCHOBHOM 1IK0JIbI. HamoOMHUM 3TO IpaBuIIo.

IMpaBuno ymHOXeHMsA. [[mg Toro dToOBl HAMTH dYHCIO BCEX BO3MOXHBIX HCXOAOB HE3aBUCHMOTO
NPOBEAEHHS JBYX HCIBITaHUH A u B, cieayer mepeMHOXKHTh YHCIO BCEX HCXOJOB MCHBITAHUS A M YHCIIO BCEX
MCXOJIOB HCIIBITaHus B.

Cymmoii codbitnii A n B HazpiBatoT coObiTre C, cocTosiee B HaCTYIUIEHHH XOTS ObI OJTHOTO U3 COOBITHI A
unu B.

Ilpoussedenuem cobwviTuii A u B HazpBatoT coobiTHe C, cocTosIIee B COBMECTHOM HACTYIUIEHHH COOBITHIH
nAuB.

Jlexuus Ne 16 (2 yaca)

Tema: «CiyqaiiHble COOBITUSI U UX BEPOATHOCTH

1 Bonpocs! Jekuumn:

1.1. Hcnosb30BaHHEe KOMOMHATOPHKH JJIA MOJCYETA BEPOSITHOCTH.

1.2. TIpou3BeneHue coObITHII. BepoATHOCTH CyMMBI ABYX COOBITHIA.

1.3. He3aBucumocTth codbITuii. He3aBiucumble NOBTOPeHHsI HCIBITAHMUIA.

2 Jlutepartypa.

2.1. OcHoOBHAasI JIUTEpaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHMK ISl CpEeIHEro MpoQecCHOHaIbHOro obpa3oBaHus /
H. B. boromornos, II. U. Camoiinenko. — 5-¢ u3g., mepepad. u porn. — Mocksa : U3narensctBo FOpaiit, 2021. —
401 c. — (Ilpodeccuonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 53neKTpOHHBIA //
O6pasoBarenbHas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka ist KoJUIeIpkel : yaeOHOe mocoOue Il CpeqHero MpogeCcCHOHATFHOTO
obpazoBanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakumeit H. II. Kpemepa. — 10-e
u3n.,, mepepad. u jgom. — MockBa: WsmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonansHoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIN // ObOpa3oBarenmbHast miatrdopma FOpaiit
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMud B 2 4. Yacts 1 : ydeOHOe mocobue st
cpeanero npodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronanpaoe odpasoBanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpoHHblii // O6GpasoBarenbHas miardpopma fOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yactp 2 : y4eOHOe mocoOHe s
cpenHero mnpogeccuoHansHoro obpasoBanusi/ H. B. boromonoB. — 2-e m3a.,, wuenp. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09135-9. —
Tekcr : anexTpoHHblt // Ob6pasoBarenbHast wiardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHHE BONPOCOB (TE3UCHO W3JIOXKUTH OCHOBHOE COAEP)KAaHHUE paccMaTpHUBaeMBIX
BOTIPOCOB)

3.1. Ucnoan30BaHue KOMOMHATOPHMKH JIJISl MOACYETA BEPOSITHOCTH.

CHavasa Mbl HCIIOJIb3yeM KOMOMHATOPUKY NMpH HaxokaeHuH N — KoJMuecTBa BCEX MCXOJOB ombiTa. Bo
BTOPOi#l pa3 komOumHaTopuka HyxHa npu HaxokaeHud N(A), mpuuem 3TO yKe, Kak MpaBHio, Oojiee CIOKHAS
KOMOHMHATOpPHKA.

[Tpumep. 13 xomoss! B 36 kapT cirydaifHBIM 00pa3oM BBITACKHMBAIOT TPH KapThl. KakoBa BEpOSTHOCTH TOTO,
YTO CPEAN HUX: a) HET MMKOBOM JaMebl; 0) ecTh MUKOBast pama?

Pemenne. ¥ Hac nmeeTcss MHOXKECTBO U3 36 3JIEMEHTOB — UIPAIBHBIX KapT. MBI IPOM3BOANM BBIOOP Tpex
JJIEMEHTOB, TIOPSAJOK BHIOOpPa HE BaKEH. 3HAUWT, MMEETCS HMCXOAOB. byneMm neicTBOBaTh IO KJIACCHYECKOH
BEPOSTHOCTHOH CXeMe, T. €. IPEeIoNararb, 4To BCE 3TH UCXO/bl PABHOBEPOSTHBI MEXIy COOO.

a) Cpemu Bcex N HMCXOmOB HaM cClielyeT COCUMTaTh T€, B KOTOPBHIX HET NHKOBOW JaMbl (CoObITHE A).
[TosTOMYy OTJIOXKMM JjaMy NHUK B CTOPOHY W OyzneMm BBIOMparh TpU KapThl M3 octaBmmxcs 35 kaprt. [lomydarcs Bce

N(A) =

2
MHTEPECYIOIINE HAC BAPHUAHTEHIL: C““‘. OcTanoch BEIYUCIUTH HYKHYIO BEPOSITHOCTD:
Pay=NA _C _ 35 333 _33_11
N ¢, 3.32 36 36 12
[Tpu BeruMCIeHUAX MBI yaiId, uro 33! =1-2-3-...-32-33=321-33,a36!=1-2-3-..-35- 36 =35! -36.
0) BoluuciuM — BEpOSTHOCTh  MPOTHBOIONOKHOTO coObITHs A (ecth gama muk) 10 Qopmyle

P(A) =1~ P(d) = 35.

3.2. lIpousBeneHue coObITHIL. BeposiTHOCTH CyMMBI IBYX COOBITHIA.
JlBa cOOBITHS Ha3bIBAIOTCS COGMECHIHBIMU, CCIH TIOSABICHHE OJHOTO M3 HHMX HE HCKIIIOYAET IIOSBJICHHE
ApYyroro B OAHOM M TOM K€ UCIIBITAHUU.


https://urait.ru/bcode/469433
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JlBa cOOBITHS HA3BIBAIOTCSI HECOEMECHIHBIMU, SCIH TIOSBICHHE OJHOTO M3 HHUX HMCKIIOYAET IIOSBICHHE
JpPYTroro B OJHOM M TOM € HCIIBITAHUH.

JlBa coObiTust A ¥ B Ha3bIBAIOTCS HE3AGUCUMBIMU, €CII BEPOSTHOCTH MOSBICHUS Ka)KAOTO M3 HUX HE
3aBUCHT OT TOTO, MTOSIBUIIOCH IPYrO€ COOBITHE HIIH HET.

B mpoTtuBHOM Citydae coObITHA A U B HAa3bIBAaIOT 3aBUCHMBIMH.

Teopema 16.1. BeposSTHOCTE CyMMBI IByX HECOBMECTHBIX COOBITHIA 4 W B paBHa CyMMe BEpOSTHOCTEH
9TuX cobbiThil: P(4 + B) = P(4) + P(B).

Touno Tak >xe (opMmynmupyercs Teopema M sl Jr000ro KOHEYHOTO YHCIJA IIONApHO HECOBMECTHUMBIX
COOBITHIA.

Cneocmeue. Cymma BEpOSTHOCTEN MPOTHBOMOJIOKHBIX cOObITHI A M A paBHa equnune: P(4) + P(A) = 1.

ITycte A 1 B — 3aBUCHMBIE COOBITUS. YC108HOU 6eposamnocmpio cOOBITUS B Ha3bIBaeTCSI BEPOSTHOCTH
coObITus B, HaliieHHast B NPEIIOJIOKEHNH, YTO COObITHE A YKEe HACTYITHIIO.

Teopema 16.2. BeposTHocTs MpoOW3BEACHUS IBYX 3aBHUCHMBEIX COOBITHH 4 W B paBHa MPOU3BEICHHUIO
BEPOATHOCTH OJHOTO M3 HHUX HA YCIOBHYIO BEPOSTHOCTH APYroro, HaiACHHYIO B IPEIIOIOKEHHH, YTO MEPBOE
COOBITHE YK€ HACTYIIHUIIO.

Teopema 16.3. BepoarHOCTs IIpOU3BEACHUS OBYX HE3aBHUCHMBIX COOBITHH 4 W B paBHa IPOU3BEICHUIO

BeposITHOCTeit a1nX cobbitnit: PAB) = PIAP(B). (2)
Teopema 16.4. BeposSTHOCTb CyMMBI JIByX COBMECTHBIX COOBITHH 4 U B paBHa CyMMe BepOSATHOCTEH 3THX
COOBITHI MUHYC BEPOSITHOCTD UX IPOU3BEICHUS:

P(A + B) = P(A) + P(B) — P(A)P(B).
Ecnu coObITHs 4 ¥ B HECOBMECTHMBI, TO HX TIPOU3BEICHNE 4B — HEBO3MOXKHOE COOBITHE U, CIIEIOBATEIbHO,
P(4B) =0, 1. ¢. PLA + B) = P(A) + P(B)

3.3. HezaBucumocTth co0biTHii. He3aBucHMBbIe TOBTOPEHUS HCIBITAHUI.

Onpeodenenue. CobbiTia A u b Ha3pIBalOT HE3aBUCHMBIMH, €CIIHM BEPOATHOCTh MX IIPOU3BEICHUS paBHA
MPOM3BEICHHIO BepOsiITHOCTEH THX coObITHi: P(AB) = P(A)P(B).

OTanyuTenbHas 0cOOEHHOCTh MHOTHX BEPOSTHOCTHBIX 3a/]1a4 COCTOUT B TOM, YTO HCIBITAHUE, B pe3yJbTare
KOTOPOTO MOXKET HACTYMHUTh MHTEPECYIOIee HAac COObITHE, MOXKHO MHOTOKPATHO MOBTOPSATh. B KaKIOM M3 Takux
MOBTOPEHUI HAac HMHTEpecyeT BOIPOC O TOM, IPOM30MAET WM He Npou3oiineT 3To coObiTHe. A BO Bceil cepuu
MOBTOPCHNH HaM BaKHO 3HATh, CKOJBKO HMMEHHO DPa3 MOXKET IPOW3OUTH MM HE MPOU3OWTH 3TO COOBITHE.
Hanpumep, urpansbiii KyOuk Opocuinu JecaTh pa3 moxapsana. KakoBa BEpOsSTHOCTh TOTO, YTO «UETBEPKA» BBIMAIET
poBHO 3 paza? [IpousBenerHo 10 BEICTpenoB; KakoBa BEPOSATHOCTH TOTO, YTO OyIEeT pOBHO § IMOMAaHWi B MHIICHb?
Wnn xe kakoBa BEPOATHOCTD TOTO, YTO MPH IIATH OPOCAHUIX MOHETHI «OpeID» BHINAIET POBHO 4 pa3a?

[Befiiapckuii maremaruk Hadaina XVIII Beka ko0 bepHymmn oObeqMHMIT MPUMEPHI H BOIPOCHI TaKOTO
THUIIA B €AMHYIO BEPOSITHOCTHYIO CXEMY.

ITycTs BEpOSITHOCTH CiTydaifHOro COOBITHS A IpH MPOBEIEHUHM HEKOTOPOTO UCHBITaHUS paBHa P(A). bynem
paccMaTpUBaTh 3TO HCIBITAHHE KaK HCIBITAHHWE TOJBKO C JBYMS BO3MOXXKHBIMH HCXOAAaMHU: OJHH HMCXOJ| COCTOUT B
TOM, YTO COOBITHE A MPOU30MIET, a APYroi UCXOJ COCTOUT B TOM, YTO COOBITHE A HE MPOU3OUIET, T. €. MPOU3OUIET
cobbite A. JIysl KpaTKoCTH HAa30BEM MNEPBbIA MCXO/ (HACTyIUIEHHE COOBITHS A) «yCIIEXoM», a BTOPOH HMCXOM
(HacTyruieHue cobbiTus A) «Heynaueii». BepostHocth P(A) «ycniexa» 0603Ha4uM p, a BeposaTHOCTh P(A) «Heymaun»

g=PA)=1-PA)=1-p.

0003HaYMM (. 3HAYUT, .
Teopema 16.5. (treopema Bepuymun). ITycts Pn(K) — BeposiTHOCTh HacTyruieHust poBHO K «ycrexoB» B N
HE3aBHUCHMBIX IIOBTOPEHUSIX OJJHOTO U TOTO e UCIBITaHud. Torma

}’.(k)B C:‘P.‘Q'_.v

TJIe p — BEPOSTHOCTD «yCIieXa», a = | — p — BEPOSATHOCTh «HEYJIaun» B OT/IEJIHbHOM UCTIHITAHUU.



Il cemectp

Jleknus Ne 1 (2 yaca)

Tema: «IloHsATHE YMCTIOBOI OKPYKHOCTH»

1 Bonpocs! Jekuun:

1.1. EauHu4YHAas OKPY’KHOCTb.

1.2. YmucnoBasi OKpPYKHOCTH Ha KOOPAMHATHOI MJIOCKOCTH.

2 Jluteparypa.

2.1. OcHoBHAasl JUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK ISl CpeaHEro MpoQecCHOHaIbHOro o6pa3zoBaHus /
H. B. boromornog, II. U. Camoiinenko. — 5-¢ u3g., mepepad. u porn. — Mocksa : U3narensctBo HOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe oOpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : onexTpoHHBIH //
O6pasosarenbhas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka st KoJUIe[pkeH : yaeOHOoe mocodue Uit CpeHeTo MpoeCCHOHATFHOTO
obpazosanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakumeit H. II. Kpemepa. — 10-e
u3n., mepepab. u  gonm. — MockBa: WzmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccmonansuoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIN // ObOpa3oBarenpHast iatdopma FOpaiit
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoIHUTeJILHAS JINTeparypa:

2.2.1. boromono H. B. Maremaruka. 3amaun c¢ perieHusMu B 2 4. Yacte 1: ydeOHOe mocobue st
cpeanero mpodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronansaoe odpazopanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTponHbIi // O6Gpa3osarenbhast miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMd B 2 4. Yacth 2 : ydeOHOe mocobue st
cpenHero mnpodeccuoHanbHOro obpasosanus/ H. B. boromonoB. — 2-¢ wm3m., uwenp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09135-9. —
Tekct : anexTpoHHblt // Ob6pasoBarenbHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepxaHHe BONPOCOB (TE3UCHO H3JIOKUTh OCHOBHOE CONCPIKaHHE pPaccMaTpHBACMBIX
BOTIPOCOB)

3.1. EAuHNYHAas OKPY’KHOCTb.

Bynem cunTarh OEroBylo JOpPOXKKY CTaJuOHa OKPYXHOCTHIO. [lo OeroBoi JOpOXKKE CTaJHOHA MOXKHO
npoOexarh WM MPOUTH MyTh JIIO00H AJNMHBL 3HAYHT, JTIOOOMY MOJIOKHTEIBHOMY YHCIY COOTBETCTBYET Kakasi-TO
TOYKa — (((I)I/IHI/IIH JUCTAHLIUN. Bonee TOro, u J'IIO6OMy OTPHUIATCIIBHOMY YUCTTY MOXHO IIOCTAaBUTH B COOTBECTCTBUE
TOYKY OETOBOM JOPOXKKU CTaJHOHA, MPOCTO CIIOPTCMEH JOJDKEH OeXaTh B MPOTHBOIOJIOXHOM HamlpaBieHUH (T. €.
CTapToOBaTh M3 A He B HaNpaBlICHWM NPOTUB, a B HANIPABICHHUHU IO 4acoBOW cTpeinke). Torma GEroByro JOPOXKKY
CTaJOHa MOXKHO pacCMaTpUBaTh Kak YUCIIOBYIO OKPY)KHOCTb.

B npuHIumne mo6yr0 OKPYKHOCTh MOXKHO paccMaTpUBaTh Kak YMCIOBYHO, HO YIOOHEe BCEro MCIOIb30BaTh
JUISL OTOW LICNTM €IMHUYHYIO OKPY)KHOCTb — OKPYXKHOCTb, pagiyc KOTOPOW NPHHUMAETCS 32 AUHUILY U3MEPCHUSL.
Oro Oyner Hara «Oeropasi TOpoxkay, ee umHa | pasaa 2R (3meck R = 1), uto cocrasnseT npumepHo 6,28.
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MBsI Bce BpeMs OyzieM TOJIb30BaThCsl €MHNYHON OKPY)KHOCTBIO, B KOTOPOH ITPOBEJCHBI TOPU30HTAIIBHBIN 1
BeprukanbHeid muamerpsl CA u DB. Yenosumces HaswsiBath nyry AB (puc. 40) mepBoii yetBepthio, myry BC —
BTOpPOi1 4eTBepThio, Ayry CD — Tperneil ueTBepThio, Ayry DA — deTBepToit deTBepThio. [IpH 3TOM, KaKk IpaBmIIo,

= . 2m, T. &, %
Touek A u B. JliinHa KaXx/10M 4eTBEPTH €IMHUYHOMN OKPYKHOCTH paBHA

VYcnoBuMmcs B OBYXOyKBEHHOM OOO3HAu€HHM TYTH Ha TEPBOM MECTE MHCaTh OYKBY, COOTBETCTBYIOIIYIO
Havajy Jyr'H, a HA BTOPOM — OYyKBY, COOTBETCTBYIOLIYIO KOHILY AYTH, IPUYEM JIBI)KEHHUE 110 OKPYXHOCTH OT Hadajia
JOYTH K ee KOHIly OyJeM OCYIIECTBISTH B HalpaBJICHUM MPOTHUB 4acOBOW crpenkd. Toraa MeHbIIas U3 ABYX AVT,
COCIMHSIIONINX TOYKH A U B, 0 KOTOpBIX MBI TOBOPHIIN BBIIIE, — 3TO xyra AB, a Gonbrras — 3to ayra BA.

Onpenenenve. /laHa equHUYHAs OKPY>KHOCTb, Ha HEM OTMEYEHAa HayalbHass TOYKa A — TpaBblii KOHEIl
TOPU30HTANIBHOrO quaMmerpa. [locTtaBuM B COOTBETCTBUE KaXKIOMY ACUCTBUTEIBHOMY YHCIY t TOUKY OKPY>KHOCTH 110

cllelyonieMy IpaByILy:
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1) Ecmu t >0, To, IBUTAsACH M3 TOYKM A B HAalpaBICHWH MPOTHB YaCOBOW CTPENKH (IIOJOKHUTEIBHOE
HampasiieHHe 00X0#a OKPYKHOCTH), OTHIIEM IT0 OKPY)XHOCTH IyTh AM mmunOit t. Touka M m Oymer nckomoit
Toukoi M(t).

2) Ecm t <0, To, IBUrasCh W3 TOYKM A B HANpPABICHWH II0 YaCOBOM cTpelike (OTpHUIATENsHOE
HarpaBlieHHe 00X0/a OKPYXKHOCTH), OIHIIEM IO OKPYXXHOCTH Iyt AM mmHO# |f|. Touka M u OymeT MCKOMOM
Toukoi M(t).

3) Uwucny t =0 moctaBuM B COOTBETCTBUE TOUKy A; A = A(0).

EnMHUYHYI0 OKPY)KHOCTh C YCTAQHOBJIECHHBIM COOTBETCTBHUEM (MEXIY ACHCTBUTEIBHBIMH YHCIAMH U
TOYKaMH OKPY>KHOCTH) OyJieM Ha3bIBaTh YHCIOBOH OKPY)KHOCTBIO.

OCO0EHHO 4YacTO NPHUXOJUTCS HMCKaTh Ha YUCIOBOW OKPY)XKHOCTH TOYKH, COOTBETCTBYIOIIME YHCIaM
LA 5 3x 2z O
647 3% 2y, KpaTHBIM UM, T. €. 6’ 47372 1. [osTroMy HaM OYCHP NPUTONATCS JBA MakeTa
YUCJIOBOU OKPYKHOCTH.

[IEPBBIA MAKET. Kaxas u3 YEeThIPEX YEeTBEPTEl UMCIOBON OKPY>KHOCTH pasfielieHa Ha JIBE pPaBHBIC
YaCTH, M OKOJIO KaX0i U3 UMEIOIIUXCS BOCBMH TOYEK 3aMUCaHo ee «ums» (puc. 41).

BTOPOI MAKET. Kaxas u3 4eThIpeX UeTBEPTEHl UHMCIOBOH OKPYKHOCTH pa3ielicHa HA TPH PaBHbIC
YJaCTH, U OKOJIO Ka)I0¥ W3 MMCIOIIMXCS IBCHAAATH TOUEK 3aIMHCaHO ee «uMsD» (puc. 42).
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Y‘ITI/ITC, YTO Ha 000MX MaKeTaX MBI MOIJIM ObI 3aJaHHBIM TOYKaM HPUCBOUTH JAPYTrUC «MMCHA». TaK, quciy

n

L]
4 COOTBETCTBYET CCpCAWHA I-IeTBepTOI‘/’I YETBEPTHU. DTo#l TOYKe Ha TIEPBOM MAaKETE IMPUCBOCHO HMHA 4 , HO, KakK
L]

BHUJIUTE, Mbl MOIJIM IIPUCBOUTH €1 U UM 1 Boo0riie, eciii ABUraThCs 10 MEPBOMY MaKeTy U3 Touku () 10 4acoBoi

CTpeHKe, HOJ'Iy‘II/IM JJIsL NMCHOIIIUXCA Ha qepTeme BOCbMH TOYCK COOTBCTCTBCHHO 0,
K n 3n 5n 3rn n
Er L i S e Sl iy
. AHaNOTMYHO, €CIHM ABHUTATHCSA [0 BTOPOMY MakeTy W3 Todku 0 mmo
I
. —% s
YacOBOW CTpeNKe, MOIYYMM JUII WMEIOMIMXCS Ha YepTeXe MBEHAANATH TOYEK COOTBETCTBEHHO O, 6

n n 2n 51 11x
B L i w5 A e

Wrak, Ha 4YUCIOBOM OKPYXKHOCTH, KaK M Ha YHUCJIOBOM IPAMON KaXIOMY JCUCTBUTEIBHOMY YHCIY
COOTBETCTBYET OJJHA TOYKa (TOJIbKO, pa3yMeeTcs, Ha MPsIMOM ee HalTH jierde, yeM Ha OKpyxHocTH). {7t unucioBoi
IPsIMOM BEPHO U 00paTHOE: KaXJasi TOYKa COOTBETCTBYET €IMHCTBEHHOMY YHCITY. J{JIsl YHMCIIOBOM OKPYKHOCTH TaKoe
YTBEPXICHHE HEBEPHO: BHIIIE MBI HEOJHOKPATHO YO€XKJAJIUCH B 3TOM.

JUis 4UCIOBOM OKPYKHOCTH CIPABEAIMBO CIEIYIOIIEE YTBEPXKICHHE.

Ecnu Touka M 4HCI0BO# OKPYKHOCTH COOTBETCTBYET YHCITY t, TO OHA COOTBETCTBYET M UHMCIy BuJa t + 27k,
rae k — nroboe nesoe yucio.

3.2. YucJioBasi OKPY:KHOCTb HA KOOPAMHATHO# MJIOCKOCTH.

Pacnoioxum OKpYXKHOCTH B JE€KapTOBOW MPSMOYTOIBHOM crucTeMe koopamHat x(Oy Tak, Kak ITOKa3aHO Ha
puc. 43: IEHTp OKPYKHOCTH COBMEIICH C HAYaJIOM KOOPIMHAT, PaINyC OKPYXHOCTHU IMPHUHUMAETCS 38 MAaCIITaOHBIN
oTpe3ok. HauanpHas Toduka A YHCIOBOM OKPYKHOCTH COBMEIIEHA C TOYKOW Ha ocH Xx. [Ipw 3TOM Kakjaash TOuka
YHCIIOBOH OKPY)KHOCTH UMeeT B cucteMe x(Jy CBOM KOOPAMHATHI, IPUYEM: y TOUEK IepBoit yeTBepTd — X > 0, y> 0;
y Touek Bropoi detBept — X < 0, y > 0; y Touek Tperbeit guerBeptd — X < 0, y < 0; y TOUEK 4eTBEpTOi YeTBEPTH
— x>0, y<0 (puc. 43).
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Jist mo60ii Touku M(X; y) YMCIIOBOH OKPY>KHOCTH BBITIOJIHSIOTCSI HEPAaBEHCTBA: lexsli-l<y< L

HetpynHo cocTaBuTh ypaBHEHHE YHCIOBOH OKPYKHOCTH. JIJIsI 3TOTO 3aMEeTHM, BO-TIEPBBIX, YTO LEHTPOM
OKPY>KHOCTH CIIY’KUT Ha4aj0 KOOPJHMHAT, a8 yPaBHECHNE OKPY)KHOCTH C IIEHTPOM B Hadajie KOOPJHHAT U pagumycoM R
umeeT B X2 + y? = R% 3amernM, BO-BTOpPBIX, 4T0 R = 1, 3HAa4MUT, ypaBHEHHE YMCIOBON OKPYKHOCTH MMEET BH]
x*H+y? = 1.

Ham BaXHO HaydHWThCS OTHICKMBATh KOOPAMHATHI TOYEK YHCIOBONH OKPYXHOCTH, IPEKAE BCETO TeX,
KOTOpBIC IPEACTaBICHBl Ha IEpBOM U BTOpoM MakeTax (puc. 41, 42). HauhemM c Touek NepBOro MakeTa:
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Puc. 44
n
M'L I
Touka - cepenuHa mepBoi uyeTBepTH. OMyCTHM M3 TOUKM NEpHEHIUKYIsAp Ha mpsamyo OA u

- o
paccmotpum TpeyronbHuK OP (puc. 44). Tak xak ngyra AM; cocTaBiseT NMOJOBHHY Iyru AB, To LAOM, = 45 g
3nraunt, OM1P — paBHOOEAPEHHBINH PSAMOYTONBHBIA TPEYTONBHHK; ero kareTsl OP u M1P paBHbI, T.e. y Touku M1
abcuucca ¥ opAWHaTa paBHBL: X = y. KpoMe TOro, koopauHarsl TOYKH M1 (X; y) YIOBIETBOPSIOT ypaBHEHUIO

okpyxkHOocTH X2 + y2 = 1. Takum 00pa3oM, JUIs OTBICKAHHMSI KOOPIAMHAT TOYKH Mi HyXHO DEIIUTh CHCTEMY
ypaBHEHU

x =y
¥ +y =1,

1
HOI[CTaBI/IB X BMECTO Yy BO BTOpPOC YPAaBHEHUE CUCTEMBI, ITOJTYUUM: ;2

1
x2+x‘=1:x’=5;x

V2

y==5-
(MBI y4iH, 4To abcuncea TOUYKH M1 OJIOXKHUTENbHA). A Tak Kak y = X, TO U 2

m(3)= (35 %)

n|&

HUrak,

()=~ 7)

. 4 % 5
Ho, yurs, uto Bo Bropoii uetBeptH X < 0, 2 y > O, nenaeM BLIBOJL:
Tabauna 1
Touxa oxpy>KeEOCTH
x| x| 3n 5 | 3x | Tx
12|12l T | ™| % 2 : |2
AGcuucea x 1 ﬁ 0| - -\@ -1 - iﬁ;‘- 0 I@_ 1
2 2 2 2
2 2 N2 | |2
Opannara y 0 5 1 2 0 ) ) 0




AHAIIOTUYHO HAXOJSIT KOOPAWHATHI TOUEK, N300paKeHHBIX Ha BTOpOM Makete. [lomydaem tabmmmy 2:

Tadbnupa 2
Touxa OKPY»KHOCTH

s x 2r | 5=z Tx | 4n | 5z | 1lx

6 3 3 6 6 3 3 6

¥3 | 1L |1 | 3| 8|1 |1 |48

Acrmesr 1 | 2 T2l "2 7] |
1 J8 | 3 | 1 |-1]| 48| 43]_1

Opmmmaray | 3 | 5 | S |2 |2 |2 | 2|2

Jlekuus Ne 2 (2 yaca)

Tema: « Tpuronomerpuyeckue pyHKuun»

1 Bomnpocsl JeKnuu:

1.1. Omnpenenenne cuHyca, KOCHHYCA, TAHT€HCA U KOTAHTEHCA.

1.2. Tpuronomerpuueckue GyHKIHH YHUCITOBOTO aPryMeHTa.

2 Jlutepatypa.

2.1. OcHoBHas1 JUTepaTypa:

2.1.1. boromonoB H.B. Maremaruka : y4eOHHMK sl CpeaHEro mpodeccHoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnenko. — 5-e¢ u3m., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (IIpodeccnonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 531eKTpOHHBIA //
O6pazoBarenbHas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka 1jist KOJUIe/pKeH : yueOHOe mocodue it CpeHero mpoheCcCHOHaIBLHOTO
obpazosanus / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox penakuueit H. III. Kpemepa. — 10-¢
u3n., nepepab. u gom.— Mockea: HM3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHslid // OOpa3oBatenbHast miardopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEJILHAS JINTEPATypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHusMu B 2 4. Yacte 1: ydeOHOe mocoOme mis
cpennero mpodeccuoHansHoro obpasosanusi/ H. B. boromonoB. — 2-¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obOpa3osanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTpoHHblt // Ob6pasoBarensHas riardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ permeHussMH B 2 4. Yacte 2 : y4eOHOe mocoOue st
cpennero mpodeccronansHoro obpasosanusi/ H. B. boromonoB. — 2-e¢ wu3a., wucnop. u gon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronansaoe odpasoBanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miardpopma fOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kpartkoe cojaepxaHue BOMPOCOB (TE€3MCHO H3JIOKUTH OCHOBHOE COJEpKAHHE pPacCMaTpUBAEMbIX
BOTIPOCOB)

3.1. Onpenenenne cuHyca, KOCHHYCa, TAHT€HCA U KOTAHTE€HCA.

Onpeodenenue. Ecin Touka M 4HCIIOBOIl OKPYKHOCTH COOTBETCTBYeT 4HCIy t, TO abciuccy Touku M
Ha3bIBAIOT KOCHMHYCOM YHucia t 1 0003HAYAIOT COS t, @ OpANHATY TOYKH M HA3bIBAIOT CHHYCOM YHCIIA t U 0003HAYAIOT
370 Sin t.

Urak (puc. 45)

ecomm M(t) = M(x; y), To
x=cos t,

y=sint.

Orcioa ClielIyet, 4to -1<sint<1,-1<cost=< 1.
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Puc. 45
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Omnpenenenne. OTHOIIEHNE CHHYCA YMCJAa t K KOCHHYCY TOTO K€ YHCJIa Ha3bIBAIOT TAHTEHCOM YHCIA t H

obo3navator tg t. OTHOIIEHHE KOCHMHYyCa 4Hcia t K CHHYCy TOTO K€ YHC/ia Ha3bIBalOT KOTAHTCHCOM 4ucia t U
o6o3Hayaror Ctg t.

sint cos t
costs ct&t= gy

T'oBops o tg t, noppasymeBaror, uTo cos t # 0, a roBops o ctg t, mogpa3zymeBarot, uto sin t # 0.

MpI 3HaeM, 4TO KaxKJasi TOUKa YUCIOBOM OKPYKHOCTH UMEET B cucteme x(Jy CBOU KOOPAUHATHI, IPUYEM: Y
TOUEK MepBoi uerBepTH X = 0,y=0 ; Yy TodeKk BTOpoii ueTBepTH * = 0,y=0; y TOYEK TPEThell 4eTBEpPTH
x =0,y <0: yrouex gereproii uerseprn ¥ = 0, ¥ < 0

3T0 MO3BOJIIET HAM COCTaBHTh COOTBETCTBYIOINYIO TaONHWIy 3HAKOB CHHyCa M KOCHHYCa IO YETBEPTAM
YHUCIJIOBOM OKPYKHOCTH:

Yerseprs OKPYHHOCTH
1-a 2-5 3-5 4-51
cos t - - - +
sint + + - -
tgt, ctgt + - + -
Mbl  3HaeM, YTO ypaBHEHWE YMCJIOBOW  OKDYKHOCTH uWmeeT Bua x> + y> = 1,
Tem caMbIM (haKTHUECKHU MOTYYCHO BaXKHOE PABEHCTBO, CBsi3bIBarolee Sin t u cos t:
cos® t + sin® £ = 1.
Ha ocHoBaHmm TaOmuI[ W3 TMpenbiayniero maparpada COCTaBHUM COOTBETCTBYIOINME TaOMHIIBI IS
BBIUKCIICHUS 3HAYEHUH cOS t ¥ sin t.
t ks kg 3r 5r | 3x | Tx
= 4 2 4 * 1 2 4 2x
V2 2| |2 V2
i IR & A Kl i el i i B G 7 s
J2 2 2| | 2
mel ¢ ISF 1l ¥ F|¥IPF| IR
t| = n 2r 5z I 4n S5t | llz
6 3 3 6 6 3 3 6
v | L | -1 | 3| 3] -1 | 1 3
st | 5| 2 2 |2 J[z: 2 | 2 ’zC
i 1 3 3 1 | 1 | _ 8 |_48]_1
il 2 2 2 g 7% |77 |79
3Haﬂ 3HAUYCHUA CI/IHyca nu KOCI/IHyca, HC pr)IHO BBIYHUCJIINTHb 3HAYCHUA TAHI'CHCA U KOTAHI'CHCA.
t x g = =
0 6 1 3 2
tgt 0 33@ 1 J3 -
ctgt — J3 1 % 0

PaccMoTpuM cBOWCTBa cHYCa, KOCHHYCa, TAHTEHCA U KOTAaHTCHCA
CaoiictBo 1. st 1r000r0 3HaYeHus t cripaBeyIMBBI PaBEHCTBA!

sin (—=t) = —sin t; tg(—t)=—tgt;

cos (—t) = cos t; ctg (—t) = —ctg t.

CBoiicTBo 2. /{51 mo6oro 3HadeHus t cripaBeIsTUBBI PAaBEHCTBA:

sin (t + 2nk) = sin ¢;
cos (t + 2nk) = cos t.

OTO 0UEBHIHO, MOCKONBKY UUCHaM t U t + 27K COOTBETCTBYET O/IHA U Ta JKE€ TOUYKA YUCIOBOI OKPYKHOCTU
CaoiicTBo 3. [l 11000T0 3HAYESHUS t CTIpaBEAJIMBEI PABEHCTBA:

sin (t + %) = —sin t; tg(t+m)=1tgt;

cos (t + ) = —cos t; ctg (t + n) = ctg ¢.

CsoiicTBo 4. /11151 m000T0 3HaYCHUS t CIIPaBENIUBO PABEHCTRO:



sin (t+%] =cos t;

cos (t+§) = —sin t.

Wrak, ecnu 4mciny t COOTBETCTBYET Ha YHCJIOBOM OKPYXHOCTH Todka M, To, mpoBens mpsimyio OM,
TIOJTyYHM B TIEPECEUCHUH €€ ¢ YUCIOBOM mpsmoii | Touky P, koTopast nMeeT Ha 4nciioBoit npsmoit | koopmuHary tg t.
Yuciosyto npsmyto | HaseiBaroT nuHueH TaHreHcoB (puc. 46). C MOMOIIBIO JTMHUK TAHTEHCOB MOKHO pPEINarh M
o0paTHyto 3a/1ady: 3Hasl 3HAYCHHUE TAHTCHCA, HAITH HA YHCIOBON OKPY>KHOCTH COOTBETCTBYIOIINE TOUKH.

T ]
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AHAJOTHYHO MOXXHO BBECTH B PACCMOTPEHHUE JIMHUIO KOTAHTeHCOB (pHc. 47).

3.2. TpuronoMerpnyeckue (pyHKIMHN YUCIOBOT0 APryMEHTA.

Kakoe Obl [eficTBUTENBHOE 4YHCIO t HU B3STh, €My MOXKHO IIOCTaBUTh B COOTBETCTBHE OJHO3HAYHO
ompezeNneHHoe Yrcio Sin t. IIpasaa, mpaBUiIo COOTBETCTBHS JOBOJIBHO CIIOKHOE H 3aKJIIOYACTCS B CIIEAYIOLICM.

YroOb!I 1o uncity t HaliTH 3Ha4YeHue sin t HyXKHO!

1) pacmoJOKHTh YHCIOBYI OKPYXHOCTh HA KOOPIMHATHOM IUIOCKOCTH TaK, YTOOBI IIEHTP OKPYKHOCTH
COBITAJI C HAYAJIOM KOOPJHMHAT, a HadaJbHasl TOYKAa A OKPY)KHOCTH nonaina B Touky (1; 0);

2) Ha OKPY)XHOCTH HaifTH TOYKY, COOTBETCTBYIOLIYIO YUCHY t;

3) HaiiTu opAMHATY 3TOM TOUKH.

OTta opAMHATA U €CTh Sin t.

@aktryecku pedb HAeT o (GyHKIUHM s = sin t, rae t — mro0oe aeiicTBUTENBEHOE YHCIO. MBI ymeeM
BBIYHCIIATH HEKOTOPBIE 3HAYEHUS 3TOH (DYHKIMHU, 3HAEM HEKOTOPHIEC €€ CBOMCTBA.

To4HO Tak ke MBI MOYKEM CUMTATh, YTO Y)KE MOIYYUIIM HEKOTOPBIE TIPEJICTABICHHUS elle O TpeX QYHKIHMAK: S
=cost,s=tgt, s =ctgt. Bce 3TH pyHKINU HA3BIBAIOT TPUTOHOMETPUUECKUMH (DYHKIIUSIMU YUCIIOBOTO apryMeHTa t.

EcTh uenblii psiji COOTHOIIEHHH, CBS3BIBAIOIINX 3HAYEHHs PA3IMUHBIX TPUTOHOMETPUYECKUX (DYHKIHH.
Hexotopble U3 3TUX COOTHOLLEHUN BbI YK€ 3HaeTe:

sin*t + cos®*t = 1;

sin t T
tgt= o7 nput¢§ + nk;

t
ctgt=%:ﬁ npu t # nk.

W3 nByx mocieaHux GpopMyI JIETKO MOIY4YHUTh COOTHOIIECHHE, CBS3bIBAatoONIee tg t 1 ctg t:

tgt-ctgt=1nput= 2

He tpynHo BBIBeCTH erie aBe POPMYIIBI:

1+t.g’t=c—‘;17nput¢%+nk;

l+ctg’t=sT:rt- npu t # nk.

Bce ykasanHble (OpMydbl HCIONB3YIOTCS B TeX CIHydasX, KOrnga, 3Has 3HAYeHUE KakKoi-1u0o
TPUTOHOMETPUIECKOH (YHKINH, TPEOYeTCsS BEIYUCIUTD 3HAYEHUS OCTAIBHBIX TPUTOHOMETPUIECKIX (PYHKITHH.

Jlexkuus Ne 3 (2 yaca)
Tema: «IIpocreiiliue TPUroHOMeTpHUYECKHEe (POPMYJIbD)
1 Bonpocs! Jekuum:

1.1. TpuroHomerpuueckue GyHKIHH YIJI0BOIO apryMeHTAa.
1.2. ®opmyJsl npuBeaeHNS.
2 JIuteparypa.



2.1. OcHoBHas qUTepaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK IS CpEeIHEro MpOoQecCHOHaIbHOro obpa3zoBanus /
H. B. Boromomnog, I1. . Camoitnerxo. — 5-e¢ m3na., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonanpaoe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 5>neKTpoHHBIA //
O6pasosarenpHas wiatgopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. MaremaTnka 1t KOJUTeIDKeH | yaeOHOe mocobne sl CpeaHero MpoQecCHOHaTFHOTO
obpazosanus / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; nox penakuueit H. 1. Kpemepa. — 10-¢
u3n., nepepab. u  gon. — Mockea: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpasoBanue). — ISBN 978-5-534-05640-2. — Texkct : anexTpoHHbiil // OGpasoBarenbHas miardpopma FOpait
[caiir]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoHATeILHAS JIATEPATYpa:

2.2.1. boromono H. B. Maremaruka. 3amaun c¢ pemeHusMd B 2 4. Yacth 1 : ydeOHOe mocobue st
cpemaero npodeccroHambHOro obOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wucmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHsrit // O6paszosarensHast miardopma FOpaiit [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMu B 2 4. Yacte 2 : ydeOHOe mocoOme mist
cpemaero npodeccronambHOro oOpazoBanmsi/ H. B. BoromonmoB. — 2-¢ wm3m., wucmp. u gmom. — Mockaa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpazosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIt // O6GpasoBarenbHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kpartkoe coaepxaHue BOMPOCOB (TE3UCHO W3JIOKUTH OCHOBHOE COJEPKAHHWE pPacCMaTpUBAEMBIX
BOTIPOCOB)

3.1. Tpuronomerpuyeckue (pyHKIUHU YIJIOBOTO apryMeHTa.

Bospmem yronm c¢ rpagycHoil Mepod 0° M PacHoJOXKHM €ro B MOJENH «UUCIOBasg OKPYXHOCTh Ha
KOOPJMHATHON TIOCKOCTH» TaK, KaK II0OKa3aHO Ha PHCYHKE 48: BEpIIMHY yIJIa COBMECTHM C LICHTPOM OKPYXKHOCTH
(c Ha4aIOM CHCTEMBI KOOPIMHAT), 2 OJHY CTOPOHY YIIa COBMECTHM C ITOJIOKHUTEIBHBIM JIy4oM ocH adcrucc. Touky
HepeceyeHUs BTOPOIl CTOPOHBI yIla ¢ OKPYXKHOCThIO 0003HaunM OykBoii M. OpnpuHaty Toukn M ecTecTBEHHO
CYHMTATh CHHYCOM yTJIa 0°, @ a0CLIHCCY 3TOH TOYKH — KOCHHYCOM yTIJia o°.

7Y
B /
2 «
A N
.
C ot A
[@] x|
I \\ l/
A 7
D
Puc. 48

JIyist HaXOXKICHUST CHHYCA MJIH KOCHHYCA yIiia 0.° COBCEM HEOOs3aTeIbHO KaXKIbIi pa3 MPOBOAUTH MOJ00HBIE
noctTpoeHus. JocTaTouHo 3aMEeTUTh, 4TO ayra AM COCTaBJsIeT TaKyro JK€ YacTh CAMHUYHON OKPYKHOCTH, KOTOPYIO
yroi a° coctaBisieT oT yria 360°. Ecou quny nyru AM 0603Ha4uTh OyKBOH t, TO MOTYyUNM:

R

360 = 2n°

f o O
180 -

Takum obpazom,

ina% = gin = ain k. o _ 2.3
sino® =sint =sin yg5; cos0° =cost = cos ya5 -

Hanpumep,

sin30°=sin5-l-§:@” =sin% = -;—;
0

r- 90
cos 90° = cos ~yay" =cos% =0.
x
T'oBopsT, uTo 30° — 3TO rpagycHast Mepa yria, a 6 _ panuaHHasi Mepa Toro xe yria. Boobuie

o - T
o _mpaa.

B wactHOCTH,

1° = 155 pad.

Otcrona nomydyaeM
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VYron B 1° — 3T0 mEHTpaNbHBINA IO, OMUPAIOIIUIICS HAa AYTY, COCTABISIONIYI0 YacTh OKPYKHOCTH. YTOI B
1 paguaH — 3TO LIEHTPAJIbHBIN YIroJl, ONMPAIOUINIICS B €IMHUYHON OKPYKHOCTH Ha Iyry AJUHOMU 1, a B OKpYKHOCTH
MPOU3BOJIBHOTO pa3Mepa — Ha YTy, AJIHHA KOTOPOH paBHA Paguycy OKPYKHOCTH.

W3 popmyan 1 pad = -1870.; noayvaem:

1 pad = 57,3°.

3.2. ®opMy.JIbl NPUBEIEHHS.

Ecrn oz 3HAKOM TPHTOHOMETPHYECKOH dyHKIHHI COTEPIKUTCS BBIPKCHHE
Eie, Bopnet,n-1 2 4¢, By in 4
2 2 2 2 ¥ BooOIle N060E BHIPAXKEHHE BUIA 2 , Tme N —

NPOU3BOJIIBHOE LETI0€ YHCII0, TO TAKOE BEIPAXKEHHE BCEra MOXKHO MPUBECTH K Gosiee MpOCTOMY BHAY, IPH KOTOPOM
07T 3HAKOM TPUTOHOMETPHUIECKON (GYHKINHU OyIeT comepiKaThes TONBKO apryMeHT t. CoOTBETCTBYyIOmME (pOpMyIbI
00BIYHO HA3BIBAIOT (HOPMYIIAMU IIPUBEICHHUS.

be1 mpuaymaH TpoCTOM W yOOOHBIA cmoco0 HMX 3alOMUHAHMSA (MHEMOHHYecKoe mpaBwio). OH
3aKITI0YAETCS B CIICYIOIIEM.

1) ecnm mox 3HaKoM mpeoOpasyeMoll TPUTOHOMETPHUYECKON (YHKLIMH COACPKUTCA CyMMa apryMEHTOB
puga T+ &, Tt 20 + ¢ wim 2K — ¢ | 10 HauMeHOBAHNE TPUTOHOMETPHUECKOM (DYHKIIMH CIIELYET COXPAHHTE;

2) ecmu MOJ 3HAKOM MPeobpasyeMoil TPHTOHOMETPUUECKOW (DYHKIIMH COMCPIKUTCS CyMMa apryMEHTOB

x 3r

BUTa 2 2
U3MEHUTH (Ha POJCTBEHHOE);

3) nepen monydeHHOW (yHKIMEW OT aprymeHTa | Hag0 IMOCTaBUTH TOT 3HAK, KOTOPbIM HMena Obl

D<t< &,
npeoGpasyemas (YHKIHS IPH YCIOBHH, UTO 2
DTO MPaBHIIO MCIONB3YeTCs U B TeX CIydasx, KOIa apryMeHT 3aJaH B IPajycax, T.e. KOIZ[a MO 3HAKOM

TPUTOHOMETPUIECKOM (DYHKIIUH COMEPKUTCs cymma Buaa 90° + a, 90° - a, 180° + a u ..

+t.—"2——t. + t uam %—f

, TO HAWMMCHOBAHHEC TpPIFOHOMeTpI/I‘ICCKOﬁ (I)yHKLII/II/I cienyer

Jlexkuus Ne 4 (2 yaca)

Tema: «I'paduxu TpuroHoMeTrpuyeckux QpyHKUMI»

1 Bomnpocs! Jeknun:

1.1. ®yukuusy = sint, ee cBoiictBa u rpaduk.

1.2. ®yukunusa Y = COSt, ee cBoiicTBa U rpaduk.

1.3. Tlepuogm4HoCTh QPYHKIHIA.

1.4. Tocrpoenne rpadpuxos pyuxuuu y = mf(x) u y = f(kx), eciu u3Becren rpadpux pyukuuu y =
f(x).

1.5. ®dynkuum Yy =tgtmy = ctgt, ux cpoiicTBa u rpagukm.

2 Jlutepartypa.

2.1. OcHOBHAas1 JiUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpEIHEro MpoQecCHOHaTbHOrO obpa3zoBaHus /
H. B. boromomnos, I1. . Camoiinenko. — 5-e¢ usz., nepepad. u mon. — Mocksa : UsznarensctBo FOpaiit, 2021. —
401 c. — (IIpodeccuonanproe obOpa3zoBanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pazoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uist KoJUIe[pKel : yaeOHOe mocoOue Ul CpeJHETo MpodeCCHOHATFHOTO
obpazosanus / H. I1I. Kpemep, O. I Koncrantunosa, M. H. ®puaman ; nox pemakuumern H. 1. Kpemepa. — 10-e
u3n.,, mepepad. m jgom. — MockBa: MzmarensctBo [Opaiit, 2021. — 346 c.— (IIpodeccrnonansHoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHsiid // O6pazoBarenbHasi iardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoIHATEIbHAS JINTEPaTypa:

2.2.1. boromonos H. B. Maremaruka. 3amauu ¢ perreHusiMd B 2 4. Yacte 1 : yueOHOE mocobue mist
cpeanero npodeccronanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHslit // O6pazoBarenbHas miarpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonos H. B. Maremaruka. 3amaun c¢ pemeHusMd B 2 4. Yacts 2 : ydeOHOe mocobue uist
cpenHero npodeccroHambHoro obpazoBanms/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — Mocksa :
WznarensctBo IOpaiit, 2021. — 320 c. — (IlpodeccronansHoe obGpazosanue). — ISBN 978-5-534-09135-9. —
Texer : anekrponHslit // O6pazoBarenbHas miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHHEe BONPOCOB (TE3UCHO W3JIOXKUTH OCHOBHOE COJAEP)KaHUE paccMaTpHUBaeMBbIX
BOTIPOCOB)
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3.1. ®yukuus y = sint, ee cBoiicTBa u rpaduk.

CaoiicTBo 1. OGnacTs onpeneneHuss — MHOXECTBO R JeHCTBUTENBHBIX YHCET.

CBoiicTBO 2. s = sin t — HedeTHAS QYHKITHSL.

Tak KaK Juist IF060T0 t BBITONHSIETCS paBeHCTBO sin (-t) = -sin t. 3Ha4wuT, S = sin t — HeyeTHasA QYHKIHS.

I'paduk ¢pyHKIuM s = sin t kak rpaduk a000# HeueTHOH (PYHKINH, CHMMETPUYCH OTHOCHTEIFHO Hadaia
KOOPIMHAT B IPSAMOYTOJILHOM crucTeMe koopauHar tOs.

b.d K.
CroiicTBo 3. ®yHKIMS S = sin t BO3pacTacT Ha OTPE3Ke [0; 2]; 1 yOBIBacT Ha OTPE3Ke [2’ nl
DT0 criexyer U3 TOrO, YTO MPH JABMKEHWU TOYKU IO MEPBOW YETBEPTH UMCIOBON OKPYKHOCTU OpJUHATa
nocreneHHo yBenuuuBaeTcs (ot 0 70 1), a mpu ABMXKCHUU TI0 BTOPOM YETBEPTH YMCIOBON OKPYKHOCTH OpJMHATA
MIOCTENICHHO YMEHBIIIACTCSI.

CaoiicTBo 4. @yHKINA S = Sin t orpaHUYeHA U CHU3Y U cBepXy. OrpaHHueHHOCTh QYHKINH S = Sin t CIeayeT
U3 TOTO, YTO JUIA JIFO6OTO t CripaBeuIMBO HepaBeHCTBO -1 < sint < 1.

CBOMCTBO 5. Yuauw = -1 (3TOTO 3HAYCHMS (QYHKIWS JOCTUTAET B JIOOOH TOUKE BUAA ); Yuas = 1 (3TOTO
3Ha4YeHU (PYHKIMA JOCTUTACT B JIFO0OH TOUKE BU/A .

Bocrons30BaBIIMCE TOMYYEHHBIMH CBOMCTBAMH, IIOCTPOMM TIpadUK HHTepecyoleil Hac (yHKIHH.
OG6pariM BHUMaHHKE, 9YTO BMECTO S = sin t OymeM mucarth y = sin X, Tak Kak npuBbluHee 3amuchk y = f(X), a He s = f(t).
3HAYNT, ¥ CTPOUTH TpaduK OyaeM B MPUBBIYHOM crcTeMe KoopauHatr xOy.

Chauvana noctpouM rpaduk Gpyakuun Ha orpeske [0; ). [Tpu 3TOM JOroBopuMCEs 0 clienyroneM Maciirade
Ha 0CsIX KOOP/AMHAT: B TETPAAM B KJIETOYKY POJIb SIUHUYHOTO OTPE3Ka Ha OCH Y COCTABHUT OTPE30K B JIBE KIICTOUYKH;
Ha OCH X CJMHUYHBIN OTPE30K (JIBe KIETOYKH) OyneM cUuTaTh paBHbIM. DaKTHUECKH MBI MOJIaraeM, 4yro T = 3, 4To

HE COBCEM COOTBETCTBYET JIEHCTBUTENBHOCTH (Ha camoM Jene m ~ 3,14), HO Ha 3TO NpU MOCTPOEHHHU Tpaduka
0co0oro BHUMaHHS 00paIiaTh He OymeM.

CocraBuM TabnuIty 3HAUCHUHA QYHKIUH Y = Sin X:

n x x 2n S5x

x L ® 3 2 3 6 x
1 V3 ¥3 1

y ° 2 |2 | Y| 2| 2 9

OTMETHM 3TH TOYKH Ha KOOPIMHATHOH IUIOCKOCTH M COCAMHHMM HX IUIAaBHOM KPHBOM, YYTS NPU DTOM
MIPOMEXYTKH BO3pacTaHus U yObBauusa (GyHKuuu (puc. 49). OOparute BHIMaHUE HA IUIABHOCTH TpaduKa B TOYKE

x. 1}
1]
[2 Y Ha TO, YTO M3 Havaja KOOPJHMHAT KPUBAask BBIXOAMT KakK Obl 1oj yriioM 45°.

= T

1

2

0 % x E 2x 5z T ¥
3 2 3 6
Puc. 49

Jlo6aBHB K MOCTPOCHHOMY TpaduKy JIHHUIO, CAMMETPHYHYIO €My OTHOCHUTEIIbHO Havaja KOOP/WHAT,
nonyunm rpaduk GyHKIHE y = sin X Ha orpeske [-m; 1] (puc. 50).

]

1

}1
Puc. 50

Tak xak sin (x + 27) = sin x, T0o B Touke x + 27 QyHKUUSA y = SiN X NPUHUMAET TO K& 3HAYCHHE, YTO U B
Touke x. IHbIMHU cI0BamMH, Ha oTpeske [71; 3n] rpaduk dyHKumu y = SiN x BRINIIUT TakK JKe, KaK U Ha OTpe3ke [-; ).
W na otpeskax [3m; 5n], [57; 7xn], [-37; -n] u 1. 0. Tpaduk 3ToM PYHKIMH BBEITNIINT TaK XKe, KaK Ha OTpe3ke [-; 7].

OxoHuaTenbHbIN BUA rpadurka GyHKIUH y = Sin x (B yMEHBLICHHOM MaciiTabe) npeIcTaBieH Ha puCyHKe 51.
)

A

Puc. 51



JInnuto, cxyxairyio rpadhuxkoM GYHKIHH Y = SiN X, HA3BIBAIOT CHHYcOnAON. Ty 4acTh CHHYCOMIBI, KOTOpAsI
n300pakeHa Ha pucyHKe 50, Ha3BIBAlOT BOJIHOM CHHYCOMZBI, a Ty YacTh CHHYCOMIbI, KOTOpas H300pa’keHa Ha
pHCyHKe 49, Ha3bIBAIOT MOJTYBOJIHOW HIIM apKOH CHHYCOUJIBL.

Omnpasich Ha OCTPOCHHBIH TpadrK, OTMETHM €IIle HECKOIBKO CBOMCTB (YHKIMH ) = SiN X.
[-E + 2nk; % + 2nk]

2

CgoiicTBo 6. @yHKIHMS y = SiN X BO3pacTaeT Ha JIIOOOM OTpE3Ke BUIA u yOBIBaeT

[5 + 2nk; 3% 4 2nk]
Ha J1I000M OTpe3Ke BUIa 2 2 , Te keZ.

CgoiictBo 7. y = Sin x — HempepbIBHAS (YHKIIHSL.

CgoiictBo 8. O6acTs 3HAUCHUIA GyHKIIMH — 0oTpe3ok [-1; 1].

3.2. ®yukuud Yy = CoSt, ee cBoiicTBa U rpajuk.

CgoiicTBo 1. O6macTs OnpeneneHns — MHOKECTBO R IeHCTBUTEIBHBIX YHCEIL.

CBoiicTBO 2. s = COS t — ueTHAsA QYHKIHUS.

Tak Kak [uist JII0OOTO t BBIMONHSETCS paBeHCTBO COS (-t) = COS t. 3HaumT, s = COS t — yeTHast QyHKIHS.
I'paduk pynkmim s = COS t kak rpaduk T000# YeTHOW (PYHKINH, CHMMETPHYCH OTHOCUTEIFHO KOOPAMHATHON OCH
Oy.

CgoticTBo 3. @yHKIUS s = COS t yOBIBAaEcT Ha OTPE3KE [0; Tl u BO3pacTacT Ha OTPEe3Ke [r; 2n],

CBoiicTBO 4. @yHKIMS S = COS t OTpaHUYCHA U CHU3Y U CBEPXY.

CBOMCTBO 5. Yuauw = -1 (3TOro 3HaYCHUS (QPYHKIUS JOCTUTACT B JHOOOH TOYKe BUAA ); Yuas = 1 (3TOTO
3HaueHus1 PyHKIUS JOCTHTaeT B 1000 TOUKe BUAA .

CBOHCTBO 6. y = COS X — HenpepbIBHAsT QYHKIIHS.

CgoiictBo 7. O6iacTs 3HaueHU GyHKIIMH — OTpe3ok [-1; 1].

}, vk
, 1
L& .1 2] 1S bn
_3n <4
| 2 2 2 %u 2 -
' -x (& x 2x =
{ N ;ll
" y=c08 x
x=- .
L] L a2 | o
Puc. 52

3.3. llepnopnyHoCTh (pyHKIMIA.

Onpeoenenue. Oyukuuio Y = f(X) Ha3pIBAIOT NEPHOIUUECKOM, €CIHM CYIIECTBYET TAKOE OTIMYHOE OT HYJIS
uprcino T, 9to st 1r060T0 X U3 MHOXKeCTBa X BBIMONHSETCS 1BOHHOE paBeHcTBO: f(X +T) = f(x — T) = f(X).

Yucio T, yIoBIeTBOPSIOIIEE YKa3aHHOMY YCIOBHUIO, HA3BIBAIOT IIepHooM (yHKImu y = f(x).

OTcrozia cieyer, 4To, HOCKOJIbKY AJIsl JJF000T0 X CIIPaBe/IMBbI PABEHCTBA:

sin (x = 2r) = sin x = sin (x + 2n),
cos (x — 2n) = cos x = cos (x + 2m),

TO (GYHKIMHU ¥ = SiN X, ¥ = COS X SABISIOTCS MEPHOTMUSCKAMHU M YUCIIO 27 CIY)KHUT MIEPHUOOM U TOH U IPyron
(hyHKIUH.

[epronmaHOCTD (PYHKIIMH — 3TO BOCBMOE CBOHCTBO (DYHKIIHIA.

Ecmm ¢yskmms y = f(x) umeer mepuwon T, To it mocTpoeHus rpadmka (YHKIMH HYXKHO CHadasa
MOCTPOUTH BETBB (BOJIHY, YacTh) Tpaduka Ha J1r0O00M mpoMexyTke MMHBL T (Jame Bcero OepyT MPOMEKYTOK C
KOHLIaMHU B TOYKaX , a 3aTe€M CABHHYTh 3Ty BETBb 110 OCH X BIpaso u BieBo Ha T, 2T, 3T u T.1.

VY nepuoandeckoit pyHKIMHI OGECKOHEYHO MHOTO TIepruoaoB: eciu T — mepuon, To u 2T — nepuox, u 3T —
nepuon, U -T — mepuo; BooOIe neproaoM sBisercst oboe uucino Buaa KT, rme K = £1, £2, £ 3... O0buHO
CTapaloTCsl, €CJIM 3TO BO3MOXKHO, BBIJICNINTh HAUMEHBIIWI NOJOKHUTEIBHBIA MEPHOJ, €ro Ha3bIBalOT OCHOBHBIM
MEePHOJIOM.

HWrax, moboe uncno Bupa 2nk, roe k = +£1, &+ 2, + 3, asnserca nepuogom GyHKIui y = Sin x, y = cos x;

21— OCHOBHOM NEPHOJ U TOH, U APYTOH (HyHKINH.
]

OcHoBHoit iepuoa GpyHkuu y = Sin kX u y = cos kX paseH k1

3.4. Tlocrpoenne rpadpuxos ¢pyuxuuu Yy = mf(x) u y = f(kx), ecin uzBecren rpapuk GpyHkuumn y =
f(x).

Kak nocrponts rpadpmk pynxuuu y = mf(x), eciin nsBecren rpadpux pynkuuu y = ().

Iepewiti cryuau. 3Has rpadpuk Qyskumu y = f(x), mocrpouts rpaduk dyHkuuum y = mf(x), e m —
TIOJIOXKHUTEIILHOE YHCIIO.

OpauHatel Touek rpaduka ¢yHkimd y = mf(X) nomy4arwTcs B pe3yibTaTe YMHOXKCHHS OpIMHAT
COOTBETCTBYIOIMX ToueK rpaduka gyHkuun y = f(x) Ha umcio m. Takoe mpeoOpazoBaHue rpaduka Ha3bIBAIOT

0OBIYHO PaCTSDKEHHEM OT OCH X C K03 duiimerToM m. 3aMeTHM, 9TO IPU 3TOM IpeoOpa30BaHUH OCTAIOTCS HAa MECTE
TOYKH nepecedeHns rpaduka ¢pynkimn y = f(X) ¢ ocpio X (T.e. TOUKH, YAOBIETBOpsoNIe ypaBHeHUIO f(x) = 0).



Bmpouem, ecim m < 1, TO TWPEANOYHUTAIOT WCIONB30BaTh APYroil TEPMHH: HE pacTDKCHHE C

1
K03 (QULMEHTOM M, a CIKATHE K OCH X ¢ Kodpduumentom M. (puc. 53)
Y,
HH J=deins
T T 7T
X
\
> 7 \ _g 1 I P ol B \ %3_‘_ II‘
N , N © 27 3
—T AN /10 n)ﬁ x
NN AR \CLI 71/
\ \ y=sinx'
/
-3
)
Puc. 53

Bmopoii cryuyaii. 3nas rpaduk ¢yHkmum y = f(x), moctpouts rpaduk ¢pyskmmn y = mf(x), rme m = -1.
WHBIMEU crTOBaMU, pedb HAET O MMOCTPOCHUH rpadmka QyHKIMH y = -f(X).

OpaunaThl Touek rpaduka GyHKIHU y = -f(X) OTIIMYar0TCS OT COOTBETCTBYIOIINX OPIAMHAT TOYEK Tpaduka
¢yukmn y = f(x) Tonmbko 3HakoM. Touku (X; f(x)) u (X; -f(X)) CHMMETPHYHBI OTHOCHUTENILHO OCU X. 3HAUUT, rpauk
¢ynkmun y = -f(X) MOoXHO moiyuuTh u3 rpaduka ¢pyHKkouu y = f(X) ¢ momormplo npeodpa3zoBaHus CUMMETPUU
OTHOCHUTEJNILHO OCH X. (puc. 54)

Yy
1 Yy=—Cos x
‘\_B.K N ,- 's\ =N 3‘1! ,v
- 2 2
N\ 7 N\ 4 -
\ R (o] S ’ x|
-1 y=cosx
1 11
Puc. 54

Tpemuii cryyai. 3uHas rpadpuk ¢yHkumu y = f(x), noctpouth rpadpuxk ¢yskumu y = mf(x), raie m —
OTPHULATEIILHOE YHCIIO.

Tak KaK B 3TOM cjlydyae CIpaBeIMBO paBeHCTBO mf(x) = -| m [f(X), To peub waeT 0 mocTpoeHun rpaduka
¢byskun y = -| m [f(x). DT0 MOXHO CIenaTh B TPH IIara:

1) mnocrpouts rpaduk Gpyukmu y = f(x);

2) pacTsIHYyTb €ro OT OCHU X ¢ Ko3(duieHToM | m |;

3) pacTaHyTHIi rpadMK MOABEPTHYTH NPEOOPA30BAHHI0 CHMMETPHU OTHOCHTEIBHO OCH X.

Kak nocrpouts rpadpuk ¢pynkuun y = f(kx), ecin nzpecren rpadpux pynxkuun Yy = f(x).

3a0aua 1. 3uas rpadux ¢yskimm y = f(x), mocrpouts rpadux ¢yuknum y = f(kx), e k —
HOJIOKUTEIIBHOE YUCIIO.

PaccmoTpuM KOHKpeTHBIH pumep, kKoraa K = 2. Kak noctpouts rpaduk dyskuun y = f(2x), ecnu u3BecteH
rpadux ¢pynkun y = f(x)?

I'padux dyukmun y = f(kx) momywaercs u3 rpaduka GyHkuun y = f(X) ¢ MOMOIIBIO CKATHSA K OCH Y C
ko3 ummenrom K. OTMeTnm, 9TO TIpH 3TOM TMPeoOpa3OBaHMU OCTACTCSI HA MECTE TOYKa MepecedeHus rpaduxa
¢byuxmun y = f(x) ¢ ocero y (eciu x =0, 0 1 kx =0).

Brpouem, ecu 0 < K < 1, TO IpeAMOYUTAIOT TOBOPUTH HE 0 CxATUH ¢ KoadduimeHToM K, a o pacTsxkeHnu

1

OT OCH y € KO3 PHUIIUECHTOM k. (puc. 55)

vh | [ [ ]
T
" y-sin%
| -l n
L | —2x 1 0 2% 4% x
Puc. 55

3aoaua 2. 3unas rpaduk ¢yukuun y = f(X), nocrpouts rpadux ¢pyskuun y = f(kx), rae k = -1.
I'padux dyukiwn y = f(-X) MoxxHO TonmyunTs 13 rpaduka GyHkmmn y = f(X) ¢ TOMOIIBI0 Tpeobpa3oBaHust
CUMMETPHH OTHOCHUTENBHO OcH Y. (puc. 56)
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3aoaua 3. 3uas rpaduk Gpyukmu y = f(X), mocrpouts rpaduk pyukimu y = f(kx), rae k — orpuiarensroe
YHCIIO.

Pemenue. Tlpu k < 0 crpaBeanuBo paBeHctBo f(kx) = f(-|K|X). 3Hauut, peus uaeT 0 mocTpoeHnU rpaduka
¢byuxuun y = f(-[K|X). D10 MOXKHO cenaTh B TpH miara:

1) mnocrpouts rpaduk GyHkuun y = f(X);

2) OCYIIECTBUTH €r0 CXKATHE K OCH Y ¢ KoadduimertoM [K|;

3) cxarblit rpad UK NOABEPTHYTH MPEOOPA30BAHUI0 CHMMETPUH OTHOCUTEIBHO OCH Y.

3.5. ®yukuuu y=tgtuy =ctgt, ux cBoiicTBa u rpagukm.

CpoiicTBo 1. O0nacTs ompenerneHNst QYHKINHA Y = tg X — MHOKECTBO BCEX JCHCTBUTEIBHBIX YHCEN, 3a

x=2 4 nk, keZ.
HUCKJIFOUECHHUEM YHCEII BU A 2 .

n
o u= tg x o L x= 'E
DTO CBOMCTBO O3HAYAET, YTO Ha rpaduke GpyHKIUH HET TOYKH, IPUHAAJIeKaIel mpsamMon ,
- 8n x = T
HET TOYKH, pUHAAJIEKAEH npsIMoit 2 | HeT TOYKM, IPUHAIEKAILEH MTPAMON 2y T.J0. DTH OpsiMble
MIPOBEEHBI IYHKTUPOM Ha puc. 57.
7Y
-3x I () 3x om) | %
1 2 2 % 2
Puc. 57
[epBoe npescTaBiaeHue o rpaduke MOJNy4eHO: OH COCTOUT U3 OECKOHEYHOTO MHOXKECTBA BETBEH (B 1oJioce
T 3n
s e r=3,¥=7
MEKITY 2 u 2 B nosi0ce MEXIy NPSAMBIMU " U T.JI.).

CaoiicTBO 2. y = tg X — nepuoandeckast GyHKIHUS ¢ OCHOBHBIM MEPHOJIOM T.

ITo cieayeT u3 ABOMHOro paBeHCTBa tgx-—m=tgx=tg(x +n)
_x . 4
3HAYNT, eCIM MBI TIOCTPOMM BETBb rpaduka B momoce or 2 1o 2 10 3arem HyxHO Oymer
CIIBHHYTH MOCTPOEHHYIO BETBb MO OCH X BIPABO M BJIEBO Ha T, 27, 3T W T.JA. TeM caMbiM TOJIYYEHO BTOPOE
npejcTaBiIeHue o rpaduke.
CaoiicTBO 3. y = tg Xx—He4eTHas QyHKIHS.

X=

DTO ciemyeT U3 COOTHOIICHHUS tg(-t)=-tgt I'padmk HeweTHON DYHKIMH CHMMETPHYCH OTHOCHUTEIBEHO
Havaja KOOpAWHAT. 3HAUUT, HAM MOXKHO JICHICTBOBAaTh TakK: MOCTPOUTH 110 TOYKaM 4acTh rpaduka Ha MPOMEXKYTKE OT
n

0 a0 2 , @ 3aTE€M BOCIIOJIb30BaTbCA yKa3aHHOI7[ CHMMCTpHeﬁ.

o %)
[pucTymmm K moctpoenuio rpaduxa ¥ = X MOJIyMHTEPBAJIE [ 2/ BriGepeM KOHTPOJIBHbIE TOUKH:
x x x
x 0 6 1 3
tg x 0 33@ 1 J3

OTMETHM 3TH TOYKH Ha KOOPJMHATHOW IUIOCKOCTH U MPOBEIEM 4Yepe3 HHUX IUIaBHYIO KpUBYH (puc. 58).
JloGaBuM JIMHHIO, CHMMETPHYHYIO IIOCTPOCHHOM KpPHBOW OTHOCHTENHHO Hadana koopauHat (puc. 59).
BocCros30BaBIIMCh HEPHOIUYHOCTHIO, TOCTPOMM TpadukK 10 KoHIa (puc. 60).
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I'padpux ¢ysxmmm y = tg X HazpBarooT TaHreHcommoil. Ty ee 9acTh, KoTopas m300pakeHa Ha puc. 59,

0OBIYHO HA3LIBAIOT ITIABHOW BETBBIO TAHICHCOHUBI.
O6paTI/ITe BHUMAaHHUE Ha TO, YTO M3 Ha4dajla KOOPAWHAT ITaBHAas BETBb TAHI'CHCOWUIBI BBIXOAUT KaK OBI moxa

yriioMm 45°.

H. m
y 2’ 2
CaoiicTBo 4. DyHKIMSA BO3pacTaeT Ha HHTEpBale . B Oonee obmem Buae — GyHKIUsA
n n
~——+nky —+nklkeZ.
2 2 ]

BO3pAcTaeT Ha JII0OOM UHTEpBaje BUAA
CpoiicTBo 5. @yHKIUSA Y = tg X HE OTPAHUYEHA HU CBEPXY, HU CHU3Y.

-

[+3

CpoiicTBo 7. OyHKIMS Y = tg X HENPEPBIBHA HA UHTEPBAJIE . B 6onee obuiem Bune — QyHKIHA
x T
[—E + kg 2 + nk]
HETIPEPBIBHA Ha JTIOOOM MHTEpBaJe BUIA .
x=5 +nk x=5 +nk
ITpn 3HaueHMsIX 2 ¢GyHKIMS TperepreBaeT paspeiB. Kaxkmas npsmas Buia 2
CIyXXMT BEPTUKAJIbHOIM acCUMNTOTON rpaduka GyHKIHUN.

Croiicreo 8. Ef) = (=%9; +00)

Paccyxiast aHaJIOTMYHO, MOXKHO TTOCTPOUTH Tpaduk GpyHKuuK y = ctg X (puc. 61). ['paduk dpyHkumu y = ctg
X, KaK ¥ rpaduk GyHKINHU Y = tg X, Ha3BIBAIOT TaHT€HCOMI0M. [ TaBHON BeTBBIO rpadrka GyHKINH y = ctg X 0OBIYHO
Ha3bIBAIOT BETBb, 3aKIIIOUEHHYIO B T0J1oce OT X = 0 710 X = 7.
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Jlexuus Ne 5 (4 yaca)

Tema: «Tpuronomerpuyeckue ypaBHeHHsD)

1 Bonpocs! Jekuumn:

1.1. TloHsAiTHMe APKKOCHHYCA, APKCHHYCA, ADKTAHIeHCA H APKKOTAHTeHCA.

1.2. Ompenenenne TPUTOHOMETPHYECKUX YPaBHEHMIA.

1.3. Meronbl pemieHusi TPUTOHOMETPHYECKUX YPABHEHUH.

1.4. AnroputMm pemeHusi OTHOPOAHBIX TPUTOHOMETPUYECKNX YPABHEHUH.

2 Jlutepartypa.

2.1. OcHOBHAasI JIUTEpaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHMK s CpEeIHEro MpoQecCHOHATBHOTO 00Opa3oBaHus /
H. B. Boromomnog, I1. . Camoitnerko. — 5-e¢ m3n., mepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c. — (Ilpodeccuonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 5>1eKTpOHHBIA //
O6pazoBarenbHas miatdgopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka it KoJUIeIpkeH : yaeOHOe mocoOue Il CpeqHero MpogeCcCHOHATFHOTO
obpazosanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakumeit H. III. Kpemepa. — 10-e
u3n., nepepab. u  gon.— Mockea: MsmarensctBo Opaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHslid // OOpa3oBatenbHast miardopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ peumeHusMud B 2 4. Yacth 1 : ydeOHOe mocobue st
cpeanero npodeccronanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09108-3. —
Tekcr : anexTpoHHblit // Ob6pasoBarensHas riardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yacte 2 : y4eOHOEe MmocoOHe st
cpenHero mnpodeccroHanbHOro obpasosanus / H. B. BoromonoB. — 2-¢ w3m., ucnp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccuonamsHoe obpazoBanue). — ISBN 978-5-534-09135-9. —
Tekcr : anexTpoHHblit // Ob6pasoBarensHas riardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kpartkoe coaepxaHue BOMPOCOB (TE3MCHO W3JIOXKHUTh OCHOBHOE COJEpXKAHHE PacCMaTPUBAEMBIX
BOTIPOCOB)

3.1. TloHsiTHEe aPKKOCHHYCA, APKCHHYCA, APKTAHI€HCa H aDKKOTaHIeHca.

Onpeoenenue. Ecin fal < 1, TO arccoS a (apKKOCHHYC a) — DTO TaKoe YHCIio U3 orpeska [0, 1], KOCHHYC
KOTOpOTO paBeH a (puc. 62). Utaxk,

ecan |a|< 1, T0

: cost = a,
arccosa =1 <
0<t<m
wlll L[ ¥
Arccos a arccos a
A N edl N
1 1
i ] =
O] a x al 0 x|
AN P4 N P4
S 7 N 7
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https://urait.ru/bcode/470791

Puc. 62
Ternepsb Mbl B COCTOSIHMHU CJIeJIaTh OOLIMI BBIBOJ O PEIICHUH YPaBHEHUs cOS t = 4!

Ecim lal < 1', TO ypaBHEHHE COS t = 8 UMEeT pelIeHHs

t =tarccosa + 2nk, k € Z.

HpaB,ua, B TpeX cly4dasdx HOpEANOYUTArOT I10Jb30BaThLCA HE HOHy‘IeHHOﬁ

oOmieit popmynoi, a Ooiee
MPOCTHIMH COOTHOIICHUSIMHU:

ec.nucostzo.'rot=%+nk;
ecau cost =1, To t = 2nk;

ecau cost =—1, 10t =7 + 2nk.
Teopema. [Tjst mo60ro a€ [—1; 1] BEIOMHAETCS paBEHCTBO arccos a + arccos (—a) = m.
Apkcunyc. Pemenne ypaBpuenus sin t = a.

[=E]
LEE
|

Onpeoenenue. Ecim la| < 1 10 arcsin a (apkcHUHYyC @) — 9TO TaKoe YUCIO U3 OTpe3Ka [

, CHHYC
KOTOPOTO paBeH a (puc. 63).
Urak,
ecmu |a| < 1, To
sint = a,
arcsina=t e | g T
X <X
getny
)
/,’ a, ey pean 1
A =
0| X
a, arcsin a, |
\\ 1/
~N -
Puc. 63
Terepb MbI B COCTOSIHHH C/IeIaTh OOIINI BBIBOJ O PEIICHHH YPaBHEHUS sin t = a:
Ecnu lal < 1

, TO ypaBHEeHHe SiN t = 8 MMeeT pelIeHus

t=arcsina + 2rk, t=n — arcsina + 2nk; k€ Z.

HpaB;[a, B TpeX ciIy4dasx HOpeANOYUTAIOT I10Jb30BATHCA HE

MOJyYeHHOW o0mieit ¢opmynoi, a Ooiee
HPOCTBIMH COOTHOLICHHUAMH:

ecau sint = 0, 1o t = nk;

ecnu sint=1,'rot=%+2nk;

ecnn sint=-1,T101= —% + 2rk.
st mro6oro a € [-1; 1] cnpaBeanuBa Gpopmyna

arcsin (—a) = —arcsin a.

t=(-1)"arcsin a + mn, n € Z,

O6mast popmyIaa perieHus ypaBHeHus Sin t = a umeet BU:
ApKTaHreHc H apKKoTaHreHc. Pemenne ypapHeHnuii tg X = a, ctg X = a.

[X1E]

X,
[_i' ]
Onpedenenue. arctg a (apKTaHreHC a) — 3TO TaKOe YUCIO U3 MHTEpBaia , TAHT€HC KOTOPOTO

paBeH a.
Urak,



tgx=a,

X cx<¥
g ~*%hyg

arciga=x &

Tenepb MbI B COCTOSAHHU CHCJIaTh O6IIIPII>1 BbIBOJ O PCIICHUU YPABHCHUS tg X = a. YpaBHCHHEC tg X =a
HUMECT pCIICHUA

x=arctga + nk, k€ Z.

Jlyist r000ro 3HAYCHUS a CIpaBeInBa hopmyaa

arctg (—a) = —arctg a.

Onpeoenenue. arcctg a (apKKOTaHTEHC @) — 3TO TaKoe YuCiio u3 nHrepBana (0, ), KOTAHTeHC KOTOPOTro
paBeH a.
Urak,

ctigx = a,

arcctga-xﬁ{o<x<t

Temneps MBI B COCTOSTHHHM CJIeNIaTh OOLIMIA BBIBOJ O PEIICHWM YpaBHEHHWS ctg X = a: ypaBHEHHE Ctg x = a
MMEET PELICHUS:

x=arcctg a + nk, K€ Z.

NmMeeT MecTO CBOMCTBO:

arcctg (—a) = n — arcctg a.

3.2. OnpenesjieHHe TPUTOHOMETPUYECKUX YPABHEHUIA.

Ipocreiimme TpUroHoMeTpruyecKne ypaBHeHHsI

TpI/II‘OHOMeTpI/I‘IeCKI/IMI/I YpaBHCHUAMU O6LI‘IHO Ha3bIBAIOT YPAaBHCHUS, B KOTOPBIX MCPECMCHHAA COACPKUTCA
MO/ 3HaKaMH TpUroHoMerpuyeckux ¢yHKimA. K WX 4wHcay mpexkiae BCero OTHOCATCS —IpOCTeHInne

TPHIOHOMETPHYECKUE YPABHEHHS, T.6. ypaBHeHus Buga S ¥ =@, c08 X =@, t€ X =@ 1 ¢ — jeiicTBUTENIBHOE
yncyio. K HacToseMy MOMEHTY Mbl 3HAaEM, UTO:

1) Ecmwm lal < 1 10 ypaBHenue oS t = a mMeer perueHus x = tarccos ¢ + 2xn;

o' e Gl 3
2) Ecmm la] < 1 10 ypasrenue sin t = a umeer pemenus: x = (~1) arcsin a + nn,
3) Ecm lal > 1, TO ypaBHEHHUs SiNt=a u COSt = a perieHnii He UMEIOT,

4) VpaBHeHHe tgx =a WMeeT peureHus: * - arctg a + mn;

5)  YpaBHeHHe ctg X = a UMeET pelleHus: * = arcctg a + nk,

6) CrnenyeT BBIACIUTD YaCTHBIE ClTyyau
sinx=0, x=nn;

sinx=1, x= % + 2nn;

cosx =0, x=% + nn;

cosx=1, x=2nn;
cosx=-1, x=m+ 2nn.

Bo Bcex mnepedncieHHBIX (opMmydaax mnompasyMmeBaeTcs, 4rto mapamerp (n, K) npuHuMaer mnroObie
nenounciennse snauenus (M € £, k € Z).

K mpocreiiminm oTHOCAT 00BIMHO W ypaBHeHus Buma T(Kx + m) = a, tne T — 3HaK KakoH-1100
TPUTOHOMETPUUECKOH (QYHKIHH.

3.3. MeToabl pelieHUs TPUTOHOMETPHYECKUX YPABHCHHIA.

JUis pemieHyst TPUrOHOMETPHUUECKUX YPaBHEHUH Yallle BCETO UCIONb3YIOTCS ABa METOJA: BBEACHUS HOBOM
MIEPEMEHHOM 1 pa3oKeHUs] Ha MHOXKUTEIH.

Tpumep 1. Pemuts ypasHeHue 2 sinfx - 5sinx+2=0

Pemenne: Beenem HOByio mepemennyio 2 =S8IN X Torma ypaBHeHHe NpUMeT BHI 2z'-52+2=0

Z=8, =5
Pemus €ro, nojyvyacm: . ISt 2 .



T |

= gin x =
3Ha4yuT, TMOO sin x = 2, 60 2 [lepsoe ypaBHeHHE pelIeHH}T HE UMEET, a U3 BTOPOTO HAXOIUM:
x = (=1)"aresin % + 7n; x =(-—1)"% + mn.

Tenepb MOroBopyM O BTOPOM METOJE PELICHHS TPUTOHOMETPHYECKUX YPaBHEHUH — METOIe Pa3sIOKCHUS
Ha MHOXUTenH. CMBICT 3TOTO METOJa BaM 3HAKOM: ecii ypaBHeHHe f(Xx) =0 BO3MOXHO NpeoOpa3oBaTh K BHIY

filx) - falx) = ﬂ, TO 3aj7a4a CBOAUTCS K PEIICHHIO [BYX YypaBHEHHH (OOBIYHO TOBOPST — K PELICHHIO

COBOKYIIHOCTH ypaBHEHUI): fx)=0; fix)=0.

3.4. Anroputm penieHUs! OTHOPOJAHBIX TPHIOHOMETPHYECKHX YPaABHEeHHIA.

Onpedenenue. YpapHenue Buja @ Sin x + bcos x =0 naswaror OIHOPOJIHBEIM TPUTOHOMETPUYECKUM
ypaBHeHHEM IepBOil  cTemeHm; ypaBHenme Buaa @ Sin®x + b sin x cos x + ¢ cos® x = 0 gaspBaror
OJHOPOAHBIM TPUTOHOMETPUUYECKUM YPaBHEHHEM BTOPOI! CTENEHH.

CHauaJia OTOBOPHUM O PEIICHUU OJHOPOAHBIX TPUTOHOMETPUUYECKUX YpaBHEHUH NEPBOl cTeneHH, MpudeM
PacCMOTPHUM TOJIBKO CaMblil 00IIHiA ciy4ail, korna o6a kodadduurueHTa @ u b OTIHYHBI OT HyJIs, TaK KaK, €CIH a WIN
b =0, ypaBHeHHE ipHHIMAET BUJI, PACCMOTPECHHBII paHee.

Wrak, naHo ypaBhenue @Simx + beosx = 0 pagnenus o6e uactn YpaBHEHHsS MOWIEHHO Ha COS X,
HOJTYYHM:

asin x bcoex_ 0 .
cos X cosx ~ cosx’
atgx+b=0,

b
tgx——a.

b
x = arctg [-;) +nn,nelZ.

PaCCMOTpI/IM TCIICPb OOHOPOAHOC TPUTOHOMECTPUICCKOC YpaBHCHHC BTOpOﬁ CTCIICHU:

ing : [ s
asin®x + bsinxcosx +ceos®x=0. g, KO3 QUIIUEHT g OTIANYEH OT HYJS, T.€. B YPABHEHUU CONEPKUTCS
2

YJICH Sin X C KAKUM-TO KOB(I)(I)I/ILII/IeHTOM, OTJINYHBIM OT Hyﬂﬂ, TO, paCCy)K,Z[aﬂ KaK M BBIIIC, HeprﬂHO y6e,HI/ITBCﬂ B
TOM, 4TO NPH UHTEPECYIOIIMX HAC 3HAYCHHUAX MEPEMEHHOM COS X He OOpaIaeTcs B Hyjb, a IIOTOMY MOXHO 06
qacTHu ypaBHeHI/Iﬂ pa3ﬂeHI/ITb IIOYJICHHO HA COSZ X.

asin® x bsinxcosx ¢ cos® x 0

cos® x cos® x cos’x  cos’x
T.e. atg?x+btgx+c=0.

3T0 — KBaJpaTHOE ypaBHEHHE OTHOCUTEIHHO HOBOW IIEpEeMEHHOM Z = g x.
[TycTb Tenepb B OIHOPOJHOM TPUTOHOMETPUUECKOM ypaBHEHHH KOd(GHUIMEHT a paBeH 0, T.e. OTCYTCTBYeT
unien sin?x. Torna ypaBHeHHe NPUHUMAET BUL;

’

bsinxcosx + ccos®*x=0.

9T0 ypaBHeHI/Ie MO>XXHO peIJ_II/ITB METOAOM paSJ'IO)KeHI/Iﬂ Ha MHOXHUTCJIN.
cos x (b sinx + ¢ cos x) = 0;
cosx=0 mmm bsinx+ ccosx=0.
HOJ’Iy‘II/IJ'II/ICI) JBa ypaBHeHI/IH, KOTOpI)Ie MBI C BaMU pemaTL yMeeM.
___AHanoruyHo oGCTOMT Jeno U B ciydae, korza ¢ = 0, T.e. Koria OJZHOPOJHOC YPaBHEHHE MMECT BHUJ

in2 3 -
asin’x +bsinxcosx =0 (31ech MOXKHO BBIHECTH 3a CKOOKH Sin x).

_— :
AJNTOPHUTM peIIeHus ypaBHEHUS asin®x + bsinx cosx + ccos’x =0 .

1. TlocMoTpeTh, €CTh JIM B ypaBHEHHH 4JieH A Sin x.

2. Ecnu unen a Sin? x B ypaBHEHUH COIIEPIKUTCSA, TO YPABHEHHE PEIIAETCA JEJIEHUEM 00EHX ETO UacTell Ha
COS? X M MOCIEMYIOIMM BBEIEHMEM HOBOH MEPEMEHHOM Z = tg X.

3. Eciu unen a Sin? x B ypaBHeHMM He cojepkutrcs (T. €. a = (), TO ypaBHEHHE PELIAETCS METOOM
pasNioKeHHs] Ha MHOYKHUTEIIHN: 38 CKOOKH BBIHOCST COS X.

Tax xKe obcrout JIeJI0 u B OJHOPOJHBIX YpaBHEHMAX BUjA

asin*mx + b sin mx cos mx + ¢ cos* mx = 0.

Jlexuust Ne 6 (2 uaca)

Tema: «IIpeoGpazoBaHue TPUTOHOMETPUYECKHUX BhIPasKeHHID»
1 Bonpocs! Jekuum:

1.1. CuHyc M KOCHHYC CYyMMBI (Pa3HOCTH) apryMEHTOB.



1.2. TaHreHc cyMMbI (Pa3HOCTH) apryMeHTOB.

1.3. ®opmyubl ABOIiHOT0 apryMeHTa.

1.4. TIpeoOpa3oBanue cymMMbl (NpOU3BeJAeHHs])) TPUTOHOMeTPUYECKHX (YHKIMIi B NMpou3BedeHHe
(cymmy).

2 Jlureparypa.

2.1. OcHoBHas1 JUTepaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK il CpeaHEro MpoQecCHoHaIbHOro obpa3zoBamus /
H. B. Boromonos, I1. . Camoiinenko. — 5-e¢ u3m., nepepad. u mom. — Mocksa : UznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : onexTpoHHBIH //
O6pasosarenbhas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka 11st KoJutexel : yueOHoe rmocobOue uisi cpeiHero npodeccHoHaIbHOTO
obpazosanus / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; nox penakuueit H. 1. Kpemepa. — 10-¢
u3n., mepepab. u  gonm. — MockBa: WzmarensctBo IOpaiit, 2021.— 346 c.— (IIpodeccmonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snexkrpoHHBIH // OOpa3oBarensHast mmatgopma FOpaiiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoIHUTeJIBLHAS JINTepaTypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHussMi B 2 4. Yacte | : ydeOHOe mocoOme mis
cpemaero npodeccroHambHOro oOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wucmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccuonanbaoe odpazopanue). — ISBN 978-5-534-09108-3. —
Texkcrt : anexTpoHHbIt // O6pasosatenbhast miardopma FOpaiir [caiir]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMud B 2 4. Yacth 2 : ydeOHOe mocobue st
cpeanero npodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronanpaoe odpazopanue). — ISBN 978-5-534-09135-9. —
Tekct : anexTpoHHblit // Ob6pasoBarensHas miardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepxkaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE CONCPIKaHHE PaccMaTPHBACMBIX
BOTIPOCOB)

3.1. CuHyc ¥ KOCMHYC CyMMBbI (PA3HOCTH) apryMeHTOB.

sin (x + y) = sin x cos y + cos x sin y,
cos (x + y) = cos x cos y — sin x sin y.

sin (x = y) = sin x cos y — cos8 x sin y.

cos (x — y) = cos x cos y + sin x sin y.

3.2. TaHreHc cyMMbI (Pa3HOCTH) APIYMEHTOB.

tg x+tgy
tBx+y) =T gxtgy’

tgx-tgy
tg(x-y)= litgxtgy"

3.3. ®opmyJIbl IBOITHOTO apryMeHTa.

sin 2x = 2 sin x cos x.

cos 2x = cos® x - sin® x,

2tgx
tg 2x = -t

DopMyIIbl IOHUKEHUSI CTENIEHU:

. 1+cos2x
cos’ x = —5—.

- 1-cos 2x
sinf x = ———.
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3.4. TIpeoGpa3oBaHue cymMMbl (NPOU3BeIeHHs) TPUTOHOMETPHYECKHUX (YHKIMii B Npou3BeqeHHe
(cymmy).

sinx+siny=2sin%lcos%l.

x+y
3 -

sin x — sin y = 2 sin x;y cos

cosx+ooay=2cos%1 oosx—;!

ty

3 sin

cosx—wsy=—2sinx x;y.

Asinx + Beosx = Csin(x + t), rne C = VA? + B2,

e sin(u-t);sin(s-t).

o el L eos(s+t)+eos(s—t).

i i b cos(a-t)—eos(a+t)_

Jexkuus Ne 7 (2 yaca)

Tema: «Ilpenes 4ncI0BOM MOC/IEI0BATEIbHOCTH M (PYHKIIMM

1 Bomnpocs! Jeknumn:

1.1. OmnpenesieHne YMCIOBOMH MOCTETOBATEILHOCTH.

1.2. CsoiicTBa YHCJIOBOM MOCIEI0BATEILHOCTH.

1.3. TIpenesn 4nc/I0BOIi MOCTET0BATEILHOCTH.

1.4. TIpenen (pyHKUMM Ha G€CKOHEYHOCTH M B TOUKe.

1.5. Ilpupamenue aprymenra. Ilpupamenue pyHxkoum.

2 Jlutepartypa.

2.1. OcHOBHAas1 JiUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpeIHEro MpoQecCHOHaIbHOro obpa3oBaHus /
H. B. boromornos, II. U. Camoiinenko. — 5-e uzf., nepepad. u gon. — Mocksa : U3narensctBo HOpaiit, 2021. —
401 c. — (Ilpodeccuonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pazoBarenbHas miatdopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. MaremaTrka Uit KOJUTEIDKEH : yaeOHOE mocoOne s CpeaHero MpoQeccHoHaIbHOTO
obpazosanms / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakuumeit H. III. Kpemepa. — 10-e
nu3n., mepepab. u  gon. — MockBa: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIH // OOpa3oBarenpHas twiatgopma FOpait
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJIbHAS JINTEPATypa:

2.2.1. boromonos H. B. Maremaruka. 3amaun ¢ perreHussMd B 2 4. Yacts 1 : yueOHOe mocobue mist
cpearero npodeccroHanbHOro obpaszosanus/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHslit // O6pazoBarenbHast miarpopma FOpaiir [caitt]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMd B 2 4. Yacte 2 : y4eOHOe mocoOue st
cpenHero npodeccroHambHOro obOpazoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — MockBsa :
WznarensctBo IOpaiit, 2021. — 320 c. — (IlpodeccronansHoe obpazosanue). — ISBN 978-5-534-09135-9. —
Texker : anekrponHslit // O6pazoBarenbHast miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copepkaHHe BONPOCOB (TE3UCHO U3JIOXKUTH OCHOBHOE COJIEP)KaHWE pPacCMaTpUBACMBIX
BOTIPOCOB)

3.1. OnpeneJieHue YHCJI0BOI MOC/I€10BATETBHOCTH.
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Onpeoenenue. ®dynxumo Buna ¥ =A%)y X € N paspisaror Qysximeil HaTypaabHOrO aprymeHTa Hid

YHCII0BOI MOCTen0BATENbHOCTHIO 1 0603Hauaor ¥ = 1) yny Yis Yas Yss oos Yns ooos -y (y"]'.

IMocnenoBaTtenbHOCTH MOXHO 33/1aBaTh Pa3IMYHBIMU CIOCOO0AMHM, HAaIpUMEp CIOBECHO, KOTZa HpPaBHIO
3aJaHusl TOCIECJOBATCIFHOCTH OIHCAHO CJIOBaMH, 0Oe3 yKa3aHWs Kakux-To (opmyn. Tak, cloBecHO 3amaercs
MOCIIeIOBATEIFHOCTh MPOCTHIX uucel: 2, 3, 5,7, 11, 13, 17, 19, 23, 29, ...

Oco0eHHO Ba)XKHBI aHAIUTHYECKUH M PEKYPPEHTHBIH CIIOCOOBI 3aJaHus [T0CIIEI0BATEILHOCTH.

ToBOpAT, YTO MOCIEAOBATENHHOCTD 33/1aHa AaHAJIUTHYECKH, €CIIM yKazaHa (popMyiia ee N-To 4WieHa.

PexyppeHTHBI cnoco0 3amaHus IOCIEJOBATENIFHOCTH COCTOMT B TOM, YTO YKa3bIBalOT IIPaBHIIO,
MO3BOJISIFOIIEE BBIYMCINTD N-U YJIEH IOCIIeOBaTeIbHOCTH, €CIIM M3BECTHHI €€ Npenblaylnue wieHbl. Hampumep,
apugMeTHyecKas IPOrpeccusi — 3TO YUCIIOBAs OCIEI0BATENLHOCTS (an), 3aJaHHasi PEKypPPEHTHO.

3.2. CBoiicTBa YHCJIOBBIX MOCJIEA0BATEILHOCTEI.

UmcnoBas MOCIEIOBaTEIbHOCTh — YACTHBIN CITydail 9UCIIOBOI (PYHKIMH, a TIOTOMY HEKOTOpHIE CBOHCTBa
(hyHKIUH (OrpaHUYEHHOCTH, MOHOTOHHOCTH) PACCMATPHUBAIOT U IS TIOCIIEI0BATEIILHOCTEH.

Onpeoenenue. IlocnenoBaTenbHOCTH (Yn) HA3BIBAIOT OTPAHUICHHON CBEPXY, €CIIH BCE €€ WICHBI He 0OJbIIe
HEKOTOPOTO YHCIIA.

WHpIMK cTOBaMH, MOCIENOBATENBbHOCTD (yn) OTPAaHMYEHA CBEPXY, €CIM CylecTByeT ducino M Takoe, 4To

Jutst 1060ro N BEIMONHsSETCs HepaeHcTBo ¥n = M Uncio M naspiBaroT BepxHeil rpaHHIei MOC/ICIOBATEIEHOCTH.

Hanpumep, nocnemoparensHocts -1, -4, -9, -16, ..,-N% ... orpaHuuYeHa CcBepxy. B KkauecTBe BepxHeii
TPaHUIBI MOXKHO B3STh YUCIIO -1 win J11000€ 9KCii0, KoTopoe Oonblie, ueM -1, Hanpumep 0.

Onpeoenenue. TlocnenoBareabHOCTh (Yn) HA3bIBAIOT OIPAaHUYCHHON CHU3Y, €CIIU BCE €€ YJICHBl He MEHBIIE
HEKOTOPOTO YHUCIIa.

WHBIMU ClTOBaMH, TIOCTIEIOBATEIFHOCTE (Yn) OTPAaHWYCHA CHU3Y, €CJIM CYIIECTBYET YHCIO M TaKoe, YTo AJIs

M060T0 N BEITIONHACTCS HEPABEHCTBO Hn = M UYycno m HA3BIBAIOT HIKHEH IPAHMIEH HOCIEN0BATETBHOCTH.
Hanpumep, nocienoBarenbHocTh 1, 4, 9, 16, ..., N%, ... orpaHuyeHa cHU3y. B kayecTBe HIKHEIH IPaHUIIBI
MO>KHO B35Th YHCJIO | miH 1r000€e YUCiIo MeHbIe 1.
Ecimm mocrnenoBaTenpbHOCTh OTpaHWYCHA M CBEpPXY, M CHH3Y, TO €€ Ha3bIBAalOT OTPaHUYCHHOM.

1
Hampumep, ¥»= 7. Dra nocnenosarensHocTh OrpaHUYEHA M CBEpPXY, U CHU3Y. B KauecTBe BepXHEWU I'paHUIIbI
MOYKHO B35ITh YHCIIO 1, B Ka4eCTBE HIKHEH IpaHulbl — gucio 0.

OcCo0eHHO HAaITIAJHBIM CTAHOBUTCS CBOWCTBO OTPAaHWYEHHOCTH IIOCIEIOBATEIFHOCTH, €CIU WICHBI
MOCIIEI0BATEIbHOCTH OTMETHTh TOYKaMHU Ha YUCIOBOH MpsiMON. OrpaHUYEHHOCTh MOCIEA0BATEIbHOCTH O3HAUAET,
YTO BCE YICHBI MOCIEIOBATEIbHOCTH (TOYHEE, COOTBETCTBYIOIINE UM TOYKH IIPSIMON) HMPHHAIJIEKAT HEKOTOPOMY
orpe3ky. Tak, n300pa3uB WICHHI MOCIEAOBATEILHOCTH TOYKAMM Ha YMCIIOBOW NPSMOM, 3aMedaeM, 4TO BCE OHH

npuHazekar otpesky [0, 1] (puc. 64).

1
—
11111 i
EEEEEE
Puc. 64

Onpedenenue. TlocnenoBarenbHOCTh (Yn) HA3bIBAIOT BO3PACTAMONICH, €CIIM KAXK/AbIH €€ uieH OoIblie
MPEABIAYIIEro:

[k"

Vi <Y <Ys<Ys < eee <Yn <VUns1 < «ens
Hanpuwmep, 1, 3, 5, 7,...,2n-1,... — Bo3pacTaromas mocjiae0BaTeIbHOCTb.
Onpedenenue. lTlocnenoBatedbHOCTh (yn) HA3BIBAIOT YOBIBAIOIICH, €CIM KAXKIBIA €€ WICH MCHBIIC
MPEBITYIIEro:

NWZY2Z Ys P Ys ™ cee T Ya P Yn = een s

Bospacratoiiye U yObIBAMOIIME MMOCIEIOBATENLHOCTH OOBEIUHSIOT OOIMUM TEPMHUHOM — MOHOTOHHBIE
MOCIIEI0BATEIHHOCTH.
3.3. TIpenen 4YuCI0BOI MOCIETOBATEILHOCTH.

PaccmoTpum Be uncioBsie mociefoBaTensHoeT! (¥,) u (x,).

(y,):1,3,5,7,9,...,2n-1, ...;
: B IO 1
(xu)'lv_b -3-'_'---. L
2 4 n
Ha puc. 64 3amedaeM, 4TO WICHBHI MOCIEJOBATEILHOCTH (Xn) Kak Obl "crymarorcs" okono Touku 0, a y
MIepBOIM MOCIIEA0BATENLHOCTH TAKOM «TOYKM CTYIICHHs» HET. B MoJoOHBIX cilydasx MareMaTWKd TOBOPAT Tak:
BTOpPas NOCIEJ0BAaTEIbHOCTh CXOAUTCS, a IepBas MOCIEI0BATEIbHOCTh PACXOAUTCS.



Bo3HHMKaeT ecTeCTBCHHBIN BONPOC: KaK y3HATh, SIBISICTCSA JIM KOHKPETHAasl TOYKA, B3sATas Ha TPSIMOM,
«TOYKOHW CTYLICHUS» AJISI WICHOB 3aJaHHON MOCIIEN0BaTEIbHOCTH. UTOOBI OTBETUTH HA 3TOT BOIIPOC, BBEAEM HOBBIM
MaTeMaTUUECKUI TEPMUH.

Onpeoenenue. I1ycTb a — TOUKa MPSAMOMA, a T— TIOJIOKHUTENbHOE Yncio. HTepBan (a — T; a + T) Ha3bIBalOT
OKpPECTHOCTBIO TOYKH a (puc. 65), a YHCI0 T— PaIIyCOM OKPECTHOCTH.

a-r a atr
Puc. 65

Hampumep, (5,98, 6,02) — okpecTHOCTh TOYKH 6, TpHYEM pamuyc 3Toil okpectHocTH paBeH 0,02.
Teneps MBI MOXKEM OTBETHThH Ha IOCTABJICHHBIH BbIIE Borpoc. Ho cpa3y yTo4HNM: MaTeMaTHKH HE JIOOST TEPMUH
«TOYKa CTYHIEHWS I WICHOB 33JaHHOI IOCIENOBAaTENbHOCTH», OHM IPEAIOYMTAIOT HCIONB30BaTh TEPMHUH
«IIPEAEN NOCIEA0BATEIBHOCTIY.

Onpedenenue. Uncio b Ha3BIBAIOT TIPEIETIOM TTOCIEIOBATENLHOCTH (Yn), €CITH B JIFOOOM 3apaHee BHIOPaHHOM
OKPECTHOCTH TOYKH D comeprkarcst Bce WICHBI MOCIeOBATEIBHOCTH, HAYHHAS C HEKOTOPOro HOMEpa.

=b
I (awratoT: yncTpemurcss K b wmimm  yn cxommres Kk b), mmbo

lim
[umyr nubo TaK: n —+=

Tak: Ya —* b (4UTAIOT: TIpeIesT MOCIEeOBATEILHOCTH Yn IIPU CTPEMIIEHHH N K OECKOHEYHOCTH paBeH b; HO 0ObIYHO
CJIOBA «IIPU CTPEMJICHUHU N K OECKOHEYHOCTH» OIYCKAIOT).

Boo0Omie, paBeHCTBO O3HAYaeT, YTO MpsMas y = b SABISETCA TOPH3OHTAIRHOW acHUMITOTON rpaduka
¢byukimu y = f(n).

Cxopmsmuecs IOCIeI0BaTeIbHOCTH 00IaJaf0T PSIOM CBOHCTB.

Cgoiictso 1. Eciiit mocnegoBaTeIbHOCTD CXOIHUTCS, TO TOIBKO K OHOMY TIPEACITY.

CoiicTBo 2. Eciu nmocienoBateabHOCTh CXOUTCS, TO OHA OTPaHUYEeHA.

3ameTM, yTO 00paTHOE YTBEPXkKACHHUE HEBEPHO: Hampumep, 1, 2,3, 1,2, 3, ..., 1, 2, 3, ... — orpaHuyeHHas
MOCJIEZIOBATENbHOCTh, HO OHA HE CXOAMTCA.

OKka3pIBaeTCs, C€CIIM IMOCIEN0BATEIbHOCTh HE TOJBKO OrpaHWuYCHA, HO W MOHOTOHHA (yOBIBACT WU
BO3PAcCTaeT), TO OHA 00s3aTENIbHO CXOAUTCS; 3TO Jokazan B XIX B. Hemenkuit Matemaruk Kapn Beiiepmirpacc.

CpoiictBo 3. Ecnm mociemoBaTelbHOCTP MOHOTOHHAa W OTpaHWYEHA, TO OHAa CXOAUTCS (Teopema
Beiiepmpacca).

Teopema. Ecan "li_l.!}ox, =b, llin;y. =e¢, TO
1) npenen cyMMEI paBeH CyMMe NIpefiesioB:
lim (x, + y) =b +¢;
R~ 00
2) npeaen NpPoM3BeeHHS PaBeH NPOH3BEACHHIO NMpeIeI0B:
lim (x.y.) = be;
n—o0
3) npesea yacTHOrO paBeH YACTHOMY NPeNeNoB:
s [F)_ B ;
m(v..)' cre*0
4) NOCTOAHHBIN MHOXKHTENIL MOXKHO BHIHECTH 3a 3HAK Npenesa:

,!iﬂ(kx") = kb.

3.4. Ilpeaen pyHkuuM HA 0€CKOHEYHOCTH U B TOUKe.

Ipenen ¢pyHkunu HA 6€CKOHEYHOCTH

[Tycts Teneps nana ¢pynkus y = f(X), B o0acT onpeneneHus: KOTOpoil COIEep>KUTCS Iy [a; +o0) IyCTh
npsiMast y = b siBsleTcst ropu3oHTaNBbHON acuMnToTON rpaduka (puc. 66) dyukimun y = f(x). EctrectBenno, uro
MaTeMaTHK{d B 3TOM CIIydae IO aHAJOTUH C MPHUBEACHHBIM BHINIE PABEHCTBOM PEIIMIN HCIIOIB30BAaTh 3aITUCH:

lim f(x)=b

x— o0 (uurarot: npenen ¢pyukuuu y = f(x) npu crpemiaeHHH X K IIIHOC OECKOHEYHOCTH paBeH b).



A L1

! y=[(x)
1

| T y=b
1
Fg M
1

(o] lq x
[ Hi
Puc. 66

Ecnu ke mana Gyskims y = f (x), B o6nactu onpeseneHus KOTOPO# COASPKUTCS JTyd (—oo; al npsmas y
= b sBnsteTcs ropusoHTanpHO# acumnToTOM rpaduka Gynkimu y = f(x) (puc. 67), TO B 3TOM CIyYae HCIONB3YIOT

lim flxy=1t
3alUCh: *—+-—= (amratoT: npezaen GyHKIMU y = f(X) Ipu CTpEeMIICHUH X K MUHYC OECKOHEUHOCTH paBeH b).
1| YA
i
I
] y=b
T~ ] [
—y = (x)+3
4 \\
| N >
al|o N\ x
t N
K N
Puc. 67
im f(x)=»5 Lim f(x) = b
Ecnu onmHOBPEMEHHO BBIMOJHSIOTCS JBa COOTHOIICHHS: X~ +% | G — , TO MOXHO
lim f(x)=b
00BEIMHUTH UX OJHUM COOTHOLIEHHEM: *~—**® . Ho ycrnoBunuch ncrnonb30Barh 00jice SJKOHOMHYIO 3aIlUCh:

lim =
x s flz) =b (uurarot: npenen GpyHkuuu y = f(X) npu crpemiieHHH X K 66CKOHEYHOCTH paBeH b).
B atom ciyuae mpsiMasi y = b sBIISeTCSA TOPU30OHTATIBHOM acMMOTOTON rpaduka GpyHKuu y = f(X) kak ObI ¢
JIBYX CTOPOH (puc. 68).

YA

r/ L ‘\ y=1f(x =

N

y=
|

Puc. 68
Brruncienne npenena (yHKIMM Ha OSCKOHEYHOCTH OCYLIECTBISETCS IO TEM K€ IpaBWiIaM, 4TO M
BBIYHCIICHHE TIpeJieNia ocieaoBarenbHocTy. [IpuBeneM ux (¢ COOTBETCTBYIOIIMMH N3MEHEHHSIMH).
1) st s1r060T0 HAaTYpaIbHOTO MOKA3aTelisi M | J1I000T0 KO3 QHUIIMEHTa K CIIPaBEATIHBO COOTHOIICHHE!

1 8
lim () =0.
lim =0, i =0
2) Ecnu =-0°°f(x) s P-E!U‘Og(x) ¢ , TO
a) Mpeaes CyMMBI PaBEH CyMME IIPEIETIOB:
}ingo([(x) +8(x)=b+c;

0) mpenen NPOU3BENECHHUS PABEH NPOU3BEACHUIO IPEIETIOB!
lim f(x)g(x) = be;
Xy

B) Mpejes YaCTHOTO PaBEeH YaCTHOMY OT JEJIEHHsI IPeIesioB (pa3yMeeTcs, IPH YCIOBUH, UYTO )
li f(x) o
200 8(%) ¢’

I) IOCTOSHHBIA MHOKUTEIh MOKHO BEIHECTH 32 3HAK Ipe/eNia;

,lijl‘i’okf(x) = kb.

Ipenen pyHkuumn B ToUKe.
Paccmorpum  dyHKIMM, rpaduKu KOTOPBIX H300pakeHBI Ha puc. 69 — 71. Bo Bcex Tpex ciydasx
M300pakeHa OJIHA ¥ Ta K€ KpUBas, TEM HE MEHEe 3TO TPH pa3Hble QYHKIMH, OHA OTIMYAIOTCS APYT OT JIpyra CBOUM



MOBEZICHWEM B TOuke X = a. g ¢ynkmum y = f(x), rpaduk xoTopoil m300paxeH Ha puc. 69, 3nadenue f(a) He
CyIIecTBYeT, (YyHKIINSI B YKa3aHHOH Touke He ompeneneHa. g ynxmmm y = f (X), rpaduk KoTopoii m300paxeH Ha
puc. 70, 3Hauenwue f(a) cymecTByeT, HO OHO «HEYIadHOE», OHO OTIMYHO, OT, Ka3aJIOCh OBI, €CTECTBCHHOTO 3HAUCHUS
b. Hakowrer, must ¢pyakimu y = f(x), rpaduk kotopoit m3obpaxkeH Ha puc. 71, 3HaueHue f(a) cyrmecTByeT, H OHO
«ymauHoe». Eciu jxe TOuKy X=a UCKIIOYHTh U3 PACCMOTPEHHS, TO BCe TPU QYHKIMU OyayT TOKASCTBEHHBIMH. JlI1st
BCEX TPEX CIIy4aeB UCIIOJIb3YETCs OJTHA U Ta JKE 3alKCh:

lim .f(x,‘; =h

X
(untaem: «mpenen GyHKUUH y = f(X) Mpu CTPEeMIICHHH X K @ PaBeH by).

1LLl BITTT 1T

y = f(x) y=f(x) 5][=ll(x')

—tf(a)
—~t-b P b —+b
O 1 £ o a x o] g X
Puc. 69 Puc. 70 Puc. 71

CozeprkarebHbIA CMBICT TPHUBEACHHONW BBINIC 3alMCH 3aKIOYACTCS B CICAYIONIEM: €CIH 3HAYCHUS
apryMeHTa BBIOMPAIOTCS BCe ONMKe M ONMKE K 3HAUCHHIO X = @, TO 3HAuCHHS (PYHKIMH BCE MCHBIIC M MCHBIIIC
OTIMYAIOTCS OT TpeenbHOro 3HadeHus b. Ilpu 3ToM, momdepKHEeM eie pa3, caMa TOYKa X = g HCKIF0YaeTCs 3
paccMOTpeHus..

A Temepb OTBETHTE HA BOMPOC: KAKYI0 M3 PACCMOTPCHHBIX TpeX (YHKIMHA ECTECTBEHHO CUYHTATh
HETPEePhIBHON B ToYke X = a? OTBET OYEBUICH: HEMPEPHIBHONH SCTECCTBEHHO CUMTATh TPEThIO (DYHKIIMIO, KOTOPAs

fay = b . MmIE) = fla).
YAOBIIETBOPSIET YCIOBHIO , T.€.

Panee MbI TOBOpWIIH, YTO (DYHKIUSI HENPEPHIBHA, €CIIM BHJICIH, 4TO €€ rpadUK MpPEeACTaBiseT coOOi
CIUIOIIHYIO JIMHUIO, T.€. HE UMEET IPOKOJIOB» U «CKadukoBy». Ha camom jene rpaduk QyHKIMU H300pakaroT B BUC
CIUTOIITHOM JTUHIH (0€3 «ITPOKOJIOB)» U «CKAUuKOBY) TOJBKO TOT/IA, KOTJ]a YCTAHOBICHA HEMPEPHIBHOCTH (DYHKIIHH.

Onpedenenue. Oynkuuioo y = f(X) Ha3pIBalOT HEMPEPBHIBHOW B TOYKE X = @, CCIIH BBINOIHACTCS
COOTHOIIICHHE!

Lim f(x) = f(a).

WubiMu ciioBamu, GyHKuuio y = f(X) Ha3pIBalOT HENPEPHIBHOI B TOUKE X=a, ecliu npeae GpyHkiun y = f(x)
NPU CTPEMIICHHH X K ¢ PaBEH 3HAUCHUIO (PyHKLUH B TOYKE X = a.

Oynkuuto y = f(X) Ha3bIBalOT HENPEPHIBHOW Ha MPOMEXYTKe X, €CJIM OHAa HENpepbhIBHA B KAXKJIOW TOUKE
MPOMEKYTKA.

Teopema. Ecan uﬂ f(x)=b, ’li_l.nﬂ g(x) = ¢, T0:
1) uﬂ(ﬂl) +8(x)=b+c¢
2) lim f(x)g(x) = be;

3) xl"ﬂ; 'gﬁ(% = % (npn ycaosun, wro ¢ # 0);

4) .'hﬂf(x) = kb.

3.5. lIpupamenne aprymenta. IIpupamenne gynkuuu.

Onpeoenenue. Ilycts ¢ynkums y = f(X) onpeneneHa B Toukax Xo M Xi1. Pa3HOCTB X1 - Xo Ha3bIBaloOT
NpHUpalieHueM apryMeHTa (Ipd mepexojie OT TOYKU Xo K Xi), a pasHoctsb f(x1) - f(Xo) HaspiBaroT mpupanieHHem
¢byHKIHN.

[Ipupamenne aprymeHnta 0003Ha4alOT AX (YHTAOT: NIEIbTa MKC, A — MpomHCHas OyKBa TPEUYEeCKOTO
andaBuTa «IEITBTaY; COOTBETCTBYIOMIAS CTPOYHAs OykBa mumiercs Tak:d ). [Ipupamenne ¢pyHKmm o603Ha4a0T Ay
i Af,

Hrak, X1 — Xo = AX, 3Ha4HT, X1 = X0+ AX.

f(x1) — f(Xo0) = Ay (wu Af), 3mauurt, Ay = f(xo + AX) - f(Xo).

Jlexuus Ne 8 (2 yaca)

Tema: «Onpenenenue Npon3BOAHOI

1 Bomnpocs! Jeknumn:

1.1. 3apaum, npuBoSIIHE K MOHATHIO MPOU3BOTHOM.
1.2. Aaroputm OTBICKAHHSI IPOU3BOAHOM.



2 Jlutepartypa.

2.1. OcHoBHAs IUTepaTypa:

2.1.1. BoromomnoB H.B. Maremaruka : y4eOHHK IUISI CpEmHEr0 MPOPECCHOHANBHOTO 0Opa3oBaHust /
H. B. Boromomnog, I1. . Camoiinenko. — 5-e¢ m3na., mepepad. u mom. — Mocksa : UzgaremsctBo FOpaiit, 2021. —
401 c. — (Ilpodeccnonanpaoe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 5>neKTpoHHBIA //
O6pasosarenbHas wiatgopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka Jyist KoJutemkel : yaeOHoe mocodue Juisi cpeiHero npodeccroHanbHOro
obpazosanus / H. III. Kpemep, O. I Koncrantunosa, M. H. ®punman ; nox penakiueit H. 1. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrponHslid / OOpa3oBarenbHast miardopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoHATeIbHAS JIUTEPATYpaA:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMu B 2 4. Yacte 1 : ygebHOe mocobme mist
cpemaero npodeccronambHOro oOpazoBanms/ H. B. boromonmoB. — 2-¢ wm3m., wucmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpazoBanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHsrit // O6paszosarensHast miaropma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. Yacte 2 : ydeOHOEe mocoOme st
cpemaero npodeccroHambHOro oOpazoBanmsi/ H. B. boromonmoB. — 2-¢ wm3m., wucmnp. m mom. — Mocksa !
WznarensctBo IOpaiit, 2021. — 320 c. — (IIpodeccuonanproe odpazopanue). — ISBN 978-5-534-09135-9. —
Texkcrt : anexTpouHbIi // O6Gpa3oBarenbHas miargpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe coaepxaHue BOMPOCOB (TE3UCHO W3JIOKUTH OCHOBHOE COJEPKaHHUE pPacCMaTpUBAEMBIX
BOTIPOCOB)

3.1. 3agaumu, npuBoAsIIHE K MOHATHIO IPOM3BOTHOI.

3anaya 1 (o ckopoctu amxeHus). Ilo mpsmMoi, Ha KOTOPOH 3aJjaHBl HAYAJI0 OTCUETA, CAMHHUNA U3MEPCHUS
(MeTp) ¥ HampaBIICHHE, JBIDKETCSI HEKOTOpPOE Telo (MaTephaibHas TOUKA). 3aKOH ABMDKEHHMS 3a1aH (PopMymoil s =
s(t), tme t — BpeMs (B cekyHOax), S(t) — momoxkeHne Tena Ha MPAMOH (KOOpAMHATA JBIDKYIIECHCS MaTepHAIBLHOM
TOYKH) B MOMEHT BPEMEHH t [0 OTHONICHHIO K Hadalxy orcuera (B MeTpax). HallTm ckopocTh ABMKEHHS Teila B
MOMEHT BpeMeHH t (B M/c).

Pemenue. [Ipennonoxxum, 970 B MOMEHT BpPeMEHH t TeJI0 HAXOMMWIOCH B Touke M (puc. 72), mpoias myTh
oT Havana jaBmwxeHus OM = s(t). [amgum aprymeHTy t mpuparieHue At 1 pacCMOTpUM MOMEHT BpeMeHH t + At.
KoopanHnara MarepuaibHOIT TOUKH cTaia APYToi, Teo B 3TOT MOMEHT OyneT HaxomuTthes B Touke P: OP = s(t + At).

As
+ 5'*3 =
o M P x
Puc. 72

3HauuT, 3a At cekyH/I Tello epeMecTHIoch U3 Touku M B Touky P, T.e. npouuto nyts MP. Umeem: MP = OP
— OM = ('t + At) — s(t). [onydyeHHy0 pa3HOCTh MBI Ha3Basu mpupainenneM ¢pyukiun: S( t + At) — s(t) = As. Urak,
MP = As (m). Ilpuuem, nepememnienne u3 Toukd M B Touky P Tenmo mpommio 3a At cexyna. Herpynao Haiftu
CPEHIOK CKOPOCTh IBIDKEHHS Tella 3a MPOMEKYTOK BpeMeHH [t t + At]:

Ugp = % (™/c).
A 4TO Takoe CKOpOoCTh (t) B MOMEHT BpeMEHH t (ee Ha3hIBaIOT HHOTIIAa MTHOBEHHOHW CKOPOCTHIO)? MOXHO
CKa3aTh TaK: 3TO CPEAHAS CKOPOCTh JBIDKEHUsI 3a MPOMEKYTOK BpemeHnu [t; t + At] mpu ycnoBum, uto At
w(t) = lim Uep
BBIOMPAETCS BCE MEHBIIIC U MEHBIIIC, HUHBIMU clioBaMu, At—0. DTo 3HAYHT, YTO at—0 7,
[HonBons utor perenuro 3aga4u 1, momydaem:

o(t)= lim 2%,

Al 50 At

[Ipexne dgem copMyIHpOBaTH BTOPYIO 33/Jady W NPHUCTYNHTh K €€ PEIIeHHI0, 0OCYIuM BOIPOC, YTO
CIIeyeT MOHMWMATH MO/ KacaTelbHOW K IUIOCKOH KpHWBOH. TepMHHOM «kacaTeibHas» MBI YK€ TOJB30BAJINCH (Ha
MHTYMTUBHOM YPOBHE) B Kypce anredpsl 7—9-ro kiaccos. Hanmpumep, Mbl rOBOpHUIIHM, 4TO Hapadona y = X2 kacaeTcs
OCH X B To4Ke X = () MJIM, YTO TO 7K€ CaAMO€, OCh X SBJSETCS KacaTesbHOI Kk napabose y = x? B Touke x = 0. U neno e
B TOM, YTO OCh X M Napabojia HMEIOT OfiHy OOLIYyI0 TOUKY. Belb 0ch y Toxe MMeeT ¢ napabosioil y = x? ofHy 00II1yIo
TOYKY, OJJHAKO y Bac HE BO3HMKHET >XEJaHWs Ha3BaTb OCh y KacaresbHOM K mapaboie. OOBIYHO KacaTelbHYIO
OTIPEAEIAIOT CIEAYIOIUM 00pa3oM.

Hana xpuBast L (puc. 73), Ha Hell BbIOpaHa Touka M. Bo3bMeMm emnie ofHy TOYKY Ha KpWUBOH, IpHUYEM
JI0CTaTovHO OM3Kyro kK M, — Ttouky P. [IpoBenem cexyuryto MP. Jlanee Oynem npudmikars Touky P mo xpuBoii L x
touke M. Cekymass MP Oyzer u3MeHATh CBOE HOJIOKEHHE, OHA Kak Obl IOBOpaunBaeTcsi BOKpyr Touku M. Yacto
ObIBaeT Tak, YTO MOXXHO OOHAPYKUTh B 3TOM TMpOIeccCe MPAMYI0, MPEACTABIMIONYI0 COO0N Hekoe MpenenbHOoe
MOJIOKEHHE CEeKYIIeH; 3Ty IPSAMYI0 — TIpeleNbHOE MOJI0KEHNE CEKyIed — Ha3bIBAalOT KacaTelIbHOW K KpuBOH L B
Touke M.


https://urait.ru/bcode/469433
https://urait.ru/bcode/469282
https://urait.ru/bcode/470790
https://urait.ru/bcode/470791
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3agauva 2 (o kacatenbHOH K rpaduky ¢pyHkunu). Hax rpaduk ¢yaxmmu y = f(x). Ha Hem BriOpana Touka
M(a; f(a)), B oTO# TOukKe K rpaduky QYHKIMH NpOBEeICHA KacaTelbHas (MbI TIPEAMOIAracM, 9TO OHa CYIIECTBYET).
Hatitu yrmoBoit ko3¢ puitmerT xacarenpHOM.

Pemenue. [lanum aprymeHTy npupamieane AX u paccMOTpuM Ha rpaduke (puc. 74) Touky P ¢ abcumccoit
a + AX. Opmunara Touku P paBHa f(a + AX). Yrmooit koadduiment cexyueir MP, T.e. TaHreHC yria Mexmay

. T Ax
CEKYIICH U OCBIO X, BBIYHUCISICTCS IO (hopMyIie

B Y B
L ¥ =f(x) /
-
fla+42) #
I
1
f(a) M
- fla) -
O 1 |a+Ax %
T TIA ]
Puc. 74

Ecnmu MbI Temeps ycTpemMuM AX K HymMO, TO Todka P HayHeT mpuOmmkarbcs MO KpUBOM K Touke M.
KacarenbHyl0o MBI OXapakT€pPU30BalM KaK IPEIENIbHOE IOJIOXKEHHME CEKylleH NpPH 3TOM INPUONMKEHMH. 3HAYMT,

B = lim k.

o o xa
€CTECTBEHHO CYHTATh, YTO YITIOBOH KO3()(DUIMEHT KacaTenbHONH Oy[eT BBIYUCIATHCS 10 (hopMyrte ax—0

Hcnonb3yst npuBeeHHYIO BbIIIE GOPMYITY IS k"“‘, IIOJIy4aeM

. Ay
k“‘-a!:lgloAx'

3ameyaHue. B npuBeeHHOM pelIeHNH 3a1adu 2 YIyIIeH Cilydaid, Korja KacaTejbHas HMepIeHANKYIsIpHa
ocn abcrycc. YpaBHEHHE TakoW NMPSAMON MMEET BHJ X = a, 00 yIIoBoM Ko3((HIMEHTe TOBOPUTH B 3TOM CIlydae
HEKOPPEKTHO, TIOCKOJIbKY OH HE CyIIECTBYET.

3.2. AITOPUTM OTBICKAHMS TPOU3BOIHOI.
Onpeoenenue. Ilycts dyukims y = f(X) ompeneneHa B KOHKPETHOH TOYKE Xo M B HEKOTOPO#l ee
OKpecTHOCTH. [laauM apryMeHTy X mpupaineHue Ax, Takoe, 4ToObl HE BBIUTH U3 yKa3aHHOW OokpecTHOCTH. Haligem

COOTBETCTBYyIOIIEE MpHUpalieHue (yHKIMH Ay W COCTaBUM oOTHouleHne A%, Ecnu cyliecTByeT Npeien 3TOro

OTHOLICHHS MpHU yciIoBuU AX — 0, TO yka3aHHBIH MMpesel Ha3bIBAlOT NPOU3BOIHON GyHKIMK y = f(X) B TOUKe Xo U
o6o3uayarot f'(Xo).
Urak,

. A
lim 33 =7,

Jnst 0003HaueHNS TPOM3BOAHON YacTO MCIIOIB3YIOT CUMBOI Y.

OtmernM, 4yto y' = f '(X) — 3TO HOBasg (hYHKIMSA, HO, €CTECTBEHHO, CBsi3aHHas ¢ QyHKume y = f(x),
OIIpezieIeHHasl BO BCEX TAaKMX TOYKAX X, B KOTOPBIX CYIIECTBYET yKa3aHHbIH BbINIE Tpesies. DTy (GYHKIUIO Ha3bIBAIOT
Tak: nmpousBoaHas GpyHKImH y = f(X).

PaCCMOTpCHHLIC B ImL 1 3aJa4yu 1 m 2 mNO3BOIAIOT HCTOJKOBAaTh MMpOU3BOAHYIHO C (bHBI/I‘-ICCKOﬁ u
FeOMeTpI/I‘IGCKOﬁ TOYCK 3pCHUA.

Omnuecknii (MeXaHMYECKHUH) CMBICT TPOM3BOAHOW cocTOMT B cienyromieM. Ecmm s(t) — 3akoH
l'IpS[MOJ'IPIHCI?IHOFO JBWKCHUA TEJIA, TO IPOU3BOJHAA BBIPAXKACT MI'HOBEHHYIO CKOPOCTh B MOMEHT BPEMCHHU t:
vlt) = 8'(¢).

Ha IMPAaKTUKE BO MHOIMX OTPACIX HAYKH HCIIOJb3YCTCA O606HI€HI/IC MOJYYCHHOTO pPAaBCHCTBA: €CJIN

HEKOTOPBIH Npoliecc MPOTEKAET 110 3aKOHY S = § (t), TO Mpou3BoxHas S'(t) BBIpaXkaeT CKOPOCTh MPOTEKaHHs Ipolecca
B MOMEHT BPEMEHU t.



I'eoMeTpuUecKkuii CMBICIT TIPOU3BOIHOM COCTOUT B cieayromeM. Ecim k rpaduky ¢pyHKImn y = f(X) B TOUKe
¢ abcmuccoli X = g MOXHO TIPOBECTH KacaTelIbHYIO, HeMapaieNlbHyl0o ocu y, To f '(a) BBIpakaeT yrioBoi
k03¢ HUIHEHT KacaTeTbHOM:

k=f(a).

IMockonbky K = tg o, To BepHO paBeHcTBO f'(a) = tg a.
A Temeph HCTOJIKYeM OMpeeieHHE MPOM3BOIHONW C TOYKH 3PCHHUs MPUONIKEHHBIX paBeHCTB. IlycTh
Gbynkus y = f(x) ©MeeT IPOM3BOJHYIO B KOHKPETHOH TOUKE X:

A
Jim 3% = £(2).

Ot1o O3HA4YacT, 4YTO B JOCTATOYHO MaJIon OKPECTHOCTH TOYKH X BBIIIOJTHACTCSA l'[pI/I6JII/I)KCHHOC PaBE€HCTBO!

% = f(x), 1. e. Ay = [(x) - Ax.

CozmeprkaTenbHBIA CMBICI IOTYYCHHOTO NPUONMMKEHHOTO pPABEHCTBA 3aKJIIOYACTCS B  CIEAYIOLIEM:
npupamesne (QYHKOUH «IOYTH TPOIOPIHOHATIBHO» TPHPALICHUIO apTyMEHTa, MNpHYeM KO3 QHIEHTOM
MPONOPIMOHAIFHOCTH SIBIISIETCS 3HAYEHHUE IPON3BOAHON (B 3a1aHHOM TOUKE X).

Ecnu BHUMaTenbHO NPOYMTATh ONPENECIICHWE NPOU3BOAHOW, TO MBI OOHapyXHWM, YTO B HEM 3aJIOXKCH
AJNTOPUTM OThICKaHHs pou3BoHoMH. ChopMymupyem ero.

ANTropHTM HAXOMKIAEHHN NPOMIBOLHOM
dysxumn y = f(x)
BaduKcHupoBaTh 3HAYEHHE X, HAWTH f(x).
. JlaTe aprymMenTy X npHpamenue Ax, mepedTH B HOBYIO TOYKY
x + Ax, HaliTH f(x + Ax).
. Haiitu npupamenne pyaxuuu: Ay = f(x + Ax) - f(x).

. CocraBuTh OTHOLIEHHE % .

= S S B CR

. A
. Berumemuts lim 22,
ax—0 Ax

Iror upeaen u ects f(x).

Ecmu ¢ynkmms y = f(X) mMeeT Mpou3BOJHYIO B TOUYKE X, TO €€ Ha3bIBAIOT AuddepeHnnpyeMoil B ToUke X.
[Iponenypy oTBICKaHUS MTPOU3BOTHOHN PyHKINH y = f(X) Ha3pBatoT nudpepeHnupoanueM GyHknun y = f(x).

Jexkmusa Ne 9 (2 yaca)

Tema: «BbpruuciieHne npou3BoaHON»

1 Bomnpocsl JieKnuHK:

1.1. Dopmyas! nudpdepeHuupoBaHus.

1.2. TIpaBuiaa quddepeHnmpoBanus.

1.3. /IuddepennmpoBanue ca0KHbIX GpyHKIUA.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTepaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK sl CpeJHEro mpodeccHoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnerko. — 5-e¢ u3n., nmepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : 3NEKTPOHHBIN //
O6pazosarenbHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematuka it KOJUTSIDKEH | yaeOHOEe mocooue it CPeaHEro mpodheCcCHOHaIbHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakiueit H. III. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: MWMzmarensctBo FOpaiit, 2021.— 346 c¢c.— (IIpodeccuonanbhoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHbid // OOpaszoBatesnbHas ruiardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoHATeIbHAS JIUTEPATYpPa:

2.2.1. boromonos H. B. Maremaruka. 3amaun c¢ pemeHusmMd B 2 4. Yacte 1: ydeOHOe mocobue st
cpennero npodeccroHambHoro obpaszoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — Mocksa :
WznarensctBo IOpaiit, 2021. — 439 c. — (IlpodeccronansHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHslit // O6pazoBarenpHas mwiarpopma FOpaidt [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMd B 2 4. Yacte 2 : y4eOHOe mocoOue st
cpearero npodeccroHanbHOro obpaszosanusi/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miargpopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copep)kaHue BONPOCOB (TE3UCHO H3IOKUTH OCHOBHOE COJACPIKAHHE PaCcCMaTPHBAEMBIX
BOTIPOCOB)

3.1. ®opmy.isl quddepeHINPOBaHNS.



https://urait.ru/bcode/469433
https://urait.ru/bcode/469282
https://urait.ru/bcode/470790
https://urait.ru/bcode/470791

Qopmymamn U GepeHIUPOBaHUsT OOBIYHO HA3BIBAIOT (OPMYIBI UIT HAXOXKACHUS IPOU3BOIHBIX
KOHKPETHBIX (DYHKI[HIA:

C'=0;
x=1;
(kx+m) =k;
(x?) =2x;

£

» 1 .

(Vx) e

(sin x)’ = cos x;
(cos x)’ = —sin x.

(x") =nx""1,
(g 2 = Goutz -
1
(etg ) =~ gy

3.2. IlpaBuaa auddepeHupoBaHusi.

Teopema 1. Ecan ¢pynxuun y = f(x) u y = g(x) umeror npous-
BOAHYH B TOYKE X, TO H HX CyMMa HMeeT NPOH3BOJHYI0O B TOYKEe X,
npHYeM MPOH3BOJHAA CYMMBI PaBHA CyMMe NMPOH3BOXMBIX:

[ ¢ + gy =) + &) |
Teopema 2. Ecom pynxuus y = f(x) nmveer MpoR3BOAHYIO B TOUKE X,
T0 M hyEKuHA y = kf(x) MMeeT MPOH3BOAHYIO B TOYKE X, MpHYEM
| Ay =kf'). |

Teopema 3. Ecnn dpysxuun y = f(x) u y = g(x) nmeror npous-
BOHY¥O B TOYKE X, TO H HX NPOH3BEJeHHE HMEeT NPOUIBOAHYIO B TOY-
Ke x, npugem

| (10 2 =) ) + 1) £ 3. |

Teopema 4. Ecam dpysxuun y = f(x) n y = g(x) numeror npous-

so;mylon'rotmexnlmimmg(x);eo,-mq,mu,,,y=%.)).

HMeeT NMPOM3BOJAHYIO B TOYKE X, MpHYeM

[ﬂg] _ [(®)8®)-1(0)g(x)
g | = —‘&;r‘l“w :

3.3. JuddepeHuupoBaHue cI0KHbIX (PyHKIHIA.

Onpeoenenue. Oyukuuio Yy = f(g(X)) Ha3bIBAIOT CAOKHON QYHKITHEN.
Paccmotpum crioxkayto ¢yrknuio uga Y = f(kx + m).

Teopema. IIpousBonHas Gpyukiumu Yy = f(kX + m) Beraucnsiercs mo popmysie

(f(kx + m)Y =kf'(kx + m).

Jlexnus Ne 10 (4 yaca)

Tema: «IIpunoxeHus NpOU3BOAHOI»

1 Bomnpocsl JieKIHHK:

1.1. YpaBHeHHe KacaTeJbHOIi K rpaQuKy GyHKIHH.

1.2. HccaenoBanme GyHKIHH HA MOHOTOHHOCTH C TIOMOIIBIO MPOW3BOTHOM.

1.3. OrpickaHne HANOOJIBIINX H HAMMEHBIINX 3HAYEHHH YHKIMH.

1.4. Tlnau ucciaeqoBaHusi M MOCTPOEHUS rPa@UKOB QYHKIMIA.

2 Jlureparypa.

2.1. OcHoBHas JiMTepaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHUK [Jisi cpemHero mnpoecCHOHANIBHOro o0pa3zoBanus /
H. B. Boromomos, I1. . Camoiinenko. — 5-e¢ u3m., mepepad. u mom. — Mocksa : U3garensctBo HOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpaszoanue). — ISBN 978-5-534-07878-7. — Tekct : dneKTpoHHbIH //
O6pasosarensHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka st KOJUISIDKEH | yaeOHOe mocodue it CpeaHero mpoheCCHOHaIbLHOTO
oopazosanms / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakiueit H. III. Kpemepa. — 10-¢
u3m., nepepab. u  gom. — Mockea: MzmarensctBo IOpaiit, 2021.— 346 c.— (IIpodeccuonanbhoe



https://urait.ru/bcode/469433

obpazosanue). — ISBN 978-5-534-05640-2. — Tekct : anekrponnsiii / ObOpasosarensHast riaropma FOpait
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHUTeJILHAS JIUTepaTypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMu B 2 4. Yacte 1 : ygebHOe mocobme mis
cpemaero npodeccronambHOro obOpazoBanus/ H. B. boromonmoB. — 2-¢ wm3m., wumcmp. m mom. — Mocksa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronamsHoe obpazoBanue). — ISBN 978-5-534-09108-3. —
Texker : anekrponHsiit // O6pazoparenbHas mwiarpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun c¢ pemeHusmMud B 2 4. Yacte 2 : ydeOHoe mocobue st
cpennero npodeccuoHambHoro obpaszoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MockBa !
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texker : anekrponHsiit // O6pa3zoparensHas miarpopma FOpaidt [caitt]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copepkaHue BONPOCOB (TE3UCHO H3JI0XKUTH OCHOBHOE COJIEP)KAaHUE pPacCMaTpUBACMBIX
BOTIPOCOB)

3.1. YpaBHeHue KacaTeIbHOH K rpaguKy (PyHKIHMH.

VpaBHeHHe KacarenbHOM K rpaduky dyukmmu Y = f(X) B Touke X = & mMeer BU:

y=Fa) + [(alx —a).

1)
AAropuT™m cocTaBieHHs ypaBHEHMA KACATEAbHOM
K rpaguxy gynxumn y = f(x)
1. OGozrHaunTs abcuHcCcy TOYKH Kacanua OYKBoO# a.

2. BrruncaunTs f(a).
3. Haiitu f'(x) u BeruucanTts f(a).
4. INoacrasuTs HaliieHHLIE YKCA 4, f(a), f(a) B dopmyay (1).

3.2. UccaenoBanue GyHKUMH HA MOHOTOHHOCTb C IIOMOLIbLIO IPOU3BOAHOI.
Teopema 1. Ecam BO BCceX TOYKAX OTKPBHITOrO NMpoMexyTka X BhI-

noansercs HepageHceTso f(x) 2 0 (npuuem pasencrso f(x) = 0 anbo

He BHIMOABAeTCH, JH00 BHINOAHAETCHA JIHIIL B KOHOYHOM MHOMKECTEe

Touex), To pyEkuua y = f(x) Boapacraer Ha mpomexyTre X.

Teopema 2. Ecan BO BCeX TOYKAX OTKPHITOr0 mMpoMexyTka X
BeINONIHAeTCA HepaseHeTBo ['(x) € O (nmpuuem pasencrso f'(x) = 0
60 He BEIMOJHAETCA, THOO BRNMONHAETCH AWINL B KOHEYHOM MHO-
mecTBe TOYek), To pynxkuuna y = f(x) yOsiBaer Ha nmpomexyTre X.

Teopema 3. Ecin BO BCeX TOYKAX OTKPBITOrO MpomexyTKa X Bbl-
noansiercs paseHcTso f(x) = 0, To dpynxkuna y = f(x) nocrosnna wa
npomexyTke X.

Onpedenerue 1. Touky x = x, HA3LIBAIOT TOYKOH MHHHMyMa
dyaxuun y = f(x), ecnd y 2TOH TOYKH CYLIECTBYeT OKPECTHOCTD,
ANST BCEX TOYEK KOTOPO¥H BBINOJNHAETCS HEPABEHCTBO

f(x) = f(x0).
OnpedeneHue 2. Touky x = x, HA3LIBAIOT TOYKOH MaKCHMyMa
byrxuan y = f(x), ecnu y 910 TOYKH CYLIECTBYET OKPECTHOCTb,
ANA BCeX TOYEK KOTOPOH BEIIONHAETCA HEPABEHCTHO

f(x) < f(xo).

ToukH MHEMMyMa H MakcHMyma GyHKUHH Oo0BeguHAIOT O6mIMM
TEPMUHOM — MOYKU IKcmpemyma (OT JATHHCKOrO CJOBA extremum —
«KpafiHuie ).

Teopema 4. Ecnin dysrnua y = f(x) mmeer sKcTpeMyM B TOUKe

X = Xy, TO B 3TOH TOUKe MPOH3BoAHAA GyHKIHM Jnl0 paBHA HYIIO,
anGo He CcyuiecTByer.

HOna ypoGersa ycaoBUMCA BHYTPEHHHe TOUKH 06jacTu onpege-
JeHus QYHKIMH, B KOTOPBIX IPOM3BOAHAS (DYHKIHM PABHA HYJIO, Ha-
3HIBATH CMAYUOHAPHLIMU, 8 BHYTPDEHHHE TOUKH 06J1aCTH OnpeaeeHns
DyHKIHMY, B KOTOPBIX (PYHKIHUS HenpephBHA, HO NPOM3BOJAHAS HE Cy-
LLIECTBYeT, — KPUMUYECKUMU.
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Teopema 5 (docmamounsie ycrosus sxcmpemyma). lyers pynx-
uusa y = f(x) menpepsiBEa Ha npomMexyTKe X W HMeeT BHYTPH
NPOMEeZKYTKA CTAIHOHAPHYIO HJIH KPHTHYECKYIO TOUKY X = X,. Toraa:

a) ec/M y 3TOM TOUKH CYL[ECTBYeT TAKas# OKPECTHOCTH, B KOTOPOI
npy x < x, BeNOJHSeTCA HepaseHcTso f'(x) < 0, a npu x > x, —
Hepasenctso f'(x) > 0, 10 x = x; — ToUKa MHEHMYMa QYEKUHH ¥ = f(x);

6) eca y 3TOH TOUKH CyImIeCTBYeT TAKAN OKPECTHOCTb, B KOTOPOM
NpH x < X, BhOIOJIHSETCH HepaseHcTso f'(x) > 0, a mpu x > x, — He-
Pagrenctso f'(x) < 0, T0o x = x, — TOUKa MaKcHMyma pyEKIHE ¥ = f(x);

B) €CJIH Y 9TOH TOUYKH CYIIeCTBYET TAKAH OKPECTHOCTb, YTO B Hell
M CjleBa M CIpPaBa OT TOYKH X, 3HAKH IPOM3BOJAHON OJMHAKOBBIL, TO
B TOuKe x, IKCTPpeMyMa HeT.

91Ol ANMHHON (OPMYJIHPOBKOH HA& NMPAKTHKE MOJL30BATHLCA He-

yaobHO, coBeTyeM NPHMEHATH CAeAYIONYIO YCAOBHYIO CXeMy AJIA 3HA-
KOB TIPOW3BOJHOM:

= PR e M = = + PO I K,
L) L - 3 T — L T
X, X, X, Xe
min max OKCTPpEMYMA HeT  JKCTPeMyMa HeT

AATropHTM HCCAENOBAHMA HeNpPepbIBHON (yHKIMNA
Yy = f(x) Ha MOHOTOHHOCTE H IKCTPEMYMBI

1. Haditu npoussoguyo [(x).

2. HaiiTu cranurosapHusie (f(x) = 0) u kpurnyeckne (f(x) He
CcymecTByeT) TOUKY GyHKIUH ¥ = f(x).

3. OrMeTHTH CTAIMOHAPHLIE ¥ KPUTHYECKHE TOYKH HA YHC-
NOBOM MPAMOI ¥ ONpeAeNNTL 3JHAKH NPOM3BOAHONR Ha NO-
AYYMBIIMXCA MPOMEKYTKaX.

4. Ha ocHoBanuu Teopem 1, 2 u 5 caenats BHIBOALI O MOHO-
TOHHOCTH QYVHKIMH ¥ O €€ TOYKaX 3KCTPpeMyMa.

3.3. OTbIcKkaHHe HANOOIBIIMX U HAMMEHbIINX 3HAYeHU il PyHKIHM.

1. Ecau ¢pynxyus nenpepuléHa Ha ompeske, mo oxa docmuzaem
Ha HeM U C60e20 HAubOoAbULeZO, U CB0€20 HAUMEHbULeZ0 3HAYeHul (aTa
TeopeMa JJ0Ka3blBaeTCH B KYpCe BHICIIEH MaTeaTHKH).

2. Hauboavuwezo u HauMenbUuiezo 3HAYEHU HenpepuieHas Pymx-
yus moxem docmuzams KAK HA KOHYUAX OMPE3KA, MAK U 8HYmMpu
Hezo.

3. Ecau nauborvwee (unru HaQUMEHbULEE ) SHAYEHUE JOCMU2Zaemcs
8HYMpU OMpPe3Ka, mo MorbKO 8 CMAYUOHAPHOI UL KPUMUYECKOlL
mouxe.

AJTOpPHTM HAXOXJAEHHA HAHMEHBIIEro
" Haubonpuiero 3madenwi
HenpepsisHON GyEKIHH ¥ = f(x) Ha oTpe3ke [a; b]

1. Haitru nponssoanyio f(x).

2. HaiiTi cTauOHAPDHBIE ¥ KPHTHUYECKHE TOUKH (DYHKIIMH,
JexKangHe BHYTPH oTpeska [a; b].

3. BuruncanTh sHa4YeRna GQyRknun y =~ f(x) B Toukax, oTob-
pPaHHBIX HA BTOPOM INAre, H B TOYKaX a 1 b; BOpaTs cpesn
9THX 3HAYEHUH HauMeHbinee (910 GYAeT Yupe) ¥ HAUGO0JIb-
mee (370 OYACT Yyuus)-

Teopema. Iycrs pynxuma y = f(x) nenpepsisna Ha nmpomexyTke X
H MMeeT BHYTPH Hero eANMHCTBEHHYI0 CTAHOHAPHYI HJIH KPHTH-
YeCKYH TOUKY X = x,. Torpga:

a) eCiH X = X, — TOYKA MAKCHMYMA, TO Yuus = f(X0);

6) ecan x = X, — TOYKA MHEHMYMA, TO Yuuu = [(Xo)-
3.4. IInan uccjeI0BAaHUS U MOCTPOEHHS rpadpuKoB PyHKIHUIA.

1. Haiitu oGnacTts onpeaeneHus GyHKIINM.

2. OmnpexenuTpb noBeneHrne GpyHKIUHM HA TPAHUIIAX OOJIACTH ONPEEeICHUS.

3. Haiitu Touku nepecedenust rpaguka GyHKIHUHE C OCSIMHA KOOP/IMHAT.

4. UccremoBars GyHKIIUIO HA Y€THOCTh M EPUOAMIHOCTb.

5. Haiitn npomMexyTK MOHOTOHHOCTH (DYyHKIIMH.

6. Haiitu skcTtpeMyMBbl GyHKIHH.

7. MWccnenoBarh (YHKIMIO Ha CYIIECTBOBAHME BEPTUKAIBHBIX, TOPU30HTAIBHBIX M HAKJIOHHBIX
ACHMIITOT.

8. Tloctpouts rpaduk GpyHKIUH.



Jleknus Ne 11 (2 yaca)

Tema: «IlepBooOpa3zHasi M HeonpeaeJeHHbI HHTErpaJI»

1 Bonpocs! Jekuuu:

1.1. TlousTHe MePBOOOPA3HOIA.

1.2. HeomnpeaeJeHHbIil HHTErpaJ.

2 Jluteparypa.

2.1. OcHoBHAasl JUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK ISl CpeaHEro MpoQecCHOHaIbHOro o6pa3zoBaHus /
H. B. boromozos, I1. U. Camoiinenko. — 5-e u3n., nepepad. u gon. — Mocksa : U3narensctBo HOpaiit, 2021, —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekct : onexTpoHHBIH //
O6pasosarenbhas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uIst KOJUIeIpKelt : yaeOHOe mocodue Uil CpeqHero mpogecCHOHaTFHOTO
obpazosanmsa / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakumeit H. II. Kpemepa. — 10-e
u3n., mepepab. u  gonm. — MockBa: WsmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccmonansroe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snexkrpoHHBIN // ObOpa3oBarenpHast miatdopma FOpaiit
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoIHUTEJILHAS JINTepaTypa:

2.2.1. boromono H.B. Maremaruka. 3amaun c¢ pemeHusMud B 2 4. Yacts 1 : ydeOHOe mocobue st
cpeanero mpodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MoOCKBa !
WznarensctBo IOpaiit, 2021. — 439 c. — (IIpodeccronanpaoe odpazopanue). — ISBN 978-5-534-09108-3. —
Texkcrt : anexTpoHHbI // O6Gpa3oBarenbHas miardopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMd B 2 4. Yacte 2 : ydeOHOe mocobue st
cpenHero mnpodeccroHanbHOro obpasosanus / H. B. boromonoB. — 2-¢ wm3m., ucnp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09135-9. —
Tekct : anexTpoHHblt // Ob6pasoBarenbHhast iardopma FOpaiir [caitt]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepkaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE CONCP)KaHHE pPaccMaTpHBACMBIX
BOTIPOCOB)

3.1. llonsiTue nNepBOOOpPa3HO.

Onpeoenenue. Oyuxuus F(X) HassiBaeTcs nepBooOpasHoil mis ¢yuknuu f(X) ma wuTepBanme X=(a,b)
(KOHEeYHOM HJIM OECKOHEYHOM), €ClU B KaXHol Touke 3Toro uurepsana f(X) sensercs npoussoxnoit ais F(x), T.e.
F(x) = f(x),

W3 ortoro ompeneneHuWs CIeIyeT, YTO 3aJada HaxXOXKICHUS MEepBOOOpa3HOl oOpaTHa 3ajade
nuddepennupoBanus: no 3amannoi Gpyukuuu f(X) tpebyercs naiitn Qynkumio F(X), mpousBoaHas KOTOPOH paBHA
f(x). TlepBooOpa3Hasi omnpenesieHa HEOMHO3HAYHO: sl (PYHKIUM MEpBOOOpa3HbIME OyayT U (QyHKIus arctg X, u
¢bynxmus arctg X-10. Jlyist Toro, 4To0bI OMICATh BCe MHOXKECTBO MepBooOpasHbix (ynkimu f(X), paccMotpum

CpoiicTBa nepBoodpa3Hoii

1. Ecmu ¢pyukuus F(X) - mepBooGpasnas mist hyrkuuu f(X) Ha uarepsane X, to ¢pyuxuus f(x) + C, roe C -
TPOM3BOIIBHASI TOCTOSIHHAS, TOXe OyneT nepBoobpasuoii s f(X) Ha aToM HHTEpBae.

2. Ecmu ¢yukuust F(X) - Hekotopas mepBoobpasHas mist yakiumu f(X) Ha unrepsanze X=(a,b), To mobas
apyras nepBooOpasnas Fi(X) moxer ObiTh mpenctaBiena B Bume Fi(X) = F(X) + C, tne C - mocrosinnas na X
(hyHKIHS.

3. Jns mo6oit nepoobpasHoit F(X) Beimonasiercst paBeHctBo dF(X) = f(x) dx.

U3 aTHX CBOMCTB ciexyeT, uto eciu F(X) - HekoTopas mepBooOpaszHas GpyHkiuu f(X) Ha nHTepBane X, TO
BCE MHOXeCTBO mepBooOpasubix GyHkuuu f(X) (T.e. dyHkimii, umeromux npousBoanyto f(X) u aubdepenuan f(x)
dx) Ha 9TOM HHTepBaje onuchiBaeTcs BeipaxeHneM F(X) + C, rae C - mpou3BobHas MOCTOSHHAS.

3.2. HeonpeneJieHHbIH HHTerpaJl.

Omnpenenenne. MHOXECTBO BCeX NEpBOOOpasHbIX Uil (DYHKUMM  HA3bIBAIOT HEOIPEENICHHBIM

UHTETpaJoM U 0003HayaroT If (x) dx. f(X) HasbBaeTcs mopuHTEerpanbHOH ¢yHkumed, f(x) dx -
TIOIMHTETPATbHBIM BEIPAKCHHEM, — MEPEMEHHON HHTETPHPOBAHHSL.
Ceoiicmea neonpedenennozo unmezpana
1. Tlpouw3BomHasi HEONPEINEICHHOTO HWHTETpajia paBHA TOIBIHTETpAIbHOW (QYHKIMH, a AuddepeHnnan
HEOIPE/IEICHHOTO MHTETPajia PaBeH MOABIHTETPAIFHOMY BBIPAKCHHIO:

(I f(x) dx)’ = f(x),
d | f(x) dx = j(x) dx.

2. Heonpenenennslii uHTerpasn ot aunddepeHuurana GyHKIUA paBeH CyMMe OJTOW (QYHKIMH U
IIPOU3BOJIBHON IIOCTOSIHHOM:

[dF(x) = F(x) + C.
3. TloCTOSIHHBIM MHOXKHUTEJIb MOXKHO BBIHECTH 3a 3HAK HEOMPEICICHHOTO HHTErpaa;

[af(x)dx =a | f(x) dx, a # 0.
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4, Wuterpan ot anreOpandeckoil CyMMbl (YHKIUH paBeH alreOpandeckoil CyMMe HMHTErpajioB OT JTHUX
byHKITHI:

[(F(®) = o) + f5(x)) dx = [ fi(x) dx = [ f(x) dx + [ fy(x) dx.

Taﬁnnua HEONMPEACJTCHHBIX HHTEIPaJI0B.

dx
- VIII. = arcsin x.
I. j dx = x. Jm a
o n+1
II. j (a + bx)"dx = B IX. I e*dx = e*.
b(n + 1)
(n#=-1). X. Ilnxdx=xlnx-x.
- xnt 1 _ _ a_‘
m. | xmdx === =, (= -1). XI. [a*de= .
dx 1 .
IvV. =3 Inla+ bx|. XI1. j cos x dx = sin x.
a + bx
V. % = In |x|. XIII. J sin x dx = —cos x.
VI dx o arctgx XIv. [ 22 =t
' 1 + x2 & - ) Cos?x ~ B X
+ -2 ./ 3 dx _
VII.I a + bx dx = 3b( a + bx)3. XV. Sin?x ctg x.

Jlexuus Ne 12 (2 yaca)

Tema: «OnpeneseHHbIH HHTETPAD)

1 Bomnpocs! Jeknumn:

1.1. 3apauu, npuBoAsIIME K ONpeesIeHHIO ONpe/ieJIeHHOr0 HHTerpasa.

1.2. TlousTHeE oNpeAeeHHOT0 HHTErpaJa.

1.3. dopmyna Herotona — Jleiionunma.

1.4. Belunciaenue niaouaaei miockux GuUryp ¢ noMouIbIo onpeieIeHHOr0 MHTEerpaJa.

2 Jlutepartypa.

2.1. OcHoBHAasI JIUTEpaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHMK s CpEeIHEro MpoQecCHOHaTbHOro obpa3oBamus /
H. B. boromornos, II. U. Camoiinenko. — 5-e u3f., nepepad. u gon. — Mocksa : UznarensctBo HOpaiit, 2021. —
401 c. — (Ilpodeccnonanproe obOpaszoBanue). — ISBN 978-5-534-07878-7. — Tekct : 3neKTpoHHBIA //
O6pasoBarenbHas miatdgopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uist KoJUIeIpKel : yaeOHOe mocoOue Ul CpeTHETo MpodeCCHOHATFHOTO
obpazosanms / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakmumeit H. . Kpemepa. — 10-e
u3n., mepepab. u  gon. — MockBa: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazosanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIH // OOpa3opatenmbHast iardopma FOpait
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ peumeHusMu B 2 4. Yacte 1 : ydeOHOe mocobue st
cpearero npodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronansaoe odpasoBanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpouHblii // OGpasoBarenbHas miardpopma FOpaiir [caiir]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemeHussMH B 2 4. YacTe 2 : y4eOHOEe MmocoOHe st
cpenHero mnpogeccnoHansHoro obOpasoBanus/ H. B. boromonoB. — 2-e m3x., wuenp. u jgon. — Mocksa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09135-9. —
Texker : anexrponHslit // O6pa3zoBarenbHast miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHHEe BONPOCOB (TE3UCHO W3JIOXKUTH OCHOBHOE COJAEP)KaHUE paccMaTpHUBaeMBbIX
BOTIPOCOB)

3.1. 3ajayu, npuBoAsILIHE K ONpeIeJIEHHIO ONpeieJIEHHOr0 HHTerpaJia.

3agava 1 (0 BEIYMCIICHHUH IUTOIIAAN KPHBOIMHEHHOM Tparerun).

B nexaproBoii mpsMoyroiapHOW cucteMe koopauHaT xOy naHa ¢urypa (puc. 75), orpaHmdeHHas OChIO X,
OpSIMBIME X = &, X = b (a < b) 1 rpadukoM HEeMpepbIBHON M HEOTPHUIATEIbHON Ha oTpeske [a; b] pyrkuuu y = f(x);
Ha30BeM 3Ty QUTypy KPUBOJIMHEHHOH Tpanernueit. TpeOyeTcs BEIYUCINTD TUIOIIA s KPUBOJWHEHHON Tpareuy.
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Pemenue. ['eomeTpust naer HaM penenTs! IS BBIYUCICHHS MIOIMIAAeH MHOTOYTOJIBHUKOB U HEKOTOPBIX
yacTed Kpyra (Cekropa, cerMeHTa). Vcrmomb3ysl IeOMETpHUYECKHE COOOpakeHMs, MBI CyMEeM HaWTH IHIIb
NpUOIIHKEHHOE 3HaYEHUE HCKOMOH IIJIOIIAAN, pacCykaast CIEIyIOIINM 00pa3oM.

Pa3o6beM oTpe3ok [a; b] (ocHOBaHWE KPMBOJIMHEWHOW Tparerud) Ha N paBHBIX YacTeif; 3To pasOueHue
OCYIIIECTBUM C MOMOIIBIO TOYEK X1, X2, X3, ... , Xk, Xk+1, - .., Xn-1. [[pOBEIEM Uepe3 3TH TOUKH HPSMbIE, apaJlIeIbHbIC
ocu y. Torna 3amaHHas KpUBOJMHEHHAs Tparenus pa3oObeTcss Ha N dacTel, Ha N y3eHbKUX cTonOuKoB. ITnomans
BCEH Tpamnelyuu paBHa CyMMe IUIOIIAIEH CTOIOUKOB.

Paccmorpum oTaenbHO K-bIi CTONOWK, T. €. KPUBOJMHEHHYIO Tpareliio, OCHOBAHHEM KOTOPOM CIIY>KUT
OTPE30K [Xk; Xk+1]. 3aMEHHUM €ro MPSIMOYTOJLHHKOM C TEM JX€ OCHOBAaHHMEM M BBICOTOH, paBHOH f(xk) (puc. 76).

[Tnomane npsmoyronbHuka paBHa f(Xk) * AXk, TAe AXk — JUIMHA OTpe3Ka [Xk, Xk+1]; €CTECTBEHHO CYHTATh
COCTAaBJICHHOE MPOM3BEICHUE MPUOIIKSHHBIM 3HAYCHUEM ILIOIIAIH K-ro CTONOHKA.
BE} [ T9k
= )
£
S >
& +9
A
a b
[9) X, ., x ol | x=x T,y | %
[11 | | [ 1
Puc. 76 Puc. 77

Ecnu Temepp crenarh TO K€ caMoO€ CO BCEMH OCTaJbHBIMHM CTOJNOMKAMH, TO HPUAEM K CICAYIOIEMY
pe3ynbTary: IUIOaas S 33aJaHHON KPHUBOJMHEHHOW Tpamenudd NpUOIMKEHHO paBHA IUIOMIATH S, CTYINEHYATON
(buUrypsI, COCTABICHHOMN U3 N MPSIMOYTOILHUKOB (pHc. 77):

Sa = f(xe)Axq + f(2,)A2; + f(x2)A2, + ... +
+ (X )Ax, + oo + [, 1)AX, 4.
3neck paau exuHOOOpa3us 0003HAYCHHUI MBI CUATaeM, YTO a = Xo, b = Xn; AXo — JuMHa oTpesKa [Xo; X1,
AX1 — AJIMHA OTpe3Ka [X1; X2] U T. J1; IPH 9TOM, KaK MbI YCIIOBUJIMCH BbIIIE, AXo = AX1 = AXp2 = ... = AXp.1.
Uraxk, S = Sy, npudyeM 310 NpHOIIKEHHOE PaBEeHCTBO TEM TOYHEE, YeM Oobie N.
Ilo ompeneneHMIo TONMAararoT, YTO HCKOMas IUIONIAJb KPHBOJMHEHHOW Tpamenuu paBHAa TNpenery
HOCIIeJOBAaTEILHOCTH (SN):

8= .!jl'.isﬂ‘

3agaua 2 (0 BEIYMCICHUH MAacChl CTEPXKHSA).
JlaH mpsSIMOITMHEWHBIH HEOMHOPOAHBINH CTepkeHb [a; D] (puc. 78), MIOTHOCTH B TOYKE X BBIYHCISETCS TI0

dopmyne P = PI*) Hajiru maccy crepxns.

Puc. 78
Pemenne. Macca m tena, Kak M3BECTHO M3 Kypca (pU3MKHM, paBHa NPOU3BEICHMIO IUIOTHOCTH Ha 00beM V
(BMecTo 0OBEMa OepyT IUIOIIA/b, €CIIM Pedb MJET O IUIOCKOH IUIacTHHE; BMECTO oObeMa OepyT AJIMHY, €CIIH pedb
UJIET O MPSMOJIMHEHHOM cTepkHe 0e3 ydeTra ero TonuuHel). Ho 3TOT 3aKoH AeHCTBYET TOJIBKO JUIsS OJHOPOIHBIX Tell,
T. €. B Te€X ClIy4asx, KOoria INIOTHOCTh MOCTOsIHHA. J[J11 HEOIHOPOJHOTO CTEPIKHS MCIIOJIb3YETCsl TOT K€ METOH, YTO
OBLT IPUMEHEH NPH PeIIeHUH 3a1a49u 1.
1) Pa3oGbem oTpe3ok [a; b] Ha N paBHBIX YacTeid.



2) Paccmorpum k-if yaacTox [Xk; Xk +1] ¥ OyZeM CUMTaTh, 4TO IUIOTHOCTH BO BCEX TOYKAX 3TOTO yYaCTKa

NOCTOSIHHA, @ UIMEHHO TaKasl, KaK, HalpuMep, B TOUKE Xk. ITak, MBI C4UTaeM, YTO p= p{x,,].

3) Haiinem npubimkeHHOE 3HAYEHHE MAcChl K-To ydacTka, 3T0 IPHOIMKEHHOE 3HAYCHHE 0003HAUMM M

m, = p(x,)Ax,,
e AXk, KaK ¥ B IPEIBIAYIIEH 3a1ade, — JUTMHA OTPE3Ka [Xk; Xi+1].
4) Haiizem npuOIMKEHHOE 3HAYCHIE MACCHI CTEPIKHSI
m= Sy,
rae S, =my+ my+ m; + ... +m,+l... +m,_ =
= plxo)Axy + p(xy)Ax, + plxg)Axs + ... + p(x,-1)AX, .
5) ®usnueckas Macca paBHa IPEIEIy MOCIETOBATENEHOCTH (Sy)

m= lim S,.

R— 00

3anaya 3 (0 nmepeMeIIeHnH TOUKH).
[To mpsiMoil MBWXKETCSI MaTepUalibHAsl TOYKA. 3aBUCUMOCTh CKOPOCTH OT BPEMEHH BBIpaXkaeTcs (hopMyson

v = v{t), Haiitu nepeMeILerne TOUKH 3a IPOMEKYTOK BpeMerH [a; b].
Pemenne. Ecnu Obl nBwkeHne OBUIO paBHOMEpPHBIM, TO 33jada pemiajack Obl OYEHb IPOCTO:

s=uvt, T, = =
Ve, T & 8 U(b a]. Hﬂﬂ HCPABHOMCPHOI'O ABHIKCHUS IMPUXOAUTCS MCIIOJIB30BATh TC K€ UACH, HA KOTOPBIX

OBLIIO OCHOBAHO PEIICHHUE ABYX MPEABIAYIIIX 3a/1a4.
1) Pasaenum IpoMexyTOK BpeMeHH [a; b] Ha N paBHBIX YacTeil.
2) PaccMOTpEM TPOMEXKYTOK BpeMeHH [tk; lk+1] ¥ OymeM CUYMTaTh, Y4TO B ITOT IMPOMEXKYTOK BPEMEHH

. N v=u(t
CKOpPOCTh ObLiTa IIOCTOSIHHOM, TaKOMW, KAK B MOMEHT BpeMEHH tx. VITak, Mbl cunTaem, 4to ( *).

3) Haiigem npuOIMKEHHOE 3HAYCHHE MEPEMEIICHHS TOYKH 3a MPOMEXKYTOK BpeMeHHU [tk; tke1], 3TO
NPUONTMKEHHOE 3HAYCHUE 0003HAYHMM Sk!

8 = U[f#]n‘.’.‘lth
4) Haiinem npubnmKkeHHOE 3HAYCHUE MIEPEMEIICHHS S:
s=8,,
rne S, =8, +8 +8+..+8+..+8_1=
= v(to)Atp + U(t)AL + U(ta)ALs + ... + V(2. )AL, .

5) Hckomoe mepeMenieHre paBHoO Mpeesy MoCaeq0BaTeIbHOCTH (Sn):

s= lim§,.

3.2. IlonsiTHe OMpeNeTeHHOT0 HHTErpaJia.
Janum MateMaTHdeckoe OMUCcaHue TOH MOJIEeNH, KOTopast ObLiIa OCTPOCHA B TPEX PACCMOTPEHHBIX 3a/1a4ax
it ¢yaxiun y = f(X), HenpepsiBHON (HO HeOOs3aTENbHO HEOTPHMIATENLHON, KaK 3TO IMPEAIoarajoch B
PacCMOTpPEHHBIX 3aj1auax) Ha oTpeske [a; b]:
1) pasbuBaem oTpe3ok [a; b] Ha N paBHBIX YacTe;
2) COCTaBIIsIeM CyMMY
S, = f(xo)Axo + f(x,)Ax, + f(x2)AX,y +
+.oHf()AX + oo+ f(Xe-))AX, - 4.
lim S,.
3) BBIUHCISEM fi=+ o
B kypce MareMaTHYecKoro aHajam3a JOKa3aHO, YTO STOT Mpeaed B CIydae HEMPEpbIBHON (WM KyCOYHO-
HeTNpepbIBHOM) (GYHKIMU cyliecTByeT. Ero Ha3bIBalOT ONpeAeIeHHbIM HHTErpaioM oT GyHKIMHU Y = f(X) o oTpesky
[a; b] 1 0603HaUarOT TaK:

f(x)dx

(4MTaroT: MHTErpas or a a0 63 3¢ or mkc a3 uKc). Yncna a u b Ha3pIBalOT mpeaenaMu WHTErPUPOBAHUS
(COOTBETCTBEHHO HIKHUM W BEPXHHM).

3ameuanue. [IpuBeaeM mpaBIono00HYIO BEPCHIO IPOUCXOKICHNS YKa3aHHBIX 0003HAUYCHHUS U TEPMUHA! S
— crunu3oBaHHas Oykea S (summa); f(X)dX — HanmoMuHaHHe O criaraeMbIx BuAa f(Xk)AXk, U3 KOTOPBIX COCTOHMT
cymMa S,. CaMo CIIOBO MHTErpall MpPOMCXOAMT OT JIATHHCKOTO CJIOBa integer — «UeNblid». YrnorpebiaeHue 3Toro
TEepMHHA BIIOJHE ONPaBJaHHO: BCIIOMHHTE, KaKOW CMBICI BKJIAJbIBAETCSI B PYCCKOM SI3BIKE B CJIOBO MHTETpalus —
BOCCTAQHOBJICHHE, BOCIIOJHEHHE, BOCCOEAWHEHHME, T. €. 3TO TPONECC, BEAYIIHH K COCTOSHHIO CBA3aHHOCTH
OTAETBHBIX YacTell B 1esoe. B mocTpoeHHOW MaTeMaTHYeCKOH MOAETH pedb (haKTHIECKH HAET O BOCCOCTMHEHUH
IEJIOTO 0 OTAENBHBIM YacTsAM (HallpuMep, 0 HAXOXKACHWH BCEH IUTONmIaay MO IUIOMIAJSM CTOJOMKOB, KaK OBIJIO B
3amade 1).



BepHemMcs k TpeM pacCMOTpEHHBIM BhIIIE 3amadaMm. OmpeneneHue IIIONIaay, TaHHOE B 3amade 1, Temeph
MOYKHO TI€PETINCaTh CICAYIOMHNM 00pa3oM:

S= §I(x)dx.

30ech S — TUTomank KPUBOJIMHEHHOW Tpamemwu, H300paxeHHOW Ha puc. 75. B atom coctout
TEOMETPUUYECCKHIA CMBICI OIIPEAEICHHOTO HHTETpaIa.

o X
OHpeZ{eJ’IeHI/Ie MacChl M MIPAMOJMHEHUHOIO HEOJAHOPOJAHOIO CTEPIKHS C MIOTHOCTHIO p[ }, JaHHOC B 3a1a4ec
2, MOXKHO IEeperucarb TakK:

m = \p(x)dx.

B stom cocTout (1)1/13PI’~I€CKPII>1 CMBICJI OMPCACICHHOTO UHTETpaia.

Hakonen, ompeneneHue nepeMelieHHsl S TOYKH, ABMKYIIEHCA MO NPSAMOMl CO CKOPOCTHIO v= u{t}.’ 3a

MMPOMEIKYTOK BpEMECHU OT t=apgot= b, JaHHOC B 3aJa4¢C 3, MOJKHO IepenucaTb TakK:
[

8= Sv(t)dt.

Or0 emie 0JHO (HU3UUECKOE UCTOIKOBAHHE OIPE/ICIICHHOTO HHTErpaa.
3.3. ®opmyna Helorona — Jleiionuua.
Teopema. Eciu pynxius y = f(x) HenpepbiBHa Ha oTpeske [a; b], To cnpaBenBa hopmyna

§f(x)dx = F(b) - Fla),

rae F(x) — mepBooOpaznas mist f(x).

[IpuBeneHnyr0 (Gopmyry OOBIYHO Ha3biBalOT (popmynoii HeioToHa — JleiiOHMIIa B 9eCTh aHIIHIACKOTO
¢usuka Hcaaka Helotona (1643—1727) u nemeukoro ¢unocoda Tlordpuna Jleitbuuna (1646— 1716),
MOJYYHMBIINX €€ HE3aBUCUMO JIPYT OT Apyra M NPaKTHIECKH OXHOBPEMEHHO.
b

x) .
Ha npakrtuke Bmecto 3anucu F(b) - F(a) ucnons3ytor 3amnuch ¢ (ee Ha3bIBAIOT MHOIJA JIBOMHOM
MIO/ICTAHOBKOMH) M, COOTBETCTBEHHO, TEepenuchBaioT hopmyiny Heiotona — JleiiOHMIA B TaKOM BHJIE:

b
f(x)dx = F(x) ¥

Brruncnss onpeneneHHbIil HHTETpall, CHavaIa HaxolIsIT IepBOOOPa3HyI0, a 3aTeM OCYLIECTBIISIOT JIBOWHYIO
MO/ICTaHOBKY.
CBoJiCTBa ONPEICIICHHOTO HHTETpaa.
1. Hurerpan ot cymMbl pyHKIUH paBeH CyMMe HHTETPAJIOB OT 3THUX (YHKIUIL.

b b b
() + gads = (fx)dx + (gx)ds.
2. TIoCTOSIHHBII MHOXHTEJIb MOXHO BBIHECTH 3a 3HAK MHTETpaa.
13
\ kf(x)dx = k § f(x)dx.

3.4. BoluucieHue miomajaei njiockux (puryp ¢ noMobIo onpeaeeHHOro HHTerpaJa.

C moMoIIbI0 HHTETpajia MOKHO BBIYHCIIATH IJIONIAIN HE TOJBKO KPUBOJIMHEHHBIX Tpalelnii THIIa TOH, 9TO
NpeJCTaBlIeHa Ha pPUCYHKE 75, HO M IUIOCKHX (uryp Ooliee CIOXKHOTO BHWJA, HANPHUMEP TaKOTO, KOTOPBI
npejcTaBieH Ha pucyHke 79. @urypa P orpanndena npsAaMbIMHE X = a, X = b 1 rpadukamMu HEPEPBIBHBIX QYHKIHHA y
= f(X), y = g(X), npuuem Ha orpeske [a; b] Bemmonasercs HepaBeHcTBO g(X) < f(X). UT0GH BBIYMCIUTE ILIOMAAL S
Takol GuUrypsl, OyziemM IeficTBOBATE CIETYIONIAM 00pa3oM.
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BrmonanM mapamiensHBIH mepeHoc ¢urypsl P Ha m emuHmn BBepx (M > 0) Tak, uroOel ¢durypa P
OKa3aJlaCh PacIiOIOKEHHOW B KOOPAWHATHOW IWIOCKOCTH BhIIIe ocu abcmuce (puc. 80). Temeps oHa orpaHuueHa
cBepxy M CcHu3y rpadukamu ¢yHkuuid y = f(x) + m, y = g(x) + m, npuuem obe (QYHKUHH HEOPEPHIBHBI H
HEOTpHIATEbHBI HA OTpe3ke [a; b]. meem:

S = Susco = Sapcs — Saam = §(f(x) + m)dx — §(3(x) + m)dx =

b

B S((f(x) +m) - (g(x) + m))dx = S(f(x) - glx))dx.

Wrak, miomaap S GUrypel, OrpaHUYeHHON OPAMBIME X = a, X = b u rpadukamu ¢pyukuuii y = f(X), y = g(x),
HETIPepBIBHBIX Ha OTpe3ke [a; D] u Takux, ¥ro amst m06Oro X M3 oTpeska [a; b] BBIMOJHACTCS HEPaBEHCTBO g(X)
< f(x), Berancisiercs o hopmyie

S = §(t(x) ~ g(x)Mdx.

Jlexnusa Ne 13 (4 yaca)

Tema: «CTeneHu 1 KOPHU»

1 Bonpocs! Jeknumn:

1.1. TloHsAiTHe KOPHS N-CTeNeHH U3 AeiliCTBUTEIBHOIO YUCJIA.

1.2. ®ynkunuu uga Y = W , HX CBOJiCTBA M rpaduk.

1.3. CgoiicTBa KOpHS N-CTeNeHM.

1.4. OGo0menne MOHATHS O MOKa3aTeJie CTENEHMH.

1.5. CrenenHble (pyHKIMH, UX CBOIicTBa U rpaduK.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTEpaTypa:

2.1.1. BoromonoB H.B. Maremaruka : y4eOHHMK sl CpeJHEro mpodeccHoHanbHOro obpa3oBaHus /
H. B. Boromomnos, I1. . Camoitnerko. — 5-e¢ u3n., mepepad. u mom. — Mocksa : UzgarensctBo FOpaiit, 2021. —
401 c. — (Ilpodeccuonanproe obOpa3osanue). — ISBN 978-5-534-07878-7. — Tekct : 53neKTpoHHBIA //
O6pazoBarenbhas miatdgopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka uist KoJuIe[pkeH : yaeOHOe mocoOue Tl CpeHero MpogeCcCHOHATBHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrantuunosa, M. H. ®punman ; nox pemakuueit H. 1. Kpemepa. — 10-¢
u3n., nepepab. u  gon.— Mockea: WMzmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanbhoe
obpazopanue). — ISBN 978-5-534-05640-2. — Tekct : anekrpoHHblid // OOpa3oBarenbHas mardpopma HOpaiT
[caiit]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoIHATEJIbHAS JINTEPATypa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMu B 2 4. Yacte 1 : ydeOHOe mocoOue mis
cpenHero npodeccroHambHOro ob6paszoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — Mocksa :
WznarensctBo IOpaiit, 2021. — 439 c. — (IlpodeccuonansHoe obpazosanue). — ISBN 978-5-534-09108-3. —
Texker : anexrponHslit // O6pazoBarenbHast miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amaun ¢ pemieHussMd B 2 4. Yacte 2 : y4eOHOE mMOcoOHe s
cpenHero npodeccroHambHOro obOpaszoBanmsi/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — MockBa :
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTponHbIii // OGpasosarenbHas miardpopma FOpaiir [caiir]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozaep)kaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE COJICPXKAHHE DPaCcCMaTPUBAEMBIX
BOTIPOCOB)

3.1. IlonsiTue KOpHsI N-CTENEHU U3 JefiCTBUTEIHLHOIO YHCJIA.

Onpeoenenue 1. KopaeM N-if cTeneHd u3 HeoTpuuarebHoro uncia a (N = 2, 3, 4, 5, ...) Ha3BIBAIOT TAKOE
HEOTPHLATEIFHOE YHUCIIO, ITPU BO3BEICHHH KOTOPOTO B CTENEHb N MOTydaeTcs d.
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n
910 umcno obo3nadaror Y& YHCIO @ NpH 3TOM HA3bIBAIOT IOAKOPEHHBIM YHCIOM, & YHCIO N —
MOKa3aTesieM KOpHSI.
Ecmm n = 2, To 0OBIYHO TOBOPST HE «KOPEHb BTOPOI CTENCHM», a «KBAJAPATHBIA KOpPEeHb». B aTOM cirydae

MUIIYT HE Ya, ava Ecmn=3, 10 BMECTO «KOPEHb TPEThEH CTETIEHI YacTO TOBOPST «KyOHMUECKHH KOPEHbY.

Urak,
ecma>0,n=23,4,5..,70:1) ¥Ya > 0;2) (¥a) =a.
BooOmme :'I'E =bub'=a OJIHA M Ta K€ 3aBHCHMOCTH MEXIY HEOTPHIATCIBHBIME YHCIIAMA a U D,

HO TOJIbKO BTOpasi onyrcana 0oJjiee MPOCTHIM S3bIKOM (MCIOJIb3YeT 0oJiee MPOCThIE CUMBOJIBI), YEM IepBasl.
Omnepanuio HaxX0XACHHUS KOPHS U3 HEOTPHUIIATEIBHOTO YHCIIa HA3bIBAIOT OOBIYHO M3BJICYEHHEM KOpHS. JTa
oreparnys SBISETCS 0OPATHOM MO OTHOIICHHUIO K BO3BEJCHUIO B COOTBETCTBYIOIIYIO CTEIICHb.

n .
Unornma Beipakenne Y@ Ha3biBalOT pajukanoM (OT JATHHCKOTO cioBa radix — «kopeHb»). B pycckom
A3BIKE TEPMUH paJUKaIbHBIA UCTIONB3YETCS HOBOJIBHO YacTO, HAMPUMED, «PaJUKaIbHBIC H3MEHEHHU» — 3TO 3HAUUT

«KOpEHHBIE M3MEHEHH». Mexay MpoYnM M caMo 00O3Ha4YeHHE KOPHS HAIIOMHUHAET O cioBe radix: CHMBOI —
3TO CTHIM30BaHHas OykBa .

Omnepanuro U3BICYECHUS KOPHS ONPENENSIOT W JUIA OTPUIATENbHOTO MOAKOPEHHOTO YHCIIA, HO TOJNBKO B
Cilydae HEUEeTHOTO TOKa3aTelsi KOpHsL.

Onpedenenue 2. KopHem HedeTHO# cTeneHu N u3 orpuuaresbHoro uncia ¢ (N = 3, 5, ...) Ha3BIBAIOT TaKOe
OTpHLATEIHFHOE YUCIIO, IPU BO3BEICHUU KOTOPOTO B CTENICHb N IOJIyYaeTcs d.

[
DT0 4KCNIO, KAK U B ONpeAesiecHud 1, 06o3Hadaror Y&, 4ucio @ — MOAKOPEHHOE YHCIIO, YMCIO N —
MOKAa3aTelb KOPHSI.
Urak,

ecna<0,n=357..,710:1) ¥Ya <0;2 (¥a) =a.

Takum 06p330M, KOpCHb YEeTHOM CTCIICHH MMECT CMBICI (T. c. onpez[eneH) TOJIBKO U1 HCOTPULATCIIBHOTO
MNOAKOPCHHOI'O YUCJIa; KOPCHb HEYCTHOM CTCIICHH UMEET CMBICII JIIsL JII000r0 MNOAKOPCHHOI'O YUCa.

_nf N
3.2. ®ynxuun uga Y = VX | ux cpoiicTBa u rpaduk.
Oynkuus y = X", x € [0; +00) MOHOTOHHA, 3HauuT, oOparuma. Beipa3uB X 4yepe3 y u3 ypaBHeHus y = X",

n n

x, x.
. Takum oOpazom, QyHKIHSA y = SIBIISICTCS

3fx

MOoJy4YuM: X = :y IlomensB x u Yy MeCTaMi, NOJIYYUM y =

obparHo# s GyHKIMK y = X", a moToMy rpaguk QyHKIHH y = ', X > 0 cummerpudeH rpaduky QyHKuuu y = X",

x > 0 OTHOCHTENILHO MpsiMOl ¥ = X (puc. 81).

LN SR
‘ y=x"{ 121
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Puc. 81

CaoiicTea Qpynkuun Y = Q/; ,x>0:

1) D(f) = [0; +o);

2) GyHKUUS He SIBISETCS HU YSTHOW, HU HEYETHOU;
3) Bo3pacTtaer Ha [0; +0);

4) He OrpaHUYCHA CBEPXY, O'paHUYEHA CHU3Y;

5) He uMeeT HaHOOBLIETO 3HAYCHUS, @ Yianw = 0;
6) HempepbIBHA;

7)  E(f) =[0; +o0).

8) dyukuus Y = W BBIITYKJIa BBEpX Ha Jryue [0; +o).

—_nf .
9) ¢ynxkums Y = VX nuddepenuupyema B nr060ii Touke x > 0.
O6parute BHUMaHue: o aupdepeHpyeMocTd QyHKIUNA B Touke X = 0 pedb He WAET — B 3TOW TOYKE
KacarenbHas K rpaduKy (yHKIHNU COBMAZAET C OCBIO Y, T. €. EPIEHANKYIApHA OCH albciuce. 3HAYNT, MPON3BOJHAS

Qynxuu Y = W B TO4Ke X = 0 HE CyLIECTBYeT.



_n
Kak e Boivisaut rpadguk gynkiuu Y = VX B ciayuae HewerHoro nokasarenst N? Ilpu x >0 Tak, kak
MOKa3aHo Ha pucyHke 81, — 3To BeTBb HCKOMOTo Tpaduka. [loGaBmB K HeH BETBb, CHMMETPHYHYIO €
OTHOCHTEIIFHO Hadaja KOOPIUHAT (YTO, HAIIOMHUM, XapaKTEePHO IS JII00OH HEUETHOH (YHKINH), TOIXYIHM TpaduK

n
¢bysxuun Y = \/; (puc. 82). OOparuTe BHUMaHKE: OCh Y SIBJSIETCS KacaTelIbHOM K rpaduky B Touke X = 0.

YA [ 11
=Yx
1 ot
119 13 =
pt="1 _ll
|
Puc. 82
. —1/x
CrpaBefnIuBO Clefylolee CBOMCTBO: eciu N — HedeTHoe umciao (N = 3,5, 7, .), To Y =VX

HedyeTHast (QyHKIHUS.
3.3. CpoiicTBa KOpHS N-CTENEHH.
Bce cBoiicTBa (OpMYITUPYIOTCS M JOKA3bIBAIOTCS TOJIBKO JJIsi HEOTPHLATENLHBIX 3HAYCHUI MEePEMEHHBIX,
COZIEpIKALIMXCS 110]] 3HAKaMU KOpHEH.
Teopema 1. Kopers n-it crerienu (N = 2, 3, 4, ...) U3 NpOU3BEICHUS IBYX HEOTPHUIATEIHHBIX YHCEN paBEeH
MPOU3BEICHUIO KOPHEH N-Ii CTENICHN U3 3THX YHCEII:
Yab= Ya ¥b.

Teopema 2. Ecnu a > 0, b > 0 u n — HatypasnbHOe 4ucio, Gosnbliee 1, TO CrpaBeInBO PABSHCTBO

q(i . Ya
b~ wp

Kparkass (xoTss m HeTo4Hasi) (OpPMYIHPOBKA, KOTOPYIO ynoOHee HCIIONb30BaTh HAa IPAKTHKE: KOPEHb
JaCTHOTO pPaBEH YaCTHOMY KOpPHEH.

Teopema 3. Eciu a > 0, K — HarypanpHOE 9MCIIO U N — HaTypalbHOE YKCIIO0, Ooibliee 1, TO CIpaBeTHBO
PaBEHCTBO

L
(\/"a) = Ya*.
I/IHI)IMI/I CJIOBAMH, ‘-ITOGBI BO3BCCTHU KOpeHI) B HaTypaanon CTCIICHBb, NOCTAaTOYHO BO3BCCTH B 3Ty CTCIICHb

MOJIKOPEHHOE BBIPAKCHHUE.
Teopema 4. Eciu a > 0 u N, K — HatypabHbIe Ynciia, 60mbIine 1, To CpaBeinBo PaBeHCTBO

¥ = Ya.

Hnapimu CJIOBaMHu, 4TOOBI U3BJIEYD KOPCHb U3 KOPHA, JOCTATOYHO NNEPEMHOXHUTD TOKA3aTCIIN KOpHCfI.
TeopeMa 5. Ecnu noka3zareiun KOPpHSA U MOAKOPEHHOI'O BBIPAXKCHUA YMHOKUTD WJIN pas3ACIUTb HAa OAHO U TO
7K€ HATYpaJIbHOC YHUCJIO, TO 3HAUYCHUC KOPHA HE U3MCHUTCS:

Hcnonb3yst 3T (GOPMYIIbI, MOXKHO OCYIIECTBJIATh NPEOOpPa30BaHMsl BBIPAKECHUH, COJEPKAIIMX OIEpPaIHIO
W3BJIEUCHUS KOPHS (BBIPAXEHUH ¢ paJuKalaMi), — TaKHe BBIPAKCHHUS Ha3BIBAIOT UPPAIIHOHAIBHBIMU.
3.4. O000HIEHNE TOHATHSA 0 MOKA3aTesIe CTEeNeHH.

P B

P pr
Onpeodenenue 1. Ecnu ¥ __ o6BIKHOBeHHAs Ipodb (q# 1) u a = D', TO TIOJ at MOHUMAIOT
B
a’ =Ya?,a>0.
1
¥ -E P
>0 at a’
Onpenenenne 2. Eciu 9 — o6bikHoBeHHas 1po6h (( # 1) u @ , TO O], MOHUMAIOT :
" 1
a? = 5 a>0.
aq

Urak, Temepb MBI 3HaeM, YTO TaKO€ CTEIEHb C JIIOOBIM palOHANBHBIM MOKaszaTeneM. CrpaBeITHBEI
ClJIe/TyIOIIHE CBOWCTBA (MbI cunTaeM, uto a > 0, b > 0, s 1 t — MPOU3BOJIBbHBIE PALIMOHAIIBLHBIE YHCIIA):



a*-a'=a""Y
2)a*:a'=a"""
3) (a*) = a*;

4) (ab)* = a* - b%;

5 (E)s _a®
) (5) = 5

HazoBeM 0CHOBHBIE METO/bI PEIICHNS HPPALIHOHAIBHBIX ypaBHEHHH:

1) wmeron Bo3BeneHUs 00EHX YacTeil ypaBHEHHUS B OAHY U TY XK€ CTCIICHb,

2) MeTOJ BBEICHHUSI HOBBIX IEPEMEHHBIX;

3) ¢yHKUHOHATBEHO-TPa)UUCCKHI METOI.

Ecnu umcnosnp3yercst MeTon BO3BEAEHHsS O0EMX YacTeil ypaBHEHHs B OJHY W Ty K€ YETHYIO CTEIeHb, TO
BO3MOXKHO MOSIBJICHHE IOCTOPOHHUX KOPHEH, 3HaYNT, 00s13aTeIbHA IIPOBEPKa BCEX HAMICHHBIX PELICHUH

3.5. Crenennsble (pyHKIMH, X CBOIicTBa U rpaduk.

OOBIYHO CTeNEeHHBIMU (QYHKIMSAMH HasbiBalOT (QyHKuuu Buzpa Y = X', rae I — mo0oe JeicTBUTENbHOE
yucino. B aTom nmaparpade Mbl OrpaHUYUMCS CITy4aeM paliOHaIbHOTO IOKa3aTels I.

Ecnu r — HarypanpHoe 9ucio (I = N), To monydaeM QyHKIuo y = X"; rpadMKu U CBOWCTBA TaKUX DYHKIHN
BAaM HM3BECTHBI U3 Kypca anreopsl 7—9-To kmaccos. Ha pucynke 83 m3o0paxen rpapuk GpyHKmum y = X' (Ipsmas),
Ha pUcyHKe 84 u306paxeH rpaduk GpyHkuuM y = X> (mapabona), Ha pucyHke 85 u300paxeH rpaduk GyHKIuM y = X3
(xyOmueckas mapabona). ['padux crenennoit pynkumn y = X" B ciaydae detHoro n (m = 4, 6, 8, ...) IOXOX Ha
napabony, a rpaduk creneHHoit GyHkuuu y = x" B cinydae HedetHoro N (N =5, 7, 9, ...) MOX0XK Ha KyOHYECKYIO
napaboiy.

5T vk 7 7
i | |
AL AR
Q’/Z_ Y IIJN—1—"
%, - [ Y-
0 . g =
e x \ [>] | 1 %
Wi . /
o 1 x |
[
Puc. 83 Puc. 84 Puc. 85
1
¥="a

Ecnu r = -n, To mony4aem ¢yHknuo y = X" T. €. X", 0 Takux (YHKUHUSIX MBI TOBOPWIH B Kypce
anredpsl 9-ro knacca. B ciryuae yetHoro N rpaduk umeeT B, M300paKEeHHBIH HA PUCYHKE 86; B Cllyyae HEYETHOTO
N rpaduik MeeT BUJ, N300paKeHHBIH Ha pUCYHKE 87.

Hakomen, ecau I = 0, To peub ueT 0 QyHKIMH y = X°, MM, UTO TO %Ke camoe, y = 1, rae X # 0; rpaduk sToii
(hyHKIMU H300pakeH Ha pUCYHKeE 88.

7} [ 17
|
\
- 11
\ o 1 x 1
/ |\
o] 1 x |
| [ | B
Puc. 86 Puc. 87 Puc. 88

m
o m
— L —_—
Paccmotpum crenennyio dynkmmio ¥ = 7 s ciydas, korqa R > 1. Bo3dpMeM B KkadecTBe mpumepa
Qynkumio y = x2°. O6nacthb ee onpesenenus — nyu [0; +o0). [TocTpoum Ha 3TOM Jiyue rpaguku QpyHKIMH y = x>
(BeTBb mapabosel) Uy = x° (BeTBb KyOMUECKOM Mapaboibl) — OHM M300paXeHbl HA pucyHke 89. OTMETHM, UTO Ha

unrepsaie (0; 1) kyObuueckas napabosna pacronaraeTcsi HUXe, a Ha OTKpBITOM Jryde (1; +o0) — BbIIIe mapabosl.



7 3y #

SAS |

Puc. 89
Herpynno ybenutbest B ToM, uTo rpaguk GyHkmuu y = x25 npoxoaut uepes touku (0; 0) u (1; 1), kak u
rpaduxu Qynkmuit y = x%, y = x°. IIpu OCTaIBHBIX 3HAYEHHSX apryMeHTa X rpaQuk QpyHKUMH y = X2° HaxoauTcs
Mesxay rpadguxamu pynkuuit y = x? n 'y = x° (puc. 89).
Ipadux GyHkuun y = x> HanoMUHAeT BeTBb Hapabonbl. IIpUMEpHO Tak ke OOCTOMT JeNo s T06oi
m

CTENEeHHOW (QyHKUWM Buaa y = X', rie r = ™ — HenpaBWiIbHas ApoOb (YMCIMUTENb Oonblie 3HaMmeHatelst). Ee
rpaduKoM sABIsIETCS KpuBas, nmpoxosamas aepe3 Touku (0; 0) u (1; 1) u moxokas Ha BeTBB mapabdoisl (puc. 90). Uem
OonbLIe MOKa3arTenb I, TeM «Kpyde» YCTPEMIICHA 9Ta KpUBask BBEPX.

7) 7
/
T A"
LTy =< (3 1)1
B4
|
Puc. 90

& m
o =x",rae —~ > 1:
CaoticTBa QyHKIUH n

1) D(f) = [0; +o);
2) He SIBISETCS HU YETHOM, HM HEYETHOM;
3) Bospactaer Ha [0; +0);
4) He OTpaHHYCHA CBEPXY, OrPaHUUICHA CHHU3Y;
5) He mMeeT HAMOOJIBIIETO 3HAYEHHS, A Yiauy = O]
6) HenpepbiBHA;
7)  E(f) =[0; +o0);
8) BbIyKIJIA BHU3.
1

xn ¥
. Orto u3BecTHas HaM (PyHKIHS

= B

¥= - &,rz[exzo. I'paduk

PaccMoOTpHM cTENeHHYO (QYHKIHIO
¢dyHkmu y = X" n300paxkeH Ha pucyHke 91.
y= x!"'!.m00< LB T
CaolicTBa GpyHKIUK "
1) D(f) = [0; +o0);
2) He SIBISETCS HU YETHOM, HM HEYETHOM;

3) Bospactaer Ha [0; +0);
4) He OTpaHHYCHA CBEPXY, OTPaHUYCHA CHU3Y;
5) He uMeeT HaHOONBLIETO 3HAYCHUS, 8 Viauw = O;
6) HempepbIBHA;
7) E(f) = [0; +o0);
8) BhIMyKIJIa BBEpX.
-3
y=x"
Hawm ocranocs paccMOTpeTh CTETIEHHYIO (DYHKITHIO BHJIA .

OO6nacth ee onpeneneHuss — OTKPHBITHIH yd (0; +o0). Beie MbI mocTpomiu rpaduk CTeIeHHOW (DYHKIIUHU Y

= x" rae N — HatypasisHOe uncio. [Ipu x > 0 rpadux (byHKrHI/II/I y = X" HOX0X Ha BeTBb TrHnep0Ooibl. TOUHO Tak ke

o v =x P
00CcTOUT JCJI0 IJIs1 JIF000M CTENEHHOM (bYHKIII/II/I BUaa ¥ , €€ rpaq)m( I/I306pa)KCH Ha pUCYHKE 92. OTMCTI/IM, qTo

rpauK IMeeT TOPU30HTAIBHYIO aCUMITOTY y = 0 M BEpTHKAIBHYIO acCUMITOTY X = 0.
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Csoiicrsa pynxunm y = x *:
1) D(f) = (0; +);

2) He ABAseTCA HH YeTHOH, HU HEYeTHOMH;

3) yoniBaer Ha (0; +00);

4) He orpaHMYeHa CBEpPXY, OrpaHHYeHA CHH3Y;

5) He uMeerT HN HauboJbLIIEro, HM HAWMEHBINEro 3HAYEHMS;
6) HenmpephIBHA;

7) E(f) = (0; +o0);

8) BRINYKJIAa BHH3.

Jekmnusa Ne 14 (4 yaca)

Tema: «Iloka3zareabHasi pyHKUMDY

1 Bomnpocs! Jeknun:

1.1. Tloka3arenbHasi QyHKIHUS, ee CBOWCTBA U Irpaduk.

1.2. Tloka3aTejbHbIe ypaBHEHHUS.

1.3. Tloka3aTeinbHble HEPABEHCTBA.

2 Jlutepartypa.

2.1. OcHOoBHAasI JIUTEpaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHMK s CpEeIHEro MpoQecCHOHaTbHOTrO obpa3zoBaHus /
H. B. boromonos, II. . Camoiinenko. — 5-e¢ usz., nepepad. u mon. — Mocksa : UznarensctBo HOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpaszoBanue). — ISBN 978-5-534-07878-7. — Tekct : oneKTpoHHBIN //
O6pasoBarenbHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematrka Iist KoJUIeIpkeH : yaeOHOe mocoOue Il CpeqHero MpogeCcCHOHATFHOTO
obpazosanms / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakuumeit H. III. Kpemepa. — 10-e
u3n., mepepab. u  gonm.— MockBa: WsmarensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBINA // OOpa3opatenmpHast iardopma FOpait
[caiir]. — URL.: https://urait.ru/bcode/469282.

2.2. lonoTHATEILHAS JINTEpPaTypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ peueHusMd B 2 4. Yacth 1 : ydeOHOe mocobue st
cpeanero npodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronanpaoe odpasoBanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpouHblii // OGpasoBarenbHas miargpopma fOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ pemieHusMd B 2 4. Yacth 2 : ydeOHOe mocobue st
cpeanero npodeccuonanbHoro obpaszosanusi/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe obpa3osanue). — ISBN 978-5-534-09135-9. —
Tekcr : anexTpoHHblit // Ob6pasoBarensHas riardpopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe conepkaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE COJIEpXKaHHE pacCMaTpHBaeMBIX
BOTIPOCOB).

3.1. Iloxa3zaTenbHas GpyHKIMS, ee CBOHCTBA U rpaduK.

Onpeoenenue 1. Tlyctb a >1 U o = aaiaaz ... an... — TOJOKUTEILHOE HPPANUOHAILHOE YHCIO
(6eckoHeuHas aecsTHUHAs Hemepuomuieckas apoop). CocTaBUM TOCIEAOBATENLHOCTh ACCSTUIHBIX TPUOIHKESHHUN
YHCIa d TI0 HEeIOCTaTKY:

o =a,a, 0 =a,014;, 03 =Q,a;,0;03, ..., 0; = Q,0:Q2Q3 ... Apy vee «

Torna mpenen MOCIENOBAaTEIbHOCTH O003HAYAIOT a® M HA3bIBAIOT CTENEHBIO C HPPAHOHAIBHBIM

1

=3
nokaszareneM. Eciu @ > 1 u a < 0 — uppanuoHanbHOe Yucio, To noj a* OyneM nonumars uucio @ . Eciu 0 < a

(@

<1, To noxt a* GyneM IMOHUMATh YHUCIIO .
Teneps MBI MOYKEM TOBOPHUTD HE TOJIBKO O CTETIEHSAX C MPOM3BOIBHBIMH PAIMOHATIBHBIMH ITOKA3aTeISIMU, HO
U O CTEeNeHSX C IPOM3BOJILHBIMH JAEHCTBUTEIBHBIMH ITOKa3aTelssMU. JloKa3aHO, 4YTO CTEHNEHH C JIIOOBIMH
JICWCTBUTENLHBIMU TIOKa3aTeNsIMA  00JaJaloT BCEMH IPHUBBIYHBIMH CBOWCTBAaMH CTENEHEH: NpH yMHOXXEHHH
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CTENEHEHl C ONMHAKOBBIMH OCHOBAHHMSMH IIOKA3aTElIM CKIAIbIBAIOTCS, INPHU JEICHHM — BBIYUTAIOTCS, MPH
BO3BEICHUM CTEIICHH B CTEIECHb — MEPEMHOXKAIOTCA | T. 1. Ho camoe mmaBHOE, YTO TeNeph MBI MOXKEM TOBOPHUTH O
¢GbyHKIMH Y = @¥, ONpe/IeNIEHHOW Ha MHOKECTBE BCEX EHCTBUTEIBHBIX YHCEIL.

IMoctpoum (1o Toukam) rpaduk GyHKImU y = 2*. J[js 3T0ro cocTaBUM TaOIHIly 3HaYeHUI QyHKIMHK ) = 2%

x 0 1 -1 2 -2 3 -3
1 1 1
v 1 2 E 4 Z 8 g
Ormerum Touku (0; 1), (15 2), , (2; 4),, (3; 8), Ha xoopauHATHOI TWIOoCKOCTH (puc. 93, a). OHKM HamMedaroT
HEKOTOPYIO JINHUIO — 3T0 rpaduk dyHkunu y = 2° (puc. 93, 6).
7 ) /
8 8
/
3
4 4 W
4 4 o
[ O n . M/ 6 L |
-3-2-14 123 e 3-2-1} 1231 |*
ll T W
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Puc. 93
Croiictea dysxknuu y = 2%
1) D(f) = (—o0; +o0);
2) He ABJAAETCH HH YEeTHONU, HH HEYeTHOM;
3) Boapacraer;
4) He orpaHHYeHa CBepXy, OrpaHHYeHA CHH3Y;
5) He WMeeT HH HAHOOJILINEr0, HH HAMMEHLIIErO 3HAYCHHIH;
6) HenpepuiBHA; '
7) E(f) = (0; +o0);
8) BEIDYKJa BHHM3.
TouHO TakMMU ke CBOHCTBaMU oONamaeT arodast GyHKIus Buga y = a*, rae a > 1.
v=(3)

PaccmoTrpum Teneps QyHKIHIO . [t aTOTO COCTAaBUM TaOJINITY 3HAUCHHUI:

x 0 -1 1 -2 2 -3 3

[ 1 2

1
4 3 8

Lo [t
[ 1[0

Ormerum touku (0; 1), (-1; 2), , (1; 1/2), , (-2; 4)...na xoopauHaTHOM TUIOCKOCTH (puc. 94, a). OHu

_ L
Az
HAMEYarT HEKOTOPYIO JIMHUIO — 3TO rpaduK QyHKIMH (puc. 94, 0).
Y, \ 7] ]
8 [+
1 \
=\
1 L)
2t 2
ol ¢ i O] T -
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Cpoiicrsa pysExuun y = (%) :

1) D(f) = (~00; +00);

2) He ABASAETCS HW YETHOH, HU HEYETHOMH;

3) yOuiBaer;

4) He orpaHMYeHa CBEPXY, OrpaHMYeHa CHH3Y;

5) Be nmmeer HM HanbONbIIErO, HH HANMEHBIIENO 3HAYEHUIH;
6) menpepsiBHA;

7) E(f) = (0; +o0);

8) BRInYKJA BHHI,
TouHO TakMMHU e cBoiicTBaMu 00namaeT robast pyHkims Buga y = a*, rae 0 <a < 1.

ot

OO6parure, BHUMaHKE: rpaduky GyHKIUN ¥ = 2 1 , T.€. y = 2 CHMMETPUYHBI OTHOCHUTEIILHO OCH Yy
(puc. 95). AHaorudHO OYAYT CHMMETPHUYHBI OTHOCHTENBHO OCH Y Tpaduku QyHKIMH y =3*ny= U T 1.
7} [
8

/
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1 -3-2-141 2.3
L1 |
Puc. 95
[ToaBoast UTOr CKa3aHHOMY, IaIMM OIIpEAEIeHHEe TT0Ka3aTeIbHOW (YHKIMU U BBIIEIUM HanOoyiee BaKHbIE
€€ CBOWCTBa.
Onpeoenenue. @ynknuto Buaa y = a*, tne a > 0 ¥ a # 1, Ha3BIBAIOT MOKA3aTEIbHOM (QyHKIIHMCH.
OCHOBHBIE CBOICTBA MOKa3aTesIbHON QYHKIMH Y = a*:

a>1 0<a<l1
D(f) = (—o0; +c0) D(f) = (—o0; +0)
E(f)=(0; +0) E(f)=(0; +o0)
Boapacraer V6uBaer
Henpepnisaa Henpepnisaa

I'padux GyHkmu y = a* 1ist a > 1 usodpakeH Ha pucynke 96, a 1t 0 < @ < 1 — Ha pucyske 97.

7 wiill]
y=a"|
1 \r“(o <a< 1)
[y=a" [ | \
N ACESY) i1
s a
. o 4 % -1 |0 x|
| [
Puc. 96 Puc. 97

Kpusyto, m3obpaxeHHy0 Ha pucyHKe 96 wim 97, Ha3pIBalOT HKCIOHEHTOH. Bmpodem, skcroHeHTOI
Ha3bIBAIOT M CaMy IT0Ka3aTelbHy0 QYHKIHIO ¥ = ¢*. Tak 4To TepMUH «IKCIIOHEHTa» UCIIOJIb3YeTCs B IByX CMbICIIax:
W JUIs HAMMEHOBAHMS TI0Ka3aTeIbHOW (DYHKIWMH, 1 JUIA Ha3BaHUs rpadrka mokazaTe’IbHONW (QYHKINH.

OOparuTe BHUMaHHE Ha TEOMETPHUUECKYI0 OCOOCHHOCTh IpaduKa IoKa3aTesbHON (QyHKIMK ¥y = a*: och X
SIBJISICTCSI TOPU30HTAIBHOM aCUMIITOTOM rpaduka.

Teopema 1. Ecnn a > 1, 1o paBeHCTBO a' = @° cripaBeyIMBO TOT/IA M TOJBKO TOT/IA, KOTIa t = §.

Teopema 2. Eciu a > 1, To HepaBeHCTBO @* > 1 crmpaBemiMBO TOrma M TOJBKO Torma, korma x > 0;
HEpaBeHCTBO a* < | crmpaBeUINBO TOTa U TOJIBKO TOra, koraa x < 0.



Teopema 3. Eciu 0 < a < 1, To paBeHCTBO @' = ¢ cHpaBeIMBO TOT/a M TONBKO TOIA, KOraa t = s.
Teopema 4. Eciu 0 <a < 1, To HepaBeHCTBO @¢* > 1 cIpaBeIMBO TOTHA W TOJBKO Torma, kKorma x < 0;
HepaBeHCTBO a* < | cIpaBeUINBO TOTAA U TOJMBKO TOTHA, Koraa X > 0.
3.2. lloka3aTe/ibHbIE YPABHEHHSI.
[Toxa3zarenbHBIMU YpaBHEHUSMH Ha3bIBAIOT YPaBHEHUS BUIA
alr[ﬂ -— dj'[:'ll

I€ @ — NOJOKUTENbHOE YHCIIO, OTIIMYHOE OT 1, M ypaBHEHHS, CBOJSAIIMECS K STOMY BH]LY.

Onupasich Ha IPUBEJIECHHBIE TeOPeMBI | U 3, MbI MOKeM ChOPMYITHPOBATH CIIECAYIONIEE YTBEPKICHHE.

Teopema 5. [TokasarensHoe ypasaenue a' ™= a%% (rae a > 0, a # 1) paBHOCHIBHO ypaBHeHHIO f(X) = g(X).

MO3HO BBIIETMTH TPH OCHOBHBIX METO/Ia PELIEHHUs MOKA3aTebHbIX YPABHEHHUIA.

1) ®yskumMoHanbHO-rpaduueckuii Meton. OH OCHOBaH Ha HCIMOJB30BAHMU TPaQUUECKMX WILTHOCTpaLMii
WIH KaKUX-JTHOO0 CBOMCTB (DYHKITHIA.

2) Meron ypaBHuBaHus oKazatesneil. OH OCHOBaH Ha Teopeme 5.

3) Merox BBeCHUS HOBOM TIEPEMEHHOM.

3.3. [loka3are/ibHBbIE HEPABEHCTBA.

[TokasaTebHBIMU HEPABEHCTBAMHU HA3bIBAIOT HEPABEHCTBA BU/A

af® > g9

Ie @ — MOJNOKHUTENbHOE YUCIIO, OTIIMYHOE OT 1, M HEpaBEHCTBA, CBOAALIUECS K 3 TOMY BUILY.

Teopema 6. Ecu a > 1, To mnokazatenbHoe HepaBeHcTBO a'™ > a%") paBHOCHIIBHO HEpPaBEHCTBY TOTO Ke
emeicna: f(x) > g(x).

Eciu 0 < a < 1, To nokasatesibHoe HepaBeHCTBO a'™ > a%%) paBHOCHIBEHO HEPABEHCTBY MPOTHBOMOJIOKHOTO
emeicna: f(x) < g(x).

Jexkuus Ne 15 (2 yaca)

Tema: «Jlorapugpm»

1 Bonpocs! Jeknumn:

1.1. TlousTuHe Jorapu¢pma.

1.2. Jlorapudmuyeckas GpyHKIHUs, ee CBOWCTBA U rpaduk.

1.3. CsoiicTBa Jorapudgma.

2 Jlutepartypa.

2.1. OcHoBHAasI JIUTEpaTypa:

2.1.1. boromono H.B. Maremaruka : y4eOHHMK IS CpEeIHEro MpoQecCHOHaTbHOTro obpa3oBamHus /
H. B. boromornos, II. 1. Camoiinenko. — 5-¢ u3g., mepepad. u porn. — Mocksa : U3narensctBo HOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoBanue). — ISBN 978-5-534-07878-7. — Tekcr : dnekTpoHHbIH //
O6pazoBarenbHas miatdgopma HOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. MaremaTrka Uit KOJUTEIDKEH : yaeOHOE mocoOue I CpeaHero mpoQeccHOHaIbHOTO
obpazosanms / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakuumeit H. II. Kpemepa. — 10-e
nu3n., mepepab. u  gon. — MockBa: W3marensctBo FOpaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBI // OOpa3oBarenbHast twiatgopma FOpait
[caiiT]. — URL.: https://urait.ru/bcode/469282.

2.2. IonoTHATEJILHAS JINTEPATypa:

2.2.1. boromono H. B. Maremaruka. 3amaun ¢ pemeHusMu B 2 4. Yacte 1: ydeOHOe mocobue st
cpeanero npodeccuonanbHoro obpaszosanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. u jgom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 c. — (IIpodeccronanpaoe obpasoBanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTponHbIit // OGpasosarenbHas miardopma FOpaiir [caitr]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromono H. B. Maremaruka. 3amaun ¢ peueHusMd B 2 4. Yacth 2 : ydeOHOe mocobue st
cpenHero mnpodeccroHanbHOoro obpaszosanusi/ H. B. BoromonoB. — 2-¢ w3m., ucnp. W jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 320 c. — (IIpodeccronamsHoe oOpa3osanue). — ISBN 978-5-534-09135-9. —
Texker : anexrponHslit // O6pa3zoBarenbHast miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe copepkaHHEe BONPOCOB (TE3UCHO H3JIOXKUTH OCHOBHOE COZIEP)KaHHUE pPaccMaTpHUBacMBIX
BOIIPOCOB).

3.1. llonsiTne orapudgma.

Onpedenenue. Jlorapu(MOM TIOJOKUTEIBHOTO dYHCIa D 10 TONOKHTENBHOMY H OTIHYHOMY OT 1
OCHOBAHHIO @ HA3BIBAIOT MOKA3aTENb CTEIICHHU, B KOTOPYIO HYXXHO BO3BECTH YHCIIO d, YTOOBI TIOMYYHUTH YHCIIO b.

log, b
Oco060 BeIIEIUM TPH (HOPMYIEL:

log,a=1, log,.1=0, log, a® = ¢.

OHpGZ[GJ'IGHI/IC norapn(bMa MOXKHO IEPEIMCaTh TaK:

a"**=p, rnea>0,a#1,b>0.
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Ormep

a0 HaXOXJCHHS JorapudmMa dYmciaa OOBIYHO HA3bIBAIOT JorapuMupoBaHWEeM. DTa oOmeparus

SABIISICTCA O6paTHOI71 TI0 OTHOMICHUIO K BO3BE€ACHUIO B CTETICHDb C COOTBETCTBYIOIIINM OCHOBAaHUEM.

Jlorapudm mo ocHoBarmio 10 0OBIYHO HA3BIBAIOT AECATUIHBIM Jorapudmom. OO03HAYAIOT €TO TaK:

lg

3.2. Jlorapudmuueckas ¢pyHkuus, ee cBoiicTBa U rpaduk.
Gynakuus y = loga X siBisieTcs o0parHOil anst GyHKIMH y = @, a TIOTOMY CIIPaBEIJIMBO CleayloIiee

YTBEpKICHHUE.

I'paduk ¢pyHKIMEU ¥ = logs X cuMMeTpudeH rpaguky GYHKIMH Y = a* OTHOCUTEIBHO NPSMOH Y = X.

9 l” Z .
7 B AT‘.EL_ 5z
y e % & —f +!
&y ,\)" | \ S, 7%
o — s l 3
4 z v \\ 4
[AVa /;\og. T,
I Y 7\\ A= d L
al-4"s g (G o 7|O0N\1 'z 5x
Ll-2"1~ Ul ’ (o§/oe
’ a x s So tt
11/ 4 Ty
7 [ | TS5
Puc. 98 Puc. 99

Ha pucynke 98 cxemarndecku n300paxeHsl rpadukn GyHKIHH y = a* n 'y = loga X B citydae, korga a > 1; Ha
pucyHke 99 cxemaTndecku H300pakeHsl Tpaduky GyHKIMHA y = a* u 'y = loga X B ciyuae, korma 0 <a <1,

I'padux GpyHkmu y = 10gaX Ha3BIBAIOT JTOTapUPMUIECKON KPHBOM, XOTSA HA CAMOM JIeJie HOBOTO Ha3BaHHs
MOKHO OBUIO W HE NPUIYMBIBaTh. Beobh 3TO Ta e DKCIOHEHTA, YTO CIIY)KHT IpaduKoM IMoKazaTelnbHON (YHKINH,
TOJIBKO TIO-JPYrOMY PacroJIO)KEHHasi Ha KOOPMHATHOM IIOCKOCTH.

Ecnu 3HaueHne OCHOBaHMS a yKa3aHO, TO rpaduk JorapupMuueckoil (yHKIMU MOXHO IMOCTPOHUTH IO
toukam. [lycTe, HampuMep, Hy)*KHO MocTpouth rpaduk ¢yHkuuu y = logz x. CocraBnsisi TaONUIy KOHTPOJBHBIX

TOYEK, Oymem

PYKOBOZCTBOBAThCS cooTHOMmEHHEM logz 2" = r. [TosToMy B Tabnuily B KauecTBe 3HaYCHUH apryMeHTa

X MBI BKJIFOYHMM YHCIIA, IBJIAIOIIAECS CTENEHAMH Yucia 2.
Nmeewm:

log, % = logy 27% = -2;
1

log; 3 = log, 2t =-1;

log; 1 = log; 2° = 0;
log, 2 = log, 2' = 1;
log; 4 = log, 2% = 2;
log, 8 = log, 2* = 3.

OTMETHB Ha KOOPIMHATHOW IUIOCKOCTH TOYKH, MPOBOAMM dYepe3 HHUX JIOrapu(h)MUUECKYIO KPHUBYIO (pHC.

100).

Y
3 y=log, x 1
—19. ]
1
(2}
-1 2 8%
-2
|
|
Puc. 100

CoiicTBa QyHKIH y = loga X, a > 1.
Heobxoanmyto nHpOpMAIHIO U3BIEKAEM U3 TEOMETPUIECKON MOJISINH, TIPE/ICTaBIEHHOH Ha pucyHKe 98:

1)
2)
3)
4)
5)
6)
7)
8)

D(f) = (0; +o0);

HE SIBJISIETCS. HU YETHOM, HU HEUETHOM;

Bo3pacTtaet Ha (0; +o0);

HE OTpaHWYCHA CBEpPXY, HE OTPaHNIEHA CHU3Y;

HE UMEET HA HauOOJIBIIIET0, HU HAUMEHBIIIETO 3HAUCHHMH;
HETpephIBHA,

E(f) = (-o0; +o0);

BBIITYKJIa BBEPX.

CaotictBa pyHkuun y = loga x, 0 <a<1.
Heobxoanmyto nHbOpMAIHIO U3BIEKAEM U3 TEOMETPUIECKON MOJIEIH, TIPECTABICHHONW Ha pUCyHKe 99:

D(f) = (0; +e0);

He SIBJISICTCS HU YETHOM, HU HEUYETHOM;
yObIBaet Ha (0; +00);

He OrpaHHYeHa CBEpXy, He OrpaHUueHa CHU3Y;



5) He UMeeT HU HaUOOJIBIIETO, HU HAMMEHBIIIErO 3HAYEHUIA;

6) HempepsIBHA;

7) E(f) = (-o0; +o0);

8) BBIIyKIA BHUS.

OTMeTHM, 9TO OCh y SIBIISETCS BEPTUKAIBHOW acHMIITOTOH rpaduka JorapugMudeckoil GyHKIUH U B
ciydae, korga a > 1, u B ciydae, korma 0 <a <1.

3.3. CeoiicTBa Jorapugma.

log,a"=r; a ™=t =p,

TeopeMa 1. Horapn(bM MMPOU3BEACHHNA ABYX IOJOXUTEIIbHBIX YUCCII paBCH CYMME J'IOFapI/I(l)MOB O9THUX YUCCII

log, be = log, b + log, c.

Teopema 2. Eciu a, b, ¢ — monoxxurenbHbIe YrCIia, TIPUIEM a # 1, TO CrpaBeInBO PaBEHCTBO

log, % =log, b — log, c.

Kparkas ¢opmynmupoBka, KOTOpyIO yHOOHEe HCIIONb30BaTh HA IPAKTHKE: JIOTapu(M YacTHOTO paBEeH
pasHOCTH JOTapu(MOB ICIMMOTO W IEIHUTENs WIN JorapudM ApoOH paBeH PasHOCTH JIOTapU(PMOB UHCIUTENS H
3HAMEHaTesl.

Teopema 3. Ecin a u b — monoxurensHble yncna, npudeM a # 1, To Uit Jr000r0 Yucia I' CipaBeyInBO
paBeHCTBO

log, b" = r log, b.

Kparkass (opMmyaupoBKa, KOTOPYIO ymoOHee HCIOIb30BaTh HA IMPAKTHUKE: JOrapu(M CTEIEeHH paBeH
MPOU3BEICHHIO TIOKA3aTelsl CTENEHH Ha JIOTapru(M OCHOBAHHS CTEIIEHHU.

[leHHOCTD OlEpalyy JIOTApU(PMUPOBAHUS COCTOUT B TOM, YTO OHA MO3BOJSIET CBOAWTH BBIYMCICHHUS K
6oJiee IPOCTHIM OMEpaLUsIM: POU3BECHHE, YACTHOE, CTEIICHb 3aMEHSFOTCSI COOTBETCTBEHHO HA CYMMY, Pa3HOCTb,
MPOU3BE/ICHHE.

WHorna npuxoAuTCs peniaTh 00paTHYIO 3a/1ady: HAXOAUTh BBIPAXKEHHE, orapumM KOTOPOTo MPEICTaBICH
yepe3 Jorapu(Mbl HEKOTOPBIX uucel. Takoe JAeiiCTBHE HA3bIBAIOT MOTEHIMpPOBaHHEM. [IpH 3TOM HCMONB3YeTCs
Clle/lytolIee YTBEePIKACHHE.

Teopema 4. PasenctBo logat = l0ga s, tnea >0,a* 1, t >0, s > 0, cnpaBeAIMBO TOTA M TOJLKO TOT/A,
Korgat=s.

DTO 10CTATOYHO OYEBHIHOE CIIEACTBHE MOHOTOHHOCTH JIOTAPHU(PMHUUECKOH DYHKIHMH.

Jlexnus Ne 16 (2 yaca)

Tema: «JlorapupMuueckue ypaBHeHHsI H HEPABEHCTBAY

1 Bomnpocs! Jeknumn:

1.1. Jlorapu¢gmMuvecKkue ypaBHeHHs.

1.2. JlorapudpMuyecKkue HepaBeHCTBA.

2 Jlutepartypa.

2.1. OcHoBHAas1 JUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpeaHEro mpodeccuoHaabHoro o6pa3zoBaHus /
H. B. boromomnos, I1. . Camoiinenko. — 5-e¢ usz., nepepad. u mon. — Mocksa : UsznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoanue). — ISBN 978-5-534-07878-7. — Tekcr : anexTpoHHbIH //
O6pasoBarenbHas miatdopma FOpaiit [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Marematuka 1jist KOJUIe/DKEH | yaeOHOe mocodue it CpeaHero mpodheCcCHOHaIbLHOTO
oopazosanus / H. III. Kpemep, O.T. Koncrantunosa, M. H. ®punaman ; nox pemakiueit H. I, Kpemepa. — 10-¢
u3n., mepepad. m jgom. — MockBa: MzmarensctBo [Opaiit, 2021. — 346 c.— (IIpodeccrnonansHoe
obpazoBanue). — ISBN 978-5-534-05640-2. — Tekct : snekrponHslid // OOpa3oBarenbHast miardopma HOpaiT
[caiit]. — URL: https://urait.ru/bcode/469282.

2.2. lonoHATeIbHAS JIUTEPATYpa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMu B 2 4. Yacte 1 : ydeOHOe mocoOue mis
cpennero npodeccroHambHoro obpasoBanus/ H. B. boromonoB. — 2-¢ wu3m., wuchnp. m jgom. — Mocksa :
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miargpopma fOpaiit [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonos H. B. Maremaruka. 3amauu ¢ perreHussMd B 2 4. Yacts 2 : yueOHOE MmOCOOHE st
cpearero npodeccroHanbHOro obpaszosanusi/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 320 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09135-9. —
Texkcr : anexTpoHHbIii // OGpasoBarenbHas miargpopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.
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3 Kparkoe conepkaHue BONPOCOB (TE3UCHO H3JIOKUTH OCHOBHOE COIEpXKaHHE paccMaTpUBAEMBIX
BOTIPOCOB).

3.1. Jlorapupmuyeckue ypaBHeHHUsI.

JlorapuhMuIeCKUMHU ypaBHSHUSIMH Ha3bIBAtOT ypaBHeHwus Buaa (1)

log, f(x) = log, g(x),

e 8 — MOJOKHUTEIFHOE YHCII0, OTIIMYHOE OT 1, M ypaBHEHHMS, CBOASALINECS K TOMY BHY.

Teopema 1. Eciu f(x) > 0 u g(x) > 0, To morapudmudeckoe ypasuerune 109 f(X) = 10ga g(x) (tme a >0, a #
1) paBHOCHIBHO ypaBHEHHIO f(X) = g(X).

Ha mpaktuke 3Ty TeopeMy IpUMEHSIOT TakK: IepexomsT ot ypaBHeHHs (1) k ypaBHeHHIO f(X) = g(X) (Takoit
mepexo Ha3bIBalOT MOTEHIMPOBAHUEM), PEIIAlOT 3TO YpaBHEHHE, a 3aTeM MPOBEPSIOT €T0 KOPHHU MO YCIOBUAM f(X)
>0, g(X) >0, onmpenensOmnM 00IacTh TOMYCTHMBIX 3HadeHuil nepemennoii (OJ13). Te xopuu ypaBHeHus f(x) =
g(X), KOTOpBIE YIOBIETBOPSIOT 3THM YCIIOBHSIM, SIBISTIOTCS KOpHsAME ypaBHeHUs (1). Te xopHu ypaBHeHHA f(X) =
g{X), KOTOpbIE HE YIOBJETBOPSIOT XOTs Obl OJHOMY M3 THX YCJIOBHUH, OOBSBISIOTCS TOCTOPOHHUMH KOPHSIMH IS
ypaBHeHus (1).

MO’KHO BBIICJIUTH TPH OCHOBHBIX METO/Ia PELICHUS JIOTapu(pMHIECKUX yPaBHEHHH.

1) ®yskumoHansHO-rpaduyecknii Metog. OH OCHOBaH Ha WCIIOJNB30BAaHMU TpadUuecKnx WLTIOCTpALMi
WIH KaKUX-JTHOO CBOMCTB (DYHKITHIA.

2) Meroxn notenuupoBanus. OH OCHOBaH Ha Teopeme 1.

3) Merox BBeieHHSI HOBOH MTEPEMEHHOIA.

3.2. Jlorapupmuyeckne HepaBeHCTBA.

JlorapudmMudaecknmMu HepaBeHCTBAMH HAa3bIBAIOT HEPABEHCTBA BUA

log., f(x) > log. g(x),

[Jle @ — MONOKUTEILHOS YHCIIO0, OTIMYHOC OT 1, U HEPABEHCTBA, CBOMSIIMECS K ITOMY BHILY.

JUtst pelieHust JAHHOTO HEPaBEHCTBA HCIIOJIb3YIOT TEOPEMY:

Teopema 2. Ecnu f(X) > 0 u g(x) > 0, To:

npu a > 1 norapudmuueckoe HepaBeHCTBO logaf(X) > 10gag(X) paBHOCHIBHO HEPABEHCTBY TOTO XKE CMBICIA:
() > 9(x);

mpu 0 <a <1 norapudpmudeckoe HepaBeHcTBO loga f(X) >100. g(X) paBHOCHIBHO HEpaBEHCTBY
npoTHBONONOKHOTO cMbicia: f(X) < g(x).

Jlexuus Ne 17 (6 yacoB)

Tema: «YpaBHeHUsI 1 HEPABEHCTBa»

1 Bomnpocsl JieKnuHK:

1.1. OO0mme MeTOABI pelleHUs] YPABHEHUA.

1.2. PemieHue HEPABEHCTB € OTHOM MEepPeMEHHOM.

1.3. Cucrembl ypaBHEeHHIA.

1.4. YpaBHeHHS H HEPAaBEHCTBA C MapaMeTPaMHu.

2 Jlutepartypa.

2.1. OcHOBHAas1 JiUTEpaTypa:

2.1.1. Boromono H.B. Maremaruka : y4eOHHMK ISl CpEeIHEro MpoQecCHOHaIbHOro obpa3oBanus /
H. B. boromonos, I1. . Camoiinenko. — 5-e¢ u3z., nepepad. u mon. — Mocksa : UsznarensctBo FOpaiit, 2021. —
401 c.— (IIpodeccuonansHoe obpazoanue). — ISBN 978-5-534-07878-7. — Tekcr : dnekTpoHHbIH //
O6pasosarenbHas miatdopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/469433.

2.1.2. Kpemep H. III. Maremaruka 1jist KOJUIe/DKeH : yaeOHOe mocodue it CpeaHero mpodheCcCHOHaIbLHOTO
obpazosanms / H. III. Kpemep, O.I. Koncrantunosa, M. H. ®punman ; mox pemakuumeit H. III. Kpemepa. — 10-e
nu3n., mepepab. u  gon. — MockBa: W3marensctBo Opaiit, 2021.— 346 c.— (IIpodeccuonanshoe
obpazoBanme). — ISBN 978-5-534-05640-2. — Tekct : snekrpoHHBIA // OOpa3oparenmbHast iardopma FOpait
[caiit]. — URL: https://urait.ru/bcode/469282.

2.2. JlonoHATeIbHAS JIUTEPATYpa:

2.2.1. boromonoB H. B. Maremaruka. 3amaun ¢ pemreHussMu B 2 4. Yacte 1 : ydeOHOe mocoOue mis
cpeanero npodeccronanbHoro obpaszosanus/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo FOpaiit, 2021. — 439 ¢. — (IIpodeccronansHoe obpasosanue). — ISBN 978-5-534-09108-3. —
Texkcr : anexTpoHHbIit // OGpasoBarenbHas miargpopma fOpaiir [caiit]. — URL: https://urait.ru/bcode/470790.

2.2.2. boromonoB H. B. Maremaruka. 3amauu ¢ perreHussMd B 2 4. Yacte 2 : yueOHOE MOCOOHE st
cpeanero npodeccroHanbHOro obpaszosanusi/ H. B. BoromonoB. — 2-¢ wu3m., uchnp. u gom — MOCKBa !
WznarensctBo IOpaiit, 2021. — 320 c. — (IlpodeccronansHoe obpazosanue). — ISBN 978-5-534-09135-9. —
Texker : anexrponHslit // O6pazoBarenbHast miarpopma FOpaiir [caiit]. — URL: https://urait.ru/bcode/470791.

3 Kparkoe cozpepkaHHEe BONPOCOB (TE3UCHO H3JIOXKUTH OCHOBHOE COJEp)KAaHHE pPaccMaTpHBACMBbIX
BOIIPOCOB).

3.1. O0mmue MeTOAbI pelICeHUs] YPABHEHHIA.

1. 3amena ypasuenus h(f(x)) = h(g(x)) ypaBuenuem f(x) = g(x)
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3TOT METOA MBI IPUMCHSIIH:

- TIpH peIICHNH TOKA3aTebHBIX YPAaBHEHMH, KOT/Ia TIEPEeXOMMIH oT ypasHeHns af™ = a%® (a >0, a # 1) k
ypaBuenuio f(x) = g(X);

- TIPH PEIICHAH JIOTApU(PMUIECKIX YPaBHEHHI, KOT/Ia TIepEeXOMiIn OT ypaBHenus loga f(X) = 10ga g(x) (a
>0, a# 1) x ypaBHeHHIO f(X) = g(X);

- TIpY PEIICHNH UPPAITHOHAIBHBIX YPaBHEHH, KOT/Ia IEPEXOIMITH OT YPaBHEHUS K ypaBHeHwHio f(x) = g(X).

OTOT METOJ MOXHO IPUMEHSTH TOJIBKO B TOM Ciydae, koraa y = h(X) — MOHOTOHHast (DyHKIHSI, KOTopas
Ka)X0€ CBOE 3Ha4Y€HHE NPUHUMAET 10 OJHOMY pPa3y.

Ecmu y = h(x) — HeMOHOTOHHast (PYHKIHS, TO YKa3aHHBII METOJ PUMEHSThH HEJb3sl, OCKOJIIBKY BO3MOXHA
OTEPs. KOPHEH.

2. Metop pa3noxeHHs: Ha MHOXXHTEIIN

Cyth 3TOrO MeToma 3akimiouaercss B ciepyromem: ypaBHeHHe f(X)g(x)h(x) = 0 MOXHO 3aMeHHTh
COBOKYITHOCTBIO YpaBHEHUI:

f(x)=0; g(x) =0; h(x) =0.

PemnB ypaBHEHHsI 3TOH COBOKYMHOCTH, HYXHO B3iTh T€ HX KOPHH, KOTOpBIE NpPHHAIUIEKAT OONAcTH
OTIPEAEIICHHS UCXOJHOTO YPAaBHEHNUS, @ OCTaIbHBIE OTOPOCHTH KaK IIOCTOPOHHHE.

3. Merox BBeZIcHHST HOBOW TIEPEMEHHOM

OTEM METOIOM MBI C BaMH YacTO IOJIb30BAINCh NPH pEIIeHHH ypaBHeHHH. CyTh MeTOda HpOCTa: €CiIN
ypasuenue f(x) = 0 ymamocs mpeobpaszoBars k BULy p(g(x)) = 0, TO HY)KHO BBECTH HOBYIO mepeMeHHyo U = ¢(X),
petuts ypaBaerue p(U) = 0, a 3aTeM PEIINTh COBOKYITHOCTh YPaBHEHHUIL:

8(x) = uy; 8(x) =uy ..; B(X) = U,

e Uy, Uy, ..., Un — KopHE ypaBHeHus p(u) = 0.

4. OyHKIMOHATBHO-TpaQUIECKUN METO

Upnes rpaduyeckoro Merona peuieHus ypaBHeHus f(x) = g(X) mpocra M NMOHSATHA: HYKHO IOCTPOUTH
rpadukn GyHkumit y = f(x) 1 ¥y = g(X), a 3areM HalTH TOYKM HX NepeceueHus. KOpHAMHU ypaBHEHHsS CITykaT
a0CLUCCHI 3TUX TOYEK.

OTOT METOJ TMO3BOJIICT ONPENEINTh UYHCIO KOPHEH ypaBHEHHS, yrajgaTh 3HAYC€HWE KOPHS, HaWTH
NpUOIHKEHHBIE, @ HHOTJA U TOYHBIC 3HAYCHUS KOPHEH.

B HekoTOpBIX cilydasx mHocTpoeHue TpadukoB (GyHKOHMH MOXHO 3aMEHHTh CCBUIKOW HA KaKHe-THO0O
cBOMcTBa (QyHKIMI (IOTOMY-TO MBI TOBOPHMM HE O TpaduueckoMm, a o (YHKIMOHAIBHO-TpauyeckoM MeTone
pemenns ypapaenuit). Ecnu, Hanpumep, oqaa u3 pyHkmmid y = f(x), y = g(X) Bo3pacTaert, a Apyras — yOBIBaeT, TO
ypaBHeHHe f(X) = g(X) mub0 He uMeeT KopHEH, MO0 UMeeT OANH KOPEHb (KOTOPBIH WHOTAA MOYKHO yTranarh). DTHM
NPUEMOM MBI Yy)K€ TMOJb30BAJKMCh IPU PELICHUH WPPAIMOHAJBHBIX, IO0KAa3aTeJIbHBIX U JOTapU(PMHYECKUX
YpaBHEHUH.

YHoMsiHeM ellle OfIHY JAOBOJIBHO KPAaCHUBYIO Pa3HOBHIHOCTH (DYyHKIIMOHAJIbHO-rpaguYeckoro MeTona: eciu
Ha mpoMexyTke X Hauboubllee 3HaYeHHEe ONHOM u3 QyHKImi y = f(X), y = g(X) paBHO A W HaAUMEHbIIIEe 3HAUYCHHUE
Jpyro# hyHKInE ToXke paBHO A, To ypaBHeHue f(x) = g(X) Ha mpomexyTke X PaBHOCHIBHO CHCTEME YPaBHEHHH

[f(x) = A,
lew) = A

3.2. PemieHue HepaBeHCTB € OJHOM MepeMeHHO.

HamomunM, uTo pemienneM HepaBeHcTBa f(X) > g(X) Ha3bIBAaIOT BCSKOE 3HAYEHHE MEPEMEHHOM X, KOTopoe
oOpaiaer 3ajaHHOE HEPaBEHCTBO C IIEPEMEHHOI B BEpHOE YMCIOBOE HEPAaBEHCTBO. MHOTHIA MCIIONB3YIOT TEPMHUH
YyacTHOE pelreHre. MHOXECTBO BCEX YACTHBIX PEIICHHH HEpPaBEHCTBA HA3bIBAIOT OOIIMM PpEIICHWEM, HO dYalle
yIoTpeOJsIFoT TepMHH perreHne. TakuM oOpa3oM, TEPMHH pEIICHHE HCIIONB3YIOT B TPEX CMBICNaX: Kak ollee
pelieHne, Kak YacTHOE pPelIeHNe U KaK IPoIecc, HO OOBIYHO 10 CMBICITY OBIBAET SICHO, O Ye€M H/ET PEUb.

Onpedenenue 1. JlBa HepaBeHCTBa ¢ onxHOM mnepemennoi f(x) >g(x) u p(x) >h(x) HazpBarOT
PaBHOCHIJIBHBIMH, €CIIH UX PEIIeHHUs (T. €. MHO)KECTBA YaCTHBIX PEIlIeHUI) COBIAAOT.

Bbl, KOHEUHO, TIOHMMAaEeTe, YTO MCIIOJIb30BAaHKE B ONpEEeNICHUH 3HaKa > HENPUHLMUMHAIGHO. MOXHO U B
9TOM OIpPEJEICHUH, U BO BCEX YTBEPXKICHHUSIX, MMEIOLIMXCS B JAaHHOM mnaparpade, HCIoiIb30BaTh Jt000# Apyroi
3HaK HEPaBEHCTBA KAaK CTPOIOro, Tak U HECTPOTOro.

Onpeoenenue 2. Eciu penieHrie HepaBeHCTBA

f) >g(x) (1)

p(x) > h(x) (2),

TO HEpaBEHCTBO (2) Ha3BIBAIOT CJIEJCTBHEM HepaBeHCTBa (1).

Teopema 1. Eciiu kakoif-mmb0 4iieH HEpPaBEHCTBA TEPEHECTH M3 OJHON YaCTH HEPABEHCTBA B JPYILYIO C
NPOTHBOMIONIOKHBIM ~ 3HAKOM, OCTaBHB 3HAK HEPaBeHCTBA 0e3 W3MEHEHHs, TO TIONYYUTCS HEPaBEHCTBO,
PaBHOCHJIBHOE TAHHOMY.

Teopema 2. Eciu 06e yacTh HepaBEHCTBA BO3BECTH B OJIHY M Ty K€ HEYCTHYIO CTEICHb, OCTABUB 3HAK
HEepaBeHCTBA 0e3 U3MEHEHMS, TO MONYyIHUTCS HEPABEHCTBO, PABHOCHIIBHOE TAHHOMY.

Teopema 3. TTokazaTensHOE HepaBeHCTBO a'®) > a9%) paBHOCHITBHO:

a) HepaBeHCTBY TOTO e cMbicha f(x) > g(X), eciu a > 1;

COACPIKUTCA B PCILICHUN HEPABCHCTBA



0) HepaBeHCTBY NPOTHUBOIIOIIOKHOTO cMbIcha f(X) < g(x), ecmu 0 <a < 1.

Teopema 4. a) Ecin 0o6e gactn HepaBeHCTBa f(X) > g(X) YMHOXHUTH Ha OZHO M TO XK€ BEIpaxkeHHe h(x),
TIOJIOKHUTENIFHOE TIPH BCEX X M3 O0NIACTH ompeaeeHus (00IacTy JOITyCTUMBIX 3HAYCHUI NIepeMEHHOIT) HepaBeHCTBA
f(x) > g(x), ocTaBUB TIpH 3TOM 3HAK HEPABEHCTBA 0€3 M3MEHEHUsI, TO TOXyYUTCS HepaBeHCTBO f(X)h(x) > g(X)h(X),
PaBHOCHIIBHOE TaHHOMY.

6) Ecin 06e wactn Hepasenctsa f(X) > g(X) yMHOKHTE Ha OHO U TO ke BhIpaxkeHue h(X), oTpumarensHoe
Opu BceX X M3 obmacTi ompeneieHus HepaBeHcTBa f(X) > g(X), M3MEHHB OpPH 3TOM 3HAK HEPAaBCHCTBA Ha
MPOTUBOIIOJIOKHBIN, TO TTOJNyYHTCs HepaBeHCTBO f(x)h(x) < g(x)h(X), paBHOCHIIEHOE TaHHOMY.

Teopema 5. Eciin 00e wactn HepaBeHcTBa f(X) > g(X) HeoTpHLATENbHBI B 00JaCTH €ro omnpeneneHus (B
O/13), To mocine Bo3BeeHUS 00EUX YacTeil HEpaBEeHCTBA B OJTHY U TY )K€ YETHYIO CTEIIeHb N TOIyYUTCs] HEPABEHCTBO
TOro xe cMbicna f(x)" > g(X)", paBHOCHIBHOE TaHHOMY.

Teopema 6. Eciu f(x) > 0 u g(x) > 0, To norapudmudeckoe HepaBeHCTB 10ga f(X) > 10ga g(X) paBHOCHIBHO:

a) HEpaBEHCTBY TOTO ke cMbIcha f(X) > g(x), ecnm a > 1;

0) HepaBeHCTBY IIPOTUBOMONOKHOTO cMbicia f(x) < g(x), ecnm 0 <a < 1.

3.3. CucremMbl ypaBHeHHId.

Onpedenenue 1. Ecnu mocrapieHa 3aadya — HAWTH Takue Mapbl 3HA4YeHHUH (X; y), KOTOphIe OXHOBPEMEHHO
VIOBJIETBOPSIOT YpaBHEHHIO P(X; ¥) = 0 u ypaBHeHHUI0 (X; y) = 0, TO TOBOPST, YTO NaHHBIE ypaBHEHUS 00pa3yroT
CUCTEMY ypaBHEHUH

plx; y) = 0,

g(x; y) = 0.
[Napy 3HavueHuit (X; y), KOTOpas OTHOBPEMEHHO SIBISIETCS PEIICHHEM W IIEPBOTO M BTOPOTO YpaBHCHHI
CHUCTCMbI, HAa3bIBAIOT peH.IeHI/IeM CHUCTCMBI ypaBHeHHfI. PGH.II/ITB CI/ICTeMy ypaBHeHI/Iﬁ — 3HA4YUT HaﬁTPI BCC €¢C

pELIeHNs WA YCTaHOBUTb, YTO PELICHUI HET.
MOoHO rOBOPUTH U O CUCTEME U3 TPEX YPABHEHUH C TPEMS [IEPEMEHHBIMHU:

Py 2) =0,
qx; ¥ 2) = 0,
rx y; 2) = 0.

B sTOM ciydae peub upeT 00 OTBHICKAHHMU TPOEK 4Hcel (X; Y; Z), YIOBIETBOPAIOIINX OJAHOBPEMEHHO BCEM
YpPaBHEHUSIM cUcTeMbl. BooOIe MO>XHO TOBOPHUTH O CHCTEME, COAepXallel Jto0oe YucIo ypaBHEHHH € JHOOBIM
YHCIIOM NTePEMEHHBIX.

Bbl 3HaeTe, 4TO OCHOBHas HJesl PEIICHUS YpPaBHEHUS COCTOUT B IOCTEIICHHOM IIE€PEXOJe OT OAHOTO
ypaBHEHHs K Jpyromy, Oojiee NMpOCTOMY, HO PaBHOCHJIBHOMY 3aJaHHOMY. Ecim ke ocymiecTBIsieTcss mepexon K
YPaBHEHHIO-CIICJICTBHIO, TO 00s3aTeNbHa MPOBEpKa HaWIEHHBIX KOPHEH, NMOCKOJBKY CPEAM HHUX MOTYT OKa3aTbCs
MOCTOPOHHKE AJISI 33[JaHHOTO ypaBHEHHMs. Tak ke 00CTOMT AEJ0 M P PELICHUH CUCTEM ypaBHEHHMH.

Onpeodenenue 2. JIBe cucTeMbl ypaBHEHHH Ha3bIBAIOT PaBHOCHIIBHBIMH, €CIIM OHU MMEIOT OIHU U TE KE
PELICHUsI WK €CIIM 00€ CHCTEMBI HE UMEIOT PELICHHH.

Mertox MOACTaHOBKH, METO aIreOpandecKoro CIIOKEHHUS U METOJ BBEACHHS HOBBIX IIEPEMEHHBIX, KOTOPbIE
BBl M3Y4YWJIN paHee, aOCONIOTHO KOPPEKTHHI C TOYKM 3PEHHUS PaBHOCHIBHOCTHU. VMIHBIMU CIIOBaMH, MUCHOJB3YS ITH
METO/bl, MBI 3aMEHseM OJHY CHUCTeMYy YpaBHEHMH Apyroi, Oojiee MpOCTOH, HO PAaBHOCHIBHOM NepBOHAYaIbHON
cucreme. Ecnm ke B mporiecce perieHuss CHCTEMbI MBI IPHUMEHSUIM HEPaBHOCUIIBbHBIE IPeoOpa3oBaHus (BO3BEICHHUE
B KBa/IpaT 00enx JacTeil ypaBHEHHs, YMHOKCHHE YPaBHEHUH CHCTEMBI, WUIM MPeoOpa30oBaHuUs, KOTOPHIE MIPUBEIH K
pacumpeHuio 0o0JIaCTH OIpeeNIeHHs KaKoro-Iu00 ypaBHEHHUS CHUCTEMBI), TO BCE HaWJCHHBIE PEIICHUS CIexyeT
MIPOBEPUTH MTOJICTAHOBKOI B HCXOAHYIO CUCTEMY.
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Tema 1.1. Akcuombl crepeoMeTpuu. [lapa/ieJJbHOCTH MPSIMBIX B MPOCTPAHCTBE.
CeMuHapckue 3aHATHS

1. Pemienue 3aa4 Ha IPUMEHEHUE aKCUOM CTEPEOMETPUHU U UX CIIEICTBUH.

2. Pemenue 3aa4 ¢ NPpUMCHCHUCM OHpeILCJICHI/Iﬁ napaiC/IbHbIX W CKPCHIMBAIOMIUXCA
MPSIMBIX.

HpI/I IIOATOTOBKE K BOIIpOCaAaM aKICHTUPOBATb BHUMAaHHUEC HGO6XO,Z[I/IMO Ha IIPUMCHCHUH
AKCUOM CTCPCOMCTPHU K PCHICHUIO 3a4a4d, ONPCACICHUAX MNaAPAJUICIbHBIX M CKPCHIMBAIOIINUXCA
IMPSAMBIX B IIPOCTPAHCTBCE. Taxoke HCO6XO,I[I/IMO 3HaTb aKCUOMBI INIaHUMETPHUH.

Lpumepsr:

3agaya 1. MOXHO 7K TPOBECTHU IIJIOCKOCTh YEPE3 TPU TOUKH, €CJIM OHU JISKAT HA OJHOMN
npsaMoit? OObACHUTE OTBET.

Pewenue. Ilycte A, B, C — Tpu TOukH, Jexanme Ha npsaMoil . Bozbmem Touky D, He
nexarryro Ha npsmoit ®(akcuoma I). Uepe3 touku A, B, D MOXXHO MpOBECTH MIOCKOCTh. JTa
IJIOCKOCTh COACPIKUT JIBE TOUKHU NMPAMONW %— TOukd A U B, a 3HauuT, coaepkut u Touky C
9TOU NMPAMOM.

CrnienoBatenbHO, Yepe3 TPU TOUYKH, JICkKAIIME Ha OJTHOU MPSIMOiA,

BCETJ1a MOKHO MPOBECTH TIIOCKOCTb.

3anava (7). Joxaxwure, 4To 4epe3 MPSMYI0 MOKHO IPOBECTH
JIBE pa3IMYHbIe MJIOCKOCTH.
Pemenue. Ilycts a — nannas npsimasi (puc. 1). ITo akcuome |
cyllecTByeT Touka A, He jexamas Ha npsmoil a. Ilo teopeme 1.1
yepes NpsMYI0 a U TOYKY A MOXHO IPOBECTH IUIOCKOCTb, 0003HAYUM
ee au. [To akcuome Ci cymiectByer Touka B, He nexarias B JI0CKOCTH.
IIpoBenem yepes npsAmMyro a U Touky B mockocts. IlmockocTy a1 v 02
pa3IM4HBbI, TaK KaK TOYKa B INIOCKOCTH 02 HE JIEXKUT Ha IUIOCKOCTH 0. Puc. 1

3anaua (9). Jlansl 1Be pa3nuyHble MpsIMbIE, Tepecekarolrecs B Touke A. Jlokaxure, 4To

BCE NIpsIMbIE, Tiepecekaromue o0e JaHHbIEe IpsMblEe U HE MPOXOASIIUE Yepe3 TOUKY A, JiexaT B
OJIHOM IIJIOCKOCTH.

m [ Pewenne. I[IpoBenem uepes naHHble NpsMbIe a U

A 2 b mrockocts o (puc. 2). DTO MOXKHO CHaenaTh IO

akcuome Cs3. Ilpsmas c, mnepecekaromias JlaHHbIE

N npsiMble, UMEET € IUIOCKOCTBIO 0 B 001Ie Touku M 1

N (Touku mnepecedeHus ¢ JaHHBIMU HOpsMbIMH). [lo

Puc. 2 TeopeMme 1.2 3Ta mpsMas JOJKHA JIekKaTh B IJIOCKOCTH

a.

3amaua (3). Jlokaxkute, 4TO BCE MPSMBIE, TIEPECEKAIONINE JBE JAaHHBIE TMapajieTbHbIE
psiIMbIE, JIEXKAT B OJTHOM TIIOCKOCTH.

[ Pemenne. Tak kak jaHHbIC TPsAMbIC a U D mapanienbHbl, TO
N b ’
\ yepe3 HUX MOKHO IMPOBECTHU IIIOCKOCTh (puc. 3). O603HaunM ee o.
\
N a
A ‘\

HpﬂMaH C, mepeceKaromas faHHbIC MapaJJICIIbHBIC IPAMBIC, UMECT C
IIJIOCKOCTBIO a JB€ O6I_HI/IC TOYKHM — TOYKH IMCPECCUCHUA C
JaHHBIMU TIPSIMBIMH. IIo TCOpEMC 1.2 orta npsamasa JIC)KUT B
Puc. 3 IIJIOCKOCTH (L. I/ITaK, BCC IIPsMBIC, IEPECCKAOMIME IBEC JAaHHBLIC

napaJijiCJIbHBIC IIPSAMBIC, JICKAT B OJHOM MIOCKOCTH — ILNIOCKOCTH




Tema 1.2. [lapanieabHOCTh NPAMON H IVIOCKOCTH, IJIOCKOCTEH B IPOCTPAHCTBeE.
CemMuHapcKue 3aHATHSA:

1. Pemienue 3aa4 Ha IpUMEHEHUE MPU3HAKA TapaJIJIEIbBHOCTH MPSAMOU U IJIOCKOCTH.

2. Pemenue 3ajay Ha NpPHUMEHEHME IIpH3HAKA MApaJUIEIbHOCTH IUIOCKOCTEM M CBOMCTB
napajiCJIbHbIX MPAMBIX.

HpI/I MMOATrOTOBKEC K BOIpOCaM aKICHTUPOBATHL BHUMAHUC HGOGXOI[I/IMO Ha TMPUMCHCHUC
IIPU3HAKOB MIapaJlICIIbHOCTU HpﬂMOﬁ H IJIOCKOCTH, MMapallICIIbHOCTH IUIOCKOCTEH.

Upumeper:

3amaua (11). Jloxkaxkute, 4dYTO CEpPEIUHBI CTOPOH
MPOCTPAHCTBEHHOTO YETHIPEXYTOJbHUKA SIBJISIOTCS BEpUIMHAMU
napasuiesiorpaMma (BepLIMHBI MIPOCTPAHCTBEHHOTO
YEeTHIPEXYTOJIbHUKA HE JIEKAT B OJIHOU IJIOCKOCTH).

Pemenne. Ilycte ABCD — paHHBIM OpOCTpaHCTBEHHBII
yeTbipexyronbHuk (puc. 4). Ilycte A1, By, C1, D1— cepeaunst ero
ctopon. Torma AiB: - cpemuss nunus TpeyronbHuka ABC, A
napajuienpHas cropoHe AC, C1Di1—cpennss 1uHus TpeyrojbHUKa
ACD, Toxe napamiensHas cropone AC. Ilo Teopeme 2.2 npsimblie
A1B1 u C1D1, napannenbHsl, a 3Ha4UT, JIEKAT B OAHOM TUIOCKOCTH.
TouHO Tak e JI0Ka3bIBAaeTCs MapalIeNbHOCTh MpAMbIX Ai1D:1 u

Puc. 4

B1Ci. Urak, yerbipexyronpauk A1B1C1Di1 nexur B 0HOM MIOCKOCTH M €ro MPOTHUBOJICKAIIHNE

CTOPOHEI ITapaJlJICIIbHBI. CJ'ICI[OB&TGJ'IBHO, OH IMapaJuICIOIrpaMM.

3anaua (15). JlokaxxuTe, 4TO €Cli MIOCKOCTh MEPECEKAET OAHY U3
JBYX MapajuIeIbHBIX MPSIMBIX, TO OHA MTEPECEKaeT U APYTYIO.

Pemenue. Ilycts @ u b — 1Be mapajuienbHbIe MpsSMbIE H O —
IUIOCKOCTh, Iepecekaromias npsimyro a B Touke A (puc. 5). [Iposenem
uyepe3 mpsMble & U D miockocte. OHa mepecekaeT IMJIOCKOCTh 0. IO
HekoTopoil mpsimoit c. [Ipsimas ¢ mepecekaer npsmyo a (B Touke A), a
3HAUYMT, MepeceKaeT MapauielbHyl0 eil mpsamyro b. Tak kak mpsmas c
Puc. 5 JIEKUT B TUIOCKOCTH 0, TO THIOCKOCTB 0L TIepeceKaeT npsmyro b.

—7 3amaga (19). JlokaxuTe, yTO uepe3 JABE CKPELIUBAIOLIUECS

| IpSIMbIE MOKHO IIPOBECTH MapaiesibHbIe INIOCKOCTH.

[ X J [o Pemenue. [Tycth a 1 b — naHHBIC CKpEIIMBAIOIIUECS TPSMBIC

. ‘ ~/1 l (puc. 6). Uepe3 mpou3BOIbHYIO TOUKY MPSIMOH a MPOBEAEM MpsIMYyto D',

; =7y _ﬁnapaﬂnem:Hy}o b, a yepe3 MPOU3BONILHYIO TOUKY MpPSIMOi b mpoBenem
\ /¢|npsamyro a', mapajuienbHyto a. Teneps MpoBeAeM JIBE MIOCKOCTU: OAHY

'| yepes npsameie a u b', a apyryro yepes npsmeie b u a'. 1o Teopeme 2.4

| 9TH TUIOCKOCTH HapayjieNbHbl. B mepBoil u3 HUX JEeXUT HpsMas a a BO

BTOPO#t — mpsimMast b.

Puc. 6

Tema 1.3. IlepneHAUKYJISIPHOCTD NPSIMBIX U INIOCKOCTEH B IPOCTPAHCTBE.
CeMuHapckue 3aHSITHA:

1. Pemenue 3a7ay Ha IpUMEHEHHE OIIPEICIICHUS MTEPIEHIUKYISIPHBIX MPSAMBIX.

2. Pemienue 3ajau Ha MpUMEHEHHE IPU3HAKA NEPIIEHAUKYIIPHOCTH MPSIMOM U TUIOCKOCTH.

[Ipy moxaroToBke K BOMpOcaM AaKLIEHTHPOBATh BHUMAaHHE HEOOXOAWMO OIpeeNeHHIX
NEPNEHAUKYISIPHBIX NPSAMBIX, IPSIMOU U IJIOCKOCTH, INIOCKOCTEN.



Hpuvepsr:
3amada (1). Hokaxwure, 4To yepe3 00yI0 TOUKY MPSMOi B
MPOCTPAHCTBE MOKHO MPOBECTH NMEPIEHAUKYISPHYIO €l PAMYIO.
a Pemenue. [lycth a — nipsimast 1 A — Touka Ha Hel (puc. 7).
Bo3pMmeM 00yt Touky X BHE MPSAMOW a M MPOBEIAEM 4Yepe3 ATy

TOYKY U NPSMYI0 a IJIOcKocTh a (Teopema 1.1). B miockoctu a
N 4yepe3 TOYKY A MOXKHO MPOBECTH MPSIMYIO D, MEepreHAnuKyISIpHYO
\\J IpsIMOH a.
~ 3anava (9). JlokaxuTe, 4yTO 4Yepe3 JaHHYIO TOUKY IpPSIMOM
\ MOKHO IPOBECTH OJHY U TOJBKO OAHY INEPHEHIUKYJSPHYIO el
Puc. 7 TUIOCKOCTb.
Pemenue. Ilycth a — naHHas npsimas 1 A — TOYKa Ha HEH
(puc. 8). IIpoBenem yepe3 Hee BE TIOCKOCTH U IIPOBEAEM B HUX uepe3 TOUYKYy A mpsimbie b u c,
HNepHeHAuKYJIsipHble npsiMod  a. Ilmockoctes @, mnpoxoxasdmias yepe3 3TU  HpsSMBIE,
NEepIeHIUKYIIsIpHa NPsMOIl a 1o Teopeme 3.2.

JlokaxeM, 4YTO 3Ta IJIOCKOCTb €IMHCTBEHHA. JlOMyCTHM, YTO, KpPOME IUIOCKOCTH O,
CYIIECTBYET JIpyTras IIOCKOCTh ¢, MPOXOAIasl yepe3 TOUKY A M MEepHeHIUKYIISIpHAS MPSMOH a
(puc. 9). Ilyctb B — TOuKa mockoctu o, He jexalas B IockocTH a. IIpoBenem yepe3 Touky
B u nmpsimyro a miockocth. OHa TiepecedeT MIOCKOCTH o M 0 M0 pa3In4HbIM HpsiMbiM b u D',
HNEPHEHIUKYIAPHBIM NPSAMON a. A 3TO, Kak Mbl 3Ha€M, HEBO3MOXKHO, TaK KaK Ha IJIOCKOCTH

yepe3 JaHHYK TOYKY MNPsIMOM MPOXOJMT TOJIBKO OJHA NMEPIECHAMKYJsSpHas el npsmas. Mrak,
IJIOCKOCTb, MPOXOsLIas 4Yepe3 TOUKY A U NEepIEeHIUKYIIsIpHas NPsAMO a, €IMHCTBEHHA.

a a
A
(/ NG A
b
Puc. 8 Puc. 9

3anaua (11). JlokaxuTte, 4TO Yepe3 JAaHHYIO TOUYKY IUIOCKOCTH MOXHO IMPOBECTH OAHY U
TOJIBKO OJIHY MEPIECHINUKYJIPHYIO €l IPSIMYIO.

Pemenue. [lycts o — naHHas mockocTh U A — Touka Ha Hell (puc. 10). IIpoBenem B
TUTOCKOCTH 0, yepe3 TouKy A nBe mpsimMbie b u c. [IpoBenem depe3 TOUKy A mepreHanuKyIsIpHbIC
UM 110cKocTH. OHM MepeceKyTCs M0 HEKOTOPOil MPAMOil a, MePIeHIUKYISIPHOM NpsMbIM D. 1 c.
CrnenoBarenbHO, IpsAMas a NEPIEHIUKYIIIPHA INIOCKOCTH (.

===t

Puc. 10



JlokaxeM, 4To 3Ta ImpsiMas €eAMHCTBEHHA. J[oIlycTUM, 4TO, KPOME IIPSIMOM a, CYLIECTBYET
Jpyras mpsMas a', IpoXoasiias 4epe3 TOYKYy A ¥ MEepPHCHIUKY/ISpHAs IoCKocTH o (puc. 11).
ITpoBenem vepes npsMbIe a U a' II0CKOCTh. OHA NEepecedeT MIOCKOCTh ¢ 10 HEKOTOPOM IpsMOi
b, meprneHauKyISIPHON TPsAMBIM a U a'. A 3TO, KaK MbI 3HAaeM, HEBO3MOXKHO. Mrtak, mpsmas,
IPOXOJAIIasl uepe3 MAAHHYK TOYKY IUIOCKOCTM M IEpPHEHAUKYISIpHas 3TOM IIOCKOCTH,
€IMHCTBEHHA.

/ [—— 3anava (12). Joxaxwure, 4yTo uepe3 JHOOYI0 TOUKY A MOXKHO
h a ¥ MIPOBECTU MPSAMYIO, IEPIIEHANKYISPHYIO JAHHOM IIIOCKOCTH 0.

Pemenue. IlpoBeaemM B IUIOCKOCTH a JIBE€ MEPECEKAIOIIUECS
npsimbie b 1 ¢ (puc. 12). Uepe3 Touky UX NepecedeHUs MpOBEIEM
- IUIOCKOCTH [ W Y, TEpPHeHAMKYIsApHbIE TpsAMbIM D u ¢
coOTBETCTBEHHO. OHM TEpeceKaroTCs IO HEKOTOPOH MpsiMOil a.
ol [psimast a meprieHIUKYIISIPHA MPSIMBIM D ¥ C, 3HAYUT, U IIOCKOCTH O.
/ IIpoBenem Temeps uepe3 TOUKy A mpsmyto d, mapamiensHyto a. 1o
o Teopeme 3.3 oHa MeprneHANKYISPHA MIIOCKOCTH (L.

Puc. 12

Tema 1.4. IlepneHauKyJIsIp 1 HAKJIOHHAA.

CeMuHapcKkue 3aHSATHA:

1. Pemenue 3a7a4 Ha MpUMEHEHHUE ONpeAENICHUI NEPIeHIUKYIIApa U HAKIIOHHOW U PUMEHEHHE
TEOPEMBI O TPEX MEPIECHIAUKYIISIPAX.

2. Perienue 3a/1a4 Ha MPUMEHEHUE ONpeAeNICHUs MePIEeHANKYISIPHBIX MTOCKOCTEH.

HpI/I IIOAIrOTOBKEC K BOIIpOCaM aKICHTHUPOBATL BHHUMAHUC H606XOI[I/IMO Ha OIpCaACICHUU
NEprnCHAUKYJApa 1 HaKHOHHOﬁ, IMPUMCHCHUHN TCOPCMBI O TPEX MEPIICHAUKYIApaAX.

3amaga (26). JloxkaxuTe, 4YTO ecinu MpsMas MapaiielbHa
IUIOCKOCTH, TO BCE €€ TOYKM HaxXxOAiITCs] Ha OJWHAKOBOM
PaccTOSHUU OT IJIOCKOCTH.
Pemenue. Ilycte a — naHHas npsimas U o — JaHHasl IUIOCKOCTh
(puc. 13). Bo3pmem Ha npsiIMOM a J1B€ IPOU3BOJIbHBIE TOUKH X U Y.
WX paccTosiHuA A0 IUNIOCKOCTH 0L — 3TO JJIMHBI NEPIEHIUKYIISIPOB
XX' u YVY', omymieHHBIX Ha 3Ty Twiockocth. [lo Teopeme 3.4
npsmble XX' 1 VVY' napajuienpHsbl, CI€I0BaTENbHO, JIEXKAT B OMHON
I vy’ IUIOCKOCTU. DTa IUIOCKOCTh MEPECeKaeT IJIOCKOCTh ¢ MO MPSIMOM
o X'Y'. IIpsimas a napaiuiensHa npssmon X'Y', Tak Kak HE IEPECEKAET
Puc. 13 COJEpXKAIYI0 €€ IUIOCKOCTh 0. MTak, y 4YeTbIpexyrosbHUKa
XX'Y'Y IIPOTUBOJIEKALIHE CTOPOHBI rapajiebHBbL.
CrnenoBatensHo, OH mapaienorpamm, a 3Ha4uT, XX' =YY"

3amaua (45). Yepe3 1EHTp BHOUCAHHOW B TPEYTrOJHHUK
OKPYXHOCTH IIPOBEJIEHA IpsiMasi, NEPIEHIUKYIIApHAs MJIOCKOCTH
TpeyrojbHuKa. JlOKaxuTe, 4TO Kaxkaas TOYKA HTOM MpAMOU
paBHOYaJI€Ha OT CTOPOH TPEYTOJIbHUKA.

Pemenne. Ilycte A, B, C — TOuYkM KacaHusd CTOPOH
TPEYrOJIbHUKA C OKPYKHOCTbIO, O — IIEHTpP OKPYKHOCTH U S —
TOYKa Ha mnepneHaukymspe (puc. 14). Tak kak paguyc OA
NEPIEHAUKYIIAPEH CTOPOHE TPEYTOJIBHUKA, TO 110 TEOPEME O TPEX
MEePIEHANKYISIPAaX OTPE30K SA ecTh NEPHeHJUKYIAp K ITOU
CTOpPOHE, a €ro JJMHA — PACCTOSIHME OT TOYKU S JO CTOPOHBI

Puc. 14



tpeyronpHuKa. [1o Teopeme [Tudaropa
e e 5
SA = Va0? + 08* = Vr* + 087,
rie r — pamuyc BITMCAaHHON OKPYXHOCTH. AHaNOru4HO HaXOJUM
2. na? ool o2
SB=Vr°+08", SC=N\Nr"+08", 1. e Bce pacCTOSHHSI OT y:
TOYKH S JI0 CTOPOH TPEYTroJIbHUKA PABHBI.

3amaua (54). Jaubl npsimast a ¥ wiockocTh o. IIpoBeaute udepes
HPSAMYIO a INIOCKOCTh, NEPIEHIUKYISIPHYIO IIIOCKOCTH 0.

Pewenne. Yepes NpoU3BOIBHYIO TOYKY IHPSIMOM a IPOBOJUM
npsmyo b (puc. 15), nmepneHAMKYISIPHYIO IUIOCKOCTH o (3a1aya
12). Yepes npsimbie @ u b npoBogum mockocts B. Ilnockocts
HEepHEHINKYIIIPHA IUNIOCKOCTH 0. IO TeopemMe 3.6. 7

b
1

Jul

1

|

I

|

I

Puc. 15

Tema 2.1. JlekapToBBI KOOPAUHATHI B IpocTpaHcTBe. [Ipeodpa3oBanne B NpocTpaHCcTBe.
CeMuHapcKue 3aHATHA:

1. Pemenue 3amau Ha npuMeHEHHE (POPMYIT pAaCCTOSHHS MEXKIY TOUYKaMU u (HOPMYIT KOOPAWHAT
CepeIuHBI OTpe3Ka.

2. Pemienue 3a/1a4 Ha MPUMEHEHUE OCHOBHBIX MTPE0OpPa30BaHUI B IPOCTPAHCTBE.

[Ipy TOArOTOBKE K BOMpPOCAM AaKIEHTHUPOBATh BHHMAaHHWE HEOOXOIMMO Ha ONPEICIICHUN
paccTosHUSL MEXJIy TOYKAaMU M MpPUMEHEHUM (OpMYyJT K PELISHUIO 3aJad, OIpe/elIeHUH
JIBUOKEHUS B IPOCTPAHCTBE, CHAMMETPUU OTHOCUTENBHO IUIOCKOCTH, MAPAJIIENBHOTO IEPEHOca, a
TaK)Ke Ha HaXO0XKJICHUH KOOpAWHAT 00pa3a TOYKH MPHU MapauieIbHOM IIEPEHOCE.

[Ipumepsbl:
3anayva (5). B minockoctu Xy Haiitu Touky D (X; y; 0), paBHOyAaJI€HHYIO OT TPEX TOYEK:
A0;1;-1),B(-1;0; 1), C(0;-1;0).
Pemenne. meem:
AD' = (x—-0) + (y - 1)° + (0 + 1)},
BD? = (x + 1)* + (y — 0)2 + (0 — 1),
CD? = (x — 02 + (y + 1)> + (0 — 0)°
[IpupaBHUBasi TIEpBBIE [IBa PACCTOSIHHUSI TPETbeMy, MOIYyYHMM [IBa YpaBHEHHUS IS
OTIPE/ICIICHUS X U V:
4y + 1 0,2x -2y +1=20.

Orciopa ¥ = : v X = : . Mexomasn Touka D(~ ;; :;0).

3anayga (9). HokaxuTte, uto yeThipexyronbHuk ABCD c Bepmnnamu B Toukax A (1; 3; 2),
B(0; 2;4), C (1; 1; 4), D (2; 2; 2) siBasieTcs mapajieIorpaMMOM.

Pemenue. Kak Mbl 3HaeM, 4eThIPEXyTroJbHUK, Y KOTOPOTO JAMArOHAIM MEPEeCeKarTcs U
TOYKOM TIepEeCeUeHHs NEeNSATCs IOTOJIaM, €CTh TapaiuiesiorpamMM. Bocmonb3yemcs 3TUM st
pemenus 3agaun. Koopaunaramu cepenunsl otpeska AC Oyayr

Mpbl BuauM, 4TO KoOopauHathl cepenuH orpe3koB AC u BD oaunakoBbl. 3Ha4MT, 3TH
OTpE3KM TMepeceKkaroTcsi M TOYKOM mepeceueHus neisaTcss mnonoiaMm. (CrenoBaTenbHO,
yeTelpexyroibHuK ABCD — nmapamienorpamm.

3amaua (17). Jansl Touku (1; 2; 3), (0; -1; 2), (1; 0;-3). Haiigute ToukH, CHMMETPHUYHBIC
JTAHHBIM OTHOCHTEIBHO KOOPMHATHBIX IJIOCKOCTEH.

Pemenue. Touka, cummerpuyHast Touke (1; 2; 3) OTHOCUTENBHO MIIOCKOCTHU XY, JIEXKUT Ha
PSAMOM, NEPIEHINKYIIIPHON TUIOCKOCTH Xy. [loaTOMY y Hee Te ke KoopauHaTel X ny: X =1,y =
2. CuMMeTpuYHas TOYKa HAXOAUTCS Ha TOM K€ PACCTOSHUU OT IJIOCKOCTH XY, HO MO JPYTYIO



cTopoHy oT Hee. [loaToMy KoopauHaTa z y Hee OTIMYAeTCs TONBKO 3HAKOM, T. €. Z = -3. Urak,
TOYKOH, cuMMeTprudHON Touke (1; 2; 3) OTHOCHTENBbHO TJIOCKOCTH Xy, Oyaer (1; 2; -3). s
JIPYrUuX TOYEK U APYIMX KOOPAMHATHBIX IUIOCKOCTEN PEILICHUE AaHAJIOTUYHO.

3amaua (23). Haiigure 3nadenus a, b, ¢ B popmynnax mapauienbHOro neperoca X' =x + a,
y'=y+b, 7z’ =z+c, ecnu npu 3TOM mapauieabHoM nepeHoce Touka A (1; 0; 2) mepexoaut B
touky A'(2; 1; 0).

Pemenue. [Toacrarmisas B popMyIibl TapajuieIbHOTO MTEPEHOCA KOOPAUHATHI TOUEK A U A,
T.e.x=1,y=0,2=2,x'=2,y =1, 2= 0, notyanm ypaBHEHHS, 13 KOTOPBIX OMPEICIITIOTCS a,
b, c:

2=1+a,1=0+b,0=2+c.
Orcropaa=1,b=1,c=-2.

Tema 2.2. YroJ Mexay NpsMoii U IJI0CKOCTBIO.

CeMuHapcKue 3aHATHA:

1. Pemenue 3agau Ha IpUMEHEHUE MOHITHM YyIyla MEXJY CKPEIIMBAIOIIMMU MPSMBIMU U yria
MEXy IPSAMOM U IIOCKOCTBIO.

2. Pemiennie 3aa4 Ha MPUMEHEHHE MTOHATHUS YIIIa MY IJIOCKOCTSIMHU.

[Ipy TOATOTOBKE K BOMpPOCAM AaKIEHTHUPOBATH BHHUMAaHHWE HEOOXOIMMO Ha OIpeAelICHUN
CKPEIIMUBAIOIINUXCS TPSIMbBIX, NPUMEHEHHH (QOpPMYJT yIiia MEXIy MPSMBIMH U TpsIMOUH U
IJIOCKOCTBIO K PEIICHUIO 3aa4.

IIpumMepsr:
3amaga (33). Jokaxurte, 4yrto Jto0as mpsMas Ha IUIOCKOCTH, IEPHEHIUKYISIpHAs

IPOEKLIMK HAKJIOHHOM Ha 3Ty IUIOCKOCTb, NMEPHEHIUKYIsIpHA M HakIOHHOW. M oOpaTHO: ecnu
npsiMasi Ha IUIOCKOCTH NEPNEHINKYISIPHA HAaKJIOHHOM, TO OHA MEPHNEHAMKYJISPHA U IPOEKLIUU
HAaKJIOHHOM.
Pemenue. Ilycte AB — nepnenaukymnsp k miaockoctd o, AC — HakJIOHHas U ¢ —
A . npsMasi B IUIOCKOCTH o, mneprneHaukynspHas BC (puc. 16).
[IpoBenem wuyepe3 ocHoBaHue C HaKJIOHHOW MpsSMYyIO Ci,
HapajIeNIbHYIo C.
I[To Teopeme 0  Tpex  MNEPHEHAUKYISpAX  Ci
neprneHauKynsapHa HakioHHOM AC. A Tak Kak yroi Mexuay

npsiMoii ¢ 1 HakioHHONW AC paBeH yriy Mexay npsmeiMu AC u
C1, TO MpsIMasi C TOXeE NMEepIEHAUKYIsIpHa HakiIoHHON AC.

OO0patHo: ecnu npsMas ¢ NEPIEeHAUKYIIpHa HAKIOHHOM
AC, TO npsiMas C1 TOXE

A

] NEePNEHAUKYISIPHA €M, a 3Ha4uT, 10
TeOpeME O Tpex IEPHEHIUKYIApax U
ee mpoeknuu BC. Tak kak cl|c1, To ¢ L BC.

3amaua (35). Touka A OTCTOHMT OT IUIOCKOCTH Ha paccTosiHue h.
Hailinute mJIMHBI HAKIOHHBIX, NPOBEACHHBIX M3 3TOM TOYKH IOJ A
CJEeAYIOIMMHU YTJIaMH K Tuiockoctu: 1) 30°; 2) 45°; 3) 60°.

Pemenne. Onyctum nepneHaukynsap AA' Ha IUIOCKOCTh (pHc.
17). TpeyronpHuk AA'B npsMOYroJIbHBI C HOpPSIMBIM YIJIOM IIpU

’

Puc. 17



BepiinHe A'. OCTpbI yroia 3TOro TPEyrojbHHUKA, MpoTHBOISKaNMi karety AA', paBen 30°
(cootBercTBEeHHO 45°, 60°). IloaTOMY B IEpBOM Cilyyae HaKJIOHHAs

AAT
singo* - 2M-
-‘ Ap=2
Bo BTopom ciiywae AB = hVZ ., B TpeTheM -3

3amaua (43). [IBe muiockoctu nepecekarorces moj yriom 30°. Touka A, nexariast B OJJHOM
U3 3TUX IJIOCKOCTEH, OTCTOUT OT BTOPOM IIJIOCKOCTH Ha paccrosiHue a. Haiinure paccrosHue ot
ATOM TOYKH JI0 TIPSMOU MEPECEUCHUS TITIOCKOCTEM.

Pemenue. [lycth o u B — naHHBIE TIOCKOCTH M A — TOYKa, JieXKallas B MJIOCKOCTH O
(puc. 18). Onyctum neprneHaukymnsp AA' Ha TUIOCKOCTH [ |
nepneHAuKyissp AB Ha mnpsMyr0 ¢, MO KOTOpPOW MepeceKaroTcs
miockoctH. [1o Teopeme o Tpex nepnenaukyisipax A'BLc. ITnockoctsb
TpeyroiabHuka ABA' nepneHaukymisipHa NpsiMoi ¢ U IOTOMY YToJI IIpU
BepuimHe B mpsmoyronbHOro TtpeyronpHuka ABA' paBen 30°.

Nmeem:
AA 1
AB-= a0 % 3 2a.

Paccrosinue ot Touku A 10 psAMOi ¢ paBHO 2a.

Puc.18

Tema 2.3. BeKTOpbI B IPOCTPAHCTBE.

CeMuHapcKkue 3aHSATHA:

1. Pemienue 3a7a4 ¢ BBIMOTHEHUEM alNreOpandecKux Onepanuid HaJ BEKTOPaMH.
2. Pemenne 3ala4 Ha IPUMCHCHUC OIIPCACIICHHUA KOMIIJIAHAPHBIX BEKTOPOB.

3. lenoBa urpa Ha Temy «BekTopbi».

HpI/I INOATOTOBKE K BOIIpOCaM AKOCHTUPOBATHL BHHUMAHUC HCO6XOI[I/IMO Ha (I)opMynaX
HaxXOXIACHUA KOOpPAWHAT BCKTOpPA, BBIYHUCICHHUH CKAJIAPHOTO IMPOU3BCACHUSA BCKTOPOB IABYMA
CHOCO6aMI/I, OIIPCACIICHUHN KOMIINIAHAPHOCTHU BEKTOPOB.

[Ipumepsbl:
3amgaya (50). Jausr uetoipe Touku A (2; 7; -3), B(1; 0; 3), C( -3; -4; 5), D(-2; 3; -1).
VYKaXuTe Cpeid BEKTOPOB ATB’ BE, Dﬂc, AHD, AHC u BﬁD paBHBIE BEKTOPBI.

N

Pemrenne. Hago HaliTM KOOpAMHATHI YKa3aHHBIX BEKTOPOB KB’ BC, ... 1 CpaBHUTb

COOTBETCTBYIOILIIME KOOPAUHATHI. Y PAaBHBIX BEKTOPOB COOTBETCTBYIOIINE KOOPIAMHATHI PAaBHBI.
-

Hamnpumep, y BexTopa KB koopauHathl: 1 -2 =-1,0-7=-7,3 - (- 3) = 6. Y Bexkrtopa DC

Takue ke koopauHatel: -3-(-2)= -1, -.4-3 = -7, 5 - (-1) = 6. Takum 00pa3oM, BEKTOPBI KB u

D_)C paBHbL. Jlpyroil mapoii paBHBIX BEKTOPOB OYAyT B_&: 51 KD-

N
3amaua (54). lan Bektop g (1; 2; 3). Haiinure xommnHeapHbI eMy BEKTOp ¢ Ha4aJioM B
touke A (1; 1; 1) u koHuioM B Ha mockocTH Xy.

Pemenue. Koopaunara z Touku B paBHa Hymro. KoopanHatel BekTopa /—CB x-1,y-1,

- -
0-1 = -1. 13 koMHEapHOCTU BEKTOPOB g U AR IOJy4aeM IPOHOPLUI0



3amada (59). Jlausr yetsipe Touku A (0; 1; -1), B(1; -1; 2), C (3; 1; 0), D (2; -3; 1).
HaiinuTe KocuHYyC yTia @ MEXy BEKTOpaMHU A_)B u C_)D :

Pemenue. Koopaunaramu BekTopa ATB OoynyT
1-0=1,-1-1=-2,2-(-1) = 3;
lABI = V1?4 (-2)*+ 3% = V14.

Koopaunaramu Bektopa CD OynyT

2 — =0, -8 —1T= 4 [=0=13
ICD| = V(-1)*+ (-4)*+ 12 = V18.
3HAYUT,

cos = il 1CD+E2)-4)+38-1 5
|ABI-iCDI V14 -V18 V63

JlenoBas urpa Ha TeMy «BeKTopbI»

Heuab 3aHATHA: 0000IUTH 3HAHUS, NOJYUCHHbIE Ha MPEBIAYIIUX 3aHATUAX, 110 TeMe
«BeKTopbl B IPOCTPAHCTBE.

3agaum 3aHATHA:

1. oébpazoeamenvhuie:

® CHUCTCMATU3UPOBATDH 3HAHUA 110 TEMC ((BeKTOpBI B IIPOCTPAHCTBC»,

3aKpPCIUTDh ITOHATUC «BECKTOP» U IIOBTOPUTH onepauI/Iﬁ HaJl BEKTOpaMHu,

paccMOTpeTh MPOCTEHIIINE Cllydyal IPUMEHEHUS Ollepaluii HaJl BEKTOpaMu
2. pazeuearoujue

pasBUBaTh JIOTMYCCKOC MBIINLJICHUC, YMCHHUC O606III3TB n CUCTEMATU3UPOBATH
3HAHUA Ha TEMY «BeKTOpLI B IIPOCTPAHCTBE»,

® pa3BUBATb HABBIKK CaAMOCTOATCIBHOCTH,

KOMMYHUKATHUBHBIE CIIOCOOHOCTH
CTYJICHTOB;

® pPa3BUBATH IMO3HaBaTeIbHBIMN HHTEPCC K MATCMATHUKCE;

3. eéocnumamenvhble:

® BOCHHTBIBATb YYBCTBO OTBCTCTBCHHOCTH KOJIJICKTUBU3MaA IIPU pa60Te B I'pyIimax.

Tun 3aHATHS: O606H_ICHI/IC paHeC N3YUYCHHOI'O MaTcpuala.
(I)opMa 3aHATHS. CCMUHAPCKOE 3aHATHEC C DJICMCHTaMU UTPHI.
MeToabl npenmogaBaHus: HpaKTI/IquKI/Iﬁ — BBIIOJIHEHHE 3aJaHHil B XOHe HUI'pbl "

pEemICHUC 3aaady, HﬂFJ’IfI}IHBIfI — HCIIOJIB30BaHHUEC KOMHBIOTepHOﬁ MMpe3CHTAalMU, pPasgaToO4YHOro
MaTtcpurajia.

O0opynoBanue: MyIbTUMEAMIHBIH TpoekTop, 1K, mpesenrtarust Microsoft Power Point,
IUTaKaThl YYCHBIX-MATEMAaTHKOB, Pa3aTOUYHBIA MaTepHall.

B xoae 1aHHOIO 3aHATHS CTYACHT A0JI’KCH:
YMmerh: MPUMCEHATH ITOJTYUCHHBIC 3HAHHWA ITPU PCIICHUHN pa3JIMYHbIX 3a1a4.
3HaTh: OCHOBBI JIOTUYCCKOTO, AJITOPUTMHUYCCKOI'O U MATEMATUYCCKOT'O MBIIIJICHUA.



TexHosornyeckas KapTa 3aHATUA

JTansl JleHCTBHSA YYACTHHKOB 3aHATHSA
3aHATHUSA IlpenogaBareib CryneHTsl
1. TlogroroButenbHbIH | 1. 0OTOMpaeT MaTepuaibl K 3aHATHIO 1. roroBsiTCS, MOBTOPSIOT
JTan 2. cocTaBJI€T CTPYKTYpY 3aHATUSA U3y4EHHBbIN MaTepuan
3. nonbupaer CeMUHapCcKue 3aJaHus
2. OpraHu3allioOHHBIN | 1. MPUBETCTBYET CTY/ICHTOB 1. MPUBETCTBYIOT
JTan 2. 0TMEYaeT OTCYTCTBYIOLIUX IpernojaBaTess, CIyIaT
3. mpoBepseT TOTOBHOCTh CTYAEHTOB K
3aHSTHIO
4. HacTpaMBaeT CTY/IEHTOB Ha paboTy
3. Oran akryanu3auuu | 1. Ha3pIBaeT TEMY 3aHSITHS 1. cnymarot
3HaHUU 2. CTAaBUT LIEJU U 3a1a4U
3. OOBSICHSCT IJIaH 3aHATHUS
4. OcHOBHOM 3Tan 1. maer BCTynUTEIBHOE CIOBO 1. cnymaroT

2. oOpamiaer BHUMaHHE CTYAEHTOB Ha | 2. OTBEYAIOT
snurpad, mOpTpeThI
3. opranm3yeT pabOTy MO MOBTOPSHHIO | 3.  CIYIIAIOT,  pEIIafoT,
1 000011IeHUI0 TPOUICHHOTO MaTepHala | OTBEYalOT

B BUJIe UTpbl «Mopckoii 60ii»
4. opranuzyer paboTy Mo pemeHuio | 4. oQopMIAIOT 3aJaHUS B
MPAaKTUYECKUX 3a/a4 WHAWBUIYAIBHO | TETPAJsIX U HA JOCKE

10 KapTOYKaM U BMECTE Y JJOCKH

5. 3akIouyuTeNbHbIN | 1. MOABOIUT CTYIEHTOB K BBIBOAY, | . BBICKa3pIBalOT  CBOE
aTam, pediaekcus CIIpaIIMBaeT UX MHEHUE O 3aHATUH MHEHHE, JIeTaI0T BBIBOJ

2. BBICTABJISIET U KOMMEHTHPYET OLIEHKHU | 2. CIyIIAoT
6. Jlomaninee 3ananue | 1. 3agaer 1. ciymaroT, 3anMChIBAIOT

Tema 3.1. MHororpannsie yribl. MHororpanuuk. Ilpusma.

CemuHapcKue 3aHATHA:

1. Pemenue 3a1ay Ha IpUMEHEHUE OIpeJIeIeHUIl MHOTOTPaHHOTO yIJjla U MHOTOTPaHHUKA.
2. Pemienne 3a7a4 Ha MOCTPOSHHE CEUCHUH MTPH3MBI.

[Ipyu moaroroBke K BOMpOcaM aKIEHTUPOBaTh BHUMaHHWE HEOOXOAUMO Ha TMOHATUSIX
JIBYTPAHHOTO, TPEXT'PAHHOTO M MHOTOTPAHHOTO YIJIOB M MX H300paKEeHUHU, ONpeAeNeHUsX
OPU3MBL, Mapajjiesienuneaa, MNpSIMOYroJbHOTO TNapajulielenunena, MIpaBuiaX IOCTPOEHUs
JAHHBIX MHOTOTPAaHHUKOB, Ha MPaBUJIaX OCTPOEHUS CEUEHUH CO CIeIOM U Oe3 HETo.

[Ipumepsbl:
3amaua (1). U3 Touek A u B, nexamux B IrpaHsAX JBYIPAaHHOI'O YIJIa, OMYIIEHbI

neprneHaukynsapel AA1 u BB1 Ha peOpo yrna. Haiinure miuny orpeska AB, ecnmu AA1 = a,
BB1=b, A1B1= ¢ u qByrpanHsiii yros pasex o (puc. 19).
Pemenue. IIposenem npsimbie A1C|[BB1 u BC||A1B1.

2 UYersipexyronpauk A1BiBC — mnapamnenorpamm, 3Ha4uT
P AiC = BB1 = Db. Ilpamas AiB: mnepnenaukymnspHa
o« . d MIOCKOCTH  TpeyroabHuka AA1C, Tak Kak OHa
t: ; } / / MEPIEHIUKYIJIIpHA JBYM IPSIMBIM B 3TOH IIocKocTH AA1 1
[ 8

CA1. CnepoBarenbHo, napamienbHas ed npsamas BC toxe

NEpHUCHAUKYIISIPHA 3TOHN ILIOCKOCTH. 3Ha‘{I/IT, TPCYTrOJIbHUK

Puc.19 ABC — npsmoyronbeHblii ¢ psMbiM yriiom C. [To Teopeme

KOCHHYCOB



AC? = AA} + A\C® - 24A, - AC - cosa = a* + b® — 2ab cos o.
ITo Teopeme ITudaropa

AB=VAC’+ BC' = Va* + b°- 2abcoso. + ¢* .

3amaua (2). VY TpexrpanHoro yria (abc)
* JIBYTpaHHBIH YroJ npu pebpe ¢ npsMoi, AByTPaHHbIN yroJ
npu pebpe b pasen ¢, a miaockuii yrom (bc) pasen

T
(‘Pr’l’ = 2‘} . Haiigure nBa apyrux mwiockux yrma: o = <

{ (ab), p= < (ac).

Pemenue. OmyctuM U3 NPOU3BOJIBHOM TOUKM A
pebpa a neprieHaIuKysIsp AB Ha pedbpo b u neprneHuKysp
AC Ha pebpo c (puc. 20). Ilo Teopeme o Tpex

L o mepnenaukyisapax CB — neprnenaukyssip k pedpy b.
Puc. 20 N3 mpsmoyromeubix TpeyroasHukoB OAB, OCB,
AOC u ABC nonyuaem:
BC _BC Y
tga ;AB:OB:CBSiﬁ:ik? ;(%q'qv >

tgP=AC: 0OC = BCtg ¢: q?n‘",v = tg o siny.

3anaya (22). B HakJ10HHOH NpU3Me MPOBENEHO CEYEHME, MEPIEHAUKYIIPHOE OOKOBBIM
peOpaM u nepecekaroiiee Bce 00koBble peOpa. Halinure 60KOBYI0 NOBEPXHOCTh MPU3MBI, €CIIU
MEPUMETp CCUCHUS paBeH P, a OOKOBBIC peOpa paBHslI |.
A Pemenue. IIn0ockoCTh MPOBEJEHHOIO CEUeHMsI pa3OMBaeT MPHU3MY
Ha naBe vactu (puc. 21). IlomBeprHeM OAHY M3 HHX HapaICIbHOMY
MIEPEHOCY, COBMEUIAIOIIEMY OCHOBaHMs npusMbl. I[Ipu »TOM mnomyuum
NpsMYI0 TpPU3MY, Y KOTOPOH OCHOBaHHEM CIIYXKHT CEUYEHHE MCXOJHOU
npu3Mbl, a O0KOBbIe peOpa paBHbI |. DTa mpu3mMa UMeeT Ty ke OOKOBYIO
MOBEPXHOCTh, YTO M HCXojHasi. TakuM oOpa3om, OOKOBasi MOBEPXHOCTb
MCXOHOM mpu3Mbl paBHa pl.

3amaua (6). CkoJIbKO IUaroHajiel UMeeT N — yrojabHas npusma?

Pemenne: Tak kak [OuaroHanb TMPU3MBI — 23TO  OTPE3OK,
COCIMHSIOIIMI JIBE BEPIIMHBI IPU3MBbI, HE IIPUHAJICKAIINE OJHOM IpaHH,
TO U3 OAHON BEPIIMHBI MOKHO MPOBECTH N — 3pa3iuuHble AuaroHanu. Ho BepivH B OCHOBaHUU
N, TaK 9TO 00IIee KOJNUECTBO auaronaieii oymer n(n-3).

Puc. 21

3amaua (15). Uepe3 CTOpOHY HMKHETO OCHOBAHHS NMPABHILHOW TPEYrOJIHLHOM MPHU3MBI
IpoBeJIeHa TUIOCKOCTh, MepeceKaromias OOKOBbIE IPaHH MO OTPE3KaM, Yrojl MeXy KOTOPbIMH a.
Haiinure yrom HakiioHa 3TOM IUIOCKOCTM K OCHOBaHUIO Mpu3Mbl (puc. 22). B mpaBuibHOI
YETBIPEXYroJbHONU MpHU3ME Yepe3 CEepeIuHbl JBYX CMEXKHBIX CTOPOH OCHOBAaHHUS IpPOBEACHA
IUIOCKOCTh, Nepecekarolias Tpu OOKOBBIX pedpa U HAKJIOHEHHas K IUIOCKOCTH OCHOBAaHMS O]
yriom a. CTopoHa ocHOBaHUs paBHa a. HaiiuTe ruomaab mojrydeHHOTO CEYeHHUS.



Pemenne:

Iyere AOC — nannas mockoets. [Iposejiem B,
BH1AC. Toraa no TeopeMe 0 Tpex NepHeHIMKYIApax \
OHILAC. 3uaunt, ZOHB — uckoMsiil. (

.‘l; /
Nanee, B papaocroponnem AABC shicota BH= Eﬁ o i I’ \ G
1 a ; Pie 115\
Hanee, ZAOH= — ZAOC=—, AL ’I{i\f A\
2 £ A H C
Tak wro 8 AAOH: OH = AH s B
¢ a 2[g~q- Puc. 21
52 "3

a
a\FvZI—
BH: WOy

OH 2a 2

Tak yro ZOHB=arccos (ﬁ[g%\_ ;
/

Nanee, 8 AOBI: cosZ0HB-

/ \
Orser: arccos' ﬁ(gg | :
\ 2)

3anaua (26). Y nmapaiienenumnesa Tpu TpaHd uMeroT mwiomam 1 M2, 2 M2 u 3 M2, Uemy
paBHa MOJHAs OBEPXHOCTH Mapaienenunena’

Pemenue: YV mnapamienenunena NpOTUBOIOJIOXHBIE T'PAHU PaBHBL, a 3HAYUT, UMEIOT
paBHble TIomamM. Tak uTo JAHHEIN Mapaiienenues UMeeT ABe IPaHK C IIomanpio 1 M2, 1Be
IPaHU C IUIOMAABIO 110 2 M2, W JBE TPAaHH ¢ IUIOMAAbI0 1o 3 M2 Tak 4To miomaap IITHOM
nosepxHocTH S =2(1 +2 + 3) = 12 (m?).

Tema 3.2. [lupamuna.
CemuHapckue 3aHATHA:
1. Pemenue 3a1a4 Ha MPUMEHEHHUE OTIPECIICHHS ITUPAMHU/IBI.

[Ipn noxaroroBke K BOmpocam aklEHTUPOBATh BHHMAaHME HEOOXOAMMO Ha ONPEJCIICHUU
MUPAMUJIBI, TIPaBUIIAX MOCTPOCHUS MUPaMUJIbI, Ha MIPABUIIaX MMOCTPOCHHS CEYEHUN CO CIIEJIOM U
0e3 Hero.

IIpumepsr:
3anaya (42). OcHoBaHME MUpaMHIbl — MPSIMOYIOJBHUK CO CTOPOHaMHU 6 ¢cM U 8 CM.

Kaxxnoe 60koBoe pedpo nmupaMuisl paBHO 13 cM. BeraucnuTe BHICOTY TUPAMUIBL.
Pemienue:

42. Tak kak SA = §B = SC = SD, 1o npsamoyroasubie tpeyronsumku ASO, BSO,
CSO u DSO pasiibi no runorenyse u obuwemy karery SO.
Toraa AO = BO = CO = DO, a 3ua4ur, To4ka O sssser- S
st TouKoii nepecevienus ACu BD.

B AABD: BD = AB* + AD? = 6" + 8 =10 (cm).
Torna OD = ;- BD =5 (cM). Jlanee,

8 ASOD no reopeme INudaropa:

SO=\SD? ~0D" =J13* -5* = 12 (cm). A b
Orser: 12 cm. Puc. 22




3anaga (54). bokoBoe pebpo mupaMuIbl pa3eNeHO Ha YEThIPEe paBHBIC YacTU, U Yepe3

TOYKH JEJICHHS IPOBEICHbI IIOCKOCTH, MapaJlIelbHble OCHOBaHMIO. I110Mma b OCHOBaHUS PaBHA
400 cm?. HaiiuTe TUIonaay CeueHmi.

3
H

1z
34’4

132 a2 3% 2
OTHOILICHHUA IIOMAACH CCUYCHHM K INIOoINaau OCHOBAHHUSA ITHPaMHIbL eCTB(;) :{_) H (_) .

CriemoBaTenbHO, IUIONIAIA CEYCHUN PaBHBI

Puc. 23

-

Pemenne. CedeHusi mo00HBI OCHOBAHUIO MHPAMHUIBI C KOIPPUIMEHTAMH TO00MS

2. IInomanu mogoOHBIX Uryp OTHOCATCS KAk KBaapaThl IMHEHHBIX pa3mepoB. [loaTomy

4 4

2
400 - (-]‘—) 25 (cm%),
2 - P
400 - (4) =100 (ex?),

400 - (:)1— 225 (cv).

3amaga (69). [okaxwure, dYTO OOKOBas TOBEPXHOCTH
NPaBWIbHONH  YCEYCHHOH MNUpaMUIbl paBHA  IPOHM3BEIACHUIO
MI0JIyCYMMBI [IEPUMETPOB OCHOBaHUI Ha anodemy.

Pemenne. BokoBble TpaHM YCCUCHHON NHpaMHIbI —
Tpaneuuu ¢ OJHUM U TEM KE€ BCPXHHUM OCHOBAHUCM a, HUKHUM b u

CBLICOTOﬁ (amoemoit) | (puc. 23). TToaTomy 1utomaas OJHON MpaHU
1

paBHa z(a + b)l. Ilmomame Bcex rpaHeidl, T. e. OOKoOBas

[uy

MOBEPXHOCTh, paBHa z (an + bn)l, rie N — uyucmo BepHIMH
OCHOBaHUsSI HHpaMHIbl, an u hn
MUPaMUJIBI.

MepUMETPhl OCHOBAaHUU

Tema 3.3. [IpaBusibHble MHOTOTPaHHUKH. Tesia BpaleHus.

CemuHapcKue 3aHATHA:

1. Pemenue 3anay Ha Temy «Tena BpaieHus».

HpI/I IMOATOTOBKE K BOIIpOCaM AaKHOCHTUPOBATHL BHHUMAHHC H€06XO)II/IMO Ha OIpCaACIICHUAX
OUJInHApa, KOHYCA, IIapa, IIpaBUJIaX IMOCTPOCHUA MOAaHHBIX TCJI BpallCHUs, HaA IpaBUIIaX
MOCTPOCHUA YCCUCHHOTO KOHYCA, IapOBOro CEKTOPAa U MIAapOBOTO CCTMCHTA.

[Ipumepsbl:

3amaua (2). OceBoe cedeHHWe UWIMHApPA — KBajapaT, IUJIOMIAIb

KOTOpOro Q HaiiguTte miomags OCHOBaHMS HUJIMHApPA.

—
Pemenne. Cropona kBaapara paBHa + @. Oma paBHa auamerpy
ocHoBaHus. [loaTomy 1uiomaas OCHOBaHUS paBHA

Puc. 25

2

Ve _ e
2 4
Bamaya (7). B umnmHAp BOMcaHa TNpaBHJIbHAS Puc. 24

niecTUyroyiibHas mnpusMma. Halimute yronm Mexnay auaroHaiblo ee OOKOBOM
IpaH U OCHIO WJIMHAPA, €CJIN PAINyC OCHOBAHUS PaBEH BBHICOTE IIMIIMHIPA.
Pemrenne. bokoBble I'paHM NMpU3MBI — KBaJpaThl, TaK KAaK CTOpPOHA
NPaBUIBHOTO IIECTUYTOJbHUKA, BIIUCAHHOTO B OKPY)KHOCTB, paBHa pajauycy
(puc. 25). Pebpa npusmbl nmapaiienbHbl OCH HWIMHIIPA, TTO3TOMY YTOJI MEXIY



JMaroHalbl0 TPAHU M OCHIO LIMJIMHJIpPA PAaBEH YTy MEXAy IUaroHajabio M OOKOBBIM peOpoMm. A
3TOT yroj paBeH 45°, Tak KaK IpaHu — KBAJAPATHI.

3amaua (15). KoHyc mepeceueH TIUIOCKOCThIO, TapaylieIbHOM
OCHOBaHMIO, Ha paccTossHuu d OT BepumHbL. Haiiaure muomanb ceyeHwus,
€cllu paJinyc OCHOBaHMs KoHyca R, a BeicoTa H.

Pemenne. (puc. 26) CedeHue KOHyca IMOJIy4aeTCsh U3 OCHOBAHUS

g z
KOHyCa MpeoOpa3oBaHUEM T'OMOTETHHU OTHOCHTEIBHO BEPIIMHBI KOHYCa C - D
\
\
P
N

d

KO3 (UIUEHTOM TOMOTETHH " Tlostomy paauyc Kpyra B cedeHHH

d
r=R E
. CJ'ICI[OBaTeJ'IBHO, IJromaab CCUCHUA

S = 7!dez s Puc 26
H

5 3anmava (25). Y nupamuasl Bce O0koBbie peOpa paBHbl. Jlokaxkure,
YTO OHA SIBJIAETCS BIIMCAHHOW B HEKOTOPBIN KOHYC.

Pemenne. Onyctum nepneHaukymsip SO 13 BepIIUHBI TUPAMUJIBI HA

IUIOCKOCTh OCHOBaHUs (puc. 27) m 0003HAYUM JIUHY OOKOBBIX pebep

nupamupl yepe3 |. BepiiuHbl ocHOBaHUS yaaieHbl OT Toukd O Ha OJHO |

T0 e paccrosmme R=VI?—0S? Orciona crrenyer, 4to Hama THPAMHIA
BITMCaHA B KOHYC, Y KOTOPOTO BEPIIMHOW SIBISETCS BEPIIMHA MUPAMUJIBI, a
OCHOBaHHEM — KpyT ¢ neHTpoM O u paguycom R.
Puc. 27 3anmava (30). Yepes cepenuny paamyca Iiapa
IpOBE/ICHA MEPIECHANKYISIPHAs My TUIOCKOCTh. Kak OTHOCHTCS IIIoma s
MOJYYEHHOT0 CeYEHUs K IUIOMAaAn OOIbIIOro Kpyra?
Pemenue. Ecnu pagnyc mapa R (puc. 28), To paguyc kpyra B
IR? - (R)z =R\
ceueHuu OyneT | 2 V4 * Orromenne IUTIOIAAM 3TOTO Kpyra K
3

n( R\F ] : tR*
TJIOMIA M OOJIBIIIOTO KPyTra PaBHO 4 4

Puc. 28

Tema 4.1. O0beMbl MHOTOTPAHHUKOB
CemuHapcKue 3aHATHA:
1. Pemienue 3agau Ha TeMy «OO0BEMBI MHOTOTPAaHHUKOBY.

[Ipu moaroToBKe K BOMpOcaM aKIIEHTHPOBATh BHUMAaHUE HEOOXOIUMO Ha MPUMEHEHUH (HOopMyI
JUTSL BBIYHMCIIEHUSI 00BheMa K PElICHHIO 3a/1a4.

IIpumepsbl:
3amaua (3). Ecom xaxmoe pebpo kyba yBEeTWYHTh Ha 2 CM, TO €ro

I
o6beM yBemmuutcs Ha 98 cm. Uemy paBHO pebpo Kyba? ;
I
I

Pemrernne. O603HaunM pebpo Kyba depes X, Torma (x + 2)° - x3 = 98,
T. e. X2 + 2x-15 = 0. YpaBHeHHe HMeeT 1Ba KOpHi: X = 3, X = - 5.|X
['eomeTpuyeckuii CMBICT HMMEET TOJIBKO MOJIOKUTENIbHBIN KOopeHb. Urak, |

pebpo kyba paBHO 3 cMm.

a )— = "‘7
3agaua (11). B mpsamoM napaiuiesenuiene cTopoHsl ocHoBanus a u b N\
obpasytot yroa 30°. bokoBast moBepxHOCTh paBHa S. Haiinute ero oobem. Puc. 29



Pemenne. O603HaunM BhICOTY 4epes X (puc. 29). Torma
(2a+ 2b)x =S.
o B
Otcrona 2(@+b°

ah abs
[Tnomanas ocHoBaHus napasuienenunena pasaa absin 30 = 5. O6bem paBeH 4{a+8)

3anaua (44). Haiigure 00beM yCEYEHHOM MUPAMUIBI C IUIOIAASIMHA OCHOBaHMH Q1 1 Q2
(Q1 > Q2) u BBICOTOIA h.
Pemenue. JlonmoaHuM JaHHYIO yCeUEHHYIO TUpaMuy 10 moiaHoiu (puc. 30). Ilycts x —
ee BbicoTa. O0BEM yCeUeHHOW MUPaMU/Ibl PABEH PAa3HOCTH 00BEMOB JIBYX MOJIHBIX MTUPAMUL:
OJIHOH € MJI0IaAbt0 OcHOBaHMs Q1 M BBICOTOMU X, IPYTO# C MJIOIIAAbI0

‘)‘ ocHoBanus Q2 u BbICOTOM X — h.
N\ W3 mogo0us 3TUX MUpaMKI HAXOIUM X:
Q. (L)z
Qz x-h -
Otcroga
h\’a;
Puic. 30 > @, —a,

O0beM yceueHHOM MUpamMu/ibl paBeH:

1 MW, e, 1, 9VQ,-9,Q, 1 e
V= —[Ql——— - Qz[-—:————.—h = ho = 2h(Q+ VQ,Q, + Q)
B —C 1 192 T W)
L JQ_,'\[Q_Z \[Q,‘\[ag 3 V@, V@, 3
3anaua (48). Uepes cepeiuHy BBICOTHI MUPAMU/bI IPOBEACHA INIOCKOCTb, HapajiesbHas
OCHOBAHHMIO. B KakoM OTHOIIIEHWH OHA JIEIUT 00bEM MUPAMHUIBI?
Pemenne. Kak Mbl 3HaeMm, IMpOBEACHHAs IUIOCKOCTb OTCEKAET

nompobuyro mupamuny (puc. 31). Koabdumment momobus paseH
1
OTHOIIIEHHWIO BBICOT, T. €. 2

3
1
IToaromy 00BEMEL MMUPAMUL OTHOCSITCSA Kak (:) 1.
CrnenoBaTenbHO, MIOCKOCTh JEIUT HAIly MUPaAMHUAY Ha 4YacTH, 0OBEMBI
KOTOPBIX OTHOCSTCS KaK
1 1
1= ) =1:17.
301

Puc. 31

Tema 4.2. O0beMbI TeJ1 BpaLICHUI.
CeMuHapcKkue 3aHSTHA:
1. Pemienue 3ana4d Ha Temy «OOBEMBI TENl BpaIllEHUN».

HpI/I MMOATOTOBKC K BOIIPOCAM AKIICHTHUPOBATH BHUMAHUC HCO6XOI[I/IMO Ha MPUMCHCHUU (I)OpMyJ'I
JJIs1 BBIYMCIICHUSA o0beMa K PEIICHUTIO 3a/1a4.

[Ipumepsbi:

3anauga (15).

Hailinure o6beM yceueHHOro KOHyca, V KO-
TOPOrO paguycsl ocHOBaHW# pasHul R, n R, (R, < R)),
a BeicoTa h.

Pemenne.

JononEuM NAHHLIM VCEYEHHBIN KOHVC 10
TOJIHOTO (pc. 32). IIyeres x — ero Beicora. Obwem



yCeueHHOro KOHYyCa paBeéH pa3HOCTH obbeMOB ABYVX
NOJIHBIX KOHYCOB: OJHOro ¢ paamycoM OCHOBaHHSA Rl

M BBICOTOM X, APYroro ¢ paguycom ocHoBauus R, u
BhICOTOM X — A.
M3 noaobusi KOHYCOB HAXOAUM X:
x _Ry ___hRy
x-h R’ R1-Rz’

O6bem yceuyeHHOIo KOHYCA PABEH:
1 2 AR 2( hR

Vallpp2 281 _ R M _ ) -
3 'R -B R, R, - R, A

3

1, BE-RE_ 1, oo 2
37!’1 R‘—R-z 3ﬂh(R;+R|R2+R2).

Tema 5.1. CraTucTH4eckasi 00padoTKa JaHHBIX.
CeMuHapcKue 3aHATHA:

1. PenieHue 3a1a4 Ha CTATHCTUYECKYIO 00Opa0OTKy JaHHBIX.
2. Perienue 3a/1a4 Ha BEIYUCIICHUE TUCTIEPCUU.

[Tpu moaroroBke K BOIpOcaM akKLEHTHPOBAaTh BHUMaHHE HEOOXOJMMO Ha MOHUMAHHUM Pa3INyus
OTHOCUTEJIbHOM  4acTOThl M  YacTOThl, IIOCTPOEHUH I'EOMETPUUECKOr0  HU300pa’keHus
(MHOTOYTOJIBHUK pacHpe/esieHHs] 4acToT, TUCTOIpaMMa), BBIYMCIIEHUU YIJIOB JAJISl MOCTPOEHUS
KPYrOBOM JuarpamMMbl U MPAaBUIBHOM €€ MOCTPOCHUHU, IPUMEHEHUU (HOPMYI JJIsi BBHIYMCIICHUS
YHUCJIOBBIX XaPAaKTEPUCTUK KOHKPETHOIO PACIIPEIEICHU.

IIpumepsl:
[Tpumep 1. Ha ypoke ¢uskynbTypsl 14 MIKOJIBHUKOB MPBITAIH B BHICOTY, a YUYUTEh

3anuchIBal UX pe3yabTarhl. [lomyduscs Takol psa JaHHBIX (B CAHTUMETpPAX):
125, 110, 130, 125, 120, 130, 140, 125,
110, 130, 120, 125, 120, 125.

Tpebyercst crpynnupoBarh JaHHbIE, COCTaBUTh TAOIMIy UX pacHpelesieHUs, HalTH
pa3max, MOy U MeIUaHy U3MEPEHUs.

Pemenue. Beinmuiem Bce BapuaHThl M3MEPEHHUS B MOPSAAKE BO3pacTaHus (TOUHee,
HEYOBIBaHUS ), pa3ielisis NpodeaaMu TPyl OJUHAKOBBIX PE3YJIbTAaTOB:

110,110, 120,120,120, 125,125,125,125,125, 130,130,130, 140.

OTO CrpynnupoBaHHBIA psa AaHHBIX. Pazmax u3mepenust paseH 140 - 110 = 30.
BapuanTa 140 BcTpeTniiack oiHaxabl, KpaTHOCTh paBHa 1. Bapuanrta 110 BcTpeTunach ABaXKbl,
KpaTHOCTb paBHa 2. Bapuanrta 125 BcTpeTriiack Hauboblllee Ynucio pa3, €€ KpaTHOCTh paBHa 3;
3TO MoAa u3Mepenus. CocTapisieM TabIUIly pacipeesIeHus:

BapuauTa
Cymma
110 | 120 | 125 | 130 | 140
KpaTtHooTs 2 3 5 3 1 14

Ecnu aBurasce 1no crpynnupoBaHHOMY Py ClI€Ba HApaBO OTCUUTATh MOJOBHUHY (7)
pe3yJIbTaTOB, TO MBIl OCTAHOBHMCSI Ha pe3ynbTaTe 125 cm. Crenyromasi moJoBUHA PE3yJIbTaTOB
HauyMHaeTcs Takxke co 125. 3naunt, 125 — mennana uaMepeHus.

[lomuepkHemM, 4YTO B TpoOLECCe YHOPSAOYMBAHUS, TPYNIUPOBKH JIaHHBIX U
COCTaBJIGHUS] TAONUI[ pacIpelesieHHus] ¢ CaMUMH JaHHBIMH HHUYEro HE MPOMCXOJHUT: OHHU
OCTaloTCs HEM3MEHHbIMU. VI3MeHsieTcss Tonbko crmoco0 ux mnpezacrasineHus. [lo cymecTBy
MEHSIETCS TOJIBKO AM3aiiH HHPOpMalKH, criocod ee ohopMiIeHus.



[Tpumep 2. B tabnune pacnpenencHus JaHHBIX 4acTh MHPOpPMALUU ObUIa yTepsHa.
BoccranoButh ee, ecii M3BECTHO, YTO 00BeM M3MepeHus paBeH 20, pasmax paBeH 6, a Moja
paBHa 2.

BapuanTa
-1 0 3
1

CymmMma

-
w

o

KpathoeTts

Pemenue. [1o onpexnenenuto, B rpade «CymMmar» AOIKEH CTOSITh 00bEM U3MEPEHUs, T.
e. 20. OTot 00beM paBeH CyMMe BCEX KpaTHOCTEH. 3HaYHT, KpaTHOCTh BapuaHThl «0» paBHa 20 -
(5 +1+ 7+ 3)=4. Camas Oosblliass KpaTHOCTh PaBHA 7. 3HAYUT, HAJl HEW U PaCIIOIOKEHA MOJa
u3MepeHusi, paBHas 2. Tak kak pa3mMax paBeH 6, a HauOojbluas BapuaHTa paBHA 3, TO
HauMEHbIIasg BapuaHTa paBHa 3 - 6 = -3. DTy BapHaHTy IOMENIAEM B MOCJIEIHIOI CBOOOIHYIO
rpady HajJ KpaTHOCTHIO 5. MTak, Bce mycThie MecTa B TaOJIUIIE 3aII0THEHBI.

OtBeT (B BHJIe HTOTOBOM TaOJIHIIBI):

Bapuarra o
-3 | -1 0 2 3
KpaTraocts 5 1 4 7 3 20

I[Ipumep 3. Ilo nOpuBEOEHHOM  ruUcTorpamMme
pacmipeneneHuss JgaHHbIX (puc. 33) HaAWTU: KOJIMYECTBO
BapHaHT U3MEpeHHs, 00beM, pa3Max, MOAY H3MepeHus,
HamOoJee yNaJICHHYI0 OT MOJBI BapUaHTY M €€ KPAaTHOCTb.
CocTaBuTh TaONMIly pactpeielieHUs JaHHBIX.

Pemienne. KonnuecTBO BapHaHT — 3TO KOJUYECTBO
CTOJOUKOB B TUCTOrpamme, T. €. 7. O0beM M3MepeHus: paBeH
CyMME KpaTHOCTE€H BCEX BapHaHT, T. €. PaBEH CyMMe€ BBICOT
BceX ceMH cTonOukoB: 3 +2 + + 7 +34-5+ 4 + 1 = 25.
Tabnuia pactipeieNieHust BBITJISIIUT TaK:

BapuanTta
2] a]5]6]7 ]9 ]|
Kpataocts 3 2 7 3 5 4 1 25

HauOonpmras Bapuanta paBHa 10, a HauMeHblIas paBHa 2. 3HA4YMT, pa3Max paBeH 8.
Yame apyrux — 7 pa3 — BCTpeTWJach BapuaHTta 5. 3HayuT, MoAa paBHa 5. Ha nanbGomnbinem
paccTosHUM OT MOJIbI HaxoauTcs BapuanTa 10, ee kpaTHOCTB paBHa 1.

IIpumep 5. B pgecaTelX Kiaccax TpeX IIKOJI MHUKPOpanOHa IIPOBEIU ITPOBEPOYHBII

Kparsocrs § JUKTAaHT 1O pycckomy s3blKy. Ha pucynke 34
751 n3o0pakeHa rucrorpamma pacnpeneneHus
MOJIy4YE€HHBIX OTMETOK.
50+ a) Haiitu: oOmee xomuyectBo pabdor,
gg d 4acTOTY IATEPOK, IPOLEHTHYIO YaCTOTY JBOEK.
.

0) 3anoiaHUTh CBOJHYIO  TaOmuIy
pacripesie/IeHus TaHHbBIX.

B) IlocTpouTh rECTOrpaMMy pacrpeeeHus
4acToT (B MPOLEHTAX).

r) [TocTpouTh  KpYroByl JHarpammy
pacripesie/IeHus 4acToT (B MPOILIEHTaX).




Pemenue, a) Ha ructorpamme ykazano, uto qBoek Obuio 40, Tpoek — 50, 4eTBepoK —

75, marepok — 35. 3Haumt, Bcero Obuto 200 pabor. 310 M ecTh 00beM m3MepeHus. Yactora
35 40

MATEPOK paBHA 555 = 0,175, a yacToTa (B Mpo1eHTax) JBOEK paBHA zgp * 100% = 20%.

0) Tak Kak BCE KpPAaTHOCTH W3BECTHBI, TO MOXHO 3alOJHUTh BCIO TaOJHILY
pacrpeieeHus:

- 3]3511}1131”11‘i - Cymna
KpataHocts 40 a0 75 35 200
YacToTa 0,2 0,25 0,375 0,175 1
YactoTa, % 20 25 37,5 17,5 100

B) /i mOCTpOEHUS TUCTOrPaMMBbl pacHpeesieHns 4acToT (B MPOIEHTAX) HUCIOJIb3YyeM
MIEPBYIO M YETBEPTYIO CTPOKH. [loyuyum 4eThipe BEpTUKAIBHBIX cTONONKA (puc. 35), OCHOBaHUS
KOTOPBIX COOTBETCTBYIOT NMOJYYEHHBIM OTMETKAM, a BBICOTHI PaBHbI HaWJEHHBIM 4acTOTaM (B
MPOLICHTAX).

Yacrora, %
3T~~~ ——— 3
4

1,4 RS —

2 o —— — /
il //// 5

4 5 Ormerxa
PI/IC. 35 Puc. 36

[TonuepkHeMm, 4TO rHcTOrpaMMbl Ha pucyHKax 34 u 35 oTinyaroTcs ApPYyr OT Apyra
TOJILKO pa3MepaMHu 10 OCH OpJMHAT, a OOIIMH XapaKTep paclpeneleHuss — OJUH U TOT K€ B
00oux ciayJasx.

r) Pazgenum kpyr Ha yeThipe cexTopa. LleHTpanbHBIi yroy ceKTopa ABOWKH COCTaBIISET
20% ot 360°, 1. e. paBeH 72°. lleHTpanbHbII yroil ceKTopa TPOUKH cocTaBisieT 25% ot 360°, aTo
npsMoit yroi. LleHTpanbHbIe YIJIbl CEKTOPOB YETBEPKU M MATEPKU PaBHBI COOTBETCTBEHHO 135°
u 63° (puc. 36).

[Ipumep 6. Haiinem uucioBble XapaKTEPUCTHKU BBIOOPKH, 3aJaHHOW CTATUCTHUYECKUM
psAaoM:

Xi 2 5 7 8
N 3 8 7 2
f 23458477482
20
D, = 4'3+25'8;;9'?+64'2— 5,558 = 33475, o, =[3.3475 = 183.
229,
2= agee
1S
-mona Mo= 5
B+7
-memmana Mo = 5 = 7.5

Koadduuuent Bapuanuu

V= f 100% = 32,97%

Pa3zmax BapuannoHHoro psija 8 —2 = 6.



Tema 5.2. CoueTanusi U pa3MelleHUsI.
CemMuHapcKue 3aHSATHSA:
1. Pemenne 3ala4 Ha IPUMCHCHUC MMOHATHH COUCTaHUS U pasMCIICHUs.

[Ipy TOATOTOBKE K BOMpPOCAM AaKIEHTHUPOBATh BHHUMAaHHWE HEOOXOIMMO Ha OINpeAeIICHUN
BaKHOCTH TIOPSJIKA B COCTABIICHHBIX IMOJIMHOKECTBAX, OT ATOT'O M 3aBUCUT BBHIOOP (OPMYIIBI.

ITpumepsl:
ITpumep 1. K xo03suny noma npunuim roctu A, B, C, D. 3a kpyIibIM CTOJIOM — ISTh

pa3HbIX CTYJIbEB.

a) CkonpkuMu ciocob6aMu MOKHO PaccaJuTh TOCTEH 3a CTOIOM?

6) CkonbkMMH crioco0amMM MOKHO PAacCaJuTh TOCTEH 3a CTOJIOM, €CIM MECTO XO3siMHa
JloMa y>Ke€ U3BECTHO?

B) CKOJIBKMMM CIIOCOOaMHM MOXKHO PaccajuTh I'OCTEH 3a CTOJIOM, €CIIM M3BECTHO, YTO
rocts C ciaenyer nocajuth psiioM ¢ rocreM A?

r) CkosbkuMHU croco0aMH MOXHO paccaiuTh rocTeil 3a CTOJIOM, €ClIM U3BECTHO, YTO
rocts A He cieayeT caxkaTh psiioM ¢ rocteM D?

Pemenue, a) Ha 5 cTynbeB JOJDKHBI cecTh 5 yelloBeK (BKJIKOYas XO35MHA J0Ma). 3HAUYMT,
Bcero nmeetcs Ps cioco6oB ux paccaxkuBanus: Ps = 5! = 120.

6) Tak kak MecTo XO035MHAa (UKCUPOBAHO, TO CIEAYET paccauTh YEThIpEX rocTed Ha
YeThIpe MecTa. DTO MOXKHO caenath P4 = 4! = 24 cnocobamu.

B) CHxauana BbiOepeM MecTo JuIst rocTst A. Bo3moxHs! 5 BapuanToB. Eciiu MecTo rocts
A yxe u3BecTHO, To rocts C ciieyer ocaJuTh WK CIIpaBa, WK cjeBa OT A, BCEro 2 BapHaHTa.
[Tocne Toro xkak mecta st A u C yxke BbIOpaHbl, Hy’KHO TPeX 4eJOBEK MPOU3BOJIBHO PACCAUTh
Ha 3 ocraBmmxcs mecta: P3 = 3! = 6 BapuanToB. OcTaeTcsi IPUMEHUTDH MPABUIIO YMHOXKEHHUS: S *
26=060.

r) Pemenue Takoe e, Kak U B myHKTe B). MecTo uist rocts D nociie BbiOopa MecTa 11t
A MOXHO TaKxe BbIOpaTh IByMsl cloco0aMu: Ha JBa OTJAJIEHHBIX OT A CTyJa.

Ortser: a) 120; 6) 24; B) 60; 1) 60.

[Tpumep 2. Berperunuces 11 pyTrd0aMCTOB U 6 XOKKEHCTOB U KaXKABIA CTaJl 10 OJJHOMY
pasy urpartb ¢ Kax/JbIM B LIAIIKU, KOTOPbIE OHU «JITaBHEHbKO He Opanu B pyku». CKOJIBKO BCTpey
Obu10: a) Mexay ¢yrOomucramu; 0) MeXAy XOKKEHCTaMHu; B) Mexay G(yrOomucramu u
XOKKEHCTaMH; T') BCero?

Pemenue:

s 11-10 _ e

a) G, = —5 =99

g _6-5 _

6) C; 5 15.

B) bynmem geiictBoBath mo mpaBuily yMHOXeHHUS. OIHO HCHBITAaHHE — BHIOOD
¢dyrbonucTa, a JApyroe HCIBITAHHME — BBHIOOP XOKKeucTa. VcmplTaHus TpeanoararoTcs
HE3aBHCHUMBIMH, U Y HUX COOTBETCTBEHHO 11 u 6 ucxomoB. 3HauuT, momydutcs 11 ¢ 6 = 66 urp.

r) MOoXHO CIIOXHUTh BCE MPENbIAyIIne OTBETH: 55 + 15 + 66 = = 136; HO MOXHO

UCIIOJB30BaTh U (YOPMyITy AJIs UHCIIa COYETAaHUM:

cy = 128 =178 = 136.

ITpumep 3. B knacce 27 ydeHukoB. K gocke HYXHO BbI3BaTh ABOMX. CKOJbKUMH
croco0amu 3TO MOKHO CJIeNIaTh, €CIIU: a) TepBbId YUEeHUK JO0DKEH PeIInuTh 33a4y 1o anredpe, a
BTOPOW — I10 TEOMETPUH;

0) OHU TOJKHBI OBICTPO CTEPETH C TOCKHU?

Pemenue. B cnydae a) mopsiiok BakeH, a B cinydae 0) — HET. 3HAYUT, OTBETHI TAKOBHI:



27 - 26

a) AZ =27.26 = 702; 6) Cy = =

= 391.

Tema 5.3. IIpocreiinue BepOSITHOCTHbIE 3aJa4H.
CeMuHapckue 3aHATHA:
1. Pemienue 3aa4 Ha BBIUMCIICHUE BEPOSITHOCTEH.

HpI/I IIOATOTOBKE K BOIIpOCaAM AaKINCHTHUPOBATH BHHUMAHUEC HeO6XOI[I/IMO Ha OTJIIM4YMH YHCJIa
HCXOA0B HUCIIbITAHMA, 6JIaFOHpI/I$ITHbIX I JaHHOI'O COOBITHS K 06meMy YUCITY UCXOO0B.

[Ipumepsbl:
[Ipumep 1. HaiiTu BepOSATHOCTH TOTO, YTO MPU OAHOM OpOCAaHWUU WTPATBHOIO KyOWKa

BBITIQJICT: ) MATh OYKOB; 0) YETHOE YMCJIO OYKOB; B) YHCIO OYKOB OOJBINE YETHIPEX; T) YHCIIO
OUYKOB, HE KPaTHOE TPeM.

Pemenne. Beero umeercs N = 6 BO3MOKHBIX MCXOAO0B: BEIIageHue 1, 2, 3, 4, 5, 6. Mul
CUMTaeM, YTO HU OJMH M3 HHUX HE HMMEET HHUKAKUX MPEUMYIIECTB Mepea IPYrMMH, T. €.
MPUHUMAEM TIPEIIITOJIOKECHUE O PABHOBO3MOXKHOCTH ITHX UCXOJIOB.

a) PoBHO mpu ogHOM M3 HMCXOJOB MPOM3OUIET MHTEpECyroliee Hac coObiTHe A —
BbIMa/IeHUE NATH 0YKOB. 3HauuT, N(A)=11u

N(A) 1

PA) = 5 = §-
0) HWarepecyromee Hac coObITHE B Mpon30ii1eT pOBHO B TPEX CIydasx: KOTJa BhIMAIET

2,4 unu 6. 3naunt, N(B) =3 u
N@B) _3 _1

P(B) = N "6°- 7%
B) Murtepecytomee Hac coObiTie C MpOU30HAET POBHO B IBYX CIydasX, KOT/Aa BbIIAAET
5 nnu 6. 3nauut, N(C) =2 u
NCO 2 1
P(C) = % =%=3.
r) U3 mectu BO3MOXHBIX BBIMaBIIMX uucen yeTsipe (1, 2, 4, u 5) He KpaTHBI TpeM, a
ocTtanbHble J1Ba (3 U 6) nensaTcsa Ha TpU. 3HAYUT, MHTEPECYIOlee Hac COObITHE HACTYNaeT POBHO

B YETBIPEX U3 IIECTH BO3MOXKHBIX U PAaBHOBEPOSTHBIX MEX]y cO00M ncxonax omneita. [loatomy B
4 2
OTBETE nojiyyaercsa 6 — 3°

Omaem: a) %; ) %; B) %; r) ‘—;

Tema 5.4. Cryyaiinbie cOOBITHS M UX BEPOSITHOCTH.
CemuHapcKHe 3aHATHA:
1. Pemenue 3a1ay Ha NpUMeHEHHE KOMOMHATOPUKH JJIS1 BBIYMCIICHUS BEPOSITHOCTH.

HpI/I MMOATOTOBKC K BOIIPOCAM AKIICHTHUPOBATH BHUMAHUC HCO6XOI[I/IMO Ha IPUMCHCHUU (I)OpMYJ'I
KOM6I/IHaTOpI/IKI/I K BBIYHUCJICHHUIO BEPOATHOCTH.

[Ipumepsbi:
[Tpumep 1. 13 xonoas! B 36 KapT CIy4ailHBIM 00pa30M BBITACKUBAIOT TpHU KapThl. KakoBa

BEPOSITHOCTH TOTO, YTO CPEAN HUX: a) HET MUKOBOM JaMbl, 0) €CTh MTUKOBas 1ama’?

Pemenne. Y Hac umeeTcs MHOXXeCTBO U3 306 JJIEMEHTOB — HWIPAIbHBIX KapT. MBEI
NPOU3BOIUM BHIOOP TPEX JIIEMEHTOB, MOPSIOK BBIOOpA HE BaXKeH. 3HAUHT, UMeeTca N = Cis
ncxonoB. bynem neicTBoBaTh MO KIIACCUYECKOW BEPOSITHOCTHOM CXEME, T. €. MPEANoIararh, 4To
BCE OTH UCXOJIbI PABHOBEPOSITHBI MEXKTy COOOM.



a) Cpenu Bcex N MCXO0B HaM CJENYET COCUUTATh T€, B KOTOPBIX HET MMKOBOW JaMbl
(cobpiTrie A). [loaTOMY OTIOXHM JaMy MUK B CTOPOHY W OyneM BbIOMpaTh TPU KapThl W3

ocraBmmxcst 35 kapt. llomydarcss Bce unHtepecyrome Hac BapuaHThl: N(A) ~C3:. Ocranock
BBIUHCIIUTD HY>)KHYIO BEPOSTHOCTb:
N _ ¢ _ 35 31-331 33 _ 11
P4) = ;Eq) c, 3T 32 "3 36 12
[Ipu BeIuMCIIEHUAX MBI yUiIH, yTO 33! =123 e . e 3233 =32133 336! =1¢2¢3e
.. *35¢36=235!36.
0) BpruncauM BEpOSITHOCTh MPOTHUBOIOJIOKHOTO COOBITHS A (ecTh JaMa THK) IO

dbopmye:

P(A) =1 - P(A) = —

ca) .oy L
Omaem: a) 12 B) TR

[Tpumep 2. B ypne nexut 10 6enbix u 11 yepHbix mapos. CiiydaliHbIM 00pa3oM JOCTAIOT
ATk 1mapoB. KakoBa BEposTHOCTb TOTO, YTO:

a) CpeaM STUX IATU [IAPOB POBHO TPH OENbIX;

0) cpeau HUX HE MEHEE YeThIpeX OelbIX IIapoB;

B) OOJNBIIMHCTBO MIAPOB — Oebie?

Pemenue. Cuntaem mapbl B ypHE HEpa3IMYUMBIMU Ha oulynb. M3 21 mapa cinyyaliHbIM
o0pa3oM mpou3BOAAT BbIOOp msATH mapoB. [lopsgok BeiOOpa HE BakeH. 3HAYUT, CYIIECTBYET

5
N(A) = €21 cioco60oB Takoro BeIGopa.
a) MaTepecytomiee Hac coObITHE A HACTyMaeT, KOTAa TPU U3 ISTH IapoB — Oellble, a Ba
OCTaBILMXCS — YEpHBIE, T. €. Kornaa u3 10 OespIx mapoB oKa3aauch BEIOpaHHBIME 3 mIapa, a u3
3
11 uepHbIX mapoB — 2 mapa. 13 10 GebIx mapos 3 mapa MoxkHO BIOpath crocodamu C1o, a 3

11 gepHBIX mapoB 2 MIapa MOKHO BBIOPATh CIIOCO0aMH Ci.
[To mpaBmy yMHOXEHHSI TIOJTy4aeM, YTO HYXXKHBII HaM COCTaB IIapoOB MOXKHO BBIOPATh
3,2
N(A) = C1o * €11 croco6amu. 3uauwnr,

_ N4 _Ch-¢h _ 100 11 516!
P4) = N ~ @ 3m 29 21

_8.9-10 1011 2-3.4.5  _
- 2.3 2 17-18-19-20- 21

2-10-10-11 _ 2200
"7 19 21~ 6res - 3243
0) [Iposenem mepebop cmyuaeB. [lycte B — coObiTHE, cocTosiiiee B TOM, YTO OENbIX
11apoB poBHO 4, a C — co0ObITHE, 03HAYaoIIee, YyTo Bee 5 mapoB — Oenblie. BepositHocTu P(B)
u P(C) BeIUMCIIAIOTCS 110 TOH ke cxeme, uTo U P(A) B myHKTe a):

P(B) = N(B} Co-Ch _ 10! 11. all6! _

R [ R 1
78910 4y 2345  _
"T23 4 17.18.19.20- 21 _

_7-2-5-11 _ 770 _ *
=17 19-21 ~ ores ~ O3

PCy-NO _Ch _ 100 516 6.7.8-9.10 _
N "¢ BB 201 T 17 181920 21

4
= 17—19 = 0‘,912‘1-




CoObiTuss B m C He MOryr HAcTyNuTh OJHOBPEMEHHO, T. €. OHH HECOBMECTHBHI.
BeposTHOCTE CyMMBI IByX HECOBMECTHBIX COOBITHI paBHA CyMME BEPOSITHOCTEH ITUX COOBITHIA
(00 3TOM MBI Y€ TOBOPHIIH B Kypce anreOpsl 9-ro kiacca). 3Ha4YuT,

P(B + C) = P(B) + P(C) = 0,1135 + 0,0124 = 0,1259.

B) HHtepecyroliee Hac COOBITHE NPOM3OWIET B CHEIYIOLIUX CiIydasX: U3 ISTH
BBITAIICHHBIX MAPOB — 3 OeNbIX M 2 YepHBIX, U3 MATH mapoB — 4 Oenbix u 1 YepHsbIi, Bce 5
mapoB — Oesble. DTU TPU cilydasi COOTBETCTBYIOT coObITUsAM A, b, C, pa3o0paHHBIM B MyHKTax
a) u 0). Hukakue nBa u3 coOwbituit A, B, C HEe MOTYT HACTyNUTh OJHOBPEMEHHO, T. €. ITH

CO6BITI/I$I IIOIIapHO HECOBMCCTHEI. HO3TOMy
P(A + B + C) = P(A) + P(B) + P(C) = 0,3243 + 0,1135 + 0,0124 = 4502.

[Tpumep 3. /IBa cTpenka HE3aBUCHMO JAPYTI OT Jpyra IO OJHOMY pa3y CTPENsiOT B
MUILIEHb. BepoATHOCTh ONafaHus B MULIEHb KaXA0T0 CTpesika B oTaeapHocTy paBHa 0,9 u 0,3
COOTBETCTBEHHO. HaliTh BEpOATHOCTH TOT0, YTO MUIIIEHB:

a) Oyzer mopaxkeHa JBa)/bl;

0) He OyJer mopakeHa HH pa3y;

B) Oyner mopakeHa XOTs ObI OJIUH pas3;

r) OyIer mopaxeHa pOBHO OJIUH pa3.

Pemenwne. [lyctb A — coObITHE, cOCTOAIIEE B TOM, YTO NEPBBIA CTPENOK IMOMal B
MUILIEHb, B — co0bITHE, cocTosmee B TOM, YTO BTOPOM CTPEJIOK Momai B MUIIeHb. [1o ycioButo
P(A)=0,9,P(B)=0,3, a A u b He3aBUCHUMBI.

a) Mumens OyaeT mopakeHa JBaXbl, €CIIM OAHOBPEMEHHO MPOHM30IUIH 00a COOBITHS
A u B, 1. e. npousomnwio codsitue AB. [Toatomy P(AB) =P(A)P(B) = 0,9 0,3 = 0,27.

6) Mumens Boobuie He OyeT nopajkeHa, ecili OJHOBPEMEHHO TIPOU30NLIH COObITUS A
1 B, 1. e. mpomsomwto cobsitre A * B. [Tostomy

P& By =pPA) «p(B)=0,1:0,7=0,07.

B) Mumens Oyner mopaxkeHa, eciu mpousonuio uinud A, wian B, 1. e. mpowusomnuio
cobsiTue A + B. IToatomy

P(A+B)=P(A)+P(B)-P(APB)=0,9+0,3-0,27 =0,93.

Ty ’xe BEpOsATHOCTb MOXKHO IOJYYUTh W JAPYIMM CHOCOOOM, JeHCTBYS «udepe3
oTpuuanney. JIomycTHM, 4To cobbiTHe A + B He mponsonuio, T. . npousonuio cobpitue 4 T B,
DTO 3HAYNT, YTO MUIICHb BOOOIE HE MOpake€Ha, a BEPOSTHOCTH 3TOTO YK€ Hal/ieHa B MyHKTE
0). 3Haywr,

P(A+B)=1-PA T B)=1-0,07=0,93.

r) Mumens OyJeT nopakxeHa poBHO OJIMH pa3, €ClIM NMpou3ouuio codbiTue A + B, HO He

npousonuio coositTue AB. [1o3ToMy HckOMast BEpOSITHOCTh paBHA
P(A +B)-P(AB)=10,93 - 0,27 = 0,66.

Ty ke BepoATHOCTb MOYKHO MOJIYYUTh U IpyruM criocoOom. CoObITHE, COCTOSIIEE B TOM,

YTO MUIIEHb OyJeT MOpa’keHa POBHO OAMH pa3, paBHO CyMME JIBYX COOBITHIl: A B (moman

TIEPBEIH, HO He TIOMaN BTOPOil CTPeoK) u A « B (He Toman mepBblii, HO MOMAT BTOPOii CTPENIOK).
3HAYUT, UICKOMasl BEPOATHOCTb paBHA
P(A-B+ A-B)=P(A- B) + P(A-B)=P(A)- P(B) + P(A) P(B) =
=0,9-0,7+0,1-0,3 =0,66.

Omaem: a) 0,27; 6) 0,07; =) 0,93; r) 0,66,

Tema 6.1. IlonsiTHE YUCI0BOM OKPY/KHOCTH.
CemuHapcKHe 3aHATHA:
1. Pemenue 3aanuii ¢ MpUMEHEHWEM MaKeTa YUCIIOBOM OKPYKHOCTH.



HpI/I MMOATOTOBKC K BOIPOCAM AKICHTHPOBATH BHHUMAHHC H€O6XOI[I/IMO Ha TOM, 4YTO MdJIMHaA
€IMHUYHOU OKPYXHOCTH paBHa 27.

ITpumepsl:
IIpumep 1. B enuHUYHON OKPYXHOCTH IPOBENIEHBI JBa B3aUMHO IEPIEHIUKYISPHBIX

nuametpa: ropuzoHTalbHbli CA u BeptukanbHbeiii DB. Jlyra Ab pasnenena Toukoir M Ha nBe
paBHbIe yacTy, a Toukamu K u P — Ha Tpu paBHble yactu (puc. 37). Uemy paBHa JJIMHA JYTHU:
AM, MB, AK, KP, PB, AP, KM?

T
L Pemenne. Tak kak nouHa ayru AB paBra 37 (Oymem
B T
i . LE - nucath kpatko: AD = 7)), To, pa3zienuB ee Ha /IBE paBHbIE 4acTU
, AVE T
/ K- Touxoit M, mony4um aBe Ayry, JNIMHON 3 Kaxkaas. 3Hauut, AM =
T
C r2) A+—MB =7%.
Ecmu nyra AB pa3burta Ha Tpu paBHBIE YacTH ToukaMu K
\ / 1 =n T
A\, V. [ =
"N P v P, To miMHa Kaxmoil modydeHHOM 4acTu paBHa ° %, T. e. .
’]’ i
Prc. 37 3uaunt, AK =KP =PB = ©.
uc.
E
Hyra AP cocrout u3 aByx nyr AK u KP nnunoit g
2.2 &
3naunT,AP= & =3

Ocranoch BbluMCIUTh JuMHY Ayru KM. DOrta ngyra nomywaercas u3 ayru AM
uckiouenrem nyru AK. 3nauut, jmuna gyru KM paBha paznoctu nnuH 1yr AM u AK. Takum

obpazom,
bid n

1

KM=AM—AK=I e T 12

3ameuanue 2. OOpaTuTe BHUMaHHE Ha HEKOTOPYIO BOJBHOCTh, KOTOPYIO MBI I03BOJISIEM

cebe B UCMOJb30BaHMU MaTeMaTudeckoro ssbika. fIcHo, yto ayra KM u mmuna nyru KM —
pasHble Bellu (IepBoe MOHSATHE — reoMeTpudeckas Qurypa, a BTOpoe HOHATHE — YHCIO0). A
obo3Havaercs U TO U apyroe onuHakoBo: KM. bonee Toro, ecniu touku K m M coeauHuthb
OTPE3KOM, TO U MOJYYEHHBIH OTPE30K, U ero JuIMHa obo3HavaroTcs Tak sxe: KM. OObuHO U3
KOHTEKCTa OBbIBa€T SICHO, KaKOW CMBICI BKJIAAbIBaeTCS B OOO3HAaueHHE (ayra, JUIMHA JIYTH,

OTPE30K HUJIN OJINHA OTPCSKa).

IIpumep 2. Bropas 4eTBepTh €IMHUYHON OKPYKHOCTH pa3JelIeHa IOoIoJlaM TOYKon M
(puc. 38), a ueTBepTast YeTBEPTh pa3jeieHa Ha Tpu paBHble yacTu Toukamu K u P. Uemy paBna
nnuHa nyru: AM, AK, AP, PB, MK, KM?
Pemenue. Ilpexne ueM nepexoquTh K TpeOyeMbIM BBIUMCICHUSIM, 3aMeTHM, 4To AB =
T ™ T

" [ BC=CD=DA=?BM=MC="*,DK=KP=PA=¢,
B
M, N ‘ 3HauuT,
/ \ i P14 3r
AM =AB+BM =5 + © =
—C A+
0 AK=AB+BC+CD+DK=C % % & O,
b 2 2 2 6 3°
L' ¥
N Y
D
|

Puc. 3R



3n bis 3n n 11n
AP=AD +DP=— +2- & =5 + 3 =7
PB=PA+AB= % + 2 -2,
6 2 3
n n n 1lin
MK=MC+CD+DK="7+ 5 + 5 =753

n L3 m s 13n
s T T2t 2

3aMeTunau JIM BB, YTO BO BCEX pa300paHHBIX NpHUMEpax [JIMHBI AYT BBIPAXKAIUCH
HEKOTOPBIMU JIOJISIMU 4HClIa 7 DTO HEYAMBUTENBHO: BEIb UIMHA €IMHUYHOU OKPYKHOCTHU
paBHA 27, U €CJIM Mbl OKPYXHOCTh WJIM €€ YETBEPTh JEJIMM Ha PaBHBIC YaCTH, TO MOJYYArOTCS
JIyTH, TJIMHA KaKJI0W U3 KOTOPBIX BBIPAXKAETCS JOJISIMHU YMCa T. A Kak Bbl JIyMaeTe, MOXKHO JIU
HalTH Ha EIWHUYHOM OKPYKHOCTH Takyro Touky E, uto mmuna ayru AE Oynmer paBna 17

JlaBaiiTe IpUKUHEM:

KM =KP+ PA + AB + BM =

= =45 =0,785.

l I Takum oOpa3zom, NEN OOparuMcsi CHOBa K
t pucynky 37. Ecim AE = 1, to Touka E Haxomutcs Mexay
E, toukamu M u P, Ommxe x touke P. Pazymeercs, TouHo (a He
a N pUOIU3UTENIBHO) yKa3aTh MOJIOKEHUE TOUKU E Ha OKpyXHOCTH
/ MBI HE CYMEEM, HO 3TO, BIIPOYEM, HE TaK YK BaXKHO.

Ha envHW4YHON OKpYKHOCTHM MOXHO HaWTH U TOUYKYy Ei,
C A{ nia kotopoit AE1 = 1, u touky E2, 15 koropoid AE2 = 2, 1 TOuky
E, Es, nns koropoit AE3 = 3, u Touky Eas, mis kotopoit AEs = 4, u
touky Es, nyst kor topoit AEs = 5, u touky Es, nns kotopoit AEs
/ = 6. Ha pucyake 39 orMedeHBl (NMPUOIUZHUTEIHHO)
COOTBETCTBYIOIINE TOUKH, IPUYEM JIJII OPUEHTUPOBKHU Kaxaas U3
D |E, yeTBepTer €AMHUYHON OKPYKHOCTH pa3/ieleHa (YepTouKaMM) Ha
l TpH paBHbIe YacTh. 3aMeTuM, uTo E1E2E3E4EsEe — mpaBuipHbIi
Puc. 39 [IECTUYTOJIbHUK, BIMCAHHBIN B OKPY’KHOCTb.

[Tpumep 3. HaliT Ha 4YUCIIOBOI OKPYKHOCTH TOUKY, KOTOpasi COOTBETCTBYET 3aJaHHOMY
] 3n n 3n
55 M 4, 2/, —, 9, -
quciy: 2 2 2 2
Pemenne. Tak kak nepBble HIECTh U3 3aJaHHBIX CEMU YHCEN IOJIOKHUTENBHBI, TO JUIS
HAaXOXJIEHUs COOTBETCTBYIOIIMX UM TOYEK OKPYKHOCTU HYXKHO IPOMTH 110 OKPYXKHOCTH IIyTh

SajlaHHOI\/JI JJIMHBI, IBUI'asiCh U3 TOYKU A B MOJIOKUTEILHOM HaIpaBJICHUH. YureMm IIpu 3TOM, 4TO
4

Ea |

JUIMHA KaXKJOW YEeTBEPTH €AMHUYHON OKPYKHOCTH PaBHA ~.

[ENE]
k| H

)

Nmeem (cMm. puc. 41): AB = °, 3HauuT, uncity © cOOTBETCTBYeT Touka B; B=B"=/.
Hanee, AC = mt, 3Ha4uT, 4iciy T cooTBeTcTBYET Touka C, T. e. C = C(m).
I I (En)

AD = ?  3pauur, unciy ° cooTsercTByeT Touka D, T.e. D=D"2 .

Uucny 2n cOOTBETCTBYET TOUKa A, Tak Kak, IMPOMAS MO OKPYKHOCTH IyTh JUIMHOM 2T,
T.€. POBHO OJIHY OKPY>KHOCTb, MBI CHOBA TOMAaJeM B HadallbHYIO Touky A. UTtak, A = A(2n).



T 3m

el
=

Yro Takoe ? Dro 2m + *. 3Hauur, ABUrasch M3 TOYKM A (yTh JUIMHOH 27) U

Ir (?1{')
JIONTOJTHUTEILHO MYTh JUTMHON 2, KOTOPBIi 3aKoH4KTCs B Touke D. Utak, D=D"?2 /.
Uro Takoe 9n? Orto 4 ¢ 21 + w. 3HAUMT, ABHTASICH U3 TOUYKH A B IOJOXKUTCIHHOM
HaIlpaBJICHUHU, HY)KHO YETBIpE pa3za MPOUTH IEIYI0 OKPYXKHOCTh (IyTh IJIUHOW 4 ¢ 27) U
JIOTIOJTHUTENIBHO €11€ MYTh JJIMHOMN T, KOTOphIi 3akoHuuTCs B Touke C. Utak, C = C(9m).

OcTajloch HAWTH Ha YUCIOBOH OKPYXHOCTH TOYKY, COOTBCTCTBYIOLIYIO 3aJaHHOMY
3m

OTpULIATeNIbHOMY 4YHcly = . JIs 3TOro Hy>KHO M3 TOYKM A TPONUTH MO OKPYXKHOCTH B

3w

-
=

OTPULIATEJILHOM HAIpPaBJIEHUH (110 YaCOBOW CTPEJIKE) MYTh JUIMHOM ~ . DTOT IyTh 3aBEPLIUTCS B

Im
Touke B, T.e. B = B(_ T).

Tema 6.2. Tpuronomerpnyeckue GyHKIMH.
CeMuHapcKkue 3aHSATHA:
1. Pemienue 3aganuii ¢ MpUMEHEHUEM OTpeAeNICHU TPUTOHOMETPUYECKUX (DYHKITUH.

[Ipy moaroroBke K BONpPOCaM AaKIEHTUPOBAaTh BHUMaHHE HEOOXOIUMO Ha OIpelesIeHUsX
TPUTOHOMETPHUYECKHUX (PYHKIUH.

[Tpumepsbi:
[Tpumep 1. Beraucauts cos t u sin t, eciu:
at=21, g =-3%;  5i=a5m  pe=-18r
45m
Pemenue, a) Ynciy t = 7, COOTBETCTBYET Ta K€ TOUKA YHCIOBOW OKPYKHOCTH, YTO U
o o

YHUCITY = Jlist Toukm . (cM. Tabu. 2) nMeeM:

m __y2

, 8in =-3=

COS7y T3 4 2
3HauwT,
45m *_JE_ . 456m __JE
COS=g = g STy Ty
3T
6) UYumcnyt= "3 — COOTBETCTBYET Ta € TOUYKA YUCIOBOI OKPYKHOCTH, UTO U YUCITY
g o
3 . Jas touku 3 (oM. Tabn. 3) umeem:
5n _ 1 . 5t _ 3
cos 3 = 5 § 51N 3 -~ "3
3HaAunT,
_37n) 1. . (_3Tx) 43

B) UYucny t = 45T COOTBETCTBYET Ta K€ TOYKA YUCIOBOW OKPYKHOCTH, YTO U YHUCTY Tt
st Toukn © (cm. Tab. 2) umeeM: cos T = -1, sin © = (. 3HaywT,
cos 45m = -1: sin 45t = 0.
r) Yucny t = -18T COOTBETCTBYET Ta k€ TOYKA YUCIOBON OKPYXKHOCTH, 4YTO U 4yuciy 0.

Hnst toukn 0 (cm. Tabm. 2) umeem: cos 0 = 1, sin 0 = 0. 3xauwr,
cos(—18n) = 1; sin(-18n) =0.

1
[Tpumep 2. Pemuth ypaBHeHHeE Sin t =3



Pemenue. Yurem, uto sin t — 3710 opauHaTa ToUku M(t) YMCIOBOIM OKPYKHOCTH. 3HAYHT,
1

HaM HY>KHO HAlTH Ha YUCIIOBOM OKPYKHOCTU TOYKHU C OPJAMHATOM 2 U 3aIIMCATh, KAKUM YHCIIaM t
OHM COOTBETCTBYIOT.

_I _ o .
Omer: 1= 6 + 27k, t="G +21k; keZ

(o8] | r-.fl

[Tpumep 3. Pemnts ypaBHenue COSE = —

Pemenne. Yurem, uto cos t — 3T0 abcmmcca TOYkH M(t) YHCIOBOM OKPYKHOCTH.
vz
3Ha4yuT, HAM HYKHO HalTH Ha YHUCIOBOH OKPYKHOCTH TOYKHM C abCLMCCOM — 5 M 3alMcarh,
KaKUM YUCJIaM t OHM COOTBETCTBYIOT. Ompenenum ux mo Taduiie.
o7
Omeem: t = % + 2nk, t= 3 T 2nk (mnu t = iBTE + 2nk).

1
[Tpumep 4. Pemuth HepaBEeHCTBO sint> 7 .

Pemenue. Yurem, uto sin t — 3T0 opauHaTa TOYKK M(t) YMCIOBOW OKPYKHOCTU. 3HAYUT,
1

HaM HY>XXHO HalTH Ha YHCJIOBOMU OKPY’KHOCTH TOYKHU C OpI[PIH&TOﬁ Y > ; W 3anmcarb, KaKum

r

quciiaM t OHA COOTBETCTBYIOT.

Omesem: % +2nk < t < % + 2nk.

Ve

ITpumep 5. Pemnts HEPABEHCTBO COS t > — .

Pemenne. Yurtem, uro cos t — 3T0 abciucca Touyku M(t) YHCIOBOW OKPY>KHOCTH.

—
=
W2

3HAYUT, HaM HY’>KHO HAWTH HA YUCIOBOW OKPYKHOCTH TOYKHM € a0CHHMCCON X > — 5~ W 3alluCarh,

KaKuM 4duciiaM t OHU COOTBCTCTBYIOT.

Omaem:——af + 2nk = tﬂ—af-—ank;kEZ.

m

i = = < b= =, o
sin ¢ n0 2* HaifTi COOTBETCTBYIONIHE 3HAYCHHUS

StV

[Ipumep 6. M3BectHO, 4TO
cost, tgt, ctgt.
Pemenne. U3 cootHOmeHnns cos t + sin? t = 1 maxomum: cos? t = 1 - sin? t. ITo YCIIOBUIO
3 2
vos? ¢ = ﬁ} _ 16
cos®i =1 [ = 95~

sint =%, 3Hauunr, 5

W3 ypaBHenns cos® ¢ = é—g HAXO0AUM: cos it = % HIH cos t = —%.

[lo ycnoButo, aprymeHT t NMpUHAIJICKUT MEPBOM YETBEPTH YUCIOBOM OKPYXKHOCTH, a B

Heil coS t > 0. 3HauuT, U3 JABYX HaWJEHHBIX BO3MOXKHBIX COOTHOIICHUIH BHIOMpaeM IepBoOe:
3

cost="%,

3Has 3HadeHus sin t U cos t, HETPYAHO BBHIYMCIUTH COOTBETCTBYIOIIME 3HaUeHus tg t u

ctg t:
_sint _ 3 4 _ 3, _-1 _ 4
t= st~ 5 5 = 1’ Ctgt_tgt_ 3
. _ 4, _ 3. _4
Omeem: cost = 5 tgt= 4’ ctgt = 3 -

Tema 6.3. IIpocreiimue TpuronoMerpuyeckue GopmyJibl.
CemuHapcKHe 3aHATHA:



1. Pemienue 3aqaHuii ¢ MpUMEHEHUEM TIPOCTEHIIUX TPUTOHOMETPUIECKIX (DOPMYIL.
2. Pemenue 3amannii ¢ mpuMeHeHueM (hopMyI1 MpUBEICHUS.

[Ipy moaroroBke K BOIPOCAM AaKIEHTUPOBAaTb BHUMAaHME HEOOXOJUMO Ha OIpEesICHHUSIX
TPUTOHOMETPHUUYECKUX (PYHKUUH, Ha (GOPMYITHPOBKE MHEMOHUYECKOTO MPaBHIIA.

IIpeobpasyem sin (n + t). HaumeHoBaHHe QYHKIHH COXpPAHSAETCH,

T. . 3anuceiBaeM sin t. Jlasee, ecaH nmpeanoNoXHTh, 94T0 0 <t < 12‘- 2

TO T + t — ApryMeHT M3 TpeTbeil yeTBepTH, a B Heli npeobpasyemas
(YHKIHA CHHYC MMEeT 3HAK MUHYC. DTOT 3HAK HAJ0 OCTABHTL mepes
sanucanHON (pyakumedi. Takum ofpasom, sin(n + t) = —sint (Taxk u
ganucaHo Ha c. 63).

IIpeobpasyem cos (125 + t]. Haumernosanue GyHKIHMH H3MEHAETCH,

T. €. samuchiBaeM sin ¢, Jlasee, eciM NpeANONOKHUTb, 4T0 0 <t < &,

TO -% + t — aprymMeHT M3 BTOpOI YeTBEpPTH, & B Heil npeobpasyemasn

(YEKOHA KOCHHYC HMeeT 3HAK MHHYC. JTOT 3HAK HAJ0 HOCTABHTH
nepex sanmucaHHON dyrknuer. Takum obpasom, cos (1—; + t] = -gint

(rak u sanucano Ha c. 63).
A reneps BoCHOAb3yeMcs ChOPMYAMPOBAHHEIM NPABHUIOM AJSA MO~
JIYYEeHHS Naphl HOBRIX (GOPMYJ NPHBEAEHHUS.

ITpeobpasyem ctg (% - t]. HaunMenoBauue (PyHKIHH CHAEAYeT

L

A3MeHHTh: numem tgt. [lanee, ecam cuurars, 9o 0 < t < 30

NONMYYHM, YTO §25 — { — apryMeHT M3 TpeThell YeTBepTH, a B HeW

npeobpasyemas GQYHKIHA KOTAHNEHC MMEET 3HAK ILTIOC. OTOT 3HAK
HAZ0 NOCTABHTL nepej sanumcaHHon ¢yHrnuen. Takum obpasom,

3r
—=1|=tgt.

IIpeobpaayem sin (860° — a). Haumenosanue QyHKIHUM creayer
coxpaHuTs (He 3abniBaiiTe, uro 360° = 2x): numenm sin a. Hanee, ecan
cautarth, 4To 0 < a < 90°, nmonyuum, uro 360° — o0 — apryMeHT M3
yeTBEPTOH 4YeTBepPTH, a B Hell npeodpasyeMas QYHKIHMA CHHYC HMeeT
3HAK MHHYC. JOTOT 3HAK HAJO IOCTABHTL IIepejl 3anHCAHHOM QyHKIHeH.
Taxknm obpaaom, sin (360° — a) = —sin a.

Paaymeercsa, GopMyJnl NpHBEAEHHAA MOXKHO IPHMEHATHE H B Tex
cny4asx, KOTJla MeCcTO aprymMenTa t 3annmaeT (osee CI0XKHOe BEIpa-

»kenne. Hanpumep, MBI BHAeaw BHIIE, 4YTO ctg (% - t) = tg t, 3na-
tm'r,nctg(%’t——&):tgﬁt,nctg[%-g):tg% T, A

Tema 6.4. I'paduku TPUTOHOMETPHYECKUX (PYHKIUIA.

CeMuHapcKHe 3aHATHS:

1. TToctpoenue rpaukoB TPUTOHOMETPUUECKUX (DYHKITHIA.

2. IIpeoOpazoBanue rpaduKOB TPUTOHOMETPHUECKUX (DYHKIIMIA U UX TIOCTPOCHUE.



[Ipu moAroToBKe K BOMpOCcaM aKIEHTUPOBATh BHUMaHHWE HEOOXOAUMO Ha TUIABHOCTH IpauKoB,
Ha CBOWCTBa q)yHKuHﬁ Takke HE0OX0IMMO BCTIOMHHUTH IPe0Opa3zoBaHus rpad)uKoB, U3YYCHHBIC

B IIKOJIE Y = f(x a), y =f(x) Ta

IIpumepsi:
[Tpumep 1. Pemuth ypaBHEHHE Sin X = X - 1.
YA
1 A
-
- 0 n 2n| | X
- Q‘ -
,9’ y=sinx
V)
A
Puc. 40
Pewrenue.

1) Bo3zbMmeM aBe QyHKIHH: Yy =SIN X Uy =X - 1.
2) Iloctpoum rpaduk ¢pyHKImHU y = sin X (puc. 40).

Y
8 ~
N o
2 y=a
\\41 N
x i) _1‘.) .
3 y sm(x 3 +i
0 x
x=%
|
Puc. 41

3) TIlocrpoum rpaduk JIUHEHHON QYHKIMK Y = X - . DTO MpsIMast JTUHHS, TPOXOIAIIAs
uepe3 Touku (0; -n) u (1 ; 0) (puc. 40).

4) TlocTpoeHHble TpaQUKH MEPECEKAIOTCS B OJHOM Touke — B Touke A (m; 0).
[IpoBepka mokasbpIBaeT, 4To 3TO Ha caMoM jeje Tak: sin © = 0 u m - © = 0. 3Ha4yuT, 3a7aHHOE
ypaBHEHHE UMEET eIMHCTBEHHBIH KOPEHb T — 3TO adcuucca TOUKA A.

OtBeT: X =T.

13
ITpumep 2. IToctpouTts rpaduk GyHKIMU y = sin (x - 3_) +2.
Pemenue. Vckomslii rpaduk nmomydaercst u3 rpaduka GyHKIMU Y = Sin X HapayjieabHbIM
T

MIEPEHOCOM Ha 3 €MHUI] BIIPABO U 2 eIUHHUIILI BBepX (pHc. 41).



[Mpumep 3. [MocTpouts rpaduk GyHkuun y = -3 €0S (-2X).

Permrenue. Ipex e Bcero 3ameTum, 9To cos (-2X) = COS 2X.

1) Tocrpoum rpaduk GyHKIHH y = COS X, TOUYHEE, OJIHY HOIYBOJIHY rpaduka (puc. 42).
Bce npeaBapurtenbHbie TOCTPOSHUST 0003HAUCHBI TyHKTUPHBIMH JTHHUSMH.

2) Ocyl1iecTBUM pacTsHKEHHE TOCTPOSHHOTO rpaduka ot ocu X ¢ Ko3dduiineHTom 3;
HOJIYYUM OJIHY TIOJIYBOJIHY Tpaduka GyHKIUH y = 3 cos X.

3) llomBeprHeM MOCTPOCHHYIO TOJYBOJHY Tpaduka ¢yHkmuum Yy = 3 COS X
npeoOpa30BaHUI0 CHMMETPUHU OTHOCHUTEIIFHO OCH X; ITOJIYYHM ITOJIYBOJIHY Ipaduka QyHKIUH Y =
-3 cos X.

4)  OcylecTBIM JUIS TOJYBOJHBI rpaduka QyHKIUH Y = -3 COS X CKaTHE K OCH Y €
K03 PHULIHMEHTOM 2; TOTYIUM HOTYBOJIHY Ipaduka GyHKIUU y = -3 cos 2x (puc. 42, cruiomHas
JIUHUA).

5) C noMol1IbI0 MOTy4YEeHHOU TOJTYBOJIHBI TOCTPOUM Bech rpaduk (puc. 43).

[7 yA
3 3
7 > y=3cosx \ I \ l
7 X
7 ! \ .
o ~ \
LAEERS i
> . _x\|0 E_ X X x
IRy R ANERE
[y
[ ] \1/
y=-3co8 x—
= -3 y=-3cos(—2x)
[ ] g fuigtigc
Puc. 42 Puc. 43

Tema 7.1. TpuroHomeTpu4eckne ypaBHeHusl.

CemuHapckue 3aHATHS:

1. PemeHue TPUTOHOMETPUYECKUX YpPaBHEHHUH C HCIHOJb30BAaHMEM IOHITUH apKKOCHHYCA,
apKCHHYca, apKTaHTeHCa U apKKOTaHTeHCA.

2. PemeHue  TpPUTOHOMETPHUYECKUX  YPAaBHEHUH C  TNPUMEHEHHEM  TOXKIECTBEHHBIX
npeoOpa3oBaHUM.

3. Pemienne o1HOPOIHBIX TPUTOHOMETPUUECKUX YPaBHEHUH.

[Ipu moaroToBKe K BONpPOCAM aKIEHTUPOBATh BHUMaHHME HEOOXOIMMO Ha PazIMYHBIE METOJIbI
peneHusl ypaBHEHUH.

[Ipumepsbi:

1
[Ipumep 1. Beraucnuts arccos 2
1 1
Pemenue, a) [Tycts arccos 7 =t. Tormacost=7 ut = [0; =].
1
2

1

EHBQHT,!=%,HDCKOJIBK}?C(E% ==H % € [0; n]. Mtaxr, arccos 2 =%.

[Ipumep 2. Pemuts ypaBHEHHE cOS t =

+3
b ]
2



Pemenne. CoctaBum GopmMyny pelieHUn:

¥3

t = tarccos 5 + 2nk.

Brprunciinm 3Ha4eHUE apKKOCHHYCA:

V3 _=n
arccos 3 T 6"
[ToxcraBuM HaliieHHOE 3HAUYCHUE B (DOPMYITY PEIICHHIA:

— 4+

t=%g + 2nk,
. V3
ITpumep 3. Pewuts ypaBHenue: Sint=—7".
Pemenue, a) CocraBumM (hopMyIIbl perieHHi:

t = arcsin [-%] 4+ 2nk; t=m— arcsin [“%] + 2mk;

Brrancioum 3Hadenne apKCuHYcCa:

in [_¥3) = —aresin Y8 - X
arcsin [‘_T = —ArCSln 3 = 3
[ToncraBuM HaiiieHHOE 3HaUYEHUE B (POPMYIIbI PEIICHUIA:
T
t=—% +2nk; t=n-|-5|+2nk T.e t=F +2nk

t= (1'% + nn.

13
[Ipumep 4. Peminth ypaBHeHuUE tg X = 3.
Pemenne. CocraBum q:(gpMyny pelienuii: ¥ = arctg V3 + k.

3

r
Haxomum, garo arctg

MOy YUM:

m
~ 3; MOoACTaBUB HaiileHHOE 3HaueHHE B (HOpMYIy pEUICHHUH,
n
x= g +nk.

[Tpumep 5. Beruncnuts arcctg 1.

Pemenue. [TycTs arcctg 1 = x. Torpa ctgx = 1 u x = (0; 7).

3HaguT, ¥ = % , TOCKOJIBKY ctg % =1u % £ (0; ). Urak, arcctg 1 =

I
i

[pumep 6. Pemmuts ypasuenue 2 sin x - 5 sinx + 2 = 0.
Pemenue. BBenem HOByI0 mnepemMeHHyIO: z = sin X. Torma ypaBHEHUE NpPUMET BUJ
1

=

27°-52+2=0, OTKyJla HAXOJHUM: Z1 = 2, Z2 = 3.
1
. IlepBoe ypaBHeHHE HE MMeEET KOpHEH, a u3

I’-.'||

3HayuT, MO0 sin X = 2, mubo sin X: =
BTOPOTO HAXOJIUM:

+ nn; x = (—1]"% + mn.

o=

x = (—1)"aresin

[Tpumep 7. Pemnuts ypaBHEHUE
sin::c—l unsx+~2-\1'=l')
3 5)

Pemenue. Sanaqa CBOAUTCA K pCHICHUIO COBOKYITHOCTH ypaBHCHI/If/'Il

iy = L. __2
smx—a, Cos X = g

W3 3TUX ypaBHEHMI HAXOJUM COOTBETCTBEHHO:

x = (—-1)"aresin % + nn; x = tarccos [—%] + 2nn.



[Tpumep 8. Pemuts ypaBHenue 2 sin x - 3 cos x = 0.
Pemenue. Paznenus o6e yacTi ypaBHEHUS MOWICHHO Ha COS X, MTOJIYYUM:
2tgx-3=0; tgx= %; x:aretg% + Tm.

Omseem: x = arctg % + nn.

Ipumep 9. Pemuts ypaHenue sin® X - 3 sin x cos x + 2 cos? x = 0.
Pemenue. Pa3nenus o6e 4acTy ypaBHEHHUS MOWICHHO HA COS> X, MOTYIHM:
tg?x-3tgx+2=0.
BBeIs HOBYIO TIEPEMEHHYIO Z = tg X, monyunM: z> - 3z + 2 = 0;
721=1,2,=2.
3Hauut, 1160 tg X = 1, b0 tg x = 2. M3 ypaBHEeHMA tg X = | HaX0oqUM:

x=arctgl + nn, T.e. :c:% + .

U3 ypaBHeHus tg X = 2 HaxoquMm: X = arctg 2 + nn.
s

Omeem: x = 1

+ nn, x = arctg 2 + nn.

Tema 8.1. IIpeoOpa3zoBaHue TPUTOHOMETPUYECKUX BHIPAsKEHMH.

CeMuHapcKkue 3aHSATHA:

1. I[IpeoOpazoBaHre TPUTOHOMETPUUECKHUX BBIPAKEHUM C TOMOIIBIO (POpMYJ CHHYyCa, KOCUHYCa
Y TAHT€HCAa CYMMBI (Pa3HOCTH) apryMEHTOB.

2. IlpeoOpa3oBaHue TPUTOHOMETPUYECKHX BBIPAKEHUN C TOMOIIBIO (HOPMYNIT JIBOHHOTO
apryMeHTa.

3. IIpeobpazoBanue cyMMbl (IpOU3BENEHNUSI) TPUTOHOMETPUYECKUX (DYHKIUN B MPOU3BEACHUE

(cymmy).

HpI/I IMOATOTOBKE K BOIpPOCaM aKIOCHTUPOBATb BHHUMAHHC H606XOHI/IMO Ha Pas3IM4YHbIC
MMpEACTaBJIICHHUS YIJIOB B BUAC CYMMEBI UJIU Pa3HOCTHU TaOJIMYHBIX 3HAUEHHH.

IIpumepsl:
[Tpumep 1. Beruncouts sin 75° u cos 75°.

Pemenue. Bocnonb3yemcst tem, uto 75° = 45° + 30°, u Tem, 4TO 3HAYEHHs] CUHYCA U
KocuHyca yriaoB 45° u 30° u3BeCTHHI:
HNwmeewm:

sin 75° = sin (45° + 30°) = 45° - cos 30° + cos 457 - sin 30°

_J2 3 42 L_J_ J_ J_+J_
2 "2 YTz 2774

cos 75° = cos (45° + 30°) = cos 45° - cos 30° — sin 45° - sin 307

2 3 V2 1 _J6 _J2 _J6-42

-2 2 2 2 " 4 4 — 4

[Tpumep 2. YrpocTuTh BeipaxkeHue y =3 cos X - Sin X;
Pemenue, a) Ecnu mepenucaTh 3a1aHHOE BEIPAKEHHE B BUIC

3
o3 _1g
[20051: Esme’
" BCIIOMHHUTB, UTO
-.E bl 1 . I
T=Cﬂbg.ag=blng,

TO MOXHO YBHIETh, 9T0 BLIPAKCHUE B CKOOKax TMpeAcTaBisieT coO0M MpaBylO 4acTh (POPMYITBI

KOCHHYCAa CYMMBI JJIs1 apryMEHTOB 6 " X:



. 3 1 . 3
Jﬁcnsx—smxzz — o5 x ——sinx | =
2 2
\
=2(msgmsx—singsinx} = 2 cos [g+x]

[Tpumep 3. Boiuucnuts tg 75°.
Pemenue. Bocnonezyemcs tem, uro 75° = 45° + 30°. Iomyuum:

i . N tg 45° + tg 30°
tg 75° = tg (45° + 30°) = T 457 1z 30°

J3
_ 1t 5  _3+.43
1—1-ir_§ 3-8’
3

Tema 9.1. Ilpeaes unc10BON MOCI€A0BATEIBHOCTH U QYHKIMH.
CeMuHapcKue 3aHATHA:

1. Beiuucnenue npeenoB YUCIOBOM MOCIE0BATEIbHOCTH.

2. Beraucrienue npeneiaoB QyHKIIUH.

[Tpu moAroToBKE K BOIMpOCaM aKIIEHTUPOBATh BHUMaHKE HEOOXOAMMO Ha OMpe/eIeHue mpeaena
MIOCJIEIOBATEIBHOCTH TIpeniena (yHKIUHU, CBOWCTBAX Ipenena MOCIeA0BaTeIbHOCTH U Mpeera
GbyHKIIMY, onpeieieHne OrpaHnYeHHON (PyHKIIUU.

IIpumepsl:
[Ipumep 1. HaiiTu npezesnbl nocie1oBaTeIbHOCTEN:
1 2 5]
a) X, = 33 BYt,= 3 — 3+
2
k. + 3
6) 2, = nt’ r}n%>n+4
1 _1 1
Pemenue. a) Mmeem: 7° 7 7' [IpUMEHHMB IPaBUIO «IIPEAeN TPOU3BEICHUSA»,
HOJTyYUM:
(L) 2 oim L 1_
ﬂh{rnlnl\n —m]n EEJH_U U_U
N | 1 1 .. 1 . 1
o) Jim (1) = tim (- )< lim 3 lim o lim g lim
=k-0-0-0-0=0.
B) [IpuMeHUB mpaBuiio «Ipeaen CyMMBI» MOJTYYUM:
B 5
lim(2-2+3)= im2 - lim % + im3=0-0+3=3.
n—oal M nooo I nacoo I n—s o0
r) Pasnenum unciuTens U 3HAMEHATENb APOOH MOWIEHHO Ha 112
2n¢ 3 9, 3
lim Z I - Jim —2
ri]-.yrr.—in ﬂ-g '4 _nncx:1+ 4-.
o 2
n®  n n

Teneppr MOXHO BOCIOJB30BAThCS TMPABWIOM «mpeaen apodu (dactHoro)y. Ilpemen
YHCITUTEINS PaBeH 2, Mpeiesl 3HaMeHaTeNs paBeH 1, mpenen apodu paBeH 2.
Otsert: a) 0; 6) 0; B) 3; 1) 2.

[Tpumep 2. Beruucnuts

1111} (x® - 2x% + 5x + 3).
X—»



3 9 L Ea. o

Pemenue. Beipaxenue ¥ ~ 2% + 59X + 3 onpeneneHo B 11000i TOUKE X, B YACTHOCTH B
Touke X = 1. CrenoBatensHo, GyHKIHA ¥ = X° - 2x° + 5X + 3 HempephIBHA B Touke X = 1, a
NOTOMY TIpesien (QYHKIMH MPHU CTPEMIICHUH X K 1 paBeH 3HaueHHIO (PYHKIMH B TOYKE X = 1:

lim (¢ - 2% + 5x + 8)= 19~ 2.1+ 5-1+8 =T,

Tema 9.2. OnpenesieHue NpPoN3BOIHOM.
CeMuHapcKkue 3aHATHA:
1. BerunciieHne Mpou3BOTHOM C TTOMOIIBIO OIIPEICTICHUS.

[Ipy moaroroBke K BONpPOCAM AaKIEHTUPOBAaTb BHUMAaHME HEOOXOJUMMO Ha BBIYUCICHUU
npupameHus QyHKIMA U HaXO0XKICHUH MTPe/Ieia 3TOr0 OTHOIICHUS.

[Ipumepsbl:
[Tpumep 1. Halitu npou3BogHyr0 noctossHHON GyHKIuHn y = C.

Pemenue. 3necs f(x) = C. Bocnonb3yeMcst anropuTMOM HaXOKJICHHUS IPOU3BOTHOM.
1) na pukcupoBanHoro 3HaueHus x umeeM: f(x) = C.
2) B Touke x + Ax umeem: f(x + Ax) =C.
3)Ay=C-C=0.
Ay _ 0 _
Dar ~axr =0

. Ay .
5 —= = lim0=0.
2) h\].fn:]n Ax AT —+0

Omsem: (CY = 0.

1
[Tpumep 2. Haiitu npon3BoiHy0 QYHKIHH Y = .

1
Pemenne. 3nech f(X) = . Bocnonb3yemcst aropuTMOM HaX0XKICHHS TIPOU3BOTHOM.

1) Jns puKCHpPOBAHHOTO 3HAYEHUs X (pa3syMeeTcs, Mbl ToyaraeM, 4to X # 0) uMeem:
f(x) = %
1
2) B rtouke x + Ax umeeM: f(X + AX) = ; 3 a; (IIPH ATOM MPEATNOIATACM, UTO X U X + AX -
YHClia OJTHOTO 3HAKa, 4YTOObI B MPOMEKYTKE MEXKY X U X + AX He oka3anach Touka 0).

1 1 x —(x + Ax) Ax

B}ay=f(x+e’kx}—f(x]=—x+ﬁx—z=“;{3c_+"53&j_=x[x+ax]

jy =Ax -1
) 3x = Xx+ Avdxr = Hx + A0)"

. Ay g _—1_ i
9) a]:?;]{.nn Ax _.alxm.lﬂxforﬁI}__xz'

1y __1

Omeaem.: (x] =3

Tema 9.3. BblunciieHue nNpou3BoIHOIM.

CemuHapcKkue 3aHATHA:

1. Berunciienre mpou3BOIHOM ¢ IpUMEeHeHHEM (HopMyIT B paBwil 1udPepeHIpoBaHuUs.
2. Beraucienne npou3BOIHOMN CIOKHON (PYHKIIHUH.

[Tpu moAroTOBKE K BOMpPOCAM aKIIEHTUPOBATh BHUMaHWE HEOOXOAMMO Ha MPUMEHEHUU (HopMyI
U npaBui AUQdepeHInpOBaHUs AJi BRIYUCICHUS TPOU3BOAHOM, MOHSITHH CIOXKHOW QYHKIUU U
€€ MPOU3BOIHOM.



IIpumepsl:
[Tpumep 1. HaliTn 3HaYeHHe MPOM3BOTHON TaHHON (YHKIIUM B TAaHHOW TOYKE:

a)y=38x+5, x=4; r}y:{lx,x:.:h

6) y = x* x=-1; o) y=sinx, x=0;
_1 _ 1, _ _=

Bly= "3 ¥=7%; e)y=cosx, x=g.

Pemenue, a) [Tycts f(x) = 3x + 5. Umeem: (3x + 5)' = 3; 3HaUuT, NPOU3BOHAS paBHA 3 B
7000 TOUKE X, B YaCTHOCTH B 33JJaHHOM Touke X = 4. DTO MOXHO 3anucarth Tak: f'(4) = 3.
6) Myere flx) = 2% Umeenm: (x7) = 2x; anaunr, f(-1)=2 . (-1) = -2.

’ \
B) ITycts f(x) = % Mmeem: {%) = —#: 3HAYMT, f'[%) =~ [11 5
2)

r) Ilyete fix) = Jx . Hmeenm: (\.G:}’ = 2_}; ; 3HAaYMT, f(4) = ﬁ = % .

o) Iyers fx) = sin x. Umeem: (sin x) = cos x; anauwur, f(0)=cos 0= 1,

. 1
e) I[Tyere f(x) = cos x. Mmeem: (cos x)’ = —sin x; 3Ha4YMT, f’(%] '--—Sm% =-3-

[pumep 2. CocTaBUTh ypaBHEHHE KacaTelbHOH K rpaduKy QyHKIHE y = X° B TOUKE X =

Pemenne. Ilycts f(x) = x%. YpaBHEeHHE KacaTeNbHOH, KaK ypaBHEHHE BCAKOH IIPSAMOI,
umeeT BUA y = kx + m. Haiinem cHauwana k — 3T0 yrioBod Ko3(QUIIMEHT KacaTeabHOM,
xotoperii pasen f(1); 31ech f(X) = x2.

Nmeem (x?)' = 2x, 3naunt, f '(1) = 2-1 = 2. Utak, k = 2, T. e. ypaBHeHHE KacaTelbHOI
HaJI0 UCKATh B BUJIE Y = 2X + M.

Octanocy HaiiTh 3HaueHue KoddduuueHta M. I 3TOro BOCHOIB3yeMCS TEM, YTO
KacaTeJIbHas MPOXOINT Yepe3 TOUKy Ha mapabolie y = X2 ¢ abCIIccoi X =

4 AR 1, T. e. uepes Touky (1; 1). [ToncraBum x = 1, y = 1 B ypaBHeHue y = 2x +
/ m:
(AN 1=2 1+m,
—y = xl\ Y m=-1.
Wrak, ypaBHeHue KacaTelbHON UMeeT BUA y = 2x - 1. Ha pucynke
0 = 44 n306pakena napabosa y = X° U IOCTpoeHa TpaAMas y = 2X - 1; uepTex
WITIOCTPUPYET TOT (akT, UYTO 3Ta MpsiMas KacaeTcsl mapadoyibl B TOUKE
Puc. 44 (1; 1).

OtBet: y =2x - 1.

Tpumep 3. Haiftu 3Hauenne mpoussonuoii pyuxkuun y = f(x), rae /) = 7 - 216x, g
TOYke X = 1.

Pemenne. CHavana HaiiileM HNpPOM3BOJHYIO B NPOU3BOJIBHOM TOuke X. M3BecTHO, 4TO
(Vx) =1

2J/x " Tlo a1oit Gopmysie HaiiieM HHTEPECYIOILYIO HAC HPOM3BOIHYIO, HO TIPH STOM ydTeM
ZIBa 00CTOATEILCTBA:

1) 1o 3HAKOM KOpHS HAIUIIIEM HE X, a 7 - 2,16x;

2) yKakeM JIOTIOJIHUTEIbHBIA MHOKUTEIb, pPaBHbIN (-2,16) — 3T0 KO3 GHUIKUEHT TPH X.

TakuMm oOpazom,
1

.'7’__ P
(V7 - 2,16x) = -2,16 TR

Yr10o0s! BpiuucIuTk f (1) » manmvuenune remasxenue monctTarum x = 1+
F(1)=-2,16 - ——e =216 —e =216 __27
2/7-216 2,/4,84 4,4 55

B3
=]

Omeem: (1) = — 5

&



Tema 9.4. IlpuiioxeHne Npou3BOIHOM.

CemMuHapcKue 3aHATHSA:

1. CocraBnenue ypaBHEHHUH KacaTelbHOU K rpaduKy (GyHKIHN ¢ TOMOIIBIO IPOU3BOTHOM.
2. VccnenoBanue GyHKUUN HA MOHOTOHHOCTb U SKCTPEMYMBI.

3. OTpickaHue HanOOIBIINX U HAMMEHBIINX 3HAUYCHUH ()YHKIIHUU.

4. HccnenoBanue U NocTpoeHue rpaukoB GyHKIUH C MOMOIIBIO TPOU3BOIHOM.

[lpy MOATOTOBKE K BONpPOCAM AaKIICHTUPOBaTh BHHMAHUE HEOOXOJAMMO Ha alTOPUTMBI
uccienoBanusi (DYHKIIMM HA MOHOTOHHOCTh M JKCTPEMYMBI, IPUMEHEHUU HCCICIOBAHUS IS
MOCTpOeHUs rpaduKOB PyHKITHIA.

[Ipumepsbi:
1

[Tpumep 1. CocTaBuTh YypaBHEHHE KacaTeIbHOU K rpaduKy QYHKIIMU y = , B TOUKe X = 1.
1
Pemenue. Bocnone3yemcs anropuTMoM, yUuThIBasl, 4TO B JaHHOM mpumepe f(x) = .

77} 1) a=1.
2) fl@=f(1)=1.
y=1 3) Fx) =T fl@)=Ff)=—7 =-1.
3 i 4) IoxacraBuMm Haiinennsle yncia a = 1, f(a) = 1, f'(a) =
1- -1 B popmyiny kacarensHoi. [lomyunm:
(0] y=1-(x-1),T.e.y=2- x.
FT 1 ) % L
\'\l-—l—Z Ha pucynke 45 wuzoOpaxkena rumepboira y = g,
1 é\é TMIOCTPOEHA NpsAMas y = 2-X.
X UepTerk WIUIIOCTPUPYET TMPUBEIACHHBIC BBIKIAIKU:
npsMasi y = 2 - X kacaercsi runep06o:sl B Touke (1; 1).
OtBer': y - 2-x.
Puc. 45

[pumep 2. HaiiTi npubImxeHHOe 3HaUYEHHE YHCI0BOro Bhipaxkenus 1,027,

Pemenue. Peub wper o HaxOoXJEHUHM 3HAYCHHS] (PYHKIUU y = x’ B Touke x = 1,02.
Bocnonb3yemcs popmynoit ans npHOIMIKEHHBIX BBIYMCICHHUH, YUUTBIBAs, 4YTO B JaHHOM
np6HMepe fx)=x",a=1, f(a) = f(1) = 1; x = 1,02, f(x) = 7x°, u, cnenosarensuo, f'(a) =f'( 1) =7
I°P=7.

B utore nomyuyaem:

1,02 =1+ 7-0,02, 1. e. 1,027 =1,14.

Ecnu MBI Bocnosib3yemcs KaJabKyJISTOPOM, TO OTYUUM:

1,02 = 1,148685667... .
Kak BuauTe, TOUHOCTH PUOIMIKEHUS BIIOJIHE PUEMIIEMA.
Otsert: 1,027 ~ 1,14.

X
[Tpumep 3. [Toctpouts rpaduk GyHKIUN V=142
Pemennue.

X
fx) = 172 Haiinem o6nacTs onpeneneHus GyHKIUU:

D(f) = (-00; +0).
2. Uccnenyem (QyHKIMIO HA YETHOCTB!

1. Beexem o003HaUeHUE:

) = T3 = -Togz = M)

3HauuT, 3aJaHHas QYyHKIUS HEYeTHas, ee rpaduk CUMMETPHYEH OTHOCHUTEIbHO Hayaia

KOOpJAUHAT, a IOTOMY HAYHCM C IIOCTPOCHUS BCTBU Fpa(bI/IKa opu X = 0.

3. Haitnem acumnrToTrel. BepTukanbHOM acuMnOToThl  HET. [l  HaXOXIEHUs

o lim f(x).
TOPU30HTAIBHOM ACUMIITOTHI HAJI0 BEIYUCIIUTH x—amﬁ )



HNmeewm:
x 1
x z x _. 0 _
Iz = limy - imT s =10

¥ i
3HauuT, y = 0 — ropu3oHTanbHas aCUMNTOTA rpaduka GyHKIIHH.

4. Haiinem cranmoHapHble U KPUTUUYECKUE TOUYKH, TOUKH IKCTPEMyMA U MPOMEKYTKHU

MOHOTOHHOCTH QyHKuMH. Umeem:
, x V@ 1+H- x{l+x2]' 1.1+ -x-2x 1 -
v=[r7) - -+ 27 @+2F  ~aroF

[TpousBoiHAs BCIOY CYIIECTBYET, 3HAYUT, KPUTUICCKUX TOUCK Y (PYHKIIMH HET.

CranuonapHble TOUYKHU Haiaem u3 cootHouenus y' = 0. [Tomyqyaem:

1-x%>=0, OTKyJa HaxoauMm, 4to X = | wim X = -1. IlockosibKy MBI JIOrOBOPHIIUCH
paccMaTpHuBaTh JIMIIb Clydaid, korna X > 0, Beioepem 3Hauenue x = 1. [Ipu x <1 y' >0, a mpu x
> 1y'<0.3nauuT, X = 1 — Touka MakKcuMyMa (pyHKIUH, TpUYEM

+1

Yo =)= T = 5 -
Ha npomexytke [0; 1] pyHkuus Bo3pacraet, Ha npoMexyTke [ 1; +oo) pyHKIMs yObIBaeT.

X
¥y=1.2 npu x = 0:

5. CocraBuM TabnuIly 3HaUCHUN PYHKIINH

x 0 1 2 3
1 | 2 | 3
Y 0 2 5 10

6. OTMETHB HaiJICHHbIC TOYKM HA KOOPJMHATHOW TUIOCKOCTH, COCAWHHB WX TUIABHOMN
1
KPUBOW M Y4TS MPH ITOM, YTO (‘15 ;) — TOYKa MakcuMyMma M 4to y = 0 — ropusoHTaibHas
aCUMIITOTa, IOCTPOMM BETBb HCKOMoOro rpaduka mpu x >0 (puc. 46). JloGaBuB BeTBb,
CUMMETPUYHYIO TIOCTPOSHHON OTHOCHTEILHO Hadajaa KOOPAHMHAT, MOJTYYHM Bech rpaduk (puc.
47).

YA YA
X
=
1 y 1+x
-3 L2l A
2 ' = e 710"} x
0 1| 2 ]131% -3
B Puc. 46 Puc. 47

Tema 10.1. IlepBooOpa3Hasi U HeonpeaeJeHHbI HHTErpaJl.
CemuHapckue 3aHATHSA:

1. Berunciienrne mepBooOpa3Hoii.

2. BriuncieHre HeonpeeIeHHOT0 HHTerpaa.

[Ipu moAroToBKE K BOMpOCaM aKIIEHTHPOBATh BHUMaHHUE HEOOXOIMMO Ha TOM, YTO HAXOXKICHHE
nepBooOpa3Hol (MHTErpUPOBAHUE) — ATO orepalus, oopaTHas K nuddepeHITnPOBaHHIO.

[Ipumepsbi:
[Tpumep 1. Haiitu nepBooOpasHble 111 3aAaHHBIX (PYHKITHIL:
a) y = 5sin x; 6) y = — 5%, B) y = 12x° + 8x — 1.

3



Pemenue, a) [lepBooOpa3HoOil AJ1s sin X CIY)KUT -COS X; 3HAUUT, JUIT PYHKIIUU Y = 5 sin X
nepBooOpasHoil Oyner GyHKIMs y = -5 COS X.
1
06) IlepBooOpa3HO#l I COS X CIY)KHT Sin X; 3HAYUT, M1 QYHKIUH y = ~ 3C0S X
1
epBo0Opa3Hoit OyaeT QyHKIMS y =~ 3SiN X.

z
x

4
X
B) IlepBooGpasmoil s X° ciyxurT -, NEPBOOOPA3HOH IS X CIykKHT
nepBooOpa3Ho st PYHKIUU y = 1 CyKUT QYHKIHUS y = X.

Vcnonp3ys mepBoe W BTOpPOE IpaBHJIa HAXOXKACHUS MEPBOOOPA3HBIX, MOTYYHM, YTO

nepBoobOpazHoii s Gymkmam  y = 12x3 +  8x - 1 cuoyxuT  QyHKIHSA
2
y:lE-IT +8-%—x,r.e.y_?,x‘+4x?—x.

, 3
[Tpumep 2. Beruucinuts: a) J(2x - 3sinx)dx, 0) f(4x5 — )dx

CoOE™ X

Pemienue:

z
a) [(2x—3sinx)dx =2-= —3(—cosx) =x% + 3cosx:

o) f(4x* ) dxr =45 -3 1gx =

-
-

3

— 3tgx.

Tema 10.2. OnpenesieHHbI HHTErpal.

CeMuHapcKue 3aHATHA:

1. Beruncienue onpeaeneHHOro HHTerpaia.

2. Brluncnenue miomaaen miockux GUryp ¢ moMollbio ONpeAeIeHHOTO HHTerpaja.

[Ipy moOAroTOBKE K BOMpPOCaM AaKIEHTUPOBATh BHUMAaHUE HEOOXOAMMO HAa MPUMEHEHUU
dopmynel HeioroHa — JleiOHWIA Ui BBIYUCIICHUS OIPEACICHHOIO WHTErpajga, M Ha
onpeaeneHuy (QPyHKIUU, MPUHUMAIONICH OONbIlMe 3HAYEHHUs, 4YeM Jpyras, MpH OTHICKAHUU
wionmaau GUrypsl, 3aKJII0OUYEHHON MEXy rpapuKaMu IBYX (PYHKIIHM.

[Tpumepsbi:
3

S xidx.

ITpumep 1. Beruucnute =1
&

Perenue. ITepBooGpa3HOil 11 X° CAYKUT . SHAYMT,
4

3

4
3 _ X
Slxdx =T

= 20.

S L G ) -3 §
-1 4 4 4

e | et

ITpumep 2. Borumcnaute 1IomaAb (GUIYpbl, OrpaHMYEHHON OAHOM MOJIYBOJIHOM
CHUHYCOM/IBI Y = Sin X U 0CbI0 alcIucc.

Pemenne. Mo)HO B3STh IOJTYBOJIHY CHHYCOU/IBI OT TOYKH X = 0 10 TOukH X = T (puc. 48)
U BOCITOJIb30BaThes popMyioit HeroToHa - JleiOnuma npu cinenyronmx ycinoBusx: a = 0, b =,
f(x) = sin X. [Tonyunm:

] n
S = Ssinxdx =-cosx | =.~(cosmt—cos0)=-(-1-1)=2
o
(B porIecce BBIYUCICHUH MBI Y4JIH, YTO TIEPBOOOPA3HOM IS Sin X SBIISIETCS -COS X).
Otser: S =2.
[Tpumep 3. Beruucnute  mmomanae ¢burypsl, OTPAaHWYEHHON  JMHUSMH

y=Yx,y=0,x=8



Pemenue. @urypa, miomaas KOTOpoil TpedyeTcs BHIUUCIUTD, U300paykeHa Ha PUCYHKE
49. Nmeem

1
S = S%@dx = ngdx =2

+1

8 8

=§_x%L =%_[3%_U%)= 3 (16 -0)=12.

it

OtBer: S = 12.
77\ ] 77
Yy =8in x
l y = y;
2
0 o~ X N N
N\ 01 8 | x
Puc. 48 Puc. 49

[Tpumep 4. BerancnuTs mwiomans GUrypsl, orpaHHYEHHON IPIMOH y = X - 2 1 mapabooif
=2
y=x"-4x +2.
Pemenue. TIpsamyro y = X - 2 MOXHO MOCTpOuTh 1Mo toukam (2; 0) u (0; -2) (puc. 50).
Abcuuccy BepmuHbI mapadoisl Haiinem u3 yciosus y' = 0. Umeewm:
y'=(x2—4x+2)'=2x-4;

-—“y‘ c\;ll 2x-4=0;x=2.
+] Ecmux=2,Toy=2%4-2+2=-2
_\ - ,‘b_ 3HAYUT, BEPIIUHON MapaboIIbl CIYXKHUT ToUKa (2; -2),
I % a ocblo mapabonbsl — mpsMas X = 2. Bo3bmeMm aBe mapsl
\| e ) \;// TOYEK, CHMMETPUYHBIX OTHOCHUTEIBHO OCH mapadoisl: (1; -
\,_ ;L lL 1)u (3; -1), (0; 2) u (4; 2), u mocTpouM napadoIy Mo MATU
2 toukaM (puc. 51). IlapaGona u mpsiMas mepecekaroTcs B
A B Toukax A u B, /Ui oThIcKaHus aOcIMcC 3TUX TOYEK HAI0
b7 o] DEITHTH ypaBHEHHE X*-4X + 2 = X - 2,
0| 4 x HaxoauMm nocnenoBarenbHo:
oA x> —5x+4=0;
J X1=1;x2=4.
Puc. 50 Qurypa, IUIOMAAbL  KOTOPOW  HAAO0  HAWNTH,

OTpaHMYeHa JTHHUAMH Y = X2 - 4X + 2 (CHH3Y) H Y = X - 2
(cBepxy). MOXHO cuMTaTh, YTO ¢ OOKOB 3Ta (Urypa OrpaHMYeHa MpsAMBIMU X = 1 U X = 4.
3Ha4MT, 1715 BBIYMCIICHUS TUIOMAAN (GUTYphl MOKHO IPUMEHHUTH (OpMYyIy:
4 4

S =S({x — 2) — (x% - 4x + 2))dx = S(5x — x2 — 4)dx =

2 a

2 3
Otser: S =4,5.

Tema 11.1. CTeneHu U KOPHU.
CemuHapckue 3aHATHSA:
1. Berunciienre KOpHs N-CTENEHU U3 JeHCTBUTEIBHOTO YUCIIA.

y=Yx
2. Iloctpoenue rpadukoB GyHKIHN .
3. BeImostHeHUE TOXIECTBEHHBIX IPE0OPa30BaHUH BRIPAKCHU.



4. ITocTpoeHue rpaKOB CTETIEHHBIX (YHKIIUI.

[Ipu moAroToBKE K BOIIPOCAM aKIIEHTUPOBATh BHUMAaHHE HEOOXOAUMO Ha TO, YTO KOPEHb YETHOM
CTCIICHH MOYKHO M3BJICYb TOJIBKO M3 HEOTPULATEIBHOIO YMCJIA, @ KOPEHb HEYETHOU CTENEHb
MOYKHO M3BJIEKAaTh U3 JIIOOBIX YUCEI.

IIpumepsni:
IIpumep 1. BRIYUCIUTE:

a) 49; 6) 40,125; s) Y0; r) {17.
Pemenune. a) J49 =7, rax kak 7 > 0 u 7% = 49,
6) 30,125 = 0,5, rak kak 0,5 > 0 u 0,5% = 0,125.
5) Y0 =0,

IIpumep 2. PemuTh ypaBHEHHA:
a) $3xr4 - -2 ») Y2 5x = -4;
6) Y3x -2 =1; r) ¥x* - 5x +68 = 2.

Pemenue, a) Eciu i.,ﬁ = -2, 10 y = -8. @akTHUecKu 00€ YacTH 3a/laHHOTO YPaBHEHUS MBI
JIOJDKHBI BO3BECTH B KyO. [lomyunm:
3x +4 =-8;
3x =-12; x = -4.
6) BosBexem o00e yacTu ypaBHEHHS B YETBEPTYIO cTeneHb. [lomydnm:
3x-2=1,
3x=3;
x=1
B) 31ech HE HaJIO BO3BOJUTH B YETBEPTYIO CTENEHb, 3TO YPaBHEHHE HE MMEET KOPHEH.
[Touemy? IToToMy 4TO, COTIaCHO OMpEAETICHUIO 1, KOPEHb YETHOW CTETIEHU — HEOTPHUILIATEIbHOE
YHCIIO.
r) BosBeas o6e yacTi ypaBHEHUS B LIECTYIO CTENEHb, OTYUYHUM:
x? - Bx + 68 = 64,
x2-5x+4=0;
x1=1,x2=4.

4 o
[pumep 3. Haiiti o61acTh onpesesnenus Gynkiuun y = V4% — 8;
Pemenue. Ilox 3HakOM KOpHSI YETHOM CTENEHU JOJDKHO HAXOAUTHCS HEOTPUIATEIBHOE

YHCII0, 3HAYUT, 3a/1a4a CBOJUTCS K PEIICHUIO HepaBeHCTBa 4X — 8 > 0. [Tomyuaem: x > 2. 3Hauwr,
D(f) = [2; +o).

[Mpumep 4. BeruncauTe 4|'511_ﬁ,

Pemenne:
el _ g, 1 _ 81
°16 ~° 7 16 T 16
81 _ ¥81 _ 3 _
16 ~ 416 =3 =15

[Tpumep 5. BoIMOAHUTH ACUCTBHS:
(Ya + 46)(¥a - 45);
Pemerme: (42 + ¥6)(¥a - 4b) = (4a)’ - (4p)" = ¥Ya* - s
(Ya + Yo)(¥a - o) = Ja - b.



2
[Ipumep 6. Pemnnth ypaBHenue X° = 12 — x.,

Pemenue. Hetpyano nono6paTh 0MH KOpPEHb 3TOT0 ypaBHEHUS: X = 8. B camom neute,
2

82 = Y82 =4 m12-8=4,
3HAYUT, IPH X = 4 ypaBHEHHE 00paIaeTcs B BEPHOE YUCIOBOE PAaBEHCTBO 4 = 4.
2
_ 3 .
Tak kak crenennas Qynxmus Y= *° pospacraer, a nuneiinas Qynkmus y = 12 - x
yOBIBaeT, TO IPYTUX KOPHEH y YpaBHEHUS HET.
OrtserT: 8.

Tema 12.1. [loka3aTenbHast GyHKIHA.
CemMuHapcKue 3aHSTHSA:

1. IToctpoenue rpauKoB MOKA3ATEIBbHBIX (YHKIUI.
2. Pemienue nokazaTenbHbBIX YpaBHCHHH.

3. Pemienue moxka3aTenbHBIX HEPABEHCTB.

HpI/I IMOATOTOBKEC K BOIIpOCaM AKICHTHUPOBATHL BHUMAHUC HGO6XOHI/IMO Ha TCPMHHOJIOIUH,
Pa3IMIHbIX MCTOJaX PCUICHUA ypaBHeHPIfI.

Lpumepbi:

Ipumep 1. Pemnmuts ypaBHeHue 1 HepapeHcTBa 2 = 6 — %3

Pemenue. IlocTpouM B 0/1HOM cucTeMe KOOpauHAT rpaduku QyHKIUH y = 5*umy = 6 - x
(puc.51). OHu mepecekaroTcsi B OJHON TOYKE; Cylas Mo 4epTexy, oTo Touka (1; 5). [IpoBepka
MOKAa3bIBAET, YTO HA CAMOM Jiejie Touka (1; 5) ynoBIeTBOPSET U YPAaBHEHHIO Y = 5%, U ypaBHEHHIO

7] T y =6 - X. Abcuucca 3T0i TOUKH CIIy’KUT €IMHCTBEHHBIM KOPHEM

i ypaBHeHus1 5* = 6 - X, MOCKOJIBKY QyHKIHUSA y = 5% Bo3pacraer, a

; byHKIMA y = 6 - X yObIBaerT.
8 HUrak, ypaBHeHue 5* = 6 - X ©MeET €AMHCTBCHHBII KOPEHb
5 x=1.

<& 2r-4 _
1 v [pumep 2. Pemuts ypaBHenue 2 = 64,
1 N Pewenue. IlpencraBus 64 kak 26, MEPENUIIEM 3aJaHHOE
- /{ ypasHenne B Buje 2% = 25 Dr0 ypaBHeHme paBHOCHILHO

ol 1 6 - YpaBHEHUIO 2X - 4 = 6, OTKy/1a HAXOAUM: X = 5.

| I

Puc. 51 [pumep 3. Pemuts ypaBHenue 4° + 277" — 24 = 0.
Pemrenue. 3ameruB, uto 4% = (22)*= 2% = (2¥)%, a 2x"1 =2«
2%, mepemnuIieM 3aJaHHOe ypaBHEHHE B BUJIE
(22 +2+2%-24=0.
ECTh CMBICTT BBECTH HOBYIO IIEPEMEHHYIO: y = 2; TOr/JIa ypaBHEHHe MPUMET BH y> + 2y -
24 = (. PemmB kBagpaTHOE ypaBHEHHE OTHOCUTENIBHO Yy, HaxoauMm: y1 = 4, y2 = -6. Ho y = 2%,
3HAYUT, HAM OCTAETCS PELIUTh J1BA YPaBHEHUS:

2 =4;2*=-6.
N3 mepBoro ypaBHEHMSI HaXxOguM: X = 2; BTOPOE€ YypaBHEHUE HE HMEET KOpHEH,
MTOCKOJIBKY TIPH JTFOOBIX 3HAUEHUSAX X BBIONHSICTCS HepaBeHCTBO 2 > 0.

OtBerT: 2.

[Ipumep 4. Pemuth cucteMy ypaBHEHHI
2. (V&) = 167,
lo=*v - 3= = 72.
Pemenne.



2. (y2) "= 16% v

1
Lxvw
43x-y),
9.22""" o gds-w,

1.4 12r -4
I _ plir-dy,
2 =2 ¥,

1+ XY _1ox - 4y
2
2+x+y=24x - By;
23x - 9y = 2.

2) IIpeoGpa3yeM BTOpOE ypaBHEHHE CHCTEMBI K OoJjiee MpoCcTOMY BHIy. BBenem HOBYIO
nepeMeHHy0: Z = 3* 7 Y. Torjga BTopoe ypaBHEHHE CHCTEMbI IIPUMET BHA Z° - Z = 72, OTKyHa
HaxomuMm: 21 =9, 7o = -8.

W3 ypaBrenus 3*Y = 9 maxomum: X +y = 2; ypasHenue 3*Y = -8 He MMeeT pelIeHUiA.

Hrak, BTOpoe ypaBHEHHE CHCTEMBI HaM yaJIOCh MPE00pa3oBaTh K BUILY

Xx+ty=2.
3) Permm mosrydeHHYI0 CHCTEMY YpaBHECHUI:
23x - 9y = 2;
{x +y=2.

VMHOKHM 00€ YacTu BTOpPOI'O ypaBHCHHUS Ha 9 u cnoXxum IMNOJIYYCHHOC YPAaBHCHHUC C

MEPBHIM YPABHEHUEM CHCTEMBI:
(23x — Oy) + (9x + 9) =2 + 18;

a2x = 20;
=5,
5 11
W3 ypaBHeHusa x +y=2 HaxomuM: g ty=2;y ="z .
)
Orger: ‘8" 8/

[Ipumep 5. Pemnts HepaBeHCTBA:
285 1
a) 221 > 64; 6) (%) <3

Pemrenne, a) Mmeem: 22** > 2% D10 HepaBeHCTBO PaBHOCHIIBHO HEPABEHCTBY TOTO KE
cMbIcTa 2X - 4 > 6, OTKy/a HaXOuM: X > 5.

1

1 _ 1]9

0) Bocmonp30oBaBIIMCH TEM, YTO Ja 8 MEepeNnIeM 33aJaHHOEe HEPaBEHCTBO B
ix-35 04

G <G :
Buge '3 3/ ', 31ech OCHOBaHHEM CIYKHUT YHCIO 3 <l. 3HAYHT, paccMaTpUBaEeMOe
HEPAaBEHCTBO PABHOCUJIHLHO HEPABEHCTBY MPOTHUBOMOIOXKHOTO cMbIcia 2X - 3,5 > 0,5, oTkyna
HAXOIUM: X > 2.

Tema 12.2. Jlorapudm.

CemuHapcKkue 3aHATHA:

1. IlocTpoenue rpapukoB sorapupmMudeckux GpyHKIuu
2. IIpeoOpazoBaHue JOrapupMHUUECKUX BbIPAKEHUI.

HpI/I MMOATOTOBKC K BOINPOCAM AKICHTHPOBATH BHUMAHUC HGOGXOI[I/IMO Ha TO, 4TO norapmbM
OMMPEACIICH TOJIBKO JJIA MOJTOXUTCIIBHBIX YUCEIIL.

[Tpumepsbi:
[Ipumep 1. Beruncnurs:



a) log, 128: ) lugﬁ %@ H B) log, 42,
2

Pemenue. a) Ilycts logs 128 = x. Torna, no onpexaenenuto norapupma, 4* = 128. Pemas
3TO MOKa3aTeIbHOE YPaBHEHHE, [TOCIE0BATEIBHO HAXOIUM:
2% =927 2y = T: x = 3,5.
_2fg ‘8
6) Hycrs 108,3V9 = x. Toraa, no onpeneneHuo gorapudma, (V3)'= ¥9. Pemas s1o
IOKa3aTeJIbHOE YpaBHEHHE, IOCIEI0BATEIFHO HAXOANM:

T 2
2 4
32:33;52—;I:—_
2 3 3 )
log,alwfé = Xx. (1} = .
B) Ilycte 2 . Torma, mo ompexnenenuto norapupma, ‘2 . Pemas sto

IMOKAa3aTCJIbHOC YPAaBHCHUE, ITOCICIOBATCIIbHO HAXOANM:
1

2":2"-25;—x=2+%;x-_—2,5.

[Tpumep 2. Pemuts ypaBuenue Ig x = 11- X.

Pemenue. JloctarouHo oueBuAHO, yTo X = 10 — KopeHb ypaBHeHMsA. B camom nere,
lgl0=1u1l-10=1, 1. e. npu x = 10 3aganHOE YypaBHEHHE 00paIaeTcsi B BEPHOE YHCIOBOE
paBeHcTBO 1 = 1.

Tak kak ¢ynkuus y = lg x Bo3pacraer, a pynkuus y = 11 - x yObIBaeT, TO 3aaHHOE
ypaBHEHHE UMEET TOJIbKO OJIUH KOPEHb, KOTOPBIN yXe HaliieH myTem nojaodopa: x = 10.

[Tpumep 3. U3BectHO, uTo logs 2 = a. Beruucauts logs 6,75.

Pemenue. Bripasum yucno 6,75 wepes uucna 3 u 2 (3 — ocHoBaHue jorapudma, 2 —
3aJlaHHOE B YCJIOBUH JIOTapU(PMHUPYEMOE YUCII0) C TOMOIIBIO ONEpAIii YMHOXKECHUS, ACICHUS 1
BO3BE/ICHUS B CTCIICHB:

_ad _ 27T _ 3
5,75--—64

Jlanee HaxXOaUM:

{0
log; 6,75 = log, |;7] =log; 3* - log; 2°=3-2log; 2=3 - 2a.
\

Tema 12.3. Jlorapudmuueckue ypaBHeHUS U HEPABEHCTBA.
CemuHapcKkue 3aHATHA:

1. Pemienue norapupMuyeckux ypaBHEHUH.

2. Pemienue gorapupMuuecKux HEPaBEHCTB.

[Ipy moAroTroBke K BOMpOCaM AaKIEHTUPOBaTh BHUMaHHE HEOOXOAMMO HA METOJbl pEIIeHUs
Jorapu(pMHUECKUX YpaBHEHHUM U HEPABEHCTB.

[Tpumepsbi:
ITpumep 1. Pemuts ypaBHEeHHE:

log, (x* — 3x — 5) = log, (T — 2x).
Pewenue. 1) IloTenuupys nomyyaem:
¥ -8x—-5="7-2x;
¥-x-12=0;
x, =4, x,=-3.
2) [IpoBepum HaiiileHHbIE KOPHH 110 YCIOBUAM, onpeaesnstomum OJ13:
¥ - 3x-5>0,
{'r - 2x > 0.
3HayeHne X = 4 He YAOBJETBOPSET TOW CHCTEME HEPaBEHCTB (JIOCTaTOYHO 3aMETHTh,
YTO X = 4 He yJOBJIETBOPSIET BTOPOMY HEPABEHCTBY CUCTEMBI), T. €. X = 4 — TOCTOPOHHHI



KOPEeHb JUISl 33/IaHHOTO YpaBHEHMs. 3HAU€HUE X = -3 YIOBJIETBOPSET OOOMM HEPaBEHCTBAM
CUCTEMBI, a TOTOMY X = -3 — KOPEHb 32JIaHHOTO YPABHCHHUS.
Ortser: -3.

IIpumep 2. Pemuth HepaBeHCTBa:

a) logz (2x — 4) > log; (14 — x);

6) log; (2x — 4) >log; (14 — x).
3 E

Pemenue. Pemenne, a) OOnacTe AOMYCTUMBIX 3HAYCHHWH NMEPEMEHHOW Ui 3aJaHHOTO
HEpaBeHCTBA ormpeaensercs yciaoBusmMu 2X - 4 >0 u 14 - x >0. Ilockoapky OCHOBaHUEM
norapuMoOB CIYKUT YHUCTIO 3, @ OHO Oonbine 1, TO, «OCBOOOXKIASICH» OT 3HAKOB JIOTAPU(MOB,
MBI TIOJTyYUM HEPABEHCTBO TOTO e CMbIca: 2X - 4 > 14 - x.

B nrore nomyyaem cucreMy HEpaBEHCTB:

sz -4 >0,
14-x>0,
2¢ - 4> 14 - x.

W3 nepBoro HepaBeHCTBA CUCTEMBI HAXOAMM, YTO X > 2, U3 BTOPOro - X < 14, U3 TpeThero
- X >6. I'eomerpuueckass wumnoctpauus (puc. 53) momoraer HaMTH peLIeHHE CHUCTEMbI
HepaBeHCTB: 6 <x < 14.

[ 1 —
B0 S 7777777777117, — i TTTTTTTIIIIT A B 8 =
2 6 14 x 2 6 14 x
Puc. 53 Puc. 54

1
0) 3nech ocHoBaHME Jorapudma 3, T. €. YUCIO MeHbIe 1. 3HAYUT, COOTBETCTBYIOIIAS

CHUCTCMA HCPABCHCTB UMCCT BU/J|

2x -4 > 0,
14-x>0,
2x-4<14-x

(oOpaTuTe BHUMaHME: 3HAK TOCIEIHETO HEPABEHCTBA CUCTEMBI MPOTHUBOIIOJIOXKEH 3HAKY
MCXOHOTO JOrapu(PMUUECKOTO HEPABEHCTBA).

N3 mepBoro HepaBeHCTBA CUCTEMBI HAXOUM, YTO X > 2, U3 BTOPOTO - X < 14, U3 TpeThero
- x <6. TI'eomerpuyeckas wuocTpanus (puc. 54) momoraeT HaWTH pELICHHUE CHUCTEMBI
HepaBeHCTB: 2 <X < 6.

OtBeT: a) 6 <x < 14;0) 2 <x <6.

Tema 13.1. YpaBHeHusi 1 HepaBeHCTBA.
CemuHapcKue 3aHATHA:

1. Pemenne ypaBHEHUH pa3IMuHBIMU CIIOCOOAMHU.
2. PerieHrie HEpaBEHCTB C OJTHOW NIEPEMEHHOA.

3. Pemienue cucteM ypaBHEHHH.

HpI/I MOATOTOBKC K BOINPOCAM AKICHTHPOBATb BHUMAHUC HCO6XO,I[I/IMO Ha TO, 4YTO J'IOI“apI/I(I)M
OMMPEACIICH TOJIBKO JJIA MMOJTOXUTCIIBHBIX YUCEIIL.

[Ipumepsbi:
Ipumep 1. Pemuts ypasrenue x° - 7x + 6 = 0.

Permrenue. [IpeacraBuB ciaraemMoe 7X B BUE X + 6X, MOJYYHM ITOCIIEAOBATEIILHO:
¥ —x—-6x+6=0;
x(x* - 1) - 6(x - 1)=0;
x(x—1x+1)-6(x—-1) =0;
(x — 1)x(x + 1) - 6)=0;
(x — INx*+x—6)=0.



Teneps 3aj1aua CBOJUTCS K pelIeHuto COBOKYITHOCTH ypaBHEHUU
x—-1=0; x*+x-6=0.

W3 nmepBoro ypaBHEHUs HAXOAMM: X1 = 1; U3 BTOPOro: X2 = 2, X3 = - 3.

[Tockonbky Bce mMpeoOpa3oBaHus OBLIM PABHOCUIBHBIMU, HAWJECHHBIC TPU 3HAYCHUS

SIBJITIOTCS. KOPHSAMHU 3a1aHHOTO YPaBHEHHUS.
Ortsert: 1, 2, -3.

[Ipumep 2. Pemuth ypaBHEHUE:
e —x+ 2+ —x+ T =28 - 2x + 2L
Pemenue. Beens HOByIO nepeMeHHyo U = X% - X, MOJIYYMM CYIIECTBEHHO 0OJiee POCTOoe
HUppALMOHATILHOE YPAaBHECHHUE:

Vu+r2+Ju+7 =ou +21.
BosBeneM o0e wacTu ypaBHEHUS B KBaJIpar:
) 2
(*.fu+2+sfu+'i’) =(~.."2u+21);

U+2+2Vu+20u+7 +u+7=2u+ 21;
S+ 2)(u+7) = 6;

u® +9u + 14 = 36;
ut 4+ 9u - 22 =0;

H. - 2, Us = _11.
[IpoBepka HalACHHBIX 3HA4YeHUW (37ech OHA o0s3aTenbHA) HMX TIOJCTAHOBKOW B

ypaBHEHHE Vu+2+Ju+7=2u+21 MOKa3bIBaLT, 4TO U1 = 2 — KOpPEHb ypaBHEHHUs, a Uy = -
11 — nocTopOHHUI KOPEHbD.

[ 7]\ TTIITT Bosppamiasich K HCXOIHOIH MePeMEHHOI X, MOIydaeM
ﬁ%\ ypaBHeHHMe X° - X = 2, T. €. KBaJpaTHOE YpaBHEHHUE X2 - X - 2
T = 0, pemmB KOTOPOE HAXOUM J[Ba KOPHS: X1= 2, X2 = -1.
,/\"’ OtBer: 2, -1.
Y
B/ = [Tpumep 3. Pemuts ypaBHEeHUE
" =X x =|lx—-2|
f V) y o Vr =[x -2
N - Pemrenue. I'paduku GyHkmuii y = VX u y = x — 2|
Ol 1. 2.3 4 X| u300paxkensl Ha pucyHke 54. OHM NepeceKarTcs B TOYKax
| 1 11 ¢ i A( 1; 1) u B(4; 2). 3HaunT, ypaBHEHHE UMEET JIBa KOPHS: X1
Puc 54 =1, x2=4.
OTserT: 1; 4.
[Ipumep 4. Pemnts cucteMy HEpaBEHCTB:
2x - 1> 3,
3x-2211,

Pemenne. Pemas nepBoe HEpaBEHCTBO CHCTEMBI, HAXOAMM: 2X > 4; X > 2. Pemas BTopoe
13

= = .
HEPABEHCTBO CHMCTEMEI, HAaXOMuM: 3X = 13; X = 3. OTMETHM >TH NPOMEXYTKH Ha OJHOI
KOOpPJMHATHOM IMPSIMOW, UCIIOJIb30BAB JJIs MEPBOTO MPOMEXYTKA BEPXHIOI HITPUXOBKY, a IS

BTOPOT0 — HWXHIOIO (puc. 55). PerienneM cucTemMbl HEPaBEHCTB

_J[Il[[llﬂl[ﬂ[ﬂ[[[MH[I«««««> OyIeT IepeceueHre pelIeHHI HEPABEHCTB CUCTEMBI, T. €.
IIPOMCEK K H KOTOPOM O0€ INTPUXOBKH COBIIAJIN.
2 13 * [IpoMeKyTOK, Ha 0 3 B
3
Puc. 55 [% +oo).
paccMaTpUBaEMOM HpPHMeEpE HONydaeM JIyd



