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1. KOHCIEKT JEKIIUA
1.1 Jlexkuusi Nel ( 2 yaca).

Tema: «IlonsiTue 0 caydaiHOM PyHKIMH»

1.1.1 Bonpocs! Jiekuum:
1. JIsa moaxo/1a K MOHATHIO O CIy4aiiHOW (DYHKIIMH, TIPUMEPHI CITy4alHBIX ()YHKITHIA.
2. OCHOBHBIE BU/IBI 33124 B TCOPHH CIYIAMHBIX (DYHKIIAM.
3. 3aKoH pacnpenenaeHus ciiydaiHoi QyHKIIUH.
2. KpaTkoe cojiep:kaHue BOIPOCOB:
1. JIa moaxo/1a K MOHATHIO O CIy4aifHOW (DYHKIIMHU, IPUMEPHI CITyYaiHBIX ()YHKIIHH.

CnydaiiHbIM (CTOXAaCTUYECKUM, BEPOSITHOCTHBIM) MPOIECCOM Ha3bIBACTCs (YHKIIMS
NEHUCTBUTENBHOTO TMEPEMEHHOro t, 3HAUYEHUSAMU KOTOPOM SIBISIOTCS COOTBETCTBYIOIIWE
ciy4yaiiHble BeJMYMHBI X(t). B teopum ciiydallHBIX MPOLECCOB t TPAKTYEeTCS Kak BpeMs,
IIPUHHUMAIOILIEE 3HAUEHUSI U3 HEKOTOPOro MoJAMHOKecTBa T MHOKeCTBa J1€HCTBUTENbHBIX YUCEI
(tT, TR). B paMkax KJIacCCHYECKOr0 MaTeMaTHYeCKOro aHamu3a moj (yHkuuei y=f(t)
MOHUMAETCS TAaKOW THIl 3aBUCHUMOCTU TIEPEMEHHBIX BEJIMYMH t W Yy, KOrJa KOHKPETHOMY
YHCIIOBOMY 3HAYCHHIO apTryMeHTa t COOTBETCTBYET U MPUTOM €IMHCTBEHHOE YUCIOBOE 3HAUCHUE
byHKINHA Y.

Jlig cmydallHBIX MPOLIECCOB CHUTYallusl NPUHIUIHAIBGHO WHAs: 33JaHUe KOHKPETHOTO
aprymMeHra t MNPUBOAUT K IMOSBJICHHUIO ClydallHOM BennuuHbl X(t) C M3BECTHBIM 3aKOHOM
pacnipenienieHusi (ecau 3TO JUCKPETHasl CiydaiiHas BENWYHMHA) WIM C 3aJaHHOW IUIOTHOCTBIO
pacripenenieHust (eciM  ATO HENMpEephIBHAs CiiydyailHas BeduuuHa). Jlpyrumu cioBamu,
ucciaeayeMas XapakTEepUCTHKAa B KaXKAbli MOMEHT BPEMEHHM HOCHUT CIIy4YalHBIN XapakTep ¢
HEeCJIy4allHbIM paclipe/ieJIeHHeM. 3HaueHus, KOTOpble NMpUHUMaeT oOblyHas ¢yHkuus y=f(t) B
Ka)KIbIi MOMEHT BPEMEHH, MTOJIHOCTHIO OIPENIeNsieT CTPYKTYPY M CBOMCTBA ATON (hYHKITUH.

JUig ciaydailHbBIX NpPOLIECCOB €0 OOCTOMT HMHBIM OOpa3oM: 3[ECh COBEPLIEHHO HE
JIOCTaTOYHO 3HATh pacHpeleeHne clydyailHoW BenuuuHbl X(f) MpU KaKIOM 3HAYEHUH t,
HeoOxoauma uHpopMalus 00 O0XHIAEMBIX HM3MEHEHUSX M HMX BEPOATHOCTAX, TO €CTh
uHpOpMalKs O CTENEeHU 3aBHCHMOCTHU IPEJICTOAIIEr0 3HAUEHHs CIydaifHOro Imporecca OT ero
IPEILICTOPUH.

CayuaiineiM npoueccoM X(t) Ha3bIBaeTCsl MpOIECC, 3HAUEHUE KOTOPOro MpH JII0O0OM
(UKCUPOBAHHOM t = to SIBISIETCS CIIy4aitHOM BEJIMYMHOMN X(to).
Crnyuaitnas BennuuHa X(tp), B KOTOpylo oOpamiaercsi c. M. mpu t = to, Ha3bIBaETCS ceYeHHEM
cJIy4ailHOro  mpomecca, COOTBETCTBYIOIIMM  JaHHOMY  3HAQU€HUIO  aprymeHra t.

U]
z(t)

2(0)
(), T(t)
i

'
to t

ol [ t

Peanuzamueit crnyuaiinoro mporecca X(t) Ha3biBaeTcss HecnydyaiiHas ¢GyHKIus X(t), B
KOTOPYIO MpeBpaniaeTcs CrydaiHbIi mporece X(t) B pe3yabTare OmbITa.
2. OcHOBHBIE BUIBI 33]1a4 B TEOPUU CITyUYalHBIX (DYyHKITHH.

B uWHXEHEpHBIX UCCIENOBAHMAX pEIIaeTcss [Ba BHJA 3a4ady: 3ajJada aHalin3a WU
CUHTe3a. 3aJavya aHalu3a: HM3BECTHHI XAapPAKTEPUCTUKH BXOAHOW (YHKIMHU U TMapamMeTpsl
CUCTEMBI, OINpPEACTUTh XapaKTePUCTUKU BBIXOAHOW (yHKIMU. 3amaya CUHTe3a: I0A00paTh
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napaMeTpbl CUCTEMbI TaK, YTOObI (YHKIHMS Ha BXOJAE Mepexowia B (DyHKIMIO Ha BBIXOJE C
U3BECTHBIMU XapaKTEPUCTUKAMU.

3. 3akoH pacnpenenacHus ciydaiiHol (yHKIIUH.

B pamkax oOmiero moaxojga K OINKMCAHUIO CIIyY4alHBIX TIPOIIECCOB XapaKTePUCTUKA
CEUeHHUH M JIOOBIX HUX COBOKYIMHOCTEH OCYIIECTBISIETCS C IOMOIIBI0O MHOTOMEPHBIX
pacnpenenenuii. B dacTHOCTH, I00OE€ CEUEHHE XapakTepusyeTcs JHOO OJHOMEPHOU
MJIOTHOCTBIO BEPOATHOCTH, JIMOO ofHOMEpHOM pyHKImeln pacnpeneneHus F(t; x)=P(X(t)<x).

B3auMocBs3p 000K Taphl  CCUCHHMHM XapaKTEPH3YETCS JIBYMEPHOH ILIOTHOCTBIO
BEPOSTHOCTH WM JABYMepHOM (yHKumel pacnpenenaenus F(ty) to; x1; X2)=P(X(t1)<x1; X(t2)<x2),
rae ti,o-ABa (UKCHUPOBAHHBIX MOMEHTa BPEMEHHU; Xi,7- BO3MOJKHBIC 3HAYCHHS CIIyH9alHBIX
BEJIMYMH, COOTBETCTBYIOIIUX ITHUM CEUEHUSIM.  AHAJIOTUYHO BBOJATCS IUIOTHOCTU U (pyHKUIUU
pacupeneneHus TpEX U 0ojiee CCUCHMH, OJHAKO JJis OOJIBIIOTO YMCJa CIYYaHBIX IIPOLIECCOB
OKa3bIBAETCS IOCTATOUYHBIM OTPaHUYUTHCS OJHOMEPHBIMU U IBYMEPHBIMU pacIpe/leICHUSIMH.

Haub6oJ1ee 0011uii mMoAX01 B ONMMCAHUH CAYYAHHBIX MPOLECCOB COCTOUT B 3a]aHUHU
BCe€X €ro MHOIOMEPHBIX pacnpe/iesieHUii, Korjaa onpeaejieHa BepOATHOCTH OTHOBPEMEHHOI 0
BbITIOJIHEHHSI CJIEAYIOIIUX COOBITHI:
t1, to,...tn T, NN: X(t)<xi; i=1,2,...,n;

F(t1;t25. . 5tn; X1 X030 .. 3Xn) =P (X(t)<x1; X(t2)<x23...5 X(tn)<xp).
Taxoii crioco0 onucaHus ClIy4aliHbIX MTPOLIECCOB YHUBEPCAJIEH, HO BEChbMa IPOMO3/IOK.

Jy1st mosy4deHust CYIIECTBEHHBIX Pe3y/IbTaTOB BBIIEISIOT HanbosIee BaXKHbIC YACTHBIC
ClIy4au, AOIMYyCKAIoIIe MpUMEHEeHHe 0oJiee COBEPIICHHOTO aHATUTHYECKOr o anmnapara.

Ecam aprymenT t nmpuHHMMaeT Bce JCHCTBUTEIbHBIC 3HAYEHWS WM BCE 3HAYCHUSA U3
HEKOTOpPOro HHTepBasia T AEWCTBUTEIHLHOM OCH, TO TOBOPAT O CIy4yallHOM TMpolecce ¢
HeNnmpepbIBHBIM BpeMeHeM. Ecii t mpuHUMAaeT TOJbKO (DMKCUPOBAHHBIC 3HAYCHUS, TO TOBOPST
0 CIIy4yallHOM IIpoliecce ¢ AMCKPeTHbIM BpeMeHeM. Ecnu ceueHue cimydailHOro mpouecca -
JIMCKpETHAs Cly4yaiiHas BEJTMYMHA, TO TaKOM MPOIIECC HA3BIBACTCS MPOIECCOM € JUCKPETHHIMHU
cocrosinusiMu. Eciiu ke mo0oe ceueHne - HeMpepbhIBHAs CllydaliHas BETUYHMHA, TO CIy4YailHBIN
MIPOIIECC HA3BIBACTCS MPOLECCOM C HeNMpPepPhIBHBIMHU COCTOSTHMAIMU. B o0miem cinydae 3amath
CIy4ailHBI  MpoIlecC  AHAIUTUYECKH  HEBO3MOXKHO. VICKIIOYEeHHE  COCTAaBIAIOT  TaK
Ha3bIBaCMbIC JIEeMEHTAPHbIE CJIy4YaiiHbIe MPOoLecChl, BU KOTOPHIX U3BECTEH.

1.2 Jlexuusi Ne2 ( 2 uaca).

Tema: «XapaKTepUCTHUKH CAYYAHHON GyHKIHI

1.2.1 Bonpocs! Jiekuum:
1. KoppensionHast TeopHst cay4aiiHOM (QyHKIHMH.
2. Marematnueckoe 0XKHIaHUE CIIyIaitHOW (PYHKITMH, CBOMCTBA.
3. ducnepcus cny4yaitHON (pyHKIIMHU, CBOWCTBA.
2. KpaTkoe cojiep:kaHue BOIPOCOB:
1. KoppensaunonHas Teopus ciaydaitHOW QyHKIUH.

AnmapaT YHCIOBBIX XapaKTEpUCTUK MPEACTaBIseT COOOM BecbMa THOKUM W MOIIHBIH
anmnapar, MNO3BOJIAIOIIMN CPaBHUTENBHO MPOCTO pellaTh MHOTHE MpaKkTUYEeCKHe 3ajauu.
CoBepIIeHHO aHAJOTMYHBIM amlapaToM MOJb3YIOTCS U B TEOPHM CIy4YalHBIX (yHKuMH. Jlms
CilydaliHbIX (DYHKIMI Takyke BBOJATCS MPOCTEHIINE OCHOBHBIE XapaKTEPUCTUKHU, aHAJOTMUYHbIE
YHMCJIOBBIM XapaKTEPUCTHKAM CIIy4alHBIX BEJIMYMH, U YCTAHABIMBAIOTCS IpaBuiIa JEHCTBUM C

OTUMHU XapaKTCPUCTHKAMMU. Taxoi arrmapar OKa3bIBACTCA AOCTATOYHBIM JIA PCIICHHUA MHOTHUX
MPAKTUYCCKUX 3aaav.



B oTinumne oT 4MCIOBBIX XapaKTEPUCTHK CIYYalHBIX BEJITHMYMH, IPEIOCTABIAIONINX COOOi
orpe/ieIEHHBIC YKCIIa, XapaKTePUCTUKU CIIy4alHBIX (DYHKLIUH MPECTaBISIOT co0OH B 00IeM
cllydae He YMcia, a QyHKIUH.

2. MaTtemaTH4ecKoe OXKUJTaHUE CITYIaiiHON (yHKITH, CBOHCTBA.

MareMaTHuecKoe OXKUJaHUE CIy4alHOW (YHKLIHH ONpEeIenseTcs CIEAYIOUIMM 00pa3oM.
PaccmoTpuM ceuenue ciydaiiHOW (yHKITUU () npu GUKCUPOBaHHOM . B 3TOM cedeHMH MBI
uMeeM OOBIYHYIO CITyYallHYI0 BEIMYUHY; ONPEIEINM €€ MaTeMaThuueckoe oxxuaanue. O4eBUaHO,
B 00IIEM CIyYae OHO 3aBUCUT OT {, T. e. mpexacraBiseT co0Oil HEKOTOPYH (GYHKIHUIO £ :
, (6) = MIX ()]

- FAE:
Takum o00pa3oM, MaTeMaTHYECKUM OXHJIAHUEM CIy4alHOW (QyHKIUH (&) Ha3bIBACTCS

HecnyyaiiHas — QyHKUus P (‘tj, KOTOpas TpU KaKIOM 3HA4YeHWH apryMmenTta ! paBHa
MaTeMaTUYECKOMY 0>KHMJIAHUIO COOTBETCTBYIOIIETO CEYEHUs CyyailHONW (QyHKIUY.

Ilo cMbicy MaTeMaTHUYECKOE OXHUJaHHME CIy4alHOM (QYHKLUMU €CTb HEKOTOpas CpemHsis
(GyHKIHMS, OKOJIO KOTOPOH pa3iuyHBIM 00pa3oM BapbUPYIOTCS KOHKPETHBIC pealln3aluu

CIIy4aifHON (yHKINH.
MY

\ !

a:(t)

3. ducnepcus cay4aiftHoi QyHKIMM, CBOMCTBA.

. .. XD . L&)
I[I/ICHepCI/IeI/I CHY‘I&I/IHOI/I (l)yHKIlI/II/I HA3bIBACTCs HecnyanHaﬂ (I)yHKI_[I/I}I ,
3HAYEHHUE KOTOPOM IS Ka)KJA0ro £ PaBHO JUCIIEPCHH COOTBETCTBYIOIIETO CEYEHUS CIy4alHOU

g D)= DLX@)]

Jlucriepcust CiiydaiHOW (YHKIMM OPH KKIOM ¢ XapakTepusyeT pa30dpoc BO3MOMKHBIX
peanuzanuii ciydaiiHOW (YHKIIMM OTHOCHUTEIBHO CpPEIHEro, WHBIMU CJIIOBAMH, «CTEIEHb
CIIy4alfHOCTHY CITy4ailHOM (yHKIUU.

Dt .
O‘ICBI/I,Z[HO, x(j €CTb HCOTpHULATCJIIbHAA q)YHKI_II/ISI. H3Bnekas u3 Hee KBaApaTHbBIN KOPCHB,

&, (E “
MOoJIy4YuM (I)yHKI_[I/IIO x I: :I - Cp€AHEC KBAAPATUYCCKOC OTKIIOHCHUC CITYYaHOU (I)YHKI_[I/II/II

&, ® =D,

Marematuueckoe OXUIaHHE UM AUCIEPCUS MPEJICTaBISIIOT €000l BechbMa BaKHBIE
XapaKTEePUCTHKHU CIIydyailHOM (YHKIMM; OJHAKO Ui OMHMCAaHUS OCHOBHBIX OCOOCHHOCTEH
ClIy4alHOM (YHKIHMM S3THUX XapaKTepUCTHK HeJocTaToyHo. YToObl yOeauThcsi B 3TOM,

y Ky - Hq(E) .
paccCMOTPHM JIBE ClTydaiiHble (DYHKIHH u , HarJsIIHO M300PaKEHHBIC CEMEWCTBAMHM
peanu3anuii Ha prc.

.y . () XA
v CJIIYYauHBbIX (bYHKLH/H/I n IMPpUMCPHO OJUHAKOBBIC MATEMATHUYCCKUC
OXKHUJIQHUSI ¥ JIUCTICPCUH; OJHAKO XapaKTep JTUX CIy4alHbIX (YHKIMH pe3ko pasmudeH. J[is

- Xyt
ciydaitHON (pyHKIUU 1) XapaKTepHO IJIaBHOE, IOCTENIEHHOE U3MEHEHHUE.
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Ecnu, nanpumep, B Touke ¢ crmydaiinas (QyHKIusS 1) MpUHsJIA 3HAuY€HHUE, 3aMEeTHO

f
TIPEBBIMIAIONIEE CPEHEE, TO BEChbMa BEPOATHO, UTO M B TOUKE ¢ OHA TakKe NMPUMET 3HAUCHHE
0O0JIbIIIE CPESTHETO.

- Ayt
Jns cnyvaifHoi (yHKIUN 1) XapakTepHa SIPKO BBIPAKECHHASI 3aBUCHMOCTb MEXAY €€

3HaYeHUsAMM Tpd  pasnuunbix £, Hanporus, ciydaiinas —QyHKous £ UMEEeT PE3KO
KOJICOATENbHBIA XapaKkTep C HENpPaBUIBHBIMH, OECHOpsIOYHBIMU KojeOaHwmsmu. [l Takoi
cilydyaiiHON (yHKLMHU XapaKTepHO ObICTpOE 3aTyXaHUE 3aBHCHUMOCTU MEXKIY €€ 3HaUCHUSMH 110
Mepe YBEIMYEHHs PACCTOSHUS 10 ¢ MEKILy HUMM.

O4eBHIHO, BHYTPEHHSS CTPYKTypa 000UX CIydallHBIX MPOLIECCOB COBEPIICHHO pa3NyHa,
HO JTO pa3iu4ue HE YJIaBIMBACTCA HU MAaTEMaTHMUECKUM OXKHJIAHUEM, HU JUCIEPCUEH; NI €r0
ONMCaHNS HEOOXOIMMO BECTHU CHEIHAIbHYIO XapaKTEPUCTHUKY.

Ora  XapakTepUCTUKa  Has3blBaeTCsl  KOPPESALMOHHOM  QyHKiumed  (uHaue -
ABTOKOPPENSALIMOHHON (DYHKITHEH).

1.3 Jlexkuust Ne3 ( 2 yaca).

Tema: «XapaKTepUCTHKH CJAYYAHHON yHKIMI»

1.3.1 Bonpocsl Jekuum:

1. KoppensuonHnas GyHKIHs, CBOMCTBA.

2. HopmupoBaHHasi KOppeIsIIMOHHAs (QyHKIIHS.

3. B3aumHast koppensiuuoHHas QyHKIUs, CBOMCTBA.
2. KpaTkoe cojiep:kaHue BONPOCOB:

1. Koppensiiionnast ¢pyHKIus, CBOWCTBA.

Koppensuronnast ¢GyHKIUS XapaKTepu3yeT CTENEeHb 3aBHCHMOCTH MEXKIY CEYCHHUSIMU
CITy4aiiHON (Q)YHKIMM, OTHOCAIIUMUCS K Pa3IM4HbIM £ .
HyCTL HUMECCTCA cnyqaﬁHaﬂ (I)YHKI_[I/HI X(ﬂ , paCCMOTPpHUM JIBa €€ CCUCHUA, OTHOCAIINXCA K
iyt . Ky X"
pa3inuYHbIM MOMEHTaM: * U * , T. €. IBC CIIy4aWHBIC BCIUYNHBI n . O‘IeBI/II[HO,
A(z) AL

t
4qTO IIpU OIM3KUX 3HAYECHHUAX £ u £ BCJIMYHHBI CBSI3aHBI TECHOM 3aBHCHUMOCTBIO:



Al A o
CCJIn BCIIMYHUHA () anHsma KakKoe-TO 3Ha4Y€HUuE, TO U BCIMYHHA ( :I C 60J‘II>IHOI/I
BepOHTHOCTbIO HpI/IMeT 3Ha4YCHUC, 6JII/I3KOG K HeMy. O‘-IGBI/I[[HO TaKXKC, 4TO HpI/I yBeJII/IlleHI/II/I

it Ay AL
HHTEpPBATIA MEXKAY CEYEHUSIMHU ©, © 3aBUCUMOCTb BEJIWYHUH u BOOOIIE JOJDKHA
yObIBaTh.
i)
IAI’.\
-’,’ I —-\\ xé‘)’
) )N
; ! \\\ ”,T';(‘".
’ \ 4 -
g ¢t ¢t . VAR
EAE EAA .
CreneHp 3aBHCUMOCTH BEJIWYUH () u (£ MOXXET OBITh B 3HAYUTEIBHOW Mepe

O0XapaKTepu30BaHa MX KOPPETISALHUOHHBIM MOMEHTOM; OYEBUIHO, OH SIBIISICTCS (PYHKIMEH ABYX
r
aprymenToB ¢ u ¢ . Dr1a QyHKINSA U HA3BIBACTCSA KOPPEIAIHOHHOMN (yHKIIHEH.

. . N X(E)
Takum o00pa3oM, KOppemsInMOHHOW (YHKIMEH ciaydaiiHOH (yHKunu Ha3bIBACTCS

. Kot . P
Hecny4aiiHas (QyHKIMS IBYX apryMEHTOB x (& :', KOTOpas TpH KakIoH mape 3HaueHuit £, ¢
paBHA KOPPEISIIUOHHOMY MOMEHTY COOTBETCTBYIOIINX CEYCHUH CIydaiiHOW (DYHKIIMH:

Kyle, )= M X(6) X(0]

ped B =X -m ) XE)=X@)-m ()

T

X (e) |, L300

Bepuémcs k mpumepam ciydalHbIX (DyHKIUN . MBI BUAMM TENEPH, UTO

. Ayt
OpU OAMHAKOBBIX MAaTEMaTHUECKUX OXKHUAAHUSAX M JUCHEPCUSX ClydaiHble (YHKUIUU 1)
At
u 200 UMEIOT COBEPIICHHO pa3iu4Hble KoppensuuoHHble (yHkuuu. KoppensunoHHas
- A2
byHKIMS  cayyallHOW — QyHKIUU () MEIJIEHHO  yObIBaeT 1O Mepe  YBEIUYEHHUS

IIPOMEKYTKA (.49, HAIpOTHUB, KOPPENSLUOHHAS (PYHKINS CaydalHON (QyHKIUU £ OBICTPO
yOBIBAET C YBEJIIMYEHUEM ITOTO IPOMEKYTKA.

f
BoisicHuM, Bo uTO OOpamaercst KOppeisiuoHHas (yHKIUSA £yt

=t

, Korga €€ aprymMmCeHTbI

coBmazgarot. ITomaras , AIMCCM!

Ky .0 = MUK ) 1= D, )

t _— (v (3
T. e. ipu £ =% xoppenanuonHas QyHKIMS 0Opamaercs B AUCHEPCHIO CIydaiHOH GyHKIHH.

Takum o00pa3oM, HEOOXOJUMOCTb B JHUCIEPCUHM Kak OTICIBHOW XapaKTepUCTUKE
ClIy4aiiHOM (DYHKIMM OTHAJAaeT: B KAaueCTBE OCHOBHBIX XapaKTEPUCTHK CIydyalHOW (QYHKIIUU
JIOCTaTOYHO pacCMaTpUBaTh €€ MAaTEMaTHUECKOE OKUAAHNE U KOPPEISUOHHYIO (QYHKIIHIO.

. . At Al
Tak Kak KOPpPEISLHUOHHBIM MOMEHT JBYX CIy4alHBIX BEJIMYUH & u (£ HE 3aBUCUT
OT IOCIEAOBATEIBHOCTH, B KOTOPOM 3TH BEIUYMHBI PACCMATPUBAIOTCA, TO KOPPEIALMOHHAsS
GYHKIUS CUMMETPUYHA OTHOCUTEIBHO CBOMX apryMEHTOB, T. €. HE MEHSETCS IpU NepeMeHe
apryMEHTOB MECTaMU:
) i
K, =K1 _

Ha mnpaxTtuke, eciu TpeOyeTcsi MOCTPOUTh KOPPEISALUOHHYIO (YHKLHIO CIydyaiHOM

Xt

byHKIUA (2 , OOBIYHO TIOCTYIAIOT CJIEIYIONIUM 00pa3oM: 3aaf0TCS PSIJAOM PaBHOOTCTOSIIUX
3HAYCHUH apryMeHTa M CTPOSAT KOPPEIAIMOHHYIO MATPHUILy MOJYYECHHOW CHCTEMBI CIy4YaiHBIX
BEJIMYMH. JTa MaTpHIla €CTh HE YTO MHOE, KaK Ta0JIMIa 3HAUEHUH KOPPEISIMOHHON (YyHKIUU
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. . i
JUIsL TPSAMOYIOJIbHOM CETKM 3HAYE€HWW AapryMEHTOB Ha IUIOCKOCTH (e, r:'. Manee, myrem
UHTEPIOJIMPOBAHUS  WIM  ANNPOKCHUMAIMM  MOXHO  TOCTPOUTH  (PYHKIUIO  JIBYX

apTyMCHTOB £y .

2. HopMupoBaHnHast KoppensiiuoHHas QyHKIUS.

f
Bmecto koppensimoHHON  (QyHKIHH £y MOXHO II0JIb30BAaTbCsl HOPMHUPOBAHHOU
KOPPENSIUOHHON (pyHKIMEH:
KL (8,60

W= e

. Xy Xt
KOTOopasi  mpeicTaBiser  co0oil  kodDPUIMEHT  KOppensuud  BeIHYUH () , (&) .
HopMmupoBanHas koppensivoHHas (QYHKIMS aHAJIOTMYHA HOPMUPOBAHHOW KOPPENSLMOHHON

t —_—
MAaTpUIe CHCTEMBI CIydaiHbIX BemuuuH. [Ipu & =% mopMupoBanHas KOppensIMOHHAS QYHKIHS
paBHA €UHULIE:

Kye) Dy

=1
[, [o0]

roltt) =

3. B3aumHas koppensiuuoHHas QyHKIUs, CBOMCTBA.

BbIsicHIM, Kak MEHSIOTCS OCHOBHBIE XapaKTEPUCTHKH CIIydallHOW (QYHKIUHU TIpH
JJIEMEHTAPHBIX OINEpalUsaX HaJ HE: IpU NpUOABICHUM HECIy4yaillHOro ciaraeMoro M mpu
YMHOXEHUH HA HECIy4alHbI MHOXHUTENIb. JTH HECIy4YalHbIE CIaracMble U MHOXKUTEINU MOTYT
OBITH KaK MOCTOSHHBIMH BEJIMYMHAMM, TaK B 00IIEM Cilydae ¥ GpyHKIUSIMH &

A(2)

o o i
[TpubaBum Kk ciyyaitHON QyHKIIUM HECJIy4aliHOE cllaraeMoe 20 . ITomyunm HOBYIO

CIy4aiiHy1o () yHKIIHIO:
Y= X()+ (L)
ITo Teopeme C0KEeHNsT MAaTEMaTUYECKUX OKUTAaHUMN:

2y () = 1 (£) + )

T. €. TMpu TMpuOaBIeHUH K ciaydadHOW (YHKIMH HecIy4alHOro cjaraeMoro K ee
MaTeMaTHYECKOMY OXKHJIaHHIO MPHOABIISIETCS TO K€ HECTYJalHOE CIaraeMoe.

}’{.ﬁ}:

OnpenenyM KOppeasiHuOHHYI0 (QYHKIUIO CIIy4ailHON (yHKIIUN

K, (.= MF @YD= MUY O - m, @) —m, (€0)] =
= MI(X () +(2) — oy (8) — O () + @) — oy () — 2] =
= MI(X @) —m, (DX @) -, ] = K, 0.8

T. €. OoT npuOaBiIEHHUS HECIy4YaillHOro CJIaraeMoro KOppEesIUOHHAs (QYHKIMS claydailHOU
(GyHKLINU HE MEHSETCS.

o).

. At ooy
YMHOXHUM CJIY4auHYIO (I)yHKI_[I/IIO I: :I Ha HCCIIYHYaUHbIM MHOXUTCIIb

T =@ X
Brinocs HCCquaﬁHYIO BCIIMYNHY Q’J{f:l 3a 3HaK MaT€MaTU4YCCKOro OXXnaaHusa, NMCCM:
iy (t) = M @)X (6] = @it oy (£)

T. €. IPU YMHOXEHUU CITydalHOW (PYHKIIMHM HA HECITyYalHBI MHOXXHUTEIIb €€ MaTeMaTH4eCcKoe
OKHNJaHHUC YMHOKACTCA HA TOT )KC MHOXKHUTCIIb.
OmnpenensieM KOPPETSIUOHHYIO () YHKITUIO:

9



=1 o

K, (.= MF@ 0] = MUY - m, @) =, ()] =
= M@ @ ) (X @) —m, (DX Q) —my (D] = PO PN, 2.8
T. € T0pU YMHOXEHUU CcIOy4yailHOW (QyHKIMM Ha HeclydyalHyl (YHKIUIO @t) ee
KOppesiioHHast yHKITUS YMHOKAETCS Ha AL .

B yactHOCTH, KOTIAa P =c (He 3aBHCHT OT ¢ ), KOpPpENALMOHHAs DYHKIMSA YMHOXKAETCS Ha © : .
[Tonp3ysch BbIBEIEHHBIMH CBOMCTBAMU XapaKTEPUCTHK CIyYalHbBIX (DYHKIMA, MOYKHO B
pszie cilydyaeB 3HAUUTENBbHO YIPOCTUTH ONEpaluu ¢ HUMHU. B dyacTHocTH, korpa Tpebyercs
UCCIIEIOBaTh KOPPEIIIUOHHYI0 (YHKIHMIO WIM AHMCIEPCUIO CIy4aiHOH (QYHKIMH, MOMXHO
3apaHee MepPErTH OT Hee K TaK Ha3bIBAEMOW LIEHTPUPOBAHHOM (PYHKITUU: )= A(8)—my 8)
MaremaTtnueckoe 0KuaHue LEHTPUPOBAHHON (YHKIIMU TOXKIECTBEHHO PAaBHO HYIIIO, a €€
KOppensiquoHHass  (QYHKOHMS  COBHNAJAeT C  KOPPEISIIUOHHOW  (QYHKIMEH  ciydaifHOH

e e

K gy =MADX()]= K,
byHKUIUM () DX .
IIpu uccnenoBaHuM BONPOCOB, CBA3AHHBIX C KOPPEJALMOHHBIMU CBOMCTBAMM CIIY4alHBIX
GyHkuui, Mbl B JajbHEWIIEeM Bcerga OyAeM HepeXxOAUTh OT CIy4alHbIX QYHKIUH K
COOTBETCTBYIOIIMM IIEHTPUPOBAHHBIM (DYHKIMAM, OTMedYas 5TO 3HAYKOM = BBEpPXY 3HAKA
(GYHKIHH.
WNHorna, Kpome LEHTPUPOBAHUS, NPUMEHSAETCS elle HOPMUPOBAaHUE CIy4YalHbIX (yHKIMH.
HopmupoBanHoii Ha3pIBaeTcs ciyvaitHast GyHKINS BUAA:

o

X
X0

Aylfy=

i veaiino X (0
KoppensuuonHas GyHKIMs HOpMUPOBAaHHOH ciy4yaiiHO! QyHKIMM paBHa

N S1C Y r
Ent0 = ey e

a ee JUCIepcus paBHa eIMHULIE.

1. 4 Jlexuust Ned ( 2 uaca).

Tema: «/luHamuyeckas cucrema. Oneparop AMHAMHUYECKOH CHCTEMBbD)

1.4.1 Bonpocs! JJeKuum:

1. IToHsiTHE TUHAMWYECKON CUCTEMBI, IPUMEPHI.

2. Ilonatue onepaTopa AMHAMUYECKON CUCTEMBI, IPUMEPBHI.
3. Buzbl TMHENHBIX ONEPAaTOPOB, IPUMEPBHI.

2. KpaTkoe cojiep:kaHue BOIPOCOB:

1. TTonsiTEe TMHAMUYECKOM CUCTEMBI, TPUMEPHI.

VIMeeTcsi HEKOTOpas IMHAMHYCCKAs CHCTEMA <1 ; M0 «IMHAMHUYECKON CHCTEMON» MBI
MMOHUMAaeM JTF000W TIpHOOp, MPHUIIEN, CYCTHO-PENIAIONINA MEXaHH3M, CHCTEMY aBTOMATHYECKOTO
yIpaBJIeHUS U T. . ITa CUCTEMa MOKET ObITh MEXaHUYECKOH, FMEKTPHUECKON WIIM COJepPKATh
mo0bIe Apyrue AIeMeHThl. PaboTy cucTteMbl OyneM IpencTaBlaTh ce0e CIeAYIOIMMM 00pa3oM:
Ha BXOJ CHUCTCMbI HCIIPCPBIBHO MOCTYIMAKOT KAKHC-TO BXOAHBIC JAaHHBIC, CUCTEMAa
nepepadaTbiBacT WX WM HEMPEPHIBHO BBITACT HEKOTOPBIM pe3yiabTar. YCIOBUMCS Ha3bIBaTh
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MNOoCTymnmaromumue Ha BXOA CHUCTCMbI JaHHBIC! ((BOSHeﬁCTBHGM)), a BBIILaBaeMBIfI pe3yibTaT
((peaKI.[HefI)) CHUCTCMBI Ha 3TO BO3I[€I>1CTBHC.

PaCCMOTpI/IM CcaMBIH HpOCTOfI cnyqaﬁ: Koraa Ha BXO0J CHCTEMBI A noaacTcCs TOJIBKO OJHO

BO3/CUCTBHUE, MPEACTaBIAONEe COO00H (YHKIIMIO BpPEeMEHHU x(e) . . peakuus CUCTEMBbI Ha 3TO

yie)

BO3JICIICTBUE ecTh Japyras (yHKUHS BpeMEHU Cxema paboTsl cucteMsl 4 ycioBHO

n300paXkeHa Ha puc.

Byz[eM IrOBOPHUTb, YTO CHCTCMaA A OCYHICCTBJIACT HAA BXOIHBIM BO3HCﬁCTBHCM HCKOTOPOC

x(£)

npeoOpa3oBaHue, B pe3yabTaTe KOTOpPOro  (yHKIUs
byHKIHIO yiE) .

[IpeoGpaszosanue 4 Moxxer GbiTh Tr0GOro Buza M 00O cioxHOCTH. B HamGoiee
OPOCTBIX CIIydasix dTO, HANpPUMEP, YMHOXKCHUE HA 3aJaHHBIA MHOXUTENb (YCHUJIMTEINH,
MHOKUTETHHBIC MEXaHU3MBI), mudhepeHIpoBaHNE WA UHTETPUPOBAHUE
(muddepenupyromnyie WM UHTErpUpyIoUe ycTpoiictBa). ONHAKO Ha MPAKTUKE CHCTEMBI,
OCYIIECTBIISIONIUE B YCTOM BUJIE TAKUE TIPOCTEHINNE MPEOOPa30BaHMUS, ITOYTH HE BCTPEUAIOTCS;
Kak MpaBWwio, paboTa CHUCTeMbl oOmnuchiBaeTcs auddepeHInaIbHBIMA —ypaBHCHUSAMHU, U

npeoOpasyeTcss B JAPYTYIO

npeoGpasoBanme 4 cBomuTcs K peureHno AudQepeHIMAIBPHOIO YPaBHEHHS, CBS3bIBAOLICTO

o Xk
BO3JICUCTBUE ® C peakiuein yie :'
[Ipu uccnenoBanumn ﬂHHaMquCKoﬁ CUCTEMBI B IIEPBYIO OUYEpeAb peIIacTCs OCHOBHASA

x(£)

. i
3aZlada: I0 3aJaHHOMY BO3JCHUCTBHUIO ONpCACIINTh PCAKIIUIO CHUCTCMbI ‘}?( :I . O,Z[HaKO JJI
IIOJIHOT'O HCCJIEIOBAaHUS CHCTEMBI M OLICHKM €€ TEXHMYECKMX KaueCTB TaKoH BHCMCHTapHLIﬁ

o . Xt

MOAXOJ SBJIAETCS HENOCTATOYHBIM. B JeMCTBUTENBHOCTH BO3AEHCTBHE (&) HUKOIZIa HE
IIOCTYNAeT Ha BXOJ CUCTEMBI B YUCTOM BHJE: OHO BCETJa UCKa)KEHO HEKOTOPBIMM CIIy4alHBIMHU
omunOKaMu (BO3MYILEHUSIMHU ), B pe3yJIbTaTe KOTOPhIX HAa CUCTEMY (DaKTHMUECKU BO3/ECHUCTBYET HE

x(£) i Al
3a/aHHas  QyHKIUA , a ciy4yaiiHas (QyHKIHS ; COOTBETCTBEHHO 3TOMY CHCTEMa

¥

BbIpa0aThIBaeT B KayeCTBE PEaKUUU CIy4alHYH (YHKIUIO , TAKXKe OTIMYAIOUIYIOCS OT

yiE)

TEOPETUUECKON peaKiuu

)
A0 77 N

\ Ve / v /t/
A a

EcTrecTBEeHHO BO3HMKAaeT BOIPOC: HACKOJIBKO BEJIUKH OYAYT CiydailHble HCKaKEHUS
peakIMy CHUCTEMBI IPU HAJIMYMU CIIy4alHBbIX BO3MYLIEHUN Ha ee Bxoje? U mamee: Kak ciemyer
BBIOpATh MapamMeTpbl CUCTEMBI JAJISl TOTO, YTOOBI 3T UCKaKEHHsI ObLIIM MUHUMATbHBIMU?

W3 nByx mocTaBiieHHBIX BBIIIE 3aj]a4, €CTECTBEHHO, Oojiee MPOCTOM SIBIISETCS MepBas -
npsmas - 3agada. Copmynupyem ee CleayouM 00pa3oM.

XD

Ha Bxom aumHaAaMHMYECKOM CHCTEMEI A MMoCTynacT cnyqaﬁHaﬁ (I)yHKI_II/IH , cucrema
noaBEpract €€ MU3BCCTHOMY Hp606p8.30BaHI/IIO, B PpE3ysJbTaTC 4YCro Ha BbIXOAC CHUCTCMBI

NOSIBIISIETCS, CllydaiiHas QyHKIUS:
T =AHXe
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V- AL
W3BecTHBI XapakTEepUCTUKU CIy4alHON (YHKIMH (& : MaTeMaTH4ecKoe OXKUIaHHE U

KoppemsiionHass QyHkmus. TpeOyercs HaWTH aHAJOTHUYHBIE XapaKTePUCTHKU CIyYaiHOU

Yig -

byHKIIH (¢) . Kopoue: mo 3amaHHBIM XapakTepUCTHKaM CIy4alHOW (QYHKIMH Ha BXOJE

JUHAMUAYECKON CHCTEeMbl HAUTH XapaKTEPUCTHKH CIy4aiHOW (QYHKIIMM Ha BBIXOJIE.
ITocraBneHHas 3ajauya MOKET ObITh PELIEHA COBEPIIEHHO TOYHO B OJHOM YaCTHOM, HO

BE€CbMa BAXXHOM JJIA MPAKTHUKU CJIydac: KOoraa Hp606pa30BaHI/Ie A MPUHAJICKHUT K KJIACCY TaK

Ha3bIBAEMbIX JIMHEMHBIX IPe0Opa30BaHUN U COOTBETCTBEHHO CHUCTEMA A IIPUHAIUICKUAT K
KJIACCY JINHEUHBIX CUCTEM.
2. IlonsTue oneparopa AMHAMUYECKON CUCTEMBI, IPUMEPHI.

[lonsiTue omeparopa sBiasercs oOoOuienneM noHaTus ¢yHkuuu. Korma wbl
ycTaHaBIMBaeM (YHKIMOHAIBHYIO CBSI3b MEHKIY ABYMS [IGPEMEHHBIMH © H % H [UIIEM:

y=F)

TO 1104 CHMBOJIOM f Mbl IIOHMMAEM IIPpaBUJIO, II0 KOTOPOMY 3aJaHHOMY 3HAYCHHIO x

NPUBOIMTCS B COOTBETCTBHE BIIOJHE OIPEACICHHOE 3HAUYCHHE © . 3HAK S ects cumpon

HEKOTOPOTO TIPE06Pa3soBaHKs, KOTOPOMY HYXKHO MOIBEPIHYTh BETHIHHY * , UTOOBI TONYIHTE »

COOTBETCTBEHHO BHUAY JTOrO MpeoOpa3oBaHust (YHKIMH MOTYT OBITh JUHEHHBIMH H
HEJTMHEHHBIMH, aIreOpandecKuMH, TPAHCIICHICHTHBIMH U T. JI.

AHaIIOTUYHBIC TIOHSATHS ¥ COOTBETCTBYIONIASI CHMBOJIMKA MMPUMEHSIOTCS B MATEMATHKE U

B T€X CIyYasx, KOrja mpeoOpa3oBaHUIO MOJBEPraloOTCs HE BEIUYMHBI, a GyHKIHH. PaccMoTpum

HEKOTOpPYI0 (DYHKIUIO x(t)

byHKUIUS x(E) npeodpazyercss B JIPYryr0 (QyHKIIHIO Y (r’:'. 3anuiiemM 3TO TpeoOpa3oBaHHUE B
CIICAYIOIIEM BUJIEC:

U YCTAHOBHUM OIIPCACIICHHOC IIPaBUJIO _;";1’ COIJIaCHO KOTOpPOMY

yit)=Alxe)}

Ipasmno 4, cormacHo koTopoMy (yHKIHs x(e) nmpeobpasyercst B GyHKIHO » ) , MBI
OyZeM Ha3bIBaTh OIEPAaTOPOM; HAIIPUMED, Mbl OyJIeEM TOBOPUTH: onepaTop AUQhepeHIpOBaHMUS,
olepaTop MHTErPUPOBAHMSI, OTIEPATOp pelIeHus AupdepeHInalIbHOr0 ypaBHEHNS U T. 1.

Ecnu nuHamuveckas cucrema mpeoOpasyeT MOCTYHArolylo Ha €€ BXOJ (PyHKIUIO x(¢) B

GyHKIHIO i) :
yie)= A=)}

T0 orepaTop 4 Ha3bIBAeTCA OMEPATOPOM AHHAMUUYECKOH CHCTEMBL.

B Gonee oOuiem ciyyae Ha BXOJ| CHCTEMBI IIOCTYNAET HE OJIHA, & HECKOJIBKO (YHKIINH;
paBHBIM 00pa30M Ha BBIXOJIE CHCTEMBI MOTYT TMOSIBIISITHCSI HECKOJBKO (DYHKITHIA; B 3TOM CiTydae
OIepaTop CUCTEMBI MpeodpazyeT OJHY COBOKYMHOCTh (PyHKIHMH B apyryto. OpHako B LENAxX
NPOCTOTHl M3JIOKEHUST MBI PACCMOTPHM 3lIeCh JIMIIb HaumOoyiee SIEMEHTApHBIA CiTydai
npeoOpa3oBaHus OAHOHN (PyHKIIMH B APYTYIO.

3. Busibl TMHEWHBIX ONEPaTOPOB, IPUMEPHI.

IIpeoOpa3oBanust WM ONEpaTOPhI, IPUMEHsEMbIE K (QYHKIUSAM, MOTYT OBbITh Pa3JIMYHbIX
tunoB. HauOosee BaXXHBIM [UIsl MPAKTUKHU SIBISETCS KIJIACC TaK HA3bIBAa€MBIX JIMHEHHBIX

onepatopoB. Omneparop L HaspiBaeTcs  MHEHHBIM OJHOPOIHBIM, €Cld OH o0yajaer
CIIEYIOIIMMH CBOUCTBAMMU:
1) x cymme QyHKIMI oiepaTOp MOXKET MPUMEHSATHCS TOWIEHHO:

Lin @O+ x )} = L{xn O} + Lxg ()} .

2) IOCTOSIHHYIO BEIMYMHY © MOXHO BBIHOCHUTH 3a 3HAK OIepaTopa:
Licxi(e)} = cL{x(f)}
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W3 BTOpPOro CBOMCTBAa MEXAY MPOYHUM, CIEIYET, YTO I JIMHEWHOrO0 OJHOPOJHOIO oleparopa
CIIPABEIIMBO CBOMCTBO
Li0y=0
1

T. €. IIpU HYJICBOM BXOJHOM BO3ﬂCﬁCTBHH pCaKknusa CUCTEMBI paBHA HYIIIO.
[TpuMepbl TMHEWHBIX OJHOPOIHBIX ONEPATOPOB:
1) onepatop nuddepeHmpoBaHus:
dxiE)
dt

yig) =

2) onepaTop UHTETPUPOBAHMUS:

f
y(£) = Ix(r)a?‘.r
0

@e) .

3) onepaTop YMHOKEHHUS Ha ONPEACTICHHYIO (PYHKIIUIO :
() = pOyae)

uT. IO.

Kpome nMHEHHBIX ONHOPOAHBIX ONEPATOPOB, CYLIECTBYIOT €HIe  JIMHCHHBIC

HEOIHOPOAHbIC OIepaTopsl. Omeparop L HasblBaeTCs IMHEHHBIM HEOXHOPOAHBIM, CCIH OH
COCTOUT W3 JIMHEHHOTO OIHOPOAHOTO oOmepaTopa ¢ NpuUOaBIEHHEM HEKOTOPOil BIOIHE

o).
L{x(®)) = Lp{x©) +0(0)

orpeneNeHHON QyHKINN

rae i JINHEMHBINA OJTHOPOAHBIN ONeEpaTop.
IIprMepsl TMHEWHBIX HEOAHOPOIHBIX ONIEPATOPOB:

v =94 o
1) it ,

f
»@© = [x@edr+a ©
2 0 ,
3) YO = RO +@ (6

rjae @) ! ©) , A @ BIIOJIHE OTMpe/eEHHbIe PYHKINH, a x(e) npeobOpazyemMas onepaTopom

byHKLUS.
d

Omnepatop auddepeHnnpoBaHrs 4acTo 0003HAYAIOT OYKBOM £ it
MOMEIIAeMOM B BHJIE MHOXXHTEIS TEPea BBIPAKECHHEM, MOJIekKAUM auddepeHIInpOBaHHIO.
IIpu 5TOM 3anuce
© adx(E)
}.? =
£l = px(§
yig) = px(e) PaBHOCHIIBHA 3aIIHCH dt
2
JIBoitsoe nuddeperHnmpoBanme 0603HAYACTCS MHOKHTETEM +
2
2 d”xit)
prxll)=—
5 oyt
Berpeuaroniuecs B TEXHUKE THUHAMHYECKUE CUCTEMbl YAaCTO OMHUCHIBAIOTCS JTUHEHHBIMHU
nuddepeHMaIbHBIMA ypaBHEHHSIMU. B 3TOM ciydyae, Kak HETpYAHO YyOETUTHCS, OIMepaTop
CHUCTEMBI SIBIISIETCSA JIMHEWHBIM. JlMHAMH4YEeCKas CHUCTEMa, OIEepaToOp KOTOPOM SIBISETCS
JIMHEMHBIM, Ha3bIBACTCS TUHSHHON TMHAMHYCSCKON CHCTEMOIA.
B npoTuBOIMONI0KHOCTE TMHEHHBIM ONEpATOPaM M CUCTEMAM PACCMATPUBAIOTCS CUCTEMBI

Y ornepaTopsl HeMMHENHbIE. [[puMepaMu HETMHEWHBIX ONIEPATOPOB MOTYT CIYKHUTh
13




£
, y(:)=jx3(f.r).:ff.r |
yit)=x"(t) 0 yit) = sin x(¢)
1 H H
a TaKk)Ke pelieHne HelnuHeiHoro auddepeHnnantbHOro ypaBHeHUS, XOTS Obl
YO+ @cos y(E) = x(£)

JluHamMuueckass cHCTeMa, OIepaTop KOTOPOM HE SABIISIETCS JIMHEWHBIM, Ha3bIBACTCS
HEJIMHEHHON CUCTEMOM.

Ha npaxTtuke JMHENHHBIE CUCTEMBI BCTPEUYAIOTCS OYEHb 4acTO. B CBA3M C JIMHEWHOCTHIO
9TUX CHCTEM K aHAIM3y HMX OIMHMOOK MOXKET ObITh C OO0JbIIONH 3(P(HEKTUBHOCTHIO MPUMEHEH
anmapar TEOpUH cllydaiHbIX (yHKIuH. Elne darne, 4yem JIMHEHHBIE CHUCTEMBI, Ha TPAKTHKE
BCTPEUAIOTCS CHCTEMbl HE CTPOrO JIMHEHHbIE, HO B HU3BECTHBIX MpejesiaX JOMyCKalollie
JMHEApU3ALHUIO.

1.5 Jlekuus Ne5 (2 gaca).

Tema: «J/InHeliHbIe NpeoOpPa3oBaHUA CIYyYaiiHOH (PYHKIMH

1.5.1 BonpochI jeKkium:

1. ITocraHoBKa 3a1a4u.

2. JInHelHbIN onepaTop HHTErPUPOBAHUS.

3. JIuneiinblii onepatop audQepeHupoBaHus.
4. CnoxeHue cirydaitHbIX (QyHKIMH.

2. KpaTkoe cojiep:kaHue BOIPOCOB:

1. ITocTanoBka 3aga4u.

I[Iycth Ha BXOJI JMHEWHOW CHCTEMBI C ONEPATOPOM L BO3JECHCTBYET Cly4dailHas

Al me, (1
byHKIISA (:', MPUYEM W3BECTHBI €€ XapaKTCPUCTHKU: MATEeMAaTUYCCKOE OXUIaHHUE — * () 51

K, (t.60
KOppesiUOHHas (YyHKIUS .

dymanio T (0= LX)

Peakuust cucteMbl mpencTaBisieT CcOO0OW clydallHYIO

Tpebyercs HaAWTH XapaKTEPUCTUKH CIIydyailHON (QyHKIMU Fie Ha BBIXOJE CUCTEMBI: 7yl
Ky(t,£) L. oo
u . Kopoue: no xapakrepuctukam ciy4yailHoW (QyHKIMU Ha BXOJE JUHEHHON CHCTEMBbI
HaWTH XapaKTepUCTUKU CITy4aliHON (YHKIIMH Ha BBIXOJE.
IlokaxxeM cHayajla, 4TO MOXXHO OIPAaHHUYUTBHCA PELICHHUEM JTOW 3aJayd TOJIBKO IS

OJHOPOIHOTO omepaTopa L . JleHCTBUTEIbHO, MyCTh ONEpaTop L HEOTHOPOJEH ¥ BHIPAKACTCS

dopryaoii LEEO}= L (XO)+¢0)
rie Iy . JIMHEUHBIN OJHOPOJHBIA OIEPATOP, COR ompejeNieHHass HeclydaiHas (QYHKIIMSL.
Torna

my (£) = M [ In{X (6} ]+ @lt)

T. €. GyHKIus P2 MpPOCTO MpubaBiIsieTcs K MaTeMaTHYeCKOMY OXHIAHUIO CIydailHOU
(GYHKIIMM Ha BBIXOJIE TUHEHHON cucTeMbl. UTO e KacaeTcsl KOPPENISIMOHHON (PYHKITUH, TO, KaK
U3BECTHO, OHA HE MEHSETCS OT MPUOABJICHUS K CIIy4yailHON (yHKLIMU HECITy4allHOTO CIaraemMoro.
[ToaTomy B ganbHEHIIEM U3JI0KEHUU IO/ «JIMHEWHBIMH oriepaTopamu» OyleM pa3yMeTh TOJIbKO
JMHEWHBIE OJHOPOHbIE oniepaTophl. PemmM 3agauy 00 onpeneneHnu XapakTepUCTUK Ha BBIXO/IE
JMHENHON CUCTEMBI CHauaja JJisl HEKOTOPBIX YACTHBIX BUJOB JINHEWHBIX OIEPAaTOPOB.
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2. JIuHelHbI{ oniepaTop HHTErPUPOBAHUS.

X

o ML LE
Hana cllyJanHas (byHKuI/I;I MATEMATUYECKUM OXKHJIAaHUEM x( ) "

N o KL (88D . ¥ X8 o
KOPPEISIIMOHHON (PyHKIIHEH . Cnyuaiinas ¢GyHKIUSA CBs3aHa C JIMHEUHBIM
OJHOPOJHBIM OIIEPATOPOM MHTCTPUPOBAHMSI:

f
¥if) = j X(DdT
]

i
TpeOyeTcst HaTH XapaKTEPUCTHKU CydalHON (yHKIIUH rie) , P ) u £y (62) .

IIpencraBuM UHTErpan Kak MPees CyMMBI:

f
Y6 = JX(T].:I’T= ﬁﬂug X(T)AT

U NPUMEHMM K PaBEHCTBY OIEpPALMI0 MaTeMaThyeckoro oxkuaanus. [lo teopeme cioxeHUs
MaTeMaTHYECKUX OXKUIAAHUN UMeeM:

wy, ()= MFiz)]= ﬁlti—ﬂn?' M[E(7)]hT=

f
= lim T MT= | m, (T
m—:»nzl.'.' x (%) g (0

Hraxk,

f
(€)= [, (DT
0

T. €. MaTeMaTUYECKOe OKHMJIAHWE MHTETpalia OT CIy4alHOW (DYHKIIMH PAaBHO MHTErpajy OT €e
MaTeMaTHUYeCKOTO OXUJaHUs. MHBIMEH cloBaMM: OMNEpaluio HHTETPUPOBAHHUS U OIMEpaIUIo
MaTEeMaTUYECKOT0 OXKUIAHUS MOXXHO MEHSTh MECTaMH. JTO M €CTECTBEHHO, TaK KaK Omeparus
MHTETPUPOBAHUS IO CBOEH MPHUPOE HE OTIMYAETCS OT ONEPALMH CYMMHUPOBAHMS, KOTOPYIO, KaK
MBI paHblile YOeIUINCh, MO)KHO MEHSITh MECTaMH C Olepaliiell MaTeMaTUueCKOro OXHUIaHusI.

£

£, -
Haiiném Koppensuuonnyio GyHKIuo  * . J1 3TOTrO NMEepen1éM K HEHTPUPOBAHHBIM
CIIy4aifHBIM (PYHKIIUSIM:

o
o

X=X -m () TO=TE—m(L) |

HerpynHo y6enutscs, 4yto
=1 f =1

Y8 = j X(DdT
I}

ITo onpenenenuio KOPPEIAHMOHHON PYHKIIUH,

o =1

K (6.8 = MY @) )]

Trae
a f o o e
Yo = [ X(mdr 1) =] X(T)ar
0 X 0
HerpynHo yOeauThCsi, 4TO MPOM3BEICHUE JABYX HMHTETPAJIOB B MPABOM YacTH (HOPMYIIbI
PaBHO ABOMHOMY HUHTErpaiy.

CrnenoBaTeiabHO,
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a a Fflo o
YY) =[] X x()dr
nn
IIpuMeHsst K paBeHCTBY OIEpalMi0 MaTEMAaTUYECKOIO OKUBIICHUS U MEHSS €€ B IIPaBOi
qacTu MECTaMU C onepauneﬁ HHTCTPHUPOBAHUA, ITIOJTYIUM!
o o f ff o o
K, (6= MY ()Y (9] = j IM[X(T) X)) drdr’

00 ,
HNJIN OKOHYATCJIIBHO:
fi
Kye)=[| &, (r, 1) drde’
oo

Takum oOpazom, mjis TOTO YTOOBI HAWTH KOPPENSIMOHHYIO (YHKIIMIO HHTErpaja OT
ClIy4ailHOM (YHKIUH, HYXHO JBaXJbl MPOUHTETPUPOBATH KOPPEISILHOHHYIO (DYHKIIHIO
WCXOJHOMW CIIy9aliHOUM (YHKIMH: CHaJaJia 1o OJTHOMY apryMEHTY, 3aTeM - 110 IPYyrOMY.

3. JIunetinblii onepatop audpepeHpoBaHus.

y X0 (2] y
I[aHa CJ'IyT-IaI/IHaFI CI)YHKHI/IFI C MAaTEMAaTH4YCCKHUM OXHUIAHUECM nu KOppeJI)IIII/IOHHOI/I

r
byHkuuen Lylet :'. CnyyvaiiHas  (yHKIMS 7 CBSi3aHa CO CiydailHOH (yHKIMEH ()
JMHEWHBIM OJTHOPOIHBIM OlepaTopoM nudHepeHIupOBaHHS:

v =0
et
i Kot
Tpebyercs HaiiTu iyl u 7 { ';.
P(o - tim ZEHAD-XE)
[IpencTaBuM MPOM3BOIHYIO B BHJE IPEIEIA: L=l A

HpI/IMGHflfl K PaBCHCTBY OIICpalli0O MaTEMATUYICCKOI'O OKUAaHWs, ITIOJTYUNM:

~ L (Al —m () dmy(D)
m}’m_M[F{ﬂ]_iﬂu ” =

Hrak,
dim (£)
df
T. €. MaTEMaTHYECKOEe 0’KUJIAaHUE TPOU3BOJHON OT CaydalHON (PYHKIIMM paBHO MPOU3BOJHON OT
€€ MaTeMaTUYECKOro 0KUAAHMS.
CnenoBarenbHo, onepanuio auddepeHIpoBaHus, KaK M OINEepaldi0 WHTErPUPOBAHUS
TOKE MOYKHO MEHATh MECTAMM C OIlepaliieil MaTeEMaTUYECKOTIO 0KUIAHMS.

Py )=

LeRY ()

Jna onpenencHus nepeiiéM K LEHTPUPOBAHHBIM CIy4YailHBIM (DyHKIHAM

o

d X(8)

: ()=
n A : OUEBUIHO: el

ITo onpenenenuto

Ky(6t)=MX@re)]

=] L=

I Y@ T .
OJICTaBUM BMECTO )41 nux BLIpa)KCHI/IH.
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K, ()= M d Xy d X"
ot ot

Mpbl f0Ka3aad, 4TO MaTeMaTHYeCKOe OKUIAHWE IMPOW3BOJHON CIydalHOW (QYyHKIIMH
PaBHO MPOU3BOJHON OT MaTEMaTHYECKOTO OXKUIAHUA, T. €. 3Haku IuddepeHIupoBaHus U
MaTEMAaTHYECKOTO OKUIaHUsI MOKHO MEHSITh MecTamu. ClieoBaTeILHO,

. o o . 2 o 2 2
FAOXE) Ty 2=

A A A

Ky(z,.f'j:M K (£

Takum oO6paszom,
2 ¢
(27

b

Wtak, dYTOOBI HaWTH KOPPEIAUMOHHYIO (YHKIHIO TPOU3BOMHON, HYXKHO JIBAXKIBI
npoanddepeHInpoBaTh KOPPEISIUOHHYIO (DYHKITUIO UCXOTHON CIydailHON (YHKIIMH: CHavaja
110 OJTHOMY apTryMEHTY, 3aT€M - 110 APYTOMY.

MoXHO J0Ka3aTh, YTO TAaKO€ TMPABHIO SBISETCS OOIMM Ui BCEX JIMHEHHBIX

£, {(£:"=

. oY
OIHOPOJHBIX OIICpaToOpoOB: €C/in ClIydyanHast (l)yHKlII/Iﬂ {:I C MaATEMATHICCKUM

K, (t.67

ML LE . o o
0KMJIAHHUEM x() H KOPpeJsUUOHHON (yHKIHeH npeodpasyercss JIMHEHHBIM

OJHOPOJAHBIM ONEPATOPOM L g CJIy4aiiHy0 (PYHKIHIO,
Fiy=L{x@)}
¥z

TO AJA HAXO0XKICHHUHA MATEMATHYECCKOIo OXKUIAAHUA c.nyqaifmoﬁ q)yHKIII/lI/l HYKHO

N At
NPUMEHHUTD TOT Ke ONePaToOpP K MAaTeMaTHYEeCKOMY O:KMIAHUIO CJy4aiiHoOH GpyHKIUH @ :

my (€)= Lim, (6))

a JJId HAXO0KICHHUA KOppeJIﬂIIHOHHOﬁ q)yHKIII/[I/[ HYKHO ABaXK/Ibl IIPUMEHUTL TOT K€

onepaTop K KOppeJasiuiMOHHON (PyHKUMHU CaydailHOH PyHKIUH X(2) , CHa4yaJjia no oJHOMY

apryMeHTy, 3aTeM - 10 APyromMy:
K, (et = BP0 (K (6.09)

Bo MHormx 3amavax MMPAaKTUKHU HAC, B KOHCHHOM C‘léTe, HHTEPCCYCT HE KOPPCILAIUOHHAA

X, (2,6 - D, @)
byHKIUS Ha BBIXOJIE JMHEWHOW CHUCTEMBI, a JUCIEPCUS XapakTepu3yromas

TOYHOCTDH pa6OTBI CHUCTCMEI B YCJIOBUAX HAJINUYUA CJIy‘-I&lfIHLIX BO3MYU_ICHI/II\/'I.

L, (&)
Jucniepcnio ¢ MOKHO HaiTH, 3Hast KOPPENSAIMOHHYIO (YHKIHIO:

D,0=K, 1)

[Ipu 3TOM HYXHO MOAYEPKHYTh, YTO, KaK MPABWIO, IUISI ONPEICICHHUS AUCIEPCHH Ha
BBIXOJIC JINHEWHOW CHUCTEMBI HEJOCTATOYHO 3HATh JUCIIEPCHUI0 HA €€ BXOJE, a CYIIECTBEHHO
Ba)XHO 3HATH KOPPEIAIHMOHHYIO ()YHKIIHIO.

JlelicTBUTENBHO, JIMHEIHAs CHCTEMA MOKET COBEPIICHHO MO-Pa3HOMY pearupoBaTh Ha
Cly4yallHble BO3MYULIEHUs, IOCTYMAlOUIME HA €€ BXOJ, B 3aBUCHUMOCTH OT TOTO, KakoBa
BHYTPECHHSISI CTPYKTypa JTHX CIyYalHBIX BO3MYIIECHHH; COCTOSAT JU OHH, HampuMep, 0
MPEUMYIIECTBY M3 BHICOKOYACTOTHBIX MM HU3KOYACTOTHBIX KOJIEOAHUIA.

BayTpeHHss &e CTpyKTypa CAy4ailHOTO MPOIECCa OMHUCHIBAECTCS HE €ro JUCIEpCHEH, a
KOPPENSIUOHHON (PYHKIIUEH.
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4. CnoxxeHHe CIydaHbIX (PyHKITUH.

Bo muorumx 3ala4ax MIpPaKTUKH MblI BCTpE€YAEMCsa C TEM, YTO Ha BXO][ ﬂHHaMquCKOfI

CUCTEMBbI IIOCTYIMAeT He OJIHA CiTy4aiiHas (pyHKIUS &(t) , a IBe WiIn OoJiee ciydaiiHble PyHKIINU,
KaXKaasi U3 KOTOPHIX CBfA3aHA C JIEWCTBHEM OTIEIBHOrO Bo3Mymiaiouiero ¢gaxkropa. Bo3Hukaer
3aja4a CIOKEHHs CIy4alHBIX (YHKIUH, TOUYHEE - 3a/1a4a ONPE/IEICHUs XapaKTEPUCTUK CYMMBI
[0 XapaKTePUCTHKAM CJIaraeMbIX.

Ota 3a7a4ya pemaercs 3JIEMEHTapHO IPOCTO, €CIM JBE CKIIAAbIBAeMbIC CIy4aifHbIe
(GYHKIIMHM HE3aBUCHUMBI (TOYHEE, HEKOPPEIUPOBaHHBIE) MeXAy coboi. B obmem xe ciydae s
ee pemeHus] HeoOXOIUMO 3HAaHUE eIle OJHOM XapaKTePUCTUKH - TaK Ha3bIBAEMON B3aWMHOU

KOPPEJAIMOHHON (YHKIMH (MHAYE - KOPPEIAITMOHHON (PYHKITUN CBS3H).

B . . . . L X5 Pt
3aMMHON  KOPPEJSAIMOHHON (YHKIMEeH [AByX CIydalHbIX (QYyHKUIHN u

t
HAa3bIBACTCA HECIIydanHad (1)YHKI_II/I${ ABYX apl"}IMeHTOBr’ I/I‘ﬁ , KOTOpasd IIpU KaXXI0u I1ape
t

3Ha‘leHI/II71 ﬁ’ﬁ paBHa KOppeHHHI/IOHHOMy MOMeHTy COOTBCTCTBYIOH_[I/IX CC‘ICHI/Iﬁ cnyqaﬁHoﬁ
. 08

o o

Ryl6.8)= M X ("]

B3auMHas koppensuuoHHas (QYHKIMSA, TaK >X€ Kak M OObIYHAs KOPpEJSLUOHHAS
GyHKIMS, HE W3MEHSETCS NMPH MPHOABICHUU K CIyYalHBIM (QYHKIHUSAM JIFOOBIX HECITy4alHBIX
CJIaraeMblX, a CJIE€JOBATENbHO, U IPU LIEHTPUPOBAHUM ciydaHbIX QyHKiuil. 3 onpeneneHus
B3aMMHOW KOPPEISIIMOHHON ()YHKIIMU BBITEKAET CIEAYIOIIEE €€ CBOMCTBO:

Ry, (£,6" = Ry (', £) |

U CIIy4JaiiHO# (pyHKIMH

R (£.80
Bmecto dynxmum ¥ 4acTO MOJIB3YIOTCS HOPMHUPOBAHHOM B3aMMHON KOPPEISALMOHHON
byHKIHMEH:
W Ryled]
Pty = —2
oy (2) oy (£
f
Ecnu B3auMHas KoppensiuoHHas (QYHKIUS paBHA HYNIO MPH BCEX 3HAYCHUAX k.1 , TO
. A5y TiE)
Clly4aiiHble QYHKIIMH u Ha3bIBAIOTCS HEKOPPEIUPOBAHHBIMU (HECBSI3aHHBIMU ).

3Has MaTeMaTHuYecKHe OXUIAHWS U  KOpPPENSLMOHHbIE (QYHKIMM JABYX CIy4yailHBIX

byHKIUI 1) 51 0 a TaKXKe HMX B3aUMHYIO KOPPENSLMOHHYIO (DYHKIHIO, MOXHO HaWTH

XapaKTEPUCTUKU CYMMBI 3TUX JIBYX CIy4YalHBIX (QYHKIIMMN:
ZH =X+ ¥E)

. (8] =, (2] +m}, (£)
ITo TEOPEME CIIOKCHUA MATEMATHIYCCKUX OKHUIAHUU: y
T. €. IIpH CJIIOKCHUU JIBYX CﬂyqaﬁHBIX (byHKI_[I/Iﬁ X MaTCMAaTHUYCCKUEC OXKHMAAHHUA CKIaAbIBAKOTCA.

K, (t."

Jns  ompeneneHus KOPPENSLUOHHOW — (YHKUIUHU nepeiéM K ILEHTPUPOBAHHBIM
o L= =]

2@ X YO ouegnmuo,

o o o

Z(H)=XO+7()

[To onpeneneHno KOPPEISIUOHHON (PYHKIINH

CIIy4yaitHbIM (pYHKLUSAM

K08 = MIZ() 2] = MUK+ T XN +F ()] =

= MA@ X+ MY YO+ MIAO YN+ ML 0]

N
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K (8= K, (t.9 +£, (£.tN+ Ry {t,£" + R,y (&', £

X Y Ry (2,69=0 |

B cnyuae, xorna ciydaitaeie QyHKIIMH
u popMysia MPUHUMAET BUI:
K (=K, (8 +K},(z,:')

HEKOppEIUPOBAHHbIE,

T. €. IIPU CII0)KEHUU HEKOPPEIUPOBAHHBIX CIYYalHbIX (QYHKIUN UX KOPPEISUUOHHbIE (PYHKINUU
CKJIaapIBatoTCs. BrIBeseHHBIE (OPMYIBI MOTYT OBITH OOOOIIEHBI HA ClIy4ail MPOU3BOJIHLHOTO
Yyuca cllaraéMalXx.

1.6 Jlexkuus Ne 6 (2 yaca)

Tema: «CTanuoHAPHBIN CJIy4YaiiHbIH IpoLecc)

1.6.1 Bonpochl JIeKIUHK:

1. [TonsTHEe cyyaitHOTO TIpoliecca, IPUMEPHI, BUJIBI.

2. CranMoHapHBIN cIy4aitHBIA TIPOIECC: 0COOCHHOCTH U XapaKTEPUCTUKH.

3. IIpeoOpazoBaHre CTAIIMOHAPHOTO CIYYalHOTO Mpollecca CTAallMOHAPHOM JWHEHHOU
CHCTEMOM.

2. KpaTkoe cojiep:kaHue BOIPOCOB:

1. ITonsiTve ciy4aiiHOTrO IpoLecca, IPUMEPBI, BUJBL.

Ha mnpaktuke O4YeHb 4YacTO BCTPEYAKOTCS CIIy4YaWHBIE IPOLIECCHI, MPOTEKAIOIIME BO
BpPEMEHU NMPUOIU3UTEIHHO OJHOPOJHO M MMEIOILIME BUJ HEMPEPBIBHBIX CIyYalHbIX KoJeOaHuMH
BOKPYT HEKOTOPOI'O CPEIHEro 3HAa4eHUs, NPUYEM HU CpPEAHsSs aMIUIMTYJa, HU XapakTep 3THX
KosieOaHuii He OOHApyKMBAIOT CYIIECTBEHHBIX H3MEHEHWH C TeYeHHWeM BpeMeHU. Takue
CIIy4alHbIE TPOLECCHl HA3bIBAKOTCS CTAallMOHApHBIMM. B KadecTBe NpHUMEpPOB CTAllMOHAPHBIX
CJIydalfHBIX MPOLIECCOB MOKHO MpUBECTU: 1) KojeGaHHUs caMoJIETa Ha YCTAHOBUBILIEMCS PEXXUME
TOPU30HTAJILHOTO MOJETA; 2) KoJeOaHUs HANPSKEHUS B DJIEKTPUUYECKON OCBETUTEIHHOU ceTu; 3)
cilyyaiiHble IIyMbl B paluoNpuéMHUKE; 4) Tpoliecc Kauku Kopadiis  T. II.

Kaxxnpii crtanmoHapHBIA ITPOLIECC MOXKHO pPacCMATpUBATh KAaK MPOJOJDKAOLIUNCA BO
BPEMEHU HEONPEIEIEHHO AOJT0; IPU HUCCIENOBAHUM CTAllMOHAPHOIO IIpoliecca B KayeCTBE
Hayayia OTCYETa MOXKHO BBIOpaTh JIFOOOM MOMEHT BpeMeHH. Mccnenysi craliMoHapHBIN mpoliecce
Ha JIOOOM yYacTKe BPEMEHH, MbI JIOJDKHBI IMOJYYUTh OJHU U T€ K€ €ro XapaKTepPHCTUKH.
O0pa3Ho BhIpaxkasich, CTAlMOHAPHBIN MPOLIECC «HE UMEET HU Haydasa, HU KOHIIa.

B npoTHBOMNOI0KHOCTH CTAllMOHAPHBIM CIIY4YalHBIM NIPOLIECCAaM MOXKHO yKa3aThb JIPYTHeE,
SBHO HECTallMOHApHbIE CIIy4aiHbIE IPOLIECCHl, HANpUMep: KoJeOaHUs caMojeTa B pPexUuMe
NUKUPOBAHMS;, MPOIECC 3aTyXAIOUMX KOJIeOAaHWH B 3JIEKTPUUECKOM LEenH; Mpolecc TOpeHHus
IIOPOXOBOI0 3aps/ia B peaKTUBHOM Kamepe. HectanmoHapHBIi Mporece XapakTepeH TeM, 4TO OH
UMeEET ONPENCIEHHYI0 TEHICHLMIO Pa3BUTHSA BO BPEMEHHU; XapaKTEPUCTUKH TAKOro Iporecca
3aBUCAT OT Hayaja OTCYETA, 3aBUCST OT BPEMEHU.

Ha puc. u3o0paxeHo CceMEHCTBO peaju3alMii SBHO HECTAI[MOHAPHOTO CIy4ailiHOTO

nmpomnecca - mpouecca UISMEHCHUSA TATH ABUTaTCIIsl pCaKTUBHOT'O CHapsAda BO BpECMCHU.
oY
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3aM€TI/IM, 4TO JaJICKO HE BCC HCCTAMOHAPHBIC Cﬂy‘{aﬁHbIe MMpOLECCChbl  ABJIAIOTCA
CYLIECTBEHHO  HECTAI[MOHAPHBIMH Ha BCEM IMPOTHKEHUU cBoero pas3BuTus. CylliecTBYIOT
HECTallMOHAPHBIE MPOIIECChl, KOTOPbIe (HA H3BECTHBIX OTPE3KaX BPEMEHM M C H3BECTHHIM
npUOIMKEHNEM) MOTYT ObITh IPUHATHI 32 CTAllMOHAPHBIE.

Boo01ie, kak mpaBmIIo, cydaifHbIN MPOIECC B JIFOO0N TMHAMUYECKOW CUCTEME HAUMHACTCS
C HECTAIlMOHApPHOW CTaJHH - C TaK Ha3bIBAEMOr0 «IIepexoAHOro mpouecca». [locie 3aryxanus
MEPEXOIHOTO TIpoIecca CUCTEMa OOBIYHO TMEPEXOAWT HAa YCTAHOBUBIIMICS pPEXUM, W TOTJA
CIIy4aifHbI€ MPOIIECCHI, IPOTEKAIOIINE B HEH, MOT'YT CUUTATHCS CTALIMOHAPHBIMHU.

2. CraniMoHapHBIN cy4aitHBINA TIPOIECC: 0COOCHHOCTH U XapaKTEPUCTUKH.

CraunoHapHble ciydaiiHble MpPOLIECCHI OYEHb YacTO BCTPEYAlOTCs B (hU3MYECKUX U
TEXHUYECKUX 3anadax. IIo cBoell mpupone 3Tu mpolecchl MpOINE, YeM HECTALMOHApHBIE, U
ONUCHIBAIOTCS ~ Oojiee  MPOCTBIMU  XapakTepucTukamu.  JIuHelHble  mpeoOpa3oBaHUS
CTALlMOHAPHBIX CIY4YaWHBIX MPOLECCOB TAaKKe OOBIYHO OCYLIECTBISIOTCS MPOLIE, YeM
HECTALlMOHAPHBIX.

Tak kak U3MeHeHHe CTAlMOHAPHON CIy4alHOM (YHKIUH JO0JKHO MPOTEKaTh OAHOPOIHO
10 BPEMEHH, TO €CTECTBEHHO MOTPeOOBaTh, YTOOBI JUIsl CTAllMOHAPHOHN CIydailHOH (yHKIHMU
MaTeMaTHYECKOE OKUAaHNE ObLIIO MOCTOSIHHBIM:

i, (£) =, = const

3aMeTI/IM, OJHAaKO, 4YTO 3TO Tpe6OBaHI/Ie HC SABJIACTCA CYHICCTBCHHBIM: MbI 3HACM, YTO OT

At . . N
I: :I BCeraa MOXHO II€pEUTH K  LCHTPUPOBAHHOMW  CIIYHYaHMHOU

ClIy4aiflHON  (QyHKIIUH
o
byHKIIUN X(ﬂ, JUIS KOTOPOM MaTeMaTH4YeCKOe OXHUJAHHE TOXKIECTBEHHO PaBHO HYIIO W,
CJIEIOBATENIbHO, YIOBJIETBOPSAET YCIOBUIO. TakuM oOpa3oM, eciu CiaydailHbId TIpoliecc
HECTAllMOHAPEH TOJIBKO 3a CUET IEPEMEHHOI0 MaTEMATUYECKOTO OKUIAHMS, 3TO HE MEIIAET HaM
U3y4aTh €ro Kak CTallMOHapHbIM mpouecc. Bropoe ycioBue, KOTOpoMy, OYEBUAHO, AOJKHA
YJIOBJIETBOPSATH CTallMOHApHAas ciay4aiHas QyHKIHUS, - 3TO YCIOBUE MMOCTOSHCTBA AUCIIEPCUU:
D(&)=0, =const

yCTaHOBI/IM, KakOMy YCJIOBHUIO HOJDKHA YIOBJICTBOPATH KOPPCIALNMUOHHAA (bYHKHHH

CTallMOHAapHOH ciy4aiiHoil pyHkuuu. PaccMoTpum ciaydaiiHyo (GyHKIHIO ()
X
"ﬂ : \/\\ 'l/\\/‘\
J L I 4‘& .’/\\ 'l’ :ﬂ\\ LT :/‘
‘P L P AR £ A
f r_
[MonoxuM B BBIPAKEHUU K000 f'=t4t paccMOTpHM i+t

KOPPEJSIIMOHHBIE MOMEHT JABYX CEUYEHHMM ciydailHOW (YHKIMH, pa3Aen&éHHBIX HHTEPBAJIOM

- Xt .
BpeMeHH - . OUEBHMIHO, €CIIU CIIy4aiiHbIi MPoIece (&) JEMCTBUTENIBHO CTALIMOHAPEH, TO 3TOT

KOPPEJSIIUOHHBI MOMEHT HE JOJKEH 3aBHCETh OT TOro, rJie MMEHHO Ha OCHU Gt Mpr B3suH
YYacTOK ©, a JOJDKEH 3aBHCETh TOJNBKO OT JUIMHBI OTOrO ydacTKa. BooOuie, KoppeasiuuoHHast
(GyHKIMS CTAIIMOHAPHOTO CIIyY4aliHOTO MPOLECCa JOJDKHA 3aBUCETh HE OT MOJIOKEHHs ¢ 1epBoro
aprymMeHTa Ha OCH aOCIMCC, a TOJBKO OT MPOMEXKYTKA - MEKIYy MEPBBIM M BTOPHIM
apryMeHTaMu:

K (ti+T) =k, (T)

CrnenoBatenbHO, KOPpENSUUOHHAS (YHKIUS CTAallMOHAPHOTO CIy4yailHOro mporuecca ecTh
(GyHKLMS HE ABYX, a BCEro OJHOTO apryMeHTa. JTO OOCTOSTENBCTBO B Ps€ CIy4yaeB CHUIBHO
YIPOIAET ONepaliy HaJl CTALIMOHAPHBIMU CITy4YalHBIMU (DYHKIHSIMU.
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3aMeTHM, 4YTO YycCIoBHE, TpeOyroliee OT CTAallMOHApHOW CiydyailHOM (YHKIMH IOCTOSHCTBA
JUCIIEPCUH, SIBIISIETCSA YACTHBIM CIIy4aeM.
Doy =K, (56) =k, (0) = const '

Takum 00pa3oM, YCIIOBHE €CTh E€IMHCTBEHHOE CYIIECTBEHHOE YCJIOBHE, KOTOPOMY
JOJIKHA YAOBJIETBOPATH CTallMOHapHas ciydaiiHas ¢yHkuus. [losromy B manbHelIeM Mbl O]

CTallMOHAPHOM ciy4yalHOW (yHKUMEH OyldeM NOHMMAaTh TaKyl CIydailHyl0 (QYHKIHIO,
f

KOppeANMOHHas (DYHKIMS KOTOPOH 3aBHCHT He OT 00OMX CBOMX apryMeHToB ¢ u ¢ | a Tombko
oT pasHOoCTH ' Mexay HuMu. UToObl He HaKIablBaTh CHEHNMAIbHBIX YCIOBMH Ha
MaTeMaTUYeCKOe OXHUJAHHE, Mbl OylleM paccMaTpUBaTh TOJBKO LIEHTPUPOBAHHBIEC CIIy4aiHbIE
byHKINN.

Mgl 3HaeM, YTO KOppPENIAIHOHHAs (YHKIUSA JHO00H cirydaitHOW (yHKIuu oOjagaet
CBOMCTBOM CUMMETPHUU:

K=K, .80 .
r
Ortcroa yis CTallMOHAPHOTO Mpoliecca, moJiaras f—t= T
kr (0) =y (1)

HUMCCM.

kT .
T. €. KOppEISALUOHHAs (PYHKIUS x (7] ecTb 4€THasg (QYHKIUS cBoero aprymenrta. llostomy
06I>I‘1HO KOppeJ'ISII_[I/IOHHYIO (1)YHKI_II/IIO OIIPCACIIAIOT TOJIBKO IS ITOJOXHUTCIIbHBIX 3Ha‘leHHﬁ

ApryMcCcHTaA.
ke ()
0:1\
\//\ .

. ke, (T
Ha nmnpaktuke, BMecTO KOppeIsUMOHHON (QyHKIUHU ~* ( :', 4acTO  MOJb3YIOTCA
HOPMHUPOBAHHOMN KOPPEISAIUOHHON (yHKIIHEH

ky (T)
oy ()=
DI
D =k (0
roe 7 d - IOCTOSIHHAs TUCIIEPCHUS CTallMOHApPHOI'O IIpoIecca.

1.7 Jlekuus Ne 7 (2 yaca)

Tema: «CTanuoHAPHBIN CJIy4YaiiHBIH IPOLECC C IPrOAMIECKHM CBOMCTBOM

1.7.1 Bompocs! Jekuuu:

1. CtarmoHapHBIN TPOIECC C IPTOIUUECKIM CBOMCTBOM U 0€3 HETO, TPUMEPHI.
2. XapaKTEpUCTUKH CTAllMOHAPHOIO MpoIiecca C 3proJUU4eCKUM CBONCTBOM.

2. KpaTkoe cojiep:kaHue BOIPOCOB:

1. CranoHapHBIi MpOLECC € 3PTOANYECKUM CBOMCTBOM U 0€3 HEro, MpUMephbI.

b

PaccMOTpUM HEKOTOPYIO CTallMOHApHYIO CIy4YailHyo (yHKIUIO U TPEATIONOKHUM,

i
yTo  TpeOyercs  OLEHUTh €€  XapaKTepUCTUKU:  MaTeMaTHYecKoe  OXHJIaHue =~ * U

KOPPEIAIHOHHYIO (DYHKITHIO £y (1) :
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JUiss  2TOro HY)KHO pacrosiaratb HM3BECTHBIM UHCIOM pealu3aluid  ClIy4alHOHN

EAF: .

byHKIIN (& . OOpabarbIBast 3TH peanu3aluy, MOXXHO HAWTH OLIEHKU JUII MaTeMaTHYECKOTO
#ix (L) " Kyt

0)KMIaHUS U KOPPEJALMOHHON (pyHKLIUU . B cBsI3u ¢ OrpaHHYEHHOCTBIO YHCIIA

HAOTIONCHIH  yHKIHS © He OyJeT CcTporo MOCTOSIHHOW; €€ MpPHUIETCS YCPEAHUTb H
3aMCHUTh HEKOTOPHIM IOCTOSIHHBIM %% ;  aHAJOrWYHO, YCpPEIHSS 3HAYCHHS £xie.t) JUISL
pasHbIX © = =t , IOJIy4UM KOPPEJSIUOHHYIO () YHKIUIO £x(T) .

OTOoT MeToa O0pabOTKH, OYEBHJIHO, SIBISIETCSA JOBOJBHO CIOKHBIM M TPOMO3IKHM.
EcTrecTBeHHO BO3HHMKAaeT BOMPOC: HENB3sl JU JJsl CTAI[MOHAPHOW CiIy4ailHOW (DYHKIMM STOT
CJIOKHBIN, TBYXCTYNEHYAThIN Mpoliecc 00pabOTKM 3aMEHUTh OoJiee MPOCThIM, KOTOPBIH 3apaHee
OasupyeTcss Ha NPEANOIOKEHUH, YTO MaTeMaTHYECKOe OKUIAHME HE 3aBUCUT OT BPEMEHH, a
KOppessiiuoHHas (yHKIUS - OT Hayana oTcueTa?

Kpome TOro, BO3HMKaeT BOMpOC: MpH O0OpabOTKe HAOMIOICHWI HaX CTAaIMOHAPHOU
CIy4aifHON (yHKLIMEH SIBISETCSA JIM CYIIECTBEHHO HEOOXOIMMBIM pAacIoyiaraTh HECKOJIbKUMU
peanuzanusamu? IlockonpKy ciay4yailHBI Ipolecc SBISETCS CTAllMOHAPHBIM M IPOTEKAET
OJIHOPOJIHO IO BPEMEHH, €CTECTBEHHO MPEIIOJIONKUTh, YTO OJHA-CIUHCTBEHHAs pean3anus
IIOCTaTOqHOﬁ MMPpOAOJDKUTCIIBHOCTU MOXKET CIYKUTHb AOCTATOYHBLIM OIIBITHBIM MaTCpHaJIOM JIA
MOJTyYEHUSI XapaKTEePUCTUK ciaydaiHoi ¢yHkiuu. [Ipu Gonee moapoOHOM pacCMOTPEHUHU 3TOTO
BOIIpOCa OKa3bIBA€TCSl, UYTO Takas BO3MOXXHOCTb CYIIECTBYET HE Uil BCEX CIy4yailHbIX
MPOLIECCOB: HE BCErJa OJHA pealu3alus JOCTaTOYHOM NPOJOJIKUTEIBHOCTH OKa3bIBACTCS
DKBHUBAJICHTHOU MHOXCECTBY OTACIIbHBIX peanmam/lﬁ.

A1), 426

Jlia mpumepa pacCMOTPHUM JIBE CTallMOHApHBIE ciy4yailHble (pyHKUIUU

MNPpEACTAaBJICHHLBIC COBOKYITHOCTHEHO CBOUX peanmaunﬁ Ha puc. 1u?2.
N A

Puc. 1.
Xlt

/"\/"\/\f\/"\/\/\/\/\/\
\/\,(\f\f AT W\/

M\ﬂ/ﬁv\’ VA

Puc.2.

Jna cnyyaitHol yHKUMN 1) XapaKTepHa Cleayolas 0COOEHHOCTh: KaXJaas U3 ee
peanu3anuii o0nasaeT OAHUMU M TEMU K€ XapaKTepHBIMU IpPU3HAKAMH: CPEIHUM 3HAUECHUEM,
BOKPYT KOTOPOTO MPOMCXOJAT KojeOaHWs, U CPEIHUM pa3MaxoM 3TuX KoinebaHuil. BriGepem
IMPOU3BOJIBHO OJHY H3 TaKHX peannsam/lﬁ U TOPOAOJKMM MBICICHHO OIIBIT, B PE3YJIbTATC
KOTOPOTO OHA MONYYeHa, Ha HEKOTOPBIH YUacTOK BPEMEHH 1 .

OuEBHHO, YTO TPH JOCTATOYHO OGOJNBIIOM ! , 5Ta peannsaiys CMOXKET JaTh HaM
XOpolee MpeACTaBIeHNE O CBOMCTBAX CIIy4yailHON (QyHKIIUH B LIEJIOM.

B gactHOCTH, yCpenHsisi 3HAUSHHSI STOW pean3aluy BIOIb OCH a0CIHCC - TI0 BPEMEHH,
Mbl OOJDKHBI TIOJIYYUTH HpI/I6J'II/I)KCHHOC 3HAYCHUC MAaTCMaTHYCCKOI'O OXHUIaHUA CJIy‘-I&fIHOfI
GyHKIMM; ycpemHSs KBaApaThl OTKJIOHEHHIH OT 3TOr0 CPEAHEro, Mbl JOJDKHBI TOITYyYHUTh
npuOJIMKEHHOE 3HAYEHUE TUCTIEPCHH, U T. [I.
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[lpo Takyro cny4aiiHyl0 (QYHKIOHIO TOBOpST, 4YTO OHAa O0O0JamaeT >SProgudecKuM
CBOMCTBOM. DProJuyeckoe CBOWCTBO COCTOMT B TOM, YTO KaKAash OTIEJIbHAs peaau3alus
cilydaifHOW (YyHKIMHU SBIISIETCS KaK OBl «IIOJTHOMOYHBIM MPEJCTaBUTEIIEM» BCEH COBOKYITHOCTH
BO3MOXKHBIX ~pEaIM3alliil; OJHA peajHu3alys JOCTATOYHOW MPOJOJDKUTEIBHOCTH MOXKET
3aMEHUTH MpHu 00pabOTKe MHOXKECTBO peain3aliiil TOH xe 00Iel MPOI0IKUTEIBHOCTH.

Paccmotpum Temneph cirydaitHyro (QyHKIIHIO 3 (‘ﬁ). BriGepem mpou3BOJIBHO OAHY U3 €€
peanu3anuii, MPoI0JDKUM €€ MBICIICHHO Ha IOCTATOYHO OOJIBIIION Y9aCTOK BPEMEHHU U BBIYUCINM
€e cpelHee 3HAYCHHE MO0 BPEMEHHM Ha BCEM ydacTke HabmojeHus. O4eBUIHO, 3TO CpEIHEe
3HAQUYCHHUE IS KaXKIOW peanu3anuu OyAeT CBO€ M MOXKET CYIIECTBEHHO OTJIMYAThCS OT
MaTEeMATHYECKOTO OKUIAHUS CIIy4allHOW (PYHKIIMH, MOCTPOCHHOTO KaK CpeAHEee M3 MHOXKECTBA
peanu3anuid. [Ipo Takyro ciiydaitHyr0 (QYHKIMIO TOBOPAT, YTO OHA HE 00JIAaeT AProAMYEeCKUM
CBOMCTBOM.

. Xt o ,

Ecmu cnygaitHas QyHKIus (&) o0JajaeT JpProJIMYeCKUM CBOMCTBOM, TO Il Heé

CpenHee MO BpeMEeHH (Ha JOCTATOYHO OOJIBIIOM YYacTKe HAONIOACHHS) MPHOMMKEHHO PaBHO
CpeHEMY 110 MHOXKECTBY HaOJIOACHUH.

To xe Oymer BepHO W A X ':f’:', () Xe+1) u T. A CrienoBarenbHO, BCE
XapaKTepUCTUKU  chlydyallHOM  (QyHKIuM  (MaTeMaTUyecKoe  OXKHUJAHUE,  JUCIEPCHIO,
KOPPEISIIHOHHYI0 (DYHKIIUIO) MOXKHO OyJeT MPUOIMKEHHO OMPEIENATh 10 OAHOW JTOCTATOYHO
JUTMHHOM peanu3aliui.

Kakue xe cranmoHapHble ciydaiiHble (QYHKIUM OO0JIaaloT, a Kakue He 00JanaroT
IProAUYECKUM CBOMCTBOM?

2. XapaKTepUCTUKU CTAIIMOHAPHOTO TMPOIIEcca C IProJAUUECKIUM CBOMCTBOM.

ITycth anst cimydaifHOTO Mpolecca XapakTEPHO TO, YTO OH Kak Obl «pa3ioxum» Ha Ooee
AJIEMEHTAPHBIE CIIyYalHbIE MPOUECCHl; KAXKIbIA M3 HUX OCYIIECTBIISIETCS C HEKOTOPOU
BEPOSTHOCTBIO M HMMEET CBOM MHIUBUAYaJbHBbIE XapaKTepUCTUKU. TakuMm oOpazom,
Pa3JIoKUMOCTb, BHYTPEHHSISI HEOJHOPOJHOCTh CIIy4alHOTO IIpOLEecCa, MPOTEKAIIIEro C
HEKOTOPOM BEPOSTHOCTHIO MO TOMY WM JpYyroMy THIly, €cTb (U3MYecKas IMpUYNHA
HEIProAUYHOCTH 3TOT0 IpoLEecca.

B dacTHOCTH, HEIPrOJUYHOCTh CIYYaHOTO MpoIlecca MOXKET OBITh CBsI3aHA C HAJIMYUEM
B €r0 COCTAaBE CJIaraéMoro B BHJI€ OOBIYHOW CIIy4aiiHOM BENWYMHBI (T. €. HAJIWYUE B CHEKTPE
CIIy4aifHOTO IIpOLECCa, TOMUMO HENPEPBIBHON YacTH, KOHEUYHOW qucnepcuu npu gactote 0).

JlelicTBUTENBHO, PACCMOTPUM CITyYalHYIO (PYHKIIHIO Z@)=X@Q+r ,

riue £ sproauyeckasl CTallMOHapHas cilydaiiHas (QyHKIUS C XapaKTepUCTUKaMU Py , ey ()

wy Ly
nu ) HpCZ[HOJ'IO)KI/IM K TOMy K€,

Z(

,F - cnyqaﬁHaﬂ BCJIMYMHA C XapaKTCPUCTHKAMU

At -
4TO (& u ¥ Hexoppenuposarmbie. OnMpenennM XapaKTepPUCTHKH CIydaifHON (yHKIMH
CornacHo oOLIMM MTpaBUIIaM CIOKEHUS CIy4alHbIX QYHKIUNA HMeeM:

g = Wy +Hy kp (T = ky(T)+ 0,

. 28 .
U3 ¢opmyn BugHO, uTO chydaiiHas (QyHKIUS sBisieTcss crauroHapHoil. Ho
00J1ajaeT M OHA AProAuYecKuM cBoiicTBoMm? OueBunHO, HeT. Kaxmas ee peanuzaius OyaeT mo
XapakTepy OTJIMYAThCS OT JPYruX, OyneT oOnanaTh TEM WIM HHBIM CPETHUM IO BPEMEHU

S3HaAYCHUEM B 3aBUCUMOCTH OT TOI'O, KAKOC 3HAUCHUEC ITPUHATIA cnyqaﬁHa;I BCIIMYHUHA ¥ .




OO0 >proAMYHOCTH WU HEIPTOAMYHOCTH CIy4aifHOTO MpoIiecca MOKET HEMOCPEACTBEHHO
CBUJICTENILCTBOBATh BHUJ €ro KOPPEIIUUOHHONW (yHKUUU. J[eWCTBUTENBHO, pPAcCCMOTPUM
KOPPEISIIIHOHHYI0 (YHKIIUIO HEIProJndeckor ciaydaitHoW QyHknmu. OHa OTIUYAETCS OT

. N H(f
KOpPEIALMOHHON byHKIIIN CIIy4aiiHOMN byHKIIUU ) HAJINYAEM MMOCTOSIHHOTO

D}’
cJlaracmoro .

/\

T

k(T
B 1o Bpemsa kak KoppensuMOHHas (QYHKIHUS x (T CTPEMHTCA K HYIIO TIpU © —2
(KOppesIrOHHAs CBS3b MEXKTY 3HAUCHUSIMH CIYyYaiiHON (YHKIIMU HEOTPAaHUUYCHHO YOBIBACT 110

Mepe YBEJIMYEHMS] PACCTOSHUS MEXKIY HUMH), (QYHKIHS ky (7] YK€ HE CTPEMUTCS K HYIIO

{—CD D}’
npu , @ IPUOJIMHKACTCSI K TOCTOSIHHOMY 3HaU€HUIO :

Ha mpaktuke Mbl HE MMEEM BO3MOYKHOCTH MCCIIEIOBATh CIyYaWHBIM IPOLECC U €ro
KOPPEISALMOHHYI0 (YHKIMIO Ha OECKOHEYHOM YYacTKe BPEMEHH; YYaCTOK 3HAYEHUH -, ¢
KOTOPBIM MBI UMEEM JIEJI0, BCEI1a OTPAHUYEH.

Ilycts KOppensiuoHHas (QYyHKIMS CTalMOHApHOIO CllyyailHOro mpouecca IpH
YBEIMYEHUH - HE yOBIBAaeT, a, HauMHas C HEKOTOPOro ©, OCTaeTcs NpUOIM3UTENLHO
MOCTOSIHHOW. JTO OOBIYHO €CTh MPH3HAK TOTO, YTO B COCTABE CIIy4alHOW (YHKIMH HUMEETCS
cjlaraeMoe B BUJI€ OOBIYHOM Cy4allHOW BEJIWYHMHBI U YTO MPOLIECC HE SBISIETCS 3PTrOJUYECKHUM.
CTpemiieHHE K€ KOPPENSAIMOHHOM (yHKIMU K Hymo npu £ 7% ropopur B MHOIB3Y
SPrOAMYHOCTH Tporecca. Bo BCsIkoM ciayyae, OHO JOCTaTOYHO Ui TOTO, YTOOBI

MaATEMATHUYCCKOEC OKUTaHUC (1)yHKIII/II/I MOYKHO OBUIO OMpPEACIIATh KaK CPpCAHEEC 11O BPEMCHHU.
1.8 Jlexkuus Ne 8 (2 yaca)

Tema: «Onpe)le.ﬂeﬂne XAPAKTEPUCTUK IProAUIECKUX CTallMOHAPHBIX Cﬂy'{aﬁHI)IX

(yHKIUI U3 ONbITA»

1.8.1 Bonpocsl JieKIuHu:

1. OueHKM XapakTepUCTUK CTAlMOHAPHOM 3proanyeckoi (YHKIMHU 10 OIBITHBIM
JTAHHBIM: BU/JIbI, KAYECTBO.

2. MeToauka nmojiydeHus OlleHOK, IPUMEPBHI.

3. CpaBHUTENBHBIN aHAIN3 PE3YIbTATOB OLICHUBAHHUS.

2. KpaTkoe cojiep:kaHue BOIPOCOB:

1. OueHkH XapaKTepUCTUK CTAI[MOHAPHOW 3ProAvyeckoil (yHKIUU IO OMNBITHBIM
JTAHHBIM: BU/JIbI, KAYECTBO.

. s
PaCCMOTpI/IM CTAlMOHAPHYIO CIIYYaUHYIO (I)yHKLII/IIO ( :I , 06J1a,ua}omy10 SPTrOAUYICCKHUM
CBOP’ICTBOM, U MPCAIOJJIOKUM, YTO B HAIICM PACHOPAKCHHU MMCECTCA BCCTO OJHA pCain3alusd

9TON Ciy4aiiHOW (YHKIIMM, HO 3aTO Ha JOCTATOYHO OOJIBIIOM Yy4YacTKE BPEMEHHU T, Hnst
APTOAUYECKON CTAIMOHAPHON CIIydailHOW (YHKIIMK OJHA peaau3anus JOCTaTOYHO OObIION
IPOIOJDKUTEILHOCTH NMPAKTUYECKU HKBUBAICHTHA (B CMbICIe 0OBEeMa CBEACHUN O CllydailHOMH
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(YHKLIMU) MHOXXECTBY pealu3aluii TOW e oOLed MpOoJOKUTENBHOCTH; XapaKTepPUCTUKU
cilydyaiiHOH (DyHKIIMM MOTYT OBITh NMPUOJIMKEHHO OIpPEJCNIeHbl HE KaK CpPeHUE 10 MHOXECTBY

HAOIOICHNH, a KaK CPeIHHE 10 BPEMEHH . B 9YaCTHOCTH, NPU JOCTATOYHO OOJBIIOM 1

i N
MaTEeMaTHYECKOE OXKUJAAHUE ~ * MOXKET ObITh MPUOIMIKEHHO BBIYUCIICHO TI0 (hopMyIie
T

1
mmegﬂﬂﬂ

.. " k(T
AHaJIOTUYHO MOXKET OBITh TPUOIMIKEHHO HalZieHa KOppeasnonHas GyHKius ~* () npu
moboM . JleficTBUTENEHO, KOPpEeNsSLUMOHHas (YHKLUS, IO ONPEEICHUIO, NPEICTABIAET CO00M

o o

. XOXE+1).
HE 4YTO MHOEC, KaK MaTEMaTHYCCKOC OKNAAaHNEC CIIYyYauHOU (1)YHKI_II/II/I .

o o
oy (T = MIA () Xt +7T)]
DTO MaTreMaTH4ecKoe OXXHAaHHE TakKe, OYEBUIHO, MOXET OBITb MNPUOIUKEHHO
BBIUMCIIEHO KaK cpeaHee 10 BpeMeHH. (DHKCHPYeM HEKOTOPOE 3HAYEHHME ° U BBIYMCIUM

Ky (T)
YKa3aHHBIM CHOCOOOM KOPPESIIUOHHYIO (DYHKIIHIO . s aToro ynoGHO npeaBapUTEIbHO

x(E) . x(E) = x()—mi,
«UEHTPHUPOBATH» TAHHYIO PEATU3aIUIO : .

2. MeTtoauka IMOJIYYCHHS OLICHOK, ITIPUMCPHI.

Breraucnum Ipu 3aJaHHOM T Mmaremaruyeckoe OXHUOaHHUuC CJIy‘I&fIHOfI

byHKIIUN () LE+T) gax cpenHee 1o BpemeHu. Ilpm 3TOM, OYEBHIHO, HaM MNPUAETCA
YUYUTBIBATH HC BCChb YYACTOK BPCMCHU OT 0 mo T, a HECKOJIbKO MEHBIIMH, TaK Kak BTOpOfI
t+T =T

o
COMHOKHUTEIb Ale+7) M3BECTEH HaM He IS BCeX £, a TOJBKO IS TeX, I KOTOPBIX
Boruncnsist cpeiHee mo BpeMEHH YKa3aHHbBIM BBILIE CIIOCOOOM, MOJIYUHM:
T-te o

[ () xe+)at

0 .
BbIUKCIMB UHTErpall IS psia 3HAYEHUI © , MOXKHO TPUOJIMKEHHO BOCIIPOM3BECTHU IO TOYKAM
BECh XOJ] KOPPEIALUOHHON (PYHKIINH.

Ha npakTrke 0ObIYHO MHTErpaibl 3aMEHSIOT KOHEUHbIMU cyMMaMu. [TokaxeM, Kak 3To0

1
h(ﬂﬁ,f

nenaercsi. Pa300bEM MHTEpBAN 3aMuCH CIy4ailHON (QYHKIUK Ha # paBHBIX YacTei JITHHOM bty

ol
0003HAYUM CEPEMHBI TTOTYYEHHBIX YIaCTKOB 17747 7" 1

x/(t) (?\

1
N LT A VS
! BEEN i i
: ¥/{: MV :TT f11
tlgle izl s 1 JI i ! :
Ll & U ley &y
A4

HpC,Z[OCTaBI/IM HHTCIrpaJl KakK CyMMY HHTCIpajiOB IO 3JICMCHTAPHBIM YYaCTKaM ¥ U Ha

XiE
KOKIOM U3 HUX BbIHECeM (YHKIIUIO ) U3-TI0[, 3HaKa HWHTETpajla CPEOIHUM 3HAYCHUEM,

COOTBETCTBYIOIIMM IIEHTPY UHTEpBaIa x(t) . Honyunm npubamxEHHO:
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1T 13
mx=?;§x(%) mx=;§x':%)

W
b
AHAJIOTMYHO MOYKHO BBIYMCIHMTH KOPPEIALUMOHHYKO (DYHKIMIO Ui 3HA4YEeHHd ©
0,08, 208, .
PaBHBIX .
i
T=mhf=—
[Ipuaanum, HAIIPUMED, BEIUYMHE - 3HAYCHHUE #
mi  r—m
F—r=T-—= il
BBIYHCIIUM UHTETpall, JeJsl HHTEPBaJl UHTETPUPOBAHUS ” ”

=1 =1

Ha # ~ " paBHBIX Yy4aCTKOB JUTMHOU A%y BBIHOCS HA KAX/IOM U3 HHX GbyHKIIIO x(e) (e +7) 3a

3HAK I/IHTerpaHa Cp€aAHUM 3HAYCHHUCM. HOHyLH/IM:

n-m® “

mT 1
k_x [ ] = Z xl::!) x':f:'+m:'
Ers H—m .

1=1 )
o m=012
Beruncienue KOPPEJISIHOHHON GyHKIMH POU3BOJISAT VISt
ITIOCJICAOBATCIBHO. Bmiots 0 TaKHux 3HAYCHUHN e , IIPU KOTOPLIX KOppCIALHUOHHAA (byHKHI/IH
CTAHOBUTCA HpaKTquCKI/I paBHOfI Hy.HIO NN HAYUHACT COBepHIaTI) HC6OHI)HII/IG HeperJIﬂprIe
KOHe6aHI/IH OKOJIO Hyﬂﬂ.

k. (1)

OO6muit xon pyHkuMM ~* BOCITPOM3BOIUTCS IO OTJACIBHBIM TOYKAM.

ke (T)

Ix

pt = 3

ar 74t Nn?

3. CpaBHI/ITeHBHHﬁ AHAJIN3 pE3YJIbTATOB OLICHUBAHU.

2y ko, (T)
s Toro 4ToOBl MaTeMaTUYECKOE OKUIaHHE U KOppEeNsuoHHAs (DYHKIUS

OBUTH OIPE/C/ICHBI C yIOBICTBOPUTEIBHON TOYHOCTBHIO, HY)KHO, YTOOBI YHCIIO TOYeK * ObLIO
JIOCTaTOYHO BENUKO (TIOPsIKA COTHH, a B HEKOTOPBIX CIydasx J1ae HECKOJIbKUX COTEH).

BbibOp nAnuHBI 37€MEHTApHOro ydacTka he ONpENENACTCS XapaKTepoM HW3MEHEHUS
ciydaiiHol ¢Qynkuuu. Ecnm cnyuaiiHas  (QyHKUMS UM3MEHSETCS CPaBHUTENBHO IUIABHO,

y4acTOK A voxuo BBIOMpaTh OONBIIMM, Ye€M KOTJa OHa COBEpIIAaeT pe3KHe U 4YacThle
konebanusi. Uem Oosiee BBICOKOYACTOTHBIA COCTAB MMEIOT KOJIeOaHus1, 00pa3yromue CIryqaitHyro
GYHKIHMIO, TEM Yallle Hy>KHO pacrojiarath OMOpHbIE TOYKH IIpu 00paboTKe.

OpHEHTHPOBOYHO MOKHO PEKOMEHJI0BaTh BBIOMPATh 3JIEMEHTApHBIN y4acTOK he TaK,
4TOOBI Ha TIOJHBIN MEPHO CaMOi BRICOKOYACTOTHOM TapMOHMKH B COCTaBE CIyyailHON (yHKIUU
MPUXOIUIOCH NOpsAKa S5-10 OMOpHBIX TOYEK.

YacTto BBIOOp OMOPHBIX TOYEK BOOOIIE HE 3aBHCHUT OT 00paldaThIBAIOIIETO, & AUKTYETCS
TEMIIOM pabOThI 3aMKCHIBAIOIIEH anmnaparypsbl.

B stom cnydae cienyer BecTd 0OpaOOTKY HEMOCPEACTBEHHO IOJIYYEHHOTO W3 OIBITA
MaTepuaia, He MbITasiCh BCTABUTh MEXAY HAOMIOAEHHBIMU 3HAUEHUSIMU IPOMEXKYTOUHBIE, TaK
KaK 3TO HE MOJKET IMOBBICUTh TOUHOCTH Pe3yJbTaTa, a 3JIHUIIHE OCIOKHUT 00padoTKYy.
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1.9 Jlexkmusa Ne 9 (2 yaca)

Tema: «CnekTpajbHOe pa3jiosKeHHe CTAHOHAPHOM CJYYaliHOH QyHKIUHN»

1.9.1 Bomnpocsl JieKnum:

1. XapakTepucTUKH BHYTPEHHEN CTPYKTYPbI KOjie0aTeIbHBbIX ITPOLECCOB.

2. ChekTpaiabHOE pa3ioKeHUE CTAI[MOHAPHOW CiydyallHOW (YHKIMHM HAa KOHEYHOM
y4acTKe BPEMEHHU.

3. CrexkTp AUCIEPCU.

2. KpaTkoe coep:kaHue BOIIPOCOB:

1. XapaKTepuCTUKU BHYTPEHHEH CTPYKTYpPhI KOJIeOaTEIbHbBIX MTPOLIECCOB.

Ha pa3nuuHbIX mnpumepax, NpUBEAEHHBIX paHee, Mbl HAIVIAJHO YOEIUIUCh B TOM, YTO
CYILIECTBYET CBSI3b MEXKIY XapaKTepOM KOPPESILIMOHHON (YHKIUMU U BHYTPEHHEH CTPYKTYpOu
COOTBETCTBYIOILETO €M CIIlydallHOroO Ipolecca. B 3aBUCMMOCTM OT TOro, Kakue 4acTOThl U B
KaKUX COOTHOUICHHUSX Npeo0IagaroT B COCTaBe CIIy4alHOW (QYHKIUH, €€ KOppeNsIUOHHAS
(GyHKLUS UMEeT TOT WM ApYyroi Bui. M3 Takux cooOpakeHuil Mbl HEMOCPEACTBEHHO MPUXOIUM
K IMOHATHUIO O CIIEKTPAJIbHOM COCTaBe CAy4alHOM (QyHKIMH.

[loHATHE «CTIEKTpay BCTPEYAETCS HE TOJBKO B TEOPHM CIyYallHBIX (DYHKIHIA; OHO
IIMPOKO MPUMEHSETCS] B MaTeMaTUKe, PU3UKE U TEXHUKE.

Ecmu  kakoi-mubo KoneOaTeNnbHBId TPOLECC MPEACTABISETCS B BHAE CYMMBI
FapMOHUYECKUX KOJIeOaHUH pa3iMyHBIX YacTOT (TaK HA3bIBAEMBIX «TapMOHHK»), TO CIIEKTPOM
K0J1e0aTeJIbHOTO MPOLecca Ha3bIBAETCs (DYHKIIMS, OMUCHIBAONIAs PACIIPEIEICHUE aMIUIUTY/ 110
pa3nnyHbIM yacTtotaM. CIeKTp MOKa3bIBAaeT, KAaKOro poja kojeOaHUs MmpeolialaloT B JTaHHOM
IIpoliecce, KAKOBA €ro BHYTPEHHSS CTPYKTYpa.

CoBepIlIEHHO aHAJOTMYHOE CHEKTPAJIBHOE ONHMCAHUE MOJKHO JAaTh M CTAlMOHAPHOMY
CIIy4yalHOMY MpOLECCY; BCS pasHULA B TOM, YTO JUIA CIYy4allHOrO IpPOLEcCa aMILIUTYbI
KosiebaHuit OynyT ciaydalHbIMH BenuumHamH. CHEKTp CTalMOHApHOW ciydailHOW (QYHKIUU
OyJleT ONMMCHIBATh pachpeiesieHne JUCTIEPCH MO0 pa3InuHbIM dyacTtoTaM. [lomoiiaém Kk moHSITHIO
0 CHEKTpe CTAllMOHAPHOM cilydyaliHON (PYHKIIMU U3 CIEAYIOIIUX COOOpaKeHUH.

5

N Hit
PaCCMOTpI/IM CTalMOHAPHYIO CIYYaHMHYIO (pyHKHI/HO (), KOTOPYKO MBI H216J'IIOJIaGM Ha
0
HHTCPBAJIC l: ,T-’:I .
)
\\ e n
I3 A ' I\J‘ ~—
A ) s e O
v Lok / ! > \ 1 7T
\” |l I, L, /\I \
v/ vV J
A()

3anaHa KoppensuoHHas PyHKIUS caydaifHoi QyHKIM
K ti+T) =k, (1)

DyHKIUA Ecx (o) ecTh 4€THas QyHKIIHS:
ey (T) =Ry (=T)
U, ClIeZIoBaTeNIbHO, Ha rpaduke N300pa3nuTcss CAMMETPUYHON KPUBOH .
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' gt
Ipu usmenernn £ u f or Y o 7 apryment T=¢ ~¢ ysmensercs or —7 mo +7.

N -7
Mpsl 3HaeM, 4TO 4Y€THYIO (DYHKIMIO Ha WHTEpBaJe -7.7) MOXHO DPa3loXHUTh B psin Dypse,
10JIB3YACh TOJIBKO YETHBIMU (KOCUHYCHBIMH) TaPMOHHUKaMMU:

by (Ti= 2 Dy cosayT

k=0 ,
rie
_ar
@ =ka. VT T
a K03 PHUITMEHTBI Dy onpeaensoTcs GopMmynamu:
Iy = L T b, (T,
2T T >
1 T
D=5 [ k,(x)cos gyrdr,  mpuk =0,
-T

HNmess B BUAY, 9TO (QyHKIHH ey () u B0 ET 4EéTHBIC, MOKHO TIpeoOpa3oBaTh (GOPMYJIBI K
BHUJLY:

1'.?"
Dy = ?Iﬁsx (DT,
I:I -
2'.?"
D, = Fj,a:x (Ticosay,dT, mpuk=0,
1]

2. CrekTpajbHOE pa3OKCHHE CTALMOHAPHOM CIydallHOW (YHKIMH Ha KOHEYHOM Y4YacTKe
BPEMEHH.
- ) k, (T) .
[lepeiiiéM B BBIPaKEHUH KOPPEISIIIHOHHON (DYHKIIHH OT apryMeHTa ° CHOBa K
r
nByM aprymentam £ u £ . Jljist 5TOro momoxum
Cos @ T=cos @y (' —£) = cos ani'cos and +sin @yt sin @y

¥ TIOJICTABHM 3TO BBIPaXKCHHE B QOPMYIY:

(-]
oo (.87 = 2 (D cos @yt cos @yt + O, sin @t sin anf)
=D _
MBI BHIAMM, YTO BBIP@KCHHE €CTh HE YTO HHOE, KaK KAaHOHHYECKOE Pa3JIOKEHUE

K, (t.9

KOpPENSUOHHON (DYHKIMU KoopauHaTHBIME  (DYHKIIUSIMH 3TOTO KaHOHHYECKOTO

Pa3JI0KEHUS SIBISIFOTCS TIONIEPEMEHHO KOCHHYCBI M CHHYCBI YaCTOT, KPaTHBIX @ .
COS @t 50 @l k=01,

Mpbl 3HaeM, 4TO MO KaHOHWYECKOMY Pa3IoKEHUIO KOPPEISIIHMOHHON (YHKIHUU MOXKHO
MOCTPOUTH KAHOHUYECKOE Pa3IoKEHUE caMO ciydailHOW QYHKIIMH C TEMHU K€ KOOPAMHATHBIMU
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D
(GYHKUMSIME ¥ C JUCTIEPCUSIMH, PaBHBIMH KOd(pdHUIHEHTaM ~F B KAHOHUYECKOM Pa3JIOkKECHUH
KOPPENSIUOHHON (PyHKIINH.
. Xt
CnenoBarenbHO, ciydaiiHas (yHKIUS ()
KaHOHHUYECKOT'O Pa3JI0KEHHUS:

Xit)= 2 (U cos @yt +F, sin ayt)
k=0

MOJKET OBITh opeacraBji€Ha B BH/C

P .
rac LA HCKOPPECINPOBAHHBIC CIIYYaWHBIC BCIMYUMHBI C MAaTECMAaTHUYCCKUMHU OXHIAHHAMU,
paBHBIMU HYJIIO0, U AUCICPCUAMU, OJUHAKOBBIMHU JJISA Ka)i(,[[OfI napnbl CHy‘lElfIHLIX BCIIMYHUH C

OJHUM U TEM XK€ HHICKCOM k .
DIU) = DIV 1= Dy
(0.7)

Takum o00pazoMmM, Mbl NOJYyYWIM Ha HWHTEpBaJe KaHOHUYECKOE Pa3JI0KEHHE

o
N DA
ciayyaHou — (QyHKIMH ,  KOOpPIWHATHBIMH  (QYHKIUSMH  KOTOPOTO  SIBISIOTCS
Cos @yt sin @t e
byHKUIUM , NPy pa3nUyHbIX . Pa3loXKeHWe TaKOoro pojJila Ha3bIBAETCA
CIIEKTPAJILHBIM Pa3JIOKEHUEM CTAIIMOHAPHOM ciydaiiHoN GyHKIUU. CeKTpaibHOE Pa3ioKeHHUE
M300paxkaeT CTAlMOHAPHYIO CIy4alHyI0 (PYHKIHIO PA3JI0KEHHON Ha TapMOHUYECKUE KOJIeOaHMs
Ppa3IUYHBIX YaCTOT:

1 L FEPLC S

HpI/I‘léM AMIUIUTYABI OTUX KoJIe0aHHH ABIISIOTCS CﬂyqaﬁHbIMH BCIMYHMHaAMM.

3. Cnextp nucnepcui.
o
0 - X(E) .
MpeleanuM JAMCIEePCUI0  Ciay4yailHOW  (QyHKUMH , 3aJaHHOW CHEKTpaJIbHBbIM
paznoxxenueM. [To Teopeme o nucnepcuu JIMHEHHOW (QYHKIIMM HEKOPPEIUPOBAHHBIX CIIy4YalHbIX
BEIINYUH

- (=] (-]
D, = DLX(E]= Y (cos® apt+sin” apt) Dy = 3 D
=D k=0
Takum o0pa3oM, aucnepcusi CTalMOHApHOM cCiydailHOHM (YyHKUIMHM paBHa CcyMMe
JUCIIEPCUN BCEX TapMOHHMK €€ CIEKTpPaJbHOro pasnoxkeHus. dopMyna  1OKa3bIBaeT, 4TO

=]

mucrepcuss  GyHKIUU A(z) M3BECTHBIM 00pa3oM pachpeleieHa IO pPa3IuYHbIM YacTOTaM:
OJTHMM YaCcTOTaM COOTBETCTBYIOT OOJBIIHE TUCTIEPCUH, APYTUM - MCHBIIIHE.

Pacnipenenenne amcrnepcuii mo 4acToTaM MOXHO TPOMJLTIOCTPHPOBATH Ipaduuecku B
BHJIE TAaK HA3bIBAEMOTO CIIEKTpa CTAIlMOHAPHOW CiydaiHOW (yHKIMU (TOYHEe - CIEeKTpa

o =0
aucriepcuit). st 3Toro no ocu abCuyce OTKIAbIBAIOTCS YaCTOThI =5 @2 e g o
OCH OpJIMHAT - COOTBETCTBYIOINE AUCIIEPCHH.

%

| l]IITrru
U & W o -,

OueBuaHO, CymMMa BC€X OpIMHAT IOCTPOEHHOIO TakKUM 00pa3oM CIIEKTpa paBHa
JUCTIEPCUU CITyYaitHON (QyHKITUH.
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1.10 Jlexknusi Ne 10 (2 yaca)

Tema: «CnekTpajbHOe pa3JioKeHHe CTAIIMOHAPHOM ciy4yaiiHoi GyHKINHU (IIPOAOIKEHHE)»

1.10.1 Bompocsl JieKUHHU:

1. HeoGxoaumocTh nepexo/ia OT AUCKPETHOTO K HEMPEPHIBHOMY CHEKTPY.

2. CrekTpanabHOE pa3lIOKEHHWE CTAIMOHAPHOHN ciydyaiiHOW (DYHKIIMU HA OCCKOHEYHOM
y4acTKe BpEMEHHU.

3. CniekTpaibHas IIOTHOCTh, €€ CBOMCTBA.

2. Kparkoe coep:xaHue BOIPOCOB:

1. HeoGxoaumocTh nepexo/ia OT AUCKPETHOTO K HEMPEPHIBHOMY CHEKTPY.

=]
. T Xig)
Ctpost cHekTpaJbHOE pa3JIOKEHUE CTAMOHAPHOM CIy4alHOW (YHKIUU Ha

KOHEYHOM YYaCTKE BPEMEHHU (0.7) , Mbl MOJYYMJIM CIIEKTP IUCHEpCUN ciydyallHOW (yHKIMH B
BUJE Dsa OTACNIbHBIX JUCKPETHBIX JIMHHUM, pa3/iei€HHbIX DPABHBIMU IPOMEXYTKaMH (Tak
Ha3bIBAEMBIN «IIPEPBIBUCTBIN» WIIH JIMHEHYATBII» CIIEKT).

OueBuaHO, 4eM OONBIIMKA Y4acCTOK BPEMEHH MBI OyJeM paccMaTpHBaTh, TEM IIOJIHEE
OyayT Hamu cBeJeHHs O ciay4yailHOH ¢QyHkIMHM. EcTecTBEHHO NOATOMY B CHEKTpaIbHOM

Pa3JIOKEHUU TIONBITAThCS MEPEUTH K NpEeleiny IpH T—w y IIOCMOTPETh, BO YTO IIPU ITOM

00paTUTCS CIIEKTP CITyd4alHOU (PYHKIIUH.
27

@ =——0
T —ew 2T ; TIO3TOMY pACCTOSIHUSL MEXAY 4YacTOTaMu P , Ha KOTOPBIX

IIpn
CTPOUTCS CHEKTp, OyAyT mpu T —e HEOTPaHWYEHHO yMeHbIaTbCs. [Ipu 3TOM AMCKpETHBIN

cnekTp Oyner mpuOIMKaThCs K HENPEPHIBHOMY, B KOTOPOM KaXJIOMY CKOJb YIOJHO MajoMy

WHTEpBaJy YaCTOT ha OyJIeT COOTBETCTBOBATH DJIEMEHTApHAS TUCTIEPCHS Ab(a) .
[TormpoOyem 1300pa3uTh HEMPEPBHIBHBIN CIEKTp Tpaduuecku. s 3TOr0 MBI JTOKHBI

HECKOJIBKO TIEPECTPOUTH l"pa(l)I/IK AUCKPETHOI'O CIICKTpa IMPU KOHCUHOM T A HMCHHO, 6YI[6M

0
OTKJIaAbIBATh 110 OCH OpAHWHAT YK€ HE CaMyl0 JUCIICPCHUIO k (KOTOpaﬂ 6e3l"paHI/ILIHO

y'MeHBI_I_IaeTCSI HpI/I T—}D:I ), a cpeL[He}o IIJIOTHOCTBH I[I/ICHepCI/II/I, T. c. I[I/ICI'IepCI/IIO,
NPUXOJAIIYIOCS HAa €IUHUIYy JUIMHBI JTaHHOTO HHTepBasa 4acToT. OO003HAUMM paccTOsHUE
Mexmy COCCAHNMHU HacTOTaMUu ﬂ"m .

25T

=——=Ma
2T

D
U Ha KaXJIO0OM OTPE3KEC Ao , KaK Ha OCHOBAHUWH, MOCTPOUM IPAMOYTOJIBHUK C TIIOIIAAbIO e .
HOJ’Iy‘-II/IM CTYICHYATYIO JUarpamMmy, HAIIOMHHAIOIITYTO 11O MPUHIUITY ITOCTPOCHUA TUCTOIrpaMMy

CTATUCTUYCCKOI'O PACIIPCACICHU .

Sy twy,)

Hrhﬁ/m

7
/A
[/ W Ndw wy
Ly
A &, Sl )=—
BeIcoTa quarpaMMbl Ha Y4acTKe , IPUJIEXKAIIEM K TOUKE ~ % , paBHa La
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U TIpeACTaBIsIeT COOOH CpEAHIOI IIOTHOCTh IUCHEPCHMH Ha 3ToM ydacTke. CymmapHas
IUTOIIA b BCEH TarpaMMbl, OYEBH/HO, PaBHA TUCIIEPCUH CITyYalHOW (QYHKIIUH.
2. CnhexTpanbHOE Pa3JIOKEHHE CTAMOHAPHON ClIy4alHOW (yHKIMM Ha OECKOHEYHOM YYacTKe

BpPEMEHH.

By/leM HEOrpaHHYeHHO yBEIHM4MBaTh HHTEpBan . [Ipu 3ToM ha—=0 4 CTyIIEeHYaTast

o N i
KpuBast OyAeT HEOTPaHMYCHHO TMPHOMMKATbCd K IUIAaBHOW KpUBOM ~'* (@) . Orta xpuBas
H306pa>KaeT IIJIOTHOCTbH pacnpeaeﬂeHHﬂ I[chepcvm I10 9acToTaMm HenpepBIBHOI‘O CHCKTpa, a

R o
cama (bYHKI_[I/ISI x( jlH":l?)InIBEleTCSI CHGKTpaJIBHOI/I IINIOTHOCTBIO ;[chepcml, HnJin, KOque,

o
o . o . AL
CIIEKTPAJILHOM TUIOTHOCTHIO CTAIMOHAPHOU CITydYaHON (QYHKIIHH .
Sr(@)
A
4
/
2
V]
] [7] w

Syl@)

O‘-ICBI/IIIHO, miomazab, OrpaHu4YCHHast KpHBOfI , HO-MIPCIKHEMY JOJDKHA PABHATHCA

D, - X
JAUCIICPCUHA CJ'IyLIaI/IHOI/I q)YHKI_[I/II/I .

D, = j S (@dw
0

D
®dopmysna ecTb HE YTO MHOE, KaK pa3jioXKeHHe AUCIIEPCUH ~ * Ha CyMMY 3JIEMEHTapHbIX

S landa

CcJlaraeMbIX , KaX710€ U3 KOTOPBIX NMpEACTaBIsieT cO00N MUCIEPCUI0, MPUXOISILYIOCS

Ha JIEMEHTAPHBIH yaacTok yactor £ @ | npuexamuii k Touke @ |

TakuM 06pa3oM, MbI BBEJIHM B PACCMOTPEHHE HOBYIO JOIOIHHUTEILHYIO XapaKTEPUCTHKY
CTallMOHAPHOTO CIIYYaiHOTO MPOLECCa — CIIEKTPATHHYIO INIOTHOCTD, ONHCHIBAIONIYIO 9aCTOTHBIN
COCTaB CTAalMOHAPHOrO mporecca. OIHAKO 3Ta XapaKTEPUCTUKA HE SBJISETCA CAMOCTOSATENLHOIA;
OHa MOJIHOCTBIO ONMPENENAETCS KOPPETALMOHHON (QYHKIMEN JaHHOTO TIPOIECCa.

D
[Tono6HO TOMy, Kak OpAMHATHI JUCKPETHOTO CIEKTpa ~* BHIpAXKAIOTCA (OpMysaMu

K, (T) aylan)
qCpe3 KOPPCIIIUOHHYTO (I)}’HKI_II/IIO , CIICKTpaJibHaA MJIOTHOCTDb TAKXE MOXCET GLITB
BbIpaXK€Ha 4Yepe3 KoppersiuoHHy0 GyHkuuo. BeiBegem 3To Belpaxkenue. s sToro nepeaem

B KaHOHMYECKOM pa3jOkKEHUU KOPPEISILMMOHHON (YHKIMM K TMpeneny IpH T—my
MOCMOTPUM, BO YTO OHO 00patutTcs. Bynem HCXonuTh U3 pas3okKeHUs  KOpPPEIsSIUOHHON

¢byukun B psag Oypbe Ha KOHEUHOM HHTEpBaje =7 :

k(D= 2. DycosayT
k=0

T7I€ TUCTIEPCHs, COOTBETCTBYIOIIAS YacTOTE @ , BBIpaykaeTcsi popMyIoit

2'.?"
Iy :—_I-EcJr cos &y Td T
TI:I
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N b
Ilepen Tem Kak mepexoauTh K IpeAeny Ipu T —e , TIepelémM oT aucrepcun —F K
Ly
CpeaHel TUIOTHOCTH JUCIIEPCHU A@ | Tak Kak 9Ta IUIOTHOCTD BBIYUCIACTCS €IS [P KOHEYHOM
3HAYEHWH ! ¥ 3aBHCHUT OT £ , 0003HaYNM €€

Ty - D
ST (@) o

, IOJIYy4YHM:

T

5 il
S (@) = = [k, (D cos qymdT
T Dy =5 (ay)he

IloacTaBum BBIPAXXCHHUC B (1)OpMy.]Iy, MMoJIy4Ynm:

k(=X 8 (@) cos e
k=0

OueBunHO, MpU 3TOM ha—0, JUCKPETHBI  apryMEHT @ IIEPEXOJUT B  HENPEPBIBHO
MEHSIOMIMICA apryMeHT #; cyMMa MNEpeXOAUT B HMHTErpal 10 nepeMeHHod #; cpennss

n R

ot
ITIJIOTHOCTDH ,Z[I/ICHepCI/II/I x (mk:l CTpeMI/ITCH K IINIOTHOCTU ,ZLI/ICHepCI/II/I Jrl: :I, Hu Bpra)KCHI/Ie B
npez[ene HpI/IHI/IMaCT BHU/:.

k, (T) = ] 5, (@) cos @Td @
0

R o o o
rac x( :I - CHGKTpaHBHaH IIJIOTHOCTBb CTaI_II/IOHapHOI/I CJ'Iy‘IaI/IHOI/I q)YHKI_II/II/I

3. CHCKTpaHBHaH IIJIOTHOCTB, €€ CBOICTBA.

[lepexons x mpeneny npu T—mo MOJIYYUM BBIPAKEHUE CIEKTPAIbHON IUIOTHOCTH
4yepe3 KOPPEeISIUOHHYIO (YHKITHIO:

(=]
2
Sy(@) == [ Iy (7) cos @TdT
T
0 .

Bripaxkenue 3TOro Tuma W3BECTHO B MaTeMaTHKE IOJ] Ha3BaHUEM HHTerpaia dypsbe.
Wnterpan ®@ypbe ecTb 00001IeHNE pa3fiokeHus B psiag Dypbe A ciydas HENEepUOANYeCcKOn
GbyHKIMH, paccMaTpuBaeMoil Ha 0ECKOHEYHOM MHTEpBaje, U MPEACTaBIseT cOO0N pa3ioxKeHHe
(GYyHKIMU Ha CyMMY 3JIEMEHTApHBIX TAPMOHUYECKHUX KOJIeOaHUH ¢ HEPEPhIBHBIM CIIEKTPOM.

Takum oOpa3om, KoppemsiuoHHas (QYHKIUS U CHEKTpajbHas IUIOTHOCTh BBIPAXKArOTCS
OJIHa Yepe3 APYTyIo C MOMOIIBI0 peodpa3oBanuii Dypre.

. R
Ha  npaktuke  BMECTO  CHEKTpPaJbHOM  IUIOTHOCTH ~ * ( :I‘-IaCTO IIOJIB3YHOTCS
HOPMHMPOBAHHOW CHEKTPAIbHOMN MNIOTHOCTBIO:
Sy (@)
D

x

&y I:-:ﬂ) =

I, oo
rae ~ ¥ - AUCTepcus Cly9alHON (yHKIIHH.
T
Herpynno  yGeautbes, 4TO  HOpPMHpOBaHHas  KOppeNlsLUMOHHAas  (pyHKUIUA #x(T) u
gl
HOPMHUPOBaHHAs CHEKTpalibHas IUIOTHOCTh ¥ (@) CBs3aHbI TEMH ke npeodpa3zoBaHusiMu Oypbe:
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&= st(m} cos @ a,
I

5, (an = ;,_ET,I- 2y TcosatdtT.
I

[Tosnarasi B IEPBOM U3 PABEHCTB - — 0y YUHUTBIBAsSA, YTO er() =1 , IMeeM:
[en]

[s:(@ade=1
1]

T. €. MOJIHAs TUIONIA/b, OrpaHHYEHHAs Tpa)MKOM HOPMHPOBAHHOW CHEKTPAIBbHOM IUIOTHOCTH,
paBHA eIMHUIIE.

. s
XapakTep H3MEHEHHS CHEKTPAIbHON IUIOTHOCTU x( )(6BICTp06 WIH MEAJIEHHOE

| o 5y @)
Y6BIBaHI/Ie) 3aBUCUT OT IIapaMcCTpa . Ilonnas miomazib, OIpaHUYCHHAsA KpPHUBOU )

1
IIOCTOsIHHA MW paBHAa  CIWHMIIC. HN3MmeHeHue 0 PaBHOCHUJIIbLHO M3MEHEHHIO  MaciuTada

- i) T
KpUBOH ~* (@) no o0euM, OCSM IPH COXPAHEHWM ee Iomanu. llpu yBenuuennn U macmira®
M0 OCH OpPAMHAT YBEJIWYMBAETCS, IO OCHU a0CIHMCC - YMEHbINAETCS; MpeodiaaHie B CIEKTpe
CIIy9aifHOH ()YHKITMH HYJIEBOW 9aCTOTHI CTAHOBUTCS 00JIee IPKO BHIPAKCHHBIM.

1.11 Jlexkmust Ne 11 (2 yaca)

Tema: «CnekTpajibHOE pa3jioKeHne CIy4YaiHol GyHKIMN B KOMILIEKCHO (opme»

1.11.1 Bonpocsl Jekuum:

1. DneMeHTHI TEOpPUHU KOMIUIEKCHBIX Yncell (0030pHO).

2. TlpenMymecTBO KOMIUIEKCHOH (DOpMBbI CIEKTPAJbHOIO pa3lI0oKEHUs ClydaifHOU
GYHKIIMN U ee XapaKTEePUCTHUK.

2. KpaTkoe cojiep:kaHue BONPOCOB:

1. DieMeHTBI TEOpUU KOMIUIEKCHBIX YHcell (0030pHO).

B psne cnydaeB ¢ TOYKM 3pEHHS TPOCTOTHI MaTEeMaTHYECKUX MpeoOpa3oBaHUM
OKa3bIBaeTCs yJJOOHBIM MOJIb30BaThCs HE NEHCTBUTENIBHOM, a KOMIUIEKCHONW (OpMOIi 3amucH Kak
CHEKTPAJIbHOTO PAa3JIOKEHUsl CIy4alHON (YHKIIMHM, TaK U €€ XapaKTEPUCTUK: CIEKTpPalbHOMN
IUIOTHOCTH U KOPPEISIIMOHHON (PYHKITUH.

KommekcHast ¢opma 3amucu ynoOHa, B YaCTHOCTH, IMOTOMY, YTO BCEBO3MOIKHBIE
JUHEWHBbIE oOmepanuy Haja (YHKIMAMH, HMEIOUIMMUA BUJA TapMOHUYECKUX KojeOaHUH
(muddepenmpoBanue, UHTErPUPOBAHNE, pPEUICHHE TUHEHHBIX MU (depeHIInaIbHbIX YpaBHEHHM
U T. J1.), OCYIIECTBIIAIOTCS TOPa3/I0 Mpolle, KOrja 3TH rapMOHUYECKHE KOJIeOaHus 3alTUCaHbl HE B
BUJIE CHHYCOB M KOCHMHYCOB, a B KOMIUIEKCHON (opMe, B BHJE IOKa3aTeIbHBIX (DYHKIUH.
KommnekcHast ¢opma 3amucu  KOppeNsUUMOHHOW (YHKIMHM M CIEKTPaJbHOW IUIOTHOCTH
NpUMEHSIETCd U B TeX CiydasX, KOorja cama ciyyaiiHas (QyHKOus (a cliejoBaTelIbHO, U €€
KOppeNsuoHHas (PYHKIUS U CHIEKTpaIbHAs IJIOTHOCTH) ICHCTBUTENIbHA.

[Tokaxem, Kak MOXXHO B CIHEKTPAJIbHOM pAa3jOKEHUU CIy4ailHOW (QYHKIHH YHCTO
dbopManbHO MEPEUTH OT ACUCTBUTETHHOU (HOPMBI K KOMIUIEKCHOM.

o

X (0.7).

PaccMoTpuM cniekTpaiabHOE pa3ioKEHUE CIIyJailHOW (PyHKITUN Ha y4acTKe
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X)) =2 (Uy cos @yt +5% sin @yl)
k=0

Uy ¥ - y Uy v
rac y - HeKoppeJII/IpOBaHHLIe CJ‘Iy‘IaI/IHBIe BCJIINYHNHBI, HpI/Iqu JJIA KaXKI0U HapLI , C
OAWHAKOBBIMU MHACKCAMU I[I/ICHepCI/H/I paBHLI:

D[U] = DIV )= Dy,
yLII/ITBIBaﬂ, qTo mk = .;C{ﬂl ; 'ﬂj =0 , IEPECTINIIEM BBIPAXKCHHUE B BHUIC!:

Kty =Ty + 7. (U cos @yt +V, sin @yf)

k=1 ]
[Ipunanum  CHEKTPAIbHOMY  Pa3JIOKECHUIO KOMIUIeKCHY0  (opmy. [ a3toro
BOCTIOJIB3YEMCSI H3BECTHBIMU (hopMysiaMu Didsiepa:
Eiﬁ]'i'j +E—:’mkf _ E:’mg _ E—:’mkf . E:’mkf _E—img
Cos dht = > . sin ahd = % =— >

[ToncraBisis 3Ty BbIpaXXeHUs B OpMYITy, UMEEM:

@ s} ot —Tanf gt —fangf
XO=Up+3 | 8 — it~ ¢
) 2 2

1)
E:’mg E—:’mkf
T. €. Pa3JI0OKCHUC C KOOPANHATHBIMU Q)YHKHI/ISIMI/I ! .

o

. ooy B
dopmyna mpeAcTaBIsIeT cOO0N pa3ioKeHUE CIyJalHOW (PYHKIHH &) , B KOTOPOM B

. fand
KayecTBE KOOPAMHATHBIX  (QYHKUUH  (QUIypHpYIOT KOMIUIEKCHbIE  (QYHKUIUHU £ © |

KOA(p(UIMEHTHl TPEACTABIAIOT COO0M KOMIUIEKCHBIE CiydaiiHble BenudyuHbl. OO03Hayas 3TH

W, (k=+142,)

KOMIUIEKCHBIE CITyYalHbIC BEJIMUUHBI , IPUJIATTAM PA3I0KEHUI0 HOpMYy:

X@=3 w

I=—c=o
rac
Wi =014 nprk=10,
WFC:L;C_;E& mpu k=0,
Wi =@ nprk <0

Haiinem aucnepcuum stux xos¢pdunuenton. IIpu £=0 JUCTIEPCUS Lo OCTaJlach TaKOHN
e Kak Obla MpH JIeHCTBUTENBbHOM (popMe crieKTpanbHOro pasiiokeHus. Jlucnepcus kaxaoil us

KOMIIJIEKCHBIX BEIUYHH Wi (mpu k# I3) paBHa CyMME JUCIEpPCUN €€ JEeUCTBUTEIbHOU U
MHHUMOM JacTeH:

Ul D] _2000k] _ Dy

4 4 4 2

o] =2

Beeaem 0003HaueHME:

2 HPI/I’EC*_'&U' D =Dy HpI/I’;C=[:I

U TIOCTPOMM JIMCKPETHBIA CHEKTp CIydailHOW (QyHKIMH (8
or ~% go t¥ |

, pPacpoCTpaHEHHBIM HA 4aCTOTHI
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.,rll 7" Lo

oy Gy, § W W W @
9T1OoT CIICKTPp CHMMETPUYCH OTHOCUTCIIBHO OCH OpAUuHAT, OT paHeEC IOCTPOCHHOI'O
CIICKTpa OH OTJINYACTCA TEM, 4YTO OHpeHeHéH HC TOJIBKO MJIA IOJIOKHTCIBHBIX, HO W OJIA

OTpULATCIIBHBIX YaCTOT. 3aro ero OpAHHATBI IIpHU k#0 BABOC MCHBIIC COOTBCTCTBYIOIIUX

OpIMHAT MPEKHETO CIEeKTPa; CyMMa BCEX OpJUHAT MO-NPEKHEMY paBHA AUCIEPCUH CIyYalHON
o

L= Z. Ly
byHKUIUM A2 : f=—oo

2. [IpenmMymiecTBO KOMILIEKCHON (DOPMBI CHEKTPAIBHOTO PA3JI0KEHUs CIIydailHOH QYHKIMHA |
€€ XapaKTEPUCTHUK.
0 oo X(E) .

MpeeTuM KOPPESIIHOHHYI0 (QYHKIHIO CITy4aliHOW (DyHKIHH , IPEJICTaBIICHHOM B

BH/JI€ KOMIUIEKCHOTO CIIEKTPAJIBHOTO Pa3JIOKECHUS:
« % oo oot T E o T R o * - '
ﬁ:x{ﬁ,f-r]l= Z‘ Dkézmgé‘:mg: Z Dké‘zmgé‘—zmkf _ Z Dké'wk(f_fj
fr=—co fr=—wo fr=—uo

—_ I'_
HJiy, nepexod K apryMmeHTy T=i-t )

k(1) = Z. D;:gz'mkr

fi=—mo ’
rac
T
v 1 1
Dy = =Dy =— [k, (@) cos yzdt
2~ Ty npn K% 0
[Tpunanum BeIpakeHHIO TaKXke KOMIUIEKCHYI0 (opmy. [Tomaras
E:’mkr +E—:'::.Jkr
cos @y T=
2 1)
MIOJIy4YUM:
1 T 1 T T
'L fwgr | —lagT _ —TaigT Tt
Dy = ET[;:I (D6 +e W dr=— gkx(*r}e dT+£kx{T}e dr
[Tonarast BO BTOpOM MHTETpae -~ ¥  umeeM:
T -T ]
[k @™ dr=—[ ky(u)e ™ du= [ k& (t)e " dr
0 0 -T ,
OTKyza
T
Dy = 1 j k. (Tl g
or 3"

Takum 00pa3oM, MBI HMOCTPOMJIM KOMIUIEKCHYIO ()OPMY CIEKTPAJIbHOTO Pa3lIoKEHUS

- 0 .
cilydyaiiHOM (YHKIIMM HAa KOHEYHOM HHTEpBaJie (0.7 ). [lasiee ecTeCTBEHHO MEPENTH K MpeaeIy
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pu T —®  xax Mpl genanu sl ACHCTBHTEIBHOI ¢dbopMBI, T. €. BBECTH B PAaCCMOTPEHHUE

CIICKTPAJIBHYIO INIOTHOCTH
*

" D
(@)= lim =&

hw—0 A
k, (1) = j S de

(-]

Si(@) = 1 [ k, (D) @ dr
E.ﬂ'_m

@opmysbl TPEACTABISIIOT 000N KoMIUIeKCHYI0 (opmy mnpeobpazoBanuii Dypee,
CBSI3BIBAIOIMX KOPPEISALUOHHYIO (DYHKIUIO U CHEKTPAIBbHYIO IJIOTHOCTb.

=]

Tonaras T=" , IOJIy4MM BBIpa)KEHUE AUCIIEPCHH CIy4YailHOU QyHKIIUU A(z) :

D, = j S (ad @

@®opmyna BBIpaKaeT JUCIIEPCHIO CIyY4alHOW (QYHKIMH B BHJIE CYMMBI 3J€MEHTapHBIX

JUCIIEPCUH, PACIPEACIEHHBIX C HEKOTOPOW IUIOTHOCTBIO IO BCEMY AMAIIa30HY 4YacTOT OT —to
110 +o0

Wuorga B kauecTBe apryMeHTa CIIEKTPAIbHOM TUIOTHOCTH PacCMaTPUBAIOT HE KPYTOBYIO YACTOTY
(%), a wacrory Kosebanuii J , BRIPOKEHHYIO B replax:

P

2T

L @t=2mF .
B 3TOM cityyae noactaHOBKOM dbopmyna TMPUBOAUTCS K BUIY:

k(1) =27 [ Sy (2mp)e ™ T df
WJIH, BBOJIS 0003HAUYECHUE
G, (f) = 275, (27 F) |

k= [ G (1e* Y ay

—0

.
OyHkIus ~* () TaK)K€ MOXKET IPUMEHATHCA KaK CIEKTPAJIbHAs INIOTHOCTh JUCIIEPCUH.
Ee BbIpakeHue uepe3 KOppessuOHHYI0 (DYHKINIO, OYEBUIHO, UMEET BUI:

=]
G, ()= j k (Te t Vg
—e _

Bce npuBenéHHble HaMH U HEKOTOPBIE JpyTrUe NMpUMEHSEMble Ha MPAKTUKE BBIPAKEHUS
CHEKTPAIbHOM MIOTHOCTH, OYEBU/HO, OTIMYAIOTCS IPYT OT JIpyra Tojibko MacmTaboM. Kaxmyro
U3 HUX MOKHO HOPMHPOBATh, €ISl COOTBETCTBYIONIYIO (DYHKIIMIO CIIEKTPAJIbHOM MJIOTHOCTH Ha
JUCTIEPCUIO CITydaitHON (yHKINU.
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1.12 Jlexknusi Ne 12 (2 yaca)
Tema: «CnekrTpajbHOe pa3jiojkeHHe CiaydYailHOH (YHKIUM B KOMILIEKCHOH ¢dopme

(mpoaoJrxenune)»

1.12.1 Bonpocsl JeKuum:

1. TlpeoOpa3zoBaHue CTAIMOHAPHOW CIIydallHOW (YHKIIUU CTAlMOHAPHOW JIMHEHHOM

IUHAMHUYECKOM CUCTEMOM.

2. Knaccudukamnus ciryqaitHbIX (yHKIIHA.

2. Kparkoe coep:xaHue BOIPOCOB:
1. TIIpeoOpa3oBaHue CTAalMOHAPHOW CHOy4ailHOW (YHKIMKM CTAIMOHAPHOW  JMHEHHOUN
IUHAMHUYECKOM CUCTEMOM.

Ecnu u BXoaHoe Bo3leHCTBUE A1¢) U pEaKiusi CUCTEMBbI rie) CTallMOHAPHBI, 3a7audy
npeoOpazoBaHus caydailHOW (QYHKIIMU MOKHO CBECTH K MPE0Opa30BaHUIO0 OJHOW-ETUHCTBEHHON

HECJIy4aliHON (PYHKIMH - CIIEKTPaIbHOM MIIOTHOCTU Syla) .

Jlyig Toro 4ToOBI MPU CTALlMOHAPHOM BO3JEUCTBUU PEAKIMSI CUCTEMBI MOTJIa OBITh TOXE
CTallMOHAPHOM, OYEBUIHO HEOOXOIUMO, YTOOBI IapaMeTpbl CUCTEMbI (HampuMmep, BXOJAIIUE B
He€ CONpPOTUBJIEHMS, EMKOCTH, HWHAYKTHUBHOCTH M T. I.) OBUIM TOCTOSIHHBIMH, a He
IIEPEMEHHBIMH. Y CIIOBUMCSI Ha3blBaTh JIMHEHHYIO CHUCTEMY C IIOCTOSHHBIMH IapamMeTpaMu
CTallMOHAPHOW JINHEHHON CUCTEMOM.

PaccmoTpuMm  3agauy o0 npeoOpa3oBaHMM — CTallMOHApHOW  ciydailHOW  (yHKUMHU

CTAallMOHApHOW JIMHEWHOM cucreMod. IlyCcTh Ha BXOJ JIMHEHHON CHCTEMBI L [IOCTYyIaeT

y X8 . ¥
CTalquOHapHasd CiiydarnHas (I)YHKL[I/ISI , p€aKknus CUCTEMBI €CTh CllydanHasa (I)YHKL[I/IH .
N l((‘} v ’// 7, //7/ N V/U
” \‘-‘,' -“", ,//// L //V “\J'"‘. '/
Ay A (T) //// // uy,l;(r\}l

—— -

W3BecTHBI XapaKTEPUCTUKH CIIy4alHOW (PYHKIIMH A18) : MATEMATHYECKOE OXKMIAHUE W%
U KOppensuuoHHas (QyHKUIUS ey () .
byHKIIUN s Ha BBIXO/IC JIMHEHHOW CHCTEMBI.

Tax kak a5 pemeHus 3aa4un HaM NpUaETCs TpeoOpa3oBbIBaTh HecaydailHble (PYHKIINUH -
MaTeMaTHYeCKOe OKUAAHUE U KOOPAWHATHbIE (DYHKIIMH, pACCMOTPUM NPEXIE BCErO 3a1ady 00

%) _

o xif o .. o
Peakiio cucteMsl & Ha Bo3ueiicTBHe @ MOKHO HAaWTH MYTEM pelIeHHs] JTUHEHHOro
muddepeHanbHOro ypaBHeHus. Kak m3BecTHO W3 Teopuu IuddepeHIHaNbHbIX YpaBHEHUH,

Tpebyercs omnpenenuTs XapaKTEPUCTUKH CIy4alHON

ONpCACIICHUU PCAKIINU CUCTCMBbI L Ha HCCJIyan‘;IHOC BO3JICHCTBUE

9TO PEIICHHEe COCTOMT M3 [BYX CIATAEMBIX: *{ @ 7w Craraemoe Y1 %) HpECTABIIAET
co6oii pelleHre ypaBHEHHUs O€3 IPaBOI YacTH U ONPENENSeT TaK Ha3hbIBAEMbIE CBOOOIHBIE UIIH
COOCTBEHHBIE KOJIEOAHHs CHCTEMBL.

D10 - KoneOaHMs, COBEPIIAEMBIE CHCTEMOM NPH OTCYTCTBMH BXOIHOTO BO3JICHCTBHS,
€CIII CHUCTEMa B HAYaJILHBIA MOMEHT KakK-TO 6BIHa BBIBCJICHA M3 COCTOAHHA PAaBHOBCECHS. Ha
IPAaKTHKE Yalle BCErO BCTPEYAIOTCH TAK HA3BIBAEMBIE YCTOMUYMBBIE CHCTEMBI; B OTHX CHCTEMaX
CBOOOTHBIE KOJIEOaHUsI C TCUSHHEM BPEMEHH 3aTyXaloT.

OFpaHI/ILH/IMCH pPaCCMOTPCHUEM YUYACTKOB BPCMCHHU, NJOCTATOYHO YAAJICHHBLIX OT Hadalia
IpOLIECCA, KOTAa BCE MEPEXOIHBIE MPOLECCHl B CHCTEME MOXKHO CYMTATh 3aKOHYEHHBIMH M
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£
crcTeMa paboTaeT B YCTAHOBMBIIEMCS PEKHME, MOXKHO OTOPOCHTH BTOPOE ciaraemoe # 4 @) u

i
OI'paHUYUTBECA PACCMOTPEHHUEM TOJBKO II€PBOIo cCiara€Moro ‘}?I(:I . D10 IIEpBOC ciara€Moc
OnpeaAC/IsICT TaK HA3bIBACMbBIC BBIHYKIACHHBIC KOJIEOAHMSI CHCTEMBI 1o BJIIMSAHHUEM BO3I[CI>1CTBH$I

N x(E)
Ha Hee 33/1aHHON (yHKIUU :
[TycTs Ha BXOJ] CHCTEMBI IIOCTYIAET TAPMOHUYECKOE KoleOaHne BUAA:
x5 = P
£
Y raoxe B BHJIE TAPMOHUYECKOTO KoJIebaHus 4acToThl &,
Diian .

By,I[CM HCKaTh PCaKIUIO CUCTEMBI

HO YMHO>XEHHOT'O Ha HEKOTOPBIN KOMIIJIEKCHBI YMHOKUTEIb
yit) = D™

i . o o
CDYHKI_II/IH ( :I HOCHUT CIICHHUAJIBbHOC HA3BAHHUC YAaCTOTHOU XaAPAKTCPUCTHKH JIMHCUHOU
cuctembl. Takum 00pa3oM, €ciii Ha BXOJ JMHEMHON CHCTEMbI C IOCTOSHHBIMM IapamMeTpamMu

T
MMOCTYIAacT rapMOHUYCCKOC KOJICﬁaHI/Ie BHUIa & , TO p€akrda CUCTCMbI NPCACTABIIACTCA B BUAC

TOrO € TapMOHMYECKOrO KOJeOaHMs, YMHOKEHHONO Ha YaCTOTHYIO XapaKTEepUCTUKY

Do o
CUCTCMBI I: :I . H}ICTI) Ha BXO0J CUCTCMBI HOCTYHaeT BO3CUCTBHUC BU A
x(£) = '™
i)
rac o - HCKOTOpPas BCJIIMYKHA, HC 3aBUCAIIAA OT £ .B CUIly JIMHEUHOCTH CUCTEMBI BEJIMUHHA o

BBIXOJMT 3a 3HAK OIlepaTopa, U peakliusi CUCTEMBbI HA BO3CHCTBUE OYAET paBHa:
yit) = UdGareg™

O4eBHIHO, ATO CBOWMCTBO COXPAHUTCS U B TOM ciydae, KOTJa BelIWYMHA U Oyzer ciydaiiHon
(mumb GBI OHA He 3aBHcena ot ).

# . N At
[IpencraBuM MareMaTH4ECKOE OXKHUIaHUE ~* CTAllMOHAPHOM cllydallHOM (yHKIUU &

KaK rapMOHMYECKOE KOJIeOaHUe HyJIEBOi YyacToThl & = 0 4 nonoxum B popmyne &= 0.
By, (0
o) = _

40 a
OTKYHa HOHy‘IaeM MaATEMATHYCCKOEC OKUJaHUEC HA BbIXOJAC CUCTCMBI.
w20
X
¥ ap

[lepeliném K mnpeoOpa30BaHUIO JIMHEHHON CHCTEMOW CYIIECTBEHHO CIIy4allHOM 4acTu

A(8) , @ IMEHHO (DYHKITHH Ae) = Zie)—my .

o

byHKIIUN
Jist 3TOTO NMpencTaBuM (QYHKIIHMIO A1) y4yacTke 0.7 4 BUJIE CIIEKTPAIBHOTO Pa3I0KEHU:

X(y= Y U™

fr=—to

rae Ui HEKOppEJIUPOBaHHbIE CIy4yaiiHble BEJIMYMHBI, TUCHIEPCUU KOTOPHIX O0pa3yloT CIEKTP
CiIy4aiHON (QYyHKIIUH () . PaccMoTpuM oTAENBHOE ClaraeMoe 3TOM CyMMBI:
X(e) = Upe™
Peakuust cucrteMsl Ha 3TO Bo3zAecTBUE OyIET UMETh BU/I:
Yy ) = U Dliay )™

38



Cormacuo MNPpUHIHUITY CYINCPNO3UIUU PCaKIUd CUCTECMbBI Ha CYMMY BO3,[I€I>'ICTBH}I paBHa
CyMMCE peaKI_[I/Iﬁ Ha OTACIBHBIC BOSI[CI‘/'ICTBI/IH. CJ'IeIIOBaTCJ'IBHO, p€aKurw CHUCTCMbI Ha
BOSHGﬁCTBHC MOKHO NPCACTABUTH B BUAC CIICKTPAJIBbHOI'O PA3JIOKCHUSA:

¥t = % A

fr=—wo

WH, 0603HaYast Uplay) =W ,

Yin= 3 Wi

fr=—wo

W .
rae ¥ - HEeKOPPENIUPOBAHHBIE CIIyd4aliHbIE BEIMYMHBI C MATEMATUYECKMMH OXKHIAHUSAMHU,
paBHbIMH Hym0. OmpenenuM CHEKTp 3TOro pasioxkeHus, s 3Toro HalaéM AUCIEPCHUIO

. N W
KOMILIEKCHOH CJIy4aliHOM BENIMYMHBI '~ * B pasnoxkeHud. VMes B Buay, 4TO JMCIIEpCHUS
KOMIUIEKCHOM CIIy4ailHOM BEJIMYMHBI PaBHA MAaTEMaTUYECKOMY OKHMJIAHUIO KBaJpaTa €€ MOIYJIs,
MMEEM:

D] = MU 26l 1= MU [ |[ota)[ 1=

- [eGal MUk [ 1= pGaof D

MBI npuxoauM K CIHEAYIOLIEMY BBIBOLY: HpU RPeoOpaA306aHuu CMAUUOHAPHOIU
CAYUaiHOU YYHKUUU CIMAYUOHAPHOU TUHEHHOU CUCMEMOIl KaXMcOasn U3 opoOuHam ee cCnekmpa
YMHOMCaemcAaA HA Keaopam MoOyiA YACMOMHOU XAPAKMEPUCHUKU CUCMEMbl 0N
coomeemcmeyouiei Yacmomeol.

Takum o0pa3oMm, mpu MPOXONKIACHUM CTAllMOHAPHOW CIydallHON QYHKIHH Uepe3
JUHEHHYIO CTAllMOHApPHYIO CHUCTEMY €€ CIHEeKTp OIpeneia€HHbIM 00pa3oM IepecTpanBaeTCs:
HEKOTOpbIe YacTOThl YCHIIMBAIOTCS, HEKOTOphIe, HAMPOTHUB, OcCHalbnsioTcs ((PUIBTPYIOTCS).

KBagpatr Monynss 4acTOTHON XapakTEpUCTHKHM (B 3aBUCHUMOCTH OT m;,:) U TIOKa3bIBAET, KakK
pearupyer cuctema Ha KosueOaHusl TOW WIM HHOM YacTOTHI.
OueBHUIHO, CHEKTpalibHAs IUIOTHOCTh HAa BBIXOZE JIMHEWHON CHCTEMBI IOJy4aeTcs W3
. [pia)f
CIEKTPAJIbHON IUIOTHOCTH Ha BXOJE TEM K€ YMHOXKECHHMEM Ha , Kak ¥ OpAMHATEHI
JUCKPETHOI'O CIIEKTpa:

5, (@) = [@ea 5, (@) |

TakuMm oOpa3om, MOJIy4€HO BECbMa MPOCTOE MPABUJIO:

IIpu npeobpazoeanuu cmayuoHaApHoUu CAYYAUHOU  QYHKUUU CMAUUOHAPHOU
JIUHEUHOU CUCMEMOll ee CNEKMPAIbHAA NIOMHOCHbL YMHOJMCAEmMCA Ha Keaopam MmoO0yns
YacmomHoOll XapaKmepucmuKku Cucmemul.

[Tonp3ysick 3TUM MPaBUIIOM, MBI JIETKO MOKEM PELINTh MMOCTABJIEHHYIO BBIIIE 337a4y: MO
XapaKTepUCTUKaM CIy4ailHOW (YHKIMH Ha BXOJIE€ JTHHEHMHON CHUCTEMBbI HAWTHU XapaKTePUCTUKU
CIy4aifHOM ()YHKIIMH Ha €€ BBIXOJIE.

2. Knaccudukanus caydaliHbIX QYHKIUI.

Cnyuaiiapii mporiecce X(t) Ha3pIBaCTCS rayCcCOBCKHM, €CITH BCE €0 KOHSYHOMEPHBIS
pacmpezeneHus SBISIOTCS HopManbHbIMU. CitydaifHblil mporece X(t) Ha3pIBaeTCS MPOLIECCOM €
HE3ABUCUMBIMH MPHUPAIICHUAMMU, CCIIN €TO MMPUPAIICHHA Ha HCTICPECCKAIOIINUXCA BPEMCHHBIX
IPOMEXYTKaX HE 3aBUCAT APYT OT Apyra.

Crny4aitabiii iporiecc X(t) Ha3pIBaeTCs MPOLECCOM ¢ HEKOPPEJINPOBAHHBIMH
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NMPUPALIEHUIMH, €CITH BBITOJHSIOTCS CIEAYIONINE YCIOBHUS:
1) tT: MX?(t) < oo;
2) 1y, o, t, t4T: ty <tp < t5< tg : M((X(t2)-X(t1))-(X(ts)-X(t5)))=0.

[Tycth cucTeMa A MOKET HAaXOAUTHCA B OJTHOM U3 HECOBMECTHBIX COCTOSIHUM A1; Ag;...;An U
IIPY 5TOM BEPOSATHOCTS Pjj(s) TOr0, 4TO B S-OM HCIBITAHMM CHCTEMA IIEPEXOJNT B COCTOSHUE A,
HE 3aBHUCUT OT COCTOSIHUSI CUCTEMBI B UCIIBITAHUSIX, IIPE/IIECTBYIOMNX S-1-omy. CryuaiiHblii
MIPOIIECC IAaHHOTO THIIAa Ha3bIBaeTCs HeNbi MapkoBa.

Crny4aiinpiii iporiecc X(t) Ha3pIBaeTCS MyacCOHOBCKHUM IMPOIECCOM € TAPAMETPOM a
(a>0), ecnu OH O0JIATIACT PSAOM CBOMCTB.
1) t€T; rme T=[0, +0);
2) X(0)=0;
3) ty, to, ...,tn: 0<ty <t <...<tn, rme cmyyaitabic Beauunubsl X(t2)-X(t1); X(t3)-X(t2); ...; X(tn)-
X(tn-1) HE3aBUCHUMBIL;
4) cnyyaitnas senuunHa X(t)-X(s), 0<s<t umeer pacnpezenenue Ilyaccona c
napamerpoM a-(t-s): i=0;1;2;...

Crnydaiinbiii iporiecc X(t) Ha3pIBa€TCSI BUHEPOBCKMM, €CITM OH 00J1a/1aeT CBOMCTBAMH:
1)-3) myaccOHOBCKOTO CIIy4aifHOTO MPOIecca;
4) cnydaitnas BennunHa X(t)-X(s), 0<s<t umeeT HOpMaJIbLHOE pacIpeeIcHue.

1.13 Jlexkmust Ne 13 (2 yaca)

Tema: «MapKkoBcKHe MPOILECCHI ¢ TUCKPETHBIMH COCTOSTHHUSMM

1.13.1 Bompocsl JIeKIHHI:

1. MapkoBckue mHpolecchl ¢ JUCKPETHBIMH COCTOSHUSIMH M JIUCKPETHBIM BpEMEHEM

(e MapkoBa).

2. CrauuoHapHbIi pexxuM i nenu Mapkoga.

3. MapKoBcKH€ NMPOIECCHI C JUCKPETHBIMU COCTOSIHUSIMU U HEITPEPHIBHBIM BPEMEHEM.

2. KpaTkoe cojep:kaHue BOIPOCOB:
1. MapkoBcKue HpOIECChl C JUCKPETHBIMU COCTOSIHUSMU W JUCKPETHBIM BpeMeHeM (Lienu
Mapkosa).

ITponece, mporekaromuii B (puU3MUECKON cHCTEMe, Ha3bIBAe€TCS MAPKOBCKHUM (WK
nporeccoM 0e3 MOCIeNEHCTBHS), €CIM A KaXKJOr0 MOMEHTa BPEMEHH BEPOSTHOCTh JIHOOOT0
COCTOSIHUSI CHUCTEMbI B OYAYIIEM 3aBUCUT TOJBKO OT COCTOSHHS CHUCTEMbl B HACTOSIIUHN

£
MOMEHT o) HE 3aBHCHUT OT TOTO, KAKMM 00pa3oM cHrcTeMa MPHIILIA B 3TO COCTOSTHHE.
PaccmoTpuM 3neMeHTapHBI NpUMEp MAapKOBCKOTO ciydaiHoro mpouecca. Ilo ocu

8.6CI_[I/ICC Ox CHy‘IElfIHBIM 06p3.30M nepeMeuiacTca TOYKa A . B MomeHT BPEMCHU t=0

x=10 .. o
TOUKA <X HAXOIUTCA B HAJale KOOpJIUHAT ( ) M O0CTa€TCs TaM B TEUCHHE OJHON CEKYH/IBI.

Uepes CeKyHAy OpoOcacTcsi MOHETa; ©CIM BBIMAN Tep0 - TOYKA 4 [epeMelacTcs Ha OIHY
eAVHMILY JUTMHBI BIpaBo, eciu mudpa - BieBo. Uepes cekyHIy cHOBa OpocaeTcss MOHETa U
MIPOU3BOUTCS TaKOe e ClydailHoe epeMerieHue, u T. 1.

[Iponiecc n3MeHeHUs MOTOKEHUSI TOUKHU (MK, KaK TOBOPST, «OMy>KIaHH») IPEICTABISIET

co0OM ciTydallHBIA IMpoOIEcC ¢ TUCKPETHBIM BpEMEHEM =01z

COCTOSTHUN

N CYCTHBIM MHO>KCCTBOM

m=0x=Lry=-lr==21x,=-2
CxeMa BO3MOKHBIX IEPEX0JI0B JUIsl 3TOTO MpoIiecca MoKa3aHa Ha PHC.
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[Tokaxkem, 4TO 3TOT MpoUECC - MAPKOBCKUUL. [leficTBUTENBHO, MpEACTaBUM cebe, 4To B

o X
KaKOU-TO MOMCHT BPCMCHHU .fu CUCTCMAa HAXOAUTCAd, HaAlIpHUMEp, B COCTOAHHUU I - Ha OJHY
CAWHHIY IIpaBE€ Hadajla KOOpAWHAT. Bo3MoOKHBIE TTOJIOKEHHS TOYKHU 4epe3 €AMHHUIY BPpEMEHU

6yayr “U u *2 ¢ BepostHocTMEH 1/2 wu  1/2; wuepes nBe emmHuusr - -1, 1, 3¢

BeposTHOCTSIME 1/4, V5, 1/4 u Tak manee. OueBUIHO, BCE 3TU BEPOSTHOCTH 3aBHUCST TOJBKO OT

TOT0, /1€ HAXOAUTCS TOYKA B JAHHBI MOMEHT &y , 1 COBEPIIEHHO HE 3aBUCST OT TOr0, KaK OHa
npuILia Tyaa.

2. CrarmoHapHbIil pexxum 11 1ienu Mapkosa.

Hensro MapkoBa Ha3bIBAECTCS NOCIIEI0BATEIBLHOCTh UCIIBITAHUM, B KAKJIOM U3 KOTOPBIX
MOSIBJISIETCA TOJMBKO OAHO M3 k HecoBMecTHBIX cOOBITMH Al W3 monHO#M rpynnbsl. [Ipu 3Tom
YCIIOBHASI BEPOSATHOCTH Pij(S) TOTO, UTO B S —OM HUCIIBITAHWH HACTYIUT COOBITHE Aj IIPU YCIOBHH,
yro B (s — 1) — OM HCHBITAHUM HACTYNHJIO COObITHE Ai, HE 3aBUCHT OT pPE3yJIbTaTOB
MPEANIECTBYIOIMIUX UCTIBITAHUH.

HezaBucumble HCIBITaHUS SIBISIOTCA YacTHBIM ciydaeMm Ienu MapkoBa. CoObiTust
HAa3bIBAIOTCSl COCTOSIHUSIMU CHUCTEMBbI, 3 UCIIBITAHUS — H3MEHEHUSIMU COCTOSIHUI cucTeMbl. [1o
XapakTepy U3MEHEHUN COCTOSAHUH 1lenu MapkoBa MOKHO pPa3feIUTh HA JIBE TPYIIIIHI.

Hensio MapkoBa ¢ JMCKPeTHbIM BpeMeHeM Ha3bIBAeTCs II€Mb, U3MEHEHHE COCTOSHUUN
KOTOPOM MPOUCXOTUT B ONpeieIEHHbIE (PMKCUPOBAHHBIE MOMEHTHI BPEMEHH.

Hensi0o MapkoBa ¢ HenpepbIBHBIM BpeMeHeM Ha3bIBaeTCs II€Mb, W3MEHEHHWE COCTOSHUM
KOTOPOI BO3MOXHO B JTIFOOBIE CITydaifHbIe MOMEHTHI BPEMEHHU.

OnHopoaHoii HAa3bIBaeTCs 1€ MapKoBa, €CliM YCIIOBHAsE BEPOSTHOCTH Pij Mepexona
CUCTEMBI U3 COCTOSTHUS 1 B COCTOSIHHE | HE 3aBUCUT OT HOMEpa UCIILITAHHUSL.

BepositTHOoCTh  plj Ha3pIBaeTCS MEPEXOAHON  BepPOATHOCTBHIO. [lomycTum, dHCIIO
coctossHUM KoHewuHO W paBHO k. Torma marpuiia, cocTaBieHHas U3 YCIOBHBIX BEpOSTHOCTEH

P Fun - Fu
B-= Fa Fm - P
Fru P - P

nepexo/ia OyaeT UMeTh BUJL:

Orta MaTpulla Ha3bIBaeTCs MaTpULel mepexoga cucTeMbl. T.K. B KaXIOH CTpoKe
COJIEP’KaThCSl BEPOSITHOCTU COOBITHI, KOTOpbIE 00pa3yrOT MOJIHYIO TPYIIY, TO, OYEBHUIHO, YTO
CyMMa 3JI€eMEHTOB KaX10H CTPOKU MaTpHIIbl paBHA €HMHHULIE.

Ha ocHoBe matpuipl mepexoja CHUCTEMBI MOKHO IMOCTPOUTH TaK Ha3blBaeMblil rpag
COCTOSIHUI CHCTeMBI, ero eIlé Ha3bIBAIOT pa3MedeHHbI rpag cocTosiHuii. IT0 yH00HO UIs
HarJsiIHOTO MpecTaBieHus uenu. [lopsaok moctpoenus rpad paccMOTpUM Ha IpUMeEpeE.

ITycts Pij(n) — BepOsATHOCTB TOTO, YTO B pe3yJbTaTe N UCHBITAHUNA CHCTEMA MepeneT u3
COCTOSIHUS 1 B COCTOSIHUE j, T — HEKOTOPOE NMPOMEKYTOUHOE COCTOSIHUE MEXKAY COCTOSHUSAMHU 1 U
j. BeposiTHOCTH TIepexo/1a U3 OJTHOTO COCTOSIHUS B ipyroe pij(1) = pij.

Torma BepositHOocTh Pij(n) MokerT ObITh HaiijeHa Mo ¢GopMylie, Ha3bIBAEMOU paBEHCTBOM

&
Fy(n)= 2, By (1) By (n— m)
MapkoBa r=l
3/1eCh T — YHCIIO MIAaroB (MCIBITAHMM ), 32 KOTOPOE CUCTEMA MEePeIia U3 COCTOSHUS 1 B COCTOSIHUE
r.
B npunnumne, paBeHcTBO MapkoBa ecThb HUM YTO MHOE KaK HECKOJIbKO BHJIOM3MEHHAas
dopMyna MoyHOW BEPOATHOCTH. 3HAs MEPEXOIHbIE BEPOATHOCTH (T.€. 3Hask MAaTPUIly Iepexona
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P1), MOXHO HaiTH BEpPOSATHOCTH IMEPEXOa U3 COCTOSIHUSA B COCTOSIHME 3a jBa mara Pij(2), T.e.
Marpuily P2, 3Has ee — Haiitu matpuny P3, u T.4.

3. MapKOBCKI/Ie mponeCcChbl C JUCKPETHBIMH COCTOAHUSAMUA U HEIIPECPBIBHBIM BPEMCHEM

HenocpenctBenHoe npuMEHEHHI MOJydeHHOW BbIie (GOpMYNbl HE OYEHb YAOOHO,
MO3TOMY, MOKHO BOCIIOJIH30BAThCS MPHUEMAMH MaTPUYHOTO UCUHCICHUS (Bedb dTa Gopmyna 1o
CyTH — HE YTO MHOE Kak (hopMyJia IepeMHOXKEHHUs ABYX Marpuil). Torna B o01ieM BUAE MOKHO

E=H
3aIMCaTh:

Ipumep. 3agana maTpuna nepexoaon P.
Haiitn matpunyPs.
01 0% 01 0%yol 0% 028 0772

= B = -
02 07 02 07003 07 0,24 076
01 094028 072 0,244 0,756

o3 07024 078 0,252 0,748

Matpuibl, CyMMbl  3JIEMEHTOB  BCEX  CTPOK  KOTOPBIX  DPaBHbl  €JUHHUIIE,
Ha3bIBAIOTCS CTOXACTHYECKMMH. Eciii pu HEKOTOPOM IT Bee DJIEMEHTHI MaTpHIlbl P" He paBHbI
HYJIIO, TO TaKasi MaTpULIa IEPEX00B HA3bIBACTCS PeryJ/asipHoii. J[pyrumu cioBaMu, peryJisipHbie
MaTpHULIBl MEPEXOJ0B 33Jal0T Ienb MapKoBa, B KOTOPOW Ka)kI0€ COCTOSHUE MOXKET ObITh
JOCTUTHYTO 4Yepe3 1 ImaroB U3 JIo0Ooro cocrosHusa. Takue menu MapkoBa Takxke
HA3bIBAIOTCS PeryJisipHbIMHU.
Teopema (meopema o npedenvhvix geposimuocmsix) Ilycth nana perynspHas uenb Mapkosa C

NCOCTOAHUAMU nu P — cc ManI/II_[a BepOHTHOCTCﬁ nepexoz[a. TOFI[a cymeCTByeT
By My . W,
plel _ By My . W,
lirn P* = Pt
Hoi P(¥) . Hl ia!z ia!x T
npej:[en nu ManI/IIIa UMECECT BUI. .C. ManI/IHa
COCTOHUT U3 OAMHAKOBBIX CTpOK.
Termepp o BeauumHax Ui. UYwmcma Uy, Up, ..., Up Ha3bIBAIOTCS MpeaeTbHbIMHU

BEPOSITHOCTAMM. DTU BEPOATHOCTU HE 3aBUCAT OT UCXOAHOTO COCTOSIHUSI CUCTEMBI U SIBIISTIOTCS
KOMITOHEHTaMH COOCTBEHHOTO BEKTOPA MaTPHIIbI p’ (TpaHCcTIOHMpPOBaHHOM K MaTpuile P).
DTOT BEKTOP MOJHOCTBIO ONPEAEISAETCS U3 YCIOBUM:

PT-EFEJ:EFE); Zuizl;

IIpumep. Haiiném IpeaeIbHbIe BEPOATHOCTH TS pPacCMOTPEHHOIO BBIIIIE
0.1 0’9_ T 01 03301 03z (] wy = 0y 40,5,

piMepa. “loz 07/ “log o7)l0s 07w ) e ) w, = 090, 4070,

0,3, = 0,32, u, = 3y,
C yuérom ToTO, uTO U1 + Uy =1, momydaem: w3 =1 1y = 0,25, 1y = 0,75
0,25 0,75

0,25 0,75

Pim:I _

[Tonygaem: [Ipouecc rubenu — pa3MHOXKEHUS U IUKIMYECKHUIA MTPoLecc.

PaccmotpumM npyroii npumep. MiMeercs TEXHUUECKOE YCTPOHUCTBO A | cocrosimiee U3 2MEMEHTOB

(meramneii) TumoB # u 5 , 00J1a/IalONINX PA3HOM JOJITOBEYHOCTHIO. DTU AJIEMEHTHI B CIy4aiHbIe

MOMEHTBI BPEMEHHU U HE3aBUCHMO JPYT OT Apyra MOTYT BBIXOAUTh U3 cTpos. VicnpaBHas pabora

KOKIOr0 JJIeMEeHTa Oe3yclIOoBHO HeoOxomuma st paboThl yCTpOWCTBa B IelIoM. Bpewms

0e30TKa3HOM pabOoThl AJIEeMEHTa - CilydaiiHas BEJIM4YMHA, PAacHpelenéHHas MO IMOKa3aTelbHOMY
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3aKOHY; I 3JICMCHTOB THIIA 2y b napamMeTpel 3TOTO 3aKOHA pa3jiMdHbl W pPaBHBI

A .

COOTBETCTBEHHO "4 U % . B cnyuae oTkaza ycTpoicTBa HEMENJIECHHO MPUHUMAIOTCS MEPHI IS
BBISIBIICHHSI IPUYHH ¥ OOHAPYKCHHBI HEHCIIPABHBIA 3JIEMEHT HEMEIJICHHO 3aMEHSICTCS HOBBIM.
Bpemsi, morpeOHOE nnsi BOCCTAaHOBJICHHS (PEMOHTA) YCTPOMCTBA, pACHpPEENICeHO IO

N0Ka3aTeIbHOMY 3aKOHY C IIapaMeTpOM Ha (eciu BBIIIIEN U3 CTPOS 3JIEMEHT THIA % ) U Ho (ecnn

BBIIIEJI U3 CTPOS DJIEMEHT THUIIa b ).
B nanHoM mpuMepe ciydaiHbIN Mpouecc, NPOTEKAIIIMNA B CUCTEME, €CTh MapKOBCKUM
MIPOILIECC C HEMPEPHIBHBIM BPEMEHEM M KOHEUHBIM MHOKECTBOM COCTOSIHUM:

b
U - Bce ayIeMEHTBI MCIIPABHBI, CHCTEMA PabOTAET,
x
1 - geucnpasen snement tuna % , cucreMa pEMOHTHPYETCS,

X
2 - HewcnpaBeH dJIEMEHT TUIIA & cucrema PEMOHTUPYETCSL.
Cxema BO3MOKHBIX IIEPEXOJIOB JlaHa Ha pUC.
-

-
3
.J

{ 4
| |

d =]
el

HelicTBUTENBHO, MpOIiecc 00IaAaeT MApKOBCKUM CBOMCTBOM.

1.14 Jlexkuusi Ne 14 (2 yaca)

Tema: «MapKOBCKHe MpoueCChI rudeau u Pa3MHOKCHHUSA C HENPEPBIBHLIM BPEMEHEM)>

1.14.1 Bonpocsl Jekuum:
1. IToHsiTHE MapKOBCKOIO Mpoliecca TMOeNn U Pa3MHOXKEHUS C HETIPEPBIBHBIM BPEMEHEM,
YCIIOBHS CYIIECTBOBAHMSI CTAIIMOHAPHOTO PEXKUMA.
2. MeTo IceBa0 COCTOSIHUM.
3. Huddepennmanbupie ypaBHEHHS )1 XapaKTEPUCTUK MApKOBCKOTO Ipoliecca THOen
U Pa3MHOKEHHS.
2. KpaTkoe cojep:kaHue BOIPOCOB:
1. IlonsTe MapKOBCKOro mporecca TMOenr U Pa3MHOKEHHUS C HENPEPHIBHBIM BpEMEHEM,

YCJI0BUSA CYyIIECTBOBAHUA CTATUOHAPHOI'O pEXKUMaA.

B cnywae, korma mpolecc, NpoTeKaloUmMid B (U3NYECKOH CHUCTEME CO CUETHBIM
MHO’KECTBOM COCTOSIHUN M HEMPEPBHIBHBIM BPEMEHEM, SBIISETCS MAPKOBCKHM, MOXKHO ONHCATh
3TOT TMPOLECC C IOMOIIbIO OOBIKHOBEHHBIX AM(QPepeHInanbHbIX YpaBHEHUH, B KOTOPBIX

o i £), ...
HCHU3BCCTHBIMU (I)yHKI_II/I}IMI/I SABJIIFOTCA BEPOATHOCTU COCTOSHUU pl( j’pzli :I’ . CocraBienue u

o

pELIEeHUE TAKUX YPAaBHEHHM MBI ITIPOJIEMOHCTPUPYEM B CIEAYIOIIEM # Ha IpUMepe MpOCTEeNIIen
CHCTEMBI MaCCOBOT'0 00CITY)KHBaHUSI.

MapKoBCKUI MPOIECC C AUCKPETHBIMU COCTOSTHUSIMH HAa3bIBAIOT MPOLIECCOM e —
Pa3MHOKeHHUs1, €CJIH OH UMEET Pa3MEUCHHBIN rpad) COCTOSHUI CIEITYIOIIETo BH/IA:
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(o =)

T.e. Kax/10€ W3 COCTOSSHUN CHUCTEMBI CBSI3aHO C JIByMSl COCEJAHMMM COCTOSIHUSIMHU IPSMOHM U
00OpaTHO# CBSI3bI0, KpallHHE COCTOSIHHS HMMEIOT TOJBKO MO OJHOMY coceaHemy. 3xaech lij —
IJIOTHOCTh BEPOSAITHOCTH MepexoJa CUCTEMbl M3 COCTOSHHA Si B COCTOSHHE Sj B MOMEHT
BpeMeHH t. DTa INIOTHOCTh HAXOAUTCA 10 PopMyIIe:

Bl A
Ay (8) = bm ———
=00 Af Dt — Bpems mepexosa U3 OJHOTO COCTOSIHHS B JPYTOE.

BooOmie mokasarenbHOe pacmpelieieHHe UrpaeT 0coOyl0 pojib B TEOPHUH MapKOBCKHX
CIIy4aifHBIX TPOIIECCOB C HEMPEPLIBHBIM BpeMeHeM. Jlerko yOenuThecs, YTO B CTAllMOHAPHOM
MapKOBCKOM IIpoliecce BpeMsi, B TEUEHUE KOTOPOTO CUCTEMA OCTAETCS B KAKOM-TTMOO COCTOSIHUM,
pacrmpeziesieHO Bcerja Mo noka3areIbHOMY 3aKOHY (C IapaMeTpoM, 3aBUCSIINM, BOOOIIE TOBOPS,

OT OTOI'O COCTOHHI/IH). HeﬁCTBHTeHBHO, IpCAIoJ0XKUM, 4TO B MOMCHT ﬁD CHUCTEMA HAXOAUTCA B

x
COCTOSHMHU “* M 10 3TOro y’e HaxoauIach B HEM Kakoe-TO BpeMms. COITacHO OIPENEIECHUIO
MapKOBCKOTO TPOLECCca, BEPOSTHOCTh JIOOOr0 coObITHS B OyaymeM He 3aBHCHT OT

R X
NpeaAbICTOPUHU; B HACTHOCTH, BCPOATHOCTb TOI'0, UTO CUCTEMA YUJICT U3 COCTOAHUA k B TCUCHUC
BpCMCHHU f’, HC JOJIKHa 3aBUCETb OT TOI'0, CKOJIBKO BPEMCHHU CHCTCMaA YiKC IIPOBCJIa B 3TOM

X
COCTOsIHHUU. CJ'ICI[OBEITCJ'IBHO, BpCM:I Hpe6LIBaHI/I${ CHUCTEMBI B COCTOSAHHU L JOJIZKHO OBITh
pacpeaciICHO IO MOKa3aTCJIbHOMY 3aKOHY.

B cnywae, korma mpouecc, NpoTeKaloUMi B (U3NYECKOH CHUCTEME CO CUETHBIM
MHOKECTBOM COCTOSIHUM U HENPEPBHIBHBIM BPEMEHEM, SIBISETCS MapKOBCKUM, MOXHO OIHCATh
3TOT TMpPOLECC C IOMOIIbI0O OOBIKHOBEHHBIX AM(QPepeHInanbHbIX YpaBHEHUH, B KOTOPBIX

HEHM3BECTHBIMH (YHKIMAMHU SBIISIOTCS BEPOSTHOCTH cOCTOsTHmH 1 ). P2 (@), . CocraBnenue n
peleHne TaKuX YpaBHEHHU MPOJEMOHCTPUPYEM Ha MPHUMEPE IMPOCTEUIIENH CUCTEMBI MaCCOBOIO
00CITy’)KUBaHMUSL.

2. Meto IceBAO COCTOSTHUM.

CucreMBl MaccoBOIO O6CJ'IY)KI/IBaHI/I$[ JCIATCA Ha ABa OCHOBHBIX THIIA: a) CHUCTCMBI C
OTKa3zaMHu, 6) CUCTEMBI C OXKUJaHHUCM. B cucremax ¢ orkazamu 3as4BKa, MOCTYIIUBIIAss B MOMCHT,
Koraa BCC KaHaJIbl O6CJ'IY)KI/IBaHI/I$I 3aHATBI, HCMCIJICHHO ITOJIY4JacT OTKa3, MOKUAACT CUCTCEMY U B
I[aJ'ILHefI].HeM mnmponecce 06CJ'Iy)KI/IBaHI/I}I HC Yy4YaCTBYCT. B cucremax c OXXHMIAHUEM 3asBKa,
3acTaBlIas BCC KaHAJIbl 3aHATBIMH, HC MMOKUIACT CUCTEMY, @ CTAHOBUTCA B OUYCPEAb U OXKHIACT,
IIOKa HE 0CBO60,[[I/ITC$I KaKOP’I-HI/I6y2lL KaHall. PaCCMOTpI/IM CUCTCMY C OTKa3aMH KakK HanOoJee

IPOCTYIO.
[Mycte wumeetcs * -kaHambHAsE CHCTEMa MAacCCOBOTO OOCIYKHBaHHUS C OTKa3aMH.

PaccMmoTpuM ee kak (pU3HUECKYIO CUCTEMY & ¢ KOHEYHBIM MHOYKECTBOM COCTOSHUIA:
2|
- cBOOOJIHEI BCE KaHAJIbI,

x
! - 3aHaT POBHO OJMH KaHaJ,

:-':” »
- 3aHATHI BCC KaHaJ10B.
Cxema BO3MOKHBIX NepexXoa0B JaHa Ha pUC.
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Z, T o * o] Taer 1 Iy L Far oo ] Lau La

. £) (e=01, %
TlocTaBuM 3ajady: ONPEIETHTh BEPOSTHOCTH COCTOSHHI CHCTEMBI © 0N L)
11 1F000ro MOMEHTA BpeMeHH £ . 3agady OyIeM peliaTh Py CIEAYIOIMX JONYLIIEHUIX
1) MOTOK 3asIBOK - MPOCTEHIIHH, C INTIOTHOCTHIO

H=—
2) BpeMs 00CITy>KUBaHUS T . II0KA3aTeNbHOE, C ITapaMeTPOM Tt
glt)=we ™ (£>0)
H A

3ametuM, 4TO mapaMerp ©° B (GopMylie  TOJHOCTBIO AHAJIOTMYEH Mapamerpy

IIOKA3aTeJIbHOTO 3aKOHA PpACHpPEIECICHHUS ITPOMEXKYTKA T MEXIY COCEIHUMH COOBITHUSMH
IIPOCTEUIIIErO IMOTOKA:

FO=2"" >0

[Tapametp A MMeeT CMBICH «ILIOTHOCTH TOTOKA 3asBOKY. AHaJIOTHUYHO, BEIUYHHY H
MOXKHO HCTOJKOBAaTh KaK <«INIOTHOCTh IIOTOKA OCBOOOXKICHMID» 3aHATOrO KaHala.
JleficTBUTENLHO, TIPEACTaBUM ce0Oe KaHasl, HEMPEPhIBHO 3aHATHIN (Oecrmepe0oitHo cHabkaeMbli
3asiBKaMu); TOTa, OYEBUIHO, B 3TOM KaHaje OyAeT UATU MPOCTEHIIHNI MOTOK OCBOOOXKICHHI C

IIJIOTHOCTBIO 'L{
Tak kak o0a IIOTOKa - 3as9BOK U OCBO60)KI[CHHI>1 - HpOCTCﬁH.IHC, mponecc, HpOTeKaIOH_[I/Iﬁ B
CHUCTEME, 6YIICT MAapKOBCKHM. PaCCMOTpI/IM BO3MOJHBIC COCTOAHHA CUCTEMbI U UX BCPOATHOCTH

poEd P&, o (E)

O‘ICBI/I,Z[HO, JJIA 11000r0 MOMEHTA BPEMCHU

>t =1
=1

3. JuddepenumanpHble ypaBHEHUS JUIsl XapaKTEpPUCTHK MAapKOBCKOIO Ipoliecca rubenu u

Pa3MHOKCHHA.

o £
CocraBuM I[I/I(l)q)epeHLII/IaJIBHBIe YpaBHCHUA I BCCX BCPOATHOCTCHU, HAUUHAA C Pn( :I .

+ Af) £+ A

o i
Baq)HKCI/IpyCM MOMCHT BpCMCHU £ U HauJI€M BEPOSATHOCTDH Pn( TOT'0, YTO B MOMCHT

X o
cucrema OylIeT HAXOAUTLCSA B COCTOSHMHU U (Bce KaHAIbl CBOOOMHBI). DTO MOMKET IPOM30MTH
IBYMsI crioco0amu (puc.):

Z,

X g X
A - B MoMeHT ¢ crHCcTeMa HaXOAWIACh B COCTOSHHH ~ U, a 3a BpeMsi Af e nepenuia u3 Heép 1
(HE MPUIILIO HU OJTHOM 3asIBKH),

Fi¥:

X
B B MOMCHT £ CHUCTEMA HaxoausIaCb B COCTOSAHHH 1 , 4 3a BpEMs KaHall OCB06OI[I/IJ'IC}I, n

%
cHCTeMa Tepela B COCTosHue U

Xy X

BO3MOKHOCTBIO  «IIEPECKOKA» CHCTEMBI 4Yepe3 COCTOsiHWe (Hampumep, u3 “Z B U

A ) o
yepe3 “1) 3a Manblii NPOMEXYTOK BPEMEHH MOXKHO NMpPEHEOpedb, KAK BEIMYHUHON BBICIIETO

P4y FB)
MOpsIKa MAJIOCTH 110 CPaBHEHUIO C u .
ITo Teopeme crnokeHUs BEPOSITHOCTEN UMEEM
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ppli+is) = PlA+FE)
Haiiném BeposiTHOCTH COOBITHS A 1o TEOpEME YMHOKEHHs. BeposATHOCTH TOro, 4ro B
MoMeHT £ crcTema 6bUTa B cocTosHHM “U | pasHa ¥0 ) . BeposTHOCTB TOTO, 4TO 3a BpeMs e

. o —AAF

He NpUAET HU OJHOH 3aiBKM, paBHA ¢ . C TOYHOCTBIO JI0 BEJIMYMH BBICIIErO IOPSIKA
—AAf

MaJIOCTH & ml—AAL

CrnenoBaTeabHO,
FlA) = pp)(1-AdL)

L . PUEY ¢ A
HaI/II[eM . BepOﬂTHOCTL TOro, 4To B MOMCHT CUucTremMa 6HJ‘Ia B COCTOAHUU y

- piht .

i —
paBua ¥ 1() . BeposTHOCTH TOrO, 4TO 32 BpeMs 4¢ gaman ocBoGomuTCH, paBHa 1—¢
TOYHOCTBIO /10 MaJIbIX BEJIMYUH BBICILETO MMOPSAIKA

1— g MU 2N
CrnenoBaTeiabHO,
P(B) s pr(O)uhs
Otcroga
poli+iL)s py (- Ab +up (D)4t

HepeHocsl 20 (ﬂ B JICBYIO YaCTb, HACJId Ha At U [Iepexons K IpPEaciy Ipu ¥ _}D,

nonydum auddepennuanbHoe ypapHeHue s £ 0 .
o (4
‘%‘U = —Apy () + pipy (8)

Amnanoruunsie auddepeHinanbHble YpaBHEHUS MOTYT OBITh COCTABIICHBI U IS IPYTHX
BEPOATHOCTEN COCTOSTHUM.

k(0 <k <n) + 42}

Bo3eMmém mr000e U HaWJeM BEpOSATHOCTh Pyt TOro, 4YTO B MOMEHT L

£
cucteMa OyJIeT B COCTOSIHUU (puc.).

714 7 I,
X, v
' B ,1 7 A/ Re)

OTta BCPOATHOCTH BBIYHUCIIACTCA KaK BEPOATHOCTb CYMMBI YK€ HE JIBYX, @ TPEX COOBITHI

Xy
(10 YKMCITY CTPEJIOK, HATIPABJIEHHBIX B COCTOSHUE “F )

e

A ¢ 6 X At
B MOMCHT = CHCTEMaA bllla B COCTOSAHHH (SaHHTO KaHaJ'IOB), a 3a BpeMiA HC

mepernuia u3 Hero HA B “AH | mu B “F-1 (Hm oxma 3asBKa He NMOCTYIHIA, HU OMH KaHAN He
0CBOOOIUIICH);

x —
£ . B moment ¢ crcrema Gblma B COCTOSHHH "1 (3aHsTO x 1KaHaJIOB), a 3a Bpems t:

x
nepenuia B “* (Ipumuia ogHa 3as1BKa);
c - B MOMeHT ¢ cuctema 6buta B cocrostHum “#H (3amsto X 11 kamanos), a 3a Bpems £

o L PLA)
OJIMH M3 KaHainoB ocBoOoauics. Haliném .

< Brruncaum cHayana BEPOATHOCTD TOT'O, YTO 3a BPEM ﬁf’ HEC HpI/I}IéT HU OJHA 3as4BKa U HE
OCBO60I[I/ITC$I HH OAWH N3 KAaHAJIOB:
oA (g pbE e (Rl it

[Ipenebperas MaabIMH BETMYMHAMH BBICIIUX TIOPSIKOB, UMEEM
gAML A e
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OTKyJa
PLA) =1 pr () [1- (A+ k) e

AHaIOTHYHO
P(B) m pyy () AN ,

PO pryg )+ D) pihe
PrlE+A) s o (0[1— (A + ke |+ pr_y ()AL + Pryg (0 +1) pee .
Orcrozia nonydaeM aupepeHiuanpHoe ypapHenue as £k (2) (0<k <),

i ;'fﬂ = APt (€)= A+ ki) py () + (k+D g ©

. i
CoCTaBHM ypaBHEHHE UTS ITOCIEAHE BEPOSTHOCTH © n &) (puc.).

Ias o 41X,

= 5

HNmeem
Pult+as) s py O (1-npds) + po (AL

riae 1-npbs BEPOSITHOCTh TOTO, YTO 3a BPEMs &2 ge 0cBOGOIMTCA HM ONUH KaHalr, ALL
BEPOSITHOCTh TOTO, 4YTO 3a BpeMaM npuueT onxHa 3asBka. llomydaem auddepeHnnaibHoe
ypaBHEHHUE I Pnlt) :
dpy (L)
dt _
Takum  oOpa3om, monydeHa cucrteMa AuddepeHInanTbHbIX  YpaBHEHUU IS
BepOsTHOCTEHT 1 &), p28).... Pule).

= Apy ) —nup,t)

B oy 0+ 121 0,
ot
)
P;;z(-f]' = App 1)~ (A+kpr O+ (k+ Dprq @) (0<k <), ¢
)
pgfj = "apn—l () — RLUP,, (2.

YPaBHCHI/IH Ha3BIBAIOTCSA YPABHCHUAMH 3p.11aHra. HHTCI‘pHpOBaHI/IC CHUCTCMBI
ypaBHeHI/II\/'I IMIpU HAYAJIbHBIX YCIOBUAX

Po(0=1. p(0)=.=p,)=0

o . i
(B HAYaNbHBI MOMEHT BCE KAHAIB CBOOOIHBI) HAa8T 3aBHCHMOCT 39 s moGoro % .

BepositHocTn Py () XapaKTEePU3YIOT CPEIHIOI0 3arpy3Ky CUCTEMBI U €€ U3MEHEHUE C TCUCHHEM
BpeMeHu. CucTtema JHMHEHHBIX TU(d(EepeHINaTbHbIX YpaBHEHUH CPAaBHUTEIBHO JIETKO MOYKET
OBITh MPOMHTETPUPOBAHA MTPH JTFOOOM KOHKPETHOM YHCIIC KaHAI0B * |

3amMeTuM, 4TO MPHU BBIBOJIC YPABHEHUW MBI HUTI€ HE MOJb30BAIUCH JOMYIIEHUEM O TOM,

YTO BEJIUYNHBI AgygH (TUTOTHOCTH TIOTOKA 3asBOK W «IOTOKAa OCBOOOXIEHUI)») MOCTOSTHHBI.

AlE £
[TosToMy ypaBHEHHMSI OCTAlOTCS CHPABEIJIMBBIMU U JUIA 3aBUCALIMX OT BPEMEHHU (2] , A :',
JHIIb Obl TIOTOKH COOBITHH, MEPEBOJSIIINX CHCTEMY M3 COCTOSHHHM B COCTOSHHE, OCTABAJIUChH
NMyacCOHOBCKHUMH (0€3 3TOT0 Mpolecc He OyIeT MAPKOBCKHM).
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1.15 Jlexknust Ne 15 (2 yaca)

Tema: «O030pHas»

1.15.1 Bomnpocsl JIeKUHHU:
1. CiyvaitHast GyHKIHS U €€ XapaKTePUCTUKH.

2. CrauuoHapHbIi ciay4aiiHslii nponecc. JInHelHbie npeoOpa3oBaHusl  CIy4alHOM

¢byHKIMN.

3. CnekTpanbHasi TEOpUs CIy4alHbIX (PYHKITUH.

4. CriekTpalibHas TEOPHs CIYIalHBIX QYHKIIMA. MapKOBCKHE TIPOIIECCHI.

2. KpaTkoe conep:kaHue BONMPOCOB:
1. CnyuaitHast GyHKIHS B €€ XapaKTePUCTUKH.

CnydaiiHbIM (CTOXAaCTHYECKUM, BEPOSITHOCTHBIM) MPOIECCOM Ha3bIBaeTCs (YHKIIMS
JEMCTBUTEIIBHOTO TEPEMEHHOTO t, 3HAYEHUSAMH KOTOPOM SBJSIOTCA COOTBETCTBYIOLIUE
cllyJaiHbIC BEJIIMYUHBI X(t).

B teopumn ciayuyallHbIX IpOLECCOB t TPAKTyeTCs Kak BpeMs, NPUHUMAIOILIEE 3HAUCHUS U3
HEKOTOpOro noAMHOkecTBa T MHOXkecTBa JeicTBuTeNnbHbIX yucen (tT, TR).

CayuaiinbiM mnpomeccoM X(t) Ha3pIBaeTCS IPOIECC, 3HAUCHUE KOTOPOrO TpH  JIFOOOM
(PMKCHPOBAHHOM t = to ABIISICTCS clly4aiiHOM BEIIMYMHOM X(to).
Crnyuaiinas BenmmunHa X(tp), B KOTOpYIO oOpamaercst C. I. Ipu t = to, Ha3bIBACTCS CeYEeHHEM
CJIy4yailHOro  mpoiecca, COOTBETCTBYIOIIMM  JaHHOMY  3HAQU€HHI0O  aprymMeHra t.

X9
x(t)

;Z 2@
(), T(E)
|

& n ol '; t
Peanuzanueit cimyuaiiHoro mnpouecca X(t) Ha3biBaeTcsi HecinyudailHas ¢yHKIus X(t), B
KOTOPYIO IpeBpalnaercs ciydyailHelii mporecc X(t) B pe3yibTare ONbITa; APYTMMU CIIOBaMH,
Ha3bIBAIOT KOHKPETHBIN BU/J] CIIY4aiHOTO Ipoliecca, KOTOPbIN Ha0It01aj1csi Ha KaKOM-TO OTpe3Ke
BpeMeHu oT 0 10 T.

Anmapar 4YHCIOBBIX XapaKTEPUCTUK MPEACTaBIsAET COOOM BechbMa TMOKMN W MOIIHBIN
anmnapar, MO3BOJIAIOIIUI CPaBHUTENBHO IIPOCTO PEIIaTh MHOTHE NIPAKTUYECKUE 3aJa4H.

CoBepIlleHHO aHAJOTUYHBIM ammapaToM MOJIb3YIOTCS U B TEOPUHU CIIy4alHBIX (DYHKIUH.
Jns  cnydailHbIX (QYHKUIMH Takke BBOAATCA MPOCTEHIINE OCHOBHBIE XapaKTEPUCTHUKH,
AQHAJIOTMYHBIE YHCIIOBBIM XapaKTEPUCTUKAM CIIy4YalHbIX BEJTMYMH, U YCTaHABIMBAIOTCS MpaBHiia
JNEUCTBUI C JTUMM XapakTepucTUKaMu. Takoil amnmapaT oOKa3bplBaeTCs JOCTAaTOYHBIM JJIs
pelIeHnss MHOTUX NMPAaKTUYECKUX 3a]1a4.

B oTinumne oT 4MCIOBBIX XapaKTEPUCTHK CIYYalHBIX BETHMYMH, IPEAOCTABISIONINX COOOi
onpeenéHHbIe YKCiia, XapaKTePUCTUKU CIIydalHbIX (YHKIUH NMpeAcTaBisioT co0oil B o0iiem
cllyyae He YMcia, a PyHKIUH.
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2. CranmoHapHbIi ciiyyaiHbI npouecc. JInHeitnpie npeoOpa3oBaHus CIIy4aitHOM

¢byHKIHN.

Ha mpakTuke oO4eHb 4YacTO BCTPEYAIOTCS CIIy4ailHble MPOLIECCHl, MPOTEKAIOIINE BO
BpPEMEHU MPUOIU3UTEIHHO OJHOPOJHO U MMEIOLINE BUJ HETIPEPBHIBHBIX CIIY4alHBIX KOJICOaHMIA
BOKPYI' HEKOTOPOT'O CPETHEro 3HA4YCHMs, MPUUEM HHU CPEAHSS aMIUTUTYJa, HU XapakTep 3THUX
KosieOaHuii He OOHApYKMBAIOT CYIIECTBEHHBIX H3MEHEHHMH C TEYeHHEM BpeMeHHu. Takue
CIIly4aifHble MPOIECCHl HA3bIBAIOTCS CTAllMOHAPHBIMU. B KadecTBe NMpUMEpOB CTAaIMOHAPHBIX
CIIyY9aifHBIX MPOIIECCOB MOXKHO MPHUBECTH: 1) KoneOaHusi caMoJ€Ta Ha YCTAHOBUBIIIEMCS PEXKIME
TOPU30HTAIILHOTO MOJETA; 2) KoJeOaHUs HAMPSKEHUS B JIEKTPUUECKON OCBETUTEILHOM ceTu; 3)
cilydaifHble IIyMbI B pauonpuéMHUKE; 4) POoLecc Kauku KOpaods u T. II.

Kaxxapiil cTanoHapHbIi MpOIECC MOXKHO pacCMaTpuUBaTh KakK MIPOAODKAIOIIMNCS BO
BPEMEHM HEOIPEAEAEHHO J0JIF0; MPU MCCIENOBAHUU CTALMOHAPHOTO Ipollecca B KAayecTBE
Hayaja oTc4éTa MOXHO BBIOpaATh JIF0OOH MOMEHT BpeMeHH. Mccnenysi cTalimoHapHBIA MPoLecc
Ha J1I00OM y4yacTKe BPEMEHM, Mbl JIOJDKHBI IOJIYYUTh OJHHU U TE€ K€ €ro XapaKTEpUCTHKU.
O0pa3Ho BeIpaxkasich, CTAIMOHAPHBIN MPOLIECC «HE UMEET HU Haydaja, HU KOHIIa.

[lonsatue omeparopa sBisgercss o00o00meHneM mnoHsTHs (yaxnun. Korma bl

YCTaHaBJIMBAEM Q)YHKHI/IOHB.HBHYI-O CBA3b MCXKAY ABYMS IICPCMCHHBIMU e u ¥ ¥ numem:

y=Fix)

MBI [MOHMMaeM IIPaBWJIO, IO KOTOPOMY 3aJaHHOMY 3HA4YCHHIO *

I

MNpUBOAUTCA B COOTBCTCTBHEC BIIOJHC OIIPCACIICHHOC 3HAYCHUC o . 3Hak f €CTb CHMBOJI

HEKOTOPOTO MPe06pa30BaHHs, KOTOPOMY HY)KHO [OABEPIHYTh BEINUHHY * , 4TOGBI OMYIHT *
COOTBETCTBEHHO BHAY 3TOr0 mpeoOpa3oBaHus (PYHKIMHU MOTYT OBITh JIMHEWHBIMH U
HEJTMHEHHBIMH, aJIreOpanyecKUMH, TPAHCIIEHIEHTHBIMU | T. 1.
AHaNOTHYHbIE TTOHSTHUSI U COOTBETCTBYIOIIAs] CHMBOJIMKA MTPUMEHSIIOTCS B MaTEMAaTHKE U
B T€X CIydasx, KOTJla MpeoOpa3oBaHUIO MOBEPTratOTCs HE BEIHYUHBI, a QyHKIHH. PaccmoTpum

TO I10J CHUMBOJIOM

xiE
HEKOTOPYI0 (PYHKIIUIO ) M YCTAaHOBHUM OIPEACICHHOE IIPaBUIIO 4"1, COIJIACHO KOTOpPOMY

byHKLMsA x(t) npeobpasyercss B APYryio (DYHKIHIO » ©
CJIEAYIOIIEM BUJIE:
yie)=A{xe)}

Tpasuno 4, cormacHo kKotopomy (yHKIHS x(e) npeoGpasyercst B GyHKIMIO » © , MBI
OyZeM Ha3bIBaTh OIIEPAaTOPOM; HAIIPUMED, MBI OyJIeEM TOBOPUTH: onepaTop AuddepeHmpoBanus,
olepaTop MHTErPUPOBAHMSI, OTIEPATOp pelieHus AupdepeHInalIbHOrO ypaBHEHNS U T. 1.

. 3anuimeM 3To Hp6‘06pa3OBaHI/IC B

Ecnu nuHamuveckas cucrema mpeodpa3yeT MOCTYHAroIIyl0 Ha €€ BXOJ (QYHKIHUIO x(E) g
dyrxumo ¥ ©) :
yiey= Az}

T0 oneparop 4 Ha3bIBaeTCS OIEPATOPOM JUHAMIYECKON CHCTEMBL.

3. Buzbl TMHENHBIX ONEPAaTOPOB, IPUMEPBHI.
IIpeoOpa3oBanust WM ONEpaTOPhl, MIPUMEHsEMbIE K (PYHKIIUSAM, MOTYT OBbITh Pa3JIMYHbIX
tunoB. HauOosiee BaxHBIM [UIsl MPAKTUKHU SIBISIETCA KJIACC TaK HA3bIBA€MBIX JIMHEWHBIX

oneparopoB. Omneparop L HaspiBaeTcs  MHEHHBIM OJTHOPOJHBIM, €ClIH OH oOnaaaer
CIIEAYIOUIMMH CBOMCTBAMU:
1) k cymme pyHKIIMIA OTIepaTOp MOMKET MPUMEHSATHCS TTOYICHHO:

Ln@+x@)=L{n@r+L{x@)}.

2) MOCTOSIHHYIO BEJTMUUHY © MOKHO BBIHOCHTB 3a 3HAK OIepaTopa:
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Liex(O)y =cl{x(1} .

N3 BTOpOro cBOWCTBa cClieAyeT, YTO JJISl JIMHEMHOrO OJHOPOAHOTO OIlepaTopa CIpaBeIIMBO
CBOICTBO

L{0}=0

T. €. [IPU HYJIEBOM BXOJTHOM BO3JICHCTBUU PEAKIIMsI CUCTEMbI paBHA HYIIIO.

IIpuMepsl TMHEHHBIX OJHOPOAHBIX OIIEPATOPOB:

1) oneparop nuddepeHImpoBaHus:

dxiE)
dt

yif) =

2) onepaTop UHTETPUPOBAHMUSL:

f
y(@) = [ x(dr
|:| .

3) omepaTtop YMHOXKEHUS Ha OINpeeIeHHYIO (DYHKIIUIO L) :
@& = e

U T. I
3. CnekTpanbHasi TeOpHUs CIy4alHbIX (YHKIUH.

Ha pasnuusbIX mnpumepax, NpUBEAEHHBIX paHee, Mbl HATIIATHO YOEIMINCh B TOM, YTO
CYLIECTBYET CBS3b MEXIY XapaKTepOM KOPPEISALMOHHOM (YHKIMU U BHYTPEHHEH CTPYKTYpOH
COOTBETCTBYIOLIETO €W CIy4allHOro mpolecca. B 3aBUCMMOCTHM OT TOTO, Kakue€ 4acTOThl U B
KakMX COOTHOUICHUSAX Npeo0iagaloT B COCTaBe CIIyd4ailHOW (YHKLUH, €€ KOppessaLuOHHas
(GyHKIMS UMEET TOT UK Apyroi BuA. M3 Takux cooOpaxeHHil Mbl HETOCPEACTBEHHO NMPUXOAUM
K IMOHATHIO O CIIEKTPAIbHOM COCTaBe CIy4aHOM (QyHKIMH.

[lonsiTe «cmekTpa» BCTPEYAeTCsl HE TOJIBKO B TEOPUU CIIy4alHbIX (DYHKUMN; OHO
HIMPOKO MPUMEHSETCS] B MaTeMaTuKe, PU3UKE U TEXHUKE.

Ecin  kakoi-nmnbo koneOaTenbHBIM MPOLECC MPEACTaBIsSeTCS B BUAE CYMMBbI
FapMOHUYECKUX KOJIeOaHUH pa3IMYHBIX YacTOT (TaK HA3bIBAEMBIX «TapMOHMK)), TO CIIEKTPOM
K0J1e0aTeIbHOTO MPOoLecca Ha3bIBAETCs (PYHKIIMS, OMMCHIBAIONIAs PACIIPEIETICHUE aMIUIUTY/ 110
pa3nuyHbIM yactotaM. CIEKTp MOKa3bIBaeT, KAaKOro pojaa KojiebaHus MpeobialaloT B JAaHHOM
IIpoliecce, KAaKOBa €ro BHYTPEHHSA CTPYKTYpa.

CoBepIlIEHHO aHAJOTMYHOE CHEKTPAJIBHOE ONHCAHUE MOJKHO JAaTh M CTAlMOHAPHOMY
CIIy4yalHOMY MpOLECCY; BCS pasHULA B TOM, YTO JUIA CIy4allHOrO IHpPOLEcCa aMILIUTYbI
KosiebaHuit OynyT ciaydyaHbIMH BenuumHamH. CHEKTp CTalMOHApHOW ciydallHOW (QYHKIUU
OyJeT ONUChIBATh paclpeAesieHUue IUCIIEPCUi MO0 Pa3IUYHBIM YaCTOTaM.

4. CriekTpasnbHast TEOpHsl CIy4aiHbIX QYHKIUI. MapKOBCKHE MPOLIECCHI.

[Ipomiecc, mpoTekaromuii B (PU3HYECKOM CHCTEME, Ha3bIBACTCS MAPKOBCKMM (MU
nporeccoM 6e3 MoCIeNeUCTBH), €CM I KaKJ0r0 MOMEHTa BPEMEHH BEpOSTHOCThH JIH0O0ro
COCTOSTHUSI CHUCTEMBI B OyIylleM 3aBHCUT TOJBKO OT COCTOSHUSI CHUCTEMBbl B HACTOSLIUI

£
MOMEHT ) HE 3aBHCHUT OT TOT0, KAKMM 00pa3oM cHcTeMa MPUIILIA B 3TO COCTOSTHHE.
PaccmMoTpuM 31eMeHTapHBI NpUMEP MapKOBCKOro ciydaiiHoro mpouecca. Ilo ocu

abeumee 7% CIy4yallHBIM 00pa30oM TIEpeMeIlIaeTcsl TOodYKa A . B MOMeHT BpEMEHU £=10

(x=0)

TOYKa A HaxXOJqUTCA B HAYAJIC KOOPAUHAT U OCTa€TCs TaM B T€UYEHHE OJHOM CCKYHIBI.

UYepes cekyHIy OpocaeTcsi MOHETa; €clid BbIMal Trepd - TOouKa >4 nepeMeniaeTcss Ha OJAHY
eIMHUILY JUTMHBI BIpaBo, eciu Imdpa - BieBo. Yepe3 cekyHAy CHOBa OpocaeTcsi MOHETa U
MPOU3BOJUTCS TAKOE K€ CIydyailHOE NepeMENIeHUE, U T. 1.

[Tporiecc n3MEHEHUs OJOKEHHUS TOUKHU (UITH, KaK TOBOPSAT, «OIyXKIaHUSI») MPEACTABISIET

. . t=0,12,..
co0OM ciTydalHBIA MpOIECC ¢ TUCKPETHBIM BPEMEHEM ( 12

COCTOSIHUU

U CYCTHBIM MHOXCCTBOM
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=0 n=Lx1=-Ln=2x,=-2 .
CxeMa BO3MOKHBIX IEPEX0/I0B JUIs 3TOTO IMpoliecca MoKa3aHa Ha PHUC.

|
p-—d Py » p—e- -
.I.} J f, d s l 1’ By }J } « o0

L )

-
-

HOKa)KeM, 4TO 2TOT IIpouecc - MapKOBCKHﬁ. HeﬁCTBHTeHBHO, npeacTaBum 0666, 49TO B

o X
KaKOU-TO MOMCHT BPEMCHU Zﬂ CUCTEMA HaAXOAUTCA, HalpUMEp, B COCTOSHHUUN I - Ha OJHY
CAWHHUIY MpaBCC Hadala KOOpAWHAT. Bo3MoXHEBIE TIOJIOKEHHS TOYKU ucpe3 CAMHUIY BPCMCHU

oynyr “U u 2 ¢ BepostHocTMH 1/2 wu 1/2; wuepes naBe emmHEmb - -1, 1, %3¢
BeposiTHOCTsIMU 1/4, Y5, 1/4 m Tak mamee. OueBHIIHO, BCE 3TU BEPOATHOCTH 3aBUCAT TOJIBKO OT

TOT0, I/I€ HAXOJAUTCS TOYKA B JAHHBI MOMEHT fy , 1 COBEPIICHHO HE 3aBHCST OT TOT0, KaK OHa
npuILia Tyaa.

2. METOOAUYECKHUE YKA3AHUS 110 BBIIIOJIHEHUIO
JIABOPATOPHBIX PABOT
2.1 JladopaTopHasi padora Ne 1 ( 2 yaca).
Tema: «Annpokcumanus pynknuii B cpexe MathCAD»

2.1.1 Heab pa0doThl: 03HAKOMUTHCS C BO3MOXKHOCTSMHU ANIPOKCHUMALMU OIBITHBIX
JTAHHBIX Ha MpUMeEpe METOAa HaUMEHBIIMX KBaJpaTOB; HAYYUTHCS peIlaTh 33aJady YHUCICHHOM
arnMpOKCUMAIINK TTPU paboTe ¢ TAOIUYHO 3aJaHHBIMH (PYHKITUSIMH.

2.1.2 3anauu padoThI:

1. ITocTaHoBKa 3a7a4l YUCIIEHHOMN anmpoOKCUMAIHH.

2. AHHpOKCI/IMaHI/IH TaOIMYHO 3aaHHbIX (I)YHKI_[I/Iﬁ METOJAOM HAUMCHBIINX KBAAPATOB.

2.1.3 llepeyenb NpuOOPOB, MATEPHATOB, HCIOJIL3YeMbIX B J1a00paTOPHOIi padoTe:
CHEeU(PUKON TUCIUIUINHBI HE TPEyCMOTPEHbI
2.1.4 Onucanmue (xox) padoThbI:

1. IlpouzBoautcst n HaOIIOAEHUMA (Xl, yl), ey (Xn, yn)nepeMeHme x u y. llpennonaras,
4TO MEXIy X U ¥ CyHIeCTBYET 3aBUCUMOCTh Buna Yy = f(X), HaliTu 3Ha4eHus mapameTpoB a u b,

HAWTY4IIUM 00pa3oM COTJIacOBaHHbIE C SKCIIEPUMEHTAIBHBIMU JAHHBIMU.
CornacHO MeTOAy HauMEHBIIMX KBaJpaTOB MapaMeTpbl (YHKIMH CJEAyeT BbHIOMpATh
TakK, 4TOOBI CyMMa KBa/IpaToOB HEBSI30K ObljIa HAMMEHBIIEH.

5= (104)-)

S :Zn:(axi +b_yi)
2. Bom () jumeiinas byHkuus, T.€. TO =L , a

HEHM3BECTHBIC MapaMeTphl U D OnpeIeNsoTCs U3 CHCTEMbl HOPMAIbHBIX YPaBHEHUI:

Zn:xf-aJan:xi -b:Zn:xi Vi
i=1 i=1 i=1

Zn:xi -a+n-b:Zn:yi.

i-1 i=1

y=ax+Db
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3. Ecmm f(X) — xsagpatuusas ¢yskuus, T.e. Yy=ax’+bx+c, To

2

n
2
S= Z(ax. +Dbx, +¢c— yi) , @ HEU3BECTHBIE IIAPAaMETPHI @, D, ¢ onpenensoTcs u3 cucTeMbl

i=1
HOPMAJIBHBIX YPaBHECHUM:

Zn:xi“ -a+zn:xi3-b+zn:xf -c:ixf-yi,
i=1 i=1 i=1 i=1
zn:xf'a+zn:xf ’(J+Zn:xi ~c:zn:xi Vi,
i-1 i=1 i=1 i=1

Zn:xf ~a+Zn:xi -b+n-c:Zn:yi.

i=1 i=1 i1

4. JIuneiinas perpeccus

Hus pacdyera nmuelHOW perpeccun B MathCAD HeoO0XoauMMO BOCIIOJIB30BATHCS

CJICAYIOIIUMU OIl€paTOpaMu:

- line (X,y) - BekTOp 3 ABYX 35eMeHTOB (b,a) koodduuuenToB nuHeiinoi perpeccun Yy = b + ax;

- intercept (X, y) - koadduuuent b nmuneitnoi perpeccun;

- slope (X, y) - k03¢ QUIMEHT a ITNHEHHOW Perpeccuw;

- X - BEKTOP ACHCTBHUTEIBHBIX JAHHBIX apTYMEHTA;

- Y - BEKTOp ACHCTBHUTEIbHBIX JaHHBIX 3HAUYCHUH TOTO JXe pa3Mepa.

IIpumep 1. JIuneinnas perpeccus
x:=(0 12345 6) y:=(4.124 3 433652509

_ [2.829)
ling(x,y) =

0.414 intercept(x,y) = 2.829 slope(x,y) = 0.414

f(t) == Iine(x,y)0 + Iine(x,y)1 -1

Qe

epidéiay 0aaoanney

X, t

IMpumep 2. NmeroTcs creayromuye JaHHbIe 0 pacxojax Ha pekjgamy X (TbIC. yCi. 1) U
cOBITE MPOAYKIUU ) (TBIC. €11):
X 1 2 3 4 5
Y, 1,6 4,0 7,4 12,0 18,0

MeTo0M HauMEHBIIUX KBAaPAaTOB HAUTH SMIHpUYECKUEe GOPMYIIbI IPSAMON Y = ax+b u

MHOTOUJIEHA BTOpOil cTemeHH Y =ax’ +bx+C, anmpokcumupyiomue (GYHKIHMIO, 3aJaHHYIO
tTabmuuHo. HailTn 3HaueHHMe MHOTOUWIEHOB NEPBOM M BTOPOM CTemeHeH B 3aJaHHBIX TOYKaX,

a0COTIOTHYIO MOTPEIIHOCTh B HUX M CPEAHEKBAAPATUUECKYIO TOTPEIIHOCTb.

BorsicHuTh, Kakas 3aBUCUMOCTh mpeanoututensHee. [loctpouts rpaduku. s 31oil xe
(GYHKIIMM TOCTPOUTh MHOTOWIEH IepBOM CTENEHHU, MOdb3YSICh BCTPOCHHBIMH (QYHKIMSIMH

cucreMol MathCAD s nuueitHOM perpeccun. ['paduyeckn cpaBHUTH

pEe3yJIbTaThI.
Pemenmue:
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i X Yi Xi2 Xi3 Xi4 X Yi Xi2 Yi

1 1 1,6 1 1 1 1,6 1,6

2 2 4.0 4 8 16 8,0 16,0

3 3 7,4 9 27 81 22,2 66,6

4 4 12,0 16 64 256 48,0 196,0

5 5 18,0 25 125 625 90,0 450,0
Z 15 43,0 55 225 979 169,8 680,2

. 55a+15b =169,8,
CucremMa HOPMaJIbHBIX YPABHEHUI HMEET BHI: Eé pemenus a=4,08,
15a+5b =43.

b=-3,64. Takum 00pa3oMm, JIMHEHHAs 3aBUCUMOCTh MMeeT Bua: Y = 4,08x —3,64 .

979a + 225b + 55¢ = 680,2,

225a +55b +15¢ =168,8,

55a +15b + 5¢ = 49,0.

a=0,3, b=0,48, c=5,06. Takum o00Opa3oM, HUCKOMas KBaJpaTHYHAs 3aBHCHUMOCTb HMECT BH/I:
y =0,3x* +0,48x + 5,06 .

CucremMa HOpMaJbHBIX YpPaBHEHUN HMEET BUJ: { Eé pemenus

Z:(axi +b—y,) - abCOMOTHAs MOrPEIIHOCTD VISl TMHEMHON 3aBUCHMOCTH
i=1l
C 2

Z (axi + b - Y.) - CPCAHCKBAAPATHYICCKAA TOTPCUIHOCTD IJIS JINHENHOM 3aBUCHUMOCTH

i=1
[4,08-1—3,64—1,6]° =[-116]* =1,3456 [4,08-2—-3,64—4]° =[0,52]* =0,2704
[4,08-3-3,64—7,4]* =[L2]* =144 [4,08-4—3,64-12]° =[0,68]° = 0,4624

[4,08-5-3,64-18]° =[-1,24])° =1,5376

5
> (4,08x, —3,64—y,) =-116+052+12+0,68-124 =0

i=1

5
Z (4,08x; —3,64—y,)* =1,3456 +0,2704 +1,44 + 0,4624 +1,5376 =5,056
i=1
n
(ax,2 +bx; +Cc—y,) - abconmroTHas mOrpeHOCTh Ui KBAAPATHIHON 3aBUCHUMOCTH
i=1
n
Z (ax,2 +bx, +c—vy, )2 - CpeAHEKBaJpaTUYecKas IOrPEHIHOCTh IS KBAJPaTUYHOU
i=1
3aBUCUMOCTH
[0,3-1% +0,48-1+5,06 —1,6]* =[4,24]° =17,9776 [0,3-2% +0,48-2+5,06 —4]* =[3,22]* =10,3684

[0,3-3° +0,48-3+5,06—7,4]° =[1,8]° =3,24  [0,3-4? +0,48-4+5,06—12]* =[-0,22]? = 0,0484
[0,3-5% +0,48-5+5,06—18)° =[-3,04]* =9,2416

5
> (0,3x? +0,48x, +5,06—Y,) = 4,24 +3,22 +18-0,22 ~3,04 =6
i=1

5
Z(O,Bxi2 +0,48x, +5,06—Y,)* =17,9776 +10,3684 + 3,24 + 0,0484 + 9,2416 = 40,876
i=1

Kaxk BustHO Sy <Syg, CII€IOBATENBHO, TUHEHHAS 3aBUCUMOCTH TIPEIIOYTHTEIIbHEE.
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T

x:=(1 2 3 4 5) y:=(1.6 4 7.4 12 18)"

40 T T T

y
ooo

408t-3 64 20 o

03t%+0.48t+506 o}

-10 ) 0 5 10

Puc. Nzo6paxenue B JICK onbITHBIX TOUCK, TUHEHHON M KBaIpaTUYHON 3aBUCUMOCTEH
x=(1 2345  y:=(164 7.4 12 18)"
—3.64) WM intercept (x,y) =—3.64
4.08 slope(x,y) =4.08
f(t) ::Iine(x,y)0 + Iine(x,y)l-t

25 T T T T T

line(x,y) =(

20 B

000 gt -

(1)

X, t

Puc. N306paxenue B JICK onbITHBIX TOYEK U Tpaduka TUHEHHON perpeccuu

KonTposabHbIe BONPOCHI
1. Yro 3HAYUT anMPOKCUMHUPOBATH TAOTUYHYIO (PYHKITUIO?
2. Kakas pyHxius HazpiBaeTcs sMnupuueckoit? HazoBure 3tanbl noaydeHUs: SMIUPUYECKON
dopmynel. Kak onpenenuTs o0muid BU SMIUPUUECKON GOpMYIIbI?
3. B uéwm 3axnrouaercs npunnun Jlexxanapa?
2.2 JlabopaTopHasi padora Ne 2 ( 2 yaca).
Tema: «O0padoTka onbITOB»

2.2.1 Heab padoTbl: 03HAKOMHUTHCS C BOBMOKHOCTSIMH MaTeMaTHYECKONW CTaTHCTUKU I10
00paboTKe OMBITHBIX JAHHBIX; HAYUUTHCSA pellaTh 3ajjadyy MepBUYHOM 0OpaOOTKM TAaHHBIX U
CTaTUCTUYECKOTO OLIEHUBAHUSI.

2.2.2 3anauu paGoThI:

1. OcobGenHocT 06pabOTKH OTPAaHUYEHHOTO YKCIIa OMBITOB.

2. OueHKH XapaKTepUCTUK BBIOOPKH.

3. OIlIeHKM HEM3BECTHBIX NTAPaMETPOB 3aKOHA PACIPEICIICHUSI.

2.2.3 llepeyeHb NpUOOPOB, MaTEPUATOB, HCIOJIb3yeMbIX B J1a00paTOPHOIi padoTe:

cneun (UKo TUCIMITIIMHBI HE PEAYCMOTPEHBI
54



2.2.4 Onucanme (xox) padoTnbi:

Nel. B rnapke y‘I€6HLIX MaIiuH B TeueHun 30 JHEH MMPpOBOAUINCH Ha6J'IIOZ[eHI/IH HaJa 4YMCJIOM BBIC3/10B B ICHbB.

ITonyunnu cnepyromue pe3yabTaThl:
3 1 3 1 4 5 2 4 0 7 0 2 2 0 2

5 4 3 7 1 4 2 2 1 7 2 1 0 3 6
[IpoBenure mnepBUYHYI0 O0OpabOTKY BBIOOPOYHBIX JAHHBIX W OLEHHTE IApaMeTphl T'€HEPAIbHOMH
COBOKYITHOCTH (TOYEYHO M UCIIONB3Ys METO]] JOBEPUTEIBHBIX HHTEPBAJIOB).

A) K xkakoMy TrpynmupoBOYHOMY THUMY (IHCKPETHOMY WIIM HENPEPHIBHOMY) OTHOCHUTCS IIPH3HAK?

Bb) CoctaBbTe paHKUpOBaHHBIN PSLI:

B) HepeqnchTe, KaKuC 3Ha4YCHUA MMPUHUMACT MMPU3HAK:
O0neM BLI60pKI/I MAaKCHMaJIbHOC 3HAYCHUC MUHUMAJIbBHOC 3HAYCHUC
F) CocTaBbTe CTATUCTUYCCKUM pAd pacupeacjICHUuA JaHHOT'O ITPU3HAaKa,

<= IOJIIMINHTE 3ar0JIOBKHU CTOJ'I6L[OB

X n; XMy i —x (% —x)°| (x-x)7%n,

) IMocTpoiiTe NOMUTOH YacTOT
Brluncnure 1 MOANMIINTE, YTO 03HAYAIOT HAMICHHBIC BAMU 3HAYCHHS

E) R=
_ Znixi
x==_"=

n

BriBon:

Ne2. U3 reHepanbHON COBOKYIIHOCTH HM3BJIeUeHa BbIOOpKa oObeMa N=50, Ha pHcyHKe M300pa)keH MOJIUIOH
9acTOT U3y4aeMOr0 KOJIMYECTBEHHOIO IIPU3HAKA.
[ToanmumuTe Ha3BaHUE OCEH:
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ITocTpoiiTe cCOOTBETCTBYIOLIMI P paCIpENEICHUS.

-

204

i

114

w

Uemy paBHO 3HaUCHHE a7
Uemy paBHO 3HaueHHE R?

2.3 JIaGopaTopHuas padora Ne 3 ( 2 yaca).

Tema: «O0padoTKa ONBITOB (NIPOJOJIKEHHE))

2.3.1 Heﬂb paﬁoTLI: 03HAKOMUTLCS C BO3MOKHOCTSIMH MaTEMaTHYECKOW CTATHCTHKH IO

06pa60TKe OIIBITHBIX OAHHBIX; HAYYUTHCA PCHIATH 3a4a4y OLCHKM HCHU3BCCTHBLIX IMapaMCTPOB

3aKOHA PacrpeelICHHS.

2.3.2 3agauu padoThI:

1. OI_IGHKI/I HCU3BCCTHLIX IMapaMCTPOB 3aKOHA paCIpCaACIICHUS.

2. OueHka BEpOSITHOCTH I10 YaCTOTE.

2.3.3 llepeyenb NpuOOPOB, MATEPHATOB, HCIOJIL3YeMbIX B J1a00paTOPHOIi padoTe:

CHGI_II/IQ)I/IKOI\/’I AUCHUIUIMHBI HC IPEAYCMOTPCHBI

2.3.4 Onucanmue (xox) padoThI:

Nel. B pesynbrate B3BemuBanus 50 kiryOHei (Tp.), MOIYUMIN CIEAYIONINE PE3YIbTaThl:

93 209 135
251 53 142
96 206 138
253 50 145
152 150 110
IIpoBenure

216
120
213
117
118

206
147
209
180
140

80
159
77
156
81

197 134 145 183
111 185 200 191
200 131 148 180
113 181 203 188
120 135 220 144

BbBIpaAaBHUBAHUEC CTATUCTUYCCKOro psgaa, METOAOM MOMCHTOB OICHUTC
napaMeTphbl NpCANIojaracMoro pacrnpeaciCHus.

A) K kakoMy TpynmupoBOYHOMY THUITY (IUCKPETHOMY WJIM HENPEPHIBHOMY) OTHOCHUTCS
MIPU3HAK?
Bb) O6bem BbIOOpKH MaKCHUMaJIbHOE 3HaYECHHE MUHUMAaJIbHOE 3HAYE€HUE

B) Ha xakoe koM4ecTBO MHTEPBAJIOB JIyullle pa30UTh JaHHbIE

[Touemy?
PaccuunTaiiTe mMpHUHY KIIACCOBOTO MHTEPBAIA

B) CocraBbTe cTaTHCTHYECKYIO TAOIHUILy paclipe/leieHus JaHHOTO IPU3HAKa,
alTe Ha3BaHHE KOJIOHKAM.
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Xi = Xin n; Xipg X | X X1

S-

I') [TocTporite ructorpammy. [IpoBequTe BbIpaBHUBAHHE CTATUCTUYECKOIO PSIA.

10

50

Brruncaure u HOAIUIINTE, YTO O3HAYAIOT HaliJICHHbIC BAMM 3HAYCHUS

) R=
f:ZniXi

n

Mo=
BriBon:

2.4 JIaGopaTopHuas padora Ne 4 ( 2 yaca).
Tema: «O6padoTKa ONBITOB (IPOAOIKEHHE))
2.4.1 lean pabdoThI: 03HAKOMUTHLCS C BO3MOXKHOCTSIMUA MAaTeMaTUYECKOW CTATUCTUKU T10

06pa60TI<e OIIBITHBIX JAHHBIX; HAYYUTHCA pCHIATH 3a1a4y OLCHKW HCHU3BCCTHBIX IMapaMCETpPOB

CHCTEMBbI CJ'Iy‘-I&fIHBIX BCJIMYHH.
2.4.2 3agaumn padoThbI:
1. CriocoObI 3a1aHMst U XapaKTEPUCTUKN CHCTEMBI CITyYailHBIX BETMYHH.

2. OHGHKI/I XapaKTCPUCTUK CUCTCMBbI CquaﬁHBIX BCJIMYHH I10 OIIBITHBIM JaHHBIM.
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2.4.3 Ilepevyennb NpuGOPOB, MATEPHAJIOB, HCIOJIb3yeMbIX B JIa0opaToOpHOIi padoTe:
CrenupUKON TUCIUTUIMHEI HE TTPEyCMOTPEHBI

2.4.4 Onucanue (xo1) padoThI:

Pemnre nmnpuBeneHHbIE HUXKE  3a/layd, MCIOJIb3Ys  TEOPETUUYECKUM  MaTepual

COOTBGTCTBYIOH_Ieﬁ JICKIIHNH.

3apaua 1. 3agan 3aKOH pacnpeieseHus: IBYMEPHOM cirydyaiiHoN BennyuHsl (X, Y):

y -1 0 1
X
1 0,15 0,30 0,35
2 0,05 0,05 0,10
Haiigure ycnoBHOe mMaTemarmueckoe oxuaanne M (X/Y=1); M(X/Y=0).
3agaua 2.
y
2 5
X
8 0,15 0,10
10 0,22 0,23
12 0,10 0,20

Jns TaHHOrO 3aKOHA PACHpPENEICHUs BEPOATHOCTEH JABYMEPHOM CIIy4allHOM BEIMYUHBI
(X,Y) Haiigute K03(hPUIHEHT KOPPENIALINH.

3anaua 3. 3ajaH 3aKOH pacupeeseHus IByMEpHO ciaydaiinoi Bennuunsl (X, Y):

y
X 0 1 2 3
-1 0,02 0,06 0,08 0,04
0 0,03 0,12 0,20 0,15
1 0,05 0,02 0,22 0,01
Haitnure:
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a) 3aKOH pacIpeneneHuss M 4YuclIoBble Xapakrepuctuku CB V; 0) ycioBHOE
pacupeneneHue CiaydyalHOW BEJMYMHBI Y TPU YCIOBHM, 4TO X IPUHUMAET 3HAYEHHE,
paBHoe 0. Onpenenure, SBISIOTCS JIM CIydaiiHble BETUYUHBI X U Y HE3aBUCHUMBIMHU.

KOHTpOJ’IbHLIe BOIIPOCHI

1. ITpuBenuTe npUMeEphl UCIIBITAHUMN, PE3YJIBTAT KOTOPBIX OIPEIEISIETCS

HECKOJIBKUMHU CIIy4allHbIMH BEJIMYHHAMH.

2. [laiite ompenenreHre MHOIOMEPHOM CIIy4alHOM BEJIMYMHBI M €ro I€OMETPUYECKOe
TOJIKOBAHHE.

3. HazoBuTe BUbI MHOTOMEPHBIX CIIy4allHbIX BEJIHYHMH.

4. 3anumure GYHKUIUIO pacipeaeaeHus IByMEpHOH ciay4aiiHOM BEIMYUHBI.

5. JlaiiTe TeoMETpUYECKYI0 HWHTEPIpPETAlHi0O (QYHKIUU paclpelesieHus] JIBYMEPHOM
CIIy4yallHOH BEJIMYUHBI.

6. Kak 3amaercst pacnpesesieHue JBYMEPHOM JHUCKPETHOM M JIBYMEPHOH HENpPEpbIBHOM
CIy4allHO BEIUYHUHbI?

7. Uro Takoe ycinoBHOe pacnpenencHue? 3anumuTe (GopMyIly YCIOBHOTO pacIlpeieIeHus
JTUCKPETHOH citydaiiHo# BenuuuHbl (X, V).

8. 3anummTe GopMyiy UL BEIYMCICHUS BEPOSTHOCTH TONAJAHUS 3HAYCHUN JIBYMEpPHOU
CJlyyaiiHON BEJIMYMHBI B IPSAMOYTOJIbHYIO 00sacTts D.

9. JlaiiTe ompeneseHre IIOTHOCTH BEPOSITHOCTH HENPEPHIBHOW JBYMEPHOW CllydaliHOM
BEIMYMHBL. 3anumure QGopMyly CBs3M (DYyHKIMM paclpelesieHuss U IUIOTHOCTH
BEPOSITHOCTH.

10. 3anumnTe TeopeMy YMHOXEHMsI IUIOTHOCTU PACHpPElENICHUs IBYMEPHON CIIyd4allHON
BennuuHsbI (X, V).

2.5 Jlaboparopnasi padora Ne 5 ( 2 yaca).

Tema: «MoaenupoBanue CIy4aifHOro npoiecca»

2.5.1 Heanb padoTsbI:

2.5.2 3agauu paGoThI:

1. Boibopka ciydaliHbIX JaHHbIX.

2. 'eneparus nceBaoCIy4aiHOro mporecca.

3. Orubaromas u ¢aza HOPMaIBHOTO CIYYaifHOTO Mpolecca.

2.5.3 IlepeyeHb NpUOOPOB, MATEPUATOB, HCI0JIb3YeMbIX B J1a00paTOPHOIi padoTe:

crieni(PUKON UCIUIUIMHBI HE TIPETyCMOTPEHBI

2.5.4 Onucanmue (xo1) padoTsi:

Onncanue 3a1a4n
V¥ Bac ectp 10 MoHeT. Bl XoTuTE yBEeNMWUYUTH CBOHM KamuTtal B JBa pasa. Mrpas c¢ makinepom, BbI

JieaeTe CTaBKy M OpocaeTre MOHeTy. Eciu BelmagaeT “opein”, Makjiep BblIaeT BaM CyMMY Ballleii CTaBKH,
B MPOTHUBHOM Clly4ae BBl eMy OTAaeTe 3Ty cymmy. CtaBka MoxeT ObITh OT 1 m0 10 MoHer. Y BoeHue
HAYaJLHOTO KallMTaJia Wik OaHKPOTCTBO MPUBOJAUT K HE3aMETUTSILHOMY TPEKPAICHUIO 3TOTO CeaHca
UTPHI U pacdery. rpa MOXKeT MPOIOIHKUTHCSA TI0 BallleMy YCMOTPEHHIO.
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Henb MogeupoBanus
-Bappupyss craBkMm B uWrpe, BBIICHWTH, Kakas TaKTHKa 4Yalle MPUBOJUT K pE3yNIbTaTy
(TIONOXXUTETFHOMY WU OTPHLATEIEHOMY ).
- [IpegynpeanTs M3NIHIIHE a3apPTHBIX UTPOKOB O HEBO3MOXKHOCTH OOOTAIICHUS 3a CUET a3apTHBIX
UTP ¥ O CTETIEHU CBS3aHHOTO C HAMH PHCKA.
AHann3 o0beKTa
Mogenupyem urpy. Mrpa — 3To mporecc, B KOTOPOM y4acTBYIOT TPH OOBEKTa: UTPOK, MAKJIEp U
“cirydaii”, KOTOPBIH 3/1ech TpeAcTaBlieH MOHeTONH. rpok obnafaeT HavanbHBIM KalHUTajIoM, KOTODPEIA B
JaJbHEHIIEM YBEIMYMBAETCS WM yMeHbIaeTcs. Jpyroi napaMeTp Urpoka — BeJIMYMHA CTaBKU. Makiep
OTIpeJiesisieT MPOUTPHIII WM BBIMTPBIII MTPOKA, BHIMJIaYMBasi BEIMTPHII. [lapamMeTpoM MOHETHI sIBISIETCS
pe3ynbTaT Opocka — “open” win “pemrka’. Cirydaldl XapaKTepHU3yeTcs yraablBaeM TOTO, Ha KaKyH CTOPOHY
JSHKET MOHETA, M UMeeT JBa 3HaueHus — ‘yragan” (1) wium “me yragan” (0).
[Tpu 3TOM BEpOSITHOCTH BBINIAACHUS TOW WK WHOK cTopoHbI 0,5.
Pa3paboTka monenu
HNudpopmanuoHHas MoaeIb
Obvexm “Urpok” UMeeT ynpasisiemvie napamempsi. CTaBKa — KOIMYECTBO IMOCTaBICHHBIX Ha OpOCOK
MoOHeT; Haln4HOCTh — KOJIMYECTBO MOHET Y HIPOKa IMOCTIe 0UepeaHOro OpockKa.
UMEET Heynpasisemvle napamempsl (koncmanmst):Hadanpaprit kanuran: 10 MoHeT.
Heticmeus Hao o6vexkmom: Brpi0op craBku; Beraucienue Hanmanocty; lIpomomkeHue urpsl.
Obvexkm “maknep” UMECT ynpaeisemvle hnapamempol. BpOCOK — ONpeCieHUe  BBIMIPHIINIA  HIIU
MPOUTPHIIIA [TOCTIE OYEPEAHOTO OpOCKa; BBIMTPHIN — MpeKpalieHne UIPhl TIOCHE YBEIMYCHUS KarnuTaia
UTpOKa BABOE Wi Ooubine; [Ipourpsin — nmpekpalieHne urpbl Iocie 0aHKPOTCTBa UTPOKA.
UMEET Heynpasisemvle napamvempsl (koncmanmsi). Her.
Heticmeus nao ob6vexmom: Brimnara npourpannoro; [Ipexparienue urpsl 1o 0aHKPOTCTBY.
Obvexm “MOHETa (cmyuait)” HUMEET ynpasusiemole napamvempur. ITonoxenue npu
npr3eMIiieHuH (“‘oper’” wim “pemnika’).
UMEET Heynpasisemvle napamempul (koncmanmot). KoaudecTBO BO3MOXHBIX BApUAHTOB MAJCHUS: 2;
BeposiTHOCTE yranpiBanust pe3ynbrata 1/2.
Heticmeus Hao obvexkmom: [lonOpackiBanre MoHETHI; OTpeielieHre pe3ynbTaTa maeHus.
Jloruko-mMaTemaTuuyeckas Moaesb
HNmutupoBath yraJpiBaHue pe3ysibTaTa Opocka MOHETHI MOKHO ¢ momotnkio ¢pyrkimn CJTUHUC(). Dra
(GyHKIMS BBIaeT ciydaiiHble uncia x B auanazoHe 0<=x<l. ITockoibKy BEpOSITHOCTH BBINAJCHUS TOUH
WIN UHOW CTOPOHHI S, TO Oyaem cuurtath: ecnu CJIUMC<0,5 , To pesynbraT “yragan” (1), B mpOTHBHOM
ciyqae — “He yragan” (0). B monmenu wucnonbsiyercs jorudeckas ¢yakius ECJIM (Vcnosue; 3Hau
Uctuna; 3nau Jloxs).
OyHKIHA yraablBaHUs pe3yNbTaTa mpu OpoCcKe UMEET BH/I:
Bpocox = ECJIN(CJIYNC<O0,5;1;0),
3nech 17 Ha BbIXoj1e (DYHKIIMH 03HAYAET, YTO UTPOK yrajai, a “0” — He yrajail.
OyHKIHA N3MEHEHUS HATMYHOCTH UTPOKA!
Hamnunocts = ECJIM(bpocok=1; Hanumunocts + CraBka; Hannunocts — CraBka).
OYHKINA OTpEAETICHHSI BRIUTPHIIIA:
Borurpeim = ECJIM(HanmnyaocTh< 2*Haukanurar; “-; “0aHK’),
3/1eCh BBIAAETCA COOOIIEHHE “OaHK” MpH yBEIMYEHWH HAa4YaJbHOTO KamuTaja BIBOE WIIM OOJbILE, YTO
SIBJISIETCS YCIIOBUEM TPEKPAIIEHUS UTPHI.
OyHKIMS ONpeieeH s TPOUTPhIILA;
[pourpeiu = ECJIM(Hanmuanocts>0; “-; “Oankpot”),
3/1€Ch BBIFAeTCs cooOIeHne “0aHKpOT”’ MO0 OKOHYAHWH HAJIMYIHOCTH, YTO TAKXKE SBISETCS YCIOBHEM
MIPEKPAIICHHS UTPBI.
KomnslorepHas moaeJib
Jliis MoieTupoBaHus BhIOEpPEM Cpey JIEKTPOHHOM Tabauipl. B aToit cpeae uHdopmannoHHas u
MaTeMaTH4yecKasi MOJeNn 00BENNHAIOTCS B TaOJIHILy, KOTOpask COJEPKUT JIB€ 00JacTh: UCXOAHBIE TaHHBIC
— KOHCTAHTHI 1 yIIpaBIIsieMble TapaMeTPhl; PacUeTHBIE JaHHBIC (PE3YIbTATHI).
3ananue
Bectu B TabnuIly MCXOAHBIE JaHHBIE, & B PACYETHYIO YaCTh — CIIEAyIonue pOpMyIIb B sTYCHKU:
A8: =ECJIN(CJTYMC()<0,5; 0; 1)
B8: =ECJIM(A8=1; $B$5+$D$5; $B$5-$D$5)
C8: =ECJIU(B8<2*$BS$S5; “-”; “Oank”)
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DS8: =ECJIN(B8>0; “-”; “bankpor”)
B9: =ECJIN(A9=1; B8+$D$5; B8-$D$5)
I[Tpu 3anucu Gopmyn BctaBku cranaapTHeIx Gynkmuid ECJIN(...) u CJTYUC(...).
KomnbloTepHblii 3kciepuMeHT
Ilian MoaeanpoBanus
1. TlpoBepuThs MpaBUIBHOCTH BBOJA (POPMYII.
2. TIlpoBectu pacyeTsl.
3. PesynpraThl pacueToB MpoaHAN3HPOBATE.

TexHoJI0rus MoIeJIMPOBAHMS

1. Bsectu B Ta01MIly KOHTPOJIbHBIE AAHHBIC U PAcUeTHBIE (YOPMYJIBI B IEPBYIO CTPOKY.

2. CkomupoBaTh (GOPMYJBI B HIKECTOSIIME SYCHKH B 0003pHMOM TpocTpaHcTBe 3kpana (20

HONBITOK)

IlossBienne B crombue “Bemrpemm” cooOmeHns “‘O0aHK” O3HA4YaeT YyABOCHHE HAIWYHOCTH.
[Nosinenue B cronbue “Tlpourpsir” cooOiieHus “0aHKpPOT” - HYJICBYH HAIM4YHOCTh. W TO W npyroe
NPUBOIUT K KOHIy ceanca urpbl. ClieAyromuii ceaHc WTpbl MPOBOJUTCS B TEX )K€ siUCHKax MyTeM
OOHOBIIGHHSI MaHHBIX |-rO cTO;mOIa, IS Yero CTox0er] CJleayeT BBIACNUTh W BHIOpaTh KOMaHIY
3ameHuTb 110 cTonbam MeHto [lpaBka.

IIpuBeauTe CTATUCTUKY BBIUIPBINIE M MPOUTPLILIEi, IOBTOPSISi UTPY MHOTOKPATHO, U caejaiiTe
BBIBO/IbI.

2.6 JIaGopaTopuas padora Ne 6 ( 2 yaca).
Tema: «XapakTepuCTHKH CAyYAHHON GyHKIIHN»

2.6.1 Ilea paGoThI: YCBOWTH BEPOSATHOCTHBIA CMBICII M HAa3HAUYCHUE XaPaKTEPUCTHUK
CﬂyqaﬁHOﬁ (1)YHKIII/II/I, HU3YUUTh METOJbI OLICHKHU XapPaKTCPUCTUK 10 OIBITHBIM JaHHBIM.

2.6.2 3agauu padoThI:

1. ColicTBa U BEpOSTHOCTHBII CMBICI XapaKTePUCTHUK.

2. OnpeneneHne XapakTepUCTUK CIIydyaifHON (YHKLUHU U3 OMbITA.

2.6.3 Ilepeyenb NpuOOPOB, MATEPHATOB, HCIOJIL3YeMbIX B J1a00paTOPHOIi padoTe:
crenupuUKo TUCHUIUIMHBI HE TPEyCMOTPEHbI

2.6.4 Onucanue (xox) padoThbI:

[lycth Hag cnyvaitHOU QyHKIMEH () Mpou3Be/IcHO *# HE3aBUCHUMBIX OIBITOB (HAOIOICHUI) U
B pe3ysbTare nmonyueHo # peanuszanuii cnyqaiiHON QYHKIUH .

Tpebyercs HalTH OIIEHKH JIRIE: XapaKTePUCTUK ciy4daitHoM (OYHKIUH:

K, (.9

iy () D, i) .
€€ MAaTEMATHYCCKOI'0 OXKNIAaHUA , AUCTICPCUHN " KOPPCIIAIIMOHHOU (bYHKL[I/II/I
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JIJ151 5TOTO PACCMOTPUM PSIJT CEYCHHH CITydaitHON (DYHKIIMHM JUISi MOMEHTOB BPEMEHH  1+72+++im
M 3aperucTpUpyeM 3HAYEHMs, NPUHAThIE (yHKIMei <) B 5T MoOMeHTH BpeMeHH. Kakmomy w3

MoMeHTOB 1+12:+fm OyZleT COOTBETCTBOBATh *# 3HAUYCHUIl CIy4yallHON (DyHKIIUH.

by, B
3HauYeHUS 1o5destm 0OBIYHO 3aJar0TCA PABHOOTCTOAIIMMHU TOYKaMU: BCJIMYHMHA HWHTCpPBaJia

MEXAY COCEAHMMH 3HAYCHUAMU BBI6I/Ipa€TC5I B 3aBUCUMOCTHU OT BHJIa OKCIICPUMECHTAIIBHBIX KPHUBBIX TakK,
YTOOBI 110 BI:I6paHHI>IM TOYKaM MOJXHO OBLITO BOCCTaHOBUTH OCHOBHOH X0 KPHBBIX.

Kt N
3aperucTpUpOBaHHBIE 3HAYCHUS (2] 3aHOCSTCSI B TaONUIy, KaKJas CTPOKa KOTOPOW COOTBETCTBYET
OTIpeieNICHHON peaTn3alliy, a YUCIIO CTOJIOIOB PAaBHO YHCITY OIIOPHBIX 3HAYCHUN apryMEeHTa.

Tabmuma 1
i
4 t t 4 fry
X0
x (E) x ) x (£3) x (&) x &) % ()
X (£) x4 x3(¢7) x7 () x3 (8 ) %3ty )
& (5:' Xy (51 :' Xy (52 :' o Xy (f'.ﬁ::' o Xy (f'I :' T Xy (fm :'
xn[f,] xn':flj' xn':fi:' xn'(f.ic:' xn(fij' xn(fm:'

B rtabmumne 1 B ! -if cTpoke moMelieHbl 3HAYCHUs CIy4ailHOW QyHKIMH, HAOMOACHHOH B ! -if
i Holgsaim % (2 )
peamm3anuu (* -M ONBITE€) MPU 3HAUYCHHSIX apryMeHTa . CumBonom 0003HAYEHO

Py £ o
3HAUEHHE, COOTBETCTBYIOIIee ! -if peamusaruu B MOMEHT ~© IlonmydeHHBI MaTepuan IpeCcTaBiseT
co0oii He UTO WHOE, KaK PE3YNIbTAThl # OIMBITOB HaJ CUCTEMOMN ¥ CiTydaiiHBIX BETHIHH

X)), X (), X ()

Hpemne BCCTO0 HAXOAATCA OLUCHKHU OJIA MAaTEMAaTHYCCKUX O)I(I/I,Z[aHI/Iﬁ 10 (I)OpMy.]'Ie

> 50 [t =) |
=]

() = E—— _ Di(g) =1
M , 3aTeM - JJIST JUCIIEPCUU n—1

1, HAKOHECIL, 1JIs1 KOPPEIALIMOHHBIX MOMCHTOB

Z”;[za- (&) — 7 &) | mele) —mn ) |

Ex (f;,;,fjjl _ 1=l

n—1

Ilocne TOTO, KakK OTH XapPaAKTCPUCTUKN BBIYMCJICHBI, MOXXHO, IOJIb3YACh paaoM

sHaueHmit " (). 7mx (Eg).... o (b ) , TIOCTPOHTB 3aBHCHMOCTD ' % @

A = '
3aBUCUMOCTDH D_x(f) . @yHKHI/IH ABYX apryMeHTOB K_x I:ﬁ’ﬁ':l BOCHpOI/I?:BOI[I/ITCf{ II0 €€ 3HA4YCHUSIM B
IPSIMOYTOJILHOW CEeTKEe TOYeK. B ciyuae HamoOHOCTH BCe 5T (DYHKIMU ANMPOKCHUMUPYIOTCS KaKAMH-
HI/I6O AHAJIMTUYCCKUMMU BBIPAXKCHUAMMU.

AmnajgoruyHo CTPOUTCH
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KoHTpoJibHBIE BOIPOCHI

1. MoXHO 7T yTBEP)KIaTh, YTO CIIy4aliHON Ha3bIBaeTCs (DYHKIIUS CIIy4aifHOTO aprymeHTa?

2. MOXHO 11 paccMaTpHUBaTh CIy4ailHyt0 (DYHKIIMIO KaK COBOKYITHOCTH BCEX €€ BO3MOMHBIX
CEYECHUI?

3. Uemy paBHO MaTeMaTH4ECKOE OKUIAHUE IICHTPUPOBAHHON CITydaitHON pyHKIUN?

4. Jlana cnyuaiinas (yHKIUS, HAUTH €€ XapaKTEePUCTHKU. Tak hopMmyaupyercs 3ajada aHaIM3a
WM cuHTe3a?

5. JlaiiTe reOMETpUUECKYI0 HHTEPIIPETAIIMI0 MaTEMAaTHUYECKOTO OXKUAAHUS CIIYIaiHOW (DYHKIIMH
npu (PUKCUPOBAHHOM 3HAYCHUH apTyMEHTA.

6. Uto Ha3bBaeTcs aucriepcued ciaydaiiHod (QyHkiuu? KakoBbl OCHOBHBIE CBOWMCTBA
aucrepcuu?

7. UTo Ha3bIBaeTCs KOPPEISIITUMOHHOW QyHKIMEH ciydaitHoi GyHkiuu? [louemy 310 GyHKIUS
IBYX aprymeHToB? KakoBbl ee OCHOBHbIE CBOWCTBA?

8. Cnyuaitnas pyHkuus Bcerja sBnsercs GyHKIUeH BpeMeHu?

2.7 JIaGopaTopuasi padora Ne 7 ( 2 yaca).

Tema: «XapaKTepUCTHKH CJIYYaAHHON GyHKIMHN (IPOIOJIKEHUE)»

2.7.1 Heas pabdoThbl: NPOAHANU3UPOBATH BIMSHUE JIMHEHHBIX ONEPATOPOB Ha
XapaKTEpUCTUKU BXOIAHOIO BO3ICHCTBUS; WM3YyYUThb METOABl OIPENEICHUS XapaKTEPUCTHK
npeoOpa30BaHHBIX CIYyYalHbIX (GYHKLUH 110 XapaKTePUCTUKAM UCXOIHBIX.

2.7.2 3apauu padoThI:

1. JIuneiinple npeoOpa3oBaHMsl CIy4allHBIX (QYHKIIHM.

2. Metozp!l onpeneneHusl XapakTepUCTUK MPeoOpa30BaHHbBIX CIy4alHBIX (YHKLIUH 1O

XapaKTePUCTHKAM UCXOAHBIX CIydalHbIX (QyHKIUH.

2.7.3 llepeyeHb NpUOOPOB, MATEPHATOB, HCIOJIL3YeMbIX B J1a00paTOPHOIi padoTe:
crenupuKoi TUCHUIUIMHBI HE TPEyCMOTPEHbI

2.7.4 Onucanue (xo1) padoTsI:

IlycTe Ha BXOJ JIMHEMHON CUCTEMBI C OIIEPATOPOM L BO3JICHCTBYET CiTydaiiHast QyHKIUS x5 ,
MIPUYEM U3BECTHBI €€ XapaKTEPHUCTUKU:
1y (£) Ky e.1)
MaTEMaTHYECKOE OKUAHNE U KOppensauuoHHas QyHKIUsS . Peakuusa CHCTEMBI
MPEACTABIISIET coboit CITy4aiiHyIO (byHKUINIO Fig)=L{£0@) . TpeOGyercs HalTH

(1) ; Ky(z,z').

XapaKTePUCTUKU CIydalHOU (HYHKIUH rie Ha BBIXOJIE CUCTEMBI:

CnyqaﬁHaﬂ (bYHKLII/IH F(ﬁ) CBsI3aHa C X(.'f:l J'IPIHGfIHLIM OIHOPOAHBIM OrepaTopomM
WHTETPUPOBAHUS:

t f
Yo =[X@dr my (@)= [my (D)t

a , TOI'1a ]

T. €. MAaTEMATHYECCKOC OKHIAaHME MHTErpaja oT c.nyqaﬁﬂoﬁ q)y]-[K].[I/Il/l pPaBHO HMHTErpajay oT ee
MAaTEMATHYE€CKOI'0 OKHIAHUA
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fi
Kyt = ” K, (r,T)drdr’
oo

Takum  oOpazoMm, Aist TOro  YTOOBI  HAWTH KOPPEISIHUOHHYIO GYHKIHIO HHTErpajia
OT cIyvaiiHOi GYHKIMH, HYKHO JABa’KAbl NPOMHTEIPHPOBATH KOPPEJSMHUOHHYI0 (YHKIHIO
HMCXOJHOM c1y4yaiiHOM (PyHKIMHU: CHAYAJIA 10 OTHOMY apPryMEHTY, 3aTeM - 110 APyromMy.

Jlis  3HaKoMCTBa C METOJAMU ONPENENICHUS XapaKTepUCTHUK MPeoOpa30BaHHBIX
CiydyailHBIX (DYHKIMI 1O XapaKTepPUCTHKAM HMCXOIHBIX CIIy4alHBIX (DYHKIMHA, BBIIOJIHUM
HECKOJIBKO TEOPETUUYECKUX YIPAKHEHUM.

1. Ecim 3amana CO  X(t)=Ue*cos2t, rme U—ciyuaiinas semmunua 1 M(U)=5, D(U)=1, to
MaTeMaTUYeCKOE OXKHUJAaHUe HHTEerpasia UCXOAHON (YHKIIMN UMEET BUJI. ..
1) 5e¥cos2t; 2) e*cos2t;  3) 15e*cos2t;  4) 1;
2. 3apano matemaruueckoe oxxuganue CO mx(t)=t2+7 , Torga MmaremMaruuyeckoe oxuaanue CO
Y=t X'()+t°  mmeer Bux...
1) t2+7; 2) 2t+7; 3) P(t+2); 4) 7;

-0,572 o G
3. 3amana xoppemsiuponnas ¢ynkums K, (7) =287 craumonapHoii caydaitHoit byHKIHE
X(t) Hucnepcust 5ToW (YHKIMH TIOCIE BO3JCHCTBUA oreparopa TuddepeHINpOoBaHUS

paBHa....
Jucniepcust 3Toi (QyHKITUH ITOCIIC BO3JCHCTBHUS ONEpaTopa HHTETPUPOBAHUS PABHA. . ..
KoHTpoJibHbIE BOPOCHI

1. Yro Ha3bIBaeTCs AMHAMUYECKOMN cHCTEMOM?

2. Ha xakue Kj1accel JeNATCs ONepaToOpbl JUHAMHUYECKUX CUCTEM?

3. Uro saBnseTcs cyMMO# ciay4yailHbIX GyHKIUN? MoXeT 11 cyMMOM cllydaliHbIX (QYHKIHNA OBbITH
HecnyvaiiHas pyHKuus?

4. Kak MeHSIOTCS XapaKTepUCTUKU CIIy4aHONH (QYHKIMM IOCiie BO3AEWCTBUS oOmepaTopa
TuddepeHpoBanus?

5. Kak MeHAIOTCS XapaKTepUCTUKU CIy4ailHOM (YHKIMM TOCIEe BO3JCHCTBUA oOmepaTropa
WHTETPUPOBaHUsA?

2.8 JIabopaTopHnas padora Ne 8 ( 2 yaca).
Tema: «/luHAMHUYeCKHE CHCTEMBbI»

2.8.1 lleab paGoThI: U3YUNUTh OCHOBHBIC TTOHSTHSI, CBSI3aHHBIC C TEOPUEH TUHAMUYECCKHIX
CHUCTEM; PACCMOTPETh KJIIACCUUECKUE MOJIETTU JUHAMUYECKUX CUCTEM

2.8.2 3agauu paGoThI:

1. ITocranoBKa 3amauu.

2. ®a30BbIi OPTPET JUHAMUYECKON CUCTEMBI.

3. Kimaccuueckne JANHaAMHUYCCKUEC CUCTCMBI: aBTOKOHC6aHI/I$I, aTTPaKTOD, 6pIOCCCJIHTOp

2.8.3 IlepeyeHb NpuOOPOB, MAaTEPUATOB, HCI0JIb3YeMbIX B J1a00paTOPHOIi padoTe:
crieni(PUKON AUCIUIUITMHBI HE TIPETYCMOTPEHBI
2.8.4 Onucanmue (xox) padoTnbi:

JluHamMHuecKkre CUCTEMbl MOKHO KJIAaCCU(UIIMPOBATh B 3aBUCHMOCTH OT BHJIa ONEepaTopa
oToOpaskeHHsI U CTPYKTYpbl (ha3oBOro mpocTpaHcTBa. Eciam omepartop mnpenycMaTpuBaeT
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UCKJTIOUUTENIFHO JIMHEWHBIE MpeoOpa3oBaHMs HAYaJbHOTO COCTOSIHHMS, TO OH HasbIBaeTcs
JIMHEWHBIM. JIuneinbIit ornepaTop obOnamaer CBOWMCTBOM CYNEpIO3UIUU:
T[x(t)+y(t)|=Tx(t)+Ty(t). Ecnmu oneparop HenmuHEWHBIN, TO U COOTBETCTBYIOIIAs TUHAMHUYECKAs
CHUCTEMa Ha3bIBAC€TCA HEIMHEHHOHN. Pa3nuuaroT HenpepblBHbIE M JUCKPETHBIE ONEpaTopbl U
COOTBETCTBEHHO CUCTEMBI C HENIPEPBIBHBIM U JUCKPETHBIM BPEMEHEM.

CrnocoOsI 3ananus onepatopa T Takxke mMoryt pasnuyathes. Onepatop T MokHO 3a7aTh B
Buae IU(QEepeHINaTIbHOTO HIM HHTErPAJIbHOTO MpeoOpa3oBaHus, B BHJAE MATPHUIB MU
TaOIMIBI, B BUIE TpaduKa uiu (YHKIMHA U T.1T.

B 3aBucuMocCTH OT TOTO, KaKOH psJl 3HAYCHUH MOTYT NMPHUHUMATh (ha30BbIE KOOPAWHATHI,
OTIPECIISAIONINE COCTOSTHUE CHCTEMBbI, pa3lIM4yaroT HENpepbiBHbIE M JHUCKpeTHbIe (Da30BbIe
IIPOCTPAHCTBA.

[loBeneHne AMHAMUYECKHUX CHCTEM H3Y4YalOT B «IIPOCTPAHCTBE COCTOAHMI». Touka B
3TOM MPOCTPAHCTBE OJHO3HAYHO 33Jae€T COCTOSHHUE CHUCTEMBl. B mpocreliniem ciyuae,
HaIpUMep, AJI1 MaITHUKA — 3TO TUIOCKOCTh (KOOpAMHATA, CKOPOCTh). [IpuTsaruBaromme oObeKThI
B (ha30BOM MPOCTPAHCTBE — ATTPAKTOPHI — ONPEACIISIOT CBOWCTBA YCTAHOBUBIIIETOCS C TEUCHHEM
BpEMEHH KoJiebaTeIpbHOro IMpolecca B CHUCTeMe. ATTpakTop (OT aHrjiuiickoro to attract -
IPUTSATUBAaTh) MOXET HMEThb BHUJ IPOCTOM 3aMKHYTOW KpUBOH. OTO NMpeneibHBbIA UK,
ABIISIONIUICSA 00pa30M aBTOKOJIEOaHUH.

3 \// 3 z e

= P, S . R ks

. x
4 X 1.4 X 20 =

Artpaxtop Baw-pep-fona Attpakrop XeHoHa Artpaxtop Péccnepa Atipakrop lopeHya

bnaronaps mocerieHuio pasIUYHBIX 00JIacTe B TPEXMEPHOM MPOCTpaHCTBE (pa3oBas
TPACKTOPHUS MOXKET «3alyTaTbCsA», YTO NMPUBOAUT K BO3HMKHOBEHHIO XaOTHUYECKHX DPEKUMOB.
OcHOBHO aTpuOyT Xaoca — HaJM4YUE OUYEHb CHIJIBHOW 3aBUCHUMOCTH pPEXHMMa OT HaydalbHbIX
ycioBuil. B pesynbrare pake oueHb Majloe pasiMuve B HA4aJbHBIX COCTOSHUSIX CHUCTEMBI CO
BPEMEHEM IIPUBEAET K CYIIECTBEHHOMY PA3JIMUUIO B TIOBEJICHUMU.

3amanmue
1. ana dyskmus f(z)=z>+C, mokasate, 9TO 9TO MHOKECTBO HE CHMMETPHYHO OCH OpIHHAT.
(ITonckaszka: c=-1 mNpUHAUIEKUT MHOXKECTBY, C=1 He MNPUHAUIEKHUT MHOXKECTBY, Jajee
UCCIIEI0BaTh OPOUTY HYJIS IPH 000UX OTOOPAKEHUSX ).
2. Jlana ¢pyHKIms f(Z):ZZ+O,1+O,1i HaWTH HETIOABM)XHBIE TOYKH IJIs TOU (DYHKIIUU U BBISICHUTH
UX XapakTep AByMs crocobamu: 1) aHanuTudeckuil cnocoO (uepe3 Nponu3BOAHYIO);
2) KOMITBIOTEPHBIN SKCIEPHUMEHT.
3. (KommbroTepHBIi SKCTIepUMeHT). Mcronb3yiTe KOMIBIOTED JUTSl TTOTydeHHs] H300pakeHN
MHOkecTBa Manens6pora st f(z)=z>+c. TlokaxuTe, 4To eci [c[>2, TO Z —o0.
4. Tloctpoutb (a30oBble IMOPTPETHI JUHAMUYECKAX CHUCTEM, 3a/JaHHBIC  CIIEAYIOIIUMHU
oreparopamMu
, T4y , y—2a
v, y =—-
2y — 3a y

1. 2.
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IlocTpoenne hpa3oBbIX MOPTPETOB AMHAMHYECKHMX
CHCTEM

1. Tlopsaok noctpoeHus pa3oBOro NOpTpera JHHEIHHOI Au-
HaAMHYECKON CHCTEMBbI

Jlast noctpoeHust pazoBoro nopTpeTa AMHaAMHUECKOR CHCTEMb

dxr
— =ax + by,
@ =cr+dy
dt

HeoOXO0IMMO BLINOJIHUTL CJIe/lylollHe 1eHCTBHS.

1. Buinucath MaTpHuy Ko3dQHUHeHTOB cHcTeMul (1)

a b
Mz(c d)'

Ha#iTH ee caesl tr M u onpenenauTens det M.
2. Ucnoabays puc. 1, onpeieuTs THN 0CO60H TOUKH.

3. Hafiti ypaBHeHHsi 0COOLIX HanpaBJeHHH ’},f =0wu %5,‘ =0.

a
y=-<r,

b

= —=I.

4. Ecau ocobasi TOUKA SIBJSITCS CRIOM MJH Y3/0M, TO HaHTH aCHMNTOTH,
HCTIO/L3YS MOACTAHOBKY y = k.

5. OnpeileauTs HanpasjeHne GasoBbX TPaKTOPHA.

HECHTPLI
detM
A
VCTOHYHBBIC HEYCTOIHUHBLIC
V3Iibl (horyeel (ory b V3Jibl
\ R
TeM

ceana

Puc. 1. 3aBHCHMOCTE THNA 0COGOR TOUKHK OT ONpeeJHTeNs H CJefla MaTPHLLK
KO3 QHUHEHTOB AMHAMHUECKOR CHCTeMB
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2.9 JIaGopaTopHuas padora Ne 9 ( 2 yaca).

Tema: «XapaKTepUCTHKHU CTALHOHAPHOM CJyYaHOH GyHKIMI»

2.9.1 Heab padoTbl: YCBOUTH BEPOSTHOCTHBIA CMBICI, HAa3HAYEHHE U OCOOEHHOCTH
XapaKTepPUCTHK CTAlMOHAPHOW CIydalHOW (YHKIIMH; U3yYHTh METOJbI OLICHKH XapaKTEPHCTHK
0 OIIBITHBIM JaHHBIM.

2.9.2 3agaum padoThI:

1. JIuneitable mpeobpa3zoBaHus CTALMOHAPHBIX CITyYaHBIX ()YHKITHIA.

2. Metoapl onpenenieHnst XapaKTepUCTHK NMPE0OPa30BaHHBIX CTAMOHAPHBIX CIyYalHBIX

GyHKIMI 10 XapaKTepUCTUKAM UCXOHBIX CTALIMOHAPHBIX CIIYy4alHbIX ()YHKIUH.

2.9.3 llepeyenb NpuOOPOB, MATEPUATOB, HCI0JIBL3YeMbIX B J1a00paTOPHOIi padoTe:
cnenu(UKO TUCIMIUIMHBI HE TIPETYCMOTPEHBI

2.9.4 Onucanmue (xo1) padoThI:

Crnyuaitaas QyHKITUS () Ha3bIBACTCSI  CTAMOHAPHOM, €CIM BCE €€  BEPOATHOCTHBIC
XapaKTepPUCTUKH He 3aBUCAT OT £ (TOuHee, He MEHSIOTCA MpPH JIOOOM CIBMTE apryMEHTOB, OT KOTOPBIX
OHM 3aBHCAT, TI0 ocH ). Tak Kak H3MEeHEHHe CTAIMOHAPHON CIydaiHON (YHKIMH JOIKHO MPOTEKATh
OJTHOPOHO TI0 BPEMEHH, TO MaTeMaTHYeCKOe O’KUAaHUE JOIDKHO ObITh TTOCTOSHHBIM.

OTto TpeboBaHME HE SBISETCS CYIIECTBEHHBIM: MBI 3Ha€M, YTO OT CIy4alHOW (QyHKIHH (g)

o

BCEr/la MOXHO MEPEUTH K () , JJI1 KOTOPON MaTeMaTHYECKOe 0XKHJJaHUE TOXKJIECTBEHHO PABHO HYIIIO.
Takum oOpasoMm, eciu cirydaiiHbIN pouecc HECTALlHOHAPEH TOJBKO 3a CYET IIEPEMEHHOIO
MaTeMaTHYEeCKOTO OXHJaHHs, 3TO HEe MEIaeT HaM M3ydaTh €ro KaK CTalMOHapHbBIN mporecc. BooOie,
KOppeNsIHoHHas (yHKIIHS CTAIMOHAPHOTO CIYYaiHOTO Mpoliecca JOKHA 3aBUCETh HE OT MOJIOKEHHs *
IIEPBOrO0  apryMeHTa Ha OCH abCIMCC, a TOJBKO OT MPOMEKYTKAa ° MEXTy IEPBBIM M BTOPHIM
apryMeHTaMHu.

[TosTOMyY B JajbHEHIIEM MBI ITOJI CTAIIMOHAPHON cliydaiiHoW QyHKIMel OyJeM MOHUMAaTh TaKylo
cilydaiiHylo (GyHKIMIO, KOppeIAHoHHas GYHKIMS KOTOPOi 3aBHCHT He OT 000MX CBOMX apTyMEHTOB i

f
u £, aTonbko OT pasHOCTH T MeX/y HUMH.

B kadecTBe mpuMepoB paccMOTpUM JBa 00Opasiia MPHOIM3UTEILHO CTAIIMOHAPHBIX CIIyUalHBIX
MPOLECCOB U IMIOCTPOUM MX XapaKTEPUCTUKH.

Ipumep 1. Cnyyaiinas QyHKIHS (2] 3aJjaHa COBOKYHHOCTbIO 12 peanmsauuii (puc. 1). a) Haiitu ee

my(8) Ky Dy () (tE)

XapPaAKTCPUCTUKN U HOPMUPOBAHHYI KOPPCIAIHNOHHYHO (byHKI_II/IIO

[IpubnmxenHo  paccMaTpuBas — CllydailHyl0  (YHKLHIO X1 KaK CTalMOHapHyl0, HaWTH ee
XapaKTePUCTUKH.
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Pemenune. Tak kak crmydaitHas GyHKIUS () MEHSETCS] CPABHUTEIHHO TNIABHO, MOYKHO OpaTh CeYeHHS
He oueHb 4Yacto, Hampumep uepe3 0,4 cek. Torna cimyuaitHas QyHKIMs OyleT cBelaecHa K CHCTEME

CEMH CIy4YalHBIX BEJIMYMH, OTBEUAIOIINX CEUCHUSAM t=0,04 038 12,16 2.0 2’4. Hameuas »tu
cedeHus Ha Tpaduke U cHUMas C rpaduKa 3HauYCHHUsS CIy4alHOH QYHKIMH B 3TUX CEUYCHUSX, MOIyYUM

tabmuiy (tabm. 1).

Tabnuna 1

£

Ne 0 0,4 0,8 1,2 1,6 2,0 2,4
peanu3anun

1 0,64 0,74 0,62 0,59 0,35 -0,09 (0,39
2 0,54 0,37 0,06 -0,32 -0,60 -0,69 -0,67
3 0,34 0,50 0,37 0,26 -0,52 -0,72 10,42
4 0,23 0,26 0,35 0,55 0,69 0,75 0,80
5 0,12 0,20 0,24 0,18 -0,20 -0,42 -0,46
6 -0,16 -0,12 -0,15 0,05 0,29 0,43 0,63
7 -0,22 -0,29 -0,38 -0,24 | -0,06 0,07 -0,16
8 -0,26 -0,69 -0,70 -0,61 -0,43 -0,22 10,29
9 -0,50 -0,60 -0,68 -0,62 -0,68 -0,56 -0,54
10 -0,30 0,13 0,75 0,84 0,78 0,73 0,71
11 -0,69 -0,40 10,08 0,16 0,12 0,18 0,33
12 0,18 -0,79 -0,56 -0,39 -0,42 -0,58 -0,53

Tabmuiry peKOMEeHIyeTCs 3aIlOJIHSTh 110 CTPOYKaM, IIEPEIBUTASICH BCE BPEMS BIIOJIb OJHOU peasTi3allii.

A0, 0. 4),. A2 4)

Jamee HaxoguM  OUEHKM ISl  XapaKTEPUCTHUK CIIyYaWHBIX BEIUYUH

CyMMUpYs 3HAYEHHUS 110 CTOJIOLAM U JIeJIsl CyMMY Ha YKCIIO peanusanuii # = 12| haiinem NpUOIMKEHHO
3aBHCHMOCTH MaTEMaTHUECKOTO OKHIAHUS OT BPEMEHH:

: | 0 |o4a o8 |12 |16 |20 |24

#x(e) |0007 [-0057 [0000 [0037 [-0057 [-0093 |0,036

I[anee HaxXoJuM OLICHKHU JUJIsL 3JICMCHTOB KOppCHHHHOHHOﬁ MaTpuibl: ,[[I/ICHepCI/If/i
" KOPpPCIALIUOHHBIX MOMCHTOB. Brruucnenus y;[06Hee BCCTO IMPOU3BOAUTH IO CJ'ICI[YIOH.[eﬁ CXEMC. I[J'Iﬂ
BBIYHCJIICHUA CTaTUCTHIECKOM OUCTIEPCUHN CYMMHPYIOTCA KBaapaTbl qHUCCII, CTOANINX B

COOTBETCTBYIOIIEM CTOJIOIE; CymMMa JenuTcss Ha %= 12; W3 pe3yibTara BBIYMTAETCS KBaApaT
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COOTBECTCTBYIOIICTO MATEMAaTHUCCKOI'0 OXKHIaHUA. ﬂﬂﬂ IIOJIy4YCHUSA HeCMeHIeHHOﬁ OILICHKKU pE3YyJIbTaT
M 12

MHOXHTCS Ha ronpaBky #—1 11 AHaIOrn4HO OIEHHBAIOTCS KOPPEIAIIMOHHBIE MOMEHTHI.

I[J'I}l BBIYUCJIICHHUA CTATUCTUYCCKOI0O MOMCHTA, OTBCYANOMICTO JABYM 3aJaHHbBIM CCUYCHUSAM,
MEPEMHOXKAIOTCA 4YHCJIa, CTOAIMMNE B COOTBETCTBYIOIIUX CTOJ'I6I_IaX; IIPOU3BEACHHUU CKJIAaJAbIBAIOTCA

aﬂre6paﬂqec1<n; MoJiydy€HHad CyMMa JACJIUTCA Ha n= 12, U3 pe3yjibTaTa BBIYUTACTCA IPOU3BCACHHUC
COOTBCTCTBYIOIIIMUX MAaTEMATHYCCKUX O)KI/II[aHI/If/'I; JJIsL MOJIy4YCHUA HeCMeIIIeHHOﬁ

M

OLICHKHU KOPPEIIAIAOHHOIO MOMEHTA PE3YIbTAaT MHOXKHUTCS HA # -1,

: |0 | 0.4 | 0,8 | 1.2 | 1,6 | 2,0 | 2.4

Dy e) H 0,1632 |0,2385 |0,2356 |0,2207 |0,2407 |0,2691 |O,278

H3Bnekas M3 ATUX BEIMYUH KBaJpaTHBIC KOPHH, HaﬁﬂeM 3aBUCUMOCTb CpC€OHETO KBAaApPaTUYCCKOI'O

OTKJIOHCHUA Ty OT BpEMCHMU:

: | 0 | 0.4 | 0.8 | 1,2 | 1.6 | 2,0 | 2.4

oy (6) H 0,404 |0,488 |0,485 |0,470 |0,491 |0,519 |O,536

I[GJ'IH IMOJIYYEHHBIE 3HA4YC€HUA Ha MPOU3BCACHHSA COOTBETCTBYIOIIUX CPECAHUX KBaApPaTUYCCKUX

y . y . Folt gt
OTKJIOHCHHH, TTOJy4MM TaOJHIly 3HAYCHHH HOPMHPOBAHHOW KOPPEISIIMOHHON QyHKIMH = * (£.2%) (Tabm.
2).

Tabnuna 2
£

0 0,4 0,8 1,2 1,6 2,0 2,4
ﬁl'
0 1 0,700 0,405 0,241 -0,053 -0,306 -0,299
0,4 1 0,856 0,707 0,345 0,090 0,095
0,8 1 0,943 0,643 0,390 0,344
1,2 1 0,829 0,612 0,524
1,6 1 0,923 0,650
2,0 1 0,760
2,4 1

Ecan CYAUTb HECNIOCPEACTBEHHO IO AaHHBIM, IIOJYYCHHBIM B PE3YJIbTATEC O6pa6OTKI/I, TO MOXKHO

OpURTH K BBIBOLY,  YTO ciydaitHas GyHKUUS (g) CTallMOHAapHOM  HE  ABJIAETCA:
€e MaTeMaTH4eCKOe O)KHMIaHUE HE BIIOJIHE IIOCTOSIHHO; ANCIIEPCHA TaKXKE HECKOJIBKO MEHSETCS CO
BpeMEHEeM; 3HaueHHs HOPMHUPOBAHHOW  KOPPEILUUOHHOHN (PYHKIMHU BAONb Mapajiesiedl  TJaBHON
JMaroHalli TaK)Ke HE BIOJHE MOCTOSHHBI. OIHAKO, TPHHUMAs BO BHUMaHHE BEChbMa OIpPaHUYEHHOE YHCIIO

obpaboraHHbIX peanu3arui (# = 12) U B CBS3U C THM Haln4ue OOJIBIIOrO 3JIEMEHTa CIIYYaliHOCTH B
MOJIYYCHHBIX OLICHKaX, STH BUIUMBIC OTCTYIUICHHUA OT CTAI[MOHAPHOCTH BPSI JU MOXKHO CUHUTATh
3HAYUMBIMH, TeM Ooyiee, YTO OHM HE HOCST CKOJBKO-HHOYIbh 3aKOHOMEpPHOro xapakrtepa. [loatomy

BIIOJIHE 11eJIecO00pa3Hoii OyneT npulnrKeHHas 3aMeHa QpyHKIun A1) cTaunoHapHoM. [{ns npuBeaeHus
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GYHKIIMM K CTAallMOHAPHOW MPEKIEC BCEr0 OCPEIHHUM II0 BPEMEHHM OLCHKH JJII MaTeMaTHYECKOTrO
OXXUTAHUL:

oy = mx(0)+mx(U,i)+_._+mx(2,4) 0,22

AHaOruYHBEIM 06pa30M OCPECIHMM OLCHKH JUISI JUCTICPCUHU.

B, - Dx(ozlmxco,i:'+---+ﬂx'12=4) w5 0,236

N3Bnekas KopeHb, HaIEM OCPEIHEHHYIO OLIEHKY C. K. O.:

Ty 0,486

[epeiineM K MOCTPOCHHIO HOPMHUPOBAHHOW KOPPEISIIMOHHOW (YHKIUH TOTO CTAlHOHAPHOTO

. A
mporecca,  KOTOPBIM ~ MOXKHO  3aMEHUTbH CIyYaiHYIO (QYHKIHIO ) .
mporiecca KoppensimuoHHast GyHKIUS (a 3HAYUT, 1 HOPMHPOBAHHASL KOPPEIANNOHHAS (DYHKIUS) 3aBUCHT

Hnga  cranuonapHOro

— I'_
Toneko ot t =% ~!; cuenoBaTrenbHO, NP MOCTOSHHOM © KOpPPESANMOHHAS (YHKIMS IOIKHA OBITh

MOCTOSIHHON. B Tabnuie 2 NOCTOAHHOMY © COOTBETCTBYIOT: IJIaBHAsi AuMaroHanb (& = I:') U Tapayienu

‘E.'=U,4; T=U,8; =12 "

3To auaroHamu  ( T. 1.). Ocpeansss OLEHKH HOPMHUPOBAaHHON

KOppCHSILIHOHHOﬁ q)YHKI_II/II/I BAOJIb 3TUX Hap ajyieied TIIaBHOM AuaroHaji, IOJy4YuM 3HAYCHUA

GyHKIMH Fx I:ﬂ:

: | 0 | 0.4 | 0.8 | 1,2 | 1.6 | 2,0 | 2.4
o0 |10 [os4 [o60 038 [013 |00 [-030
I'paduk pyHKmmN 5 () MpeJCcTaBiIeH Ha puc. 3

1 T

[Ipy paccMOTpeHMH puc. oOpamiaer Ha ce0s BHAMAHHE HAIMYHME JUIS HEKOTOPBIX ©
OTPHIIATENLHBIX 3HAYEHUH KOPPEISIUOHHON (QYHKIUH. DTO YKa3blBaeT Ha TO, YTO B CTPYKTYype
CIIydaitHOM (QYHKIIMH WMeeTCs HEKOTOPBIM 3JIeMEHT MEPUOUYHOCTH, B CBS3M C YeM Ha PACCTOSHUH IO
BpEMEHH, PAaBHOM NPUMEpPHO TIOJOBMHE TMEpHOJa OCHOBHBIX  KojeOaHMid, HaOiomgaercs
OTpHIIATEeNFHAS KOPPEJISIINS MEXTy 3HAUYCHUSIMUA CIy9YaliHOW (DYHKIMHU: MOJIOKUTEIBHBIM OTKIOHEHHUSM
OT CpPEJHEr0 B OJHOM CEUEHHH COOTBETCTBYIOT OTPHUIATEIbHBIE OTKJIOHEHMS YEpe3 ONpeAcIICHHBIN
IIPOMEXYTOK BPEMEHH, U HA00OPOT.

Takoit xapakTep KOppeIInnoOHHON (PyHKIINH, C TIEPEX0I0M Ha OTPHIIATENbHbIE 3HAYCHHS, OYCHb

4acTo BCTpedaeTcs Ha mnpakTuke. OOBIMHO B TakWX CiIydasx 10 MEPE YBEIMYEHUs © aMIUIATyja
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KOJIeOaHUH KOPPEAIIMOHHOM QYHKIIMM ~ YMEHBIIAETCS W TPH  JAIbHEHIIEM  YBEIWYEHHH ©
KOppeNsHOHHas: GYHKIUSI CTPEMUTCS K HYIIO.

Ipumep 2. CryyaitHas QyHKIHS X(g) 3aJlaHa COBOKYNHOCThIO 12 cBomx peanmuzauuii (puc. 4).

[lpubnmxkenHo  3aMeHWB  (DYHKIHIO x5 CTallMOHApHOW,  CPaBHUTb €€  HOPMHUPOBAHHYIO
KOPPEISILMOHHYI0 QyHKIMIO ¢ PyHKIHEH 25 (7] MIpeIBIIYILIEr0 IpuMepa.

“w

Pemenne. Tak kak cmyuaiiHas QyHKOUS X(e) OTJIMYAETCs] 3HAUYUTENBPHO MEHEE IUIaBHBIM XOAOM IIO

CpaBHEHHIO ¢ (QyHKIHEH (g MPEBITYIIET0 MPUMEPa, MPOMEKYTOK MEXKIY CEUCHHAMHU YK€ HEeb3s
6patb paBHBIM 0,4 cek, KaK B MPEABIAYIIEM MPUMEPE, a CICTYET B3ATh 110 KpalHEH Mepe BIBOE MCHBIIIE
(mampumep, 0,2 CeK.). B pe3yibTaTe 00paboTKH roJryqaem OIICHKY TUTSt

2, ().

HOPMHPOBAaHHOH KOPPENSIMOHHON QyHKIIMN

T lo Jo2 |04 o6 |08 |10 |12 |14 |16 |18 |20 |22 |24

Ex (Tl H 1,00 |O,73 | 0,41 | 0,22 |—0,01 | -0,20 | -0,19 | -0,10 | -0,06 | -0,15 | 0,08 |0,19 | 0,05

10 Prm)

U3 cpaBHeHus: TpaduKOB BHHO, YTO KOPPEISAIMOHHAS (QYHKIMS, H300pakeHHas  yObIBacT

3HAYUTENLHO OBICTpee. DTO U €CTECTBEHHO, TaK KaK XapaKTep W3MEHEHUs! (PYyHKIHN X(8) B nipumepe 1
ropa3zno Ooiiee TJIABHBIM M TOCTENEHHBIH, YeM B NPHUMEPE 2; B CBA3H C 3TUM KOPPEISLHSI MEKIY
3HAYCHUSIMH CiTydaiiHol QyHKIMK B mpuMepe | yObIBaeT MeAJIeHHEE.

(T s

OOJNIBINIMX 3HAYCHHI T . Tak kak npu OOJIBIIMX 3HAYCHUSIX T TOYKH rpa(l)m(a MOJIy4YCHbI OCPCAHCHUCM

IIpu paccMoTpennu OpocaioTcsi B Ia3a HE3aKOHOMEpHBbIE KoyneOaHusl (DyHKIHUU Px

CPaBHUTEJBHO OYCHb HEOOJNBINIOrO YHWCIA JAHHBIX, MX HENb3sl CUMTATh HAJESKHBIMU. B MOmOOHBIX
CIIydasix UMEET CMBICH CIIIaIUTh KOPPEISIMOHHYIO (PYHKITHIO.
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2.10. JladopaTopHasi pagota Ne 10 (2 yaca).

Tema: «CTanuoHapHble ciry4aiiHble GYHKIIUH € JProgM4ecKHM CBOICTBOM))

2.10.1 Heap padoThI: MPOAHAIM3UPOBATH OCOOCHHOCTH TpoIlecca, 00JIaJa0IIero
IProJIMYECKUM CBOMCTBOM, HAYUUTHCS OMPEACTSATh XapaKTEPUCTUKH TAKUX MPOILIECCOB IO OTHON
peanu3au

2.10.2 3apaumn padoThI:

1. IlpuMeHeHHre TEOpPUHM CTAIMOHAPHBIX CIYyYalHBIX MPOLECCOB K PEUICHUIO 3ajaad,
CBSI3aHHBIX C aHAJTU30M U CUHTE30M JUHAMUYECKUX CHUCTEM.
2. OmpeneneHue XapaKTEPUCTUK HSProAMYECKON CTAIMOHAPHON (QYHKIWU IO OJHON

pcajirsanuu.

2.10.3 Ilepeuensb NpuGOPOB, MATEPHAJIOB, HCIOJIb3YEMBbIX B J1aGopaTopHOii padore:
cnenn (UKo TUCIMITIMHBI HE TIPETYCMOTPEHBI

2.10.4 Onucanue (xoa) padoTbI:

PaccmoTpuM  cTanMoOHapHYIO —CIy4aiiHYI0 —(QYHKIHIO X(g) , O00NajamIyl0 3ProJudecKuM
CBOMCTBOM, H TPEANONOXKHUM, YTO B HaIIEM pACIOPSDKCHHH HMMEETCS BCETO OJHA peaau3anus

3TOH CcilydaitHO! ()YHKITMH, HO 3aTO HA JOCTATOYHO OOJBIIOM Y9acTKE BPEMEHU T s 3pProandecKou
CTaIlOHAPHOHN ciy4aiiHOW (YHKIMH OJHA peau3alis JOCTAaTOYHO OOINBIIONH TPOAOIDKUTENEHOCTH
NPaKTUYEeCKH OJKBUBAJCHTHA (B CMBICIe OObeMa CBEACHWUH O CiIyd4ailHOH (YHKIUH) MHOMXECTBY
peanuzanuii Toi ke oOIIell MPOAOIKUTENBHOCTH; XapaKTePUCTUKU CIy4alHONH (QYHKIMH MOTYT OBITh

HpI/I6J'II/I)KCHHO OMpPEACIICHbI HC KaK CPECAHUC 1O MHOXKXCCTBY HaGJ’IIO,I[eHHﬁ, a KaK CpeJHHUC IO BPpECMCHU £ i

M
B YaCTHOCTH, nmpu JOCTAaTOYHO 00JIBIIIOM T MaAaTEMaTHYCCKOC OXXKHIaHHEC ¥ MOXeET OBITH

1 T
Py F'l. x(ENdE

NpUOIMKEHHO BBIYHCIIEHO 1O hopMyIie 0

y Ky (T T
AHAJIOTUYHO MOXKET OBITh TPUOIMKEHHO HaliieHa KOPPEISIIMOHHAS (QYHKIHSI pu JTF000M  * .

T-ta o
j x(6) x(t + Dt
1]

1
kx(T]'ﬁT

BhLIUMCIIMB UHTErpal [l paja 3HAYEHHH , MOXHO MPUOIMKEHHO BOCIPOU3BECTH IO TOUKAM
BeCh XO0J KoppeisiuonHoi GyHkimu. Ha mnpakTuke OOBIYHO MHTEIpaJibl 3aMEHSIOT KOHEUHBIMHU

cymmamu. [Tokaxem, Kak 3To0 jaenaercs. Pa3o0beM WHTEPBA 3aIMCH CITydailHON QyHKIMH Ha # paBHBIX

i TRAYS I
Y4acTeH JUIMHOU 1 0003HAYNM CEpPEANHBI MTOTYYEHHBIX Y4aCTKOB .

xft) r?\
i
N T AN o i
! WEE N B i -
: q 1505 I L]
14 i s v S Bl B & B :
L1t & U by &
A
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Hpe,I[OCTaBI/IM HUHTCTpaJl KaK CYMMY HHTCIpaJIOB 11O 3JICMCHTAPHBIM y4aCcTKaM Tit; 1 Ha KaXXJI0M

N3 HHX BBIHCCCM (1)yHKHI/IIO X(f:l H3-TI0J] 3HaKa HHTCrpajla Cp€aAHUM 3HAUCHHUEM, COOTBCTCTBYIOIIUM

172 12
mx:?;?:.;.x(%) mx:;g.x(%)

1eH X ':flj' I 6 . I
TPy HHTEpBasa . Iomyunm pUOITHIKEHHO: , WIn
A LT 0N 20
HAJOTHYHO MOYKHO BBIYHCIIUTH KOPPEISAIUOHHYIO (DYHKIMIO Ul 3HAYEHUH “, paBHBIX )
mT

T=pafd=—

IpuaaguM, HapUMep, BEIUYUHE © 3HAYCHHE s
mi n—m
T—1r=7T—-—= T
BBIYHCIIAM HHTETPAI , JeJIsl HHTEPBall HHTEMPUPOBAHMS b b
=] (=)

Ha *# 7" paBHBIX y4acTKOB UTHHON A¢ i Boimocs Ha KaXIOM U3 HUX (PYHKIHIO x(e) x(E+1T)

3a 3HAK
UHTETpala CPeAHUM 3HaucHueM. [lomyunm:
— =] =]
mT » o
’i:x = — Z x(ﬁijx(f:#m)
# (e =) T 1
1
n-m* °
mi 1
by | — | = ——— 2. x(&) Xltim)
b n—m g
HWJIM OKOHYATEIbHO 1= .
N m=0712 .
Borurciienre KOPPENSAIMOHHON (YHKIUK — MPOM3BOMASAT JUIS MOCJIENOBATEIBHO.

Bruiote 10 Takux 3HadeHHil ¥, mpH KOTOPBIX KOPpPENSUHOHHAs (GYHKIHUS CTAHOBUTCS MPAKTHYECKU
PaBHOI HYJIO WIM HAYMHAET COBEPIIATh HEOOIBIINE HEPETryJIsipHbIe KosleOanusi okoo Hyst. O0muit xon

k(T
(l)yHKLII/II/I x ( :I BOCHpOI/IBBO,I[I/ITCH I10 OTACJIBbHBIM TOYKAaM.

ke (1)

- -T

ar 74t N?

F2y ke, (T)

I[J'Iﬂ TOr0 4YTOOBI MaTEMATHUYECKOE OXXKHIaHHEC " KOppCIAlIMOHHAasd (1)YHKL[I/IH ObLIN
OIpEACIICHBI C YHOBHCTBOpHTeHBHOﬁ TOYHOCTBIO, HYKHO, yTOOBI 4YHCIIO TOYEK # OBLIO JOCTATOYHO
BCIIMKO (nopﬂ;u(a COTHH, a@ B HCKOTOPBIX CJIy4dasax HOaK€ HCCKOJIBKHUX COTCH). BBI60p JJIMHBI

3JICMCHTAPHOT' O y4dacCTKa &t OIMpPEACIACTCA XapaKTepoM HN3MCHCHUA cnyqaﬁﬂoﬁ q)YHKI_[I/II/I

Ecnu ciyvaiinast QyHKIMS M3MEHSIETCS CPABHUTENLHO TUTABHO, YYACTOK AL poxkHo BBIOMpATH OONBIINM,
YyeM KOTIJla OHa COBEpPLIAET PE3KUE U 4acThle KoJIeOaHusl.

Uem Oomnee BBICOKOYACTOTHBIN COCTaB MMEIOT KoseOaHus, o0pa3yomue CiydailHyo (pyHKIHIO,
TEM 4Yalle HY)XHO paclojiaraTb OIOpHBIE TOYKM npu oOpaboTke. OpHUEHTHPOBOYHO MOKHO

PEKOMEH/IOBAaTh BHIOMpPATh 3JIEMEHTAPHBIA Yy4acTOK AL rak, 4roGbBl Ha TOIHBI Nepuoa  caMoi
BBICOKOYACTOTHOW TapMOHHMKH B COCTaBe CIy4alHOW (YHKUUH MPUXOIMIOCH Mopsaaka 5-10 omopHbIX
TOYEK.
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IIpumep. B ycmoBusx paboThI KCIEPUMEHTATLHOTO MEXaHM3Ma IIPOWM3BEICHA 3alMCh OTKIIOHCHUH.
OTKJIOHEHUSI pEeTUCTpUpoBaNIHCh Ha ydacTke Bpemenn 200 cex ¢ wHTepBajioM 2 cek. Pe3ymbTarhl
MpHUBEJICHBI B Ta0uIe 1.

Tabunna 1
£ OTKJIIOHEHHUE i OTKJIIOHCHHE i OTKIIOHEHHUE i OTKIIOHEHHUE
(cex) ANig) (cex) N(g) (cex) N(z) (cek) N(z)
0 1,0 50 1,0 100 1,2 150 0,8
2 1,3 52 11 102 14 152 0,6
4 1,1 54 15 104 0,8 154 0,9
6 0,7 56 1,0 106 0,9 156 1,2
8 0,7 58 0,8 108 1,0 158 1,3
10 1,1 60 1,1 110 0,8 160 0,9
12 1,3 62 1,1 112 0,8 162 1,3
14 0,8 64 1,2 114 14 164 15
16 0,8 66 1,0 116 1,6 166 1,2
18 0,4 68 0,8 118 1,7 168 1,4
20 0,3 70 0,8 120 1,3 170 1,4
22 0,3 12 1,2 122 1,6 172 0,8
24 0,6 74 0,7 124 0,8 174 0,8
26 0,3 76 0,7 126 1,2 176 1,3
28 0,5 78 11 128 0,6 178 1,0
30 0,5 80 1,2 130 1,0 180 0,7
32 0,7 82 1,0 132 0,3 182 1,1
34 0,8 84 0,6 134 0,8 184 0,9
36 0,6 86 0,9 136 0,7 186 0,9
38 1,0 88 0,8 138 0,9 188 1,1
40 0,5 90 0,8 140 1,3 190 1,2
42 1,0 92 0,9 142 15 192 1,3
44 0,9 94 0,9 144 11 194 1,3
46 1,4 96 0,6 146 0,7 196 1,6
48 1,4 98 0,4 148 1,0 198 15
Cuuras nporecc U3MEHEHUS OTKJIOHEHHH CTaI[HOHAPHBIM, OIIPEIEIUTh
6 Ry LDy
NPUOTHKEHHO MATEMATHYECKOE OXKHIAHNE , IUCTIEPCHIO u
HOPMHPOBAHHYIO KOPPEIAINOHHYI0 QyHKIMIO <N (@, ATIPOKCUMHPOBATH P (T) KaKOHU-11u00

aHATUTUYECKOH (QyHKIMEH, HATH M OCTPOUTH CIIEKTPAIBbHYIO IFIOTHOCTD CIIyYaifHOTO Mpoliecca.

100
2. i)

my == 0,98
Pemenne. [To popmyne nmeem: 100 .

LenTtpupyem ciydaiinyro QyHKIUIO.

Tabmuua 2

ﬁ =1 g o ﬁ o ﬁ o
Nig Nt Mt MNig

(cex) © (cex) © (cex) © (cex) ©

0 0,02 50 0,02 100 0,22 150 -0,18

2 0,32 52 0,12 102 0,42 152 -0,38

4 0,12 54 0,52 104 -0,18 154 -0,08
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6 -0,28 56 0,02 106 -0,08 156 0,22
8 -0,28 58 -0,18 108 0,02 158 0,32
10 0,12 60 0,12 110 -0,18 160 -0,08
12 0,32 62 0,12 112 -0,18 162 0,32
14 -0,18 64 0,22 114 0,42 164 0,52
16 -0,18 66 0,02 116 0,62 166 0,22
18 -0,58 68 -0,18 118 0,72 168 0,42
20 -0,68 70 -0,18 120 0,32 170 0,42
22 -0,68 72 0,22 122 0,62 172 -0,18
24 -0,38 74 -0,28 124 -0,18 174 -0,18
26 -0,68 76 -0,28 126 0,22 176 0,32
28 -0,48 78 0,12 128 -0,38 178 0,02
30 -0,48 80 0,52 130 0,02 180 -0,28
32 -0,28 82 0,02 132 -0,38 182 0,12
34 -0,18 84 -0,38 134 -0,18 184 -0,08
36 -0,38 86 -0,08 136 -0,28 186 -0,08
38 0,02 88 -0,18 138 -0,08 188 0,12
40 -0,48 90 -0,18 140 0,32 190 0,22
42 0,02 92 -0,08 142 0,52 192 0,32
44 -0,08 94 -0,08 144 0,12 194 0,32
46 0,42 96 -0,38 146 -0,28 196 0,62
48 0,42 98 -0,58 148 0,02 198 0,52

o

Bo3Bons B kBaspaT Bce 3HAYCHUS Nig) U Jiens cymmy Ha # = 100 MOJIYYUM IPUOTMKEHHO TUCTIEPCHIO

().

CITy4aiiHOU (pyHKIIMU

oo = 2
Z[N(&)}
Dy =l 2 50,1045

. Oy, 323
100 U CpeJHee KBaIpaTHUECKOe OTKIIOHEHHUE: .

o

T=2,46,. .

Nt .
HepeMH0>Ka;1 S3HA4YCHUA ( :I , PasacICHHbIC MHTCPBAJIOM , U JICJIs1 CyMMY IIPOU3BECACHUU

COOTBETCTBEHHO pa #—1=5% e 2= 98; n—3=47 ; e MOJTYYUM

- Ky (T)
3HAYEHUs] KOPPEIAMOHHON QYHKIIUK . Hopmupys koppensuuoHHyr0 (QYHKIUIO —JeleHUEM

Ha Dy =0,1045 , TOJIYIHMM TaOJIHITY 3HAYCHHH (QYHKITUH PulT) )
Tabmuna 3
T en@ | onimy=e
OTKJIOHEHHUE
1,000 1,000
0
2 0,505 0,598
4 0,276 0,358
6 0,277 0,214
8 0,231 0,128
10 -0,015 0,077
12 0,014 0,046
14 0,071 0,027
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0= gt
L

-

He Bmomue rmagxuii Xoa KOppeNIIUOHHON (PYHKIIMHA MOKET OBITh OOBSICHEH HEAOCTATOYHBIM
00BEMOM IKCIIEPUMEHTAILHBIX JAHHBIX (HEIOCTATOYHOW MPOAOKUTEIIEHOCTBIO OMBITA), B CBSI3H C UeM

.o T
CilydailHble HEPOBHOCTH B X0Jl¢ (DYHKIMM HE YCIIEBAIOT CIIIaAUThCs. Brruucnenue Py (7] IIPOIOJKEHO
JI0 TAKMX 3HAYCHUH MPH KOTOPBIX (PaKTHUECKH KOPPEIALMOHHAs CBSA3b MPOMajaeT.

Juiis Toro 9TOOBI CIIIANTh SBHO HE3aKOHOMEpPHBIE KOJeOaHWs IKCIEPUMEHTATFHO HaWICHHOMN

* ey =g A
byHKIIH PN (T), 3aMEHMM €€ TpHOMIMKEHHO (QYHKIHEH BHUaA: Py (T)=¢ ,rie  mapametp @

moxdepeM METOA0M HAaNMEHBIITNX KBapaToOB

a=0,257 o)

[IpuMmeHsss 3TOT METON, HaXOINM

L T=0.24,.

Bbruucnsss  3HaueHus:  (QyHKLUH

, TIOCTpoUM TrpaduK criaxusalouied KpuBod. Ha puc. oH TpoBelneH CIUIOMIHON

o) _

1p

muHuel. B mocnennem ctonOre Tabnuibl 3 MpUBEACHBI 3HAUYSHUS (PYHKIIUN

[one3ysce MPUOTMKEHHBIM BBIPOKEHHEM KOPPEISALUOHHON QYHKIHH, MOJTyYUM
HOPMHUPOBAaHHYIO CIIEKTPAIBHYIO MJIOTHOCTh CIIy4allHOTO MPOLECCA B BUJE:

a 0257
mat +aty 0,257 +at)

S(@) =

I'paduk HOpMHUPOBAHHOH CIIEKTPATBHON TNIOTHOCTH MIPEJICTAaBJICH Ha PHC.

S:.(w

NI

\
.

_

KoHTpoJsbHbIE BONIPOCHI:

1. Yrto, mMOMHMMO KOpPPEISLUOHHOW (YHKIMH, XapaKTepu3yeT BHYTPEHHIOI CTPYKTYpPY
KosebarenpHOTO  mporecca?  YTo Ha3bpIBaeTCs  CHEKTPOM  Koye0aTeiapbHOTO — Ipolecca,
NPEJICTaBICHHOTO B BUJIE CyMMbI TApMOHHUK?

2. Kak 3anuchiBaeTCsi KAHOHUYECKOE PA3I0KEHHE KOPPESIIMOHHOW (DYHKIUU CTAllMOHAPHOTO
ciaydaitHoro mponecca?  Kak 3amuchiBaeTCs CHEKTPAIbHOE PA3JIOKEHHE  CTAlMOHAPHOTO
ciIy4aifiHoro npouecca?

3. Kakasg ¢QyHKIuS Ha3bIBaeTCsl CIEKTPAIBHOW IJIOTHOCTBIO IHCIIEPCHU WM CIEKTPaJIbHON
MJIOTHOCTBHIO CTAIIMOHAPHOM CITy4aitHOU (PyHKITUN?
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2.11. JlabopaTopHasi pagota Ne 11 ( 2 gaca).

Tema: «MeT0oA KAHOHUYECKUX PA3JI0KEHUH CJIYyYalHBIX (DYHKIUIT»

2.11.1 Heap pabdoOThI: U3YYUTh TEOPETHUYECCKHE OCHOBAHMS METOJa KAHOHUYECKUX
pa3joXKEeHUI, BBISIBUTH U MPOAHATM3UPOBATH OCOOCHHOCTH METO/JAa B XOJE pEIICHUs
NPaKTUYCCKUX 3a/1a4

2.11.2 3apaumn pa6oThI:

1. [IpencraBnenne caydaitHoW (PYHKIIUU B BUAE CyMMBbI DJIEMEHTAPHBIX CIYYaiHbBIX
byHKINH.

2. Kanonuveckoe pasyiokeHue CIIyqaiHOW QyHKITUH.

3. JIunelinbie mpeoOpa3oBaHus ClIydyalHbIX (PYHKITUMH, 3aJaHHBIX KAHOHUYECKHUMH

Pa3JIOKECHUSAMU.

2.11.3 Ilepeuensb NpuOOPOB, MATEPHAJIOB, HCIIOJIb3YEMBbIX B J1aGopaTopHOii padore:
crienu(UKON TUCIUILTUHEI HE TPEIYCMOTPEHBI
2.11.4 Onucanue (xoa) padoTbI:

DneMeHTapHOM ciy4aitHol (yHKIuel Ha3pIBaeTCs (DYHKIUS BUA:

Aig) =V i) , TIe ¥ - 0ObluHAaZ Clly4aiiHasi BeIMYHMHA, L) oObluHass  (HeciydaiiHas)
byHKIMA. DneMeHTapHas ciaydaiiHas QyHKIHS sBIsieTcs HanboJiee MPOCTHIM THIIOM CIIY4YaiHOMN
()

¢ynkuuu. Bece Bo3MoXKHBIE pealn3aluy 3J€MEHTapHON ciiydailHOW (pyHKIUU MOTYT OBITbH
TONydeHbl 13 rpaduKa GyHKIU ~ @it) IPOCTHIM U3MEPEHHEM MacIITada 1o OCH OpAHHAT
IIpu sTOM oOCh abcuucc (2=0) raoxe IpeCTaBIsieT COOOM OAHY M3 BO3MOXKHBIX

peanuzanuii ciydaiHon QyHKIIMN () , OCYLIECTBIISIFOLIYIOCS, KOTJa CiydaiHasi BeJIMYMHA v
npuHUMaeT 3HaueHue O (eciau ATO 3HAUYEHHE MPUHAIIICKHUT K YHUCITYy BO3MOKHBIX 3HAUYCHUUN
BEITUYUHBI V). B kadectBe mpUMEpPOB JJIEMEHTApHBIX CIyYalHBIX (YHKIUI pUBEIEM

pyxm K@) =Vsing | K@) =11

X

)

)

DnemeHTapHas ciydaiiHas GYHKIUS XapakTepHa TeM, 4YTO B HEH pas3/eNieHbl JBE
OCOOEHHOCTH CIIy4ailHOW (PYHKIIMU: CITy4aHOCTh BCS COCPENOTOYCHA B KO (UIIMECHTE ¥, a
3aBUCHUMOCTB OT BPEMEHH - B OOBIYHOUN (PYHKIIMH @)

Korga »snementapnas ciydaitHas GyHKIMS MMOCTYMAaeT Ha BXOJ JIMHEWHON CUCTEMBI, TO
3a/1a4a ee nmpeoOpa3oBaHUs CBOJIUTCS K MPOCTOM 3amade MpeoOpa3oBaHMs OJHONW HecTydaitHOU

byHKIIH &L OTcro/1a BO3HUKAET UAes: MPEACTABUTh CIyUaiiHYyIO (DYHKIIMIO Ha BXOJE - TOYHO
WIA TPUOIMKEHHO - B BHJIE CYMMBI 3JI€MEHTApHBIX CIy4ailHbIX (DYHKIMHA U TOJBKO 3aTeM
nmoABeEpraTh MpeoOpa3oBaHuio. Takas wHaes pa3JIoKEHUs CiaydyalHOW (YHKIIMH HA CyMMy
AIIEMEHTAPHBIX CIIy4aiiHBIX (QYHKIHIA U JISKUT B OCHOBE METO/Ia KAHOHMYECKHUX Pa3JI0KeHHH.
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=1

IIycts wumeeTcs cinyuyaiiHas QyHKITUS: L(g)=m, () + X (1) . JonmyctuM, dYTO Ham
yIaJI0Ch - TOYHO WJIH MPUOIMKEHHO - IPEICTABUTH €€ B BUJIC CYMMBI

m
X(e) =, )+ 2V ()

=1 ,Tne ! - ciyd4ailHble BEIMYMHBI C MaTEMATHYECKUMHU OXKHMJIAHUSAMU,
PaBHBIMU HYIIIO;

@/l HecyJaitHpie pyHKIMM; X ) _ varemarieckoe OXXuJaHue QyHKIUU <408

¥ A(E)

O6o3Hauas pPEaKIUIO CUCTEMBI Ha CIIy4yaliHOE BO3JICHCTBUE , UMEEM:

m
Y(e)= L{X (0} = Lim, (0 + 2V L{@ ()}
1= . Ilpugaaum BBIpa’)KEHUIO HECKOJIBKO HHYIO (popMmy.

m
Y() = m, () + X Vg (6)
=1 . Belpaxxenue mnpencramisier co0Oil He 4YTO HHOE, KaK pa3oKeHUE

Y o aneMeHTapHBIM QyHKIUAM. Koaddummentamu 3Toro paznoxeHus

. LS, L F,
ABIIAKOTCA TC  KCE CIIYHYAUHBIC BCIINYUHDBI L:Fde¥m , da MareéMaTH4YCCKOC OXHUIAAHHUEC U
KOOpAWHATHBIC (1)yHKIII/II/I IMOJIYYCHBI U3 MAaTECMATHYCCKOI'O OKUAaHHUA U KOOPAUHATHBIX (i)YHKIII/IfI

ciydaitHOW (QyHKIHN

MCXOJHON  CIydaiiHOW (JYyHKIMH TeM JKe JIMHEHHBIM npeo6pa3oBaHHeM &, Kakomy

noJiBepraercsi ciydaiiHas QyHKIus AL .

Ecian ciyvyaiiHas byHkuus X(t) , 3alaHHAas pasiokKeHrueM

110 3JIeMeHTAPHBLIM (YHKIHSAM, ITOJBEpraercsi JIHHei{HOMY IPeoGPa3oBAHMI0 <,  TO
KOI(PUIHEHTHI Pa3/I0KeHUs] OCTAIOTCH HEM3MEHHbIMH, a MaTeMaTH4YecKoe OKHJAaHue U

KOOpAMHATHBIC (l)yHKIII/lI/l MmoABEPrarnTCAa TOMY 7K€ HHHeﬁHOMy Hp606p330BaHI/IIO L .

Paccmotpum ciiyuaiinyro QyHKITHIO () , 3aJTaHHYIO Pa3JI0KEHUEM
m
Xy =m )+ 2V (@)
i=1
ML, L . .
rae KOd(PHUITUEHTHI ™ IPeNCTABIISIOT co00ii cucteMy crydaiHbIX

BCJIMYHUH C MAaTEMAaTHYCCKUMU OXUJTaHUSIMU, PpaBHBIMHU HYJIIO n C KOppCJIS[HI/IOHHOﬁ

i 15l
MaTpuuen .

Haiinem koppensinoHHy0 (GYHKIHUIO U TUCIIEPCHIO CIydaiHON QyHKIMH {08
m
K e.)=2,a0q 00+ 2, ale; K
. - f
=1 1] IMonaras B BBIPAKEHHH &=t

MOJTYYUM JUCIIEPCUIO CITydaitHON (QyHKIMU (0,

m
D=0 b+ 2,608 Ok
i=1 i=] ]
O‘ICBI/IILHO, OTU BBIPAKCHUA HpI/IO6peTaIOT OCO6CHHO HpOCTOﬁ BHUJO, KOrga BCC

Vi £y =0 2y
KOS(I)(I)I/II_II/ICHTLI paSJ'IO)KCHI/ISI HeKoppeJII/IPOBaHHLI, T. €. HpI/I . B 9TOM cnyqae

Pa3JI0XKCHUC CJ'Iy‘I&fIHOfI (I)YHKI_II/II/I Ha3bIBACTCA «KAHOHHUYCCKUM.

K=Y aHaE)D, p@w=Y[awf n
i=1 . i=1
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PaccMoTpuM HECKOIBKO MOJIpoOHEee MPUMEHEHNE METO0/1a KAaHOHUYECKUX Pa3okKeHUN K
ONPENIECTCHUI0 PEaKIMU TUHAMUYECKON CHCTEMbl Ha CIydallHOE BXOJHOE BO3JIEHCTBHE, KOrJa
paboTa CHCTEMBI OMMCHIBACTCS JIMHEHHBIM Au(epeHnanbHbIM ypaBHEHHEM, B O0IIEM Cllydae -
¢ mepeMeHHbIMU Kod(hdullneHTaMu. 3anuileM 3TO ypaBHEHUE B OllepaTopHoit (hopMme:

A (B, OY(E) = By (p.1) X )

CornacHo BBIIIEU3JI0’KEHHBIM MpaBUJIaM JHUHEHHBIX TPeoOpa3oBaHMi CITy4aiHbIX
(GYHKIMI MaTeMaTHYeCKUE OKUITAHUS BO3JCUCTBUS M PEAKIUU JIOJKHBI YIOBICTBOPITH TOMY
e YpaBHEHHIO:

s, ) =8 L, (E .
AalP-t) F €)= B (2, Ehimy (¢) . AHaJOrMYHO KaXKJgas W3 KOOPAMHATHBIX (GYHKIHUHA TODKHA
YIIOBJICTBOPATH TOMY e AU PEepeHIINaTLHOMY YPaBHEHHIO:

AW O =B p0a0 (=128
Takum oOpaszoM, 3amava OMpENETCHUsT PEAKIUU JUHEHHON TMHAMHUYECKON CHUCTEMBI Ha

clydaifHOe BO3IEHCTBHE CBENACh K OOBIYHOM MATEeMAaTHUCCKOH 3ajade MHTErpupoBaHms & 11
OOBIKHOBEHHBIX mddepeHnnanbHbIX YpaBHEHUH, coJieprKaIInx OOBIYHEIE,
He ciaydaiinbele QyHKIMU. OcTaeTcss OCBETHTh BOIPOC O HAdalbHBIX YCIIOBHUSX, NPH KOTOPBIX
CJIeZlyeT UHTETPUPOBATh YPABHECHUSI.

CHavanma paccMOTpUM HamOoJsiee TMPOCTOH ciydail, KorJa HadaJbHbIC YCIOBHS IS

JIaHHOM JMHAMHUYECKON CUCTEMBI SBISAIOTCSA HECaydailHbIMU. B aTOM ciyuae npu £ = 0 nomkHsI
BBIIIOJIHATBCS YCIIOBUS:

¥y =y,

Y0y =,

yir) (0) = y,, [

YOV =y01) e Y010

+Yul - gecyuaiiHble uncHa.

Crnenyer 3aMeTHTh, YTO Ha IPAKTUKE BEChbMa 4YacTO BCTPEYAIOTCS CIydad, KOrjga s
MOMEHTOB BPEMEHM, JOCTATOYHO YJAJIECHHBIX OT Haudaja CIy4alHOro Ipolecca, HadajabHbIC
yCIOBUSL YK€  HE  OKas3blBalOT  BIHMSHHA  Ha  €ro  TEYEHHeE: BBI3BAHHBIE
UMM NI€PEXO0HBIE TPOLIECCHI YCIEBAIOT 3aTyXHYTh. CHUCTEMBI, 0o0Jajaromue TaKUM CBOWCTBOM,
HA3bIBAIOTCS AaCUMITOTUYECKH YCTOWUYUBBIMU. EciM Hac mHTEpecyeT peaklus aCUMIOTOTHYECKU
YCTOMYMBOW JUHAMMYECKON CUCTEMBI Ha y4aCTKaxX BPEMEHH, JOCTATOYHO YJAJICHHBIX OT Hayaa,

TO MOXHO OIPAaHUYUTHECSA UCCIEIOBAHUEM PEIICHUSA Frie) , IIOJIYYEHHOTO IIpH HYJIEBBIX
HaYaJIbHBIX YCIOBUSX.

Jns1 3aKkperieHnst TEOPETHUECKOTo MaTepralia peiaraloTcs CaeAyoIIre 3a1au.

1. Ha BXom CTalMOHAPHOW JWMHEHHOW JWHAMHYECKOW CHCTEMBI, OIHUCHLIBAEMOW JaHHBIM
muddepeHIManbHBIM  ypaBHEHUEM, TIOJIAeTCsl  CTAllMOHApHBIA  cilydaliHbld  mpomecc  X(t) ¢
MaTEeMaTHYECKUM OXKHJAHHEM My © CIHCKTPaJbHOH IJIOTHOCTBIO Sx(w). Halith maTemarnueckoe
OXHJIaHWe W TUCIICPCHIO CIIyYaifHOTO mporecca Y(t) Ha BBIXOMIEC CHCTEMbI B YCTAHOBHBIIIEMCS PEKUME:
y''+4 y'+4 y = 3x’, mx = 14, Sx (w)= 2(sindm)/®.

2. Ha Bxom cranuoHapHOW JIMHEHHOW JUHAMHYECKOW CHUCTEMBI, OIKMCHIBAEMOW  JaHHBIM
muddepeHIMaNbHBIM  ypaBHEHUEM, TIOJAETCsl  CTAllMOHApHBIA  cilydaiiHbld  mpomecce  X(t) ¢
KOppemsInoHHOM (yHKIMeH Ky (7). HaliTu criekTpanbHyto TNIOTHOCTE Sy (@) ciaydvaiiHoro mpoiiecca Y(t)
Ha BBIXOJIE CHCTEMBI B YCTAHOBHBILEMCS pexXuMe. y''+6 y'+ 5y = x"+ 7x'+ 10x, Ky (7)= 18/(9+t 2)

3. SBnsgercs nmu puALTPOM clemyroiee JMHEHHoe npeodpazoBanue: N(n) = (§m + 1) + &n — 1))/2, n € Z?
Haiitn cnekTpanbHyI0 IDIOTHOCTH ST(A), ecnm & — cTaHmapTHBIA Oenmbrii mym. Kakoe dusumdecku
pean3yeMoe peodpa3oBaHue JaeT «Ha BBIXOJIE» TY JKe CIIEKTPAITbHYIO TUIOTHOCTH?
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2.12. JlabopaTopHasi pagota Ne 12 (2 yaca).

Tema: «CnekTpajbHblii aHa U3 MeTOA0M Dypbe)»

2.12.1 leab padoThbl: U3YYHTh TEOPETHYECKHE OCHOBaHMs MeTona Dypwe, BBISIBUTH U
MPOAHATU3UPOBATE OCOOCHHOCTH METO/1a B XOJI€ PEIICHHUS MPAKTUIECKUX 33129
2.12.2 3apauu pabdoThI:

1. dypbe-criekTp AeHCTBUTEIbHBIX JaHHBIX.
2. O6paTtHOe npeodpazoBanue Oypre.
3. [IpeobpazoBanne Oypbe KOMILJICKCHBIX TaHHBIX.

4. ApredakTsl JUCKpeTHOro npeodpazoBanus Dypne.

2.12.3 Tlepeyens NpudOPOB, MATEPHUAJIOB, HCIIOJIb3YeMbIX B JIaopaTopHOIi padoTe:
crenu(GUKON TUCIMILIMHBI HE TIPETYCMOTPEHBI
2.12.4 Onucanue (xoa) padoThbI:

OpauM  u3  (QyHIAMEHTAIbHBIX TOJOXKEHUM MaTeMaTUKH, HaIIeIIIMM I[IHPOKOe
NPUMECHCHHE BO MHOTHX TNPUKIAJIHBIX 3a7adax SBISETCS BO3MOXXHOCTh OIHCAHHS JFOOOH
nepuoandeckoit pyukimu f(t) ¢ mepruogom 7' ¢ mOMOIIBIO TPUTOHOMETPHYECKOTO psiaa Dypbe:

dy :
f{r]=—+2[ak cos ket + by sin ket

z Kl

OTOT psAl COAEPKUT OECKOHEUHOE YUCIO0 KOCUHYCHBIX MJIUM CUHYCHBIX COCTaBJISIOLIUX -
rapMOHHK, TMPHYEM aMIUIUTYAbl 3THX COCTaBISIIOIINX 8 M Dy sBisitoTCs KoddunmentamMmn
®Dypsbe, onpenensieMbIMU HHTErPAIBHBIMU BBIPA)KCHUSIMU:

Ty =§ff{:) cos kgt ot
B, - ; ﬁ' FUO) sin ko

[Tomumo ynomsiHyTO#i (popMmbl psa Pypse MOKHO NPEICTABUTH B BULE

a o
Fith= ?D+ ;ﬂk cos(koyt + oy )

riae aMmutyaa Ax 1 gasa j kK rapMOHHK OIPEIENISIOTCS BEIPAKCHUSIMH:

A =.Jai + B2,

by
0y = —Qroig—.
dy,
Kunaccnueckuii crieKTpajJbHbIH AaHAJIN3
Cnexmpom BpeMenHoi 3aBucuMocT (pyHkuuu) f(t) Ha3bpIBaeTCs COBOKYITHOCTH €¢
TFapMOHUYECKUX COCTABIIAIONINX, 0o0pazyromux pan Pypbe. CrnekTp MOXKHO XapaKTepU30BaTh
HEKOTOPO# 3aBUCUMOCTBIO Ak (cnexkmp amniumyo) u |  (cnekmp ¢haz) ot 4actoThl Wy = KW 1.
CnekmpanbHuli  ananu3 NEPUOAWYECKUX  (QYHKIMM  3aKio4yaeTcss B HAXOXKICHUU
amrIuTy bl Ay 1 (asel j  rapMoHUK  (kocuHycowa) psima Dypee (4). 3amada, oOparHas
CHEKTPAIIbHOMY aHAIN3Y, Ha3bIBACTCS CHEKMPANbHbIM CUHME30M.
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E Mathcad PLUS - [CnekTpanbHuif aHanus] M=l E

Ea File Edit Tewt Math Graphics Sembolic ‘Window Books Help R
CnekTpantHeiR aHanus dyHkuKK fifl=cos{f) (0<t<x) no 3 raproHKHKaM =l
. 2 2 _ b,
L. (ﬂk) + (bk:l CRekTp arnumus ¢, =-atan|— Crekrp das
%
1 —_
¥ s % i
T I 1
I I 0 0 11 F Ja
0 1 2 K]
k k

COeKTpankHEH CHHTE S

£:20,001. 27
a 3 Z\ m
._- D . . .
Ry =+ Z b cos(@l kit ¢,) F(t)
t

i o

Prezz F1 for help. | auto | [MUM | Page 1 v

YuciieHHbIH CIEKTPAJIbLHBINA aHAJIH3

Yucnennoli CNeKmpanbHbolll auManu3 3aKIrYacTCs B HaXO0XJICHUHU
K03 (HUIMEHTOB Ao, a1, ..., &, D1, D2, ..., Dk (MTHAL, A2, ooy Ay J 1, ] 20 oy J k) TSI TIEPUOTHUUECKOM
bynkun y = f(t), 3agannoin Ha otpeske [0, T] muckperHbiMu otcyeramu. OH CBOJHMTCS K
BbIuncieHnio kodddummentoB Oypbe mo GopmynaM YUCIEHHOTO UHTETPUPOBAHUA AJIT METOA
MPSIMOYTOJIBHUKOB

5 Bl
c;r5;=§ E ¥; coskm@piaL,
il

5 -1
b =— i Sin koAl
g O s

CrnexkTpajbHbIH AaHAJU3 HA OCHOBe ObICTPOro npeodpasosanns @ypobe

Berpoennsie B Mathcad cpeactBa  Owictporo mpeoGpaszoBanust Dypee (BIID)
CYIIECTBEHHO YIPOIIAIOT MpPOLenypy HNpUOIMKEHHOTO CHEKTpaibHOro aHaiuza. BIID -
OBICTPHIiT AITOPHTM NEpPEeHOCa CBENEHHH 0 hyHKIHH, 3aaanHoi 2™ (M - [[eoe YiCcio) oTcueTaMu
BO BPEMEHHO 00J1aCTH, B YACTOTHYIO 00J1aCTb.

Ecnu peur uaer o ¢yukuumu f(t), 3amaHHON NEHCTBUTEIBHBIMU OTCYETAMH, CIICAYET
ucnop3oBath Gpynkuuto fft.

fft(v) Bosspamaer npsmoe BII® 2™-MepHOro BeleCTBEHHO3HAYHOTO
BEKTOpa V, TJeV - BEKTOp, DJEMEHTBI KOTOPOTO XPaHAT OTCUCTHI
¢bynknuu f(t).

Pesynprarom Oymer BekTop A pazmepHoctd 1 + 2" ¢ KOMIUICKCHBIMH 3IEMEHTAMH -
OTCYeTaMH B 4acTOTHO# ob0actu. dyukuus ifft peanusyer ooparnoe BIID:
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ifft(v) Bosspamiaer obpatHoe BII® jgns  BekTOpaV e  KOMIUICKCHBIMHU
snementamu. Bektop V umeer 1 + 2™ ! 3nementos.

PesynbratoM 6yner BekTop A pasmepHocTH 2" ¢ 1eiCTBUTEILHBIMH 2IEMEHTAMM.

EHathcad PLUS - [CnexTpanbHulf aHanus c bI19] _ (O] x|

@Eile Edt Text Math Graphice Symbolic Window Books Help _|E’|5|

CnekTpanbHbE SHAAME C MCNoab30EaHMer BOF ﬂ
fl{t) ==cos(t) f7t) =i t=m f1t), -flI(t)) - aHanusupyeman dyseuwa T =87 - nepuon

k=0.15 tk ‘= k-l W, :=f'(tk) SA0AHME MCHOIHON ByHKLMM GHCEPETHD B 16 oToyeTax
T

ik;
03+ 170
02+ 06
03+ 0.4

F=|03+03
02+ 02
03+ 0.1i
03+ 01

|03

F:=ffi{v) [lpamoe BOP - nepexog & 4acToTHyo ofnacts

d=a JanaHKe MaK.CHMAaNeHOro YHCNa rapraoHHE,
1:=0.d  Pacyet amnaqmyakl 1 haskl NepeRl: B raproHME,

&y ::J (RE(Fi)zJ’Im(Fi)QJI aﬁﬁiﬂiu ¢, 1=~ ag(F,) -E;?;TP

j:=0.% g = 1f(_1 =d, FJ., EI) [ rpaHHyeHME YMCNa raprOHME,

h =1fft] 2) Déparnoe B9 - nepexon B0 BpeteHHYED 0ENACTE

2T

"
il - [patuk. nocTpoeH
n i 5 \m\%js Ha orpeske [0, 7]

L L4
*

| auto | |MUM | Page 1 2

3amanue 1. Beraucnute nepsble mecTh nap KodpGUIueHToB pasnoxenus B psx Oypoe
dynkimu f(t) Ha orpeske [0, 2x |. [Toctpouts rpaduku 1, 2 u 3 rapMOHUK.

Ne [f(t)
Bap
-Ta
1 cosf
1+ cusiif
2 ginf
1+ n::n:usi 2f
3 sin 2 + sin® 3f
3+ ginf + cos2f
4 siti3f
|si.nf|+ ||:|:|sf|
5 Cos e |sin 3

N (D) Ne o [f(D)
Bap- Bap-
Ta Ta
6 costcos|sint| 11 S.m[ +f2]
! arctg[cns%f] 12 cu:us[«.,n'l +1"2]
8 Esin%:r 13 E-lﬂ(t-:w]?

e
10 : 15 —coel

Siﬂ[%f] g 21
cos (sin t)
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3amanue 2. BBINOJHHUTH KJIACCHMYECKMH CHEKTpalbHBIM aHanmu3 u cuHTe3 ¢yHKiuH f(t).
OtoOpa3uth rpaguYecKd CIEKTPHl aMIUIUTYA H (a3, pe3ylibTaT CIEKTPaIbHOrO CHHTE3a

dynkmu f(t).

3aganue 3. BoIOJHUTD YMCICHHBIN CIIEKTPaabHBIN aHanu3 u cuHTe3 Qpynkuuu f(t). s sroro
HeoOxoaumo 3amath ucxomHyro (yakmuio f(t) muckperno B 32 orcyerax. OrobOpasuTh
rpadu4ecKy CIEKTPhI aMILTUTYA U (a3, pe3yabTaT CIeKTpaibHOro cuute3a Gynkimu f(t).

3ananue 4. BoimonHUTh criekTpasibHbld aHanu3 U cuHTe3 QyHkuuu f(t) ¢ momompro BIID. s
3TOTO HEOOXOMMO:

3agaTh ucxoanywo ¢ynkiuio f(t) auckperno B 128 orcuerax;

BeIIONIHUTE Tpsimoe BII® ¢ nomompio ¢ynkuuu fit 1 oToOpasuth rpaduyeckn HaiineHHbBIC
CIIEKTPBI aMIUTUTY] ¥ (ha3 TEPBBIX MIECTH TAPMOHUK;

BBIIONHUTE OoOpaTHOoe BII® ¢ momouipto ¢ynkuuw ifft u 0T0OpasuTh rpaduyecku pesysabrar
creKTpajbHOro cuHTe3a Gynkuuu f(t).

2.13. JladopaTopHas pagora Ne 13 (2 yaca).

Tema: «CrnaxuBanue U GUILTPAIKs ONBITHBLIX JaHHBIX B cpene MathCAD»

2.13.1 Ileap padoThl: WU3y4WTh BO3MOXXHOCTH Maremaruueckoro makera MathCAD,
KOTOpbIE MOTYT OBITh HCIIONB30BaHBI IS OOpPaOOTKM BXOAHBIX pealn3aluil (CHTHAJIOB)
JINHENHBIX TUHAMAYECKUX CUCTEM

2.13.2 3apaum padoThI:

1. Cxonp3diiee ycpeTHeHue.
2. YcTpaHeHue TpeHaa.

3. ITonmocoBas ¢punbTparus.

4. CniekTpanbHas QribTparus.

2.13.3 Ilepeyenb NpudOPOB, MATEPHAJIOB, HCNIOJIb3yEeMBIX B J1aGopaTopHOii padoTe:
creun (UKo TUCIMITIIMHBI HE TPEAYCMOTPEHBI
2.13.4 Onucanue (xoa) padoThI:

B mpomecce crinaxuBaHus M3 HCXOAHOTO HAabOpa JaHHBIX MOJy4yaeTcss HOBBIA Habop
JTaHHBIX, Ooyiee Tiaakuii, yem ucxonHoil. B Mathcad umerorcs Tpu BcTpoeHHble (DYyHKINH,
MO3BOJISIOIINE TIPOU3BECTH CTIIAXKMBAHUE HEKOTOPOU BHIOOPKHU JIaHHBIX:

medsmooth(y,n), rae y — BeKTOp 3HAa4YeHHI CHrHajia, N — [apaMeTp, ONMPeaCISIOIINi
KOJINYECTBO— OKOH CIJIQ)KMBaHUS, HA KOTOpoe OyJeT pa3OuT MHTepBal Ipu 00paboTKe JaHHBIX
(n MoOXeT OBbIThb TOJBKO HEYETHBIM IEJbIM YHCIOM, CTPOTO MEHBIIUM, YeM KOJIMYECTBO
AJIEMEHTOB B BBIOOpKE). OTa (PyHKIUS peaau3yeT MOMYJSIPHBIA alTOPUTM «OeTrylux» MeauaH
(running medians). OOs3aTeNbHBIM YCIOBUEM IPH €€ NPUMEHEHHH SBJSIETCS TO, YTO
OIMITUPUYECKUE TOUYKU JIOJDKHBI OBITh PAaBHOMEPHO paclipellesieHbl Ha MpoMmexyTke. M3 Bcex
BCTpOeHHBIX (yHKIUK craaxuBaHus Mathcad medsmooth sBnsieTcs Hambonee HaaeKHOMH,
OJIHaKO ¥ HaMEHEee YHUBEPCAIbHOMN (yHKIIHEH;

ksmooth(x,y,b), rme x u y — BeKTOpBI JaHHBIX, b— IIMPHHA OKHA CTIAXKHUBAHUS (ITOT
napameTp TNo— BEJIWYMHE JOJDKEH DPaBHATHCS OOINEH BEIMYMHE HECKOJIBKUX IMPOMEXKYTKOB,
pas3eNsIomuX B JAHHOW BBHIOOpKE cocenHUe TOUKH). JlaHHas BCTpOCHHAs (DYHKIHS peau3yer
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CTJaXMBaHHE Ha OCHOBaHUM anroputma [aycca. Jlyume Bcero ¢yskmust ksmooth moaxomut
JUISL yCTpAHEHUS IIIyMOB B CTAllHOHAPHOM CUTHAJIE, T.€. AJis (PUIIbTPALMU OIBITHBIX JTAHHBIX;

supsmooth(x,y), rme X U y — BEKTOpbl JaHHBIX. OCYIIECTBISACT CIIIAKHUBAHHUE C
MOMOUIbIO— aJalITUBHOTO alropuTMa (B OCHOBE KOTOPOTO JIEKHUT METOJ HaWMEHBIINX
KBaJIpPaTOB), OCHOBAHHOTO HA aHAJHM3€ B3aMMHOTO DPACIIOJIOKCHHSI PAcCMATPUBAEMON TOYKH U
Ommxaillux K HeW (MX KOJMYECTBO 3aBHCUT OT OCOOCHHOCTEH TMoBeAeHHsl rpaduka
3aBUCUMOCTH). [laHHas QYHKIUS IIydiie BCEr0 MOAXOMUT IS CTJIQKHUBAHUS —CIIOKHBIX
HECTAIlMOHAPHBIX CUTHAJIOB.

Bce onmcannpie Bbilie (QYHKIIMK BO3BPAIIAOT B KAYECTBE OTBETA BEKTOP M3 TAKOTO KE
KOJIMYECTBA AJIEMEHTOB, KaK B UCXOJTHBIX BbIOOpKax. [IoaTOMy eciii SMIUpHUECKUX TOUEK ObLIO
00paboTaHO HEMHOTO0, TO MPHU TOCTPOSHUU TpaduKa, AJIs MOIyUYESHUSI KOPPEKTHONH KPUBOM, CTOUT
UCIIOJIb30BaTh BO3MOXKHOCTH CIUIAH-mHTepnoasiumu Mathcad (ecnu ke criaxuBaiach
3aBUCHUMOCTh, 0OpazoBanHasi Oonee yeM 50—100 Toukamu, TO 3TOTO, CKOpee BCEro, JeNaTh He
norpedyercs).

IMpumep 1. CrnaxxuBaHue 3alIyMICHHBIX JTaHHBIX C TIOMOIIBIO Supsmooth.

Mathcad - [Untitled 1)
Tekcr MaTemaTuka [padwmka CHMBONHKA

Npaeka DkHo  KHHIH

i= 0. 120 X = 02200

. o= sin(xi) md( 0.2) Coap BEKTOpa npeTep MK CITY
HCKaXEeHHE ¢ aMnnuTynon <0.2

cr Bnmer

z = supsmooth{x, v)

.+ HCKaXEHHDIE AaHHbIE

—— CMMAXEHHDbIE AAHHbIE

e Jew 1 [ [

Ckoub3silee ycpeaHenue*

[Tomumo BcTpoeHHbix B MathCAD, cymecTByeT HECKOJIbKO MOMYJISPHBIX aIrOPUTMOB
crinaxuBanus. Camblil TpocToil ¥ 04eHb 3((HEKTUBHBIA METOJ| - 3TO CKOJb3AIIEe YCPEIHEHHE.
Ero cyre cocront B pacuere I KaXJOr0 3HAYEHUS apryMeHTa CPEAHEro 3HAYEHHUs 110
COCEJIHUM W JIaHHBIM. YHCIIO W Ha3bIBAIOT OKHOM CKOJIB3SIIEr0 YCPEeTHEHHsI; YeM OHO OOJIbIIIe,
TeM OOJbllle [OaHHBIX YYacTBYIOT B pacyeTre CpeaHero, TeM Oojiee CriakeHHas KpuBas
[IOJIY4aeTCsl.

é T o T T

ksraooth{x,v,3)

¥
000
ksraooth(x,y,7)
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YroOsl peammzoBate B MathCAD ckomb3siiee ycpeaHEHHE, IOCTaTOYHO OYEHb MPOCTOM
nporpaMMbl. OHa HCHONB3yeT TOJBKO 3HAu€HHUs y, O(OpPMIICHHbIE B BUJAE BEKTOpa, HESIBHO
npeamosiarasi, 4ro OHM COOTBETCTBYIOT 3HAUEHUSM apryMeHTa K, DPACIOJIOKEHHBIM Yepes3
OJIMHAKOBBIE IIPOMEXKYTKH.

x:=(01234‘567391011121314‘.516)T

y=(4.1 2.4 3 4.3 3.6 5.2 5.9 5 4.7 4 3.5 3.9 3 2.7 3.7 4.8 S.G)T

wi=15

2
N

=xows (y) N=17
i=0,, N~-1

Ycrpanenue Tpenaa*

Eme onHa TunuyHas 3a/1a4a BOSHUKAET, KOT'/1a MHTEPEC UCCIEA0BAHUN 3aKJII0UaeTCs HE B
aHaJIM3€ MEJUICHHBIX (MJIM HU3KOYACTOTHBIX) BapUalluii CUTHaja y(X) (U1 4ero mpuMeHseTcs
CTJI&KMBAHKE JJAHHBIX), @ B aHAIHM3€ OBICTPHIX ero n3MeHeHud. YacTto ObIBaeT, 4To OBICTpBIC
(MM BBICOKOYACTOTHBIE) BapUaIliy HAKIIAILIBAIOTCS OIPE/IeJICHHBIM 00pa30oM Ha MEJICHHBIE,

KOTOpbI€ 0OBIYHO Ha3bIBAIOT TPEHAOM. YacTo TpeH UMEET 3apaHee MpeAcKa3yeMblil BUJ,
T

x=(001 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16)
vi=(5.1 4.4 5.7 5.3 5.6 5.2 5.9 7.7 6.7 7 6.5 5.9 8.1 8.7 9.7 9.8 10.4)"
N:=rows (y) N=17

{:=0. N-1

f(e) :=line(xX,y)o+ linei{x,yl1-¢t

HampuMmep JIMHeHHbI. ™ 7Y~ £(x1)
Ha puc. noka3aHbl HCXOHbIE JaHHbIE (KPY)KKaMHM), BBIACTICHHBIM ¢ TOMOILBIO PErPeccuu
JUHENHBIN TpeH (CIJIOUIHON MPsIMOM JIMHUEN) U pe3yNIbTaT ycTpaHeHUsl TpeHaa (IIyHKTHP,
COEUHSIOIUN KPECTUKH).

10r o 0
P
m [e] _— =
+++ ? e (]
¥ - O P > 18] o]
000 -
fi(x)
- b + s +- ot
e - T + =
0+ + -+ 6o SR _+
+
| | |
] 5 10 15

HosocoBast punbTpanus™

B npeapiaymux pasaenax Obliia paccMoTpeHa QuibTpalus ObICTPBIX BapUalliii CUTHAJIA
(crmakuBaHueE) U €ro MeJICHHBIX Bapuauuil (CHsATHE TpeHaa). MHoraa TpedyeTcs BbIIEINUTh
CpeIHeMAacIITa0HYIO COCTABJISIONIYIO CUTHAIA, YMEHBIIUB Kak 0oyiee ObICTphIE, TaK U OoJee

MeJIJICHHbIE ero KOMITOHEHThI. OJ1Ha U3 BO3MOXKHOCTEH pereHus 3To! 3a7auul CBsI3aHa C

MPUMEHEHHUEM MOJIOCOBOM (PHIIbTpAIIMK Ha OCHOBE TMOCJIEA0BATEIBHOIO CKOMIB3SIIETO
YCpEIHEHMUS.
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-4 1 1 1

AJITOPHUTM 110J10COBOH (PUJIBTPALIUM:
- IPUBEICHUE MACCHBA JIaHHBIX Y K HYJIEBOMY CpEHEMY 3HAUCHUIO ITyTEM €0 BHIYUTAHUS U3
KaXJIOTO JJIEMEHTA Y;
-yCTpaHEHHUE U3 CUTHAJIA Y BBICOKOYACTOTHOM COCTaBJISIONICH, HMEIOIIEE LIENbI0 MOIYYUTh
crinaxeHHbId curaan middle, HanpuMep, ¢ MOMOIIBIO CKOJIB3SIIIETO YCPEAHEHUS C MAJIBIM
OKHOM W ;
-BBIJIeNIeHNE U3 curHana middle HU3K0YacTOTHOM cocTaBIsOmeH slow, Harpumep, myTeM
CKOJIB3SIIETO YCPETHEHHS C OOIBIINM OKHOM W, JIHOO C MMOMOIIBIO CHATHUS TPEHA.
- BeryecTh u3 curHaia middle Tpena slow , TeM cambIM BBIIEISAS CpeIHEMACIITAOHYIO
COCTaBIISIOLIYI0 HCXOJITHOTO CUTHAJIA .

x:’(012345678910111213141516)T

y=(5.14.45 5,3 5.65.25.97.,78.76.77.57.98.18.79.7 8.8 10.41T
meany :=mean (y)

Y=Yy - meany

N:=rows (y) N=17
i=0., N-1
wi=3

middle; =if| i <w,

i+1 w
wi=7
i i
Z middle; 2 middle
. o j=0 j o= i-wel
slowy =if| i<w, = '
1+ 1 w

m:=middle - slow

2.14. JladopaTopHas pagota Ne 14 (2 yaca).

Tema: «luddepeHunanbHbIe YPABHEHHUA I XaPAKTEPUCTHK MAPKOBCKOI'0 IIPOLecca)

2.14.1 Heas padoThbl: W3YYNTh OCHOBHBIC TIOHSTHS, CBS3aHHBIE C MapKOBCKUMH
npoleccaMu, NOMyYUTh Au(QepeHIranbHble ypaBHEHUS XapaKTepPUCTHK
2.14.2 3apauu padoThI:

1. Bosamoxxnoctu MathCAD st penieHust 0OObIKHOBEHHBIX T ((epeHIIaTbHbIX
ypaBHEHUH MPOU3BOJIBHOTO MOPSIKA.
2. Pemrenue cuctem auddepeHnnanbHbx ypaBaenuii merogamu MathCAD.

3. XKecTkue cucteMbl 0OBIKHOBEHHBIX UG (HEpEeHIINATbHBIX YPaBHEHUH.
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2.14.3 IlepeyeHb NpUOOPOB, MATEPUAJIOB, HCIOJIb3YEMbIX B J1a00paTOpHOii padoTe:
CrenupUKON TUCIUTUIMHEI HE TTPEyCMOTPEHBI
2.14.4 Onucanue (xoa) padoThbI:

Hpumep 1. Pemuts nuddepenmansHoe ypaBHEHNE B MOJIHBIX AU depeHinanax

(1+ X- O + yz)dx+ (—1+ \/x2+ yz)y~dy: 0

1) YcranoBuUTE aBTOMATUYECKUI PEXUM BBIUYMCIICHUH.
2) 3anummure aupPepeHInAIbHOE YPaBHEHHUE, HMCHOJIB3YS KIABUATYpy W Pa3IHyYHbIC
KHOIKH raHenu "Martematuka" (Eciu He OTKpBITa, BBITIOJIHUTH CIICAYIONINE ICUCTBUS: BIOpATh

MCHIO ITPOCMOTpP — IIAHCIHU — MaTeMaTI/IKa) B BrbimaBmiel manenu IICJIKHYTh Ha KHOIIKax | E,
= i |
,I % JEE af , = , BEI3BaB HEOOXOIMMBIE MEHIO:

(1+ X- \/)8 + yz)dx+ (—1 + \/)8 + yz)y -dy=0

3) Onpenenuts u 3anucath M(x,y) u N(X,y):
M(x,y) :=1+ X- \/XZ + y2 N(X,Y) :=(—1+ " + y2) Y

4) HaiinuTe YacTHble MPOU3BOJHBIE 3TUX (GyHKUMU. i 3TOr0 B MaHEIH 12 .

Kanbkynyc

n b m
oo [ BT d

BTy LS

MICJIKHUTC HAa KHOIIKC -
BBIACICHHOMN paMKH:

(;_(1 + X- -\bg + yz) -
y

, 4 3aTEM IIO0 pa60quy JOKYMCHTY BHC

5 1
1 X d_(—1+\/>3+y)-y—>—-x-y
Xy
3 = 3
2 2
2

(2 +y?) , (2 + y ) _

CpaBHI/ITB HOJIleeHHLIe YJaCTHBIC HpOI/I3BO)IHBIe AHAJIMTUYCCKU. ECHI/I OHH paBHLI, HaUTH
WHTETpaJibl, 3alIMCAHHbIC B JIEBOH 9acTH QOpMYJIbl. [ TOro 4TOOBI BBIYHUCIUTD OMpPEACICHHBIH

1% i

UHTErpajl, IIEJIKHUTE B IIaHEIU [0 KHOIIKE U BBEAMTE HEOOXOAUMBIE
napamerpsl. Cienyer 3allOMHHUTH, YTO THapaMeTp MHTErpUPOBaHMS Jydllie 0003HAaYuTh 3a t.

YT0ObI BLIYUCIHUTE HUHTCIpaJIbl IICJIKHUTC Ha KHOIIKE — MEHIO
1o pa6oquy AOKYMCHTY BHC BBIJICIICHHOM paMKH.

, 4 3aTeM

X

> ﬁﬂ.ﬂ)dtﬂ*é'(xzwz)@-m—%- (>b)2+y2](5)
jyy [—1+ (XO)2 } tdt > -1 y2+— y}() % yo)z_%_ (%)2+(y0)2}(5)

UToOBbI BBECTHM HIKHHMM HWHIEKC, HaxmuTe "[". 3aTeM ¢ TOMOIIBIO CTPEIOK BEPHHUTECH B
HCXOAHOC ITOJIOXKCHUC. OcTanbHbIe BBIKJIAAKH TPOBCCTU aHAJTTUTUYCCKU BPYUHYIO.
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3aganue Aasa gadopatopHoii padorhl. Pemuth nuddepeHnmanbHble ypaBHEHUS B TOJIHBIX

nuddepeHmanax.
Ne Ne
B-Ta B-Ta
1. (x2+y—4)dx+(x+y+ey)dy:0 11 {2x+edex+(l—§jeydy=0
2. [2X+edeX+(l—§jede=0 12 | 2xcos® ydx+(2y—xzsin 2y)dy:0
3 y,:y—3x2 13 de+(y3+lnx)dy=0
' 4y —x X

(xsiny + ycos y)dx +

x i y =
4. (e +y+smx)dx+(e +x+XCOSY)dy—O 14 +(xcosy—ysiny)dy =0

(34 +2yJix-+ (2x—3)dy =0 15 | (x+y-2dx+(e" +xky=0

2 2 o _
2Xcos ydx+(2y—x S|n2y)dy—0 16 (x2+sin y)dx+(1+xcosy)dy=0

| Bey—ayt (¢ —axty+12y y =0 | ye*dx-+ (y+e*dy =0

2 3
8. | (xcos2y+1)dx—x’sin2ydy =0 18 (y+?jdx+(x—7jdy=0
9 (2x+ y)dx+(x+2y)dy =0 19 (2x _ye )dx fedy=0
) _ 2
10 (10xy—8y+1)dx+(5x —8x+3)dy—0 20 (y+xln y)dx+(;(—+x+1de:O
y

Ipumep 2. Haiimute vacTHOE pemieHue qudhepeHnaTbHOr0 ypaBHEHUS
X +3x =™ X(0)=1, x" (0) =0 onepaTopHBIM METOIOM.
Pemenue:
1) VcraHOBUTE pEKUM aBTOMATUYECKHX BBIYMCIICHUH.
2) Beemute ypaBHEHHE, WCIONB3YyS KIAaBHATYpy U pa3lMYHbIe KHONKH MaHEIH
"Marematuka" (Ecnu He OTKpbITa, BBINOJIHUTD CIEIYIOLINE IEHCTBUSA: BEIOPATh MEHIO IPOCMOTP

v=| [g] [<E |ap

- IAHCIHN — MaTCMaTI/IKa). B BrInaBmieii na"neau IOCJIKHYTh Ha KHOIIKax | E )

,ﬂ, BbI3BaB HEOOXO/IMMbIE MEHIO:
X +3x =e> x(0)=1; x (0)=0.

3) Haiinute nzoOpakeHue Juis mpaBod yacTH ypaBHeHud. (BBeaute mpaByro uacTh
YPaBHEHMs, BBIICIUTE TEPEMEHHYI0 M HAXMUTE TOCJIEO0BaTeNbHO 'CHMMBOJIMKA"
"rpancdopmarus” — "Jlammac")

4) CoctaBbTe BpyuHYIO OIlepaTOpHOE ypaBHEHHE. BBeauTe ero:

1

s+ 3

3areM paspelnTe €ro OTHOCUTENIbHO nepeMeHHoM X .(Bwioenure nepemeHHyro X U
HaXMUTE TTOCJIeIOBATENBHO "cCUMBOIMKA" — "pa3pemuTs").

sZX—s+33-X=
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{2rss=1)

(s + 37 ]

ITomyyennoe

BBIpaKEHUE

SABJIACTCA

nuddepeHIMaIBHOTO YPaBHEHHUS.

"rpaHchopmarus” —

-1 8 1
— -t-exp(-3-t) + = -exp(-3-t) + =
3 p(=3-1) S p(=3-1) S

3ananue 1151 1a00paToOpHOii padoThl

U300paKeHHEM

YaCTHOT'O peuicHuA

5) Haiimute opuruHan sl MOJXy4eHHOro u3o0pakeHus. (Bbimenure mepeMeHHyr0 U

Ha)KMUTE TTOCJIEA0BATEIBHO ""CUMBOJIUKA'" — "unsepcus Jlamaca").

Ne B-ta | 1 3aganue 2 3aiaHue 3 3amanue

1 X +3x =t y"—6Y +9y = 9x* —39x + 65, y" -8y’ +16Y = cos4x + 2sin 4x
X(0)=1; x'(0)=0. | y(0)=-1y'(0) =1 y(0) =1,y'(0) =2

) X +4x =2c0s t; | Y +2y'+2y=2x*+8Xx+86, y"—6Yy'+9y = 4cos X,
x(0)=0; x'(0)=1 | y(0)=1y'(0)=4 y(0) =2,y'(0) =-2
R y" —14y' +53y = 53x>42%* + 59x 8y 6y +y = cosx—sinx,

3 x(0)=-1: x'(0)=0. | @ =0.y'(0)=7 y(0) =1,y(0) = -8

A X' "+9x=sin2t; y"'—4y'+20y =16xe>, y"—y' =6y =9cosx—sinx,
X(0)=0; x'(0)=1 | y(0)=1y'(0)=2 y(0) =1 y'(0) = -2

. X' -4x =™ y'+y=x>—4x* +7x-10, y" 12y’ + 36y = 3200s 2X + 24sin 2X
X(0)=0 x"(0)=0 y(0)=2,y'(0)=3 y(0)=2,y'(0) =4
X”+16X:3C,OS 2, y' -y =(14-16x)e ", y” =12y’ + 36y = 32¢0s 2X + 24sin 2x

6 X(0)=1; x" (0) = , ~2.y'(0) =
0 y(0),y'(0) = -1 y(0)=2,y'(0)=4

. x+x=2; x(0)=0; | Y"+10y'+34y = —9e™, y"—2y'+ 37y =36Cc0s6X
x'(0)=-3 y(0)=0,y'(0) =6 y(0)=0,y'(0)=6

; Xk =3t y"— 6y’ +25y =16x> —16x+66, | y"—2y'+37y=36c0s6X
X(0)=0; x'(0)=2 | y(0)=3,y'(0)=0 y(0)=0,y'(0) =6

o x'’-3x ' =2e%" y" —10y' + 25y = e, y" =2y’ +y=-12c0s 2x — 9sin 2x,
X(0)=0; x"(0)=1 | y(0)=1,y'(0)=0 y(0)=-2,y'(0)=0

10 x"+16x=3cosdt; | ¥'—2y'+5y =5x"+6x-12, y"—2y'+37y =36c0s6x

x(0)=1; x'(0)=-1

y(0)=0,y'(0) =2

y(0)=0,y'(0)=6
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