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1.1.

1. OPTAHU3AIIUS CAMOCTOSTEJBbHOM PABOTBI

OpI‘aHI/IB AlIMOHHO-MCTOAUYCCKHUEC NAaHHBIC JUCIIUITIMHBI

OOmuit 06beM 4acoB 10 BUAAM CaMOCTOSITENEHON paboThI

(uz maon. 5.1 PII]])

Ne MMOArOTOBKA NunuBuayanbHbie
_— HaumenoBanue TeMbl KYPCOBOTO MOJTOTOBKA OMAIITHIC 3a/AH CaMOCTOSATEIIFHOE | IOATOTOBKA
HpockTa pebepara/ (KOHTpONbHAS W3Yy4CHHE K 3aHATHIM
(paboTs) acce pabora) BonpocoB (CHB) (TTx3)
1 2 3 4 5 6 7
1 Jluneitnas anredpa - - - 4
2 Bexkrophas anredpa - - - 12 4
3 JlmHNY HA TUTOCKOCTH - - - 4
4 Jluanm B mpocTpaHCTBE - - - 14
5 DOyHKUIMSL OLU[HOIZ ) ) ) 5 4
epeMeHHO
6 IIpousBonnas u ee ) ) ) 35 3
TIPHIOKCHUS
7 OHII - - 4 10 2
8 KommnnekcHeie yucna - - - 16
9 Heomnpenenennsiit ) ) ) 4 )
HHTErpa
10 OnpezxeneHHmI?i u ) ) 4 10 6
HECOOCTBEHHBIN MHTETPAI
11 KpaTabie unTerpanst - - - 20 2
Jduddepennnanbusie 12 2
12 | ypaBHEHUs NepBOroO - - -
opsiiKa
Jduddepennnanbusie 20 2
13 | ypaBHEHUs BTOPOro - -
TopsiiKa
14 | Pagsr 12 4
15 | Cnyyaitabie COOBITHS 6 2
16 | CnydJaiiHple BETHUUHBI 4 -
OneMeHTH
17 | maTemMaTHYeCKON 12 56 24
CTaTUCTHKH




2. METOAWYECKHWE PEKOMEHJIAIIMH IO BBINOJHEHUIO KOHTPOJIBHOM
PABOTHBI

2.1 Homepa 3a1a4 KOHTPOJIbHOM padoThl

Ilocienuue nse
1 pbl yueOHOTO Howmepa 3anau

mudpa

01 21 41 61 81 21 41 61 81 101 121 141 161

02 22 42 62 82 22 42 62 82 102 122 142 | 162

03 23 43 63 83 23 43 63 &3 103 123 143 | 163

04 24 44 64 84 24 | 44 | 64 | 84 | 104 | 124 | 144 | 164

05 25 45 65 85 25 45 65 85 105 125 145 | 165

06 26 46 66 86 26 46 66 86 106 126 146 | 166

07 27 47 67 87 27 47 67 87 107 127 147 | 167

08 28 48 68 88 28 48 68 88 108 128 148 | 168

O |0 | Q[N || |[W|IN|—

09 29 49 69 89 29 49 69 89 109 129 149 | 169

10 30 50 70 90 10 30 50 70 90 110 130 150 | 170

11 31 51 71 91 11 31 51 71 91 111 131 151 171

12 32 52 72 92 12 32 52 72 92 112 132 152 | 172

13 33 53 73 93 13 33 53 73 93 113 133 153 | 173

14 34 54 74 94 14 34 54 74 94 114 134 154 | 174

15 35 55 75 95 15 35 55 75 95 115 135 155 | 175

16 36 56 76 96 16 36 56 76 96 116 136 156 | 176

17 37 57 77 97 17 37 57 77 97 117 137 157 | 177

18 38 58 78 98 18 38 58 78 98 118 138 158 | 178

19 39 59 79 99 19 39 59 79 99 119 139 159 | 179

20 40 60 80 100 | 20 40 60 80 100 120 140 160 | 180

2.2 YcaoBus 32124 KOHTPOJIbHON padoThl
KonTpoasnas padora Nel.
B 3amauax 1 — 20 pemmTh cucteMy JMHEWHBIX ypaBHEHUWI: a) meTtoioMm laycca, 0) mo
dbopmynam Kpamepa.

Sx—-4y+3z=6 2x—y+3z=4 2x—4y+9z=28
. §x+4y+9z=-2 ; 2.04x+7y-2z=-6; 337x+3y—-6z=-1;
-x-3y+7z=15 x-8y+5z=1 Tx+9y—-9z=5
-3x+5y—-6z=-5 2x+4y+3z=-10 xX+2y—z=2
4. {2x-3y+5z=8 5.93x-2y+4z=3 6. \2x—-3y+2z=2;
x+4y—-z=1 -x+5y—-2z=5 3Ix+y+z=8
x+7y—-2z=3 3x-9y+8z=5 4x-Ty+3z=10
7. 3Bx+5y+z=5 ; 8. 2x—-5y+5z=4; 9.92x+9y—-z=8 ;
2x—-5y+5z=4 2x—y+z=-4 -x+6y—-3z=3




2x+3y+z=4 4x+2y—z=-12 x+3y—-2z=-5
10. 4x—-y+5z=6; 11. {x+7y-5z=-9 ; 12.3x+9y—-4z=-1 ;
x-2y+4z=9 —-2x+5y—-6z=-8 -2x+6y-3z=6
x+2y—-z=1 5x+8y—z=6 x+2y+4z=31
13. 3x+4y+3z=2 ; 14. 3x+2y+3z=10 ; 15. 5x+y+2z=29;
-3x+y+2z=0 2x—=3y+2z=22 3x—-y+z=10
x+2y+z=4 x+y+2z=-1 3x+2y+z=5
16. <3x-5y+3z=1; 17. 2x—y+2z=-4; 18. <2x+3y+z=1 ;
2x+7y—2z=8 dx+y+4z=-2 2x+y+3z=11
4x-3y+2z=9 3x—-y+z=4
19. 2x+5y-3z=4 ; 20. 12x =5y -3z=-17.
5x+6y—-2z=18 x+y—-z=0

B 3amauyax 21 — 40 nmokasarb, 4TO BEKTOPHI d, b u ¢ oOpasyror 0a3uc W HaWTH
KOOpJAMHATHI BeKTOpa d B 3TOM 0as3uce.
21. G(5;4;1),b(=3;5;2),¢(2;-1;3),d (7;23; 4).
22. @(2;—-1;4),b(=3;0;-2),¢(4;5;-3),d (0;11; —14).
23. a(-1;1;2),b(2;-3;-5),¢(=6;3;-1),d (28;-19; = 7).
24, @(1;3;4),b(=2;5;0),¢(3;-2;-4),d (13;-5;-4).
25. a(l;—-1;1),b(=5;-3;1),¢(2;-1;0),d (-15;-10; 5)..
26. @(3;1;2),b(-7;-2;-4),¢(~4;0;3),d(16;6;15).
27. @(=3;0;1),b(2;7;-3),¢(—4;3;5),d(-16;33;13).
28. d(5;1;2),b(=2;1;-3),¢(4;-3;5),d (15;—15; 24).
29. G(0;2;-3),b(4;-3;-2),(=5;-4;0),d(-19;-5;—4).
30. a(3;-1;2),b(-2;3;1),¢(4;-5;-3),d(-3;2;-3).
31. @(5;3:1),b(=1;2;-3),6(3;—4;2),d (-9; 34; — 20).
32. @(3;1;-3),b(=2;4;1),c(1;-2;5),d (1;12; - 20).
33. d@(6;1;-3),b(=3;2;1),¢(=1;-3;4),d (15;6;-17).
34. d(4;2;3),b(=3;1;-8),¢(2;-4;5),d (-12;14; - 31).
35. @(=2;1;3),b(3;-6;2),¢(-5;-3;-1),d (31; —6; 22).
36. a(1;3;6),b(=3;4;-5),¢(1;-7;2),d(-2;17;5).
37. @(7;2:1),b(5;1;-2),¢(-3;4;5),d (26;11;1).
38. d@(3;5:4),b(=2;7;-5),2(6;—2;1),d(6;-9;22).
39. d(5;3:2),b(2;-5;1),¢(-7;4;-3),d (36;1;15).
40. a(11;1;2),b(=3;3;4),¢(—4;-2:7),d (-5;11; -15).

B 3amavax 41 — 60 manel BepmnHBI TpeyroiabHuka ABC . Haiitu: a) ypaBHEHUS CTOPOH
TPEyrojbHUKAa M HX yIrJoBble Kod3(duuuents; 0) mepumerp TtpeyronbHuka ABC; B)



HauMeHbIMHA U3 yriaoB A ABC ; r) ypaBHeHUue Meauanbl AM ; n) ypaBHeHHE BBICOTHI CD U ee

JUTMHY; €) ypaBHEHUE OKPYKHOCTH, JIJIs1 KOTOpoi Beicota CD ecth quametp. Caenarh pucyHOK.

41.
43.
45.
47.
49.
51.
53.
55.
57.
59.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

A(=5;0), B(7;9), C(5;-5); 42. A(-7;2), B(5;11), C@3;-3);
A(=5;-3), B(7,6), C(5,-8); 44. A(-6,-2), B(6;7), C4;-7);
A(-8;-4), B(4;5), C(2;-9); 46. A(0;-1), B(12;8), C(10,-6);
A(=6;1), B(6,10), C(4;-4); 48. A(-2;-4), B10;5), C(8&;-9);
A(=3;0), B(9:;9), C(7,-5); 50. 4(-9;-2), B@3;7), CO;-7);
A(=5;2), B(7;-T7), C(5;7); 52. A(=7;5), B(5;-4), C(3;10);
A(-7 ) (5,—8) (3 6); 58. 4(0;3), B(12;—6), C(10;8);
A(1;2), (13, 7), C(11 7) 54. A(-4;1), B(8; —8) C(6; ),
A(-7;-1), B(5;-10), C(3;4); 60. A(-3;3), B(9;-6), C(7:8);
B 3amagax 61 — 80 HaiiTi nmpeaensl caenyommx QyHKIUN:
2
a) lim %;6) limM B) lim w;r) limsin3x - ctg2x
=l x” +4x +1 =>23x% +2x -8 e x? 4+ 2x—5 ¥0
2 2
2) lim x2 +x— - 6) lim 3x? -5x+2 B) lim 2x 3x+1;r) liml .c?s4x
=2y —x =27 el 2x? —x—1 e x4 x—5 *>0 sin” 3x
2 2 3 .
2) lim —4x+3 . 6) limIOx2 3x 8;13) lim 2x3 +3jc l;r) limarcsm6x
=32x? —5x+1 =2 3x? —8x+4 e 3x +x° -4 0 2x
xt—-x=-2 . 2x*—x-3 o 2x7 =3x+1 ) sin2x
a) hmz—; im————; B) 11m3—; r) im———
=4 x* —5x+4 x>-lx* —3x—4 x>0 x2 4 2x -3 =01 —cos4x
2_ _ 2_ 2_
2) lim 2x 25 . 6)lim 7); x° =12 . B) lim 3x2 2x+1;r 1imarctg3x
W5 xT —4x+5 232x" —11x+15 == x” +3x+4 =0 2x
2 2
2) lim x°+3x+1 . 6) lim 3 28x 3x?  B) lim 2x°+x-3 1) limx. t;ng
—>-12x* —3x -5 3 x4+ x-6 o x4 3x+1 =0.gin~ 3x
x*+x-2 . 2x*+7x—-4 x' —8x+1 . 1—cos3x
a) lim m— m——————— B B) lim 2— ;7) Iim———
=>22x  +x+1 xo-4 4 -3x—x o3yt —x+4 x>0 sin3x
2 2 2 .
2) lim 2x +5x+1;6)lim2x2 17x+35;B)1im3x3 4x+1;r)limsm6x
=3 x? +2x -3 =5 x" —-x-20 e x" +3x—4 0 fglx
2_ _ 2
) lim 2)c 16 . 6)lim 9x22x  B) lim : 4x+1; ) li tg 23x
o4 x* 4+ 5x+2 =2 xt—x=2 o0 IxT 4+ x—3 x=028in” 2x
xP+x-3 3x% 4+ 2x — 1 x? 3x?
a) im————;0) lim—— lim—— lim——————
) m x* - ) x* +1 )Hw2x2+x—1 )Hol—cos x



71.

=23y —4x—15" 7 =5 x2 —x-20 s>o 4x° 43x 427 7 0 aretg3x
2 2
72.2) lim 22 Y73 . 5 limw im— 22X fimSx- crgda
0 3x? —4x—15 >4 2x? —Tx—4 wo3x” +14x" +5 x>0
2 2 3
73. 2) limzx +5x 3_ 6) lim4 -25x+25 )limx : 4x +1;r) limctg3x
=3 X2 45x+6 =5 2x? —15x+25° w0 xP 4 x+7 =0 ctgbx
3x? +11x+10 . 7x’+26x-8 _5x7+6x°—8 . 4x°
74.a) lim————; 0) lim————;B) lim————— ;1) lim————
-3 2x% +5x 42 -4 2x° +x—28 x> 2x” +13x+8  ~ *>0 arcsin 2x
2 3 _
75.a) lim o TS 3 S8 Y 29 g2k et
=2 2x* —Tx—4 1 2x% 43x =5 " wom xP 4 x+4 x>0
2 2 _ 3 _ 2
76. a) lim4x2 25x+25; 6) lim 2)c2 5x-3 B) lim7x2 54x 2;r lim S0 3x
2 2x" —15x+25 =33x" —4x-15 e xt—x" +4 =07 x-tg2x
2 2 5
77. ) 1im7x 2+26x 8; 6) lim 6x2+13x+7;B im x2 3x+1 - limarcz‘g%c
=1 2x” +x—28 =1 3x" +8x+5 =0 3x” +11x+9 =0 5x
2 4
78. a) limZx2 +15x+25; 6) lim2 -5x-3  B) lim %x +§c 3 - liml cos 6x
=5 x° +15x+50 =23y —4x—15" 7 wmxt 43x7 21 x>0 —cos2x
2 2
79. a) Tim 22 "X 78 ) i 2T HIHI0 YT ) timsin6x- crg2x
=22x% +3x—5" 7 w2 2x7 +5x+2 ooyt =3x7 —x ¥0
2 2 3 .
80. ) lim 6x" +13x+7 . 6) lim 2x2 +5x 3;13) lim jc 81 1) hmarcsu:8x'
2 3x% +8x+5 =3 x" +5x+6 o 3x7 +4x+2 =0 4x
B 3amauax 81 — 100 Haﬁm MIPOU3BOAHBIC CIAEAYIOMNX (DYHKITHIA.
81. a) y=5x2——+\/ o0 ;0) y= ! ~—V8x—x’+1;B) y:x-sm3x+cos3x.
(x-1) 3 9
82.a) y=x*+—"+ —%'6))/:\/5 3)62+4)C—S—L'B)y:ilnx_5
X ¢y ’ (x+7)3’ 12 x+7
83.a) y=2x" —L+ +6\/_ 6) y=4(x-5)" - ; B) y:larctngrll.
Vx 4x 7 7
84.a) y=4x" +4/x - +7 §x";6) y—( 2) ~5x—x*+4;B) y:arcsin5x6+2.
85.a) —5x4—i—i/;+—'6) =J(x=1)’° —L B) __Inx_ 1
Y x’ ¥y’ Y 5+3x 4 37 9x
9 1 3 1. x+1
86. ={/(x-2) ——————;B) y=—1In .
Yt x (x=2) 9x> —x+7 )y 14 x+8
87. a) y:SxZ—L—%—x-i/;;G) y= 3 ——4+3x—x" ;B) y=4arctgx—+5.
Y x (x—4) 2

2 2 2 6 .
2) lim 2x° =5x-3 . 6) lim 2x 17x+35;B) lim9x +6x l_r) limarcsme




3 1 2 8 3x+4
88.a) y=4x" +—=+2-Nx*+—;6) y= - ; B) y = arcsin .
)y oJx e NI TR SN R

4 1 3 x—-2
89. =x +—— —Ux’:6) y=+1+5x—2x" — : =91 .
a) y=x +x4 2\/)6_3 X )y +5x-2x (x—3)4 B) y nx+7

4 L3
90.a) y=x" +3x ——4+ 8 ;6) y=3Ax>+1lx—4 - 2 ; B) y:x ¢ —163".

xT 3 xt 7—-3x 3 9
91.a) y=3x/;—L+is+«/3 x*;6) y=4 5x2—4x+1—%;B) yzlarctgx—ﬂ.

x x (x-3) 5 10

92.a) y =5x +\/_+——i =X3-7x+x* - 4 5 B) y:_ln_x_l.

X 5x (x=17) X X
93.a) y=T7x" +x* —— ;0) y= (x—3)7 + 2 ;B) y:3arcsinx+7

Jx_ 5x+2

94.a) y=8x" —3x-4x’ —i+ Wx 2—3x+1—;' —llnx+7.

;0 ; =
X \/; ) 7= (x—8)4 B) Y 6 x+10

95.a) y=3x+5- \/_——_r 6) y= (1)~ iB) y=areg 2.

P 4x% —3x+1 15 3

9 2

X 5 b
96.2) y=————+ ;0 VY9—x*+4x + ; =2 +2In(x*-4).
) =" 73 S 0) y =92t tdx e y =4 2 - 4)

1 1 Sx+11
97.a) y=4x’ + ——+3\/x5 :6) y=3/(x+8)" ————; B) y=arcsin .
2-%/; (Bx+2) 2
98. 2) y = 4x* —x’ ——+ 6) =4 ——2 5 y=sm L
\/_ x—x’ x+6
4 5 12 1 x-9
99.a) y=3x"——-——-x*";06) y= —Ax*—x-2;8B) y=—arctg=——.
)y e v )y e ) y=garcig—
3 9 6 3 5 3 2 5 )C3'11'lx x3
100.a) y=4x" ——=+—+Vx";0) y=V6x" —x+2—————B) y = -——.
$x  x x2+2x+5 3 9

B 3amauax 101 — 120 uccrnenoBars 3agaHHbie QYHKIIMN MeTonaMu nuddepeHITnaIbHOro
UCUMCIICHUS U MOCTPOUTH ee Tpaduk. MccnenoBanne QpyHKIUM peKOMEHAYETCSl TPOBOAUTH IO
CIIENYIOLEH CXeMe:

1) Hatitu o6macte onpeneneHus GyHKIIUN.

2) HccnenoBaTh (PyHKIIMIO Ha HEMPEPHIBHOCTb, HAMTH TOYKU pa3pbiBa (QYHKIHUU U €€
OJIHOCTOPOHHHUE IPEEIIbl B TOUKaX pa3pbIBa.

3) Haiitu acuMnTOTHI KPUBOH.

4) UccnenoBaTh Ha YETHOCTh WJIM HEYETHOCTb.

5) Haiiti uaTepBaisl Bo3pacTanus U yObIBaHUS (DYHKIIMU U TOUYKH SKCTPEMyMa.

6) HaiiTu nHTEpBaJIBI BHITYKIOCTH M BOTHYTOCTH U TOYKH TIeperuoa.

7) Hoctpouts rpaduk, UCTIOIB3YS pe3ynLTaTH MpEABIYIIUX UCCIEA0BAHUMN.

101.2) y=2x> —9x* +12x-5; 6)y—5 x
x*+5
2
102.2) y=x> —6x2 +9x+1;6) y=— 1
x_

2
103.8) y=—x" +15x> = 72x+109;6) y= > >
x+2




6
x*+3
x> +9
x+4
x*+4

104.2) y=x> +3x>-9x—10;6) y =

105.2) y=x> +6x° +9x+2;6) y =

106.2) y=2x" —3x* -12x+5;6) y=

1 5 1 , 3 . X
107.a)y—%x —Ex —Ex+1,6)y—xz_9
x> +5
x+2
x’ =5
x-3

110.2) y=—x +18x> =105x +195;6) y =

108.a) y =2x> +9x° +12x+7;6) y =

109.2) y=—x’ +9x> —24x+18;6) y =

4x

x> +16

x2+9

111.a) y =2x° +3x> —36x—-21;6) y =

2
112, 2) y=2x° —15x% +36x-32;6) y = 215
x+1

1 5 1, 3 1 4
113.a)y—21x 7x 7x 2,6)y—xz+1
5 X x* +16
114.2) y=2x" -9x°~ —24x+61;06) y=

x+3
x*—12
x—4

1 . 1, 21 . _3-x’
116.a)y—24x +4x 8x 1,6)y—3+x2
x*+24
x+1

1 5 1, ) Cx?+32
118.a)y—15x Sx 3x-2;0) y= >
x*+27
x+3
3 2 x* =7
120.a) y=—x" —-9x~ —24x-21;06) y = -

B 3amawax 121 — 140 wuccrnemoBaTh Ha 3KCTpeMyM (YHKIMIO ABYX TEPEMEHHBIX
z=flxy).
121. z=3xp— x> =3y —6x+9y + 2. 122. z=x" —xp+y> +x+y+4.

115.a) y=—x’ —6x° —9x-3;6) y =

117.2) y=x> —9x> +24x-18;6) y =

119.a) y=x> +3x” -24x-21;6) y =

123. z=x" —xp+ y°> +9x -6y +20. 124, z=x"> +3xp+y° —x—4y+3.

125. z=3xy— x> =3y* +x+3. 126. z=x" +xy+y> —13x =11y +17.
126. z=x" +xp+y°> +4x—y+5. 128. z=3xy— x> —p> =10x+ 5y + 3.
129. z=5+4x+10y —4xy —2x> =3y>. 130. z=3x> +5xy +3y° +4x+ 7y +1.
131. z=2x> =3xy+2y* —=9x+12y +10. 132. z=x> +xp—y* = 5x+ 5y —2.
133. z=1-x+y—5xy —3x* =3y°. 134, z=2x> +3xy+2y° —4x-10y +12.



135.
137.
139.

z=x>—xp+2y> +2x -8y +3. 136. z=3xy —x” —4y° +4x -6y +5.
z=xy—-2x" —y> +7x -7y -10. 138. z=3x" +3xp+ > —6x -2y +7.
z=x>+3xy -2y +2x+3y +1. 140. z=xy—x* —2y* +x+10y - 6.
B 3agauax 141 — 160 HaliTu yka3aHHbIE HEOINpEAEICHHBbIE MHTErpajbl U PE3yJIbTaThl

WHTETPUPOBAHUS MPOBEPUTH U HEepEeHITTPOBAHUEM.

141.

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

3 x’dx !
a)j 4x3+F_\/;jdX; 6) IW B) leandx F)jmd :

a).[ 5x4—i+xjdx; 6) Isinzxcosxdx; B) J-xe“dx; r).[Tgsd

Ux
4

) | zx—fwi)dx; 6) [ve™ dx; ) [xsin 2xds; me

2 sin xdx
6x° +—=—x |dx; 6 ; 3xd. —d
a).[ R j )'[cos x ") jxcos T r).[ ~7x+10

a) [| x ——+fjdx 6)[COS et B) [xIn3xdy; r)jz)iT_xS_gdx.
a) [[ 6x +x/—jdx 6)j X dx e [xsinSxds; r)jx_gxifz
a) [|10x* +——\/—jdx 6)jcos xsinxdy; B) [xIndxdy; F)I%a’x.
) | 4x—?+i/;jdx; 5 B) [asin3xdy; r)j%d

a) | 7x6—x—67— Jd 6)j x dy B)jxcos4xdx r)j#*ngdx.

a) | 3x2+x—67+cosl xjdx;6) jcoszxsinxdx;B) [ n2xax r)j%d
a) [ 3x—xi4+8-§/;jdx;6)IJx_+ B) [ xcos2uxdx: r)j%igd

) [| 8x” —%+X9jd 6)j5x dx 1 B) [oxsin dxd r)jxiT_xi?)dx.

a) [ x3+% f]dx 6) [sin xcosxdx ; B) [xe™dx; r)jx’i—;xl?)dx.

a) [|3x xzz +3. \/_jd 6) jm B) [x*In3xd; r)jrjisdx.
a) [|x +xi3—5 \/—jd 6)]\/7 1) [xetd; r)jmd

a) [[ x —x—54+7\/_de 6)jcfix”ic B) [xe ™ dx; r)ij”lOd .

2) j(2x7+7—%/?)dx;6) [xe™dx: ) xcosSxdr: r)j%dx.

a) j( x —%dex 6) jm jxe*‘)‘dx r)jmd
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3
159. ) [| 8¢ -—2=+2 0
x”+3x-10

dx-@jL
2 )T T 1-Gx—1)?
X +22

300. a) J-(6x7+%—3-§/x—5jdx;6) jxez"2+3dx;B) .[xesxdx; r).[—dx.

X X +x-=2

;B) jxsin 6xdx ; r)j

B 3amagax 161 — 180 BbmcauTh miiomanas (GUTYpsl, OTPAaHUYCHHYIO 3aJlaHHBIMU
JIMHUSAMM. C,Z[G.HaTB YCPTECIK U 3alITPUXOBATh UCKOMYIO IJIOIIAAb.

161. y=2x"-5x+3, x+y-9=0.
162. y=—x>—6x—-5, x+y+5=0.
163. y=%x2—2x+§, 3x-5y-17=0.
164, y=—x>-3x+4, 2x+y+2=0.
1, 3
165. y=—x"—-x+—, x+2y-3=0.
y 4 4 y

166. y=x"—4x-5, x—y-9=0.

167. y=-2x>+9x-7, 5x+y—-13=0.
168. y=x"—11x+24, 3x+y-12=0.

169. y=—3x2+§x—1, x+y-1=0.
3 3
170. y=x>+x-12, 4x-y—-2=0.
1 1
171. y=—x*—=x-3, x—y—1=0.
y > > y
172. y=—x"=5x+6, 3x+y+2=0.
173. y:—%xz—%x+l, 5x+4y+20=0.
174. y=2x> —11x+15, x—y+5=0.
175. y:%x2+2x+3, x—y+3=0.

176. y =—4x> +23x—15, 3x—y+1=0.
177. y=x"+7x+10, 2x+y+8=0.
178. y=—%x2+x+%, 5x+2y-19=0.

179. y=3x>+5x-8, Tx+y+17=0.
180. y=—x*+7x-6, x—y+2=0.

KonTpouabsnas pa6ora Ne2.

B 3agauax 1 — 20: a) uccienpoBarb Ha CXOJUMOCTH 3HAKOMOJIOKHUTENBHBIA PsI C
MoMOIIbI0 Mpu3Haka JamamOepa; 0) mMccienoBaTh Ha CXOAMMOCTh 3HAKOYEPEAYIOIIHICS Psll C
NOMOIIIBIO pu3HaKa JIeiiOHNIa; B) HAWNTH pajinyc CXOIUMOCTH CTEIIEHHOTO psilia U ONpEIeIUTh
THII CXOAUMOCTH Psiia Ha KOHI[AX UHTEPBaja CXOAUMOCTH.

= 3" < a1 n L,
1. a) ;n—; 6);(—1) T B);6n-x.

11



] S 1)
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3.a)zn;, ; 6)2(—1)“17 B)Z
L1
_3

257
) i 1 . 6) Z.O:(_l n+1 3” . B) Z
S (n+3)8" ‘3
2

>Z

n +5 n+8

n+9

n+ 1
Z 1—; B)Zzn

n+11°

n=1

9.a)n§1 ;3 6)2(—1)"+1 n’i4 ) i% X"
1o.a)g 24 )g( )"”%; )g(%i) T
11.:;1)2;5,1+3 6)21,(—1)"“216 )gl(l)n ’
12. ) 22 6)2,(—1)"+1 ngzs )i _17n '

14. 2) gnl; ) g(— 1)"”% B) g("”) X'
15. a) gn;j 6) g(—l)'1+19;/;; B) 2% X!

16. ) ng 6) g(—l)"+1 n2114; B) 2% X'

17. 2) 2—4 )g(—l)’”lé—z B)gngn X’
18.a)g(n_z3)2 6)%(—1)"Hﬁ; B 2":5 '
19. a) 2813” 6)%(—1)"”\/nlﬁ; B 2’;21 '

12



S 29
Z )1 B)Z_'x.

= n+l’ o n

B 3amauax 21 — 40 BBIYMCINTH ONpeAeNeHHBIN HHTErpan ¢ TouHocThio 10 0,001 myrem

IPeIBapUTEIFHOTO PA3JI0KEHUS MOABIHTEIPAIbHOW (PYHKIIMU B CTENEHHOW PAJ U MOWIEHHOTO
UHTErPUPOBAHUS OTOTO psja.

)1 Ofﬂ“_xz)dx_ 2. Ofe-“xz dc. 23, Of"x . o4 j.cos\/_ dx..
0 X 0 0
0

0 X
0,3

0 dx
25. . .
v([\3/14-)(?3 0

1 .
26 10x2)dx. 27, [ . 28, 252 )dx |
ICOS( X)X .!'\/; X -([COS(X)X
5

0,5 0,3 1 0,
29. [V1+x'dx. 30. [ dx. 3. Ixsin\/;dx. 32. |- d 2
1+x
o 0’3si0n4x Ozi e’
33. J.e"sx dx. 34. j dx . .jxcos\/_dx 36. j dx .
X x

0 0
0,8 0,1

37. [cos (x?)Jax. 3s. j 39.j’1n 1x+x a0, jsmx
0

0 \3/1+X

3amaun 41 — 60. B smmke K wucnpaBHBIX mNpenoxpanutene m H ¢ nepexrom.
Heobxomumo 3amenutsr M mnpenoxpanurteneid. HaliTu BEpOSTHOCTH TOTO, YTO: a) TOIbKO P
npeoXpaHUTeNel UCTIpaBHbI; 0) MEHbIIE, YeM P TpeaoXpaHHUTeNel HCIpaBHBI; B) XOTs ObI 1
peloXpaHUTeNb UCIIPABEH.
Hcxonnble faHHbIE IS pellIecHUs] 3a1a4:

Ne K H M P Ne K H M P
41. 24 6 4 3 51. 34 6 5 4
42. 29 6 4 3 52. 42 8 4 3
43, 33 7 5 2 53. 33 7 6 4
44, 35 5 4 3 54, 41 9 4 3
45, 32 8 5 3 55. 23 7 4 2
46. 34 6 4 2 56. 32 8 5 4
47. 25 5 4 2 57. 34 6 5 3
48. 24 6 5 3 58. 23 7 6 4
49, 35 5 4 2 59. 36 4 3 2
50. 29 6 5 3 60. 33 7 5 3

Pemnte 3amaun 61 — 80.

61. Jlna cooOmenus o0 aBapuM YCTAaHOBJICHBI [IBa HE3aBUCHUMO PaOOTAOIINUX
CUTHAM3aToOpa-aBTOMara. BeposSTHOCT, TOro, 4YTO TpH aBapud cpaboTaeT MepBBIH
curHanusarop, pasHa 0,95; Bropoit — 0,8. HailTu BepoATHOCTH TOro, YTO INpPU aBapuu
CpaboTaroT Ba U3 TPEX CHTHAIH3ATOPA.

62. Otnen TEXHUYECKOTO KOHTPOJISL TMPOBEpAET W3ACIUS Ha CTaHIAPTHOCTD.
BeposiTHOCTE TOrO, 4YTO Hayraa B3STOE H3JEIHE OKaXeTrcss OpakoBaHHBIM, paBHa 0,15.

[TpoBepeno Tpu uzaenusi. KakoBa BEpOSATHOCTH TOTO, YTO TOJIBKO OJHO MU3/AeINe OpaKkoBaHO?

63. B rpynne cTyaeHToB, cocTosimerd u3 25 4YenoBek, 16 roHomied u 9 nesymiek. s
NEeXypCcTBa clydalHbIM oOpa3oM 0ToOpaHO JBoe CTyAeHTOB. KakoBa BepOATHOCTH TOTO, YTO
JOEXKYPUTh OyIyT TOJIBKO JEBYIIKU?

64. JIBa 3aBojia MPOU3BOAAT XOJOAUIBHUKH OAHOM M TOM K€ MapKu, MPUYEM MEpBbIN
3aBOJI BBIIIYCKAeT MPOAYKIUHU BABOE Oounbllie, yeM BTOpol. llepBbIil 3aBOX NpPOU3BOAUT B
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cpenaeM 70 % XOJMOIUIBHUKOB BBICHIETO KauyecTBa, a BTopoil — 80 % . BriOpanublii Hayran

XOJIONWIBHHUK OKa3ajCs BBICIIEro KadecTBa. HalTw BEpOSATHOCTb TOrO, YTO XOJOIMUIBHUK
M3TOTOBJICH HA IEPBOM 3aBOJIE.

65. BeposTHOCTH TOTO, YTO B TE€UEHHUE JIHA MPOU30i1eT cO0il B KOMIBIOTEPHON CHCTEME
npennpusatus, pasHa 0,1. KakoBa BeposATHOCTb TOro, 4TO B TE€YEHHE TPEX IHEH MOAPAL HE

IPOU30MAET HU OJTHOTO cO0s1?
66. B smuke umeercs 20 nperaneil, U3 KOTOpbIX 5 aeraneil HecTaHmapTHbl. COOpPILIMK
HayJady u3Biekaer 3 aeranu. KakoBa BEposSTHOCTH TOr0, YTO BCE OHU OYIyT HECTaHAAPTHBIMU?
67. B aneKkTpuyecKyro lLielb MOCIeI0BATENbHO BKIIOYEHbI TPU 3JIEMEHTa, paboTarolue
HE3aBUCHUMO JpYyT OT Jpyra. BeposTHOCTH OTKa30B NEpPBOT0, BTOPOIO U TPETHETO 3JIEMEHTOB
cootBeTcTBeHHO paBubl 0,15, 0,2 u 0,25. HaifTu BepoATHOCTH TOTO, UTO TOKA B IIENU HE OYJET.

68. Ilaccaxxup Moxxker mnpuodOpect OuiieT B OAHOM M3 JBYX Kacc. BeposiTHOCTH
oOparmieHusi B nepByro kaccy cocrasisier 0,4; a Bo Bropyo — 0,6. BeposiTHOCTH TOTO, YTO K
MOMEHTY NpHXO0Ja Maccaxupa HyXHble eMy Owiersl OynyT pacmnponansl, paBHa 0,35 mns
nepBoit kaccel 1 0,7 st Bropoil. Ilaccaxxup nocetust oqHy U3 kacc U npuodpen o6uier. Haiitu
BEPOSATHOCTH TOT'O, UTO OH MPUOOpeEI OMIIET BO BTOPOM Kacce.

69. PaGounii oOcnyXuBaeT Tpu CTaHKa. BepoATHOCTH TOrO, UTO B TEUEHUE CMEHBI €ro
BHUMaHHUsl MOTpeOyeT mepBbii cTaHok, paBHa 0,7, Bropoit — 0,75, tperuit — 0,8. Haiitu
BEPOSATHOCTh TOTO, YTO B TE€UEHHWE CMEHBbI BHUMaHHUA pabodero noTpedyroT: a) Kakue-mudo 1aBa
CTaHKa; 0) BCe TpU CTaHKa.

70. B Mara3uH nocTymnui OJHOMMEHHBIN TOBap, M3TOTOBICHHBINA IBYMS IPEATPUITHIMH.
C nepBoro npennpustus nocrynuiao 150 equnuil ToBapa, u3 Hux 30 eaunun nepsoro copra. Co
BTOporo npennpusatus — 200 enunui, u3 Hux 50 — nepBoro copra. M3 oOmieit Macchl U3BIEKIN
€AMHMIY TOBapa, KOTOPBIA oOKaszajcs MepBoro copra. HalTH BepoOSITHOCTH TOTO, 4YTO
M3BJICUCHHBIN TOBAp U3TOTOBJICH HA MEPBOM MPEAIPUITHH.

71. DK3aMeHalMOHHBINA TECT COAEPKHUT TPU Bompoca. BepoATHOCTH TOro, 4TO CTYAEHT
OTBETUT Ha MEPBBIK W BTOPOH BOMNPOCHI, OJMHAKOBBI U paBHbl 0,9, Ha Tpetuit — 0,8. Haiitu
BEPOATHOCTh TOTO, YTO CTYAEHT CAACT IK3aMEH, €CJIU Ui 3TOT0 HEOOXOAWMO OTBETUThH: a) Ha
BCE BOINPOCHI; 0) Mo KpaliHEel Mepe, Ha JiBa BOIIPOCa TECTA.

72. IlokynaTenp *ejaeT MpUOOpPecTH JIEKTPHUUECKyIo Jamrnodky. Ha monke B marazune
nexxar 200 JyraMmoyexk, M3rOTOBJIEHHBIX HA OJHOM 3aBoje U 150 Ha apyrom (Bce JIaMIOYKH
OJIMHAKOBOM MomIHOCTH). BeposatHocth Opaka nns mepBoro 3aBoaa cocrtasisier 0,01; mns
Broporo 0,005. IlponmaBen B3sul Jammo4Kky Uil IPOBEPKH, M OHA OKa3ajach OpakOBaHHOM.
Haiit BeposITHOCTB TOTO, YTO JIAMIIOYKA U3TOTOBJIEHA HA BTOPOM 3aBOJIE.

73. Jns coobmeHuss 00 aBapuu YCTAHOBJEHBI TPHU HE3aBUCHUMO paboTaronmnx
CUTHAJIM3aTOpa-aBTOMara. BeposTHOCTH TOro, 4YTO TNpH aBapuu cpaboOTaeT MepBbIU
curHanuszarop, pasua 0,95 ; Bropoit — 0,9, tpetuit — 0,85. HaiiTu BepoSTHOCTH TOTO, UTO MPHU
aBapuM IOCTYIUT CHUTHAJI; a) XOTs Obl OT OJHOIO CHUTHaiIM3aTopa; O) TONBKO OT OIHOIO
CUTHAJIN3aTopa.

74. Ha aBrompeanpusTHE TMOCTYNWJIM OJHOMMEHHBIC JI€Tald C JBYX 3aBOJIOB.
BeposatHocTh TOTO, UTO JA€Tadb, U3TOTOBJICHHAs Ha MEepBOM 3aBoje, coorBercTByeT ['OCTy —
0,9 ; nns Broporo — 0,85 . Ilepssriif 3aBoa moctaBun 2000 aeraneii, Bropoir — 3000. COopuruk
B3s5UI OJIHY JeTallb, KOTopasi oka3zanach coorBercTBytomieil 'OCTy. Haiitu BeposiTHOCTH TOTO,
YTO 3Ta JETaJlb U3rOTOBJICHA HA TIEPBOM 3aBOJIE.

75. VI3 Tpex opyauil MpoOW3BENW 3alMl MO IeJd. BepoATHOCTh MmomajaHus B LENb IpU
OJIHOM BBICTpeNie U3 MepBoro opyauss paBHa 0,8; mIsi BTOPOro U TPEThEro OPYAUl 3TH

BEPOSITHOCTH COOTBeTCTBEHHO paBHbl 0,6 u 0,7 . HaiiTu BepoSITHOCTH TOTO, YTO TOJBKO OJUH
CHapsiJ MOMaJET B LEb.
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76. BeposITHOCTh BBIXOZa U3 CTPOs CTaHKa B TeyeHue padouero nHs paBHa 0,05. Kakosa
BEPOSATHOCTH TOT'O, UTO 3a TPH pabOUYMX JHS CTAHOK HU pa3y HE BBIMAET U3 cTpos?

77. OXOTHUK BBICTPENIWI TPU pasa MO YAAAIOLIEHCS Lelnd. BeposaTHOCTh monajgaHus B
He€é B Hauase cTpenbObl paBHa 0,7, a mocie Kaxaoro BeicTpena yMmeHnsinaercss Ha 0,1. Haittu
BEPOATHOCTH TOTO, YTO OH MONAAET BCE TPHU pasa.

78. Tpu crTpenka NpOM3BENM 10 OJHOMY BBICTpENy IO MHILEHU. BeposTHOCTH
NOpPAXEHMsI MMILEHU KaXAbIM U3 cTpenkoB paBHa 0,8. Hailtu BepoSITHOCTH TOro, 4TO B
MHUIIIEHH OKaxeTcs 0oJiee 0JHON TPOOOUHBI.

79. B niexe peMoOHTa JIOKOMOTHBHOI'O JIETIO 3 3JIEKTpOBO3a. BeposTHOCTH TOro, 4To 3a
CMEHY He OyIeT OTpEeMOHTHPOBAH IEPBBIM 31eKTpoBo3, paBHa 0,1, Bropoilt — 0,2, TpeTuil —
0,05 . HaifTu BepOosTHOCTb TOTO, UTO: a) B TEUEHHE CMEHBI BTOPOH U TPETHUIl 3JEKTPOBO3BI OyyT

OTPEMOHTHPOBAHBI; 0) XOTS ObI 1Ba ANEKTPOBO3a OYAYT OTPEMOHTHUPOBAHBI.
80. C mepBoro cranka Ha coopky nocrtymnaetr 30 %, co Broporo — 70 % Bcex neTaneu.

Cpenu neraneit nmeporo cranka 90 % crangaptHbiX, BToporo — 80 % . IlpennonoxkuMm, 4to

BbIOpaHHas AeTajb OKa3ajach cTaHAapTHOH. HaliTu BeposTHOCTH TOro, YTO OHA MOCTYIHJIA Ha
cOOpKy C IIEPBOT0 CTAaHKA.

B 3apgauax 81 — 100 B 3HeprocucremMe MMeeTcs Ipynna U3 7 OAHOTUIIHBIX arperaTos,
HaXOJSAIIMXCS B HE3aBUCHMBIX U OJMHAKOBBIX YCIOBUSAX. BEpOsATHOCTH MCIIPABHOIO COCTOSHUSA
KQKIOro arperata B TeuyeHHWE BpeMeHUM [ oauHakoBa M paBHa p. CoOCTaBUTh 3aKOH
pacrnpeneseHnus AUCKPETHOM Cciay4ailHOW BeNMYMHBI X — YMClIa arperaroB, HAXONAIIUXCS B
UCIIPAaBHOM COCTOSIHUM B TedeHUEe BpeMeHU 1. HaliTu 4ucioBble XapaKTEPUCTHKU 3TOU
CIIy4ailHON BEJIUYUHBI.

Hcxonnble naHHBIE VIS pelIcHHUs 3a1a4:

Ne n p Ne n p Ne n p Ne n P

81. 4 0,55 86. 5 0,6 91. 6 0,75 96. 7 0,75
82. 5 0,65 87. 6 0,55 92. 7 0,9 97. 4 0,73
83. 6 0,85 88. 7 0,8 93. 4 0,92 98. 5 0,78
84. 7 0,7 89. 4 0,87 94, 5 0,84 99. 6 0,7
85. 4 0,85 90. 5 0,9 95. 6 0,8 100. 7 0,85

B 3agavax 101 — 120 cnyyaitnas BenuunHa X 3amaHa GyHKuuen pacnpenenenus F(X).
HaiitTu: a) mioTHOCTH pacmpeneneHus BeposTHocTed f(x); 0) mMareMaTHUecKoe OXHIaHHE
M(X), mucnepcuto D(X) um cpemHee KBaapaTHyecKoe OTKJIOHEeHHE o(X)  ciydaitHO#
BEJIMYMHBI; B) BEPOSITHOCTH TOTO, UTO CITydaifHas BEIMYMHA MPUMET 3HAYCHUE Ha OTPE3Ke [a,b}
0 nmpu x<0
101. F(X)={x> npu O0<x<l, a=05,b=1.

1 npu x>1

0 mpu x<I1
2

102. F(X)= xz_x npu 1<x<2, a=15,b=2.
I npu x>2
0 nmpu x<0

103. F(X)={x mpu 0<x<1, a=05,b=1.
I npu x>1
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104.

105.

106.

107.

108.

109.

110.

I11.

112.

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

0 nmpu x<0

3x° +2x  npu O<x£%, a=01,b=025.

1 npu x>l
P 3
0 npu x<2
%—1 npu 2<x<4, a=3,b=4.

I npu x>4

0 nmpu x<0
2

% npu 0<x<3, a=1,b=2.
I npu x>3

0 nmpu x<0
2

XT npu 0<x<2, a=05,b=1.

1 npu x>2

0 npu x<-1
i(erl)z npu —-1<x<1, a=-05,b=0.

1 npu x>1

0 npu x<0

lx2+i npu 0<x<I1, azl,b:—.
5 5 3 3
1 nmpu x>1

0 npu x<-1
1 2
§(x+1) npu —-1<x<2, a=0,b=1.

1 npu x>2

0 nmpu x<0

2

X npu 0<x<10, a=5,b=7.
100

1 npu x>10
0 nmpu x<0

2

% npu 0<x<9, a=1,b=3.

I npu x>9
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113.

114.

115.

116.

117.

118.

119.

120.

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

F(X)=

0 nmpu x<0

2

X

— npu 0<x<8,
64 T

1 npu x>8

0 nmpu x<0
2

X
— npu 0<x<7,
29

I npu x>7

0 nmpu x<0

2

X

— npu 0<x<6,
36 7

I npu x>6

0 nmpu x<0

2
25
I npu x>5

npu 0<x<5,

0 nmpu x<0

2

X

— npu 0<x<4,
T

I npu x>4

0 nmpu x<0
2
% npu 0<x<3,

I npu x>3

0 npu x<-1

16
1 npu x>3

0 nmpu x<0

2
X X

2 2
1 npu x>1

—+= npu 0<x<l1, a:%,bz

a=2,b=6.
a=2,b=3.
a=4,b=5.
a=1,b=5
a=1,b=3
a=1,b=3

i(x+1)2 npu —1<x<3, a=05,b=2.

E .

B 3agaugax 121 — 140 cumTaeTcs, 9TO OTKJIOHEHHE JUIMHBI M3rOTABIMBAECMBIX JIETaJICH OT

CTaHJapTa SBJISETCS CIy4alHOM BEIMYMHOM X , paclpeleNieHHOW 10 HOPMAJIbHOMY 3aKOHY CO
CTaHJApTHOMW [UIMHOM ad CM U CPEIHHMM KBAaJpaTUYECKUM OTKJIOHEHHMEM o cM. Haiitu: a)
BEPOSITHOCTh TOT'0, YTO JJIMHA M3rOTABIMBACMBIX JETANCH NPUMET 3HAYEHUE, NIPUHAJICKALLEEe
uHTepBally (;f); 6) BEpOSTHOCTb TOTO, YTO OTKJIOHEHHUE JJIMHBI OT CTAHAAPTHON COCTaBUT IO

aOCOJIIOTHOM BeNW4YWHE He 0ojiee O CM; B) MHTEPBaJ, B KOTOPBIN MOMAayT 3HAYCHUS JTHHBI
M3TOTABJIMBAEMBIX JIeTalIel ¢ BEPOSITHOCThIO 0,9973 .
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Hcxoanblie JaHHBbIE AJIS PCIICHUA 3aaa4:

Ne a o a p o Ne a o a p o
121. 10 3 7 12 2 131. 16 3 14 20 5
122. 6 2 5 8 1 132. 14 2 10 15 4
123. 5 1 4 7 0,5 133. 4 1 2 7 0,8
124. 7 3 2 8 4 134. 12 1,5 10 15 2
125. 15 4 10 19 135. 18 4 15 22 6
126. 2 0,5 1,5 3 1 136. 7 2 6 10 3
127. 13 3 8 14 137. 10 2,5 8 14 2
128. 8 2 7 10 1,5 138. 17 3 15 21 4
129. 11 4 8 15 5 139. 3 0,7 2 5 1
130. 9 2 8 12 3 140. 20 5 16 27 6

B 3anmauax 141 — 160 nansl usmepenus 100 o6paboranubix neraneil. B rabnuie ykazansl

3HAYCHMS OTKJIIOHSHUH OT 3aaHHOT'O pasMeEpa U COOTBECTCTBYIOIIUE UM HaCTOTHI.

(%] | (-2:-15]] (-15:-1] | (=1;-0,5] | (=0,5;0] (0;0,5] | (0.5:1] | (1;1,5] | (1,5;2]
n; n, n, n, n, N n n, g
C‘II/ITaSI, qToO HpI/IBHaK X — OTKJIOHECHHUEC OT HpOGKTHOI‘O pasMepa — TIOOUYUHACTCA

HOPMaJIbLHOMY 3aKOHY pacmpenesieHds, 1) MOCTPOUTh THCTOIPAaMMy OTHOCHTEIBHBIX YacTOT;
2) 3amucarh JUCKPETHOE paclpeiesieHne Npu3Haka X ; 3) HaAWTH BBIOOPOYHYIO CPEIHIOI H
WCIIPaBJIEHHOE CPEIHEE KBAJAPaTUUECKOe OTKIIOHEHWE; 4) yKa3aTh JOBEPUTEIHHBIM WHTEPBA,
MOKPBIBAIOIIUKN C HaASKHOCTHIO 0,95 HEW3BEeCTHOE MaTEeMaTUYECKOE OXUJAHWE @ IpU3HaKa

X ; 5) yka3aTb JOBEpPUTENIBbHBIN MHTEPBAJ, NOKPHIBAIOLIMI ¢ HagexkHOCThIO 0,95 HemsBecTHOE

CpeaHee KBaJpaTHUECKOe OTKIIOHEHHE O MpHu3HaKa X .

Hcxoanblie JaHHBbIE AJIS PeIICHUA 3aaa4:

Ne ny n, 1y ny ns ng n, ng
141. 2 5 10 18 23 21 14 7
142. 3 5 9 19 22 21 13 8
143. 1 4 10 19 24 20 13 9
144. 2 5 11 18 22 20 15 7
145. 4 6 10 17 21 20 13 9
146. 3 6 9 18 25 19 12 8
147. 1 5 10 17 24 21 14 8
148. 2 4 9 18 23 20 15 9
149. 2 6 11 17 22 19 14 9
150. 3 5 9 18 25 20 12 8
151. 2 7 10 18 22 19 13 9
152. 1 6 10 19 23 21 12 8
153. 4 5 11 17 22 20 13 8
154. 2 6 10 18 24 18 13 9
155. 1 4 12 19 22 20 15 7
156. 2 4 11 19 23 20 14 7
157. 3 4 10 17 25 21 13 7
158. 2 5 9 18 23 21 14 8
159. 3 6 10 19 21 19 12 10
160. 2 3 11 18 22 20 14 9

18




2.3 [Ipumep BHINOJHEHHS THIIOBOIO 33 JaHUS
KonTpoabHas padora Nel

x+y—-2z=-2
TunoBas 3amaya (1-20). Pemuth cucTeMy JIMHEWHBIX ypaBHEHUU <2x—y+3z =13

3x+2y—-z=5
nByMs criocobamu: a) metogoMm ["aycca; 6) mo ¢popmynam Kpamepa.
Pemenue. a) Pemaem meronom [Maycca.
3anuieM paclIMpeHHYI0 MaTpHIly W HpHUBEIEM ee K CTylneH4yaromy Buay. s sToro
IEPBYIO CTPOKY MaTpHUIbl YMHOKUM Ha (-2) U CIOXKUM CO BTOpOM; €€ k€ YMHOXUM Ha (-3) u

CJIOKMM C TPEThel. 3aTeM MOMEHAEM MECTaMU BTOPYIO U TpeTbio cTpokH. [lociie BTopyro CTpoky
MaTpHIbl YMHOKaeM Ha (-3) U CKJIaJIbIBA€M C TPEThEH:

11 -2[-2)(=2)(=3) (1 1 =2|-2

2—131344)/~0—3717>~

3 2 -1]5 0 -1 511
11 =2|-2 11 -2/-2
~0 -1 5|11 -A(—)7.)~0—1 5111
0 -3 7|17 0 0 -8-16

OT maTpuubl CTYNEHYAaTOro BHJA NEPEWIEM K COOTBETCTBYIOLIEH CUCTEME JIMHEWHBIX
ypaBHEHUM:

X+y—-2z=-2
—-y+5z=11.
-8z=-16

) MOCJICAHCTIO PABCHCTBA HAXOJAUM 3HAYCHUC Z WU, MOJACTABJIAA €r0 B IICPBOC U BTOPOC
YpaBHCHUA, HAXOAWM OCTaJIbHBIC HCU3BCCTHEIC!

x+y—-4=-2 x=3
—-y+10=11,1€. yy =-1.
z=2 z=2

Wrak, permeHueM cucTeMbl YpaBHEHHH SIBISETCS HAOOP YHCel (3; -1; 2).

0) PemuMm a1y xe cucremy no ¢gopmymnam Kpamepa. CoctaBuM M BBIYMCIIMM TJIaBHBIN
OTIpeICIIUTENb:

11 -2
A=12-1 3 |=1-4,+1-4,+(=2)-4; =
3 2 —1
=1-(-D" M, +1-(=D" "M, +(=2)- (=D M,y =
=MH—M12—21\413=‘_1 3‘—2 3‘—2-‘2 eenen-23-@ (n-33)-
2 -1 3 -1 3 2

-2:2-2-3-(-1)=(1-6)—(—2-9)-2-(4+3)=-5+11-14=-8.
Hrak, A =-8.
-2 1 =2
CocraBum: A =13 -1 3 |=-2-4,+1-4,+(2)-4,=-2-M,,-M,-2-M, =
5 2 -1
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‘—1 3‘ ‘13 3‘ ‘13 —1‘
=-2. - ~2. =-2.(1-6)—(-13-15)=2-(26 — (-5)) =

2 -1 |5 -1 5 2
=10+28—-62=-24.
1 -2 -2
A, =12 13 3 |=1-4,+(=2)- A, +(=2)- 4, = M, +2M,, —2M,, =
305 -1
13 3] 2 3] J2 13
- +2 -2 =-28-22+58=38.
5 -1 B -1 s

11 -2
A =2 =1 13=1-A,+1-A,-2- A, =M, —M, —2M,, =

3 2 5
-1 13 |12 13 2 -1
= - -2 =-31+29-14=-16.
25 35 3 2
Haxoaum 3Ha4eHHSI HEU3BECTHBIX:
_ A _
A -8 A -8 A -8
[Tonyyaem: (3; —1; 2).
Orser: (3;—1;2).
TunoBass 3amaya (21 — 40). [loxazats, uyto BekTOopel a(3;—1;0), b (2;3;1) m

¢ (—1;4;3) oOpasyror 6azuc u HalTH KOOpAMHATHI BekTopa d (2;3;7) B 3TOM Oasuce.
Pemenne.
ba3zucom B mpocTpaHCTBE Ha3bIBaeTCS CHCTEMa TPEX HEKOMIUIAHAPHBIX BEKTOpPOB. Tpu

BEKTOpa 5()61 1 Zl) , b (x2 M - ), E(x3 5 V35 23) SIBIITFOTCSI  HEKOMILTAHAPHBIMH, €CITH
OHpe,I[eJH/ITeHB, COCTaBHeHHBIﬁ n3 KOOpI[I/IHaT JAHHBIX BeKTOpOB OTJIMYCH OT HYJIA, T.C.
X Yz

abc=|x, y, z,|#0.

X3 V3 Z3
[TocTaBUM KOOpPMHATHI BEKTOPOB 4 , hucs OTIPEICITUTEIb:
3 -10
abé=|2 3 1/=22#0.
-1 4 3

Tak kak 3Hau€HHE OMPEICITUTENST OTIMYHO OT HYJIS, TO BEKTOPHl d, b W ¢ 00pa3yror
0a3uc, U BEKTOp d NHMHEHHO BBIpa)KaeTCs uepe3 0a3MCHBIC BEKTOPHI:
c?:x-&'+y-l;+z-5.
3anwuieM JaHHOE PaBEHCTBO B KOOPAWHATHOM (hopme:
(2:3: D =x-G3;-1,0)+y-(2;3; D +z-(=1;4;3).
CpaBHUBasi OTHOMMEHHBIE KOOPUHATHI:
2=x-3+y-2+z-(-1) 3x+2y—z=2
3 :x-(—l)+y-3+z-4 wim —x+3y+4z=3.
T7=x-0+y-1+z-3 y+3z=7
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Pemaem nomydennyto cuctemy no popmynam Kpamepa:

3 2 -1 2 2 -1

A=|-1 3 4(=22,A =3 3 4|=66,
0 1 3 7 1 3
3 2 -1 3 2 2

A, =-13 =—44, A =|-1 3 =66
0 7 3 0

Haxonum:
poBo 66y A _cw A 66
A 22 A 22 A 22

Tostomy d (3;—2;3) B Gasuce d, b u ¢ .

Orser: 3(3; -2; 3).

Tunosass 3amaya (41 - 60). Janbl  BepmuHBl  TpeyronbHuka ABC:
A(—2;5),B(10;—4), C (8;10). HaiiTu: a) ypaBHEHHUS CTOpPOH TpPEYTrOJIbHMKAa U HUX YIJIOBBIE
kod(ddurmentrr; 0) mepumeTrp TpeyronbHuka ABC; B) HamMmeHbmud u3 yrioB A ABC; 1)
ypaBHEeHUE Menuanbl AM ; 1) ypaBHeHHE BbICOTEI CD U €€ JUIMHY; €) YypaBHEHHE OKPY>KHOCTH,
1Tt KoTopoi BeicoTa CD ecth quamerp. Caenats OOMIHA PUCYHOK.

Pemenne.

a) YpaBHEeHME NIPAMOM, IPOXOIALIEH uepe3 Touku A (xl; )’1) uB (xz; ¥, ), UMEET BUJ:

Y=y X=X
Yo= Vi X=X
[MoncraBnsst B popMyny COOTBETCTBYIOIIME KOOPAMHATHI TOYeK A W B, Haxoaum

ypaBHEHHUE CTOPOHBI AB .

y=5 _ x=(=2)

2

—4-5 10—(-2)
y=> _x+2
-9 12
y_—5_x+2
-3 4

4y -20=-3x-6,
3x+4y—14 =0 — ypaBHEHHE CTOPOHBI AB .
YroObl HaliTM yrnoBo kodpduuueHt npsmod AB (k,;), pemuM MONTy4eHHOE

ypaBHEHHE OTHOCUTEIBHO ):
4y =-3x+14,

——ix+E OTKYZA k 3
y 4 4’ y AB__Z'

AHanornyHo nozcrasisist B popmyny koopauHatel Touek 4 u C, HaXOAUM ypaBHEHHE

croponsl AC .

y—5 x+2
10-5 8+2°
y=5 x+2
510
y_—5_x+2
2
x+2=2y-10,
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x—2y+12=0 — ypaBHenue croponsl AC; k . Zl

AHaOrM4HO HaXOAUM ypaBHEHUE CTOpOHbl BC: 7x+y—-66=0; k,. =-7.
0) [TepuMeTp TpeyrojJpHHUKA paBEH CyMMeE JIJTHH BCEX CTOPOH, T. €.
P, =|4B|+|4AC|+|BC|.
JUIMHYy CTOpOHBI AB BBIUKCISEM Kak pacCTOSHUE MEXAY TOYKaMu A(xl; yl) 51
B(xz; yz) 1o dopmyie:

48| = J(x, = x))* + (v, = »,)"
IToncraBisieM COOTBETCTBYIOLME KOOPAUHATHI TOUEK A U B':
|4B| = JA0—(=2))* +(-4—5)* =144 +81 =~/225 =15,
AHaHOFHqHO BBIYUCIIACM NJIUHBL ABYX APYTHUX CTOPOH:
4C| = (8 (-2))* +(10-5)* =/100+25 = /125 =55 .
BC| = /(8—10)* + (10— (—4))* = /4+196 =+/200 =102 .

Takxum oOpazom,

P =15+55+104/2.
B) MeHbmnii yroa TpPEYrolbHUKA JIEKUT TNPOTHB MEHbIIEH CTOPOHBL. Y Hac
|4C|<|BC| < |4B

Ecnu nanbl aBe npsimble, yriaoBble K03((QUIMEHTHI KOTOPBIX COOTBETCTBEHHO k, U k,, TO

, I03TOMY yroJsl B, nexamuii npotus cTopoHsl AC , IBISETCSI HAUMEHBIINM.

Yroll @ MEXJy STUMH IPSIMBIMH OTIpesiessieTcs: o popmysie:

kz _kl
tgor = ——1.
1+k -k,
Uckompiii yron B o6pa3oBan npsmbiMu AB u BC, yrioBbie KO3 GUIIMEHTHI, KOTOPBIX
. 3
HaiiieHsl paHee B myHkTe 1). Jlna ompexneneHus yria B nonoxuMm k, =k, = 2 u

k, = ky. =-7.Ilpumensas ¢popmyiy, NOITy4nUM:

ene
1gB = 3 4 = 2? :|— 1| =1; otkyna £B = arctgl =45°.
“CJe 13

r) Jlna HaxoXIAeHUsT KOOpAWHAT TOYKH M - cepemuHbl oTpe3ka BC BOCHOJIb3yeMCs
dbopMynaMu aeneHus OTpe3Ka Momnojam:

X+ Xc | Yet Ve
Xy =——; =2 =&
M ) Yu 5
[ToncraBuB KoOpaAMHATHI TOYEK B M C B ypaBHEHUS, MOJTYUHM:
10 + —-4+1
Xy = 0 8:9;yM= 0.3, re. M(9:3).
2 2

Hanee Bocmodb3yeMcst (OpPMYJION I COCTaBICHUS YPaBHEHUsS TPSIMOM, MPOXOsIeiH

yepe3 JBE JAHHBIE TOYKU YoHh X4 Tt touek A(-2;5) u M(9;3) nomyuaem
Yo=Y X T X
PaBEHCTBO
y=5_x-(-2)
3-5 9-(=2)’
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y=5 x+2
-2 11
11y-55=-2x-4,

2x+11y—=51=0 - ypaBHeHue meanansl AM .

b

n) Beicora CD mnepneHaukyispHa cTopoHe AB . M3BecTHO, YTO €ciau ABE MNpsMBbIE
B3aUMHO TEPHEHIUKYJSPHBI, TO HUX YIVIOBbIE KOI(Q(UIMEHThl OOpaTHbIE IO BEJIWYHMHE U
IIPOTUBOIOJIOXKHBI 10 3HAKY, T.€.

kep :—L:— 1 :§,Ta1<1<al< k5 :—i.

VYpaBHeHUEe NPAMOM, MPOXOASIICH yepe3 TaHHYIO TOUYKy M (xo; yo) C TaHHBIM YTJIOBBIM
K0d(ppHULIUEHTOM k , UMEET BUA:
Y=y, =k(x-xy).

. . . 4
[ToacraBuB koopauHATHI TOYKU C (8; 10) Y HalJJeHHBIN yrI10Boi KO3QGUIMEHT k., = 5,

IIOJIy4UM MCKOMOE ypaBHEHUeE BbIcOThl CD :
4
y—10 :E(x—8),

3y-30=4x-32,
4x -3y —2 =0 — ypaBHeHue BoicoThl CD .
Jns HaxoKaeHus JUIMHBI BhICOTBI CD ompenenuM cHaydajga KOOpJAWHAThl TOYKH D —
TOYKH TiepecedyeHus BEICOTbI CD U cTOpOoHBI AB . Pemasi COBMECTHO CUCTEMY ypaBHEHUN AB u
CD:
3x+4y—-14=0 x=2
4 , T.€. D(2;2).
4x-3y-2=0 y=2
Jnuny Beicotel CD omnpenenseM no Gopmyie (2).
[cD|=/(2-8)* +(2-10)* =+/100 =10.
€) YpaBHEHHE OKPYKHOCTH C IIECHTPOM B TOUKE £ (a; b) U paguycoM R WMeEeT BUJ:
(x—a)’ +(y-b)’ =R”.
Tak kak BeicoTa CD sBIS€TCS AMAMETPOM OKPYKHOCTH, TO PaJUYC PaBEH IOJOBHHE
JUITUHBI BBICOTHI:

, HaX0o UM {

R=l|CD|:l-10=5.
2 2

LleHTp OKpYXHOCTU SIBISIETCS cepeauHOM BbICOTBI CD. JlJis HaXOXIEHUs KOOPIAUHAT

LEHTpa BOCMOJIb3yeMcs popMyIaMu JIeJICHUS OTpe3Ka MOoMojam:
_XctXp . _YctDp
Xp=— S > Ve=— 5 -
2 2
[ToncraBuB koopauHaTel Touek C U D B ypaBHEHUS, OJTYUUM:
8+2 10+2

== =Sy =——=6, e E(5;6).

Takum 00pa3om, ypaBHEHUE OKPYKHOCTH UMEET BUIL:
(x=5) +(y-6) =25.

X

Ha pucynke 1 B nmexapToBoil HpsSMOYTOJIbHOH cucteme koopauHat x(Oy H300paxeH
TpeyroibHuk ABC , Mmenuana AM , Beicota CD , OKpY>KHOCTh C IIEHTPOM B TOUKE E .
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OTBer: a) AB:3x+4y—14:O,kAB:_§; AC:x-2y+12=0, kAczl;
4

BC:Tx+y—66=0;  ky.=-7; ©6) Py =15+5J5+1042; B)  /B=45";
r) AM :2x+11y-51=0; 1) CD:4x-3y-2=0, |CD|=10;¢) (x=5)" +(y-6)" =25.

Tunosas 3agaua (61 — 80). Haiitu npenensi:

2 _ X +3x+7 C 2x2+x-10
a) hmxisxﬂ’(i) hmz—;B) th;
x~>32x2+x_6 x> -2 x +x—2 x—2 x2_|_x_6
. 4x? —3x+1 . x-arcsin 4x
T) 11m2— ;) lim—
x>0 QxT +x—5 =0 cos2x—1
Pemenmne.
2
. —5x+1
a) limX_—>x+1

=32x* +x—6
[Ton 3HakoM mpezaena uMeeTcsl ApoOHas panroHanbHas QyHKIUsS, 3HAMEHATEIh KOTOPOil
npu x =3 (mpenenapbHOE 3HAUYEHUE ApTyMEHTa) OTJIMYeH OT Hyis. Tak Kak AaHHas (QyHKIHS
SBJISICTCSI HEMPEPBIBHOM, TO, YTOOBI HAWTH €€ Tpeaesa Nmpu X —> 3, IOCTAaTOYHO apryMEeHT X

3aMEHUTH €TI0 HpeI[eJ'II)HBIM 3HAYCHUECM.
. ox?=5x+1 3*-5.3+1 1
lim— = > =——.
=>32x*+x-6 2:-3*+3-6 3

2
6) lim * 3T
=2 xt +x -2
[lpy x=-2 3HaMeHaTenp JApOOM paBeH HYIIO, a YHCIUTENb OTJIWYEH OT HYJIS.
Yucnutenr W 3HAMEHATeNb €CTh HenpepbiBHbIE (yHKnuu. CrenoBaTenbHO, HpH X —> —2
3HAMEHaTelb €CTh BEIWYMHA OECKOHEYHO Masasi, a YHCIUTEIb — OrpaHWYEeHHas BEIWYHHA.
JlanHast 1po0b sBIIsieTCsl 0ECKOHEUHO OOJIBINIOI; YCIOBHO 3TO 0003HAYAIOT CUMBOJIOM 0.

x2+3x+7_5

Takum obpasom, lim —————=—=00
=2 x"4+x-2 0
. 2x%+x-10
B) lim=—————.
=2 x"4+x-6

[Ipu x =2 yucnutenp U 3HaAMEHATENb JAHHOW NpoOu paBHBI Hy0. ClenoBaTeNbHO,
HCMMOCPCACTBCHHAA TIMOACTAHOBKA MPCACIBbHOI0 3HAYCHHUA aApTryMCHTA x=2 IMPpUBOAUT K

0
HEOTIpeIIEHHOMY BBIPaKEHUIO o [Ipu x — 2 yucnutenb ¥ 3HaAMEHATENb €CTh OECKOHEYHO
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0
MaJible BeJTHUMHBL. YTOOBI PaCKpBITH HEOIIPEAEIIEHHOCTh BU/Ia Py (oTHOIIEHUE ABYX OECKOHEYHO

MajblX BEJIMYHMH), HEOOXOAMMO TIpEABapHUTENbHO JApoOb mpeoOpazoBath. KBamparHbIe
TPEXWICHBI, CTOAIIMUC B YUCIIUTCIIC U 3HAMCHATCIIC, PACKJIa/IbIBACM Ha MHOKUTCIIN 110 (bOpMy.HGI

ax’ +bx+c=a(x—x)(x—x,),
rac X1y Xy — KOpHH COOTBCTCTBYIOLICTO KBAJIPATHOT'O YPABHCHMUA.
B nanHoMm ciyuae:
2x* +x-10=0,a=2,b=1,c=-10.
Brluncisgem IUCKpUMUHAHT YPAaBHEHUS:
D=5b*-4ac,
D=1>-4.2-(-10)=1+80 =81, Torma /D = /81 =9.
Kopnu ypaBHeHHst HaxouM 110 GopmyIie:
_—b+/D
1,2 — 261 :
~1+9 8 -1-9 -10 5
X, = =—=2,x,=——=——=——.

2:2 4 2.2 4 2

Torma: 2x’ +x—10=2-(x—2)-(x—[—§j}=(x—2)(2x+5).

AHaNOTrHYHO Ha MHOXKHTENHN PAcKiIabIBaeM 3HAMEHATelb APOOH:
x*+x-6=0,a=1,b=1,c=-6.
D=1-4.1-(-6)=1+24 =25, rorna VD =25 = 5.

-1+5 4 -1-5 -6
X, = =—=2,x,=——=—=-3.
2.1 2 2-1 2
Torma: x> +x—6=1-(x-2)-(x—(=3)) = (x—2)(x +3).
3aMeTuM, 4TO apryMeHT X TOJIBKO CTPEMHUTCS K CBOEMY IPE/eIbHOMY 3HAUCHHIO 2, HO
He cOBNAaeT ¢ HUM. [10 9TO¥ pUdMHE MHOKHTEND (X —2) OTIMYEH OT HYJIA P X —> 2 .

Jlanee cokpatuB npoOb HaA (x — 2), MTOJTYYHM:
. 2x%+x-10 . (x=2)2x+5) . 2x+5 2:2+5 9
lim—; =lim =lim = ===
=2 xT+x—6 o2 (x=2)(x+3) 2 x+3 2+3 5
. 4x’ —3x+1
r) lim———.
e 2xT +x-35

L8.

00
IIpu x —o0 monydaeM HeOIpeneNeHHOe BbIpakeHue BUAa — . UToObI HAWTH mpenen
00

IPOOHOW panuoOHaIbHOW (YHKIMH TPU X —>00, HEOOXOAMMO MPEABAPUTEIBHO KaXKI0€
cllaraeMoe YUCIIUTENsl U 3HAMEHATessl APOOU pas3lesiuTh Ha X", TJie #© — HAWBBICIIAS CTEIICHb

MHOI'O4JI€HOB, CTOAIIIMX B YUCIUTCIC WU 3HAMCHATCIIC. B JaHHOM cJiydac, pa3aciiiB Ha x2 n
IMPUMCHUB CBOMCTBA OECKOHEUYHO MaJbIX BCJIMYHMH, TOJTYyUUM:

4x* 3xJr 1 4 3+ 1
2 _ 2 2 2 LYY _

limwz(szlimxz XX gy x x? 47040,

e 2x* 4 x—=5 \owo) ==2x* x 5 ==, 1 5 2+0-0
ot T 2
X xX° x X x

. Xx-arcsin4x
o) lim————.

=0 cos2x —1
B nannyro 1po6b moicTaBUM BMECTO IEPEMEHHOM X IIpeeTbHOE 3HAUECHUE:
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limx-arcsin4x_0-arcsin4-0_O-arc:sinO_0-0_9
0 cos2x — 1 cos2-0-1  cosO-1 1-1 0

HpI/I MOACTAHOBKE BMCCTO X MPCACIIbHOTO 3HAYCHUS IMOJTYYHUIIM HCONIPECACICHHOCTh BUa

0

0
(— . IIpu x > 0 yucnuTenp U 3HAMEHATENb APOOM €CTh OECKOHEUHO Majble BETUYHHBL. J[7s

0 .
PACKpPBITUA HCOIIPCACICHHOCTU BHOA (6 BOCIIOJIB3YEMCS Ta6J'II/IHeI/I OKBHUBAJICHTHBIX

2

. ) X
O6eckoHeyHo Manbix. Ecim arcsinx ~ x mpu x — 0, To arcsindx ~ 4x; ecnma 1 —cosx ~ 7,

(2x)*

TO cos2x —1 ~ — 5 = —2x”. 3aMeHHUM OJIHH IKBUBAJICHTHbIE OECKOHEUHO MaJIble Ha JPYTHE:

lim 2 ASAY e X it lim(—2)= 2.
x—0 Coszx_l x—>0_2x2 x—>0_2 x—0

OTBer: a) —%; 06) ©; B) L8; 1) 2; m) —2.

Tunosasi 3agaua (81 — 100). Haiitu mpon3BoHbIC YKa3aHHBIX (DYHKITHI:

1 _
a) y=x'——+6-3Yx’; 6) y=(x’+2)-sinx; 13))/:4)C 3;
x* 1+8x
r) y=V1+9x—x*; L[)yz%lnx-’_;; e)y:arctngH.
X+

Pemenme.
1

a) y=x’ ——4+6-\3/x2 .
X

[lepenumem nanHyro GyHKIUIO, BBEIS IPOOHBIE U OTPUIATEIbHBIEC TOKA3aTENN:
2

1 B =
y=x3——4+6-3\/x2 =x’—x*+6-x%.
X

!

[TpumenuB npaBuio aupdepeHunpoBaHms aaredpanuyecKo CyMMBI (uiv) =u'+V

dopmyny nudepentupoBanus creneHHol Gpynkiuu (x") = n-x"", noxyuum:
’

2 2 - 4 4
Y=l =xTt 46003 | =307 (x4 6-x 3 =300+ —+ =,
3 X 3\/;
4 4
=9y =3x"+—+—".
g ¥ 3x
6) y=(x’+2)-sinx.

!

n

[TpuMeHuB paBUIIO TPOU3BOIHON MPOU3BEACHUS ABYX (PYHKIUH (u : v) =u'v+u-v' u

dopmymst (x") =n-x"", (sinx)’ = cosx, HOTydHM:
Y =(x* +2) -sinx+ (x> +2)-(sinx) =3x> -sinx + (x* +2)-cosx,
= y'=3x-sinx+(x’ +2)-cosx.

B) y = 4x -3
Y 1+8x

[Tpumenum npaBuiio nuddepeHIMpPOBaHUs YACTHOTO IBYX ()YHKITUN [ﬁj =
A%
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, (4x—3j' (4x—3) -(1+8x)—(4x-3)-(1+8x) _ 4-(1+8x)(4x-3)-8

Y\ Tvsy) © (1+8x) ) (1+8x) B
_ 4432x-32x+24 28
o (1+8x) (1+8x)]
:y':i.
(1+8x)°

r) y=V1+9x—x>.

1
JlanHast QYHKIMS SBJISETCS CJIOKHOM; OHA MOYKET OBbITh NPEICTABIEHA TaK: y =Yu =u?*,

rae u =1+9x—x’. [Ipumenum dopmyiy auddepeHIrpoBaHus CIOKHON cTeneHHoH QyHKIUH

!

@) =n-u""u':

Lt L _e)s. ) =L ! (9-
y —4u4 u —4(1+9x X ) 4 (1+9x X ) = m (9 2x),
=)= 9-2x
4-\4/(1+9x—xz)3
/:[)y:llnerl.
2 x+5

[Tpumenss dopmyny nuddepeHIupoBaHUs CIO0KHON JorapuMuueckoi QyHKIIUA

N _ X+ y
(Inu)' =—-u", rne u = , @ 3aTeM IpaBuiIo U HepeHIUPOBaHU YaCTHOTO ABYX (DYHKITHIA
u

x+5

!

u u'v—u' .
2 = —— , TIOJTY4HM:
v y

, 1. x+1 1 x+1 1 1 x+1
y'=|—=In =—-|In = =
2 x+5 2 x+5 2 x+1 (x+5

1 oxtS (b)) (048) (4 D)-(x45) 1 1 1(x5)=(x+1)1_

T2 x+l (x+5) 2 x+l X+5
1 1 x+5-x-1_1 1 4 2
2 x+1  x+5 2 x+1 x+5 (x+1)fx+5)
- 2
- (x+1)(x+5)'

x+3
e) y =arcth.

1
IMpumenus Qopmyny nuddepeHIrpoBanus CIoKHONH (yHKImU (arcigu)’ = u'
+

x+3 x+3 x 3 1
e u = U TIpeo0pa3oBaB BEIPAKECHUE =—+—=—-X+—, IOJIyYUM:
4 4 4 4
’—(arct x+3j = ! (1x+§j = ! -l—
4 74 ++3) 4 4 x*+6x+9 4
1+ I+
4 16
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_ ! g6 1 4
16+x>+6x+9 4 x2+6x+25 4 x>2+6x+25

16
4 4 . 28
Otser: a) 3y’ +F+$;6) 3x* -sinx+(x’ +2)-cosx ; B) m;
9—-2x ) 2 4

r)

3 20) ; ©) .
4.4{/(1+9x_x2)3 (x+1)x+5)" 7 x*+6x+25

1
Tunosast 3agaua (101 — 120). ViccinenoBarh QyHKIUIO y = T METOIaMHU
X"+

nudepeHIATBHOTO HCUYNCIICHUS U TTIOCTPOUTH €€ TpaduK.

Pemenne.

UccnenoBanue GyHKIIUH MPOBEIEM TI0 CIEAYIOIICH cXeMe:

a) Haiinem oGmacte onpenenenus GyHKIUU.

0) Uccnenyem GyHKIIHMIO HA HEMPEPHIBHOCTD.

B) Hailinem acuMnToThl KpUBOM.

r) Uccnenyem Ha 4eTHOCTh WJIM HEYETHOCTb.

n) Haiinem uHTEpBaNB BO3pacTaHus U yOBIBaHUS (PYHKIIMH U TOUYKH IKCTPEMYMa.

e) Haiinem unTepBaibl BBITYKIOCTH U BOTHYTOCTH M TOUKH Ieperuoa.

PeanusyeM yka3aHHYIO CXEMY:

a) OO6nacTpiO ompeneneHus] NTaHHON (PYHKIIUU SIBIISIIOTCS BCE JCUCTBUTEIIBHBIC YMCIIA!
D(y)=R.

0) JlamHas (yHKIUS SBISIETCS SJEMEHTApPHOM, TOTOMY OHAa HEMpEephIBHA Ha CBOEH
o0JacTH ompeeNieHus, T.€. Ha MHOXECTBE JIEHCTBUTEIBHBIX YUCEIL.

B) Tak kak o0macTh onpeneneHus: PyHKIIMU — BCe ACHCTBUTEIbHBIC YHCIIA, TO Y Tpaduka
HET BEPTUKAIBHBIX aCHMIITOT.

s ompeneneHus ypaBHEHUS HAKIOHHOM acCUMNOTOTHI Y =kx+b BOCHOIB3yeMCs

bopmymnamu:
k=1im 2 b lim(f () - k).
X—>00 x X—>00
B nannom ciyudae:
1
2 1 1
k:Iimx—Hzlim(—r:—:O.
X—>® X X—>0 x2 +1)-x o0
bzlim( ! —O-szlim L __ L
x>\ x7 +1 oo xt 41 007 +1

Nrak, ypaBHeHuem acuMnrtoThl siBisieTcss y =0-x+0=0. CinenoBarenbHO, HAKJIOHHAS
ACHUMIITOTA BBIPOKJAETCSI B TOPU30HTATBHYIO.

r) OOnactb ompeneneHUs CUMMETPHYHA OTHOCHUTEIBHO HYJIS, MOITOMY JUIA
YCTAHOBJICHHSI YETHOCTH WJIM HEYETHOCTH B (DYHKIIHIO BMECTO apryMeHTa x € D(y) moacTaBuM
(-x)e D(»):

1 1
(—x)?+1 x*+1

Tak kak y(—x) = y(x), To naHHasi GYHKUHUSA ABISIETCS YETHOH.

n) Jnsa uccnenoBanus (GyHKIMM Ha BO3pacTaHHWE W yOBIBAaHUS U DKCTPEMYM Haiinem ee
MEPBYIO MPOU3BOIHYIO:

y(=x) = =y(x).
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y,_( 1 j V(e +1)-1-(x2+1)  —2x
x*+1 (x2 +1)2 ()c2 +1)2

[IpupaBHsieM MPOU3BOAHYIO MEPBOrO MOPsAKA K HYIIO UM HaWIeM KPUTHYECKUE TOUKH
IIEPBOTO POJIA:

-2
V=0 & —=_ = -2x=0 = x=0.
(xz + 1)
Tem camMbIM UMeeM OJIHY KPUTHUECKYIO TOUKY, KOTOpasi pa30MBaeT YUCIOBYIO OCh Ha JBa
unTepBana: (—o0;0), (0; + o) (puc. 3).

W—
/ 0 T

Puc. 3

y

RV

OmnpepensieM 3HaKH TPOU3BOIHOM MEPBOTO MOPSIKA B KaKIOM HHTEPBAJIC:
, 2= 2 1

yn=—D 21,
(D> +1f 4 2

, 2.1 -2 1
V()= =2 =<0,

+1f 4 2

[TpousBogHas y' B MEPBOM HMHTEpPBaje MOJIOKUTEIIbHA, @ BO BTOPOM — OTpPHIIATE/IbHA.

CrnenoBarenbHO, B NEpBOM HHTepBaje (DyHKIUS BO3pacTaer, a BO BTOpoM — yObiBaeT. Ilpu
nepexone d4epe3 Touky x =0 TIpou3BOAHas MEHSAET CBOM 3HAaK C IUIIOCA Ha MHUHYC.
CrnenoBartenbHO, B 3TOH Touke QyHKIUS UMeeT MakcuMyM. Haiinem 3HaueHust GyHKIMU B TOUKE
MaKCHMyMa:

1

0% +1

1(0) = =1.

3naunt, A(0;1) — TouKka MakcuMyma.
e) [lna onpenenenus Touek neperuda rpaduka GYHKIMM U UHTEPBAIOB BBITYKIOCTH H
BOTHYTOCTHU HalJe€M ITPOU3BOAHYIO BTOPOI'O MOPSIKA:

. ((x:i)ZJ (2 (¢ ((1) ; (1)32) (w2 +1p)

!

2 (1) w22 (2 1) (2 1) =2 1) 8x(x 41)

i (v 1) i (v 1)
(2 +1)- (=20 +1)+8x%) _ 62> -2

4 3"
(x2 + 1) (x2 + 1)
[IpupaBHsieM BTOpYIO MPOU3BOAHYIO K HYJIIO M HAaXOJWM KPUTUUECKHE TOYKU BTOPOTO

pona:

1 1
P'=0 & 6x°-2=0= x"== = x=+—.
; 5

Haiinennble nBe KpUTHYECKHE TOYKH BTOPOTO pojia pa3dOMBAIOT BCIO YHCIOBYIO OCh Ha
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——fepezy —_nepeau
) L/~ L«
V3 NE)

Puc. 4

OmnpenensieM 3HaKu IPOU3BOAHON BTOPOTO MOPsiAKa B KaXKJIOM UHTEpBAJIE:
_6-(-D*-2 4 1

"(-1 —>0;
T ey 8727
oy 6:02-2 -2 _
y(o)_(02+1)3 - 1 - 2<09
iy 6:17=2 4 1
y(l)—(12+1)3_8_2>0'

B nepBoM u TpeTbeM MHTEpBajax MPOU3BOJHAS BTOPOIO MOPSAIAKA MOJOKUTEIbHA, a BO
BTOPOM — oTpuuarensHa. CienoBarenbHO, B IEPBOM U TPEThbeM HHTepBalie rpaduk (yHKIUU
ABJISIETCSI BOTHYTBIM, & BO BTOPOM — BBINYKJIBIM. Tak Kak IpH MEepexone 4yepe3 KpUTHUUECKHE

1 .
TOYKHU BTOPOTO poJa X = iT BTOpasi MPOU3BOIHASI MEHSAET CBOW 3HAK, TO y rpaduka QpyHKIUN
3

JAB€ TOUYKHU neperH6a. Brramncianm OpPAMHATHI OTUX TOYCK.

B

Urak, B (—L Ej uC (L %J — ToukH neperuda rpaduka GyHKIHH.

y y
2
— B——— = >

- -4 -3 -2 -1 0 1 2 K] 4 ] X

1

Puc. 5
TunoBass 3amaya (121 - 140). HccnemoBaTh Ha IKCTpeMyM  (DYHKITUIO
z2=—44+6x—x>—xy—y°.

Pemenue.
1) Haiiném crarimoHapHble TOYKH, UCTIONB3YsI HEOOXOAUMBIE YCIOBUS SKCTPEMYyMa:

%:(—4—k6x—x2 —xy—yz)x =6-2x-y;
X
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0z '

—=-4+6x—x>—xy—y’), =—x-2y.

oy ( y J’)y y
6-2x—y=0

2) Pemienue cucteMsl naer x, =4,y, =-2.
-x=2y=0

CrnenoBarenbHO, TaHHAA (QYHKIHA UMEET TOJIBKO OJIHY CTAllMOHAPHYIO TOUKY PO(4;— 2).

3) HaiinéM yacTHblE IPOM3BOJHBIE BTOPOTO MOpPsIKAa U MX 3HAYEHHS B IOJIYYEHHOM
CTallMOHAPHOM TOYKE:

0’z ' 0’z ' 0’z '

—=0-2x-y). =-2; =(6—2x— =-1; —=(-x-2 =-2.

= ») Sdy ( ) o (~x-2y),

Kak BuaHO, 4acTHbBIE MPOU3BOAHBIE BTOPOTO MOPSAKA HE COAEpKAT MEPEMEHHBIX X UV,

OHH IIOCTOSIHHBI B J1000 TOYKE U, B YACTHOCTH, B TOUKE P, (4;—2).

0’ 0’ 0’
OG603HAUMM: A = axi (P,), B= ax;y (p), C =§(PO).

[Monyuum: A=-2, B=-1, C=-2.

Torma A= AC-B*=(-2)-2)-(-1) =3>0.

Tak xak A>0 u 4 <0, 10 B TOUKE F), (4;—2) naHHas (PyHKIUS UMEeT MaKCUMYM:
z (4-2)=—4+24-16+8-4=8.

max

Otser: z . (4;—2)=8.

TunoBas 3agmaya (141 — 160). Halitu ykazaHHbBIE HEOIpECICHHbIE HHTErPAJIbl U
pe3yIbTaThl MHTETPUPOBAHUS IPOBEPUTH UM (HEPEHIINPOBAHUEM:
6 2 x’+1
3 . X7 +1 . 2 .
a) J-(4x —\/;+x—2)dx, 0) Ie xdx; B) jx In xdx ; 1) I—xz +x—6dx'
Pemenue.

a) [ (4x’ —\/;Jr%)dx.
X

[IpenBaputensHo mpeoOpasyeM MOABIHTEIPAIbHYIO (DYHKIMIO, 3aTeM, IpPUMEHHB

CBOWCTBA HEOTIPEICIICHHOTO HHTETpaJla M TaOJMYHBIA HHTErPal, TIOTYIUM:
u n+l
Iu”duz +C, (n#-1),
n+1

J.(4x3 —\/;+£2)dx:j(4x3 —x% +6-x_z)dx=4jx3dx—jx;dx+6jx_2dx:
X

3
4

X x? x! 2 6
EPTE AN S ST Y )
4 3 -1 3 x

2

Cremnaem poBEPKY:

' ' ' !

(-2 8 et (2 (8] w2 7] -] -

1
= 4x° —%-%xz —6-(=1)-x7 = 4x° —x/;er%.

2
0) J.ex xdx.
UYroObl TpPUBECTH JaHHBIA HHTErpajl K TaOJIMYHOMY HHTETpay I e'du=e" +C,

BOCIIONb3yeMcsl MOJACTAHOBKOM u =X’ +1; Torna du = 2xdx (muddepenunan QyHKIMH paBeH
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IPOM3BEACHUIO NPOU3BOAHON (yHKIMHM Ha IuddepeHanT He3aBUCUMON IMEepPEeMEHHOM; T.e.
du=d(x*+1)=(x>+1). -dx = =2x-dx, rne dx = Ax). [Ipumenus

hopmyiry
If[(ﬁ(x)]' @'(x)dx = If(u)du , TIOJTYYHM:

u=x>+1 J

J.exmxdx =|du = 2xdx =Ie“ ~—u:lje"du :le” +C:le"2”+C.
J du 2 2 2 2
xdx = —

CrnenaeM pOBEPKY:
’

[%QXZH + C) — %(QXZH )’ + C( — %€XZ+1 (x2 + 1)' — %QXZH Dy = ex2+1x .
B) Ixz In xdx .

JUnist BBIYMCIICHUS JAHHOTO MHTErpasia NpUMEHUM (POpMyITy HHTETPUPOBAHUS TI0 YaACTIM

dx x’
Iu -dvzu-v—jv-du : Hyers u=Inx u dv=x’dx, Torna du =—, v:szdx:?.
X
Bocmonb30BaBmInch GopMysioi HHTETPUPOBAHUS 110 YACTSIM, TOTYUHUM:

u=Inx, du=u'dx= (lnx)’dx _ & S e de x 1
.[xz In xdx = ¥ =lnx-——J-—- ——lnx——J-xzdx:
dv=x*dx, v= jdv =jx2dx :x? 3 3 x 3 3

3 3 3
=X nx-2+C=2(3Inx-1)+C.
3 9 9
Cremnaem mpoBEPKY:

3 3 ’ 3 3 ,
(%(31nx—1)+€j =(%(3lnx—l)j +C':(%j -(3lnx—1)+%-(3lnx—l) =
3

2 2 2 2
=L e Blnr—)+ 3 L o G- 1)+ =X (Blnx—1+1) = 3Inx =
9 9 " x 3 303 3
=xInx.
X +1
T
rjx2+x—6x

[Ton 3HakOM WHHTerpaja HMMEETCs HeNpaBUIbHAs paluoHaibHas JapoOb. I[loaTomMy

MpEeABApPUTENILHO MPEACTaBIsieM €€ B BHUAE CYMMbl HEKOTOPOTO MHOTOWIEHA W MPABHIHHOU
npobu. Pazienum yuciuTens Ha 3HAMEHATEb:

3

_x 41 x*+x-6
3 2
X +x" —6x v—1

B —x?+6x+1
—x’—x+6
Tx-5
Taxum oOpaszom, monydaem:
x> +1 Tx-5
———=x—l+—F5—.
X +x-6 X +x-6

HpOBepI/IM MOKHO JIK PAa3JIOKHUTh 3HAMCHATCJIb HA MHOXKUTCJIN:

x’+x-6=0,
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D=b"—dac=1-4-1-(-6)=25,

_b+D {xlz
Xip = , = 5
’ 2a X, =-3
3
2 —6=(x-2 3 x—_"l: -1 L
v (v-2)x+3), = x*+x-6 ¥ +()c—2)(x+3)

[TpumeHuB MeTOA HeompeAeNeHHBIX KOAPUIUEHTOB, MOJYUYEHHYIO MPAaBUIBHYIO IpO0h
IPEJCTaBUM B BHJIE CYMMBI JIEMEHTAPHBIX APOOECH:

Tx-5 A B A(x+3)+B(x-2)
= + =
(x—2)(x+3) x—-2 x+3 (x—2)(x+3)
OTOpocuB 3HAMEHATEIb, ITOJIY4aeM CIeIYIOIee TOXIECTBO:
Tx—5=A(x+3)+B(x—-2).

[Ipn x = -3 nonyuum: —26 =-5B; = Bz?le.

5
9 4
IIpyu x =2 nmonyuum: 9=54; = Azgzlg.
Takum o6pazom:
9 26
; Z
2x—+1:x_l+i+izx_1+2.L+é. 1 ;
X" +x-6 x=2 x+43 5 x-2 5 x+3
3 2
I;C—+1dx:jxdx—jl-dx+2j dx +§ dx :x——x+21n|x—2|+éln|x+3|+C.
X" +x-6 59x-2 5°9x+3 2 5 5

Cremnaem mpoBEPKY:

! !

2 2 ' '
(x——x+21n|x—2|+%ln|x+3|+cj :(%j —x’+%(ln|x—2|) +%-(ln|x+3|) +C'=

2 5
2 5 x-2 5 x+3 5 x-2 5 x+3
9 1 26 1  5(x—1)fx—2)x+3)+9(x+3)+26(x—2)
=x—-l4+-—+—" = =
5 x-2 5 x+43 5(x—2)(x +3)

5 = 7x46)+9x+27426x-52 _ 5(x’ ~7x+6)+35x-25 _5(x’ ~Tx+6+7x-5)
5(x—2)x+3) 5(x—2)x+3) 5(x—2)x+3)
x’ +1 B x' +1

(x—2)(x+3)_ X +x—6

3
Ortger: a) 4x° —\/;-‘r%; 0) %e" 4 C;B) %(3lnx—l)+C;
x

2
T) x——x+21n|x—2|+§ln|x+3|+C.
2 5 5

TunoBasi 3amaua (111 — 180). Beruucnauth 1iomans (GUrypbl, OTrpaHHMYEHHON
2

napabooit y=2x—%+6 U IpsAMON y=x+2.
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Pemenue.

[Tnomans ¢urypsl, orpaHMYeHHas CBEpXY HENpPEpPBIBHON KpuBOH ) = f(X), CHU3Y —
HENPEPBIBHON KPUBOU ) = @(X), clieBa — IPSIMON X =@ W CIpaBa MPsSMOM X = b , BBIYUCIISACTCS
no ¢opmyie

S =1/ - p(x)kdx.

B Tex cmyuasix, Korjna 3aJaHHbIE KpUBBIE 00pa3ylOT 3aMKHYTYIO 00JIacTh, U MPSIMbIE
X=a W x=b He 3amaHbl, TO 4yucla a U b COBHAAAIOT ¢ a0CIHUCCAaMH TOYEK MEPEeCEeUCHUs
KpuBbIX. Haiiiém ToukM mepeceueHus 3aJaHHbIX JUHUM. [[15 3TOro pemmmM COBMECTHO CUCTEMY
YPaBHEHUN:

2
:>x+2=2x—%+6.

2
X+2=2x-2+6]-2,

2x+4=4x—-x*+12,
x’=2x-8=0.
IMonyyum x, =-2 u x, =4; cuenoBarensHo, a =—-2 u b=4.
[Tapabona u mpsmas TepeceKaroTcss B TOUYKAX A(— 2;0) " B(4;6). Jlst mocTpoeHus

PSIMOM JTOCTATOYHO JIBYX HaWJIEHHBIX TOYEK, HO JJIS MapaloJibl 3TUX JNAaHHBIX HEIOCTAaTOYHO.
[ToaToMy HaiiieM IOMOJHUTENIBHBIE TOUKHU:

a) BepmMHA Napabonsl y =ax’ +bx+c pACIONOKEHA B TOUKE C KOOPAMHATAMH

2a
Bepumuny B Touke (2; y(2)), T.e. (2:8).

2
(—i;y[—iD; B JIaHHOH 3amade mapabona y:—%+2x+6 (a:—%, b=2) wumeer

1
06) Tak kak a = —5< 0, ciemoBarenbHO, BETBH MapaloJibl HANpaBleHbl BHU3, U OHA

nepecekaer ochk abcmucc. Haitném Touku nepecedeHus ¢ ocbio Ox:
2

y=0, = -—42x+6=0,

-]

-
= P Rk B | O
]
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Puc. 9.
CnenoBatenbHo, napabona nepecekaer ocb Ox B TOUKaxX ¢ KOOPAHUHATAMU (— 2;0) u (6;0)

(puc. 9).

b
[Mpumensist S = .[ [f(x) — go(x)]dx , TIOJTYIHM:

S :jz((2x—§+6)—(x+2)jdx =i(—§+x+4jdx= (é—xg%xj

:8—ﬁ+16—2—§+8:30—12:18.
6 6

4

-2

OtBer: S =18 KB. en.

Kontpoasnas padora Ne2Tunosas 3agaua(1-20). a) VccrnenoBate Ha CXOAUMOCTH C

n+?2

o0
MoMOINbI0 Tpu3Haka [lamambepa 3HAKOIMOIOKUTEIBHBIN P 2—6" 4, 0) uccienoBaTh Ha

n=1

= +1 1
CXOJIMMOCTh C TIOMOIIBI0 TpU3HaKa JIeHOHUIIa 3HAKOYEPETYIOIIHICS PsII Z(— 1)n ﬁ;
n

n=1

n

" ONIpCACIUTh TUII CXOAUMOCTHU

“n+3
B) HAlTU MHTEPBAJ CXOJMMOCTH CTENEHHOTO psija Z

n=1 12”

psAlla Ha KOHIIaX MHTEpBaa.

“n+2
Pemienue. a) OOmmMii WieH 3HAKOMOJOXKHUTEIBLHOTO psiia Z P HUMEET BUI
n=1
a, = rg::f . Torma a,,K = (n6;;+11)): 2 = 2::53 . B coorBerctBunm c¢ mnpuszHakoMm Jlanambepa
BBIYMCIIUM MPENIEI:
n+3
? X n+4 X n+4
d =1im %L = lim " = |im (”23) o lim (’f4+3) O _Lymt3
n—»0 an n%oon+2 n~>006n (n+2) n%oo6" 6(n+2) 6 n~>oo}1+2
6n+4
n.3 143
_loo+3—[£J_lh n+n—l-lim +n_l +;_l.1+0_l
6 o+2 o 6 noon 2 6"%4’01_'_2 61+£ 6 1+0 6
n n n o

Tak kak d <1, To mo nmpu3Haky JlamamOepa M1 3HAKOIOJIOKUTEILHOTO psiia JaHHBINA
psA CXOOUTCS.

= +1
0) Ilo mpusnaky JleitOHMIIA 3HAKOYEPEMYIOUTUNCS PSII Z(— 1)n a, CXOIHUTCA, €CIIH
n=1

BBINIOJIHEHBI Ba ycnosus: 1) a, >a,,,;2) lima, =0.
n—>0

= 7+1 1 1 1
Jns  paHHoro psaa ;(_1) \/n+8 a":\/n+8 n a,,= [0

T.€. TIEpBOE ycioBHe mpu3Haka JleitOHuma BeimoaHeHo. Janee:

IIpu sTom

1 1
>
x/n+8 \/n+9

Wi a, >a

n+l>2
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: 1 1 .
lima, = lim = 0. [ToaTomy BbINONIHEHBI 00a yciaoBus mpu3Haka JleiiOnua, T.e.

n—o n%oo,\/n_’_g '\/OO+8
I[aHHBH/I 3HaKOqepeI[yIOHII/II>'IC${ pﬂﬂ CXOOUTCH.

n+3
B) [l HaxokIeHHsl MHTepBaja CXOAMMOCTU CTEIEHHOTO psiaa Z 1 : ¢ o0ImM
= n+ 3 n n+ 4 n+l o
YleHoM U, = 1" X" ou,, =12T-x OPUMEHHM TpU3HAK aOCOJIOTHOH CXOAMMOCTH
Hanambepa:
(n+4)x”+l
T Antl n+1 n
4 = timl™| < i 127 | |(n++l4) 12 Lontd |1y ntd
naw‘ u, ‘ n—o (l’l+73)x ‘ n%w|12n (I’l+3) n—> 12 n+3 12 n—o 1+ 3
12"
1+ﬂ 1+i
| i S . R Y A R NS 8 ¥ P A
w+3 (o) 127 nom _’_é 12 3 12 12
n 00

. 1
CreneHHOU psifi aOCOMIOTHO CXOAUTCS, eclii BenmuumHa d <1, T.e. E|x|<1, OTKyJ1a

|x| <12, mm —12 < x <12. CnenoBarenbHO, HHTEPBAJ CXOAUMOCTH UMeEET BUI —12 < x <12.
BrisicHUM BOIpPOC O THUIE CXOAMMOCTH psAZia HAa KOHIIAX MHTEpPBAJIa CXOJAUMOCTH, T.€. B
Toukax x =12 u x =—12. [Ipu x =12 3ama"HbIi psig NPUHUMAET BUJL;
o0 o0
n+3
pILSRELSS Y FE))
n=1 12 n=l1
DTO YHUCIIOBOM 3HAKOMOJIOKUTEIBHBIN Psifl, KOTOPBIA PACXOIUTCS, TaK KaK HE BBIOJIHEHO
HEoOX0MMOe YCIIOBUE cXoaquMocTH psija (lima, = lim(n + 3) =0+3=0=%0).
n—>0 n—»0

[Ipn x =—12 3amaHHBIA psAJ IPUHUMAET BUJ:
S n+3 S n+3 =
S —=(-12)=> —= (1) 12" =D (-1)'(n+3).
12 n=1 12 n=1
OTO 4YHMCIIOBOM 3HAKOUYEPEAYIOIIUICA psAl, KOTOPBI pacXxoAuTcs, TaK YK€ IEpBOE
ycioBHe npu3Haka JleliOHuna He BbINodaHeHo (n+3<n+4,T1.€. a, <a,,, ). CienoBarenbHo, IpU

n=1

pa= (— 12; 12) CTENIEHHOU PsiT a0COJIFOTHO CXOUTCSI, BHE 3TOT'O HHTEPBaJIa PacXOaUTCS.
OTBer: a) cxonutcs, 0) CXOIUTCS; B) (—12; 12)—HHTepBan CXOJIUMOCTH, Npu X =+12

PAI pacXOAUTCS.
ini/x

X

Tunosas 3agaua(21-40). Beruuciaute uHTErpa I dx ¢ Tounoctrio g0 0,001.

Pemrenne.
[IpeaBapuTebHO MPEACTABUM TMOABIHTETPAIbHYIO (PYHKIIMIO B BHUJE CTETICHHOTO Psa,

JUISL 3TOTO UCTIONb3yeM pa3iiokeHHe PYHKIHUU Sin X B CTEIIEHHOMN PSII:

. X
Sinx = T - ? + g - ? +... - CXOOMTCA IIPHU BCCX 3HAYCHUAX X .

3aMEHUB X B PaslioKeHUU QYHKIMU Sinx, HA /X , HOJYUUM:

sin ¥/x =3/x - (3\/;)3 + (3\/;)5 _ (3\/;)7 n
3!

5! 7!
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Torn sindx 5 1 x% x* ’
X 357
1.3 L2y % § L 3X§ 3x§ |
SINy/ X - X X 3 _
! x dle(x3_§+§_7+'")dx: Yy s T T
0
DY SN SR S
T 6 200 11760

MBI nOSTy4HIIM 3HAKOYEPEAYIOLIUICS Psil, KOTOPBIN YIOBIETBOPSET YCIOBUAM TEOPEMBI
Jletionuma. Tak kKak B MOJYYEHHOM psiJie YETBEPTHIA WICH psia Mo aOCOTIOTHOMY 3HAYEHUIO
menbie 0,001, To mist obecrieueHus 3aJaHHON TOYHOCTH JIOCTaTOYHO B3STh MEPBbIC TPH WICHA.

Torna:

1 . 3
jsm*/;dxz3—l+iz2,834.
6 200

0 X

1 .
sinid/x
OTBeT: J.

0

dx~2,834.
x

TunoBas 3apaua(61-80). M3BectHo, uTO 95% wuU3AENMIl BBIMYCKAEMBIX JTaHHBIM
OpeNNpUsITHEM, OTBEYaeT CTaHIAPTy. YMpPOIIEHHAs CXeMa MPOBEPKH KayecTBa MPOAYKLUHU
MPU3HAET MPUTOJHOM CTaHAAPTHYIO JeTalb C BeposTHOCThIO 0,98 © HecTaHAapTHYHO C

BeposiTHOCThIO 0,05. OmnpenenuTs BEpPOATHOCTb TOrO, YTO H3JENHE, IPOLIeAlIee KOHTPOIb
KauyecTBa, OTBEYAET CTAHIAPTY.

Pemenue.

O06o3HaunM: coObiTue A4 = {u3genue NpouaET KOHTPOIb}, coObITHE B, = {m3nenue
OTBEYAET CTaHJAPTY}, coObiTHe B, = {n3nenue He oTBeuyaeT craHAapTy}. CoObitue 4 MOXKeT
IPOM30UTH JIMIIb MPU YCIOBHHU TOSIBIEHUS OJHOTO W3 COOBITHIA: cOObITUs A/ B, = {KOHTpONb
NPU3HAET NPUTOJHONW CTAHIAPTHYIO JeTanb} WM COObITUS A/B,= {KOHTPOJIb MpPU3HAET
MPUTOTHON HECTAaHIAPTHYIO IE€TaJb | .

ITo ycnosuto 3agaun P(B,) = 0,95. Tak kak coOblTuss B, 1 B, HECOBMECTHBI U 00pa3yIOT
NOJIHYI0  Tpymmy, TO MO TeopeMeé O CyYMME BEpOSTHOCTEH TaKuX  COOBITUH
P(B,)=1-P(B,)=1-0,95=0,05. Ycnosusie BepositHocTH coObitust A: P(A/B;)=098,
P(A4/B,)=0,05.

Berancnum BEposSTHOCTD MTPOXOKICHHSI KOHTPOJISL HAyAauy B3SThIM u3aenuem, T.e. P(A4),
UCTIONB3YS OPMYITY IMOTHON BEPOSTHOCTH:

P(A) = P(B,)- P(4/B,)+ P(B,)- P(4/B,)=0,95-0,98+0,05-0,05 =0,9335 .

ITo ycnoBuio 331241 HEOOXOJMMO OIIPENIEIUTh BEPOSITHOCTh COOBITUSA B, / A cocToAIIero
B TOM, YTO H3JeJHe, MpoIIeiiee KOHTPOIb KauecTBa, OTBEYAET CTaHIAPTY, T.€. BEPOSITHOCTh
coObITHs B, mpH ycnoBuu, uTo cobbitue A npousouuto. BepostHocts P(B,/A) ompenenum o
dbopmyie baiieca:

P(B,)-P(A/B;) 0,95-098
P(A) 09335

P(B,/ A) = =0,9973.

Otget: 0,9973.

Tunosas 3axa4a(81-100). B sHeprocucteMe UMeeTcs rpymnna U3 4YeThIpeX OJHOTHUITHBIX
arperaTroB, HaXOAAIUXCA B HEC3aBUCUMBIX U OAUMHAKOBBIX YCIIOBHUAX. BepOSITHOCTB HCIIPAaBHOI'O

37



COCTOSTHUSI KQXJOT0 arperata B TeueHue BpeMeHu 7' ogumHakoBa v paBHa 0,6. CocTaBUTh 3aKOH
pacrpeneneHusl ITUCKPETHOW CllydalHOW BeMYMHBI X — 4YHMCJa arperaroB, HaXOIAIIMXCS B
HCIIPABHOM COCTOSIHUM B Te4yeHHue BpeMeHW 71 . HailTu 4ucioBble XapaKTEPUCTUKU ITOU
CIIy4allHOM BEJIMYMHBI.
Pemenune. Cinyyaiinas BenuuuHa X MOXKET IPUHUMATD CIAEAYIOIINE 3HAUCHUS:
X, =0 — HeT arperaToB, HaXOIALINXCS B HCIIPABHOM COCTOSIHUU;
X, =1 — oguH arperaT HAXOANUTCS B UCIIPABHOM COCTOSIHMM, TPHU — HET;
X, =2 — J1Ba arperara HaXoOAATCA B UCIIPABHOM COCTOSIHUH, A JIBA — HET;
X; =3 — TpH arperaTta HaxOIATCS B UCIIPABHOM COCTOSIHWM, & OJIUH — HET;
X, =4 — Bce 4eThIpe arperara HaXoIATCs B UCIIPABHOM COCTOSIHUU.
Beposithoctt  p, = P(X =x;) »Tux cobObituif Haxoasarcs mno ¢opmyne beprymu
n!
k!(n—k)
q =1- p.1Ilo ycnoButo 3agaun n=4, p=0,6, g=1-0,6 =0,4 umeem:
p,=P(X=x)=C;-0,6-04"",i=0,1,2,3,4.

VYuursiBas, uro 0!=1, B pe3ynpTaTe BIYMCIECHUHN IOTyYaeM:

P(k)y=C'p*q"™, rne C* = — YUCJIO COYETAaHUIl U3 7 DIEMEHTOB 10 Kk 3JIEMEHTOB,

_ _ _ 0 0 4-0 _ 4' _ .
Po=PX=x)=C,-0,6-04"" = —O!(4 - 0)! 1-0,0256 = 0,0256;
!
p=P(X=x)=C,-0,6'-04"" = % -0,6-0,064 =4-0,0384 =0,1536;
2 g2 aaie_ A 3-4
p,=P(X=x,)=C;-0,6"-04""=—--0,36-0,16 =—--0,0576 = 0,3456 ;
2121 1-2
!
ps=P(X=x,)=C,-0,6°-04" = % -0,216-0,4 =0,3456;
!
p,=P(X=x,)=C;-0,6"-04""= % -0,1296-1=0,1296.
3anuileM 3aKOH paclpeiesieHus MUCKPETHOW CiydyalHOW BenuuuHbl X — 4uHcia
arperaTroB, HAXOAAINXCS B UCITPABHOM COCTOSAHUHN B TCUCHHUC BPCMCHU TB BUC Ta6.HI/II_IBII
X; 0 1 2 3 4
D; 0,0256 0,1536 0,3456 0,3456 0,1296

BpIlunciaum 4uCIIOBBIE XapaKTEPUCTUKU CIIy4alHOW BEJIMYUHBL X :

Maremaruueckoe oxuganue M (X)  AucCKpeTHOM ciy4yaliHOM  BenmuuyuHbl X
BBIUKCIISIETCS 110 opMyIie

M(X)=x-p, +x, - py +X;-p; +..+Xx, P
M(X)=0-0,0256+1-0,1536+2-0,3456 +3-0,3456 +4-0,1296 = 2,4 .
Hucnepcust D(X) nUCKpeTHOM cydailHOW BETWYUHBI X BBIYUCISETCS IO popMyIie
D(X)=M(X*) - (M (X)),
rjae M(Xz):xl2 "Dy +x22 D, +...+xn2 D,

Torna

D(X)=0%-0,0256+1%-0,1536+2%-0,3456 + 3% - 0,3456 + 4° - 0,1296 — 2,4* = 0,96 .

Cpennee kBajipaTuyeckoe OTKJIIOHeHHeM o(X) ciaydailHOM BeauMuMHBl X HAXOJUM IO
bopmyne
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(X)) =+/D(X).

(X)) =+/0,96 ~ 0,98

OTtBeT:
X; 0 1 2 3 4
D; 0,0256 0,1536 0,3456 0,3456 0,1296

M(X)=2,4; D(X)=0,96; o(X)~0,98.

Tunosas 3agaua(101-120). Cnyuaiinas BenuunHa X 3aaHa GYHKIHEH pacripeiesieHus

0 mpu x<1

1 1 . .
F(x)=<{=x>—— mnpu 1<x<3. Haiitu: a) NI0THOCTb paclpejielieHusi BeposTHOCTel f(x);

I npu x>3
0) Maremarmueckoe oxugaHue M (X), mucnepcuto D(X) u cpemHee KBaJpaTHUECKOE
OoTKJIOHEHHE o (X) ciaydallHOM BEJIMYUHBI, B) BEPOSTHOCTh TOTO, YTO ClyyaliHas BEJIMYMHA

1
IIPUMET 3HaYEHUE Ha OTPE3Ke {2; 25} .

Pemenue.
a) Ilo Bugy F(x) MOXHO 3aKJIIOUWTh, YTO 3aJaHHAs €0 HEMpEephIBHAS CIlydaiiHast

BeJIMUMHA X TIPUHAIJIEKUT OTPEIKY [1; 3].
0 npu x<1
f(x)=F'(x) = f(x)= %x npu 1<x<3.

0 nmpu x>3
0) Maremartnyeckoe OXKHJAaHUE, TUCIEPCHUI0 U CpPEAHEe KBAIPATHUYECKOE OTKIOHEHUE
HaiaeM 1o popMynam:

M(X) = [xf(¥)dx, D(X)=[x"f(x)dx—(M(X))’, o(X)=/D(X).

[Tonygyaem
: 3 33 313
M(X):jx.lxdx:lj)Cde:l.x_ :l_ 3__1_ :222_’
1 4 41 4 3 1 4 3 3 6 6
3 2 3 .
D(X):sz.lxdx_[ﬁj N L _@:[ﬂ_ij_ﬁzs_ﬁzg,
4 6 4 16 16) 36 36 36

1 36 16 |1 36
[11

o(X)=,—=055.
36

B) BeposTHOCTH Mmomnaganus HEMPEPHIBHON CITy4aifHOM BEJIMYMHBI B 3aJaHHBIA WHTEPBAJ

(a,b) waxomum mo dopmyne P(a< X <b)=F(b)-F(a). Tak xak a=2, b:Z% u

1 , 1
F(x)==—x"——, TO:
(x) 2 2

2
Hosxsod)er(ol) =L () - (Lot L 2L sots o
2 2 8 \2 8 8 8) &8 4 8 32 32

39




0 nmpu x<I1
OtBer: a) f(x)= %x npu 1<x<3;0) M(X)Izé,D(X)Z%,O'(X)%O,SS;B)

0 npu x>3

32

Tunosas 3agaua(121-140). Cuwmraercs, 4TO OTKIOHEHHE JIJWHBI H3TOTABIMBAEMBIX
JleTaJle OT CTaHJapTa ABJIAECTCS CIy4alHOM BEJIMYMHOU X , pacIpeleseHHON 110 HOPMaIbHOMY
3akony. CtangapTHas anuHa (MaTemMaTudeckoe oxxkunanue) a = 40 cM, cpeliHee KBapaTHiecKoe
oTtkioHeHue o =0,4 cm. HaliTu: a) BEpOATHOCTh TOTO, YTO JJIMHA M3TOTABIMBAEMBIX JeTajiel

P(ZSXSZ%j: 2

OpUMeT 3HaueHue, MpuHamIexamee uutepBany (39,7;40,2); 6) BepoATHOCTH TOTO, YTO
OTKJIOHCHHE JIJTMHBI OT CTaHJAPTHOM COCTABUT IO aOCOJIOTHOU BenmuuuHe He Oosee 0,6 cM; B)

MHTEPBAJI, B KOTOPBIA MONALyT 3HAYEHHs JJIMHBI U3TOTABIMBAEMBIX JIETAlEH C BEPOATHOCTBIO
0,9973.

Pemenue.
a) [lo ycnoswuto 3amaun umeem: X — nnuHa getamm, a =40, o =0,4, a =397,
P =40,2. TloxcraBuB 5TH JAaHHBIE, B (OPMYITY BEpPOSTHOCTU TMOMAJAaHHsI  HOPMAJIBHO
pacrpeneneHHON Ciy4JaiHO#M BEJTNYUHBI X B WHTEpBaJ (a, )
Pla<X<p)= Cb(ﬂ — aj — Cb[ﬂj , TIOJy4YUM:
o o
Pla<X<p)= @(%j - @(Mj =d(0,5) - D(-0,75) =

=0,1915+0,2734 = 0,4649 .

3navenus ¢yHkiuu Jlammaca HAXOAUM B IPHIIOKEHUH 2.
0) X — mnuna neranu. [o ycnoBuro 3aauu 3Ta BeIHMYMHA JOJKHA OBITh B MHTEPBAJE OT
(a—0) no (a+9d),tne a=40 u 6 =0,6.

[ToncraBuM umeromuecs TaHHbIE B hopmyy P(|X - a| <0)= 2®(£j , IIOJTy4UM:
o

P(X —40/<0,6) = 2@[3’2] =2d(1,5) =2-0,4332 = 0,8664 .

b
CrnenoBaTenbHO, BEPOSTHOCTh TOTO, YTO M3TOTaBIMBAaEMbIE ACTAN IO JUIMHE OYAyT B
npenenax ot 39,4 no 40,6 cwm, coctapusger 0,8664 .

B) Ilo ycrmoButo 3agaun umeem: a =40; o =04 ; P(|X - 40| <0)=0,9973.

[Tpumensis popmyy P(|X - a| <0)= 2®(£j , I0JIy4aeM pPaBEHCTBO:
o
20 2209973 wnn o -2 | =0,49865
0,4 0,4

2 2

[To Tabnuiie mputokeHusI 2 HAXOAMM, UYTO Takoe 3HaueHune QyHKIU Jlammaca umeeT nmpu

x =3 . CiienoBareibHO, % =3, o0tkyma 0 =1,2.

Takum 00pa3oM, MOXXHO TapaHTHUPOBAaTh, YTO JJMHA JIeTadud OyIeT H3MEHSThCA B
npenenax ot 38,8 no 41,2 cm.

Oreer: a) 0,4649 ; 6) P(|X — 40/ <0,6) = 0,8664; B) X € (38,8;41,2).
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Tunosas 3agaua(141-160). {ansr usmepenus 100 ob6paborannbix neraneil. B tabmuie
yKa3aHbl 3HaY€HHsI OTKJIOHEHUH OT 33JJaHHOTO pa3Mepa U COOTBETCTBYIOIINE UM YaCTOTHI.

(x 5x%] | (~2:-15]] (-15;-1] | (-1;-0,5] | (-=0,5;0]| (0;0,5] | (0.5;1] | (1;1,5] | (1,5;2]
n, 2 4 10 18 23 21 13 9
Cuwnrtasi, 4yro mpu3HAK X —OTKJIOHEHHUE OT IMPOEKTHOTO pa3Mepa — TMOJYUHSIETCS

HOPMaJIbHOMY 3aKOHY pachpeneiieHus, 1) MOCTPOUTh TMCTOrPaMMy OTHOCHUTENIBHBIX YacTOT;
2) 3amucaTh JUCKPETHOE pachpeneieHue NMpu3Haka X ; 3) HAaWTH BBIOOPOYHYIO CPEIHION U
UCIIPABIEHHOE CpeJHEe KBaIpaTUYECKOE OTKIIOHEHHE; 4) yKazaTh NOBEPUTEIbHBIA HHTEPBAI,
MOKPBIBAIOIIUN ¢ HAAeKHOCThIO 0,95 HEW3BECTHOE MaTeMAaTHUYECKOE OXKHUIaHWE a MpH3HAKa
X ; 5) ykazaTh JOBEPHUTENbHBIM WHTEPBAJ, TOKPHIBAOIINN ¢ HaleKHOCTRI0 0,95 HemsBecTHOE

CpCAHCC KBAAPATHUYCCKOC OTKIIOHCHUC O IIPHU3HAKa X.

| S

Pemenne. 1) J[iis kaxa0ro MHTEpBajia BBIYMCIAM OTHOCHUTEIBHYIO 4acToTy W, =— U

S

. /4
INIOTHOCTh OTHOCHUTEIBHON YaCTOTHI 7’, rne n=100 — ob6vem BbIOOpKH, h=0,5 — miuHA

JTr000T0 YaCTUYHOTO MHTEpBaja. Pe3ynbTaTsl 3aHOCUM B TaOIHILY:

(v 5x] | (2:-15]| (<1,5:-1] | (-1;-0,5] | (=0,5;0]| (0;0,5] | (0,5;1] | (1;1,5] | (1.5;2]
n, 2 4 10 18 23 21 13 9
/4 0,02 0,04 0,1 0,18 023 | 021 | 0,13 | 09
% 0,04 0,08 0,2 0,36 046 | 042 | 026 | 0,18
Jlanee CTpOMM THCTOTPaMMy OTHOCHUTENIBHBIX YacTOT — CTYNEHYaTyio (uUrypsl,

COCTOAIIYHO M3 MPAMOYTI'OJbHUKOB, OCHOBAHHA KOTOPBIX YaCTUYHBIC MHTCPBAJIbLI, @ BBICOTHI —
COOTBCTCTBYIOIINEC 3HAUCHUS INIOTHOCTU OTHOCUTCIIBHBIX YaCTOT.
W A

1z

h
0,4

0,2

0 1
Puc. 7

2) 3anuiueM JUCKPETHOE paclpe/esieHne Npu3Haka X , IPUHSB B KAYECTBE €r0 BApUAHT
CepeIMHbI COOTBETCTBYIOIINX UHTEPBAJIOB!

0,25
23

0,75
21

1,25 1,75
13 9

X, “1,75 | 1,25

n, 2 4

1

-0,75
10

—-0,25
18

3) Be16opounyto cpeaHIo HaxoauM 1o Gopmyie:
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1
Xp :—-le.-nl..
n X

ITonyuyaem:
Xy =ﬁ-(—1,75-2—1,25-4—0,75-10—0,25-18+O,25-23+0,75-21+1,25-13+1,75-9):0,33.

Brruncisiem ucnpaBieHHYIO JUCIEPCHUIO o Gpopmyie:

1 k
2 2 2
S =— X. —X ‘n..
1i=1(1 B) i

st = %((—2,08)2 24 (=1,58)* -4+ (~1,08)* - 10 + (—0,58)* - 18 + (—0,08)* - 23 + 0,42” - 21)+

1

Jr®(0,922 1341422 9)= 9930

0,7.

Haxoaum ucnpaBieHHOe cpelHee KBaIpaTHUECKOE OTKIOHEHHUE:
s=4s5" ~0,84.
4) JloBepuTeNbHBIM HWHTEpBaJ], IMOKPHIBAIOINWNA ¢ HaAekHOCThIO (0,95 HemsBecTHOE

MaTeMaTHYeCKOe OKMAAHWE a TpH3Haka X , B ciydae OOJIbIION BBIOOPKH MOXKHO ONPEAEIHUThH
U3 IBOMHOI'O HEPAaBEHCTBA:

s - s
Xp—tl-—F—=<a<Xxp+t-—F—,

Jn Jn
rzae ¢t —aprymeHT GpyHkuuu Jlamnaca, amus KoToporo @(t) = % ,
y —HanexHocTh (y =0,95).

Tak kak cD(t) = 0’295 = 0,475, To o TabauIe nprIokKeHus 2 Haxoaum ¢ =1,96.

JloBepuTeNbHBII MHTEpBaJ, MOKpbIBAlOIMN ¢ HaaexHocTelo 0,95 HeusBecTHOE
MaTeMaTHIecKoe OXKHUIaHNE d , TAKOB:
0,33-1,96- 084 <a<033+ 1,96-M ,
~100 7100

0,17<a<0,49, umn (0,17;0,49).
5) JloBepuTenbHbI HMHTEpBaJl, MOKpBIBaIOUUMN C HajaexHocThio 0,95 HeusBecTHOE

CpeHee KBaJpaTUYecKoe OTKIOHEHNE O Mpu3Haka X , HaXOAUTCA U3 BOITHOTO HEPABEHCTBA:
s(l-qg)<o<s(l+q),

T7€ ¥ — HaJIeXKHOCTh (IOBEPUTEIHHAS BEPOSITHOCTD),

g, =q(n; y) —4ucio, onpesensiemMoe 1o tadiuuie 3.

B namewm ciyyae:

q, = q(100;0,95)=0,143 .
Torna:
0,84-(1-0,143) <0 <0,84-(1+0,143),
0,72<0<0,96.

Wtak, noBepuTeabHbIA UHTEPBAI Ui OLIEHKH HEU3BECTHOTO CPEIHEr0 KBaJIpaTHUYECKOTO

OTKJIOHEHHST UMEET BU/I (0,72; 0,96).

Otser: 3) X, = 0,33, s =0,84;4) (0,17;0,49); 5) (0,17;0,49).

42



3. METOAUYECKHUE PEKOMEH/JIALIUH ITO
CAMOCTOATEJBHOMY U3YYEHUIO BOITPOCOB

3.1. IlpousBosbHBIN Oa3uc. JIeiicTBUS Hall BEKTOpaMU B KOOpAUMHATHOU (popme.

basucom 6 mpocmpancmee Ha3BIBAIOTCS TIOOBIE TPU HEKOMIUIAHAPHBIX U HEHYJIEBBIX
BEKTOPA, B3STHIE B ONPEACTICHHOM MOPAIKE.

basucom ma nnockocmu Ha3BIBAIOTCS JIOOBIE J1Ba HEKOJIMHEAPHBIX M HEHYJICBBIX
BEKTOPA, B3STHIE B ONPEAETICHHOM MOPAIKE.

BCKTOpBI a,....,a Ha3BIBAIOTCS JIUHEUHO 3asucumsvimu, €CJIN CYIICCTBYCT JIMHEHAas

n

KOMOMHaIMs «,a, +a,a, +...+a,a, =0 TpH HE pPAaBHBIX HYIIO OJHOBPEMEHHO «,, T.C.
al +ai +.+a’ #0.

Ecnu xe paBeHCTBO «a, +a,a, +...+a,a, =0 BbIIONHAETCA TOJNBKO npu ¢, =0, TO

BEKTODPbI Ha3bIBAIOTCS JIUHEUHO HE3A8UCUMBIMU.

Cesoticmea TuHeuHo 3a6UCUMBIX 6€KIMOPOS.

1. Ecnmu x cucrteMe JIMHEHHO 3aBUCHUMBIX BEKTOPOB J100AaBUTh OJMH MM HECKOJIBKO
BEKTOPOB, TO IOJyYEHHAs CUCTEMa ToKe Oy/leT IMHEHHO 3aBHUCHMA.

2. Cucrema BEKTOPOB JHMHEWHO 3aBHCMMa TOTJAa W TOJBKO TOTJA, KOTJA OIMH U3
BEKTOPOB IIPEJCTABIAET COOOM JTMHEHHYIO KOMOWHAIMIO OCTAJIbHBIX BEKTOPOB.

3. JIroOble aBa KOJUTMHEAPHBIX BEKTOpA JIMHEHHO 3aBUCHMBI M, HA00OPOT, JOObIE 1Ba
JMHENHO 3aBUCUMBIE BEKTOPBI KOJUIMHEAPHHBI.

4. JItoOble TpU KOMIUIAHAPHBIX BEKTOPA JIMHEHHO 3aBHCHUMBI M, HA00OPOT, JIOObIE TpU
JVHENWHO 3aBUCUMBIE BEKTOPbI KOMIIJIAHAPHBI.

5. JIroOble "yeThIpe BEKTOpa JINHEIHO 3aBUCHMBI.

Ecnu e, e,,e; — 0a3uc B ImpOCTpaHCTBE U a =ae, + e, +y e;, TO uucna o, [,y

Ha3BIBAIOTCS KOOPOUHAMAMY 6eKMOpA d B 3TOM Oasuce.
Opmom KOOPIAMHATHOM OCH Ha3bIBAETCSl €IMHUYHBIA BEKTOp, HAlpPaBIEHHE KOTOPOTO
COBIIAJIAET C MOJIOKUTEIbHBIM HAIIPaBICHUEM OCH.

Oprtel oceti Ox, Oy u Oz 0003HAYAIOT COOTBETCTBEHHO f,]',/; . DTH BeKTOpa 00pasyroT
OPMOHOPMUPOBAHHDIL (NPAMOY20IbHBLU 0eKAPMO8blil) Oa3uc.

IIpumep. Jlokazate, uto BekTopbl d(3;—1;0), 5(2;3;1) u c(-1;4;3) obpasyror
0a3uc U HAWTH KOOPJMHATHI BEKTOPA d(2;3;7) BoTOM Gazmce.

Pemenune. ba3ucoM B MpOCTpaHCTBE HA3bIBAETCSI CHUCTEMa TpeX HEKOMIUIAHAPHBIX
BektopoB. Tpu  Bektopa  d(x,;;y,:z), I;(x2 :v,:2,),  CE(xy;v,52z,)  sBnsoTes
HEKOMIUTAHAPHBIMU, €CIU OIpENeIUTeNlb, COCTaBICHHBIA M3 KOOPAMHAT JaHHBIX BEKTOPOB,
OTJIMYEH OT HYJIs, T.€.

Xz
abé = X, ¥V, z,|#0.
X3 V3 Z3
[TomcTaBUM KOOPMHATHI BEKTOPOB 4 , hucs OTIPEICITUTEIb:
3 -10
abé=[2 3 1/=22#0.
-1 4 3

Tak kak 3HaueHHE OMPEACTUTENSI OTIIMYHO OT HYJISl, TO BEKTOPBI d, b M ¢ 00pa3yroT
0a3uc, ¥ BEKTOp d JUHEHHO BBIpa)KaeTcs 4epe3 0a3uCHbIC BEKTOPHI:
d=x-a+y-b+z-c.
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3anwuiieM JaHHOE PaBEHCTBO B KOOPAUHATHOU (hopme:
(2;3;7)=x-3;-1,0)+y-(2;3; 1) +z-(-1,4;3).
CpaBHI/IBaH OOIHOUMCHHBIC KOOpI[I/IHaTBII

2=x-3+y-2+z-(-1) 3x+2y—z=2
3:x-(—1)+y-3+z-4 wim —x+3y+4z=3.
T7=x-0+y-1+z-3 y+3z=7
Pemraem nomydennyto cucremy no popmynam Kpamepa:
3 2 -1
A=-1 3 4|=27+0+1-0-12+6=22,
0 1 3
2 2 -1
A =3 3 4|=18+56-3+21-18-8=60,
7 1 3
3 2 ~1
Ay=-1 3 4]=27+0+7-0+6-84=-44,
0o 7 3
3 2 2
A =-1 3 3|=63+0-2-0+14-9=66.
0 1 7
Haxonum:
A 66 A A 6
A 22 A 22 A 22

[ToaTomy 6?(3;—2;3) B Oa3uce a, buc.

Otser: (3;-2;3).

3.2. [lonsipHas cucrema koopauHaT. B3auMHoe pacronoxeHue NpsMbIX U IIIOCKOCTEN

1. Crioco0 3aanust MOJISIPHONU CHUCTEMBI KOOPIMHAT.

2. OrpaHnyeHus s NOJSIPHOTO paguyca U MOJISPHOIo yIia.

3. CBs13b MeXy NPSIMOYTOJIBHBIMY U OJIIPHBIMUA KOOPAMHATAMH.

4. Ilpumepbl HAX0KAEHUS KOOPAUHAT TOYEK B MOJSIPHON CUCTEME KOOPAUHAT.

[Tomumo adduHHON cHCTEMbI KOOPAMHAT W €€ MOMYJSIPHOTO YacTHOTO ciyyas —
IPSIMOYTOJIBHOM (I€KapTOBOM) CHUCTEMBI, CYLIECTBYIOT M JpPYrM€ MOAXOJbl K IIOCTPOEHUIO
KOOPJAMHATHOM CETKU IUIOCKOCTH M IPOCTPAHCTBA. B 4acTHOCTH, HIMPOKOE pacHpOCTPAHECHUE
NOJy4Hsia MOJASPHAs CUCTeMa KOOPIAMHAT, KOTOpasi HEBEPOSTHO YAOOHA JJIsl pEeLIeHUs 1IeJI0r0
CIIEKTpa IMPAKTUYECKUX 3aaad. M dyepe3 cunTaHHbIE MUHYTBI, HE YCIIEBIIN ONOMHHUTBCS, BBl YK€
Oyzere yBepeHHO OpUEHTUPOBATHCS B MOJIIPHBIX KOOpAWHATAX !

YroObl omnpenenuTh MONSAPHYIO CUCTEMY KOOPAMHAT Ha IIJIOCKOCTH, JOCTaTOYHO

3aMKCHPOBATH HAYAIO KOOPAMHAT & ¥ 3a/1aTh eIMHUUHEIA KOOPAMHATHBIH BekTop ! . Touka ¥

Ha3bIBAC€TCS MOJIIOCOM, a JIy4 OF | COHAIIPABJICHHBI C BEKTOPOM ! — MOJISIPHOH OCBIO.
I'padmyeckuii mabioH — Wpolie HEKyAa, OJHAa TOYKa, OJUH BEKTOP, OJHA JIMHUS:
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o P

Ha mpakTrke BMecTO BEKTOpa MOXKHO T/ie-HUOY/Ib B YTy yKa3aTh Maciitad, Hanpumep: 1 ex. =
1 cm (mBe TeTpanmubie KieTkw). [0 BO3MOXKHOCTH, CTapailTech BBIOMpATh MMEHHO TaKYyIo,
yI100HYI0 BO MHOTUX OTHOIIEHUSX METPUKY.

A Tenepb caMa MSKOTKa:

Jwbas omauunas om Hawana Koop()uﬂam TOYKa M INIOCKOCTH OAHO3HaA4YHO

=M
ONpPEACIAETCS CBOMM PAaCCTOSHHEM |O |OT MOJIIOCA U OPUEHMUPOBAHHLIM YIIIOM @
MEXIY HOJISIPHOU OCBIO u OTPE3KOM OM .

r=0 @ ; r=|0M |
Hns camoro monroca =Y, a yron * He ompenenéH. Yucio Ha3bIBAIOT MOJISIPHBIM
paamycom Toukn M wmu nepeoii nonspuoii Koopoumamoii. PaccTosHHe He MOXET OBITH

OTPHLATEIBHBIM, [0ITOMY MOMSIPHBIA paguyc moboit Touku 7 =U. IlepByro momspHyro
KOOPIMHATY TaKkKe OOO3HAYAIOT IPeuecKoil OYKBOM © («po»), HO s MPHUBBIK K JATHHCKOMY
BapHaHTy, U B JaJIbHENIeM Oyny HCIOIb30BaTh €To.

Yucno ¥ naseiaror NOJSAPHBIM YIJIOM JIaHHOW TOYKH WU 6mMOpoU NOJAPHOU

. . — <
koopOunamoti. TIONAPHEIA yrom CTaHAAapTHO H3MeHsercs B mpegemax -+ = =7 (rax

Ha3bIBACMBIC c2ia6Hble 3HAYEHUA yeﬂa). O,Z[HaKO BIIOJIHC AOMYCTUMO HCIIOJIB30BATh AJHUAIIA30H
0=

, @ B HGKOTOPBIX CIIy4asx ¥ BOBCE BO3HUKACT MpsiMas HEOOXOAUMOCTh PACCMOTPETh
BCE 3HAUCHUS YIJia OT HYJISI 10 «IUTFOC OECKOHEYHOCTH». PEKOMEHIyI0, KCTaTH, MPUBBIKHYThH K
pamuaHHOW Mepe yIiia, MOCKOJIbKY OMEpUpOBATh TPAycaMy B BBICIICH MaTeMaTHKE CYMTACTCS
HEe KOMHIITB(DO.

[Tapy (. @) yaseisaror NOJSIPHBIMHA KoopauHaTamu Touku 4 . 13 AOMP perko
HAlTH U X KOHKPETHBIE 3HaueHus. TaHr€HC OCTPOro yriia NpsIMOYTroJIbHOTO TPEYTOJIbHUKA —

€CTb OTHOIICHUEC ITPOTHUBOJICKAIICTO KAaTCTAa K NPUJIC)KAILICMY KATCTY: o 2 ,
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3
@ =arcig— = 0,98 pag. & 56°
CJIe10BATENIBLHO, CaM yroJL: 2 . TTo Teopeme TTudaropa, kBagpar

2 ¥ ¥
THIIOTEHY3bI paBeH cyMMe KBagpatos katerop: O~ =08 +MF" syauur, nonstprerit paguyc:

reAJOPP A MP =2 43 =13 = w366

3
M ('\"ﬁ L arcig —]
Takum o6pazom, 2/

Onun IIMHTBUH XO0po11oO, a cras - JIydiie

T e . EARY R 2 2N oy T
K[dl, 6],_.5(2, 0, M[h_z czrcfgz],l\f(z, 2], P[ 4] R(28.7m), S[ e ] T[l, 2]:

i o i
R e
OTpunaTeIbHO OPUEHTUPOBAHHBIEC YTJIBI sI Ha BCAKHH ciy4au

OTMETHJI CTPEJIKaMHU, BIAPYr KTO-TO W3 4yuTaTenei emeé He 3Ham o0 3Toi opueHTaruu. [lpu
KeNaHHUH MOXKHO «IIPUKPYTUTH» K KaXIOMY M3 HUX 1 o6opoT (27 paxa. umu 360 rpagycoB) u

MOJIyYUTh, K CJIOBY, yIOOHBIE Ta0JUYHbIE 3HAYECHMSH:
o __;?r_i_zﬁ_ll;?r o __2;='T+2ﬂ_ dar __}‘T+2ﬂ__ ST
g g 0 z 7’ 2 2

Ho HenocTaTok 3THX «TpagULIMOHHO» OPUEHTHPOBAHHBIX YIJIOB COCTOMT B TOM, YTO OHHU
ciumkoM faneko (Oonmee deMm, Ha 180 rpamgycoB) «3akpydeHbD» MPOTHB YaCOBOH CTPENKH.
[IpequyBCTBYI0 BOIPOC: «IOYEMY HEAOCTATOK M 3a4eM BOOOIIE HYXHBI KaKHE-TO
OTpHULATENIbHbIE YIIIbI?» B MaTemMaTHke LIEHATCA camble KOPOTKUE M panMoHanbHble yTH. Hy a
YK C TOYKM 3peHHs (PU3MKHM HAINpaBlIEHHE BpAILEHHUS 3a4acTyl0 HMeEeT NPUHIMINAIBHOE
3HaUEHUE — KaKABIH U3 HAC MBITAJICSA OTKPBITh IBEPH, AEPrask pyUuKy HE B Ty CTOPOHY =)

ITopsiiok ¥ TEXHUKA MOCTPOECHHS TOYEK B MOJISIPHBIX KOOPAHHATAX

KpacuBble KapTMHKM KpacHBBI, OJHAKO IOCTPOEHHUE B IMOJIAPHOW CHCTEME KOOpAUHAT —
3aHATHE JOCTAaTOYHO KpOMOT/INBOe. TpynHOCTE He BO3HUKAET C TOYKAMHU, Y KOTOPBIX HOJISIPHBIE

=0, p= +— L P=TT
JIBI COCTaABJIAOT B Haliem IIpUMEPE 9TO TOYKHU
b

L2, 0, N[? "TJ R(2.8 ), 7{1 —_J
) OCO6BIX XJIOIIOT TaKXE HE OOCTaBIAKOT 3HAUYCHUA,

46



3
9, —

4

KpaTHble 45 rpagycam: . Ho xak npaBuiabHO U rpaMOTHO MOCTPOUTH, CKAKEM, TOUKY

3[3; —E]
349

[ToTpeOyeTcss kneTdaTblii JTUCTOK Oymarw, KapaHJalml U CIASAYIOIIHEe YepTEKHBIC
UHCTPYMEHTHI: JTMHEWKa, IUPKYJb, TPAHCHOPTUDP. B kpaiiHeM ciaydae, MOXKHO 000OMTHUCH OHOM
JUHENKOM, a TO... ¥ BoBce 0e3 He€! UnTaiiTe maibiie U BBl MOJYYHUTE €II€ OHO JI0KAa3aTeIbCTRO,
YTO 3Ta CTpaHa Hermobeauma =)

ITpumep 1
3(3-,—2—er
ITocTpouTs TOYKY 3 B IIOJISIPHOW CHCTEME KOOPAUHAT.
Crtpoum =)
_am
IIpexne Bcero, HEOOXOOUMO BBIICHUTh TPaJyCHYIO Mepy yria 3 . Ecmu yron

MaJIO3HAKOM HJIM BaC €CTb COMHCHHA, TO BCEraa JIydll€ BOCIIOJb30BaTbCsA Taﬁnn!!eﬁ h19%(s10)

o0mieit gopmymnoii mepeBoja paguaHOB B rpaaychl. MTak, Haml yroi COCTaBiseT ~ 120° (nnu
2407,

HaueptuMm mnossipHyro cuUCTEMY KOOpPAMHAT (CM. Hadajgo ypoka) M BO3bMEM B PYKHU
tpancnoptup. OOnamaTensiM Kpyriioro HMHCTPYMEHTa HE COCTaBUT TpyAa OTMETUTh 240
IpagycoB, HO ¢ OOJBIION BEPOATHOCTBIO y BAC HA pyKax OyIeT MOJIyKpyrjas Bepcus JeBaiica.
[Ipobnema MOTHOTO OTCYTCTBUSI TPAHCHOPTHPA MPHU HAJMYUU MPUHTEPA U HOXKHUI[ peliaercs

pPYKoOJeJaHeM.
Ectb 1Ba myTH: nepeBepHyTh JUCTOK U OTMETUTH 120 rpaaycoB, TMO0 «IIPUKPYTHTH) MOJI
ar.o
000poTa ¥ PacCMOTPETh MPOTUBOMOIOKHBIN yroJ 3 3, Bri6epem B3pociblil criocod u
caenaemM OTMETKY B 60 Ipagycos:

To nu TpaHCHOPTUDP JWIUIYTCKUHM, TO JM KJIETKA TUTaHTcKas =) Brpodem, 4ToObl OTMEPHUTH
yroJ MacirTad He BaKeH.

[TpoBoauM KapaHAANIOM TOHKYIO MPSIMYIO, MPOXOMSAIIYI0 Yepe3 TOJIC U CHCTaHHYIO
OTMETKY:

A

C yrnom pa3zoOpanuch, Ha OdYepeau MOJSAPHBIA pamuyc. bepéM nupKyndsr W MO JIMHeike
YCTaHaBJIMBAEM €ro pacTBOp B 3 CAWHUIIBI, YallC¢ BCCTO, 3TO, KOHCYHO XKC, CAHTUMCTPLI:
Tenepb akKypaTHO ycTaHaBIMBaeM HIJy Ha MOJIOC, M BpallaTeIbHbIM JBUKEHHUEM BBIIOJIHSIEM

23T

3

3(3;— J
HeOONbIIyI0  3aceuky  (KkpacHblii  1BeT). Mckomas  Touka MOCTPOEHA:
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b

MoxHO 060iiTHCh 0€3 HUPKYIIS, MPUIOKUB JTHHEHKY HETIOCPEACTBEHHO K MOCTPOSHHON MPSIMOi
1 oTMepuB 3 canTuMeTpa. Ho, kKak Mbl YBUIIUM T03K€, B 32/1a4aX HA NMOCTPOEHNE B MOJSIPHOM
cucTeMe KOODAMHAT THUIHMYHA CHUTyalMs, KOTJa HYXHO OTMETUTh JBe wuiau OOubliee
KOJINYECTBO TOYEK C OJHMM U TEM K€ MOJIIPHBIM PaJnycoM, MO3TOMY 3((eKTUBHEEe 3aKasTh
MeTall. B yacTHOCTH, Ha HallleM uyepTexe, pa3BEpHYB HOTy LupKyias Ha 180 rpamgycos, jerko

3

3]
CENaTh BTOPYIO 3aCEUKY M MOCTPOUTH CHMMETPUUYHYIO OTHOCUTENIBHO IOJIFOCA TOUKY .
Ha neit naBaiiTe u orpaboraem mMarepual cienyroiero maparpada:
B3aumocBs3b NPAMOYIOJbHON U NOJAAPHON CHCTEMBI KOOPAHMHAT
OueBuaHBIM 00pa3oM npucoedunum K TOJSAPHON cCHCTEME KOOPAMHAT «OOBIYHYIO»

)
KOOpJAMHATHYI0  CETKY UAT g wsobpasuM  Ha  €eprexe  TOUKY 37

7

Y i H H :
Takoe npucoequHeHNE BCETAA MOJIE3HO JEPKaTh B FOJIOBE, KOTAA BBIIOJIHAETE YEPTEK B
HOJISIPHBIX KOOpAMHATaX. XOTs, BOJIEH-HEBOJIEH OHO HAIIPALIMBAETCS M O€3 JIMIIHEro HaMEKa.

Y cTaHOBUM B3aMMOCBS3b MTOJISIPHBIX (@) JEKAPTOBBIX (% 5] KOOPAMHAT Ha IIpUMepe
f f
KOHKPETHON TOYKH S PaccMoTpuM IIpsIMOYTOJIBHBIN TPEYTOJIBHUK CHY g KOTOpOM

t — v v
THIIOTEHY3a PaBHA MOJSPHOMY PafHycy: 9% =7 a KaTeThl — «MKCOBO» U KUIPEKOBOH»

v = r =
KOooOpAuHAaTaM TOYKU S B ICKAapTOBOU CUCTCME KOOPAUHAT: O = 5 '}J

CuHyC OCTpPOro yIJjia — €CTh OTHOLIEHHE TPOTUBOJIEXKAILETO KaTeTa K THIIOTEHY3€:
r

sitl .:;::ﬁ:%:»y:rsm@
Kocunyc ocTporo yriia — eCTh OTHOIICHHE PHUJISKAIIETO KaTeTa K THIIOTeHY3e:
_OH  x o
Cos = el X=rcosg

3a0/THO TIOBTOPHJIM OIIPEAETICHHUS CHHYCa, KOCHHYCa (M 9yTh paHee TaHTeHCa) U3
nporpaMmsl 9 kiacca o011e00pa3oBaTeIbHON IKOJIBI.
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[oxanyiicra, 3aHECHTE B CBOW CIIPAaBOYHUK paboume dopmyisr 7 CoF & ¥ =rsn &

BbIpaXKarolle J1eKapTOBbl KOOPJAUHATBHI TOUKH uepe3 €€ MOJSpHbIE KOOPAUHATHI — C HUMU HaM
NpUAETCS CTONKHYThCS el€ HEOJHOKPATHO, U B CIEAYIOIIUN pa3 MpsMO ceddac =)

T
S'(B‘, —]
HaiinéM xoopauHaThl TOYKHU 3/ 8 IIPSIMOYTOJIBHOM ~ CUCTEME KOOpAUHAT:
T 1 3
r=roesp=3cos—=3—=—
3 2 2
: : 300343
V=7 ﬂ?=35111£: 3£= MII— r oG
3 2 2
o333

Takum o6pazom: :

[Tony4yennble (GOpPMYNBI OTKPBHIBAIOT €mIE OJHY Ja3eiiky B 3ajjaue MOCTPOSHHs, KOT/a
MOHO 000MTHCh BOOOIIE O€3 TPaHCIIOPTUPA: CHAaYajJa HAXOJUM JI€KapTOBbI KOOPJUHATHI TOUYKH
(TTIOHATHO, HAa YEPHOBUKE), 3aTEM MBICIEHHO HAaXOJUM HYXXHOE MECTO Ha YEpPTEKE U OTMEUAEM
JaHHYI TO4Ky. Ha 3akiarouMTensHOM 3Tame MpOBOAMM TOHKYIO NPSAMYIO, KOTOpas IPOXOIUT
yepe3 MOCTPOEHHYIO TOUKY U MOMIOC. B pesyibrare momydaercs, YTo yroi sikoObl ObIIT OTMEPSH
TPAHCIIOPTUPOM.

3a0aBHO, YTO COBCEM OTYasiHHbIE CTYJIEHTBI, MOTYT OOONTHUCH Naxe 0e3 JMHEMKH, UCIONIb3Ys
BMECTO HeE POBHBIM Kpail ydeOHWKa, TETpaaul WM 3a4€THOW KHWKKH — BEIb O METPHKE
103a00THIIHCH TPOU3BOIUTENH TETpaaeH, 1 KIeTka = 5 MIIITUMETPOB.

HammoMHnno MHe BCE 3TO M3BECTHBIM AHEKAOT, B KOTOPOM HAaXOQUMBBIE JETUYUKHU
IPOKJIAAbIBAIN Kypc o nauke beinoMopa =) XoTs, NIyTKH IIyTKaMM, a aHEKIO0T HE TaK JAJIEK OT
pEaTbHOCTH, TMMOMHUTCSA, HA OJHOM W3 BHYTpPEHHHUX peiicoB mo P® B naliHepe oTka3aiu Bce
HABUTAIIMOHHBIC TPUOOPBI, M SKUIAXK YCIEIIHO IMOCaAUI OOPT MPH MOMOIIK OOBIYHOTO CTaKaHa
C BOJOM, KOTOPBIM MOKA3bIBaJ YroJl HAKJIOHA caMOJIETa OTHOCUTENBHO 3eMJIU. A JIETHas MOJIOca
— BOT OHAa, U3 JOOOBOr'0 CTEKIa BUAHA.

Hcnonb3ys mpoUUMTUPOBAaHHYIO B Hauajie ypoka Teopemy [lucdaropa, nerko noiaydurts u

r=JOH? + HS? =[x 4

obpaTtHbie GOPMYIIBI: , CTIEZIOBATEIIbHO:
{;!' X X
cosffi=—= ——
I leﬂ +_}’2
- b Y
s P= =
» flf + yz

Cam yron «pwu» CTaHIAPTHO BBIPAKACTCS Yepe3 apKTaHTeHC — aOCOIOTHO TaK ke Kak U
APrYMEeHT KOMILIEKCHOI0 YHCJIA CO BCEMH €TI0 3aMOPOYKaAMHU.

Bropyro rpynmny gpopmyit Takxke mernecooOpa3HO MOMECTUTh B CBOM CITPABOYHBIN Oarax.

[Tocne mompoOHOTO pa3bopa MONETOB C OTAEIBHO B3ATHIMH TOYKAMHU MEpeUIEM K
3aKOHOMEPHOMY TPOJIOJKEHUIO TEMBI:

YpaBHeHHe JMHUHU B MOJSAPHBIX KOOPAUHATAX
[To cymecTBy, ypaBHEHHE JTUHHUH B MOJSIPHOW CUCTEME KOOPJIUHAT MPEICTABIISAECT COOOM

F =

(¢pyHknuo mnoasipHoro paamyca " or NoJsIpHOro yria (aprymenra). [Ipum stom

TOJSIPHBIIA yTON yIHThIBaeTCS B pajmanax () U Henpepoleno IPHHAMAET 3HaueHns ot U no 27
(uHo20a crnedyem paccmompems 00 OECKOHEeYHOCmU, Ul Jice 8 psde 3a0ay OJisl y0obcmea om
9o ). KaxnmoMmy 3HaueHHIO yriia «(pu», KOTOpPOE BXOIUT B 00JIACTH ONpeaeSieHHs

Gynkuum © T (@ , COOTBETCTBYET €AMHCTBEHHOE 3HAYEHUE NIOJIIPHOTO paanyca.
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[TonspHyt0 (PYHKIMIO MOXHO CPaBHUTH CO CBOCOOPA3HBIM pajiapoM — KOTJa JIyd CBeTa,
UCXOMAUIMM M3 TONI0ca, BpallaeTcs IPOTHB 4YacOBOM CTPENKH U «OOHapyKHBaeT»
(IpOpHCOBBIBAET) JIMHUIO.

JIeKypHBIM TIPEMEPOM TIOIAPHON KpHBOi sBNSeTCS Apxumedosa chupans ' ¥ Ha
CIIEAYIOLIEM PHUCYHKE H300pakeH €€ nepevlii eumok — KOTJa TOJSAPHBIA paguyc Beiel 3a

HOJISIPHBIM YIIIOM [IPUHUMAET 3HA4YCHUS oT 0 10 27T

Jlanee, mepecekas MOSAPHYIO OCh B TOUKe ' — - o, CrUpajb MPOJOKAT PACKPYIHUBATHCS,

OCCKOHEUYHO NaleKo YyAalssch OT moitoca. Ho mogo0HbIe cnydan Ha MPAaKTHKE BCTPEUYAIOTCS
JIOBOJIBHO peIKo; 0oJyiee THMHYHAS CUTYyalMs, KOTJa Ha BCEX MOCIEAYIONUX 000pOTax MbI

o e o o =
CIIPONIEMCH IO TOU KE CaMOU JIMHUKW», KOTOpasd MMOJy4Y€Ha B AUAIIa30HE 0= @< 2;?'?'

B IIEPBOM K€ IMPUMEPE MBI CTAJIKHMBACMCI H C IOHATHEM 00J1aCcTH _onpeeaeHus

TOJISIPHOM (DYHKIIMH: TTOCKOIBKY IOJSIPHBI pagmyc HeoTpuuareneH © = U 1o orpurarensHsle
YTJIBI 3]IECh pacCMaTPUBATh HEIb3S.

! Ilpumeuanue: 6 psde ciyuaes NPUHAMO UCHOAb308AMb 000OWEHHbIE NONAPHbBLE
Koopounamol, 20e paouyc moodicem Oblmb OMPUYAMENTbHbIM, U MAKOU N00X00 Mbl 6Kpamuye
U3YYUM YYMb NO3MHCE

Kpome crnupanu Apxumena, ecTb MHOXECTBO JPYTUX HU3BECTHBIX KpPUBBIX, HO
HCKYCCTBOM, KaK FOBOPUTCS, CHIT HE OyJellb, OITOMY s 1M000pai IpUMeEphl, KOTOPbIE OYEHb
4acTO BCTPEYAIOTCS B PeaIbHBIX MPAKTUYECKUX 3a/1aHUAX.

CHauvasa npocTeiiline ypaBHEHUs U IPOCTEUILINE JINHUU!

VpasHeHue BHIA ¢= K= const 3a7a6T MCXOMAMIKIA M3 momoca Jyd. JlefcTBUTENLHO,

BIyMalTeCh, €CIIM 3HAYCHHE yIia Bceraa (KakuM Obl HH OBLIO «3p») MOCTOSIHHO, TO KakKas 3TO
nuHuA?

Ilpumeuanue: 6 0600WEHHOU NOJAPHOU CUCTEMe KOOPOUHAm OAHHOe YPasHeHUe 3a0aém
APAMYIO, HPOXOOAWYIO Yepe3 NOI0C

VYpaBuenue Buna = K =const ONpPEAEIISIET. .. IOraJanTech ¢ MEpBOro pa3za — €Ciu IS
Jdoro yria «pu» pamuyc ocTaércss MOCTOSHHBIM? (DaKTHUYECKH 3TO ONpeeNieHHe
OKPVKHOCTH C IIEHTPOM B HOIIOCE paguyca & .

Hanpumep, * = 2, Jns  HarmggHOCTHM HAWAEM ypaBHEHUME JA@HHOW JIMHUU B
IPsIMOYTOJIBHOM cHucTeMe KoopAuHAT. Mcmomnp3ys MONyd4eHHYI0 B MpeslaylieM mnaparpade
dopmyy © T ¥ x oy , IPOBEIEM 3aMEHY:

eyt =2
BozBeném o0e yacTu B KBaapar:
xﬂ +_}’j — 22
— YPABHEHHE OKPVKHOCTH C LIECHTPOM B Hayaje KOOpJAMHAT paauyca 2, 4To
1 TpeOOBaJIOCh IPOBEPHUTH.

Co BpeMEH co3gaHus M penu3a CTaTbu O JIMHEHHOW 3aBMCHMOCTH W JIMHEHHOW
HE3aBHCHMMOCTH BEKTOPOB s TOJYYHJI HECKOJIBKO MHCEM OT MOCETUTENEH calTa, KOTOpbIE
3a/1aBajil BOTIPOC B JyXe: «BOT €CTh MPOCTas U YAOOHAs MPSIMOYTOJIbHAS CHCTeMa KOOpIWHAT,
3auéM HYKEH emé KaKOW-TO KOCOYTOoNbHBIM aduuHBIN ciaydaii?». OTBET MpOCT: MaTeMaTHUKa
cTpemutcs o0BATH Bc€ U Besi! KpoMe Toro, B TOM MM MHOHM CUTyalluu HEMAJIOBaXXHO YI00OCTBO —
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KaK BHUIHUTE, C OKPY)XHOCTBbIO 3HAUMTEIBHO BBITOJIHEE paboTaTh MMEHHO B IMOJSPHBIX

KOOPMHATAX IO MPUYUHE MPEACIBHOM MPOCTOTHI ypaBHEHUs 7 = CORSE

A nHoOrjga mareMaruyeckas MOJEIb NPEJBOCXUIIAET HaydHble OTKpbITUA. Tak, B CBOE
BpeMsi pektop Kazanckoro ynuBepcuteta H.M. JloGaueBckuii cTporo mokasaj, uepes
IPOU3BOJIBHYI0O TOYKY IUIOCKOCTM MOXHO IIPOBECTH 0OECKOHEYHO MHOI0 NPSAMBIX,
napajuleJbHBIX JaHHOW. B pesynbrare oH ObLI OLIEIHMOBAH BCEM HAYYHBIM MHPOM, HO...
OTIPOBEPTHYTh NAHHBIH (DaKT HUKTO HE cMOr. TOJNBKO CHYCTS JOOpOe CTOJNETHE aCTPOHOMBI
BBISICHWIIM, YTO CBET B KOCMOCE PAcCHpOCTPAHSAETCS M0 KPUBBIM TPAEKTOPUSIM, i€ U HAaUMHAET
pabortaTh HeeBKIMIOBa reomerpust JlobaueBckoro, ¢popmanbHO pazpaboTaHHAss UM 33J0JT0 JI0
sToro OTKpbITHs. llpenmonaraercs, YTO 3TO CBOICTBO CaMOro MPOCTPAHCTBA, KPUBU3HA
KOTOpPOr0 HaM He3aMEeTHa BBUY MaJbIX (110 aCTPOHOMHYECKUM MEpPKaM) pacCTOSHUM.

Paccmotpum Gonee coneprkarenabHble 3aJa4l Ha TIOCTPOEHUE:!

[pumep 2

[TocTpouTs NMUHMUIO
Pemienue: B mepByio ouepenp HainéMm 00JacTh ompenejeHus. Tak Kak MOJISPHBII

r=4cosgp

paanyc HEOTPHULATENIEH, TO JIOJDKHO BBITIOJHATHCS HEPABEHCTBO cos @2 D. MoHO BCIOMHHUTh
IIKOJIbHBIE MPaBUJIa PELICHUS] TPUTOHOMETPUUYECKUX HEPABEHCTB, HO B MPOCTBIX CIIydasX Kak
3TOT, 51 COBETYIO O0Jsiee OBICTPHIN M HATJISAHBIN METO/ PEIICHUS:

[IpencraBere Tpaduk kocuHyca. Eciu oH emé HE ycmen OTIOXKHUTHCS B MaMSTH, TO
HaiiauTe ero Ha crpaHulle I'padukm djemMeHTapHbIX ¢yHkummi. O uém Ham cooOmaer

=
HepaBecreo “0F ¥= 09 Omno coo0maer HaM O TOM, 4YTO TpaduK KOCHHYCa JOJDKEH
=z
pacrioyiaratbcsi He HHKe OCH a0cuucc. A ATO MPOUCXOIUT Ha OTpe3Ke 2 2] U,

(;?r_ 3;??]
COOTBETCTBEHHO, HHTEPBAI 2 2 He nogxomur.
T
e
Takum oOpa3zom, oOnacTh ompenereHHUs Hameld (yHKIIMH: 2 2 , TO €CTh

rpaduk = FEOEP pacnonoken crpaa ot moMmoca (IO TEPMUHOIOTHI AEKAPTOBOH CHCTEMBI —
B ITPaBOM MOJIYTUIOCKOCTH).

B MOSIpHBIX KOOPAWHATAX 4acTO ObIBAET CMYTHOE MPEICTABIEHHE O TOM, KaKyt0 JIHHHIO
ompezenseT TO MIM ypaBHEHHE, TOJTOMY 4YTOOBI €8 IIOCTPOMTH, HEOOXOIMMO HAWTH
NPUHAIJIEKAIINE €l TOYKH — U YeM Oouiblne, TeM Jiydiie. OOBIYHO OrpaHUYUBAIOTCS JECITKOM-
apyruM (a TO M MEHBIIMM KOIMYECTBOM). IIpomie Bcero, KOHEUHO K€, B3ATH TAOJHMYHBIE
3Havyenus yraa. Jns 60biieil ACHOCTH K OTPULIATETLHBIM 3HAYEHUAM S Oyy «IPUKPYIUBATH
OJIUH 006oporT:

=>r:41305[—5]:4::05@:4-@933,46
{ & 2

) =>r:4|:os(—f)=4cosg—ﬂ=4-ﬂ:ﬂ

2 z 2

.:;:?:—E =r=4cos .l =4c055—ﬂ=4-l:2
3 a3 3 2

.:39:—5 = :4.305(_EJ:4.305?_H:4. ﬂ e 2,83
4 4 4 2
T
&

w=0 =r=4cosl=4-1=4
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B cuty uérnocTn kocumyca 05 TE S0P (o rpercryoNIE MONOKHTETBHbIE 3HAYCHHUS
MOJKHO 3aHOBO HE CUHTATh:

LYY
§
p=" =rm223
4
i)
=— =r=2=2
Y73
o
o= =r

N300pa3um MoJIIpHYIO CUCTEMY KOOPIUHAT U OTJIOKUM HalJCHHbIE TOUKH, IPH STOM
OJIMHAKOBBIE 3HAUCHUS «3p» YIOOHO OTKJIA/IbIBATh 33 OJIUH pa3, Jieslas MapHble 3aCEUKU
LUPKYJIEM I10 PACCMOTPEHHOM BBIIIE TEXHOJIOTUU:

B npunnune, 1uHUSA 0TYETIINBO IPOPHCOBBIBAETCS, HO YTOOBI CTONPOLIEHTHO MOATBEPANUTH
JIOTaJKy, AaBanuTe HaUAEM €€ ypaBHEHHE B IEKapTOBOM CUCTEME KOOPAUHAT. MOXKHO IIPUMEHUTD

X
r=q.'x2+y2, COSP= ———

2 2
ST+
HEJIaBHO BbIBEJICHHBIE (POPMYIIBI Y , HO 5 pacckaxy Bam o Ooiee

xuTpoM npuéme. O6e YacTH ypaBHEHHS © dcosg MCKYCCTBEHHO JOMHO>KAa€M Ha <«3p»:

1 13, .3 _
Pt =4Areos @y penombayem Gonee KoMmakTHEIE GOPMYIbI epexona | = & FY . rEos@=x,

=4z

Beinenss nonnelil KBaapaT, IPUBOAUM yPABHEHHUE JIMHUM K Y3HABAEMOMY BUJLY:
x—dx4y?=0
X —dx+d+yt =4

a 1 A )

(x=2)" 4y =27 _ YPaBHEHHE OKPY/KHOCTH C [IEHTPOM B TOUKE (2, 0) , panunyca 2.
Konb ckopo mo ycimoBrto Tpe6oBasoCch MPOCTO BHITIOJHUTH MOCTPOCHHUE M BCE, TNIABHO

coenuHsIeM HaliJlcHHbIE TOYKU JINHUEH:
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I'oToBo. Huuero crpamHoro, €ciy moxy4uTcs HEMHOTO HEPOBHO, BBI JK€ HE 00s13aHbI ObUIH
3HATh, YTO 3TO OKPYKHOCTH ;-)

T

[Touemy MBI HE pacCMOTpPENIH 3HAYEHUS yrila BHE IPOMEKYTKA { 2 ]? OTBeT npocT: HET

r=dcosg

cMbIciia. BBuay nepuoauuHocT QyHKIUU Hac K/1ET OeCKOHEUHBIH Oer 1o

IIOCTPOEHHOM OKPYKHOCTH.
HecnoxHo nmpoBecTr HEXUTPHIA aHAIU3 U PUUTH K BBIBOJY, UYTO YPaBHEHHUE BHIA

d. .;;.]
r=deos@ (d=0) 2" ). O6pasno

rOBOPSI, BCE TAKHE OKPYKHOCTH «CHAAT» HA MOIAPHOiH ocu U 1 06s13aTebHO MpoxoasT uepes

3a;[aéT OKPY’KHOCTH JUAMETpa o C IICHTPOM B TOUKC (

nomroc. Ecim ke € <0 1o Becémas koMmaHus nepekodyeT HaJIeBo — Ha MPOIOJIKEHIE
MOJISIPHOM OCH (IO yMaiTe, MoYemy).
[Toxoskast 3aaga JyIsl CAMOCTOATEIHLHOTO PEIICHUS:

[Ipumep 3

[locTpOHTS THHUIO | — Fsin @ Y HaTH €€ ypaBHEHHE B MIPSMOYTOJBbHOM CUCTEME KOOpIUHAT.

Cucrematuznpyem NOpsAA0K PEIICHHS 3aJa4H:

B nepByto odepenp HaxoauM 00JIacTh onpeAeaeHus (YHKIMU, IS 3TOTO yJ00HO TOCMOTPETh
Ha CHHYCOMJLY, YTOOBI cpa3y ke MOHSTh, I/l CUHYC HEOTpHUIaTelEH.

Ha BTOpOM 11are paccunThIBaeM MOJIIPHBIE KOOPAUHATHI TOUEK, UCIOJIb3Ys TA0JMYHbIE
3HAYEHU YIJIOB; IPOAHAIU3UPYNUTE, HENb3S JIN COKPATUTh KOJIMYECTBO BHIYMCIICHH?

Ha TperpeM 1miare oTkiaabpIBaéM TOYKU B OJSPHON CUCTEME KOOPAMHAT U aKKypaTHO
COCIUHIEM UX JIUHUEH.

W, HakoHel, HaXOAUM YpaBHEHHE JIMHHUU B IEKAPTOBOM CUCTEME KOOpAUHAT.

[TpumepHBIit 00pa3el] pemeHns B KOHIE ypOKa.

OOmuii aTOPUTM M TEXHHUKY IMTOCTPOCHHSI B MOJIIPHBIX KOOPAMHATAX MBI JICTATH3UPYEM
U CYLIIECTBEHHO YCKOPHUM BO BTOPOM YacCTH JIEKIIUHU, HO MEepe ITUM IO3HAKOMHUMCS €IIE C
OJIHOU pacIpOoCTPaHEHHOM JIMHUEH:

MMoasipuas po3a

CoBeplIeHHO BEPHO, PeUb MOUJET O LIBETKE C JICTIECTKAMU:

[Ipumep 4

[TocTpouThb NTUHUM, 3a/JaHHbIE YPABHEHUSIMHU B TOJISIPHBIX KOOpAMHATAaX

a)” = Zam 240

6) .?"=25iﬂ 3%;3‘

Cy1iecTByeT ABa MOAX0/1a K TOCTPOCHUIO MOJIApHOU po3bl. CHavasia moaémM no HakaTaHHOU
KOJIee, CUUTAsl, YTO MOJISIPHBIN palyCc HE MOXKET OBITh OTPUIATEIILHBIM:

Pemenue:

a) Haiiném obnacte onpeneneHus: GyHKIINH:
r2l=an 220

Takoe TpUroHOMETpHUYECKOE HEPABEHCTBO TOXKE HETPYIHO PEIIUTh TpadUUIecKu: U3
MaTepHuayoB ctaTby I'eoMeTpHYeckHe npeodpa3oBaHus rpaguKoB U3BECTHO, UTO €CIIH
apryMeHT (QyHKIIH YIBOUTb, TO €€ rpaduk COXMETCS K OcH opauHat B 2 pasa. [loxanyiicra,
s 2x

HaiizuTe rpadguk QyHkuun ¥ = B [IEPBOM K€ IPUMEPE YKAa3aHHOT O ypoka. ['1e nannas

T £
([:I, _] ’ ( ’ ]
CHHYCOHUJa HaXOAUTCS BhIIIe ocu abciuce? Ha naTepBanax 2 2 . CnegoBarenbHo,

sin 2¢0 00

HEPaBEHCTBY YAOBJIIETBOPSIIOT COOTBETCTBYIOIINE OTPE3KH, U 00J1aCTh ONpeaeeHust

o5kl
pe |0, —|u|m—
Haei QyHKIuu: 2 2,
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Boo06ie roBopsi, penieHre paccMaTpuBaeMbIX HEPAaBEHCTB MIPEJICTABIsET c000il 0ObeAHEeHNE

0ECKOHEUHOTr0 KOJINYECTBA OTPE3KOB, HO, TOBTOPIOCH, HAC MHTEPECYET TOJIBKO OJUH MEPHUOI.
B03M0XHO, HEKOTOPBIM YUTATENSAM OoJiee JTETKUM MOKaXKETCs aHATUTHYECKUH cItoco0

HaXO0X/IeHHs 00JIaCTH ONpPEENICHNUs, YCIOBHO HA30BY €r0 «Hape3Ka Kpyrjioro nuporay». Pesarsb

OyzeM Ha paBHbIe YaCTH U, IPEKIE BCETro, HalIEM TpaHULIbI [IEPBOTo Kycka. Paccyxaaem

CJIEIYIONIUM 00pa30M: CHHYC HEOTPHLATEIeH, KOTa €ro apryMeHT HaXOJUTCS B IIpejeiax OT

< Sep .
0 no ‘¥ paz. BkIOuYHTEIRHO. B Halem mpumepe: O=2p=a . Pa3znenuB Bce yacTy IBOMHOIO
HEpPABEHCTBA HA 2, MOJy4aeM UCKOMBIN TPOMEKYTOK:

Fi)
gl
P=3

Tenepbr HauMHAEM MOCIEAOBATENIBHO «HApe3aTh paBHbIe Kycku 1o 90 rpagycoB» IpOTUB
YaCOBOM CTPEJIKHU:

T

0, —

2

— HaWJICHHBIN OTPE30K { 1 MOHSITHO, BXOJHT B 00JIaCTh OMPEICIICHHUS,

bra
(_ | ﬂ_]
— CJIENYIOLUI UHTEPBA 2 — HE BXOJIHUT,
=]
— CIEAYIOIIUNA OTPE30K 2 - BXOJIUT;
3T
— Y, HaKOHEI, UHTEepBaJI 2 — HE BXOIHT.

[IpsiMo, Kak 1Mo poMaliike — «JIF00UT, He JIFOOUT, JIIo0UT, He TF0UT» =) C TeM OTIIMYUeM, YTO
TYT He Tajanue. [la, mpsaMo Kakas-To JF000Bb IMO-KUTANCKH MOIyJdaeTcs. . ..

CEIRi

pe|l, = | T — ;

Urak, 2 1yt g 7= 251 2 IPEJICTABIISIET COOOM PO3Y ¢ ABYMs
O/IMHAKOBBIMH JIETIECTKaMHU. UepTExX BIIOJIHE JA0IMYCTHMO BBITIOJHUTh CXEMATHYECKH, OJHAKO
KpaiiHe jKeNaTebHO MPaBHIbHO HANTH U OTMETHTH BEpPIIMHBI JIeNeCTKOB. Bepuinam
COOTBETCTBYIOT CEPEJIMHBI OTPE3KOB 00J1aCTH ONpe/eNeHus, KOTOPhIE B JAHHOM IIPUMEPE
big ST

A=
HMCIOT OYCBUHBIC YITIOBBIC KOOPANHATBL 4
COCTaBJIAIOT:

{ﬂ:zsm(zf}: Dsin L= 2.1= 2en.
4 4 2

F 5—;?? = 2sin E-j—ﬁ =25ﬁ15—ﬁ=2-1=26,ﬂ.
4 4 2

Bort 3akoHOMEpHBIH pe3ysnbTaT 3a00TAMBOTO CaJOBHUKA:

4 . HpI/I 9TOM JAJIMHBI JECIIECTKOB

r=2sn2p

\ -

Crie/lyeT OTMETHTb, YTO [UIMHY JIENECTKA JIETKO CPasy YCMOTPETh U3 YPaBHEHHUS * 2sm 20
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—1=s <
TaK KaKk CHHYC OTPaHUYEH: 1=sm 2g= 1, TO MAaKCUMaJIbHOE 3HAYECHHE «3P» 3aBEAOMO HE
MPEB30MIET ABYX.
6) ITocTpoMM JIMHUIO, 3aJaHHYIO YPaBHEHHUEM ' 2sin 3¢ O4eBUIHO, YTO JITTMHA JIETIECTKA
ATOU PO3BI TOXKE paBHA ABYM, HO, IPEXKIE BCETO, HAC HHTEPECYET 00IACTh OMpPEIeIICHUS.

[TpyMeHUM aHATUTUYECKUN METOJ] «HAPE3KU»: CHHYC HeOTPHIATe/IeH, KOI/Ia ero apryMeHT

= =
HaxXOJUTCA B IIPECACIax OT HYJIA A0 «IIW» BKIIFOYUTEIBHO, B JAHHOM ClIy4ac: 0= 3'@_ ﬂ-. IICJ'II/IM

BCE YaCTH HEPAaBEHCTBA Ha 3 U MOJy4yaeM MepBbIil MPOMEKYTOK:

T
0=gp=—
#=3

T
Jlanee HAYUMHAEM «HAPE3KY IHPOTa KycKam» 1o 5 pap. (60 rpamxycoB):
T
— OTPE30K 3 BOMJIET B 00J1aCTh OIpeIeICHUS;
o2

— UHTEpBaJ (3 3 ] — HE BOMIET;

— |: 3 | :| —
OTPE30K BOﬁHéT;
— UHTEpBAI HE BOﬁHéT;

{4_3’?. 5_5’1
— OTPE30K 303 — BOUJIET;

5

ﬂ-]
— UHTEpBall ( 3 — HE BOUJET.
[Ipouecc ycnemHo 3aBepii€éH Ha otMeTke 360 rpaaycos.

[ J’T:| [2?‘{ } [4;?? 5:91
pe|l = V| —: T || —:—
Taxum 00pa3oM, 00J1aCTh ONPEIEICHUS: 3 3 3031

[TpoBoUMBIE NEHCTBHS MOTHOCTHIO JINOO YACTHYHO HECIOKHO OCYIIECTBIISATH U MBICJICHHO.

IToctpoenue. Ecau B mpeapiayIeM MyHKTe BCE 0J1aronoayqyHo 000IUIOCh IPSIMBIMU YIJIAMU U
yriaamu B 45 rpaycoB, TO 31€Ch IPUAETCS HEMHOIO NOBO3UTHCs. Haliiém BepmInHbI
JenecTkoB. Mx 1uHa 7 = £ Gblia BHAHA C CAMOTO HAYana 3aJaHus, OCTaI0Ch BHIYHCIUT
YTJI0BbIE KOOPAMHATBI, KOTOPBIE PABHBI CEpPEAMHAM OTPE3KOB 00JaCTH ONPEAEeIICHUS:

0+Z
ERri
=—=— (30
] 5 Epa.a( “
EJ‘T+ﬂ_
32 iYia
== =" (1450
& 5 6pa,u( 7
dzr LT
3 2 3
== 2 - 270
& > i (2707

OOparuTe BHUMaHUE, YTO MEX/1Y BEPIIMHAMHU JIETIECTKOB JIOJKHBI 00513aT€ILHO MOTYYUTHCS
paBHBIE TPOMEXKYTKHU, B TaHHOM ciydae 120 rpamaycos.

Yepréx xenarenbHo pa3sMETUTh Ha 60-TpagycHble CEKTOPBI (OTTpaHUYEHBI 3€IEHBIMU
JVHUSAMH) U IPOBECTU HAINPaBJICHUs BEPILUH JIEIECTKOB (cepble TUHUM). CaMy BEpLIMHbI
y100HO HAMETHUTH C MOMOIIBIO HUPKYIIS — €MHOXKIBI OTMEPSTh PACCTOSHUE B 2 €AUHHILIBI U

55



HAHECTH TPH 3aCEUKH Ha IpodYepUYeHHbIX HanpasieHusx B 30, 150 u 270 rpagycos:

I'otoBo. [ToHnMaro, 4TO 3aHATHE XJIOMOTHOE, HO €CIIM XOTUTE BCE 0(OPMUTH O YMY, TO
IPUAETCS TIOTPATUTH BPEMSL.

Copmyaupyem o6uryio dopmyay: ypasuenue pua * = 75 &@) (> 0,50 &

HATYPAIBHOE YHCII0), 3a1a8T MOSPHYIO X -JIeecTKOBYO PO3y, IIHHA JIETIECTKa KOTOPOil paBHa
M

Hanpumep, ypaBHeHue * Ssin 49 3a1a€T YETBIPEXITUCTHUK C JUIMHOMU JIENIECTKA B 5 €UHULL,

ypasrenne © = 51 3P _ 5_jerectkoBYIO pO3y ¢ LTHHOM JIEMECTKA B 3 €1, H T.1I.
O BTOpOM MMOAXO0/I€ 51 XOTEN BOOOIIE YMOI4aTh, OJTHAKO HE MOTY IPONUTH MUMO — YK CITMILIKOM
OH pacrpocTtpan€H. CyTb COCTOUT B TOM, YTO IMOJISIPHASI pO3a YaCTO pacCMaTPUBAETCS B
0000 EHHBIX MOJSIPHBIX KOOPAMHATAX, I MOJSPHBIH PAANYC MOXKET ObITH
oTpuIATeIbLHBIM. Borpoc obnactu onpeaeeHus 0TmanaeT, HO MOSBIISIOTCS JPYTHE TPUKOIIBI.
Bo-nepBbix, pa3zdepémcs, Kak CTPOUTh TOUKHU C OTPULIATEIbHBIM 3HaYeHHEM «3p». Eciu

7 <0 70 HEOOXOIMMO MBICIEHHO HAiTH TOUKY C TAKHM K€ YIIIOM, HO PagHyca H u
0TOOPA3UTh €¢ CHMMETPUYHO OTHOCUTENBHO Moitoca. BepHéMcs K nepBoii MOJIspHON po3e

i

ﬂ-]
L
2 , Ha KOTOPOM TOJISIPHBIN pajinyc OTpULIaTENeH.

) -5
4/ 9 Micienno HaxOJHUM TOYKY 4 (J1eBbIi

r=2sin 2¢ PacCMOTPHM UHTEPBAT [

Kak, nanpumep, n300pa3uTh TOUKY (

4

T
BEPXHHI CEKTOP) U 0TOOpaxkaeM €€ CHMMETPUYHO OTHOCHTEIIBHO MOJII0CA B TOUKY .

T
LT
Takum 00pa3oM, KOraa yroj NpuHUMAaeT 3HAYEHHS U3 HHTepBaja TO
NMPOPHUCOBBIBAETCS elIé OTMH JIENeCTOK B MPABOM HUKHEM CEKTOpe:

o] ~les. P

56



3
—?T; 27T

W, cOOTBETCTBEHHO, KOT1a YIOJI IPOXOAUT 3HAYCHUS [ 2 ] , TO IPOpUCOBBIBaeTCs 4-i
JIETIECTOK B MPOTHBOTIOIOKHOM (JIEBOM BEPXHEM) CEKTOpE:
Yrois Mexay NpsIMBIMU B IIPOCTPAHCTBE PABEH YIUIy MEXAY UX HAIIPABIISAIOIUMU BEKTOPAMH.
[TosTOMYy, eciu iBe psIMbIE 33JaHbl KAHOHUYECKUMHU YPaBHEHUSIMH BHIQ
A& _ YT _ETE TR _ YTV _Z7%
! i rou iz
HalTH 1o hopmye:

)

M ] M

2 2 KOCHHYC yTJIa MEeXAY HUMH MOXHO

Ll +me, +ong

cosdh= =
Sl 4l nff‘il ol
) R ! L e

VcaoBus MapaIeIbHOCTH M NEPIEHIUKYIIPHOCTH TPSIMBIX TOXKE CBOJSTCS K
COOTBETCTBYIOIINM YCIOBHSAM JUIsl MX HAlIPABIAIOIINX BEKTOPOB:

oo

!

bt b

2 2 2 - ydI10oBHME€ Mapaji¢/IbHOCTH NIPAMBIX,

L dompmg + 22, =0 L yejoBme mepnenaMKy ISIPHOCTH NPSIMBIX,
VYroia ¢ Mexay NpsAMOH, 3aJaHHON KAHOHUYECKUMH YPaBHEHUSAMU

A=y Y=g ETEy

- )

! P n U IJIOCKOCTBIO, ONPENEIsIeMO 00LIMM ypaBHEHHEM
Ax+By+Cz+ D=0, MO>KHO PacCMaTpPUBaTh KaK JOIOIHUTENBHBINA K YIUIY [y MEXAY
HaIMpaBJIIOIUM BEKTOPOM NPSIMOM M HOPMaJIBIO K INIOCKOCTH. Toraa
A+ Bm+ Cr

SR @=cos =
v v AT+ BE 4 CF 1P P

YeaoBueM napasiiieJibHOCTH NPSAMON U IJIOCKOCTH SIBJISIETCS IPU 3TOM YCIOBHE
NepPHEHIUKYISIPHOCTH BEKTOPOB 1 U 4.

Al + Bm + Cn=0, a yc10BHEeM NePNEHAUKYJISAPHOCTH MPSIMOii U MJIOCKOCTH — YCIOBHE
napajyieIbHOCTH 3TUX BEKTOpoB: A/l = B/m = C/n.

3. IloHsiTHE MOBEPXHOCTH B TPOCTPAHCTBE.

IloBepXHOCTH B MPOCTPAHCTBE, KaK MPABUIIO, MOXKHO PaCCMaTPUBATh KaK FTEOMETPUUECKOE
MECTO TOYEK, yIOBJIETBOPSIOUINX KAKOMY-JTHOO YCIOBHIO.

TIpsMOyTOIbHAs cHCTEMa KoopAMHAT P¥Z B IPOCTPAHCTBE MO3BONISET YCTAHOBUTD B3AUMHO

OJIHO3HAYHOE COOTBETCTBUE MEXKIY TOUKAMH MTPOCTPAHCTBA U Tpokkamu ducen * , ¥ u < - ux
kKoopanHaTamu. CBOWCTBO, 00IIee BCEM TOYKAM ITOBEPXHOCTH, MOKHO 3aITUCaTh B BUJIC
YpaBHEHUS, CBS3BIBAIOIIETO KOOPAMHATHI BCEX TOUEK MOBEPXHOCTH.
YpaBHeHnEeM JaHHON MOBEPXHOCTH B MPSIMOYTOJIbHON CUCTEME KOOPAUHAT
Cxvz F|fx,_v,z Il:D X VoI
¥Z Ha3pIBaeTCs TaKOE YpaBHEHUE /' c Tpems nepeMeHHBIMH -, ¥ 1 £ KOTOpOMY

YIIOBJICTBOPSIFOT KOOPIMHATHI KAXKI0H TOUKH, JICXKAICH HA TIOBEPXHOCTH, U HE YIOBICTBOPSIIOT
KOOPJAWHATHI TOUEK, HE JISKAIINX Ha 3TOH moBepXxHOCTH. [lepemennsie * , ¥ u £ B ypaBHEeHUHN
MIOBEPXHOCTH HA3BIBAIOTCS TEKYIIMMH KOOPIAMHATAMH TOYEK TOBEPXHOCTH.
3.3. OcHoBHBIE 37eMeHTapHbIe (YHKIINU, UX CBOHCTBA, Tpa(UKH.

1. Onpenenenue GyHKIINUN.

2. CpoiicTBa QyHKIHIA: 006JaCTh OMpEENIeHHUs, 00JIACTh 3HAYCHUN, YETHOCTh, MIEPUOIUIHOCTD,
MOHOTOHHOCTbB, TOYKH IKCTPEMYMaA.

3. I'papuxu B3auMOOOpaTHBIX (HYHKITHIA.

1. Juneiinas bynxuus samaercs ypasuennem ¥ = %5 Y8 Tpaduk muneitnoit dymximii
TIpeICTaBIIAET co6Oit IIpAMYF0. JljIs TOTo, YTO6BI MOCTPOUTH NPAMYIO JOCTATOUHO 3HATH JIBE
TOYKH.
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_a
2. Cremenmas ¥ =% & €R
CrenenHast GyHKIHS C HATYpaJIbHBIM HEYETHBIM MOKa3areneM, p=n=1, 3, 5, ...
PaccMoTpuM cTeneHHyo QYHKIUMI y=X"=Xx" ¢ HaTypaJbHbIM HEYETHBIM [TOKA3aTEIEM

crenenu n = 1, 3, 5, .... Takoi nmoka3sarenb TakKe MOXKHO 3anucaTh B Buae: n =2k + 1, rne k=0,

1,2, 3, ... — uenoe He oTpulatenbHoe. Huke mpecTaBieHbl CBOMCTBA U rpaduKy TaKuX
¥4
y:.‘rs =.'.'€3
y=z
-1 7 T
1
G yHKIHA.

O6mactp onpeaeneHus: —oo <X < o
MHOXeCTBO 3HaueHun: —oo <y <oo
YerHocTh: HeueTHas, y(—X) = — y(X)
MOHOTOHHOCTh: MOHOTOHHO BO3pacTaeT
OKCTpEMYMBI: HET
BrInykiiocTs:
npu —oo < x < 0 BBITyKJIa BBEPX
npu 0 <x < oo BBIITyKJIa BHU3
Touku nepern6oB: x=0, y=0
Touku nepeceueHus ¢ ocsiMu koopaunar: x =0, y=0
CrenenHas GyHKINS ¢ HATYpaJbHBIM YETHBIM MMOKa3aTenemM, p=n=2,4, 6, ...
PaccMoTpuM cTeneHHyo QYHKIUMIK y=X"=Xx" ¢ HaTypaabHbIM YETHBIM [IOKA3aTEIEM
creneHd n = 2, 4, 6, .... Takol noka3arenb TaK)Ke MOXKHO 3amucaTh B Buae: n =2k, rne k=1, 2,
3, ... —HarypanbHoe. CBoiicTBa U rpaduku Takux QYHKIMNA JaHBI HUXKE.

¥

a i

Puc. 20

OO6nactp omnpeneneHusi: —oo <X < 0
MHuoskecTBO 3HaueHun: 0 <y <o
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YertHoCTh: uyeTHas, y(—X) = y(X)
MOHOTOHHOCTB:

npu X < ) MOHOTOHHO YOBIBaeT
1pu X > 0 MOHOTOHHO BO3pacTaeT

OkctpeMyMbl: MHHUMYM, X=0, y=0

BBITyKI10CTh: BBINTyKIIa BHU3
Touku nmeperudoB: HET

Touku nepecedyeHus ¢ ocamu koopauHat: x =0, y=0
CrenenHast GyHKITUS C LIEIBIM OTPUIATENBHBIM MOKa3atenem, p =n=-1, -2, -3, ...
PaccMoTpuM creneHHyo QyHKIHI y=XP =x" ¢ HensIM OTpHUIATENbLHBIM II0KA3aTEIEM
crenenn n = -1, -2, -3, .... Ecniu monmoxkuth n = -k, rme k =1, 2, 3, ... — HaTypaibHOE, TO €

MOXHO IPEACTaBUTh B BUIEC!:

['paduk creneHHOM GYHKIMA Y =X " C [eJIbIM OTPUIIATEIHHBIM TOKA3aTeNIeM MIPH Pa3IUYHBIX

3HAYEHMAX MOKa3aTels cTernenn n = -1, -2, -3, ...
Heuernblii nokasarens, n = -1, -3, -5, ...

Huke nmpeicTaBieHsl CBOMCTBA GYHKIMU Y = X " ¢ HEYETHBIM OTPHUIIATEILHBIM ITOKa3aTelIeM N

¥

<
:
fil

Puc. 21

=-1,-3,-5, ...

O6umactp onpenenenus: X # 0
MHoxecTBO 3HaueHuit: y # 0
YerHocTh: HeweTHas, y(—X) = — y(X)
MOHOTOHHOCTh: MOHOTOHHO YOBIBaeT
OKCTpEMYMBI: HET
BrInykitocTs:
npu X < 0: BBINTyKJIa BBEPX
npu X > 0:  BBINIYKJIa BHU3
Touku nepern0oB: HET

Toukn nepeceuUcHus C OCAMHU KOOPAUHAT: HCT

3. Tlokazarempras 7 =4 »@#1,a>0,a=const

Cdhopmynupyem OCHOBHBIE CBOMCTBA MOKA3aTeIbHONU QDYHKIINY :

1. O6nacTs onpeneneHuss — MHOXECTBO (R) Bcex MelCTBUTENBHBIX YHCEIL.

2. O6macthb 3HaYeHU — MHOXkeCTBO (R+) BCeX MOI0OKUTETBHBIX IEHCTBUTEIBHBIX YUCEIL.

3. IIpu a > 1 pyHKIIMA BO3pacTaeT Ha Bcel yuciaoBou npsmoit; mpu 0<a<l ¢yHKIUs yObIBaeT.

4. SIpnsercs ¢pyHKIMEH 00Iero BUA.

¥

y:ax y:aa:
a<asr a=1

Pue. 23
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4. Jlorapudpmmaeckas ¥ ~ log, x, a#1,a>0,a=const

Jlorapudmuueckas pyHkuus y = log, X obiagaer cieayromuMu CBOHCTBAMY :

1. O6macts onpenenenus D(x)I (0; + ).

2. O6nacts 3Hauennit E(y) I ( - oo; + o0)

3. OyHKUMS HU YeTHas, HU HeueTHas (00Iero Bua).

4. @ynkuus Bo3pactaeT Ha mpomexyTtke (0; + o) mpu a > 1, yosiBaer Ha (0; + o) mpu 0 <a < 1.

¥
/-y=l.ﬂgaa:
: a1
| x
a 1
TS Yl x
g<a<t

5. TpuroHoMeTpuueckue: ¥ — sinx, y =cosx, y =1gx, y = cigx

@yHKIus y = sin (X).

1. O61acTh onpenenenns D(x) IR.

2. O6nacts 3Havennit E(y) 1 [ - 1; 1].

3. OyHKIMS NEPUOANYECKas; OCHOBHOM MEPUOJ] PaBEH 2T.
4. OyHKIMSA HEYEeTHAS .

r'"'r"'-r"-'r'"'r"'-r""r"]'-""-r""r'"'r""r"".""'r"".
1 1 1 1 1 1 1 1 1 1 1 1 1 1
r- r -r--T-°r- r -r- r- Z'- Tt T i I [ o 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1
r= r r= r r"1"- """ il . == '
e 1 [

.

| '
T T
' ' " '
' ar
b ---
1
r

'
' L
EERETEE L T Ty EEE
' '
. .

OyHKIUA Y = cos(X).
1. O6nacts onpenenerns D(x) IR.

2. O6macth 3Havenuit E(y) 1] - 1; 1].

3. @yHKIMS IepuoINYecKasi C OCHOBHBIM IIEPUOIOM 27T

60



3.4 CpoiicTBa (QyHKIIUI1, HeNPEePbIBHBIX HA OTPe3Ke

1. Teopema Beiiepuirpacca.

2. Teopema bonbnano — Komn.

3. MeToa UHTEPBAJIOB.

CgoiictBo 1: (IlepBast Teopema Beitepmirpacca (Betiepmrpace Kapn (1815-1897) - nemeuxuit
MaTeMmartuk)). OyHK1Ms, HempephIBHAsI HA OTPE3Ke, OrpaHUYEHA Ha 3TOM OTpe3Ke, T.€. Ha

[a.]

oTpeske BbinoHsercs yeaosne - 4 =S () =M

JI0Ka3aTeNLCTBO 3TOrO CBOMCTBA OCHOBAHO Ha TOM, YTO (PYHKIIUS, HEMPEPHIBHAS B TOYKE 0,

[a.2]

OrpaHUYeHAa B HEKOTOPOH €€ OKPECTHOCTH, a €CIIH pa30duBaTh OTPE30K Ha OECKOHEUHOE

KOJIMYECTBO OTPE3KOB, KOTOPBIE “CTATMBAIOTCS” K TOUKE “, TO 00pa3yeTcs HEKoTopast
OKPECTHOCTH TOYKH 0,

[a.2]

CgoiicTBO 2: OyHKIMA, HEMPEPbIBHAS HA OTPE3KE
HaAaMMCHBIIIECC 3HAYCHU .

, IPUHUMAECT HA HEM HauoOoJbIIee U

T.e. CyIIECTBYIOT Takue 3Hauenns u %2, uro J i) =M. 7 (1) =M poyuey M =S (x) =M
OTMETHM 5TH HauOOJIbINKME U HAMMEHBIINE 3HAYEHUS (yHKIMS MOKET IIPUHUMATh Ha OTPE3KE

1 HECKOIIBKO pa3 (Hampumep - o/ &) = Sl X)),
Pa3zHocTh Mex 1y HAaMOOIBIIMM M HAUMEHBIITUM 3HaYeHHEM (YHKLIUU Ha OTPEe3KEe Ha3bIBACTCS
KoJeOaHueM QYHKIIMHM Ha OTPE3KeE.

CgoiictBo 3: (Btopas reopema bonbiano - Komn). @yHkius, HepepbIBHAs Ha OTPE3Ke [a,b] ,

MPUHUMAET Ha 3TOM OTPE3Ke BCE 3HAUCHUSI MEXKAY ABYMS MTPOU3BOJILHBIMY BETUYMHAMU.
CgoiictBo 4: Ecniu pyHKIIHS J &) HENPEPhIBHA B TOUKE * — 0, TO CYIECTBYET HEKOTOpAs

OKPECTHOCTh TOUKH 0, B KOTOPOM (PyHKIHUS COXPAHSET 3HAK.
CgoiictBo 5: (IlepBas Teopema bombiiano (1781-1848) - Komm). Ecu dyakmms Jx) .
[2.8]

HEMPEPBIBHAA Ha OTPE3KE M MMECT Ha KOHIIaxX OTPE3Ka 3HAYCHUSA IIPOTUBOIIOJIIOKHBIX

3HAKOB, TO CYILIECTBYET TaKasi TOUKa BHYTPH 3TOTO OTpe3Ka, IIe Jx=0
T.e. ecom Sgn(fla)) # sign(f(8)) 10 %S (x)=0

Onpenenenne. yHkuus J (%) HaspiBaetcs PaBHOMEPHO HETIPEPHIBHOM HA OTpE3Ke [ﬂ’b], eciu

x E[a,b]n Xy € [a,b]

nns moooro £ # 0 cymectsyer &4 # Utakoe, 4To 1714 M0OBIX TOYEK TaKuX,

410 |75 — [ <A BepHO HepaBeHcTBo o ia) ~S(m) <&

OTtnuure paBHOMEPHOI HEMPEPBHIBHOCTH OT “‘00BIYHOM” B TOM, YTO JJIS JIFOOOTO € CYIIECTBYET
cBoe &, He 3aBUCSIIEE OT X, a IPH “00BIYHOIT” HEPEPBIBHOCTH {4 3aBUCUT OT £ X.

CgoiictBo 6: Teopema KanTopa (Kantop ['eopr (1845-1918) - Hemenkuii MaTeMaTHK).
OyHKIMS, HEMIPEPBIBHAS HAa OTpE3Ke, pABHOMEPHO HENpepbIiBHA HAa HeM. (DTO CBOHCTBO
CIPaBEAJINBO TOJIBKO I OTPE3KOB, a HE [l HHTEPBAJIOB U OJYUHTEPBAJIOB.)

CgoiictBo 7: Ecniut pyHKIIHS Fix) omnpezesieHa, MOHOTOHHA U HENIPEpPhIBHA HA HEKOTOPOM

NPOMEKYTKe, TO ¥ oOpaTHas it GpyHkius * = & (%) Toxe onHO3HAYHA, MOHOTOHHA 1
HeIpepbIBHA.
[Tpumep. MccnenoBarh Ha HEMPEPHIBHOCTH (PYHKIIMIO M OIPEIEIUTh TUI TOYEK pa3pbiBa, €CIU

i, (=3 i, £ () =3

lim f(x)=3 lim #(x)=2

OHH €CTh. #->-14 B Touke X = 1()yHKIHMS HENpepbIBHA B TOUKe X = 1
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TOYKa pa3psiBa | - ro poaa

%

y; = {.t”')F — 32
Npou3BoOHAS MO L:

, ro 1
x, = (Int) = "

Toraa
ate .
Y, = T = 3t
t
Bropasi npou3BoaHasi paBHa

yl, = (38) T =3 (%) -t =337 = 08’
(0] Yoy = [J:t:5
TBeT. Yrv = =
Teopema Poiis
[Tycte dynkmus f: [a, b] — R HempeppiBHA Ha cermMeHTe [a, b], 1 UMeeT KOHEUHYIO WIIN
OCCKOHEUHYIO TPOU3BOJHYI0 BHYTPH 3TOro cerMmenra. IlycTth, kpome Toro, fla) = f(b). Tornma
BHYTpH CeTMeHTa [a, b] Haiinercs Touka ¢ takas, 9to (&) = 0.

yll
y=£(x)
N o
B L
o| ac c b

Puc. 1
Teopema Jlarpanxa
Ecmu ¢dynkuusa f: [a, b] — R HenpepsiBHa Ha cerMeHTe [a, b] M WMeeT KOHEYHYIO WIIH

d£e b
OECKOHEUHYIO MPOU3BOJHYIO BO BHYTPEHHHUX TOYKAX 3TOTO CErMEHTa, TO & ]a’ [TaKoe, 9TO
Ab) - fa) = ()b - a).
y 4
|
|
|
:
: : y= f(X ) [
l : I
| | |
| | |
— L x
0| a c b
Puc. 2

Teopema Komm
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Ecnu xaxxaas u3 yHKuuil f 1 g HenpepbIBHA Ha [a, b] M UMeeT KOHEYHYIO MM OECKOHEUHYIO

A& e |a, b
MPOU3BOJHYIO Ha |a, b[ m ecnu, kpome Toro, mpousBoaHas g'(x) # 0 Ha ]a, b[, To g Ja.4

TaKoe, 4TO CIpaBeinBa hopMyria

1) fla)_ 1@

glb)-gla)  g'i¢)

Ecnm nomomauTensHO moTpedoBath, 4To0sl g(a) # g(b), To ycnosue g'(x) # 0 MOXKXHO 3aMEHHUTh
MEHEE JKeCTKHUM:

{f’(x)}z + (g'{x})g =0 xe ].::;, b[.
3.5. Meroa HauMEHBIIIUX KBAJIpaTOB

1. CMmbICT METO1a HAMMEHBIITUX KBAJPATOB.

2. HopmupoBaHHasi cucTeMa [JIsi HaxXOXIACHUA MMapaMeTpOB JIMHEHHOW W KBaJapaTUYHOU
3aBHCHUMOCTEHA.

3. HaxoxxeHne 3aBUCUMOCTH MEXIy NMTPU3HAKAMU T10 TaHHBIM dKCTICPUMEHTA.

[IycTb maHHBIE HEKOTOPOTO OKCIEPUMEHTAa NPEACTABICHbI B BHUIEC TaONWIBI 3HAYCHUI

IIEPEMEHHBIX * U J

Ay Xp X9 A

1 m

», o ¥1 ¥

MOHO HOCTAaBHTh 3a1auy 00 OTHICKAHHH aHAINTHUYECKOH 3aBHCUMOCTH Mexay X u V2 1. e.
HEKOTOPOi] y=1(x) 0 i Y X
poit  hopMyIIBI » SBHBIM 00pa3oM BbIpaxkaromend -f kak QyHKIUIO OT % .

EcTecTBEeHHO TpeboBaTh, 4T06bl rpaduk uckomoit Gpyrxkiun J = (%) W3MEHSUICS IUIAaBHO U HE

CIIUIIKOM YKJIOHSJICS OT DKCIIEPUMEHTAIbHBIX TOYEK (x is ¥ )- [Touck Takoi (HyHKIIMOHAIEHON
3aBHCHUMOCTH Ha3bIBAIOT «CTIaKMBAHUEM) DKCIIEPUMEHTAIbHBIX TaHHBIX.

3ajady O CriaXHBaHUM AKCIEPUMEHTAJIBHBIX JAHHBIX MOXHO pellaTh, UCIOJIb3YS METOJ
HAaUMEHBIINUX KBAaIPATOB. DTOT METOJ OTHOCHUTCS K KJIACCY alPOKCUMAIIMOHHBIX METOJIOB, 4 €r0
Ujies COCTOUT B TOM, 4TOOBI 1O JaHHBIM AKCIEPUMEHTA MOCTPOUTH MPHONMKEHHO (HYHKLHUIO B
BUJE MHOTOYIEHa C TeM pacdy€éToM, 4YTOOBl CyMMa KBaJpaToOB OTKJIOHEHUI MOCTPOEHHOU
(YHKLINHU OT SKCTIIEPUMEHTAILHON B y3JIOBBIX TOUKaX ObLIIa MUHHMAJIbHA.

bynem ctponuThs GyHKLHUIO B BUE MHOTOWJIEHA

fE)=a,p5" +a, 5"+ raxt+a

[TocTpouTh MHOTOUICH f (.x ) — 3HAUMT OmNpenenuTh ero Koddduimentsr iz &= 0,7
Bl
R 5, = /)
BBeném QyHKIHMIO i=0 rae i = )
1 oTpedyeM, yTOObl OTKJIOHEHHE (PYHKIIUU OT IKCIIEPUMEHTAILHON B TOYKaX Fis 1= 0,mm,

T.e. BenuunHa (4.1) Obuta MUHUMAaIBHOUW. lcmosb3ys BhIpaKEHHE IS f l:"x], 3aruIIemM

dyHKIMIO > B BHJE:
i
F -1
S=5(ag,q) @50 = {’Z (czn,xz- +a, 7% +...tag —yj)z
=1

HeoGX0MMMBIMH YCIOBHSIME SKCTPEMyMa (YHKIHH A SIBISETCS PABEHCTBO HYINIO 8 YaCTHBIX

Q] ge

IMPONU3BOJAHEBIX I10 BCEM IMMEPEMEHHBIM TR, T. €.
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=0, =0,...,—=0
aalil aal aﬂn Ycnosus
(4.2) npencTaBiAOT co00M cHCTEMY JMHEHHBIX aNreOpandecKkux ypaBHEHHMH C HEM3BECTHBIMU
sy lly BUA:
o5 il
&Tzzz(czn,xf+aﬂ +...+ag yz) 0,
I i=0

—chz,x +a,_ f_l-i—...—i-czn—yi)xfzﬂ.

3a1muleM 9Ty CUCTEMY B HOPMaJIbHOU opMme:
r

i i 2 i 2 i
apmtay 2.%; t @&y nxy o ta, 22X = 2V,
i=0 i=0 i=0 i=0

M i
r:znz.x -I—czlz.x +...ta, 2x mlzz.x-yg,
3 i=[ i=0 =] i=0

w w
m+l 2m PE
aDZ.x +c112:.x +.ota, x5 = LR
L i=0 i=10 i=0 i=0
Pemas »Ty cucremy umr00bIM U3 M3BECTHBIX METOJIOB,

Qg @ gen

ormpenensieM Kod(QPHUIUEHTHI
# FICKOMOTO MHOT'OYJICHA.
B uyactHOM cJIydyac almpoKCUMaluu 3SKCICPUMCHTAJIBHBIX JAHHBIX C IMOMOIIBIO JIMHEHHOMN

GyHKIUH f("x) = QX+ ay

(ToukHM (‘xi > Vi } pacrioyaratoTcsi BOJIU3U MpsMOii) UMeeM

-

i i
Qﬂm+alzx322fi:
i=0 i=0

ﬂnZ-x +aq E-x ZI Ji -
L i=0 i=0 i=0

Ecnu AJigd TICPEMCHHBIX A u -J"? COOTBCTCTBYIOIIHUEC 3HAUCHUA SKCICPUMCHTAJIBHBIX HaHHBIX

("x.f s Vi ) HE pacroiaraioTcs BOJIM3U HEKOTOPOH MPSIMOii, TO BEIOMPAIOT HOBBIE ITEPEMEHHBIE
X=g(x,y), Y=ulx, )
TaK, 4TOOBI MPeoOpa30BaHHBIEC YKCIIEPUMEHTAIbHBIE JaHHBIC

Xy =@z, 30 = Wa, )
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(4::53)

B HOBOM CHUCTE€ME€ KOOpAHHAT (*’T{ 4 ] JaBajd TOYKHU
npsMoi. [[ns annmpokcuMupyromei npsmMon

* MCHCC YKIIOHAIOINHUCCA OT

qucia AIZI u Al MOXHO ONPEACIUTh W3 CUCTEMbl YpaBHEHUH, AHAJOTMYHOM CHUCTEME
YpaBHEHUH
i P P
Apm+ A 7 X, =271,
i=0 i=0

Fis i 3 L
A X+ A XA =X AT
LD i=0 i=0

OnucaHHBI cOCO0 HAXO0XKIEHUS IKCIIEPUMEHTATBFHOM 3aBUCHMOCTH € MOMOMLIBIO CBEJIEHHS K
HHHeﬁHOMy BUAY HA3bIBACTCA 6bIpABHUBAHUEM IKCNEPUMEHMAIbHBbIX OaHHDBIX.

PeKOMeHHaHI/H/I 10 BBIPABHUBAHHIO OJSKCICPUMCHTAJIBHBIX MAaHHBIX H alIlIpPpOKCUMHUPYIOOIUC
3aBUCHMOCTH C JIByMs lIapaMeTPaMH IPUBEIEM B TaOJI.

. BLIpaBHI/IBaHI/Ie JaHHBIX 5 ccxa (bo .
7| (upeoBpasosanne nepemenHEIX) MIHPIIECKast (GOpMY.T
L
1 X=x,Y=2xy y=q+-2,
: - CI1 :Al:l CID :AD
1 1
2 Ir?:_ = —
X:.X: ¥ CII.X‘F(ID a1:A1= QD:AD
x X
3 V=_ — ]
X:I: Jf CIII+(ID {I]:A1= {ID:AD
4 X:X,F:lny y:al'(aﬂjxgglzgﬁ],ﬂnzeﬂl
5 X:].n-X, }7:._}" L:],’:(Il-ln.X'I‘CID,CZl:AI, QD:AD
6 }f:lnx,Y:lny J”:al'xaﬂsﬁzfm,m}:ﬂl

OnHy W3 MIeCTH TpeICTaBlIeHHBIX B TaOm. 4.4 ¢opmyn mnpeoOpa3oBaHUs K HEPEMEHHBIM

(X.7) ClleyeT BBIOMpPATh OJJHOBPEMEHHO C MPOBEPKOI BO3MOXKHOCTH IPUMEHEHUS JTHHEHHON
3aBUCUMOCTH K HCXOIHBIM JIaHHBIM ("xz' > Vi )= 1=0,7. ycnosnem BbIOOpa HawmIyuien
SMIMPUYECKOI (HOPMYIIBI ABISIETCS HAUMEHbILEE YKIOHEHHE MCXOIHBIX WIHM IpeoOpa3oBaHHBIX
DKCIIEPUMEHTAIIBHBIX JaHHBIX OT IPSMOM. YKJIOHEHHE JAaHHBIX OT IPSIMOU B Ka)IOM BapHUaHTE
BbIpaBHUBAHUA Oy€M ONpeNeNsTh BETUUMHON

s
2
G — A4 _f‘ll:lj]
d.= (=l
] Z 2
4

=

i=1

riae -/ — HOMEp COOTBETCTBYIOIEH IMIUPHIECKON POPMyIHI 13 Tabu. 4.2.

JIist HavuTydIme SMInupudeckoi (GopMysibl BETHUIUHA @ sBnseTCs HaMMeHbLIeit
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3.6. [Ipunoxxenust nponsBoaubix OHIT
Iyctes ¢yukmms z= f(X;y) omnpenenena B HeKoTopoil oOmacty D, Touka

M(xy;y,)€D.

Ecmu g gynkuun Z = f(X; ) B HekoTopoil okpecTHOCTH Toukum M (x,;),) BEpHO
nepaserctBo f (X, V,)> f(X;)), 10 Touka M | Ha3bIBACTCS MOUKOU MAKCUMYMA.

Eciu s ynkuun z = f(X; Y) B HekoTopoil OKpecTHOCTH Toukd M (x,;),) BEPHO
HepaBeHCTBO f(x,; y,) < f(x;y), To Touka M, Ha3bIBACTCS MOUYKOU MUHUMYMA.

Heo0xoanMoe 1 10CcTATOYHOE YCJIOBHS IKCTPEMyMa.
Teopema 1 (He00X0aUMBIE YCJIOBUS IKCTPEMYMA).

Eciu dyukuus f(x; )) B Touke (X,;),) uMeeT sKcTpeMyM, TO B 3TOM Touke IM6O 06e
€€ YacTHbIE MPOU3BOJIHBIE IEPBOTO MOPSIKA PaBHbI HYIO f(Xy; ¥,) =0, (x5 ¥,) =0, mubo

XOTs OBI OJIHA U3 YACTHBIX MTPOU3BOIHBIX HE CYIIECTBYET.
Touka, B KOTOpPOM 3HAYEHUs YACTHBIX TPOW3BOJHBIX TEPBOTO MOPSAKAa PaBHBI HYIIIO,
Ha3bIBAIOT CMAYUOHAPHOU MOYKOU.
Touka, B KOTOpPOW 3HAYEHHS] YACTHBIX MPOM3BOIHBIX MEPBOTO MOPSAKA PABHBI HYIIO WITH
XO0Ts OBbI OZJHA YACTHAs TPOM3BOAHASI IIEPBOTO MOPSAKA HE CYIIECTBYET, HA3bIBAIOT KPUMUUECKOU
MOYKOI.
Teopema 2 (1ocTaTOYHBbIE YCJIOBHS IKCTPEeMyMa).

[lycth B OKpecTHOCTH KpuTudeckoir Ttoukum (X,;V,) oynkuus f(x;)) wumeer
HEIIPEPHIBHbIE YACTHBIE NPOM3BOAHBIE 10 BTOPOrO MOPSIKA BKIKOYUTEIHHO.

O6osnaunm 4= f](x,; ¥,), C= f7(x); ¥0), B= f] (x5 ).

Paccmotpum BeIpaxkenne A = AC — B,
1) Eciu A >0, 1o B Touke (X,;),) obynxumus f(X;y) umeer skcTpeMyM, IIpH TOM, €CiH
A< 0 —makcumym, eciu A > 0 — murIMYM.
2) Ecm A <0, 10 B Touke (X,; V,) bynaxmus f(X; V) He uMeer sKcTpeMyMa.

3) Ecim A =0, TO BBIBOA O HAJTMYHH SKCTPEMYMa B TOUKE (x0 ; yo) caeaTh Henb3sl.

3.7. KoMIIEKCHBIE YHCIIa.

1. JleiicTBUs HaJ KOMILIEKCHBIMH YHCIIAMH B ainredpandeckoit popme.

2. Tpuronomerpudeckas popma komriekcHoro uncia. opmyna Myagpa.
3. U3Bnedenne KOpHs U3 KOMILJIEKCHOTO YUCIIA.

Komnnexchvim yuciom Ha3sIBaeTCs BRIpaXKeHHe BUAa z =a+bi,tne a,be R, i’ =—1.
Re(a + bi) = a — neiicTBUTENBbHAS YaCTh KOMIUICKCHOT'O YHCIIA;
Im(a + bi) =b — MHUMAs YaCTh KOMITJIEKCHOT'O YHCJIA;

F= |z| =+/a’ + b’ — MOyTTb KOMILIEKCHOTO urcaa 7 >0 ;
zZ=a—-bi— conpsokeHHoe Uit z =a +bi.
1)z, +z, = (a1 +b, i)+(a2 +b, i): (a1 +a2)+
2) z, -z, :(a1 +b i)_(az +b, i):(al _az)+(
3) z,-z, :(al +b, i)'(az +b, i):(al -a, —b,-b
z, _a +bi (a, +b,i)a, —b, i)

Z_ a, +byi B (a2 +b, i)(az —b, i)'
Tpuronomerpuueckasi Gopma KOMILIEKCHOT0 yucaa. @opmysna Myaspa.
1) z=a+bi — anrebpanueckasi GopmMa KOMIUIEKCHOTO YHCIIA.

4)

2) z=r(cos@p+ising) — TPUrOHOMETpUYECKas (opMa KOMIUIEKCHOTO 4YHCIa, TIe

@ =argz — apryMeHT KoMIuiekcHoro uncia (0 <o <2rx).
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3) z=r-e'’ — nokasarenbHas (opMa KOMILIEKCHOTO YUCIIA.

r=+a*+b*

a=r-cose . .

. b — CBSI3b MEX/1Y alre0pandeckoil U TpPUroHOMETPUIECKOM
b=r-sing 1gp ==
a

(bopmMaMy KOMIJIEKCHOTO YHCIIA.
. ip —ig ip —ig
.. e’ te . e’ —e o
e'’ =cosp+ising; cosQ = T; sing = 5 bopmysl Ditnepa.
i

1) z,-z, =r;(cos @, +ising,)- 1, (cos g, +ising, ) =1, - r,(cos(p, + @, ) +isin(p, +¢,));
(cosg, +ising,)

2) i: 4l — ZE(COS((Dl_¢2)+isin(¢l_¢2));
z, n(cose, +ising,) r,

3) z" =r" (cosn@ +isinng) — popmyna Myaspa;
H3BieyeHne KOPHS U3 KOMILUIEKCHOTO Y CJIA.

V_=K/;(cos(p+2ﬂk+isin¢+2ﬁk}k:0;l;...;n—l — W3BJICYEHHUE KOpHA 7 —ou

n n
CTEIECHU U3 KOMIUIEKCHOTO YHCIIa.

3ameuanue. Bee 3Hauennst 4/z Ha KOMIUIEKCHOH ILIOCKOCTH 00pa3yloT NpaBUIBHBIN
1 — YTOJIbHUK.

OcHognass meopema aneeOpwvl: BCAKUM MHOTOWIEH 7 CTENEHU HMEET XOTS Obl OIUH
KOPEHB.
Cneocmeue: 1000 MHOTOUWIEH 7 CTENEHH C KOMIUIEKCHBIMH TEPEMEHHBIMH HMEeT
POBHO 7 KOpHEH.
CrnencTBueM M3 OCHOBHOM TEOpEMBbI anreOpbl SBISIETCS YTBEPXKICHHE O TOM, 4TO Jr00oe
KBaJIpaTHOE ypaBHEHUE UMEET POBHO JIBa KOPHSI.

PemuTh BO MHOKECTBE KOMILIEKCHBIX UMCEN ypaBHEHHE x —8x+17 =0.

Pemenmne. Jlng  kBaagparHOro  ypaBHEHUS ¥ —8x+17=0 JTUCKPUMHUHAHT
D= (— 8)2 —-4.17=64-68=-4<0, a, 3HaUUT, ypaBHEHUE HE MMEET BEUICCTBEHHBIX KOPHEM,
HO €CTh KOMIUIEKCHbIE KOPHHU:

D=-4=4-(-1)=4*, YD =~/4i* =2i.

_—b+D

1,2
2a

% :—(—8)+2z :8+2z 4
2-1 2

xZ:—(—S)—Zl :8—21 4
2-1 2

Wrtak, mpu penieHuu KBaJApPaTHOTO YPABHEHUS C OTPULATENBHBIM JHUCKPUMHHAHTOM
KOPHSIMU SIBJISIFOTCS IBA CONPSKEHHBIX yncia 4 i .
OTBer: 4+1i.

3.8. AuddepenunpoBanue napaMeTpuiaecku 3aJaHHON QyHKITHH
I[Ipenrmonoxum, 4to GYHKIMOHATbHAS 3aBUCUMOCTh YOT r'HE 3a/1aHa HEIIOCPEICTBEHHO
y=[lr) a yepe3 MPOMEXyTOuHY0 BeanuuHy — L. Torma ¢popmysibt
r = x(t)
y = ylt)
3aJIal0T MapaMeTPUUECKOe MPEACTaBIeHNe (YHKIIUU OJHOU TIEPEMEHHOM.
[lycte pynkuums ¥ = fo{iT-’jzzaz[aHa B IIapaMeTpHUecKoil (hopMe, TO eCTh B BUJE:
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r=x(l)
y = ylt)

rae GyHkmuy - = Hllyy =y “}onpeﬂeneﬂm Y HETIPepBIBHBI HA HEKOTOPOM HMHTEpBaJIe
n3MeHeHus napametpa L. Haitnem nuddepeniuanst oT npaBbIX U JIEBBIX YaCcTel KaKIO0TO U3
PaBEHCTB:

dr = xyell
dy = yydt
dy

[z

Jlaniee, pa3JeiuB BTOPOE ypaBHEHHE Ha MIEPBOE, U C YUETOM TOT0, UTO d:r ¥, IOJIy4nM
BBIPKEHHE JIJIs1 IEPBOM MPOU3BOIHON (DYHKIIMH, 32IaHHON TTapaMeTPHICCKU:
dy TH

LA ) 4

— 3}'; —
dx ik

dy
Jliist HaXO3KJIeHKs1 BTOpOii mpoussoauHoii cdlr?  ~ ' BpmonnuM crneyromue mpeodpa3oBaHus:
2 f f'r!-f: Y
d y o ?)'” o {ua }Ii o dyi T {yi}?
de®  Te0 dr 4 T}
clt ]
[Tpumep

= Int

3=|!-:!I

LN
3amanue. Haiiti BTOpyIO mpou3BOAHYIO Yo it GyHKIIMH 3aJaHHOU

napamMeTpUIecKH.
!
Pemienue. Buayane Haxo UM MEPBYIO POU3BOIHYIO Y10 popmyie:
W
[NpousBoanas pyukuuu Yo nepemennoi Ipasua:
/ v g2
= (t°) =3t
MPOU3BOHAS ITIO L:
1
T, = (Inty = n

Torna
S :
y, = — = 3t
+
Bropas npousBoHas paBHa
i o f 1 qy F :
g, = (3°) -7 =3 () -t =3t 37 =’

t
Orser. Ui = O
3.9. KpuBu3Ha kpuBoO# /Ut PYHKITUN 3aTaHHBIX MTApaMETPUICCKU
Haiiném nnuny nyru AB xpuBoit y = f'(x), rae A(a, f (a)),
B(b,f(b))
Hnunoii dyau nazvieaemcs npeoei, K KOMmopomy CmpemMumcs OIUHA 6NUCAHHOU JIOMAHOL
JIUHUU NPU YCIOB8UU, YMO YUCTO 36eHbe8 HeO2PaAHUYEHHO 803pacmaem U OIUHA HAubOIbULe20 U3

HUX cmpemumcs K HYJO.
n

{=lim Z A,
e Al JuMHa 3BeHa M;-1M; nomaHoi AB.

PaccMoTpuM HEe3aMKHYTYIO OyTy AB, 3a1aHHyI0 ypaBHEHHEM y = f (X).

Iycrs f(x) 1 fx) HenpepbIBHBI Ha [ a, b | . Pa3006béM nyry 4B Ha n yacTeil Npou3BOIbHBIM
00pa3oM ToOYKaMu
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A =My, My, M,,..., M,, = B

1 IPOBETIEM XOP/IbI
MW], MZ; cee Ml_la Ml-

JnuHa i -Toro 3BeHa Al paBHa JIMHE BEKTOpa M M, .

by = |Mz'-1Mz'|= \I{(xi - -7fr'z'-1)2 + LV:' —Jf'z'-1)2
eyl =1 (x =), yi=f(x ), 17417 8% Vi P = By

2 2 ﬂyiz
By = Jlao Y+ () = 'IH[E) Ax, o

[IpocymmupoBas Bce A, , TIOJTyYUM TIPUOJIMKEHHOE 3HaUeHUe JUTHHBI IyTH AB:

s v A, - g,fn (7)) o

i=1

5

[Tepeitns x npeaeny npu # oy maxhl; —0 , IOJIYYUM TOYHOE€ 3HaYE€HHUE NJINHBI JYT'U.
) . 7
L= lim .f +[;’ [;.)] A,
by e

mzil— 0

B npaBoii yacTu paBeHCTBa Mpeies HHTETPaIbHOW CYMMBI CYIIECTBYET B CHUITY
HENPEePBIBHOCTU QYHKIHH f (X) U €€ MPOM3BOAHON M HE 3aBUCHT OT Ccrioco0a pa3OueHus Ayru Ha

YacTH.
B
lig = + y'zdx
z N (¥)

[Dﬂuiﬁ]

2. Y101 CMEXHOCTH U KPUBU3HA.

PaccMoTpuM MIIOCKYIO TIaJAKYI0 KPUBYIO ' yron & MEX1y KacaTelIbHbIMH K

r B TOYKax A n B HAa3bIBACTCA YIJIOM CMEXHOCTHU OYI' AB . OTHOMICHNE yriia CMEXKXHOCTH

IyTH AE k ee winne HasbiBaeTes CpeaHel KpUBU3HOM yru AB (puc. 86). Hakonen,
KPUBHU3HON KPUBOU I' 5 ee rouke A naspBaercs npeaesn (KOHSYHBIA I OECKOHEYHBIN )

— AB|=|As
OTHOILEHUS yria cmexnoctd & ryru AB KpUBOM K ee JITTUHE , KOr/1a MOCIIeTHsIS
CTPEMHUTCS K HYJIIO:
: o
= lim —
Ag—0 |As|
g
A A
b
A g J
) é F; T
3. Paguyc u Kpyr KpUBHU3HBI.
Takxum oOpazom, 0K =e0 . Ilo onpenenenuto, BeIuInHA R= 1‘} £ (rme cuuraercs, 4To

0=1/e0, o0=1/0 ) Ha3bIBAETCS PAJANyCOM KPUBHU3HBI I' 5 rouxe 4.

Touka & , exammas Ha Hopmamn k 1 B Touke A Ha paccrosnnu A=K 1 Ay

CTOPOHY BOTHYTOCTHU r , Ha3bIBACTCA HCHTPOM KPUBU3HLL r B TOYKEC A . O‘ICBI/II[HO, 49TO OCHTP

OKPY?KHOCTH COBIAJACT C LICHTPOM €€ KPUBU3HAI.
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7 T
y=1r (x) (C =Xs d} , UMEIOIIEl HEeNPEephIBHYIO

A:(.x, f[x)).HYCTB P u P2 yrm,
B:[.x+ﬁx,f(.x+£\.x)]

[lycts kpuBas I" sanana bynkuunei

BTOPYIO IPOU3BOAHYI0. HaliieM ee KpUBU3HY B TOUKE

KOTOPBIC COCTABJIAIOT KaCaTCJIbHBIC K ) B TOYKax A n
IMOJIOKUTCIIbHBIM HAITPABJIICHUCM OCHU " .

tgr=/"(x). tegy=s"(x+Ax)

2

o= |arctg Fxy- ﬂl“Ctgfﬂ("x"'mﬂ,

x4+ 5
As=|AB|= J' 1’1+(f'(u)) dhe

[TosTomy u3 (1), npumensist npasuiio Jlonurans (mo Ax ), IOJTy4yaeM
e+ Ax)

arctg J'(x) - arctg (A +AX)| | 1+[f'(x+Ax}]2 ~
i T Ar—D e 2 .
[ @y ‘ (e ) ‘ (1+[J*m)2]

MpsI nony4uunu GopMyIty sl KpUBU3HBI

C

Hamee

1£"(%)

K= lim
for—0

372

7 (x)]
{1+(f'{.x})2]

ECJII/I riragKas KpI/IBaSI F 3aJaHa HapaMeTpI/ILIeCKI/I
x=0(t),
y=y(t),

P =

32

(a=t=b)

b

riae Pu¥W. JBaYK]BI HETIPEPBIBHO MU depeHImpyemMbie GyHKIIUH, TO, MTOTB3YSICh
npaBuiIoM aupdepeHIupoBaHUS apaMETPUIECKU 3aJaHHbIX QYHKUIUH, TOTyYHM
(524 V.rz)y‘2
f ro PN T - 1
Pl -LL,  prfe) - Iel el ity Relnmen K=
. PP b 43 e a2 A
z (%)

4. DBOJIIOTA U DBOJILBEHTA.

5

- N
Kpusas T, ABISIOIIAACS TEOMETPUYECKMM MECTOM IIEHTPOB ~ | KPMBHM3HBI IIOCKOM

KpUBOU F, HasbIBaeTCs 9BOIOTOM 1 . Cama KpuBas I" hasuisaercs sonbBenTOl ! .
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Haiinem nmapamerpudeckoe ypaBHEHHUE 3BOIIOTHI b KpUBOH I , 34JJaHHOW ypaBHEHUEM

) |7 ()] 3{2‘= F"(x)sign f"gfz)
(147 [1+(f'(x))2]

A(.x, f[.x))

y=F()

. Ameem

) y
Llentp kpuBH3HBI ~ | KpuBOIi I 5 ee Touxe

(& m)

IMyCTb UMECT KOOPANHATHI

. OH ompezensiercss BEKTOPOM

pP=T+RV

rae T - paguyc-BekTop TOUKH A€l a ¥V . equununmiit BEKTOP HOpPMaJlu, HallpaBJICHHbIN

B CTOPOHY BOTHYTOCTH T Kpusas I' nveer BEKTOPHOE ypaBHEHUE

r= [.x, y]
Otcrona
: 5
_ — .V
r}::(lsj’;c)s fx:(Dsfg) 1+jx \{1+y
3HaK HaJ0 BBIOPATH TaK, YTOOBI BEKTOp ¥ OBLI HaNpaBieH B CTOPOHY BOTHYTOCTH I , T. €.
(v:1x) i
YTOOBI CKAJIIPHOE MTPOU3BEICHHE MMEJIO TTOJIOKUTEIBHBIN 3HAK:
" —12
(v, ¥y ) = £ =25 — 37 (sign ¥ ](1+y;c2)
A+
Hrak
F e r r 2
: . -y 1 _ [H_ Jx ] — V% sign ¥y Vx (1+J’x )
V=sign Jx- P2’ 2 A Y sign yy 2412 - ¥
1+ % 3/1+y;,; (1+va )
32
02
G+ﬂ; j sign 14y
B sign ¥ T i
Jx Yx (H.‘}ﬂc“) X

A~{x £1)

JlokaxkeM, 9TO HOpMaJIb K KPUBOH (9BOJILBEHTE) B TOUKE
& =(5: ]

KacaTelbHbIe K KPUBOM I' v x ssomore ! B COOTBETCTBYIOIIUX TOYKAX OPTOTOHAIbHBI
(TepreHIUKYSIPHBI):
s f
14 342
" =0
¥

P2 r2
ree r ] " ]+ ; r 1+ ! . r r
-xxéx"‘)"xﬂx:l'{l"'}'x jﬁ'x }’x[ j:-x H"‘J’x ¥x+ "
-

ABIIACTCA

KacaTeJIbHOM K 3BOJIIOTE T B TOYKC . I[OCTaTO‘IHO JJIA OTOro aokasarb, 4YTO

X Fx

Hpyroe BaxxHOE CBOMCTBO 3BOJIFOTHI 3aKjIt0UaeTcs B ciaeaytomeM. [Ipupamenue paguyca
KPHUBU3HBI 3BOJILBCHTHI PABHO C TOYHOCTLIO 1O 3HAKA IMPUPAIICHUIO JJIMHBI COOTBCTCTBYIOH_[ef/'I
JTyTH 3BOJIOTHI:

Ry - Ry =%[oy -0
Ha nokazaTtenbCcTBE 3TOT0 CBOMCTBA MBI HE OCTAHABIIMBAEMCH.
[IpencraBum cebe HUTH, HABEPHYTYIO Ha ABOMIOTY. [IyCcTh OHa cMaTBIBaeTCs C TIOCIETHEH,

Oyayuu Bce BpeMs HaTHYTOW. OTHENssch OT 3BONIOTHI, OHA, OYEBHUIHO, BCE BpeMst Oy/eT
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KacaTbcs BOIOTHL. CBOOOIHBIN ke ee KOHEI] OyJeT OMHUChIBATh IBOJIBBEHTY . Tak Kak JIHHA
HUTH MOKET OBITh POU3BOJIBHOM, TO HBOJIIOTA TOPOKAAET OECKOHEYHO MHOI'O 3BOJIBBEHT.
JlnvHa, Ha KOTOPYIO CMATBhIBAETCS. HUTh C HBOJIFOTHI, PaBHA, OUYEBHUIHO, IIPUPALIEHUIO paguyca

KPUBU3HBI 3BOJILBEHTHI. Eciin kpuBas I" zanana napaMeTpUUecKu: x=x{f). ¥y=y {1‘]’ TO
9BOJIIOTA OMPCACIIAACTC YPAaBHCHUAMU
é—x_y' x-rzﬂ,-fz xrfz+yrr2
I L F .. P e P
AR A SO A U SO
3.10. I[TpubnmkeHHOE BHIYUCIICHHE ONPECIICHHBIX HHTETPAJIOB.
Ilycts Ha orpeske [a;b] 3amana HempepwiBHass QyHkius f(x). PazoObem ocHOBaHHE

T+ %

ATOH Tpameuuu Ha n paBHBIX YacTei. OnpeaeneHHbI HHTerpall IPUOINKEHHO BBIYUCIISIETCS IO

dopmymnam:
1. ®opmyna npsMOYTrOJbHUKOB:
b
Jf@ax=?

a b—a
n

b
(o + 31+t 3,) [ f()dx x —=(3 +.4 3, +2,).

2. ®opmyna Tpanenui:
f b—a(y,+y
If(x)dxz— Ly Y,
/ n 2

3. ®opmyna napabdon (CumricoHa):

b
h
[ £ =2+ 3 + 400+ 95+ 220 ) £ 20+ 0)

3.11. Beluucnenue AJIMHBI JyTH KPUBOM.

N3BecTHO, YTO OMNpEeNeNeHHBIM HMHTETpaJ HAa OTPE3Ke MPEACTaBIseT COOOW ILIOIMIAb
KPUBOJMHEHHON Tparenuu, orpaniyeHHoi rpaduxom ¢pynkuu f(x). Ecam rpaduk pacnonoxen
Hwke ocu Ox, 1.e. f(x) < 0, To IoMIank UMEET 3HAK “-*, ecu TpadUK PACIOIOKEH BBIIIE OCH
Ox, T1.e. f(x) > 0, To TIOIaAP UMEET 3HAK “+.

b
JIyist HaXOXKACHUSI CYMMApPHOU TUTOMIAIN HCTIONb3yeTcs hopmyna S = J. f(x)dx|.
a

[Inomans ¢Gurypbl, OrpaHU4YeHHOW HEKOTOPBHIMH JIMHUSMH MOXET OBITh HaiieHa ¢
MIOMOUIBIO ONPEAEIECHHBIX MHTETPAJIOB, €CIIM U3BECTHBI YPABHEHUS 3TUX JIMHUM.

JUida  HaxoXIOEHWs IUIOIIAAU KPUBOJIMHEHHOTO CEKTOpa BBEIEM IOJSAPHYIO CHCTEMY
KOOpAMHAT. YpaBHEHHE KPUBOW, OTPAaHUUYMBAIOLIEH CEKTOpP B 3TOM CHCTEME KOOpAUHAT, UMEET
Bug p = f(¢), rae p - IMHA paguyc — BEKTOpa, COEIUHSIONIETO MOJIIOC C IPOU3BOIBHON TOUKON
KPHBOH, a () - yrOJI HAKJIOHA 3TOT0 PAJNYC — BEKTOPA K MOJISIPHOM OCH.

[Tnomanb KpUBOJMHEHHOTO CEKTOpPa MOKET OBbITh Haii/ieHa 1o Gopmyie

1%
S=5£f ()do

3. Haxoxnenue o0bema Tesa BpalieHus..

[TycTts umeercs teno oobema V. Ilnomans a060ro monepevyHoro ceueHus tena Q, u3BecTHa
kak HempepbiBHas ¢yHkus Q = Q(x). PazobbeMm Teno Ha “cron” MONEPEYHBIMH CEUCHUSIMH,
IPOXOJAIIMMH Yepe3 TOUKH X; pa3OueHus orpeska [a, b]. T.k. Ha kakOM- THOO0 MPOMEKYTOYHOM
OTpe3ke pa30oueHus [Xi.j, Xi] GyHKIUsA Q(X) HEMpephIBHA, TO MPHHUMAET HA HEM HauOOJIbIIee U
HauMeHblee 3HayeHus. O003HAYUM UX COOTBETCTBEHHO M; U m;.

Ecniu nHa »TMX HauOonblleM W HAUMEHBIIEM CEUEHUAX IOCTPOUTh LHMIUHJIPHL C
00pa3yromuMHy, MapauieNbHBIMH OCH X, TO 00BEMBI 3TUX HUIUHAPOB OYAYT COOTBETCTBEHHO
paBHBI MjAX; 1 m;AX; 31€Ch AXj = X;-Xj.].
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[IpousBenst Takue NOCTPOEHUS MAJI BCEX OTPE3KOB pa30MEHMs], MOJYyYUM ILIMJIMHIPSI,

n n
00BEMBI KOTOPBIX PaBHBI COOTBETCTBEHHO ZM Ax, n ZmiAxi .
i=1 i=1

[Tpu cTpemiieHuu K HYIO 11ara pa3OueHus A, 3T CyMMbI UIMEIOT OOIIUI TIpeaen:

n n b
lxlg(} 2 M Ax, zlkllr(};miAxi = JQ(x)a’x

TakxuMm oOpa3om, 00beM Tella MOKET ObITh HaliJIeH 110 (hopMyIIe:
b
v =[0(x)dx
a

HenocraTkom 3T0# GopMyIBI SIBISETCS TO, UTO JJIsl HAXO0XKICHUsT 00beMa HEOOXOAUMO
3HaTh QYHKIHIO Q(X), 4TO BEChMa MPOOJIEMATHYHO JIJISl CIIOXKHBIX TEJl.

O06beM Ten BpallleHus.

PaccmoTpum kpuByro, 3amannyto ypaBHeHueMm y = f(x). [Ipeanonoxum, uro pyukmus f(x)
HenpepsiBHA Ha oTpe3ke [a, b]. Eciam cooTBEeTCTBYIONIYIO €if KPUBOJIMHEWHYIO TPAIEIUIo C
OCHOBaHUSMU a U b BpamaTh BOkpyr ocu OX, TO IOTYyYUM TaK Ha3bIBAEMOE TeJI0 BPALleHH.

y = f(x)

L 3

T.K. KaXJ0e CeueHHe Tela TUIOCKOCThI0 X = const MPEACTaBIsIeT CO0OW Kpyr paauyca
R=|f(x)
dbopmyre:

, TO 00BbeM Tena BpalllICHUS MOKCT OBITH JIETKO HaﬁI[CH 1o HOHy‘ICHHOﬁ BBIIIC

V= nj‘fz(x)dx

[liomaae MOBEpXHOCTH TEJIAa BPALLICHHUS.

Omnpenenenue:Ilnomaab0 MOBEePXHOCTH BpamleHusi KpuBod AB Bokpyr naHHoO#l ocu
Ha3bIBAIOT Ipened, K KOTOPOMY CTPEMSATCS IUIONIAJM IOBEPXHOCTEH BpallleHUs JIOMAHBIX,
BIIMCAHHBIX B KpUBYI0 AB, mpu cTpemiieHHMH K HYJII0 HauOOJBIINX W3 JJIMH 3BEHBEB 3TUX
JIOMaHBIX.

[Inomans MOBEpXHOCTH, OIIMCAHHOM JIOMAaHOM paBHa:

P =53 (£ () + )N+ /7 @A,

DTa cyMMa He SIBJIIETCS MHTETPaIbHOM, HO MOXKHO MTOKa3aTh, YTO
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P= lim nz f@E)+ FEONIH 7 (E)AY, = Tim OnZn:2f(ai) 1+ £ (g,)Ax,

max Ax; >0

Torma P = 2nI F(1+ £ (x)dx - hopMyIna BHIUHCICHAS MJIOMAIH MOBEPXHOCTH TeJa
a
BpAallleHUsl.
4. BoluncneHue IJIUHbI IyTH KPUBOM.
JlnuHa JIOMaHOM JIMHMHM, KOTOpas COOTBETCTBYET JIyre, MOXeT OBbITh HalJeHa Kak

Sas,

Torpa anuua qyru paBHa S = lim ZAS

max AS; >0

W3 reomerpuueckux coobpaxenuii: AS,; = \/ (Ax

Ay, _ S = f(xi)
i Axi
Torna MOKHO ITOKa3aThb , 4YTO

n b d 2
S= lim Y'AS, =] 1+[d—yj dx

max Ax; -0 P X

B 10 xe Bpems

Te. S= j«/1+ (f'(x)) dx

Ecnn ypaBHEHME KpUBOM 3alaHO MapaMETPUYECKH, TO C YYETOM IPAaBWJI BBIYUCIECHHUS
IIPOU3BOJHON NTAPAMETPUUECKH 3a/:[aHH0171 GbyHKIMH, TOTyYaeM

S = Ncp(t) @,

rae x = ¢(t) ny = y(b).
Ecnu 3anana leOCTpaHCTBeHHaH KpuBas, u X = @(t), y = y(t) u z = Z(t), To

S = N o OF +lv'®F +[z'®OF

Ecnu kpuBas 3ajaHa B HOJISAPHBIX KOOPAUHATAX, TO

B
S=[p?+p’do, p=f(o).

3.12. IloHsATHS TPOMHOTO M KPUBOJMHEHHOTO UHTETPATIOB. TOBEPXHOCTHBIE MHTETPAJIBI.
KpusosnHelinble uHTErpansl. BekTropHoe U moTeHnuanbHoe nose. Juseprennus mos.
JIBoliHO# MHTETpaAT — 3TO 0000IIEHNE OTPEICTICHHOTO HHTETpasa s QYHKIIUU ABYX
IIEPEMEHHBIX.

ITycTh B 3aMKHYTO#t o6nmacti D 3amana HenpepbIBHAS GyHKIUS © f(xy) . PazoObem oOmacthb

. D. A A .
D pa " «onemenTapHBIX obnacTel» ¢, IIOMAAN KOTOPBIX !, TMaMeTphl - . B Kax a0

D, M.(x;5y,) .
obmacti ~ ! BBIOEpEM MPOU3BOJIBHYIO TOUKY ~ 7’1/ Y BBIYMCIMM 3HaYeHUE (PYHKLIUHU B STOU

if(xi;yi)'ASi

Touke. CocTaBUM CyMMy Buaa =! , KOTOPYIO HA30BEM HHTETPAIIBHON CYMMOM.
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N maxd, -0
ACCMOTpPHUM IIpEACI UHTCTPAJIbHOU CYMMBI, KOT'4a TaKUM O a30M, 4TO .
P y , n— oo 0o , i

Eciu 5TOT TIpejien CyIecTBYeT, TO OH Ha3bIBAETCS BOMHBIM MHTETPATIOM OT (BYHKIHH
2= (%) 1o o6mactu D

[[ /G y)dxdy = lim 3 (x5, A,

Teopema: ecnu (hyHKIIMS HEMPEPhIBHA B 3aMKHYTOM 00J1aCTH, TO OHA MHTETPUPYEMa B ATOM
o0macTH.

3ameuaHue: U3 onpeAeNeHus ABOWHOT0 UHTErpaja caeayeT, YTO OH He 3aBUCHUT OT criocoda
pa3oueHwus obactTu Ha yacT. TakuM oOpa3om, 006JIaCTh MOXKHO Pa30WBATh HA TUIOMIAIKH
NPSIMBIMH, NapaJUIEIbHBIMA KOOPAHUHATHBIM OCSIM.

2. 'eomeTpuyecKuil CMBbICI.

I'eomeTprueckuii CMBbICIT ABOMHOIO UHTETpaia: IBOMHONW HHTErpall OT HEOTPULATEIbHOU
(GYHKIIMHM YUCIEHHO paBeH 00beMy HUIMHAPHYECKOTO Tela.

OcHOBHBIE CBOMCTBA JJBOITHOI'O MHTETpaa:

U - (s y)dxdy = cﬂﬂxww@
ﬂuunguymmw ﬂﬂxwm@+ﬂgxww@

Hﬂxnw@ Hﬂxww@+ﬂﬂxnw@
3. Ecmu P=DiVYD; g 0
4. 3HaK TBOWHOTO WHTETpaja OMpeAesIeTCs 3HAKOM ITOIBIHTErPATbHOM q)yHKI_[I/II/I
5. bonbIne GyHKINU COOTBETCTBYET OOJIBINNI IBOIHON MHTETpaJl.
6. Eciiu yHKIuMs HenmpephIBHA B 3aMKHYTOH obnacth D, To B 3T0i 00/1aCTH CyIECTBYET Takas
i) [[£Ceyydxdy = £(xy33)- i)
Touka 00 ,4To0 D . Benmnuuny 0>Y0) yaspiBaror CpeaHUM
3HaueHueM (DYHKIUM JIBYX TIEpEMEHHBIX B oOnactu D
3. C1ocoObI BBIYUCIICHHS JBOMHOTO HHTETpAIA.
CriocoOb! BBIYMCIICHUS ABOMHOTO HHTETpasa
1. O6nacTh, mpaBUIIbHAS B HAIIPABJICHUH OCU OPJAWHAT: JF00ast psiMasi, mapajuiebHast OCH
OpIMHAT, TIepeceKaeT IPaHuIly 00JIaCTH HE OoJiee UeM B IBYX TOYKaX.

[Tycth obnacts D npezcrasisieT co60# KPUBOJIUHEHHYIO TPATIELUIO, OTPAHHMYEHHYIO PSIMBIMU
xX=ayx=>b, y=0,(x) , yzgoz(x). Torna

@, (x)
Hﬂxww@ phjﬂxw@
a  p(x)

2. OO6nacTb, mpaBUIIbHAS B HAIIPABICHUH OCH abciucc: ar00ast npsMasi, napajuieibHas ocu
abcIucc, mepeceKkaeT rpaHuIly 00JacTH He O6ojiee 4eM B IBYX TOUKaX.
I[Tycts o6macts D npencrapiser co6oi KPUBOIMHERHYIO TPAIIEUIO, OTPAHUYEHHYIO IPSMBIMH

y:a y:b X=‘//1(y) x=W2(y)_TorHa

¥ (x)
Hﬂxww@ L@Jﬂxww
a w1 (x)

4. [TepecTanoBka mnpeaenoB HUHTETPUPOBAHUSL.

CnocoObI BBIYUCIICHHS TBOWHOTO HHTETpaIa

1. O6nacTe, mpaBUIIbHAS B HAIIPABJICHUN OCU OPJAMHAT: J00ast mpsMasi, apajuieibHas ocu
OpJIMHAT, TIepeceKaeT IPaHMIly 00J1acTH He OoJiee YeM B IBYX TOUKaX.

75



I[Tycts o6macts D npencrapiser co6oi KPUBOIMHERHYIO TPAIIEUIO, OTPAHUYEHHYIO IPSAMBIMH

x=ayx=b, y=¢x) , y=0,(x) Torna
0y (x)
I/ ey = o | 1y
a ¢ (x)
2. OO6nactp, MpaBUJIbHAS B HAIIPABJICHUH OCH a0CITUCC: JTr00as psMasi, mapajiebHas OCH
abcuucce, mepecekaeTr rpaHuIly odmactu He 6ojiee YeM B IBYX TOYKaX.

I[Tycts o6macts D mpencrasiser co60i KpUBOIMHENHYIO TPAIIEHIO, OTPAHUYEHHYIO IPSAMBIMH

y:a y=b x=l//1(y) x:l//2(y),Tor,ua

W (x)
ﬂﬂxww@ ijﬂxww
a vy (x)

Teopema.Ecnu ¢pynxyus f(x, y) nenpepviéna 6 3amknymoi oonacmu A, 02paHuyeHHo TUHUAMU Y

=¢y=d(c<d),x= DY), x =) (DY) <Hy)), mo

d ¥
Hﬂxwww [ay [ f(xp)dx
c )
”(xQ +y?)dxdy
IIpumep. Beruncnuts uHTErpan A , €CIIi 00JIaCTh A OorpaHUYeHa JTUHUAMHU y = X,

x=0,y=1,y=2.
¥

A

y=z

2
Fi
1

E

i X

! / 12 2 12

”(3)62 —2xy+ y)dxdy
[Ipumep. Bwruncauths uaTErpan A , €CITi 00J1aCTh UHTETPUPOBAHUS A
orpaHuueHa JuHusaMU X = 0, x = yz, y=2.

2 y 2 2
”(3)62 —2xy + y)dxdy jdyj(3x2 —-2xy+y)dx = I(x3 —yx’ + yx)|y dy =
A =0 0 0

2 x 203 y 2 2
2 dxdv = [avl (% + v)de = [| X2 4 12 'd:i%[:i‘* I
fAf(x y*)dxdy !yl(x y~)dx j(3 yxj|oy I3y ly y|1

2

2 7
244
6 _ 5+3d=y——y— _
={(y ¥ +y)dy [7 < |0

_[ J. v Inxdxdy
[Ipumep. BerarcnnTh IBOMHOM HHTETpATT A , €CTT 00J1aCTh UHTETPUPOBAHUS

OTpaHUYEHA JIUHUIAMH Xy=1, y = */; , X=2.

0.5 1 1.5 2 2.5

v tyt o Hxnx 1
”ylnxdxdy _!‘dxljxylnxdy _!‘y?lnxj/xdx = -!-{x ;x - ;;}dx
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u=Inx; dv=xdx . 2

X X
xInxdx = 2b=—Inx—|—dyxr=—Inx——;
J ! Ll I2 2 4

du=—dx;, v=—
X 2

L.
2 2 2\2

[xinxde=| Zmnx-=-| —2n2-1+1 =222
! 2 4 ), 4 4

t

X X

jln_xdxz 1nx=1t; .x:e; =J-txdtz td_tzje_ttdtz{u:t;

2. X

tInx Inx 1)2 2 1 n2 1
'[—zdxz ————| = —tl=——t+—;
. X X X/

3 A 4 2 2) 202 4) 4

1. Beruucnenue mioniaau miocKou KpUBOU.
1) Beruucienue miomaaei B 1€KapTOBBIX KOOPINHATAX.
¥

’ ¥ = )
/‘/f_‘\\\
// ]
=]
"\_\_\_\_\_'_H_'__o—"
7= fx) .
a o L4

IIylnxdxdy:%(2ln2_é+m_2_lj:l(51n2 _éj _ 5In2 _é'

2

8

[Tnomane S, moka3aHHas HA PUCYHKE MOXKET OBITh BHIYMCIICHA C IIOMOIIIBIO JBOMHOTO MHTETrpaja

o popmye:
b o(x)
S = J. Idydx

a f(x)

Hpumep. Boruncnauts miomanb GUrypsl, OorpaHUYSHHON TUHUSAMA y2 =4x+4; x+y-2=0.

[TocTpoum rpaduku 3a1aHHBIX (YHKIIHIA:

-6

Jlunuu nepecekarotcs B AByX Toukax — (0, 2) u (8, -6). Takum oOpa3om, 001aCcTh

X =

MHTETPUPOBaHUs orpaHnyeHa no ocu OX rpadMKkaMu KpUBBIX OT

y' -4
4

nox =2-—y,ano
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ocu Oy — ot —6 10 2. Torga uckomas IIOUIalb paBHa:
2

2
j.J‘ydxdy J.EZ y—#j —j(g_4y;y2+4jdyzij(—y2—4y+12)dy:

-6 y —4 —6 -6

3
=l _y__ | S ———8 24 — ﬂ_ﬁ_lzﬁj =l.(88_§j=21l
4 3 3 2 4 3 3

2) Beruucnenue nnoma/:[en B HOJ‘ISIpHBIX KOOpPJIMHATAX.

S = j [ pdpdo = jjdydx = j j pdpdo
0,79 Beruncienue miomnaam KpuBoil MOBEPXHOCTH.

Ecnu noBepxHOCTH 3a1aHa ypaBHeHHEM: f(X, y, z) = 0, TO TUIOIAAb €€ MOBEPXHOCTH HAXOAUTCS
o ¢opmye:

e

A A
62
Eciu moBepXHOCTH 3a/1aHa B HEIBHOM BHJIE, T.€. YpaBHEHHEM Z = ((X, Y), TO IUIOIIAb STOU
MIOBEPXHOCTH BBIYHMCIISETCS IO (hopMyIIe:

) e

2. Haxoxnenne o6beMa MpOCTPaHCTBEHHOTO Tea.

[TycTh TENIO OrpaHUYEHO CHU3Y INIOCKOCTHIO XY, a CBEpXy— MOBEPXHOCTHIO Z = f(X,y), a ¢ 00KOB
— HWIMHAPUYECKOHN MTOBEPXHOCTHIO.

Takoe Teno Ha3bIBACTCS HUJIMHAPOUI.

dydx

A
1
1

=fiz ¥

4
L
[}
—L__
]
1

r
]
]

r————A---
-, ]

FAT

:‘-'--Fz- .I -+--‘_-----
L

1

1

%
A
K

X2 V2
ggo Z z zZAyAx = ” zdydx = I J.zdydx
V = X0
[pumep. Beruucnute 00beM, OrpaHUYEHHBIH TOBEPXHOCTIAMHU: x>+ y2 =l;x+y+z=3mu
miockocTeio XOY.

_ 2, _ ./ 2,
Ipesensl MHTErpUpoBaHUs: o ocu OX: V1 =~ I=x75 yy =A1-x7 o ocu OY: x; =-1;
X2 = 1;

1 Viex
V= I I(3—x—y)dydx =3m;
11
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3. HaxoxeHne KoopAUHAT HEHTPA TSHKECTH OJHOPOAHOM IIACTUHBI.

Brrurcnenne MOMEHTOB HHEPIIUH TUTOMIACH MITOCKUX (QUTYD.

[TycTs Tutomaap miockoi Gurypsl (061acTh A) orpaHrYeHa JUHUEH, ypaBHEHHE KOTOpoi f(X,y)

= 0. Torma MOMEHTBI HHEPLUHU 3TOH (PUTYPBI HAXOAATCS 1O (hOpMyTIam:

2

I = ” v dydx

- OTHOCUTENBHO ocu OX: A
_ 2
I , = ”x dydx
- otHOCcUTENbHO ocu Oy: A
2 2

Iy=1,+1, =”(x +y7)dydx
- OTHOCHUTEJIHHO Havalla KOOPAMHAT: A
HA3BIBAIOT €III¢ MOJISIPHBIM MOMEHTOM HMHEPIUH.
Brruuciienue neHTpoB TSHKECTH TUIOIIAACH TUTIOCKHX (BUTYP.
KoopanHaTsl IEHTpa TSHKECTH HAXOAATCS 1O (OpMyIaM:

'[ I wxdydx ” wydydx

Xp =} Yo =
” wdydx ” wdydx
A A

371eCh W — IOBEPXHOCTHAs TJIOTHOCTH (dm = wdydx —mMacca 3jeMeHTa TUTOMAIH ).
Brruncnenme 00beMOB TeN ¢ TOMOIIBIO TPOMHOTO HHTETpaIa.

- 9TOT MOMCHT MHCPI NN

Ecnu moBepxHOCTH Tena onmuckiBaeTcs ypaBHeHueM (X, y, z) = 0, To 00beM Tena MOXKeT OBbITh
HaieH o Gpopmyiie:
X3 Y32y

V= I j Idzdydx
N4
IIPU 3TOM Z; ¥ Z; — PYHKIIUU OT X U Y WM TIOCTOSIHHBIE, Y| U Y2 — QYHKIIUH OT X WIH
MIOCTOSTHHBIC, X| U X; — IOCTOSTHHBIC.
Koopaunatsl 11eHTpa TSHKECTH Tena.

[[Posdv [[fwvay [[fwzay
te :W; Ye = JZJ. wdv P fe J‘r‘[ wdv;
MOMCE;TLI HHEPLIUU Tenar OTHOCUTEIIBHO ozzeﬁ KOOpJAUHAT.
I, = J.“(y2 + 22 wdv; I, = J.J-J‘(x2 +z)wdv;, I, = J.J-J.(x2 + v )wdv;

MoMeHTHI HHCPpLUU TCJIa OTHOCUTCIIBHO KOOPANHATHBIX IUIOCKOCTEH.

I, = J.HZZde; I.= ”I yiwdv, I, = J.szwdv;
r r r
MOMEHT HHEPLUH TeNa OTHOCHTENBHO HAYaa KOOPIMHAT.
I, = ”j(x2 + 3+ 20 wdv,
r
BBI4KCIIEHIE MACCHI HEOIHOPOHOTO TEJIA.

o1 = [

Temnepp MIOTHOCTh W — BEJTMYMHA TIEPEMEHHASI.
3.13. 3agaua o pacnazae paaus
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Y cTaHOBIIEHO, YTO CKOPOCTh paclaja paaus MpsMO NMPOINOPLHOHAIBHA €ro0 KOJIUYECTBY B
KaX/bli JaHHbIH MOMEHT. ONpelenuTh 3aKOH M3MEHEHHUS MacChl pajus B 3aBUCUMOCTH OT
BpeMeHH, ecnu pu ¢ =0 Macca paaus Oblina m, .

CkopocTb pacnajia onpeensercs cieayomuM oopazoM. [lycte B MOMEHT ¢ Obula Macca
m , B MOMEHT f + At - Macca m+ Am . 3a BpeMsa At pacnanach Macca Am .

Ik
Ty
-
al v

Am
OTHoOLIEHNE A_ €CTh CpPEIHsA CKOpPOCTh pacmazga. [Ipeien 3Toro OTHONICHHS TpH
t

dm
A dr €CTh CKOpPOCTh pacrazaa paaus B MoMeHT f. [lo ycioBuio 3amauun
At—0 t t

?
|
Il

At —>0, T.c.

dm
dt

MIOTOMY, YTO TPU YBEIMYEHUH BPEMEHHU Macca paaus yObIBaeT.

=—km, rae k— xodpdunueHt npomnoprroHanbHOCTH (£ >0). MBI CTaBUM 3HaK MUHYC

m
YpaBHeHUe % =—km ecTh ypaBHEHHE C pa3JesSIOUIMMUCS NepeMeHHbIMU. Pa3nensem
t

dm
nepeMeHHble: — = —kdt

m
Pemas ypaBHeHue, moxyunM Inm = —kt +1InC , otkyna m = Ce ™" .

Tak xak npu ¢ =0 Macca paaust Obu1a m,, To C IOJIKHO yIOBIETBOPSITh COOTHOLICHUIO

m, = Ce™™* = C. Ioacrapnsas 310 3Hauenne C, MOTyYMM MCKOMYIO 3aBUCHMOCTb Macchl paus
KaK (DyHKIIMIO BPEMEHU:
m=mye "'
Koadpduument k onpeneneH u3 HaOIOSHHUNA U TIOITYy4eHO, UTO 17 paaus k = 0,000436

(enuHMIIa M3MEpPEHHsI BpeMEeHU roj). Takum oOpa3oM, 3aBUCHMOCTh MAacChl paaus OT BPeMEHU
BBIpaKaeTcss POpMyIIou:
m= mo e—0,000436k
Haiinem nepuonx mnosaypacnana paaus, T. €. INPOMEXYTOK BPEMEHH, 3a KOTOPBII
pacnajaercsi OJ0BHUHA MEPBOHAYAIBHOM - Macchl paaus. Iloacrasnsas B nmocienHiow Gopmyiry

m, m ~0,000436k
BMECTO m 3HAYCHHE TOHOquHM 70 =mye , OTKy/Ia

In2

=———=1590 (mer).
0,000436

3.14Pemenue JIHAY no merony Jlarpanxa.

Ha npaxTuke ynoOHO MPUMEHATh METO/l BAPHALMH MPOU3BOJILHBIX IOCTOSTHHBIX.

Jnist 5TOrO CHavajga HaxoAsAT oOlllee peleHHe COOTBETCTBYIOMIETO OAHOPOAHOTO YPaBHEHHUS
B BUJIE!

y=Cy +Cyy +.+Cp, =3 Cyps
i=1
3arem, nosarass ko3¢ dunueHTsl C; QyHKIUAMHA OT X, WIIETCS PEIICHHEe HEOJIHOPOIHOTO

YPaBHEHHUS: y = Z C.(x)y:;

i=l1
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MoxHO [oKa3zaTh, 4TO i HaxoxzaeHus ¢yakmuit Ci(X) Hag0 pPEUHUTbh CHCTEMY

o zci’(x)yi =0
YPaBHCHUMU: | =

>l =
i1

ZC @)y = f(x)

[pumep. Pemuts ypaBHenue y" + y = x —sin 2x.
Pemraem nuHeHOE 0THOPOIHOE ypaBHeHue )" + y =0,
kK> +1=0; k,=i; k,=—i.y=e"(AcosPx+BsinPx); o=0; P=1;y=Acosx+Bsinx;
Pemienne HeOTHOPOHOTO YpaBHEHHUs OyI€T UMETh BU: y = A(x)cos x + B(x)sin x;
C . [A'(x)cosx+ B'(x)sinx=0
OCTaBJIIEM CHCTEMY YPABHCHHIA: . .
—A'(x)sinx + B'(x)cosx = x —sin2x

Cosx

Pemmm 31y cucremy: Bx)=-Ax ) sinx A _ o _inox
P sin x
—A'(x)sinx— A’(x)co,six = x—sin2x B'(x) = cosx(x —sin2x)
sin

U3 cootHommenns A'(x)=2sin’ xcosx —xsinx HaiiaeM GpyHKIUIO A (X).
. . . . 2 . .
A(x) = J‘(Zsm2 XCOS X — xsmx)dx = 2J.sm2 X COS xdx — jxsmxdx = Esm3 x —Ixsmxdx =

u=1x, dv=sinxdx; 2 ., 2 ., .
= ==sin x+xcosx—jcosxdx=—sm x+xcosx—sinx+C,.
du=dx; v=-—cosx 3

Teneps HaxoauM B(x).

u=x, dv=-cosxdx;

B(x) = chosxdx - 2'[cos2 xsin xdx = { } = xsinx —Jsin xdx +§cos3 x=

du=dx; v=sinx;
2 .
:ECOS X+ xsinx+cosx+C,.

[ToncraBisieM moOJdy4YyeHHBIE 3HaueHUss B (QopMyay oOOIIEro pemeHus HEOAHOPOIHOTO
YpaBHEHUS:

2
y—fsm XCOSX+XCOS X—SIHXCOSX+C COSX+*SIHXCOS X+XS1I1 X+SIHXCOSX+C s1nx
3 OxkoHYaTenb

2 . . 9 2 . 9 ) .
:Esmxcosx(sm x+cos” x)+x(sin” x+cos” x)+ C,cosx+ C, sinx.

o 1. .
HBII OTBET: ) = Esm 2x+x+C,cosx+C, sinx;

Takum o0Opa3om, yrganoch n30exarh HaXOXKIEHUS YACTHOTO PEIICHUS HEOJIHOPOIHOTO
ypaBHEHUS METOOM IOa00pa.

BooOmie rToBOps, MeTOA Bapualuu MPOU3BOJIBHBIX TMOCTOSHHBIX TPHUTOJEH JUIS
HaXOXXJICHUs PEIIeHUH JIF0OOro JMHEWHOT0 HEOJHOPOAHOTO ypaBHeHMs. Ho T.k. HaxoXIeHue
GyHIaMEHTAIbHON CHUCTEMBl PEIICHHUN COOTBETCTBYIOLIETO OJHOPOIHOTO YPAaBHEHHS MOKET
OBITH TOCTATOYHO CJIOKHOM 3a/1adyeii, 5TOT METOJ B OCHOBHOM IIPUMEHSETCS JIJIsl HEOJHOPOIHBIX
YPaBHEHHH C TTOCTOSHHBIMHU KO3 UITEHTAMH.

3.15. Panast @ypre

PaccMoOTpuM HEKOTOpyIo (yHKImI0 ¥ ~ ! (x), KOTOpasi onpeaesieHa 1o KpaiiHe Mepe Ha

npomesxyTke L 77>l (a, Bo3MoxkHO, U Ha GonblIleM NpoMexyTKe). Ecnm maHHas (yHKIMS

UHTETPUPYyEMa Ha OTPE3KE 77 ], TO €€ MOXKHO Pa3lIOKHMTh B TPUIOHOMETPHYECKUM PSII
dDypbe:
o0
(x)—?0 Z a, cosnx + b, sinnx)

a,,a,,b
n=1 ,Tae 0°7n°"n — taKk Ha3bIBaeMbIe KO Guyuenmor Pypoe.
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l=—=rx
ITpu >TOM uMCIIO T =27 yaspBaror MEePHOIOM PAa3JI0KEHHs, a UYKCIIO0 2 —
MOJIYTIEPHOIOM Pa3JIOKEeHUs.

OueBugHO, 9TO B o0meM ciydae psag Pypbe COCTOMT U3 CHHYCOB M KOCHHYCOB:

%

HyeBoi 4iieH psija NPUHATO 3aIHChIBATH B BUAE 2 .
KoadduunenTst ®yppe  pacCUUTHIBAIOTCA o CIIEIYIOIIUM dopmymnam:

fff(x)dx a, = 1 'Tf(x) cosnxdx b, = 1 fff(x) sin nxdx
—r . ﬂ.fﬁ . ﬂ.fﬁ .

2 2 2

1
a, =—
T

IIpumep. Paznoxute GyHKIMIO f(x)=x+1 B psag Dypbe HA TPOMEKYTKE [_” 7 ]
[TocTpouTs rpaduk Jx)=x+ 1, rpaduKk CyMMBI psiia S(x)
Pemenne: nepBas 4acTh 3a/1aHUSI COCTOUT B pas3NiokeHUU QYHKIUU B psig Dypee.

T
l=—=nrx

B naHHOM 3aaue nepuos pasinoKeHus I'=2r, MOIYIIEPUOL 2 .

Hcnonw3yst cooTBercTByrOIme (GopMynbl, HalaéMm xoagguyuenmor @Pypve. Temnepnb
HY)KHO COCTaBUTh M BBIYHCIUTH TPU OMNpedeaéHHbIX HHTerpajia. [lns ymoOctBa s Oynmy
HYMEpOBAaTh IYHKTHI:

1) TlepBBlii WHTErpan caMblii MPOCTOH, OJHAKO M OH YyXKe TpedyeT Tia3 na rias:

I kS 2
a =lIf(x}dx=lj(x+1)dx=l[x—+x]

T T T2

-

5 )l E )2 )
=—| —+4m7— -Tl|l=—|—+7-|——-7||=—|—F+T——+7T|=— 27=2
il 2 2 a2 2 2 2 T

2) Hcnonp3yem BTOPYIO dbopmymy:

17 17
@, =— If (Xlcosnxdr=— I{x + Dicosnady=(*)
T - ;;T—z
JlaHHBIA ~ WHTErpaJl  XOpOIIO  3HAKOM W Oepércsi OH MO0  4YacTAM
= x+1=du =dx

dv =cosandr =v = I cosaxdx= llcosmxd{nx) = lsin HE
A n
[lpn HaxoxkaeHHMM Y UCMIONB30BaH METOJ] MOABEACHUS (yHKUIMHM MOJ  3HAaK
nuddepennmana.
Hcnonb3yem ¢GopMmylly HHTETPUPOBAHUS IO 4YacTSIM B ONPEIeIEHHOM MHTErpaie
b b b

J.udv = uv| —J.vdu.

a a  q

(*) = l[l(x+1}sin nx
TR

’ —% Isin nxa"xJ =

-

= l{l [(;?r+ Tisin e — (—m+1) sm(—m)]— l : [— lj COERE

IR M M

l(l (0= D}+i2cosnxfz] = l(Efl+i2(|:-::-s - cos(—m}}] = Lz(cosm— cosrm) =10
kel T kel i

IR

3) Nimem TpeTui kod(purmeHT dypre:

b, = l If(x}sin mxdx = l I(x+1]|sin nxdx=(*)
T, b
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[TonydyeH pOACTBEHHUK NPEABIAYLIErO MHTErpana, KOTOPBIA TOXKE UHTErpUpyeTcsl MO
JACTAM:
u=x+1=du =dx

av — zin pxdy —Hv — [sin sxdx — l-l- gin sxed (x) — —lc::-s aux
H H
L] .
[ua!’v =zuv|, —Ivciu
a a
Hanee:

(n T ‘)
(*) = l —l(x+1}cosnx|f,+ljcosnxdx =
b i

—-x

_ 1 1 1 ()
= —— [(tw+ Dcosm — (—a+ D cos(—m) |+ —- =
7o mon
_ 1 1 _ (4]
— [T D1 — (e D=1 |+ — - Csin 92— sin —70)) =
o 72
L [r+147—1] (—1;.*+LE.(g_g;.ii]_i_2ﬁ_(_nx+mz_2ﬁ-(—1}“ __ 2D
™ ™ I P »

2
a,=2,a,=0,b, =——(-1)"
Haxonen-to HaiineHs! Bce Tpu Koddduuuenta Oypobe: n

a - .
f(x)=—-"2+ Z(an cosnx + b, sinnx)
[ToxcraBum ux B GOpMyITy n=1 ¥ TIOJTYYUM:

Fo=1-23L

1)" sin nx

a
[Ipu sTOoM He 3a0biBaeM pa3aenuTh ° momonaM. Ha mocieqHem 1miare KOHCTaHTa
(«MuHYyC nBa»), HE 3aBUCALIAs OT «3H», BHIHECEHA 3a Mpenaebl CyMMbl. Takum o0pa3oM, Mbl

MOJIYYMIIH pa3ioKeHue QyHKIUU J@)=x+1, psan @ypbe Ha TPOMEXKYTKE [_ T, ]

W3yuum Bompoc cxomumoctu psga @Pypbe. Bo Bropoil wactm 3amaum TpeOyercs

n300pa3uTh rpadux J(x)=x+1 , Tpauk CyMMBI psiga S(x) 4 rpaduk S, (x) .

I'padux dyHxiIM fx)=x+1 MPEJCTaBIsAET COO0 OOBIYHYIO MPSIMYI0 HA MJIOCKOCTH,
KOTOpast TpOBeIeHAa YEPHBIM ITYHKTHPOM:

Pazbupaemcst ¢ cymmoii psiga S(x) . Kak BbI 3Haere, q)yHKuHOHaHLHHe PAIBL CXOATCS K

" sin nx
1—22
¢ynkuusM. B Hamem ciaydae mocTpoeHHbIH psag Dypbe npu J1r000oM

3HAYEHUH «UKC» COMmércsa K QyHKIUU S (x)’ KOTOpasi u300pakeHa KpacHbIM LiBeToM. JlaHHas
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(yHKLHS TePIAT Pa3pBIBBI 1-T0 poxa B Toukax =~ = 57X =~TX =37 uo onpenenena u B

HUX (KpacHBIC TOUYKH Ha YEPTEKE)

1_22 smnx _ S(X)

Takum o0Opazom: . Jlerko BuAETH, UYTO S(x)

3aMCTHO

OTJIIMYAETCS OT UCXOIHON (PYHKIINUU f (x) =x+1

Ha mpakTtuke OOBIYHO OOCTaTOYHO H300pa3WUTh TPU NEPHOAA PA3NIOKEHHS, KaK ITO
cnenano Ha yepTtexe. Hy u emé «oOpyOKku» coceTHUX MEpUOIOB — YTOOBI OBUIO MOHSATHO, YTO
rpaduK MpoaoKACTC.

OcoOblil MHTEpeC MPEeACTaBISIOT TOYKH pa3pbiBa 1-ro poma. B Takux TOUkax psan
@dypre CcXOmuTCd K H30JUPOBAHHBIM 3HAYEHHSM, KOTOPBHIE PpACIOJIOKEHBI POBHEXOHBKO
NIOCEpeIMHE «CKauka» paspbiBa (KpacHble TOYKM Ha ueprexe). Kak y3HaTh OpauHATy 3THX
touek? CHayanma HaWAEM OpIAMHATY «BEPXHETO STaka»: JUIA 3TOrO BBIYUCIMM 3HAYCHHE

¢GyHKIMU B KpaliHEH MpaBoil TOUKe LEHTPAIBLHOTO MEPUO0Ia Pa3IOKEHUS: fm)y=m+ 1. UrtoOb1
BBIUMCIIUTDh OPAWHATY «HHUYKHETO 3Ta)ka» IMPOLIE BCETO B3SATh KpalHEE JIEBOE 3HAYEHUE ITOTO JKE

nepuoja: flem)y=-m+1 OpauHara cpegHero 3HaueHUs — 3TO cpeaHee apupMeTHdecKoe
@S

CYMMBI «Be€pXa M HH3a»: 2 . llpusTHBIM siBISeTCA TOT (DakT, YTO TNpHU

IIOCTPOEHHH YepTeXa BBl CPa3y YBUAUTE, IPABUIBHO WM HETIPABWIHHO BEIYHCIIEHA CEpEANHA.

[TocTpouM YaCTHYHYIO CYyMMY psija $,(%) 320[JHO TIOBTOPUM CMBICI TEepPMHUHA
«CXOIUMOCTB». MOTHB HM3BECTECH €I M3 ypoKa O CyMMe YHMCJIOBOro psiga. Pacruiinem Haie
0oraTcTBO OJIPOOHO:

w Ho- 1. a3 . 3. 4 .
3(x}=1—22': T AT o { 1)15111 x+( 1 ;m21+( 1l ;m3x+( 1 :m4x+
n=l b

. s Zx o ostn 3x 0 sin dx
=1-2.|—samn x4+ -

- +
2 3 4
qTO6BI COCTAaBUTH ‘IaCTI/I‘-IHyIO CyMMy S2 (X)

S, (x) :l—2(—sinx+ sin 2x

HE00X0AMMO 3amucarh HyJlIeBOol + emé aBa

j =1+ 2sinx —sin2x
uwieHa psaga. To ects, .

S,(x)=1+2sinx —sin2x

Ha yeprexe rpaduk ¢yHKIMH nU300pakeH 3eIEHBIM LBETOM,

U, KaK BUAWUTE, OH JOCTATOYHO IUIOTHO «OOBHBAET» MOJHYIO cyMMyS ™) Ecnn paccMoOTpeTh

S (x o .
YaCTHYHYIO CYMMY M3 IIATH WICHOB pPsijia 5( ), TO Tpaduk 3Tol (GyHKIHK OyJaeT emmé TouHee

S0 (x N .
npuOIMKaTh KpacHblEe JMHUM, €CIIM CTO YJICHOB t0o(X) _ TO <GENEHBI 3MUNY» (PaKTHUECKU
IOJTHOCTBIO COJBETCA ¢ KPAaCHBIMU OTpe3KaMu U T.A. TakuMm oOpas3oM, psan Pypbe CXOAUTCS K

CBOEH cymme S(x) .

S (x
WHTepecHO OTMETUTh, 4TO JI00as YacTUYHAas CymMma W(X) _ 3TO HempepbIBHAS

(ynkums, ogHako noyiHas cyMMa p;{z[a S(x)

" sin nx
1-2
Orger: /() - ;

BCE € pa3pbIBHA.

Bo wmHorux 3agauax (byHKuHﬂ TepnuT pa3pbiB 1-ro poga mpsMO Ha TMepUoJIe
pa3NOXKEeHHUS:

Paznoocenue pynkyuu ¢ pao ®ypbe nHa npou3eo1bHOM nepuooe

Ecmn /(). nepuoaudeckast GyHKIHUs C IEPHOAOM 2 oIpezesieHHas Ha [_l ! ]:
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f(x) :a?‘)+2[am cos m7lzx +b, sin mrx

m=1

j - pan Pypee;
M x

1 1 1
. a, =%J;f(x)dx. a, =%jlf(x)cos 1 dx. b, =%jlf(x)sin

mrm

)

X
dx
2

Ecmu [ =7 10 noJtyyarotcs (OpMyIibl MPOMEXKYTKa [_ T ], C KOTOPBIX Mbl HAUWHAIH.

AJTOpUTM U TPUHIUIBI PEIIeHUs 3a/Jaydl TMOJIHOCTHIO COXPAHSIIOTCS, HO BO3pacTaer
TEXHUYECKasl CJI0KHOCTh BHIYMCIICHH:

Paznoscenue 6 pso @ypve uémuvix u HeUEMHBLIX PYHKUUIL

C 9€THBIMU ¥ HEYETHBIMU (YHKITUS TPOIECC PEIICHUS 3a/Ia4H 3aMETHO YIIPOIIACTCS.

1) AN YeTHas MepruoruuecKas QyHKIHUS C IEPHOAOM 21, OIlpeJielICHHas Ha [_ L l]:

f(x)= a?()_'_ Z(am cos 22
m=1

j - pan Pypse,
M x

a, =% l f(x)dx a, =% l f () cos == dx

5 2

2) J () _ yevernas nepuoandeckasi yHKIHs ¢ EPUOIOM 21 orpezeNieHHas Ha [_ L l]:
M x

fx)= i(bm sin J b, =% [ fGosin 1
m=1 - psan @ypre, 0

B psze ciyyaeB cuMMeTpuYHOE IpoAOKeHre (YHKIIMN Hal0 3alicaTh aHATUTUYECKU

3.16. IlpocTeitmuii (MyacCOHOBCKHIA) TOTOK COOBITHMN. J[pyrue BUIBI TOTOKOB.

Brnusinue napameTpoB HOpMaIbHON KPUBOM Ha €€ BUJ

[Tpocreiimmii (TTyaCCOHOBCKHIA) TOTOK COOBITHIA. J[pyrue BUABI TOTOKOB.

BrusiHre mapamMeTpoB HOpMaJILHOTO pacnpeneaeHus Ha (opMy HOPMaTBHOW KPUBOIA.

Bunet v criocoOsl 0TOOpa CTATHCTUYECKOTO MaTepUalia, BIMSHUE HAa PEPE3CHTaTUBHOCTD
BBIOOPKH

OpHuM W3 LEHTpaJbHbIX BompocoB opranuzauun CMO  sBiseTcs BBISICHEHHE
3aKOHOMEPHOCTEH, KOTOPhIM MOJUUHSIIOTCS MOMEHTBI TIOCTYIJICHUSI B CUCTEMY TpeOOBaHUN Ha
oOciyxuBanue. Paccmorpum Hambonee ynorpediisieMble MAaTeMAaTUYeCKHE MOJETH BXOIHBIX
MOTOKOB.

Onpedenenue: TloTok TpeOOBaHMI HA3bIBAIOT OJHOPOJIHBIM, €CIH OH YAOBIETBOPSIET
YCIOBUSIM:

I. BCE 3asBKU TMOTOKA C TOYKH 3PCHUS 0OCITYKUBAHUS SBISIOTCS PABHOIIPABHBIMU;

BMeCTO TpeOoBaHUN (COOBITHI) IOTOKA, KOTOpPHIE IO CBOEH MPHUPOJIE MOTYT OBITh
pa3IMYHBIME, PACCMATPUBAIOTCS TOJIb KO MOMEHTBI UX IMOCTYIUICHHUS.

Onpedenenue: PerynsipHbIM Ha3bIBAIOTCS MOTOK, €CJIM COOBITHS B IOTOKE CIEAYIOT OJUH
3a IPyTUM 4Yepe3 CTPOTue MHTEPBaJIbl BDEMEHH.

Oynknusa f(X) MIOTHOCTH pacmpenesieHuss BEPOATHOCTH ClIydalHOW BeaW4uHBI T —
WHTEpPBaJIa BPEMEHU MEXKITY COOBITUSIMU UMEET MPHU ITOM BUJI:

Jx)=80x-Mp)

,rae &- menbra GyHKIUSA, M- MaTeMaTH4ecKoe oXuaaHue, mpudaem M, =T, mucmepcus
D,=0 1 UHTEHCUBHOCTh HACTYILJICHUSI COOBITUH B MOTOK T =1/M,;=1/T.

Onpedenenue: IlOoTOK Ha3bIBAIOT CJAYYalHBIM, €CITH €ro COOBITHUS TPOUCXOJSAT B
CIIy4aifHbIE MOMEHTHI BpEMEHHU.

CrnydaifHBIA TOTOK MOXET OBITh OIHUCAH KakK CIyYaiHBId BEKTOP, KOTOPBIM, Kak
U3BECTHO, MOXKET OBITH 33JIJaH OJJHO3HAYHO 3aKOHOM paclpeaesieHus AByMsI CIIOCO0aMHU:

mmwx

dx

a. 3anaHueM 3aKOHa pacIpeieIeHUs] MOMEHTOB TOSIBICHUS COOBITHIHA

85



Bt by, b, 3= Plr <t),r, <ty,.. .1, <t 138cvr), r,, 1, -

n

CTydaiiHbIe MOMEHTBI BPEMEHH TOSIBJICHUS COOBITHI B MOTOKE, t1, t2, tn- MX Ha3HAYEHHUE,
P — BeposiTHOCTS;

b. 3agaHMeM MHOTOMEPHOTO 3aKOHA paclpeiesieHUus CUCTEMBI CIIy4YalHbIX BEIMYUH
T,,Ts,... Tn, SBASIOIUXCS ATUHAMHA HHTEPBAJIIOB MEXY IMOCIECIOBATEILHBIMEA COOBITHUSMU :

Fiz|,z4, .2, )=PFPlr <2,05<29,..,T, <Z,)

n

I'me, zi- 3nauenus Ti(i=1,n), B sToM ciaydae MOMEHTHI HACTYIUJICHUS COOBITHH MOTYT
OBITH BBIUMCIICHBI CICAYIOIUM 00pa3om

t1:t0+Zl

ty=t|+z2

rae, to - MOMEHT Havalia I10TOKa.

IIpocTeiimmii myacCOHOBCKMIA MOTOK.

Jlnst perieHust OOJIBIIOrO YMCNA MPUKIATHBIX 337a4 ObIBaeT JOCTATOYHBIM HMPUMEHHTH
MaTeMaTHYeCKue  MOJAEIM  OJHOPOJIHBIX  IOTOKOB,  YIOBJIETBOPSIOUIMX  TpeOOBaHMIM
CTallMOHAPHOCTH, 0€3 MOCIeIeHCTBHS U OPAUHAPHOCTH.

Omnpenenenne: IIoTOK Ha3bIBa€TCs CTalMOHAPHBIM, €CIM BEPOSTHOCTH IOSABIEHUSA N
coObITHI1 Ha MHTEpBaJie BpeMeHH (t,t+7T) 3aBUCHT OT €ro pacroynokeHus: Ha BpeMEeHHOM ocH t.

Onpeodenenue. 110TOK COOBITHI Ha3bIBAETCS OPAUHAPHBIM, €CJIM BEPOATHOCTh MOSIBICHUS
IBYX WK Oojee cOOBITUH B TEUEHHUHU FJIEMEHTApHOIO MHTepBana BpeMeHHu D t ecTh BenMumHa
0OECKOHEUHO Majasl 10 CPAaBHEHHUIO C BEPOSTHOCTHIO MOSBICHHS OAHOTO COOBITHS Ha 3TOM

UHTEpBAE, T.¢. litr) 4y .o P, A)=0 npu n=2,3,...

Onpeodenernue: 110TOK COOBITUHM HA3LIBAETCA NMOTOKOM 0€3 MOCJEACTBHS, €CIU s
TIOOBIX HEMEPEeCeKAIINXCsl HHTEPBAIOB BPEMEHU YUCIO COOBITHH, MOMANAIONUX HA OJWH U3
HUX, HE 3aBUCUT OT YHCJIa COOBITUI TOTAIAF0IINX HA JPYTOM.

Onpedenenue: Ecnum  TOTOK  yIOBIETBOPSET  TpPeOOBAaHUSIM  CTAllMOHAPHOCTH,
OPJIMHAPHOCTH ¥ 0€3 IMOCEACTBUS OH HAa3bIBACTCS MPOCTEH UM, MyaCCOHOBCKHUM MOTOKOM.

JlokazaHo, 4TO ISl TPOCTEWINEro MOTOKA YMCIO N COOBITUH MOMANAIoNINX Ha JO00M
MHTEpBaJ Z pacupenesieHo no 3akony Ilyaccona:

(A2)" exp(-4z)
|

P,z =

m=012, .

BeposTHOCTH TOro, 4T0 Ha MHTEpBaj€ BPEMEHHM Z HE IMOSBUTCA HU OJHOTO COOBITHS
paBHa:

Pz =e™®

PT<zi=1-¢ *

TOT/1a BEPOSITHOCTH IMTPOTHBOITOJIOKHOTO COOBITHS:
rane mo ompexaenennto P(T<z)=F(z) sro ¢yHkums pacnpeneneHus BeposSTHOCTH T.
Orcrona nony4um, 4To CilydaiiHas BeaTuunHa T pacnpeeneHa o nokas3areJbHOMY 3aKOHY:

A -k
@)= e
/ dz
napaMerp A Ha3bIBAIOT INIOTHOCTBIO MOTOKA. [IpHuem,
1 1
MIT1==, DITl-—
A A

BriepBeie onucanne MOAETH MPOCTEHUIEro MOTOKA MOSIBHINCH B pabOTax BBITAIOLIUXCS
¢usukoB Havana Beka — A. DifHmTeitHa 1 HO.CMOIYyXOBCKOTO, TOCBSAIIEHHBIX OPOYHOBCKOMY
JBUKEHHUIO.

CBoiicTBa mpocTeiero myacCOHOBCKOro MoToKa.
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W3BecTHBI ABa CBOICTBA MPOCTEHUIIIETO MOTOKA, KOTOPhIE MOTYT OBITh HCIIOJIb30BAaHbI IIPU
PEILICHUH MPAaKTUYECKHX 3a]ad.
2.3.1. Beenem BemuuuHy a= & X. B coorBerctBuH co cBoiicTBamu ITyacCOHOBCKOTO

pacrpeznenieHdss npu T oHO CcTpeMUTCS K HOpMaibHOMY. IlodTOMY a1 OOMBLIMX a JIs
BerunciieHus P{X(a)mensie, 1160 paBHO n}, rae X(a) — cirydyaiiHas BeIMYMHA paclpeneeHHas
10 HyaCCOHy C MATOXHUAAaHHUECM a MOXHO BOCIOJB30BATHCA CIICAYIOIIUM HpI/I6J'II/I)KeHHBIM

PAaBEHCTBOM:
S ]

PX(@) s nymle f2m | Exp{—(z_ajzz}dﬁj( 4

FM—a+ — X 2
7 2 £
=Pl— =4 zde D(x)= —_rexp(— — ).
o 27y 2
2.3.2. Eme o1HO CBOMCTBO MPOCTEUIIIEro MOTOKA CBA3AHO CO CIEAYIONIEH TEOPEMO:
Teopema: llpm TOKa3aTelNbHOM paCIpENEICHUU HMHTEpBajla BPEMEHH MEXIY
TpeboBaHusIMU T, HE3aBHCUMO OT TOTO, CKOJIKO OH JITHJICS,, OCTABIIAsICS €ro YacTh UMEET TOT
e 3aKOH pacIpe/IeIICHHUS.

JlokazarenbcTBO: MycTh T pacrpeneseHo Mo MOKa3aTeIbHOMY 3aKOHY: Fix)=1-e"
[Ipenmnonoxum, 4TO IMPOMEKYTOK a YK€ JIMICA HekoTopoe BpeMs a<I. Hainem ycinoBHBIN
3aKOH paclpeeneHus ocTaBuencs yactu npomexyrtka T1=T-a

F.(x)=P(T-a<x'2 T>x)

[To TeopeMe yMHOXKEHHSI BEpOSATHOCTE:

P((T>a)(T-a<z))=P(T>z) P(T-a<z|T>a)=P(T>a) F,(z).

Orcropa,
RUT =mynT—a <20
o = , Mo cafwmua (T =a)a(T-a £ 2)
F(T = a)
paBHOCHIILHO coObITHIO a<T<z+a, mns kotoporo P(a<T<z+a)=F(z+a)-F(a); ¢ nmpyroi
CTOPOHBI

P(T>a)=1-F(a), Takum o6pazom
F.(x)=(F(zta)-F(a))/(1-F(a))
Orcrona, yunutbiBas (3):

-4 _ -Azr-a)
F(z)= S ei} 2 —l-e* =F(z), uma

OTUM CBOMCTBOM o0iamaer
TOJIEKO OJIMH BHUJ] IIOTOKOB — MPOCTEHIINE TTyaCCOHOBCKHE.

N3meHeHne Benmu4uHbBI apaMerpa & (MaTeMaTH4ecKOro OKUIAHWs) HE H3MEHSIET (POPMBI
HOpPMaJbHOW KPUBOM, a MPUBOJMT JIMIIIb K €€ CABUTY BAO0JIb och Ox: BIpaBo, eciau ¥ Bo3pacraer,
U BIIEBO, eclIi “ YOBIBaET:

ay @y ag x

MaxkcumyM (GYHKIMH TUIOTHOCTH BEPOSITHOCTEH HOPMAlbHOTO paclpeleleHus paBeH
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OTcroza cieayert, 4To ¢ Bo3pacTanueM < MakcumalibHas OopJuHaTa HOPMaJIbHON KPUBOM
yObIBaeT, a caMa KpUBas CTAaHOBHUTCS OoJiee TOJOTO, TO €CcTh CxkuMaercs K ocu Ox; mpu
yObIBaHUH < HOpMabHAsI KPUBAs CTAHOBHTCS 0Oojiee “OCTPOBEPIIMHHOW M PaCTITHBACTCS B
M0JIO)KUTEIBHOM HanpasiieHuu ocu Oy:

fin)
&y
LR 1
+
g
Bl CET AT

A
FN

3ameuanue: Tlpym moObIX 3HaYeHUSAX mnapameTpoB “u < miomanb, orpaHUYeHHAs
HOpMAaJIbHON KPUBOM U 0cbto Ox, OCTAeTCsl paBHON €AMHHULIE.

3.17. CriocoObI 0TOOpa CTAaTUCTUYECKOTO MaTepuaia, €ro rpymimupoOBKH

[Tpu u3yueHnn Bonpoca He0OX0AUMO 00pPATUTh BHUMAHUE Ha CIIEAYIOIINE OCOOEHHOCTH.

Jlst Toro 4roObl BBIOOPOYHAs COBOKYIHOCTh OTpa)kala XapaKTePHUCTUKHU MeHEepasbHOM,
HE00X0MMO OO0ECIEYUTh PENpPEe3eHTaTUBHOCTD (TPEACTAaBUTEIBHOCTh) BBIOOPKH, TO €CTb
paccuuTaTh HEOOXOAUMBIN 00BEM BEIOOPKH M ONIPEACIIUTH METOJT U CITocoObI 0TOOopa. Ho kak ObI
TIIATEJIbHO HE OblJla OpraHM30BaHa BHIOOpKA, KaK IMPaBHIIO, BHIOOPOYHBIE XAPAKTEPUCTUKH B
KaKOH-TO cTeneHH OyAyT OTKJIOHATBCS OT XapaKTEPUCTUK T'€HepalbHOH COBOKYIMHOCTH, T.€.
OOBIYHO UMEIOT MECTO OMIMOKU PENpe3eHTaTHBHOCTH.

Owwubkamu  penpe3eHmamuéHOCMy HA3bIBAIOT  PACXOXKACHUSA  (pa3HOCTb)  MEXAy
CpPEOHMMH, a TakKe OTHOCHUTEIbHBIMH TIIOKa3aTeNIMU BBIOOPDOYHOH U TIeHepalbHOM
COBOKYNHOCTEH IpH YCIOBHUM OTCYTCTBHMsSI OHMOOK perucrpauuu. M ocHoBHas 3anada
BBIOOPOYHOT'O METO/1a CBOJUTCS K MUHUMM3ALIUU OIIMOKU PENPE3eHTaTHBHOCTH.

Kak yxe orTmedanoch, CYIIHOCTb BBIOOPOYHOIO METOAA 3aKIKYaeTcsl B TOM, YTO
XapaKTEPUCTHKH BBIOOPOYHON COBOKYHMHOCTH pPACHpPOCTPAHSIOTCS Ha BCIO T'€HEPaIbHYIO
COBOKYNHOCTb U i (OPMHUPOBAHUS BBIOOPOYHON COBOKYIHOCTH TJIABHBIMM YCIOBHUSAMU
SIBIISTFOTCSI:

- PaBHOBO3MOYKHOCTb KaXJOW €JUHMIBI T'eHEpaJbHOW COBOKYIIHOCTH IIONACTh B
BBIOOPKY;

- JOCTaTOYHAasl YUCIEHHOCTh BBIOOPKHU.

Hns obecneuenus pasHoul 803MONCHOCU eOUHUY 2eHEPATbHOU COBOKYNHOCMU NONACMb 8
8bLOOPKY CMAMUCIMUKA NPUMeHsiem cledyroujue Memoobl U CHOCoObL.

Meronst:

- NOBMOPHBII - ITO TAKOW METOJ 0TOOpa, MPU KOTOPOM OJHAXKJbl OTOOpaHHAs €JMHULA
BO3Bpallaercss oOpaTHO B I'eHEpalbHYIO COBOKYIHOCTh M CHOBa ydacTByeT B BbeiOopke. Ilpu
IIOBTOPHOM OTOOpE COXpPaHSAETCsl IMOCTOSIHHAs BEPOSITHOCTh IONAcCTb B BBIOOPKY Ul BCeX
€/IMHUL;

- 6ecno8mopHbIll - TO TaKOW METOJ O0TOOpa, MPU KOTOPOM OTOOpaHHAs OJHAKIIBI
€/IMHUIIAa B COBOKYITHOCTb HE BO3BPAIACTCs, U BEPOSTHOCTH KaXK10 HOBOW €AMHHUIIBI ITOTACTh B
BBIOOPKY YBEJINYMBAETCS.

CymecTBYIOT pa3ianyuHble ClIOCO0B! (POPMUPOBAHUS BEIOOPOYHON COBOKYITHOCTH:

1. Cnyuatinoiti omoop. Ilpm >TOM cmocobOe Kaxkaas eIWHWIIA U3 TeHEepaTbHON
COBOKYITHOCTH OTOHMpaeTcs B COCTaB BBIOOPOYHOW ciy4yaiiHO (KepeObeBKa, HCIIOJIb30BaHHE
TaOIHI] CITYJaHBIX YHCEN).

2. Mexanuueckuti ombop - UICXOUT U3 y4eTa HEKOTOPBIX OCOOCHHOCTEN PaCIOIO0KEHHUs
O0BEKTOB B TEHEPaIbHOH COBOKYNHOCTH, HX YHOPAAOYEHHOCTH (IO CIHUCKY, HOMEpY,
andaButy). MexaHnueckass BBIOOpKAa OCYIIECTBISICTCS MyTEM OTOOpa OTIENIBHBIX OOBEKTOB
TeHEepaJIbHOW COBOKYITHOCTH 4epe3 ompenencHHbld uHTepBan ( kaxaeii 10 wmm 20). Ecim
pacroyio’)keHiue OOBEKTOB B TI'E€HEPAIbHOM COBOKYITHOCTH HOCHUT CIy4alHBIA XapakTep, TO
MeXaHU4ecKasi BEIOOpKa IO COJIEPKaHUIO aHAIOTWYHA cily4aiiHoMy oToopy. [Ipn MexannueckoM
otbope, Kak MPaBUIIO, TPUMEHSIETCS TOJIBKO OECIIOBTOPHAS BHIOOpPKA.
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3. Tunuueckuii omoop. llpu TUIMYecKOM OTOOpe BCS TeHEpajbHas COBOKYIHOCTH Ha
OCHOBE IPE/IBAPUTEIBHOIO aHAIN3a U3y4yaeMOM COBOKYNHOCTH pa30MBaeTCsl Ha TPYMINbI IO
KaKOMY-JIN0O CYIIECTBEHHOMY MPU3HAKY, U HEMOCPEICTBEHHBIH OTOOp €IUHUII TPOU3BOAUTCS B
npefenax OTAENbHBIX THNHMYeCKMX rpymnn. Ilpm 3TtoM cmocobe orbopa TreHepanbHas
COBOKYITHOCTb PAacujeHAETCS Ha OJHOPOJHBIE B HEKOTOPOM OTHOLICHWH TPYIIIbI, KOTOpHIE
UMEIOT CBOM XapaKTEPUCTUKHU, U BOIIPOC CBOJUTCA K OIPEIENICHUIO 00beMa BBIOOPOK U3 KaXKJ0H
rpynmnbl. MoxkeT ObITh paBHOMEpHasi BBHIOOpKA - MPH 3TOM CIOCOO€ M3 KAXKIOW TUIUYECKOU
TPYIIIBI OTOMPAETCsl OJUHAKOBOE YHCIIO €IUHHUII (N = Ny = m,). Takoi Moaxo1 ompaBaaH JHIIIb
IpU PaBEHCTBE YMCIEHHOCTEH MCXOMHBIX TUIHMYECKUX Tpynn. B mpoTuBHOM ciyyae BBIOOpKH
MOT'YT OKa3aThCsl HE PENPE3CHTATUBHBIMU.

[Ipu mpoBeneHUH THUIOJIOTUYECKOH BBHIOOPKH HEMOCPEJACTBEHHBIH OTOOp M3 KaKIou
IpYMIIbI, KaK IPABUIIO, IPOBOAUTCS METOAOM CIy4aHOro oTOOopa.

4. Ceputinviti ombop. B HEKOTOPBIX CIIydasX XapakTep pa3MemieHhs OOBEeKTOB B
TeHEpaIbHOW COBOKYIMHOCTH MOKET OBITh TAKUM, YTO OHHM DPACIOJOXKEHBI CEPUSIMHU (SLIUKH,
MEIIKH, K1acchl). B Takux ciaydasx ¢popMupoBaHHE BHIOOPOYHOM COBOKYITHOCTH IyTe€M OTOOpa
OTIENBHBIX €IUHUIl HeuenecooOpaszHo. Ilpome opranumzoBars OTOOp CepUSMU M IIPOBECTH
CILIOITHOE 00CIIeI0BaHKE MO CIOCO0y MEXaHUYECKON HITH CIy4ailHOM BEIOOPKH.

5. Mnozogpasnas evibopka. OHa XapaKTepU3yeTCsl TEM, YTO HA BCEX CTYNEHSIX BbIOOPKU
COXpaHsieTcd OJHa M Ta e eIWHHUIAa OTOOpa, HO TPOBOIMUTCA HECKONbKO (a3 (cTamuii)
BBIOOPOYHBIX O00CIICIOBAaHWN, KOTOpBIE pPa3IUYarOTCd MEXAY COO0OM MIHUPOTOHW MPOTPaMMBbI
oOcienoBanus. BaxkHON 0COOEHHOCTBIO SIBJISETCS BOBMOXKHOCTD MCIIOJIb30BaTh JIaHHBIE TTEPBOU
Gba3pl HaOnrOAEHUS U1 JIOMOJHUTEIBHOM XapaKTepUCTUKU M YTOYHEHMs] pPEe3ylbTaToB,
NOJy4YeHHBIX Ha 2, 3 u aarnee ¢azax.

Ha mnpakTuke wame Bcero NPUXOAUTCS cOYETaTh pA3JIMYHbIE BUABI MU CIOCOOBI
CTaTUCTHYECKOTO HAOIIOICHUSI.

Heo6xoauMbIM yclI0BUEM Hay4qHOH OpPraHM3aLUU BHIOOPOYHOrO HAOIIONEHUS SBISETCA
TpeOOBaHUE JOCTaTOYHOrO 00BbeMa BbIOOpKU. Jlorndyeckuii CMBICI 3TOro TpPeOOBaHUS BIIOJHE
oueBHieH. Yem Oonblie eauHuI OyAeT B3ATO JUIsl 00C/Ie0BaHMs, TEM JOCTOBEPHEE OHU CMOTYT
0TOOpa3suTh TEHEPATbHYI0 COBOKYMHOCTh. OOBeM BBIOOpKM (n) MpH JOCTATOYHO OOJBIION
YUCJICHHOCTH TeHepaabHON coBOKymHOCcTH (Oombime 1000 >71eMEHTOB) pacCUMTHIBACTCS II0
dopmyne: n = t* p (100% - p), rae: t* - KPUTEPHIA JOCTOBEPHOCTH, 3aBHCAIIMIA OT HAICKHOCTH
OLICHOK (TpU HAAEKHOCTH, paBHOU 95%, kputepuii paBeH ~ 2); p - TOKa3aTelb
pacIpoCTPaHEHHOCTH SIBJICHUS B %0; - Tpebyemast TOUHOCTh OLIEHOK B %o.

3.18. JloBepuTeabHbBIA UHTEPBAI.

JloBepurenbHbli nHTEpBai. HanexHOCTS.

Jl1sl IOCTPOEHUS UHMEPBATbHOU OYeHKU PACCMOTPUM COOBITHE, 3aK/IIOUYAIOIIEeCs B TOM,

*
YTO OTKJIOHEHHE TOYEYHOU OLICHKH ITapameTpa 0" or ucTuHHOTO 3HAYEHHS YTOTO napamerpa 6
no aOCONIOTHOM BETMYMHE HE MPEBHIACT HEKOTOPYIO MOJOXHUTEIbHYI0 BEIMYMHY A.

P(‘@—Q* <A)=7/ ‘9—49* <A

BeposiTHOCTH Takoro coObITHS . 3aMEHUB HEPABEHCTBO

Plo"-a<0<0"+A)=7

Ha

PAaBHOCHUJIBHOEC, ITOJIYUHUM:

% *

BeposiTHOCTE TOTO, UTO OoGepumenvhbvill UHMEPEAL @ -4, 0 +4) 3aKIJIIOYaeT B
cebe (MOKpHIBAE€T) HEM3BECTHBIM TMapaMeTp ¢ paBHA ¥ W Ha3bIBACTCSI 008epUMeNbHOU
8EPOSMHOCMbIO  WIH  HAOE)HCHOCMbI0 WHTEPBAJIBHOW OICHKH. BenmnynmHy A  Ha3bIBalOT
MOYHOCMbIOOLIEHKH.

3. JloBepUTENbHBI WHTEPBAI Ui OICHKH MaTEeMAaTHYECKOTO OXHIAHUS HOPMAaJIbHOTO
pacmpeeneHusl.

4= Xren g JBYX CIIy4aeB:

ITocTpouM MHTEpBAJIbHYIO OLIEHKY ITapaMeTpa
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1) apaMeTpo HOPMAJIbHOI'O 3aKOHA paclpenenceHuss Npu3Haka X TeHepalbHOM

a=x
COBOKYIHOCTH u38ecmeH. B 3TOM cllydae HMHTepBalibHas OLIEHKa MapaMmerpa TeH ¢
3aJIaHHOW HAJISKHOCTBIO Y ompenensercs GopmMyIoi:
t-o
x,-A<a<x, +A N
B B ,rae A= n ,
r
t — apryMmenT pynkiuu Jlamnaca: @(¢) = 2,
2) napaMeTpo HOPMAJIbHOTO 3aKOHA paclpeleseHuss Npu3Haka X TeHepabHOMU
a=x
COBOKYITHOCTH HeusgecmeH. B 3TOM ciydae WHTEpBaJibHas OLIEHKA MapaMeTpa TeH  C

3a/IaHHOM HAJIE)KHOCTBIO Y OIpeAenseTcs GopMyIioi:
x,—A<a<x,+A

t,-S

rne A= \/Z

S — ToueyHas OlleHKa mapameTpa o,

t, =t(y,n)

Jpyroii  BUJA  JOBEPUTEIBHOTO HWHTEpBaJa I OLECHKH o'(X)HopMam,Horo
pacupeneneHus UMeeT BUA:

S1-gq)<o<S$(+q)
0< o< S(l + q)
S

— 3HaueHus pacrpeaeneHnsi CThIOICHTa, KOTOPhIE HAXO0IUM IO TabJIuIIe.

g<1.

npu
q>1

npu

rac - UCIIPABJICHHOC CPEAHEC KBAAPATHICCKOE OTKIIOHCHHUE,

9= '?(7’ 1} qaxomum o Tabnuue 3HaveHMH (ITpunoxenue 5).
MMpumep 9. /{ns orieHKH nmapameTpa HOPMAJIBHO PaCHpPEEICHHON CIyYailHON BEITUYUHBI

ObL1a caenana BeIOOpKa 00beMa B 25 eAMHHUI] U BEIYUCICHO S=08

Haiitu noBepuTeNbHBINA HHTEPBA, IIOKPBIBAOIINI . BEPOSITHOCTBIO 7 = 095
Ymeem B =23 7=095 §=08

ITo Tabmnuie 3HaYEHNIT q= 9(7'- ")HaXOI[I/IM q=032
JlOBEpUTENBHBIN HHTEPBAI UMEET BUL:
(08(1-032);0,81+032)),, . (0544;1056)

3.19. Meroauka BEIYUCIICHHUS BEIOOPOUHOTO KOd(DPHUIIMEeHTa KOppeIsaiuu

CooTHOIICHNE X U y JTMHEWHOE, eCIH MpsiMasi JIMHUS, IPOBEACHHAS Yepe3 EHTPAIbHYIO
YacTh CKOIUICHUS TOYEK, JaeT HaumOoyee MOIXOSIIYI0 AamMmpOKCHMAIUI0 HaOI0IaeMOoro
COOTHOIIIEHUSI.

MOXHO W3MEpHUTh, KaK OIM3KO HAXOJATCS HAOMIONEHUS K TPSIMON JTHUHHUH, KOTOpas
Jy4YIlle BCETO OINMCHIBAET WX JIMHEHHOE COOTHOIICHHE MyTEM BBIYHCICHHS KOX(PQHUIMEHTA
koppensiiun [Tupcona, 00bIYHO Ha3BIBAEMOT0 POCTO KOIP(PUITMEHTOM KOPPEISIIUH.

Ero uctunHas BenuyuHA B TOMYJMSAUUH (TEHEPATbHBIM KOY(PPHUIMEHT KOPPEAINH)
(rpeueckass OykBa «poO») OIICHHBACTCS B BBIOOPKE KaK 7 (8b100pouHblll KOG GDuyuenm
Koppeasayu), KOTOPYI0 0OBIYHO MOJTyYaroT B Pe3yJIbTaTaX KOMIBIOTEPHOTO pacyeTa.

[Tyctb (x1. v1), (X2, ¥2), +vs (Xu» Vi) - BBIOOPKA U3 1 HAOIOACHUIN TIAPBI TepeMeHHBIX (X, ¥).

Br160opounbIii K03()GUITUEHT KOPPEISAIHNH 7 OTIPEALIISIETCS Kak

S —D-7)

VEEG =070
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rae x , - BBIOOPOYHBIEC CpETHUE, OTPEEISAIONINECcs CISAYIOMNUM 00pa3oMm:
_ 1
IT=— Z %

ol

1 "

CaoiicTBa K03 (ppuLIMeHTa KOPPETALHIH

. ¥ U3MEHsIeTCs B uHTEepBayie oT —1 1o +1.

. 3HaK 7 O3HAUYaeT, YBEJIMUYMBAETCS JIM OJHA INEpEeMEHHass [0 Mepe TOro, Kak
YBEJIUYHUBACTCS Ipyras (IOJOXKUTEIbHBIN #), NIM YMEHbBIIAETCS JIM OJHA IIEpEMEHHas [0 Mepe
TOT0, KaK yBEJIMUMBAETCS Ipyras (OTpULIATENbHBIN 7).

. BennunHa r BenMunMHa yKa3blBaeT, KaK OJM3KO PACHOJIOKEHBI TOUKH K MPAMOit
auHuAU. B wactHOCcTH, ecnu r = +1 wim r= —1, To umeerca abcomoTHas ((PyHKIIMOHAIbHAS)
KOppeysiliisl 1O BCeM TOYKaM, JIeKAIIUM Ha JHWHUU (IPAKTHYECKU S5TO MaJIOBEPOSITHO);
ecmn T D, TO JIMHEHHOW KOPPENSAIUU HET (XOTS MOXET OBITh HEIIMHEWHOE COOTHOIIEHUE).
Uewm Ommke r K KpallHUM TOuKaM (1), TeM OoJbIle CTeNneHb JIMHEHHOU CBSI3U.

. Koaddumument xoppensuuu » 6e3pa3mepeH, T. €. He HUMEET eIUHHI] H3MEPEHUSI.

. Bennuuna r 0o00CHOBaHHA TOJBKO B JHMANa3oHEe 3HAYEHWH X U ) B BHIOOpKE.

Henb3s 3aKki1104nTh, 4TO OH OYAET UMETh TY K€ BEJIMUMUHY NPU PACCMOTPEHUHU 3HAYCHUH X UIH ),
KOTOPBIC 3HAYUTEIILHO OOJIBIIIE, YEM MX 3HAYCHHS B BBIOOPKE.

Yoy = Ty

. X U y MOTYT B3aMIMO3aMEHSIThCSI, HE BIIHSISI HA BETUYUHY 7 ( ).

. Koppensmus Mexnay x u y He 00s13aTEIbHO O3HAYaeT COOTHOIICHHE MPUYUHBI U
CJIEICTBUSI.

r2

. MpEACTAaBISIET COOOW OO BapHaOEIIBHOCTH ), KOTOpas O0OYCIOBIICHA
JIMHEVUHBIM COOTHOLLIEHUEM C X.

Korna He crnegyer paccuuThIBaTh

Pacyer r MoxeT BBecTH B 320y /I€HHE, €CITH:

. COOTHOILIEHHE MEXIy JABYMs IE€pEeMEHHBbIMH  HEJIMHEWHOe, HampuMmep
KBaJIPATHYHOE;

. JaHHBIE BKIIIOYAIOT O0Jiee 0AHOr0 HaOII0IEHUS 110 KaXXA0OMY CIy4alo;

. €CTh aHOMAJIbHBIE 3HAYCHHUS (BBIOPOCHI);

. JaHHBIE COJIEPKaT SIPKO BhIpaKEHHBIE OATPYIIIbI HAOI0IeHU.

91



4. METOAUYECKHUE PEKOMEHJALIMHA ITO TIOATI'OTOBKE K 3AHATUAM

4.1 IlpakTH4ecKkue 3aHATHSA 110 TeMe «JInHeliHas anredopa»

[Ipu moAroTOBKE K 3aHATHIO HEOOXOIUMO 0OpaTUTh BHUMAHKE Ha CIEAYIOIIME MOMEHTHI.
. Buael maTpuu.

. JelicTBud Hag MaTpUIIAMH.

. Onpenenurenu BTOPOTo U TPETHETO MOPSAKA.

. MuHopsl, anredpandeckue aomnoiaHeHus. Teopema Jlamaca.

. Haxoxnenne oOpaTHON MaTPHUIILI C TOMOIIIBIO alreOpandeckuX JOMOHEHUH.
. Panr maTpunpl.

. CucreMbl TUHENHBIX YPABHEHHH.

. Mertonups! pemenus CJIIY.

. Teopema Kponekepa — Kanennu.

O 00 1IN DN B~ W=

4.2 IlpaxkTH4ecKkue 3aHATHSA 110 TeMe «BexkTopHas anredpa»

[Ipu moAroTOBKE K 3aHATHIO HEOOXOIUMO 0OpaTUTh BHUMAHKE Ha CIEAYIOIIME MOMEHTHI.
1. Buasl BEKTOpOB.

2. JIuneliHble onepanuy HaJl BEKTOPAMH.

3. ITACK. ba3uc. Koopaunatsl BekTopa.

4. CkansipHO€ IPOU3BEJAECHNUE BEKTOPOB, €0 CBOMCTBA, MPHUIOKEHHUS.

5. BekropHOe Ipou3BeIeHUE BEKTOPOB, €0 CBOKCTBA, IIPUIIOKECHHUS.

6. CMelIanHoe TPOU3BEACHUE BEKTOPOB, €r0 CBOMCTBA, MPUIIOKEHHUS.

4.3 IIpakTHyecKkue 3aHATHUSA M0 TeMe «JIMHUU HA TIOCKOCTI

HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTEI.
1. CriocoOsI 3a1aHus TPSMO JIMHUK HA TIIOCKOCTH.

2. BzaumHOe€ pacronoxeHue IByX MpsIMbIX.

3. OKpyKXHOCTB.

4. Dnuric.

5. 'mnepObomna.

6. [Tapabona.

4.4 IlpaxkTHYecKue 3aHATHSA 10 TeMe «/IMHUM B MpocTpaHCTBe)»

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOLIE MOMEHTHI.
1. ITnockocth B mpocTpancTBe. CriocoObl 3a1aHus MIIOCKOCTH B IPOCTPAHCTBE.

2. B3auMHO€ pacnosioKeHHue MIOCKOCTEN.

3. Ilpsimas B mpocTpancTBe. CriocoObl 3a1aHus IPSIMOM B IPOCTPAHCTBE.

4. B3auMHO€ pacroJioKEHUE NPSIMOM U TIIIOCKOCTH.

5. IloHsATHE TOBEPXHOCTH B IIPOCTPAHCTBE.

4.5 IlpakTHyeckue 3aHATHSA N0 TeMe «DYHKIMA OAHON NepeMeHHOoID)
[Ipu moAroTOBKE K 3aHATHIO HEOOXOIUMO 00paTUTh BHUMAaHKE Ha CIEAYIOIIME MOMEHTHI.
1. OcHOBHBIE TOHSTHS.

2. CniocoOwI 3a1aHust QYHKITHH.

3. OcHOBHBIE CBOMCTBA (DYHKIIHH.

4. DneMeHTapHbBIE U HEAJIEMEHTAapHbIE () YHKIIUH.

5. IloHsiTHE 1TOCIIENOBATEIBLHOCTH.

6. IIpenen yncnoBoi MOCIEIOBATEIBHOCTH.

7. Ilpenen pyHKIUU B TOUKE.

8. [IpaBuia packpbITU HEONPEACICHHOCTEH.

9. beckoHeyHO Masble PYHKIUHU, UX CBOICTBA.

10. beckoneuno Oomnpiue GyHKIIMH, UX CBOMCTBA.
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11. 3ameuarenbHbIe IPEIETIBI.

12. OIHOCTOPOHHUE MPEEITBI.

13. HenpepbIBHOCT ()YHKIIMU B TOUKE.
14. Touku pa3psbiBa.

15. AcumnToTsl Tpaduka GyHKIUH.

4.6 IlpakTuyeckue 3ansaTus no reme «lIpon3BoaHas u ee NPUJIOKEHHUD)

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOLIE MOMEHTHI.
. [lonsiTHE TPOU3BOIHOM.

. 'eomeTpuuecknii 1 MEXaHMYECKHI CMBICITBI POXU3BOHOM.

. IlpaBuna u Gpopmyisl 1uddepeHpoBaHus.

. IIpon3BOIHBIE BBICIINUX MOPSAIKOB.

. Ilonstue nuddepennuana. ['eomerpuueckuii cMpica nuddepeniuana.

. [IpaBuno Jlonurasns.

. UccnenoBanre Ha MOHOTOHHOCTh (D)YHKIIMHU, TOUYKH SKCTPEMyMa.

. HaxoxeHrne HauMeHbIero 1 HauboIbIIero 3Ha4YeHn i QyHKIIUU Ha OTPE3KE.

9.

03N LN KW

HccnenoBanue Ha BOTHYTOCTb U BBIITYKJIOCTh (DYHKITHH, TOYKH Ieperuoa.

10. O6mwmit rutan uccneaoBaHus GYHKIIMHM U IIOCTPOCHUS Tpaduka
11. lnuHa 1yru KpuBOM.

12. Yroa cMeXHOCTU U KPUBH3HA.

13. Paguyc 1 Kpyr KpUBHU3HBI.

14. OBomrOoTa U 3BOJIBBEHTA.

4.7 llpaktuyeckue 3ausaTus no reme «®HII»

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOLNE MOMEHTHI.
. O13 byHKIIMHU ABYX MEPEMEHHBIX H €€ TEOMETPUUECKOE U300paKEHHE.

. HacTHbIE TpUpanIeHus.

. HacTHble TPOU3BOAHBIE IIEPBOTO U BTOPOro nopsaka. Teopema IlIBapua.

. [Homusiii uddepenmnmann.

. IIpon3BoHas 110 HAIIPABJICHUIO. I pagueHT.

. KacarenbHas I0cKkoCTh 1 HOpMaJlb.

. IlonsiTHe sKcTpeMyMa GyHKINHU ABYX NEPEMEHHBIX.

. Heob6xommoe 1 10cTaTOYHOE YCIIOBHSI SKCTPEMYyMA.

. MeTo HauMeHbIINX KBaJpaToOB.

03N LN KW

\O

4.8 IIpakTuyeckue 3anATUA 0 Teme «HeonpenejseHHbIH HHTErPaD)

ITpu mOATOTOBKE K 3aHATHIO HEOOXOMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIONIEe MOMEHTHI.
1.
2.
3.

[TepBooOpasHas GyHKIIHS U €€ CBOWCTBA.
IToHsiTHE HEOIIPENEIEHHOIO UHTErpajla, OCHOBHBIE CBOMCTBA.
Tabnuia HHTETpaIoOB.

4. Meroasl MHTETPUPOBAHMS: HENOCPEICTBEHHOE WHTETPUpPOBAHME, 3aMEHa IEPEMEHHOM,
UHTEIrPUPOBAHUE 10 YACTSAM.

3.
6.
7.

4.9 IlpakTuyeckue 3aHATHSA 110 TeMe «OnpeneneHHbI 1 HeCOOCTBEHHBIN HHTEIPAD»
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOLIE MOMEHTHI.
1.
2.
3.
4.
5.
6.

WHTerpupoBanue NpoCTEHIINX PAHOHAIBHBIX IPOOEH.
HNHTerpupoBanne parimoHATBHBIX ()YHKIIHA.
WHTerpupoBanue TPUTOHOMETPHUECKUX U UPPALMOHATBHBIX (DYHKINH.

ITonsrue OMpPCACIICHHOI'O UHTETpajia.

['eomerprueckuii 1 PU3NIECKUN CMBICTIBI.

OcCHOBHBIE CBOWCTBA ONPEEIEHHOI0 UHTErpasa.
dopmyna Hetotona — JleiiGuua.

IIpueMbl UHTETpUPOBAHUS.

[TpubnmxeHHoe BBIYUCIIEHUE ONIPEAeIEHHBIX HHTETPAJIOB.
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7. BeluucieHue miomanei mIoCKUX KpUBbIX.

8. HaxoxxnmeHnne oobema Tesa BpalieHHs.

9. Beruncnenue JUIMHBI 1yTH KPUBOH.

10. Beruncienne paboThl IEPEMEHHOM CHUTHI.

11. HaxoxaeHue qaBieHusl.

12. BeruncieHue nmyTy Npyu HEPaBHOMEPHOM JIBH)KEHUU.

13. HecoOGcTBeHHbIE HHTETPAJIBI IIEPBOTO POAA.

14. HecoOcTBEHHBIE HHTETPAJIBI BTOPOTO POJIA.

15. l'eomeTpuueckuii CMbICT HECOOCTBEHHBIX MHTETPAJIOB, €0 IPUMEHEHHUE.

4.10 IIpaxktudeckue 3aHaATHA N0 TeMe «/luddepeHunanbHble ypaBHeHHsI INEpPBOIoO
NOPSIAKA»

ITpu mOATOTOBKE K 3aHATHIO HEOOXOMMO OOpaTUTh BHUMAHKE Ha CIIEIYIONIEe MOMEHTHI.

1. YacTHbIe 1 001IME PEIICHHMS.

2. 1Y nepBoro nopsaka. 3agaya Komm.

3. 1Y ¢ pa3aeneHHbIMU U pa3AeIsIOMUMUCS IEPEMEHHBIMH.

4. JILY nepsoro nopsaaka. Merozs! Jlarpanska u beprymnu.

5. VYpaBuenus bepuymiu. Metoa bepuymin.

6. Ognopoausie 1Y 1 npuBoIsALIMECS K HUM.

7. Y B monHbIX nuddepeHiuanax.

4.11 IIpakTnyeckue 3aHsaTHA N0 TeMme «/AupdepeHunaibHbie ypaBHEHUS BTOPOro
MOPSIAKA

[Ipu moAroTOBKE K 3aHATHIO HEOOXOIUMO 00paTUTh BHUMAHKE Ha CIEAYIOIIME MOMEHTHI.

1. Iuddepenunanbupie ypaBHEHHUS, TOMYCKAIOIINE TOHMKEHUE TTOPSIKA.

2. JIuHeWHO 3aBUCUMBIC W IMHEWHO HE3aBUCUMBIEC (PYHKITUH.

3. ®CP. Onpenenurens Bponckoro.

4. CtpykTypa OOIIEro penieHus JUHEWHOTO0 OJHOPOIHOTO IU(QepeHIHaAIBHOTO ypaBHEHHS
BTOPOTO MOPSIKA.

5. CtpykTypa 00111ero penieHus JMHEHHOTO HEOJHOPOIHOTO (G dEepeHITHATHFHOTO YpaBHEHUS
BTOPOTO MOPSIKA.

6. Merox Jlarpamxka pemieHus: JIMHEMHOTO HEOTHOPOAHOTO IuPepeHITNaIbHOTO YpaBHEHUS
BTOPOTO MOPSIKA.

7. Jlunentnoe HeomHOpoAHOE muddepeHnnaTbHOe YpaBHEHHE BTOPOTO TOPSIKa BTOPOTO
MOpsI/IKa C MPaBOW YaCThIO CTIEIMAIIBHOTO BUJA.

4.12 llpakTnyeckue 3aHATHA 10 TeMe «Ciy4aiiHble BeJTHYMHbBD)

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOLIE MOMEHTHI.

1. Ilonstue cayyaitHoi BenuuuHel. Ee BUABL.

2. 3akOH pacnpenesieHUuss U MHOTOYTOJIbHUK PACHpeAesIeHUs IUCKPETHOW CclydailHOM
BEJIMYMHBI.

3. HucnoBble XapaKTEepUCTUKH, KX CBOMCTBA.

4. Buzpl pacrpeneneHuil TMCKPETHOM CilydaifHON BeMTMYMHBL: OMHOMHAIBHOE paclpeieieHue,
pacnpenenenue Ilyaccona, reoMeTpruuecKkoe U THIIEPreOMETPUIECKOE PACIIPEACTICHUS.

5. UHTerpanbHas GyHKUIUS pacupeeNeHHs, ee CBOICTBa

6. JluddepennuanpHas QyHKIUS pacnpeneeHrus HENPEPhIBHON CIydyallHON BEITWYUHBI, €€
CBOMCTBA.

7. UnucnoBble XapaKTEepUCTUKH HEMPEPHIBHON CIy4alHOW BEJTUYUHBI.

8. Bunpbl pactpeneneHuil HENPEPHIBHOM CIIydaliHOM BEJIMYUHBL: pABHOMEPHOE pacIpeieieHHeE,
IIOKa3aTeNbHOE PACIPENEICHUE, HOPMAIbHBIN 3aKOH PACIPENEICHMS, €0 apaMeTphl.

9. Kpusas I'aycca. Ee cBoiicTBa 1 rpaduk.
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4.13. IIpakTnyecKkue 3aHATHS MO TeMe «DJIeMEeHTbl MATEMATHYECKOI CTATHCTUKID)

[Ipu moAroTOBKE K 3aHATHIO HEOOXOJUMO 0OpaTUTh BHUMAHKE Ha CIEAYIONIME MOMEHTHI.

1. 3agaun MaTeMaTH4eCKON CTATUCTHUKHU.

2. I'enepasibHasi COBOKYITHOCTh M BBIOOPKA.

3. BeiOopoYHbIE XapaKTePUCTUKY.

4. Toyeunnle o1leHKU. HecMeleHHEIE M COCTOSITENILHBIE OIEHKH.

5. JloBepurenbHblil HHTEpBAIL. Hale:KHOCTD.

6. /[loBepuTenbHBI HHTEpPBAN JUIsI OLEHKM MAaTE€MaTHYECKOrOo OXUIAHUS HOPMAaJIbHOTO
pacipeneneHus.

7. JloBepuUTENbHBIM HWHTEpPBad I OLEHKHM CpPEIHEro KBagpaTH4YEeCKOTO OTKJIOHEHMS
HOPMAaJIbHOT'O pacrpeiesieHus.

8. KoppendimonHas 3aBUCUMOCTb.

9. Koppensiiionnas Tabiuia.

10. KoadhdumueHT xoppemsiuu.

11. JIuneiinas perpeccus, ee napameTpsl.

12. IlonsiTue cratucTUyecKoi runote3bl. HyneBas u anbTepHaTUBHAS TUIIOTE3HI.

13. CraTucTrueckue KpUTEpUU IPOBEPKU TUIIOTE3. MOIIHOCTh KPUTEPHSL.

14. ITapameTpuyeckue U HEMapaMeTPUIECKUE KPUTEPUH.
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