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1. KOHCHEKT JEKIHA

1.1. Jleknus Ne 1 (2 yaca)

Tema «AHAJIUTHYECKASI T€OMETPHS»

1.1.1. Bonipochl JeKkium:

1. Crioco0ObI 3ajaHuist IPSMOH.

2.B3anMHOE PacIoIoKEeHUE IBYX MPSIMBIX.

3. KpuBsie BTOporo mnopsaka Ha MmI0CKOCTH.

1.1.2. Kpatkoe coaepxaHue BOIPOCOB

1. CriocoObI 3aaHuist IPSMOH.

[lonsiTve MTMHMYM Ha MIIOCKOCTH.

Jlioboe ypaBHEHHE TTEPBON CTEIICHN OTHOCHTEIIHPHO HEM3BECTHBIX X M Y SBISCTCS YPaBHEHUEM ITPSIMOI
Ha 1iockocTH: Ax+By+C=0

Mp1 3amnrcany odlee ypaBHCHHE TIPSMOH.

Crioco0bI 3aaHus TIPSIMOA.

DTO ypaBHEHHE MOXKET OBITh 3aITMCAHO B HEKOTOPBIX CIICITHAILHBIX BHIAX:

1) YpaBHeHue psIMOiA € yIiI0BBIM KO3 hHIEHTOM

y=kx+b, tne k=tg &t , b - oTpe30K, OTCeKaeMbIii rpadrkom Ha OY

2) ypaBHEHHE NPAMOI MPOXOIAIIEH uyepe3 Be 3aJaHHBIE TOUKU
(x15J’1) u (x25J’2)
X% _V=n
Xy =X Vam N
3) YpaBHEHwHE PsMO¥ TIPOXOJISIIICH depes3 3aJaHHyI0 TOUKY B 33aHHOM HAIIPABJICHHH:
touka M ,(x,; ¥, ) IPUHAVISKUT IPAMOi |, @ = (m;n) - HANPABISIOLMI BEKTOP MPSIMO, T.€. BEKTOP,

JIeXKalMii Ha JaHHOM TpsIMOM MM Ha MTAPAJLIENTBHOM el psMoit

X—=Xo V=)o .
= KAHOHHYECKOEe YPaBHEHHE IPSIMOii
m n
2. B3auMHOE PacIoNoKeHUe IBYX NPAMBIX Ha IIIOCKOCTH.

HpI/I3HaKOM Napauie/JIibHOCTH ABYX NPAMBIX SABJIACTCA PaBCHCTBO HX YITIOBBIX K03(1)(1)I/H_II/I€HTOB

k, =k,
IIpu3HAKOM NepPreHINKY/IIPHOCTH JABYX NPAMBIX SBIISCTCS BBIITOTHCHHC
1
cootHomenns: k k, =1 um k, =—.

1
I[TycTh ypaBHEHHUS TIPAMBIX 3aIlIUCAHBI B OOLIEM BUJIE.
Teopema. Ilyctb
Lybqx+Byy+Cy =0 " Lothax +Boy+Co =0

— o0mre ypaBHEHHsI IBYX NPAMBIX Ha KOOpIWHATHOH miockoctu Oxy. Torma

A1 B _ O
1) ecin hz Bz G , TO TIPSIMbIE L1y Lz COBIIAJIAIOT;
Ly B GO
i, By Cy L, L
2)econ ¢ T2 Y4 tomnpamble lwm Té
HapaebHbIE;

& B
a1 B

3) eciu A2 B2 4 NpAMBIE IIEPECEKAIOTCS.
3aMeTHM, 4TO €CIIHU TIPAMBIE TIEPECEKAIOTCS, TO IS HAXO0KACHHS KOOPANHAT UX TOYKU MEPECCUEHUS
JI0OCTaTOYHO PELIUTH CUCTEMY ABYX YPABHEHHMH C ABYMS HEM3BECTHBIMU:



b 4+Byw=-04
oy +Boy= -0

&1 B
Ly Ba

Crnenctaue. Ilycts ‘ — onpenenuTens cuctems! . Eciu £# 0 1o npamble mepecekarorcs
B OJIHOM TOUYKE U CUCTEMa UMEET CAMHCTBEHHOE PEIICHUE

Ecmu £=U, 10 npsiMble MM napaiebHbI M TOTa CUCTEMA HE MMEET PEICHH I, M IPsIMBbIe
COBIMAJIAIOT ¥ TOTJa CUCTEMa UMEET OECKOHEUYHO MHOTO PEIICHUH.

WTak, B JeKapTOBBIX KOOPIMHATAX KaKIas MpsiMasi Ha TUIOCKOCTH OTPEIETISIeTCs] ypaBHEHUEM TepBOU
CTEMEHU, U KKJI0€ ypaBHEHHE NIEPBOM CTENEHH OIPEIEIIeT MPSIMYIO Ha INIOCKOCTH.

PaccTosHue OT TOUKHM A0 MPSIMOM Ha MJIOCKOCTH.

ITycts 3anansl npsiMast L ypaBHenueM Ax+By+C=0uTtouka M ,(x,;y,) . TpeOyercs HaliTn
paccrosiHue oT Touku M, 1o mpsamoit L .
g |Ax0 + By, +C|

vA? + B?

3. KpuBbIe BTOpPOTO MOpsiIKa Ha MIIOCKOCTH.

KpuBble BTOpOro mopsiika - STO JIMHHM HA IUIOCKOCTH, KOOPIWHATHI TOYEK KOTOPBIX CBSI3aHBI
YpPaBHCHUSIMU BTOPOH CTENICHM OTHOCHUTEIBFHO X W y B JICGKAPTOBOM CUCTeMe KoopauHat. PaccMotpum
CJICYIOIINE BUIIBI KPUBBIX BTOPOTO MOPSIKA: OKPYXKHOCTB, JUIUIIC, TUIIepOoIia 1 mapadoa.

OKpy’>KHOCTB.

OKpPY>)HOCTh - 3TO COBOKYITHOCTh TOUYCK Ha IUIOCKOCTH, PABHOYIAJICHHBIX OT OJHOHN (PUKCHpOBaHHOW
Touky (meHTpa). PaccrosHME OT TOUKH, JeKallled Ha OKPY)KHOCTH, JO IIEHTpa HA3bIBACTCS PaMyCoOM

OKPYKHOCTH.

y ¢

Yo

’ X
5 %

Kanonuueckoe YpaBHCHHC OKPY?KHOCTH HUMEECT BU:

(x=x,)> +(y—y,)* =R*, 20e M(x,,y,)-leHTp oOkpy*KHOCTH, R —panmyc.

Dnurc.

DJIJIMICOM HA3BIBACTCSI TEOMETPUYECKOE MECTO TOYEK, JISi KOTOPhIX CyMMa pAacCTOSHHHA 10 ABYX
(DMIKCHPOBAaHHBIX TOYEK TUIOCKOCTH, HA3bIBAEMBIX (DOKYCaMH, €CTh NOCTOSHHAS BENMUYMHA, OOJNBIIAS, YeM
paccTosiHue Mex Iy QoKycamu.

ITocTOSIHHYIO CyMMY pPacCTOSHHMI HPOM3BOJIBHON TOUYKH 3JUIMIICA 10 (OKYCOB MPHUMATO 0003HAYATh
uepes 2a. Dokycsl amminca odo3Havator OykBamu F, u F,, paccrosHue Mexay HEUMH - 4epe3 2c. Ilo

OTIPEICIICHHIO DIITHTICA 2a > 2¢ WIH a > C.
¥

3

Yo l..

O Xn
JlanHas (bI/Irypa o0mamaer IByMsI OCSIMA CHMMETPHH U IIEHTPOM CHMMETPHH.

Ecrm dokycer (F]; u F,) pacnonoxeHHble Ha TpsAMOH, mapauiensHod ocn OX, TO KaHOHHYECKOS
YpaBHEHHE IUIHATICA UMEET BUI
2 2
(x—x,) +(y_y0)
2 2
a b

=1



3neck Touka A(X,; Y, ) - UeHTp umica, a ¥ b - Gonbluas 1 Maas nommyocy srumrca. PoKycsl yumIca

2 2
F, u F, pacrionoxeHsl B TOYKaX, yJAJCHHBIX Ha pacCTosHMM C=+Va —b" or wueHrpa smmrca.

C
OTHollIeHE — HAa3BIBACTCS SKCHCHTPUCUTCTOM BJIJIATICA U 00o03HayaeTcs & .
a

I'mnepbomna.

I'unep6oJ10ii Ha3BIBacTCS TEOMETPUYECKOE MECTO TOYEK, ISl KOTOPBHIX Pa3HOCTh PACCTOSHUI JIO0 JIBYX
(PMKCHPOBAHHBIX TOYEK TUIOCKOCTH, HA3bIBAEMBIX (POKYCAMH, ECTh IIOCTOSTHHASI BEJTMUIHA; YKa3aHHAS Pa3HOCTh
OepeTcst 1o abCOMIOTHOMY 3HAUEHHUIO M 0003Ha4YaeTcss 0ObIIHO yepe3 2a. POKyCH THITEpOOIbl 0003HAYAI0T

Oyksamu [ u F, paccrosHne Mexny HuUMH - gepe3 2c. [lo onpenenenuro rumepbonsr 2a < 2c mwm a < c.

Funeptora

y=~;x

JanHast Qurypa Taxke oOnagaeT ABYMs OCSIMH CHMMeTpHu M LeHTpoM. Ecim ¢dokycer F, u F,
PpacCIIojIoKEHbI HA OCHU OX, TO €€ KAHOHNMYCCKOC YPaBHCHUEC UMECT BU/I:
2 2
(x— o) _(y_yo)
2 2
a b

3neck Touka A(X,; V) - LEHTp runepOobl, @ U b - neficTBUTEIBHAS X MHIMAS [OTyOCh.

=1

[Ipsivble y = +— X ABIBOTCS ACUMIITOTaMU THIIEPOOJIBL.
a

[Tapa6omna.

ITapa6os10ii Ha3BIBaCTCS TEOMETPHUECKOE MECTO TOUYCK, I KKIOW W3 KOTOPBIX PACCTOSHHE [0
HEKOTOPO# (DUKCUPOBAHHON TOYKM IUIOCKOCTH, Ha3bIBAeMOW (DOKYCOM, PaBHO PACCTOSHUIO 10 HEKOTOPOM
(UKCHPOBaHHON NPSIMOM, HA3BIBAEMOH TUPEKTPHCOM.

Dokyc mapadoinsl obo3Hauaetcst OykBoii F, paccrostaue ot dokyca 1o aupekTpHck - OykBoi p. Yuncio p
Ha3bIBACTCS ITapaMETPOM MapaboIIbL.

Qdurypa obnanaer ocsto cumMMmeTpun. Ecnu aupextprca nmapabonsl neprneHaukyaspHa Ox (Ox - och
CHMMETPHH), TO ypaBHEHHUE Mapad0IIbl UMEET BU:

(y—»,)° =2p(x—x,), Te p - paccTosue oT POKyca 10 AMPEKTPUCHI, TOUKA (Xo; Yo) - BEpUIMHA
mapaboJIbL.

VpaBHEHHE TUPEKTPHUCHL: X = X, —~—

@oxkyc B Touke F| X, +§; Yo

Ecmu Oy - ock cuMMeTpru, TO ypaBHEHHE — Mapaboibl  MMEeT B

(x—x,)° =2p(y - y,) . YpaBHEHNE TUPEKTPHCHL Y = Y, —g. ®oxkyc B Touke F| x,; ¥, +§

Hapabosa



1.2.JIeknust Ne 2 (2 yaca)

Tema «{uddepennuanbuoe ucuncjieHue OyHKIUA 0HOI MepeMeHHOID)

1.2.1. Bonpochl jekuum:

1. OcnoBnele mousaTus. CriocoObl 3a1aHus QyHKIHU.

2.Ilpenen Gpyukuuu B ToUKe. TeopeMsl O Mpeeiax.

3. beckonedHo 60mbIHEe PYHKITNHN U UX CBOMCTRBA.

4. BeckoHe4HO Maiible (YHKLIMHU U UX CBOMCTBA.

5. HenpepbiBHOCTH QYHKIMH B Touke. TOYKHU pa3phiBa.

6. IToHsATHE TPOM3BOIHOM, €€ TECOMETPUICCKUN M MEXaHUIECKUH CMBICIT.

7. OcHoBHbIe paBuia AU HepeHInpOBaHUSL.

8. OcHoBHBIE (HOpMyIBI TUPPEPESHINPOBAHHUS.

1.2.2. Kpatkoe copepxaHue BOIIPOCOB

1. OcuoBnble mouATUs QpyHKIMU. COocOObI 3a1aHU QYHKIIUH.

BennuuHbl B MaTeMaTHKe JETSATCSA Ha MOCTOSHHBIC M IEPEMEHHBIE.

IlocTosIHHOI Ha3BIBaeTCA BEIUYMHA, KOTOPas B YCIOBHUSIX JaHHOTO JKCIIEPUMEHTa COXPAHAET OIHO
Y TO )K€ 3HaYCHHE.

[IpuMepaMu TakuxX BETUYWH MOTYT OBITh: {° KUIICHHUS BOJABI MPH MOCTOSIHHOM JaBJICHUH; JIMHA R
OJHOM M TOM K€ OKPYKHOCTH.

HekoToprie MOCTOSHHBIE BENWYMHBI COXPAHSIIOT CBOE 3HAYEHHE NPU JIIOOBIX YCIOBHSX, TO €CTh
SIBIISIIOTCST a0COJIIOTHO MOCTOSIHHBIMH. Hampumep, cymma BHYTPEHHHX YIJIOB B TPEYTOJbHHUKE WIIN
YHCIIO CEKYH/I B MUHYTE.

IlepeMeHHOIl Ha3pIBaeTCs BENWYHMHA, KOTOpas B YCJIOBUSAX JAHHOTO OJKCHEPUMEHTa MOXET
NPUHUMATh pa3IMYHbIC 3HAUCHUSL.

B mpakTuueckux 3amadax 4acTO MMEIOT AENO C MEPEeMEHHBIMH BEIMYMHAMH, KOTOPBIE CBS3aHBI
Mexay co0oil Tak, YTO 3HAYEHHWE OJHON BETWYMHBI OJHO3HAYHO OIpEAessieT 3HAYeHHE IPYTOu.

4 5
Hamnpuwmep, Vmapa=§ R .

PaccmoTpumM n1Be iepeMeHHbIe BETUYNHBI X U ) U ITyCThb ¥ 3aBUCHUT OT X.

3aBUCUMOCTh ) OT X, 0OpU KOTOPOH KaKIOMy 3HAUEHHIO TIEPEMEHHOH X COOTBETCTBYET
€MHCTBEHHOE, BITOJIHE ONpEEeIEHHOE, 3HAUeHNE TIEPEMEHHOH ), Ha3bIBaeTCA (PYHKIHOHATbHOIA.

[IpaBwio wiM 3aKOH, MO KOTOPOMY OCYIIECTBISeTcs (YHKIMOHANBHAS 3aBUCUMOCTh )y OT X,
HasbpIBaeTcsd (pyHKIMEH.

O6o3nauenue: y=f(x) (y ecTb QYHKIMS OT X), TJC X - HE3aBUCHMasl TICPEMCHHAS WK apTyMEHT; ) -
3aBUCHMAs OT X TIepeMeHHasl.

B npumepe ¢ 00pemMoM 1mapa 00beM ecTh QyHKIMS paguyca: V=f(R).

COBOKYMHOCTh BCEX 3HAYEHUH apryMeHTa X, IPU KOTOPHIX (YHKIHMOHAIBFHOE BBIPAKEHHE HUMEET
CMBICII, Ha3bIBaeTCs 00J1acThI0 onpeaeaenust pynkuuun. O6o3znauenue: D(y) i Df

Crioco0Obl 3ananust QyHKITUH.

Nmeetcst HECKOBKO COCO0OB 3aaHus (PyHKIMHA, HO HanOoOJee YacTO MCIIONIB3YIOTCS CIEIyIOLIHeE:
1) ananutnueckuit; 2) Tabnuunblif; 3) rpagudeckuil.

I'padukom ¢yHknum y=f(x) Ha3pIBaeTCcA JTWUHUSA Ha IUIockoctn XOV, cocrosimias w3 TOYeK, Y
KOTOPBIX adcuucca ecTh 3HaUeHUE apryMeHTa, a OpAWHATa COOTBETCTBYET 3HAUCHHIO (DYHKIINH.

OcHOBHBIE CBOICTBA (PYHKIIHH.

MoHOTOHHOCTH PYHKIMH.

Bospacmaiowas ¢pynxyus (B HEKOTOPOM IMTPOMEKYTKE) - QYHKIIHSA, Y KOTOPOH OONBIIEMY 3HAYCHHIO
apryMeHTa U3 3TOr0 POMEXKYTKa COOTBETCTBYET OoJbliiee 3HaUeHUE (DYHKIINH.

Yoviearowas ¢ynxyus (B HEKOTOPOM MPOMEXKYTKE) - (YHKIMS, Y KOTOPOH OOJbIIEMY 3HAYCHHIO
apryMeHTa W3 3TOT0 MPOMEXKYTKa COOTBETCTBYET MEHbIIee 3HAUCHUE (DYHKIIHH.

YeTHOCTDH (HEUETHOCTH) (PDYHKLIMH.

Yemnasn ¢pynkyus - QyHKUOUSA, y KOTOpOHW 00ONAacTh ONpeneNeHUs CHMMETPUYHA OTHOCHUTEIBHO
HaJyayia KOOpAWMHAT M JUISI JIFOOOTO X M3 00JIAaCTH ONpEeeeHHS BEBITIONHACTCS PaBEHCTBO f(-x) = f(x).
I'padux yeTHOM HYHKINU CHMMETPHYCH OTHOCUTEIHHO OCH OpAMHAT.

Heuemnas ¢pynkyusi - QyHKUHMs, Y KOTOpOH 00JacTh ONpeneneHUs] CHMMETPUYHA OTHOCHUTEIHHO
HadaJia KOOPIWHAT W JUISI JI000T0 X M3 00JacTH ONpeeCHHs CIpaBeInBO paBeHCTBO f(-x) = - f(X).
I'paduk HeweTHON QYHKIIMHA CHMMETPUICH OTHOCHTEILHO Hadayia KOOPAHHAT.

OrpannvyeHHasi 1 HeOTpaHNYeHHas! PYHKIINH.



OyHKIMS HA3BIBAETCS OZPAHUYEHHOU, ECITH CYIIECTBYET TaKoe MOJIOKHUTENbHOE Yuciio M, urto |f{x)|
<M nuis Bcex 3HaueHUH X . Ecnu Takoro 4nciia He CyIecTByeT, TO QYHKIUS - HeOSpaHU4eHHAs.

IlepuonnyHOCTH PyHKIMH.

OyHKIMS f(x) - MEepUOIUYEcKasi, €CIH CYIIECTBYET TaKO€ OTIMYHOE OT HyJs uucio T, 4to amns
JH000r0 X M3 00JIaCTH ompeaeiacHus QYHKIUU uMeeT MecTo: f(x+T1) = f(x). Takoe HaUMEHbIIIEE YHCIIO
Has3bIBaeTCs NepuoioM GpyHKImH. Bee TpuroHomerprdeckrie GyHKIUH SBISIOTCS TIEPHOAHMYESCKHMH.

HeanemenTtapHbie QyHKITUM.

OyHKIUH, TOTYYCHHBIE M3 OCHOBHBIX JJIEMEHTapHBIX (DYHKIMH C TIOMOIIBI0O KOHEYHOTO YHhCIia
apu(METHIECKHUX JICHCTBUM, HA3bIBAIOTCS 3JIeMeHTAPHBIMH.

OnemeHTapHble (YHKIMH - Kiace (DYHKIUH, BKJIIOYAIONINA B ce0s MHOTOWICHBI, pPallMOHATHHBIC
(hyHKIUY, TTOKa3aTeIbHbIC, CTCIICHHBIC, JTorapu(hMUICCKIE U TPUTOHOMETPUUSCKUE (YHKIINH, a TaKKe
(YHKIUMH, TOJIy4aeMble M3 IICPEUMCICHHBIX C IIOMOINBIO YETHIPEX apU(pMETHUSCKUN AeHCTBUI
(cmoxeHue, BBIYMTAHHE, YMHOXXEHHE, NENICHHE) W CYINeprno3uuuu (00pa3oBaHMS CIOXKHOW (QYHKIHH),
MPUMEHEHHBIX KOHEYHOE YHUCIIO Pa3, 3TH JCHCTBUS HA3BIBAIOTCS AJIEMEHTAPHBIMU alreOpanvecKUMU.
OneMeHTapHble (YHKIIMA MOTYT OBITh MPOCTHIMA ¥ CIOXXHBIMU. [IOHATHE CIOXXHOW (QYHKIIUH
paccMOTpHUM JIajee.

HeiictBust: norapudMupoBaHue, BO3BEACHHE B CTENEHb C HPPAlMOHAIBHBIM IIOKa3aTeJeM,
BBIUMCIICHHE CHHYCOB, KOCHHYCOB, TaHT€HCOB, KOTaHT€HCOB, CEKaHCOB, KOCEKaHCOB, apKCHHYCOB,
ApKKOCHHYCOB, AapKTaHI€HCOB, apKKOTAaHT€HCOB, AapKCEKaHCOB, AapKKOCEKAaHCOB, - Ha3BIBAIOTCS
TPaHCUCHACHTHBIMH DJIEMEHTAPHBIMU JICUCTBUSMU.

Ecimun Qynknuro MoxHO 3amaTh (QOpMyYJIOH, coiepiKalleid »JIeMEHTapHblE IEHCTBHUS, B COCTaB
KOTOPBIX BXOJASAT anreOpandeckue W TPaHCIEHIEHTHBIE ACHUCTBUS, TO €€ Ha3bIBAIOT TPAHCIEHACHTHOU
¢yHkuueit (B mepeBome - "IpeBOCXOASMICH", a HMMEHHO NPEBOCXOAALICH CHIIy anreOpamyecKux
oreparuii).

Hpyroe onpezaencHue TpaHCICHACHTHONH QyHKIMK: QyHKIM y=f(X) Ha3pIBae€TCs TPAHCIIECHICHTHOM,
€CJIM OHa HE YIOBIICTBOPSET HUKaKoMy aireOpamdeckoMmy ypaBHeHmio Buma P(x,y)=0, rme P(x,y) -
MHOTOYJICH OTHOCUTEJIHLHO NTEPEMEHHBIX X H Y.

TpancuenaeHTHass (QyHKIMS MOXKET OBITH MpOCTeWIIeld TpaHCIEHACHTHON (QyHKUUEH, rpadux
KOTOPO# M3BECTEH, HAIIPUMED: YV = sin X, y = InX, y = arccos X

Takum 00pa3oM, K MPOCTESHIIIUM TPAHCIICHICHTHBIM (PYHKIIUSM OTHOCSITCS:

o TlokasarenpHas QyHKIUS

o Jlorapudmuueckas GpyHKIHS

e CreneHHas QyHKIMS C HPPAIIMOHATHLHBIM [TOKa3aTeeM

o Tpuronomerpudeckas GpyHKIUS

e OOpaTHOTPUTOHOMETPHYECKAs (HYHKIIHS

Ecnmu dyHkiuo MOXHO 3amarth (OpMyIIOH, HE colepikalled TpaHCLEHICHTHBIC ICHCTBHA, &
Ha3bIBAIOT anredpanyeckoi GpyHKIHEH.

K HesneMeHTapHBIM (DYHKIIUSM OTHOCAT (YHKIIMH, COJEpKaIllhe HEdJIEMEHTAapHBIE NCUCTBUS, K
TaKUM JEHCTBHSIM OTHOCSATCS ACUCTBUS B3SITHA LIEION YaCcTH OT YHMCIIA, APOOHON YacTH OT YMCIIA, MOITYJIS
YHUCIla ¥ IpYTHUe

2. Ilpenen ¢pynxuuu B Touke. Teopemsl o mpenenax.

Paccmotpum dyaknuro  y=f(x). [IpunaBas nmepeMeHHO# X pa3IMIHbIC 3HAUCHIS, MOTYIUM X, X2, X3,
woe Xp ... - TIOCJICIOBATEIPHOCTh 3HAUCHUH apryMmenTta. Eit cooTBeTcTBYET: f(X1); f(X2), f(X3); ... f(X0)s ... -
MOCJIEJ0BATEIFHOCTh COOTBETCTBYIOIINX 3HAYCHUH (DYHKINH.

Omnpenenenue. Ecoum u3 toro, 9to mro0as MOCIENOBAaTEIFHOCTh 3HAUCHUM apryMEHTa, B3sTas W3

obnacTtu onpeseneHus QyHKIMU U & -OKPECTHOCTH TOUKH & (X, # 4 ) CXOAUTCA K d (X —> @ ) CIEMyeT,

YTO MOCJIECA0BATEILHOCTh COOTBETCTBYOIIMX 3HAUCHHUI (PYHKIIUK CXOMUTCA K yucay A ( f(x)—> A) , TO
4yncno A HasbiBaeTcs mpenenoM ¢GyHkimu f(X) B TOUKe d.
O6osnauenue: lim f(x)=A4.

xX—a
TeopeMsl 0 nipeenax.
Ecmu lim f(x) u lim g(x) cymiecTtByror u KOHEUHBI, TO

X—>a X—>a

Teopema 1. IimC = C, rae C = const.

xX—a



Teopema 2. lim(f(x) £ g(x)) = lim f(x) £ lim g(x)

Teopema 3. lim[ £ (x)- g(x)] = lim f(x) -lim g(x)
Caencraue. }glgC f(x)=C- £1£12 f(x)

fx) lim f(x)

X—a

Teopema 4. lim -
S g(x)  limg(x)

Teopema 5. lim[ f(x)"] = |lim f (x)J "
Teopema 6. Eciu g(x) < f(x) <u(x) BOmm3u Touku x =a u limg(x) =limu(x) =4, To u
lim f(x)=4.

HapymeHI/Ie OFpaHquHHﬁ, HaKJIaabIBaCMbIX Ha (bYHKLII/II/I IIpU BBIYUCJIICHHUU UX NPCACTIOB, IPUBOAUT
K HEONPECACJICHHOCTAM.

npu lim g(x) # 0

Hanpumep, 3Has JIMIIb, Y4TO limf(x)=0 y limq(x)=%0 wenpzs cxazars 3apaHee, 4eMy
X—>X,

—>X) X—>Xy
oen [y L5
o, &(X)
[penen pyHKIMHE HA OECKOHEUYHOCTH.
Omnpenenenune. Yucno A HaszpiBaeTcs mpeaeaoM GyHKIuH f(X) mpu Xx—»o0, eciu A Jr000ro vncnia
>0 cymecTByeT Takoe ynuciao M>0, 9To mJis Beex X, | X | >M BBINIOJIHSETCS HEPABEHCTBO

|4-f(x)|<e
IIpu aTOoM mipeanonaraercs, 9ro GpyHKIus f(X) onpenenena B OKpeCTHOCTH OECKOHETHOCTH.
3anuceiBatoT: lim f(x) = A.
X—>00

o0
. B Takom CJIydac roBOpsAT, YTO UMEECT MECTO HEOIIPCACIICHHOCTL BH1a [—J .
o0

I'padmaeckn MOXKHO TIPEICTABUTH:

y y
A A
0 0
X X
y y
A A
0 0
X X




AHaJIOrMYHO MOXKHO oIpefenuTh npeaensl lim f(x) = A mns moboro x>M u lim f(x) = A nus
X—>+0 X—>—00

nr06oro x<M.
3 —4 BeckoHEeYHO Malible 1 OeCKOHEYHO OomnbIre GpyHKINH, HX CBOICTBA.
Omnpenenenne. Oynknus f(X) Ha3bpIBacTCS 0€CKOHEYHO MAJION TP X —> d , TIE d MOXKET OBITh

YHCIIOM WITH OJIHOW M3 BEJIMYMH 0, +00 WitH -0, ecin lim f(x) = 0.
x—>a

Beckoneuno maioit QyHKIHS MOXKET OBITh TOJNBKO €CIHM YKa3aTh K KaKOMY YHCIY CTPEMHUTCS
aprymenr X. [Ipu pa3In4HbIX 3HAYCHUAX a PYHKIMS MOXKET OBITh OECKOHEYHO MaJOH UM HeT.

[pumep. Oynkuus f(x) = X" seusercs OeckoHeyno Manoi mpu X —> 0 u He sBigeTcs
OecKoHe4HO Masioi mpu X —> 1, T.k. 1)(1£r11 f(x)=1.

Teopema. /[1s1 mozo, umodwsl pyuxyus f(x) npu X —> a umena npeden, pasHulii A, He0OX00UMO U
docmamouro, Ymobbl 801U3U MOYKU X = A 8bINOJIHALOCH YCIOBUE
fx) =4+ alx),
20e a(x) — beckoneurno manas npu x — a (a(x) -0 npu x — a).
CBoiicTBa 0eCKOHEYHO MAJBIX PYHKIMIA:
1) Cymma (QUKCUpOBAHHOTO YMciIa OECKOHEUHO MalbIX (DYHKIHH MPU X —> d TOke OCSCKOHEUHO
Majast QyHKIAS TP X —> d .
2) IIpousBeneHue (QUKCUPOBAHHOTO YHCIA OCCKOHEYHO MaNbIX (YHKIUH MpH X —> d TOXKE
OceckoHEUHO Maast GyHKIHS TIpH X —> d .
3) IpousBencHre OECKOHEUHO Mao (PYHKIKMU Ha (HYHKIIMIO, OTPAaHUUECHHYIO BOJU3U TOYKH X = d
SIBIIIETCS OECKOHEUHO MajIol (DyHKIMEH Ipu X —> d .
4) YactHoe OT JeiieHUs OCCKOHEYHO Majod (DYHKIMH Ha (YHKIMIO, TIpeAesl KOTOPOW HE paBeH
HYJIIO €CTh BeTHYNHA OECKOHEUHO MaJjasl.
Omnpenenenue. [penen ¢pyuxun f(X) npy X —> @, rae d — 4KUCI0, paBeH 0eCKOHEYHOCTH, €CIIU

nu1st mo6oro uucna M > 0 cymectByer Takoe uncio A > 0, uTo HEpaBEHCTBO | f (x)| >M
BBITIOJIHSIETCS [IPH BCEX X , yIOBIETBOPsIONmX yciaouto 0 < |x — a| <A
BamuceiBaercs: lim f(x) =o0.
Xx—a
COOCTBEHHO, €CIM B MPHBEICHHOM BBILIEC OMNPEICICHHN 3aMEHHUTH YCIIOBHE | f (x)| >M na
f(x)> M , To momyunm:
lim f'(x) = 400,
xX—>a
a ecnu 3ameHuTh Ha f(X) < M , TO:
lim f(x) = —oo0.
Xx—a

Fpaq)nqecm/l MPUBCACHHBIC BBIIIC CJIydad MOXXHO NPOUJINIFOCTPUPOBATH CIICAYIOIIUM 06p3.30M3

X a X a ?IK

Onpenenenune. yHkims Ha3bIBaeTCA 0€CKOHEYHO 00JbIION NIPU X —> d , TI€ a — YUCTIO WA OJHA
U3 BEJIMYHH 00, +00 WK -0, ecnu lim f(x) = 4, rae A — 4uciio Wik 0fiHa U3 BEJIUYHH 00, +00 UITH -00.
x—a

CBsi3b OECKOHEYHO OOJBINMMX M OSCKOHEYHO MAaJBIX (DYHKIIHA OCYIIECTBISETCS B COOTBETCTBHH
CO CIeAYIOoNIeH TEOpEeMOil.



Teopema. Eciu f(x) — 0 nmpu x = a (ecnmu x — 00) u He oOparaeTcsi B HOJlb, TO

y= —

S ()

Orcrona CJICOYCT:

a) [Ipon3BeeHNE MOCTOSIHHON BETUMIMHBI HA OECKOHEYHO MAITYIO €CTh BEJTMYHHA OCCKOHETHO
Maasi.

6) HpOI/I3BeI[eHI/Ie HCpeMeHHOP’I BCJIIMYHUHBI, CTpeMﬂmeﬁCﬂ K Opcacity, Ha OECKOHEUHO MaJIyro €CThb
BEJIMUYMHA OECKOHEYHO Majasl.

B) [Ipou3Benenne AByx OECKOHEYHO MaNIBIX BEJIMYMH €CTh BEIMYNHA OECKOHEYHO Malasl.

5. OTHOLICHHUE ABYX OECKOHEYHO MAJIBIX BEJIUYHH HE 00S3aTEILHO €CTh BEIHUMHA OECKOHEUHO
Majias.

OTHomIeHHE IBYX OECKOHEYHO MaJIBIX BETMYUH MOXKET OBITh BEIMYNHON KOHEUHOM, O€CKOHETHO
MaJIod U Jake OECKOHEYHO OOJIBIION BEIMYHUHOM.

OO0 oTHOIICHUU ABYX OCCKOHEUHO MAJIbIX BEJIUYMH HHOrga roBopsT, 4YTO OHO MPECACTABIIACT co0oli

0

"HeompeneNeHHOCTh" BUa 0 .
Brruncnenue mpenena OTHOIIECHUS IBYX O€CKOHEYHO MaJIbIX 4aCTO HA3BIBACTCS TAKKE

G

PacKpBITHEM "HEOIpEAENeHHOCTH " BUA 0 .

BeckoneuHo Oosblivie (GYHKIUH, UX CBOMCTBA.

®yukumst y = f(x) Ha3bIBaCTCS OECKOHEYHO GOIBIION BEINIHHON pH -~ = & ecnu st KaKI0TO
MOJIO’KUTENBHOTO CKOJIb YTOAHO Ooutbiioro uncia N HaiiIeTcs COOTBETCTBYIOIIEE CKOJIb YTOTHO MajIoe
MOJI0KHUTEIEHOE YHCIIO

| x - al<

y=f(x) Takoe, 9TO JJIA BCEX X, YIOBICTBOPSIONINX HEPABCHCTBY ¢ , OyIeT BBITTOHITHCS

lim F(x)=m
HepaBeHCTBO|f(I) | N: x_mf()

®yHKuust y = f(X) Ha3bIBAETCS GECKOHEYHO GOMBIION BETHIHHON IPH = 0 ecmu Ui KOKIOTO
TIOJIOXKHUTEILHOTO CKOJIb YTOJHO O0JbIIoro yrcia N HalIeTcsl COOTBETCTBYIONIEE CKOIb YTOIHO OOJIBIIOE

| x[>

YHUCJI0 K(N) TaKOC, 4YTO JIA BCCX X, YAOBJICTBOPAIONINX HCPABCHCTBY K , 6YZ[€T BBITIOJTHATBHCA

].iIIl xl=om
HEPaBEHCTBO | f(I) |:" N: x_:mf( )

CyMMa OeCKOHEYIHO OOJIBITINX BETWINH €CTh BEIMUYNHA OECKOHEUHO OOJbIas:

1313}1&(@1(3'5) tpy(x)) =

IIpounsBenenre OECKOHEYHO OOIBINX BETUYHH €CTh BETUINHA 0CCKOHETHO OOJThITIas:

ljlgﬂ(@l(x)-@g(x) =

HpOI/IBBeZ[eHI/Ie OECKOHEYHO OOJIBIION BETUYMUHBI HA KOHCTAaHTY C, WJIn Ha (I)yHKLH/IIO, HUMCHOIIYIO
lm fi(x)=A

KOHEYHBIN mpegen ¥ 4 , €CTh BeJIMYMHA OCCKOHEYHO OOJIbIIAs:
hm Cpy(x) =, hm p(x) f5(x) =
¥ ¥

C853b OECKOHEUHO MANOIL U OECKOHEYHO D0IbIUOT 6e/ITUUUHDL
Benuunna, o0paTHas OECKOHEUHO Maol BEJIMYMHE, €CTh BEIMUNHA OSCKOHEUHO OOMbINast, 1
Hao00pOT, BeTMIMHA, 0OpaTHas 6ECKOHEYHO OOJBIIION BEIMUNHE, €CTh BEIMYNHA OCCKOHCYHO MaJtas.

) 1 ) 1
hm f{(x)=0 lm @{x)=wm im —— =0 Jim——=0
Iyctp *—% f( ) u ¥ @( ) , TOTJa e f(I) u Foa (F(I)
CHUMBOJIMYECKH MOXHO 3aITHUCaTh:
1 . 1 —0

0 .



CpaBHEeHHE 0€CKOHEYHO MATBIX (YYHKITHH.

[ycts a(x), B(X) 1 y(x) — OeckoHeuHo Maible YHKIMH OpU X —> a. bynmem o6o3Hauath »TH
(yHKIUU O, B U Y COOTBETCTBEHHO. DTH OECKOHEYHO Malible (PYHKIIMHM MOKHO CPaBHUBATH MO OBICTPOTE
uX yOBIBaHUS, T.€. 10 OBICTPOTE UX CTPEMJICHHSI K HYJIIO.

Hanpumep, dyrxims f(x) = x'° ctpemutes k Hymo 6bicTpee, deM hyrkims f(x) = X.

.. .
Onpenenaenne. Ecmu lim— =0, 1o ¢GyHKOus o Ha3bBacTCs 0ECKOHEYHO MAJIoil Oosiee

xX—a

BBICOKOT0 MOPSIAKA, YeM QYHKITHUS [3.

. a
Omnpenenenne. Eciu lim— =4, A#0, A=const, o o0 u B Ha3bIBAOTCI 0ECKOHEYHO

xX—a

MaJIBIMHU OAHOI'0 MOPHAAKA.

. a
Onpenenaenne. Ecmm lim—=1,10 ¢yukuun o ¥u [ Ha3sBAIOTCI IKBHBAJEHTHBIMHU
xX—a
0eCKOHeYHO MAJIbIMH. 3aMUCHIBAIOT O ~ [3.
Hpumep. CpaBHuM GeckoHeuHO Manble npu Xx—0 gpyrxmmm f(x) = x'’ u f(x) = x.
10
. . 9
lim— =limx” =0
xX—a x x—a
1.e. Qynxmus f(x) = x'’ — GeckoHedHO Malas Goee BRICOKOTO Mopsiaka, ueM f(x) = X.

Onpenenienne. beckoHeuHo Manas (yHKIMS O Ha3bIBacTCs OeCKOHEYHO MaJioi mopsiaka k

- . (24
OTHOCHUTEIILHO OECKOHEYHO MaJIoi (QYHKIWY [3, ecu npeaen hm—k KOHEYEH U OTJINYEH OT HYJIS.
Xx—a

OZ[HaKO CJICOAYCT OTMCTUTD, UTO HC BCC OCCKOHEYHO MaJble (I)YHKLII/II/I MOXXHO CpaBHHUBATbL MCKIY

- o
coboii. HaHpHMep, €CJIM OTHOIICHUEC — HC UMCECT IpCaAcia, TO (byHKLII/II/I HCECpaBHUMBI.

xsinx

> 1, Te.

. .a .
Opumep. Ben a =xsinx, B=x, 10 npu x>0 lim—-=lim

x—0 ﬂ =0 x

¢$yHKIUsA o - 6eCKOHEYHO Masiasi mopsaKa 2 OTHOCUTENBHO GYHKIUH [3.

1 .a
Ipumep. Ecnmu @ = xsin—, [ = x, 1o npu x—0 lim— ne cymecrtByer, T.e. GpyHKuus o u 3
X x—0
HECPaBHUMBI.

CBoMiCTBa SKBUBAJICHTHBIX OSCKOHEUHO MAJIBIX.

)a~a, limg=1
x—a a

2)Ecmma~Buf~y,to0~Y, lim< = lim ﬁ,é =1-1=1

xX—a 7/ X—a ﬂ ]/

. .1
3) Eciu o~ B, 10 B ~ @, hm£=hm—=1
x—a o x—a g

B

4)Ecmo~oyuP~pulim— =k, roun lim—- =k wm lim— = lim—-.
x—>a ﬂ x—a ﬂl xX—a ﬂ xX—a ﬂl

. a . a ..«
CruenctBue: a)ecmu o~ o, 1 lim— =k, ton lim— = lim—

x—a lB x—a ﬂ x—a

6) ccm B ~ By u lim S =k, 1o limZ = lim %
x—a x—a ﬂ x—a ﬂl



CBoiicTBO 4 0COOCHHO Ba)KHO Ha MPAKTUKE, T.K. OHO (DaKTHIECKH 03HAYACT, UYTO TPEICT OTHOIICHHS
0CCKOHEUHO MallbIX HE MEHSETCS MIPU 3aMEeHE UX Ha SKBUBAJICHTHBIE OECKOHEYHO Malible. DTOT QaKT JgaeT
BO3MOXXHOCTh TpPH HAXOXKIECHUHM TMPENCIOB 3aMCHATh OECKOHCYHO Majble Ha DKBUBAJCHTHBIC UM
(hYHKITUH, 9TO MOXET CHIBHO YITPOCTUTH BEIYHUCIICHHUE TIPE/ICIIOB.

5. 3ameuaTebHBIC TPEICTHI.

. SInx . .
1) lim =1 - mepBbIil 3aMeUaTEIbHBIN TPEACI.
x>0 x
I : 1
2) lim l+ =e W hm(l + )C)x = e - BTOPOI 3aMeYaTeNIbHBIN IpeIe.
X—0 x—0
TIpaBuna pacKkpbITHSI HEONIPEAECICHHOCTEMN
0 o0
o — (o0 —o0) (0-o0) ()
0 o0

1. Paznoskenue
YUCIIUTENSA U
3HaMeHaTes Ha
MHOKHUTEIH U
COKpaIieHue apoou

2. JIoMHOXeHHue Nenere xa JIOMHOKEHHE [lpusenenue k [TpuMmeHenMe

YHCINTENS 1 HCITHTENS 1 HCOHpPCICICH- BTOPOTO

3HaMeHAaTeNs Ha CTCTICHD € 3HaMeHaTens Ha | HOCTH BAIad 3aMeYaTeIbHOTO
HanOOJIBIITUM 0 © o

COTIPSKEHHOE COTPSKEHHOE TIpesena u CBOMCTB
MoKa3aTeneM — | wm | — |

BBIPAKEHHE BEIPAKEHHE 0 0 cTeneHeit

paauKamy

3. [IpumeneHue

TaOJTHLIBI

SKBHBAJEHTHBIX

OCCKOHEYHO MaJTbIX
DJieMEHTapHBIMHU NPUEMAMH PACKPBITHSI HEONPeaeJIeHHOCTEH ABISIOTCS:
1) cokpareHre Ha MHOKUTEIb, CO3IAIOIINN HEOIIPEACICHHOCTD;
2) JIeNeHUWE YHCIUTENs W 3HAMEHATENs Ha CTapIIyl0 CTENeHb apryMeHTa (JUis OTHOIICHUS
MHOTOYJICHOB TIPU X —> 0 );
3) mpuMeHEHUE SKBUBAJIICHTHBIX OECKOHEYHO MAJIbIX M OECKOHEUHO OOJIBINNX;
4) mpuMEHEHHE TEepBOTO  3aMeuyaTeNIbHOTO Tpeelia ¥ BTOPOTO 3aMEYaTelIbHOTO  Mpeserna

X

N !
lim|1+— | =lim (1+x):=e

KpOMe TOTO0, TIPH BBIYKCIICHUH TIPE/ICTIOB MOJIE3HO 3aIIOMHHUTh CIICIYIOIICE:
. . c
hm—)—O ecn [imf(x)=c, [imo(x)=o, Te. - =0
. X c
llmf( )—OO seemu [imf(x)=c.,[jme(x)=0, Te. | — =0
x—a ¢(X) x—a x—a 0

limf( =0,ecu [im f(x)=0, [jmeo(x)=c, Te. %=o

xX—a ¢( X—a xX—>a

. f(x) : . 00
lim = =%.ecm [jmf(x)=, [jme(x)=c, te.| —|=0
x—a (D(X) x—a x—a Cc

MoxkeT TaKKe TMOHANOOMTCS Tabmuma OSCKOHEYHO MajbIX B OKPECTHOCTH Xy (YHKIHH,

OKBHBAJICHTHBIX JaHHBIM.




tgmx ~ mx

sin mx ~ mx

1
Vx +1 -1~ 3 X
arctg mx ~ mx

A X 1 -1 ~

* npu x > 0
2

1 — cos 2x~2—sin2x

arcsin mx ~ mx

2
X

2

5. HempepbIBHOCTH (GYHKITUH B TOUKE. TOUYKH pa3phiBa.

1 — cos x ~

ITycts Gpynkuus y = f(x) ompeneneHa B TOYKE X, M B HEKOTOPOIl OKPECTHOCTH 3TOH TOUKH.

Omnpenenenne. Oyukius y = f(X) Ha3bIBACTCS HENPEPHIBHOH B TOYKE X,, CCIH CYIIECTBYET

npezen QyHKIMA B 3TOW TOYKE U OH PaBEH 3HAYCHHIO (DYHKIIMU B OTOH TOUKE:
lim f(x) = f(x,)
XX,

MoXHO JaTh eImle OJHO OMNpEACICHHE HENPEPhIBHOCTH (YHKIUHM, ONUPasCh Ha TOHSATHUSL
NPUPAICHUS apTyMEHTa U QYHKITHH.
Omnpenenenne. Ilycte nepeMeHHas BeIUMYMHA X B HEKOTOPBIM Ha4ajbHBIH MOMEHT paBHa X,, B

,Z[perﬁ (KOHC‘JHBIP’I) MOMCHT paBHa X,; TOraa pa3HOCTb AX:)CI—XO Ha3bIBACTCA HPpHUPAIICHUCM

[IEPEMEHHOUN X .
Omnpenenenne. Ilycts ncxonHoe (HayaubHOE) 3HaYeHHME (YHKLIMH PaBHO ), = f (xo), a HOBOE

KOHEYHOE 3HAUEHHE HKIIAU aBHO =f(x)=f(x, +Ax); TOorga A3HOCTb
y p Y 1 0 p

Ay =y -y, =f(x+Ax)— f(x,) Ha3bIBaeTCs mpHpaneHueM GyHKIHU ) = f(X) B TOUKE X, .

I'eomerpuueckuii cMbicn Ax U Ay : KakJI0My U3MEHEHHIO BEIMYUHBI X , COOTBETCTBYET H3MCHEHHUE
BEIIMYMHBI ) , T.. Ay 3aBHCHT OT AX .

Onpenenenne. Oynkimsa y = f(X) Ha3bIBaeTCs HENPEPHIBHOW B TOUKE X,, €CIH OECKOHEYHO

MajoMy TPHUPANICHHIO apryMeHTa COOTBETCTBYET OECKOHEYHO Majioe TMpHpanieHue (QyHKIUH; T.€.
cymectByer lim Ay =0.
Ax—0

Omnpenenenne. Oyukius y = f(x) Ha3bIBaeTCS HENPEPHIBHOW B TOYKE X, <> Npeien (yHKIHU

IpH X —> X, paBeH 3Ha4eHHIO QYHKIMHK B 310l Touke: lim f(x) = f(x,).
X—)XO

Teopema. Eciiu y = f(x) - onemeHtapHas (QyHKIHs, ONpeAei€HHAas B HEKOTOPOH OKPECTHOCTH
TOYKH X, ; TO OHA HENPEPbIBHA B TOUKE X,,.
Omnpenenenne. Dyukuus y = f(x), HempepbiBHas B KaXIOW TOYKES 3aJaHHOTO HWHTEpBaia,

Ha3bIBAETCSI HEMPEPHIBHOM HA BCEM HHTEpBAJIE.
Omnpenenenne. Dyukius y = f(x) Ha3bIBaeTCI HEHNPEPBIBHOH B TOYKE X,, SCIM OHAa HMEET

OJIHOCTOPOHHME IIPEAEIIb, PaBHbIE MEXy COOON U paBHbIC B CBOIO OUYEpE/lb 3HAYEHUIO (DYHKIMH B TOUKE
X, .
Omnpenenenne. Oynkims y = f(X) Ha3pIBacTCs HEMPEPBIBHOM, €CIM OHA HEMpPEpBIBHA HA CBOCH

00J1aCTH OTIPEICIICHHUS.
3aMeTnM: Bce dNieMeHTapHbIe (PYHKIMH HETIPEPHIBHBI HA CBOUX 00JIACTSIX OIpECTICHNSI.
Touku pa3pbeiBa. ACUMOTOTHI Tpaduka QyHKITUH.



Omnpenesenue 1. Touka, B KOTOPOH HE BBHITIOIHAETCS YCIIOBUE HETPEPHIBHOCTH, HA3BIBACTCS TOUKOM

pasphiBa.
Onpenenenne 2. Eciu Gpynxnus y = f(x), onpenencHHas B HEKOTOPOH OKPECTHOCTH TOYKH X, , B

TOUKE X, HE ONpejelieHa WM e€ mpeseN B TOYKE X, HEe PaBeH 3HaYeHHIO QyHKLIUM B JTOH TOYKE; TO

TOBOPAT, YTO (DYHKIIMS UMEET Pa3phIB B TOUKE X, , @ TOUKY X, Ha3bIBAaIOT TOUYKOM pa3phIBa.

Onpenenenne. Touka X, Ha3bIBa€TCA TOYKOM pas3pbiBa 1-ro posia, ecam QyHKIMS MMEET KOHEUHBIE
JIEBOCTOPOHHHI xljgl—o f(x)=f(x,—0) wu npaBocTOpOHHMII TpeebI xLi)g}O f(x)=f(x,+0), Ho
S (x,+0)#= f(x,-0).

3amemum: | S (x,+0) = f(x, - 0)| - Ha3bIBACTCS CKAYKOM (DYHKIIUHU B TOUKE X, .

Omnpenenenne. Eciu XoTs Ob OIUH U3 OJHOCTOPOHHMX HpenenoB QyHKIuH y = f(Xx) B TOuke X,

PaBCH OCCKOHEYHOCTH HMIIH BOO6H.[€ HE CyIICCTBYCT, TO X, - TOYKA pa3pbiBa BTOPOI'O poJa.

Touku pa3priBa

. T

1 pona 2 pona
Ycrpanumslit HeycTpanumsrii Xots OBl OOWH U3
paspeiB pa3pbIB (CKaYOK): OJIHOCTOPOHHUX
lim f(x)=[im f(x)# f(x,) _ . IPEENIOB HE
o ot lim f(x)# [im f(x) CYILIECTBYET UIH
00a 0IHOCTOPOHHHUX x—a-0 ¥—a+0
paBeH oo (puc3.)
IIpeaeia CymecTBYOT, OJHOCTOPOHHUE
KOHEYHBI ¥ paBHBI MEXIY npeaesibl KOHCYHbI, HO
co00i1, HO HE PaBHBI HEC paBHBI MEXKIY
3HA4YEeHUIO (DYHKIIMU B ATOM coboii (puc.2)

Touke (puc.l)

sin x

Ipumep. f(x)=
dynknus vHe onpenesieHa B Touke X =0, HO uMeer B Hell KoHewHblit npexen lim f(x) =1, r.e. B
x—0

touke X =0 QyHKIMA UMeeT TOUKy paspsiBa 1 — ro poga. DTO — yCTpaHHMasi TOYKa Pa3pbiBa, T.K. €CIU
JOOTpENeNnTh (PyHKIHIO:

sin x
fx)y=9 x~’
I, npu x=0

npu x#0

I'paduk 3TOM GYHKIMH:
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HenpepbIBHOCTE (GYHKIIUHM HA HHTEPBAJIC M HA OTPE3KE.

Omnpenenenue. Oynkmnms f(x) Ha3pIBaeTCS HeNpPepPbIBHON HA MHTepBaJie (0TPe3Ke), eClid OHA
HeTpephIBHA B JII000i TOUKEe HHTEpBaia (OTpe3Ka).

I[Ipu »ToM HE TpedyeTcss HEMPEepHIBHOCTh (YHKIMM Ha KOHIAX OTpe3ka WIW HHTEpBala,
HE0O0XOMMa TOIBKO OJHOCTOPOHHSISI HEPEPHIBHOCTH Ha KOHIIAX OTPE3Ka WIIM WHTEepBaJa.

CBoiicTBa QyHKIMIA, HEMTPEPHIBHBIX HAa OTPE3KE.

CsoiictBo 1: (IlepBas Teopema Beiiepmtpacca (Beliepmrpacc Kapn (1815-1897)- nemeuknit
MaTeMatuk)). OyHKIMs, HEIpephIBHAS HAa OTPE3Ke, OrpaHUYCHA Ha 3TOM OTpe3Ke, T.€. Ha oTpe3ke [a, b]
BEITIONTHsAETCA yenoBrue —M < f(x) < M.

Jloka3aTenbCTBO 3TOTO CBOWMCTBA OCHOBAHO HA TOM, 4YTO (YHKIHMS, HENpPEpbIBHAS B TOYKE Xo,
OrpaHUuYeHa B HEKOTOPOH €€ OKPECTHOCTH, a €l pa3duBaTh OTPE30K [a, b] Ha OecCKOHEUYHOE KOJTHMYECTBO
OTPE3KOB, KOTOPBIE “CTATHBAIOTCS K TOUKE X(, TO 00pa3yeTcs HEKOTOpast OKPECTHOCTh TOUKH X.

CpoiicTBo 2: OyHKIMS, HENpepbiBHAS Ha OTpe3ke [a, b], mpuHUMAaeT Ha HEM HauOOJblIee U
HanMEHbIIIee 3HAYCHUSI.

T.e. CyIIECTBYIOT TaKue 3HAUCHUS X U Xy, 4TO f(X;) =m, f(X,) =M, npuuem

m<Af(x) <M

OTMeTHM 3T HaMOOJBIINE ¥ HAVNMEHBINUE 3HAYCHUS (QYHKIMS MOXET NMPUHAMATh Ha OTpe3Ke U
HECKOJIBLKO pa3 (Hampumep — f(X) = sinx).

PasHocTs MexIy HauOOJNBIIMM M HAaWMMEHBIIUM 3HAaueHHEM (QYHKIUH Ha OTpe3Ke Ha3bIBaeTCs
KoJ1e0anneM QYHKIINH Ha OTpE3Ke.

CroiictBo 3: (Btopas teopema bomprano — Komm). dyHkmus, HempepbIBHAs HAa oTpe3ke [a, b,
MIPUHUMAET Ha 3TOM OTpe3Ke BCE 3HAUEHUS MEXKIY ABYMS POU3BOJIIbHBIMH BETMUYNHAMH.

CpoiictBo 4: Ecnu ¢ynkums f(X) HempephlBHA B TOUYKE X = X(, TO CYIIECTBYET HEKOTOpas
OKPECTHOCTh TOYKH X, B KOTOPOW (DYHKIIUSI COXPAHSET 3HAK.

CroiictBo 5: (IlepBas Teopema bombmano (1781-1848) — Komm). Ecimmr dynkus f(x)- HenpepsIBHAS
Ha OTpe3ke [a, b] ¥ MMeeT Ha KOHLAX OTpe3Ka 3HAYCHHUS MPOTHBOIONOXKHBIX 3HAKOB, TO CYLIECTBYET
Takasi TOUYKa BHYTpPH 3TOr0 oTpe3ka, rae f(x) = 0.

AcumnToTbl rpaduka GyHKIMU

HazoBéMm acuMnToTamMu mpsiMble JHMHUHM, K KOTOPBIM HEOTpaHHMYEHHO NpuOmmkaercs rpaduk
(yHKIMM, Korja To4yka rpaduka HEOrpaHHYEHHO YAAJseTcs OT Havaja KoopAuHat. B 3aBucMMOCTH OT
MOBEICHUS apTyMEHTa IIPH 3TOM, Pa3N4aloTCs Ba BHU/Ia aCHMIITOT: BEPTHKAIbHBIE U HAKIOHHBIE.

Onpenenenne. BeprukanpHoit acumnroToii rpaduka ¢ynkumu y = f(x) Ha3bBaeTcs

BepTUKANbHAs TpsiMas X =d, ecin f(x) >+ wim f(x) —> —0 mpu KakoM-Tub0 U3 YCIIOBHIA:
x—>a+0, x—>a—-0, x—>a. 3amerum, 49T0O MBI TpH 3TOM He TpeOyeMm, YTOOBI TOYKA d
IpHHaIeKada obnactu ompeneneHuss ¢yHkuun f(X), OJHAKO OHAa JOJDKHA OBITH ONpelesieHa Io
KpaifHell Mepe B Kakoi-m100 U3 OHOCTOPOHHHUX OKPECTHOCTEH 3TOW TOUKH: (a -0; a) U (a; a+o ),

rae 0 > 0.

Utak, nis HaxO0XKICHHUS BEPTUKAIBHBIX aCHMITOT Tpaduka JaHHOW (PYHKIHMK HYKHO HCCIEI0BATh
TOYKH pa3pbiBa (PyHKIUH U TOUKH, JeXkKAIIHe HAa TPaHUIax 001acTu onpeaeneHus GyHKINU, U BBISICHUTD,
py IpUOTMKEHUN apryMEHTa K KaKUM M3 9THX TOYEK 3HaueHHs (YHKIUHU CTPEeMAITCS K 0ECKOHEUHOCTH.

Omnpenenenne. HaknonHoi acumntoToil rpaduka ¢pyHkiun )y = f(Xx) mpu X —> +00 Ha3bIBaeTCS

npsiMast y = kx + b , eCiv BBIIIOJIHEHBI J1Ba YCIIOBUSL:

1) HEKOTOPEIH Ty (a; + oo) enukoM copepxutcsi B D(f);



2) pacCTOSIHHE 110 BEPTUKAIHM MEXKITY TpaduKoM U IpsIMOi cTpeMuTcs K O Ipu x —> +00 :
lim[ f(x) - (kx + b)]=0
X400
Onpenenenne. HakinonHoi acumnToTol rpaduka GyHkuun y = f(X) mpu X —> —00 Ha3bIBaeTCS
npamas y = kx + b, ecu
1) HEKOTOPEIH Ty (— 00; a) enuKoM copepxutcsi B D(f);

2) paccTOsTHHE IO BEPTUKAITN MEXIy TpaKOM U MpAMON cTpeMuTcs K 0 mpu X —> —00:

lim [ £(x) = (kx +6)] = 0.

I'padmku hyHKIMA, UMEIOINE HAKIOHHBIC aCUMIITOTHI P X —> 400 U MPU X —> —00
B ciyuae eciaM HakJIOHHas aCHMIITOTAa PACIOJIOXKEHa TOPH30HTaIbHO, To ecTh mpu k =0, ona
Ha3bIBACTCS TOPU3OHTAIBHONW acUMITOTOH. TakwmMm 00pa3oM, TOpH3OHTAIbHAS ACHMITOTA - YACTHBINA
CITy4ail HAaKJIOHHOW aCHMITOTHL; TIpsiMasi ) = C = CONSt ABJIsIeTCS TOPU30HTAIBHON aCHMIITOTOH rpaduka

y = f(x) npu x — +00 wm npu X —> —0, ecnu lim f(x)=c wm lim f(x)=c coorBercTBEeHHO.
X—>—0

X—>+x©

6. [loHsITHE IPOM3BOIHOM, €€ TEOMETPUUECKUN 1 MEXaHUICCKUI CMBICITBL

PaccMoTpuM B IIPSIMOYTOJIbHOW JEKapTOBOM CHCTEME KOOPIAHHAT rpadHK HEMPEepPhIBHON (DYHKIIMU
y=f(x) 1 m0o0y10 TOUKY My(xy, (X)), TPUHAMICKAIITYIO TPAPHUKY.

[Ipumagum apryMeHTy X B TOUKE X, IPOU3BOJIbHOE pupaiiecHiue AxZ#0. Ha rpaduke moirydnm Touky
M(xg+Ax; f(xp+Ax)). Yepes Touku My 1 M mpoBeeM CEeKyIIyio, B TOUke M, IMpoBeaeM KacaTelbHYIO K
rpaduky QyHKIUH.

PaccMoTpuM npsAMOyronbHbI TpeyronbHUK MoNM:

NM_ [+ A0~ f(x) _ Ay
M,N Ax Ax
Onpenesnenue. KacareabHoii k kpuBoili B Touke M, Ha3bIBaeTCs MNPEICIbHOE IMONOKCHUE

cekyiieit MM, korja Touka M, JBUrasch o KpUBOM CTPEMHUTCS COBIACTh ¢ TOUKON My
YrnoBoit koappuuueHT cexymen (k) OyneT cTpeMUTbCs K YriIoBoMy KO GHUIMEHTY KacaTelbHON

M—->M, a—>¢ Iga—>igp tquZ gr_)r})tga,'f-e- kkac = lim kcek-

Ax—0
Ctimk = gim LG A=) Ay
c A}T}% cek A;T;lo Ax - A;fl—/l;ﬁ) Ax’ €CIIH  3TOT TIpeaen

YrnoBoit koadduiuent cekymeit MM k., =1g€x =

Tor;[a k Ka

CYLIECTBYET M KOHEUCH.
3asa4ya 0 MTHOBEHHOI CKOPOCTH.
IIycTs MaTepuanbHas TOYKA ABIDKETCS IO 3aKOHY S=S(2), Tme S — MpOWIeHHBIA MyTh, ¢ — BpeMs.
Haiinem ckopocTb ABHKEHHUSI B MOMEHT BPEMEHHU f) (MTHOBEHHAs! CKOPOCTB).
3apuKcHpyeM MOMEHT BPEMEHH f;, IPUAAANM apTyMEHTY t B TOUKE /) HPOU3BOJIBHOE NPHUpAIICHUE
At#0. Oynkiua S=S(¢) nomyunt npupamenne AS=S(t,+At)-S(ty). 3a TpoMexxyTOK BpeMeHH Af CpemHsis
AS

CKOpPOCTb TOYKH OyneT ch = _Al‘ . YerpemuM At x Hymto. UeM MeHblle Af, TEM MEHBLIE CPEIHSSA

CKOPOCTh OTIIMYAETCS OT CKOPOCTH B MOMEHT BpeMEHH f,. [[03ToMy TOJ CKOPOCTHIO TOYKHM B MOMEHT



BpeMeHH #) (MTHOBEHHAsI CKOPOCTh) MOHUMAETCS TMpEJeNl CPENHEH CKOPOCTH 3a MPOMEXYTOK OT fp JIO

4 V=lmV, =lm—
tytAt, xorma At—0, T.e. A0 P Ao A

B mepBoii 1 Bo BTOpOil 3aiayax, a Takke BO MHOTHUX JIPYTHX, MBI MPUXOANM K HEOOXOIUMOCTH

Ay

BBIUMCIISTh TIPEENbl ONpeAeNIeHHOrO BHAA, a MMEHHO }in}) . PerymsipHoe mcmonp30BaHHE 3TOTO

npeziena MoBIEKIIO 3a cO00H He0OXO0AMMOCTh BBEJICHHS HOBOTO MOHSTHSI — MMOHSATHE MPOU3BOTHOM.
Omnpenenenue. IpousBognoii QyHKIMU f(X) B TOUKE X = X, HA3BIBACTCSA MPEAEN OTHOIICHUS
npupanieHus GyHKIMHA B 3TOW TOYKE K MPUPANICHUIO apTyMEHTa, €CITH OH CYIIECTBYET.

1) = LAY~ ()
A 4)0 Ax
T'eomeTpuueckuii 1 MEXaHUYECKUIH CMBICIIBI POU3BOTHOM.
VpaBHEHHUE KacaTenbHON K KpuBoit: ¥ — ¥, = f'(x,)(x — x,)

VYpaBHeHHE HOPMAIK K KPUBOR: Y — ), = —

®dakTuveckn Tpow3BoJHAS (DYHKIUM TMOKAa3bIBa€T KaK OBl CKOPOCTh HM3MEHEHHUs (DYHKIWHU, Kak
u3MeHsieTcsl PYHKIMS PY N3MEHEHUH TIEPEMEHHOM.

®dusnueckuit cMbIC Ipou3BoaHoM ¢yHkimHu f(t), rae t- Bpems, a f(t)- 3akoH ABMKeHUS (M3MEHEHUS
KOOPJIMHAT) — MTHOBCHHAS CKOPOCTh JIBHKCHUSL.

7 - 8 IlpaBuia u hopmyiisl qudhepeHIIIPOBaHUS.

Ilpasuna oughghepenyuposanusn
!
1) C'=
! .
2) y=x, y'=1;
’

3 (wEv) =u'+v,

b

=u(x),v=v(x) - mudpdepenuupyemsic Ha MHOXKECTBE X (GYHKIIHH .
!
!

3amemum: a) (Cu) =C-u'; 0) (z) :u_‘

C c

IIpou3BoHbIE OCHOBHBIX 3JIeMeHTAPHBIX (pyHKIMIi
U

1. (x“) x! (rgx)=

cos’ x
) (a ): Ina (ergx )=
ex) 5. ( arcsin x )’ = 11 -
-Xx
’ B 1 , 1
(loga x) " iIna (arccos x ) =— —
’ 1 4
(lnx):;' (arctgx)=1+x2
4. ( sin)f ) = COSX ( arcetg x )’ _ _Hlx2

( CcosSx ) = —sinx



1.3.JIeknust Ne 3 (2 yaca)

Tema «{uddepennuanbuoe ucuncjieHue OyHKIUSA IBYX epeMeHHbIX»
1.3.1. Bonpochl jeknum:

1 O/13 dyHKIIMHN MBYX IEPEMEHHBIX U €€ TeOMETPUUECKOE U300paKeHHE.

2. YacTHbIC TIpUpaIeHUsI.

3. IIpenen n HepepBIBHOCTH (DYHKIMH ABYX ITEPEMEHHBIX.

4. YacTHble MPOU3BOAHBIC MEPBOT0 U BTOpOro nmopsiaka. Teopema llIBapiia.
5. TlonsTHe sKcTpeMyma.

6. HeoOxoammoe 1 TOCTaTOYHOE YCIIOBHUS IKCTPEMYyMa.

1.2. KpaTkoe coaepkanue BOIIPOCOB

1. O3 byHKIMK IBYX TIEPEMEHHBIX U €€ FEOMETPUICCKOE H300paKeHuE.

IIpu paccMoTpeHMM (QYHKIHHA HECKOIBKUX IMEPEMEHHBIX OTPAaHUYMUMCS IMOJIPOOHBIM OIHCAHUEM
(yHKIUI NBYX TMEPEMEHHBIX, T.K. BCE TOJIYYCHHBIC Pe3yJbTaThl OYAYyT CHpaBEJIUBHI Ul (PYHKIUH
MIPOU3BOJIBHOTO YKCIIa IEPEMEHHBIX.

Onpenenenne. Eciu kaxaod nape HE3aBUCUMBIX JAPYr OT Apyra 4ucel (x; y) 13 HEKOTOPOro

MHO)KECTBA [0 KAKOMY - JIHOO TPaBHITy CTABUTCS B COOTBETCTBHE CIMHCTBEHHOE 3HAUCHHE MEPEMCHHOM
Z, TO IepeMeHHast z HasblBaeTcs (pyHKIMeli IBYX MepeMeHHBbIX.
O6o3nauaercst: z = f(x; y)

Omnpenenenune. O6aacThio onpeaesenns QyHKIUH IBYX IIEPEMEHHBIX HAa3bIBAETCS COBOKYIHOCTh
nap (x; y), IPU KOTOPBIX QYHKIHS Z CYIIECTBYET.

Mpumep. Haiitu o6nacts ompenencHus (GyHKuuM z =+/4—x° —y” | wu306pasuth ee Ha

KOOPJMHATHOM TIJIOCKOCTH.
2. YacTHble mpHUpaleHusl.
Onpenenenne. Ilycte B Hekotopoil obmactn 3amana ¢ynkums z = f(x; y). BosbMmem

Hpou3BOIIbHYI0 Touky M (x; y) u 3amagum mpupamieHue Ax st nepemenHoit X . Torma BenmuunHa
A z= f(x+ Ax;y)— f(x;y) Ha3bIBaeTCS YaCTHBIM MPHUPALICHAEM (YHKIHIHU O EPEMEHON X .

AHAJIOTHYHO, OTIPE/ICITUM YaCTHOE MPUPAIICHHE 10 TIEPEMEHHON V :

Avz=flsy+Ay)—f(xy)

OmnpeneiieHne. Jlost byHKIHH ABYX MEePEMEHHBIX z=f(x;y) BBIPaKCHHE
Az = f(x+ Ax;y + Ay) — f(x; y) Ha3bIBacTCS MOJIHBIM NPUPAILEHHEM.

IIpumep. Haiitn yacTHBIC ¥ TIOJTHOE MpUpAIIeHUS QYHKINHA Z = x* + Xy .

3. Ilpenen 1 HETIPEPBHIBHOCTD (DYHKIIMHU ABYX MEPEMEHHBIX.
Onpenenenne. OxpecTHocTbIO TOUKH M (X, ; V,) pamuyca r Ha3bIBAeTCS COBOKYIHOCTb BCEX

2 2
TO4eK (X; )), KOTOPBIC YIOBJIETBOPSIOT YCIOBHUIO \/ (x - xo) + (y - yo) <r.
Omnpenenenne. Yncio A HaspiBaeTcs mpeaeaoM ¢yHkuuu z = f(X; ) NOpU CTPEMJICHHH TOYKH
M(x; y) xtouke M ,(x,; y,),ecan ns Kaxoro ynucna & > 0 Haitnercs takoe unucno + >0, 9ro ms

moboit Toukm M (x;y), Mt KOTOphIX BepHO ycinoBue MM, <r Takke BEpPHO U YCIOBHE

|f(x, ) -4 <e.

BamuceBator: lim f(x,y) = A4
X=X
Y=Y
. 3x+4
lim 2—)2}
x—2 X + y
M pumep. Beruncnuts npegen » ! )

+
Y & rouke M 0(0; 0) me cymecrsyer.
Xy
Omnpenenenne. Ilycte Touka M (X,;y,) UPUHALISKAT OONACTH OHpeAEICHHS (yHKIUK

IMpumep. [Jokazarp, 9To nipenena GyHKIHNA Z =

z= f(x;y). Torma dynkius z = f(x; y) Ha3zpBacTcs HempepbIBHOI B Touke M, (X,;V,), ecan



lim f(x,y) = f(x,,y,) npudem touka M (x;y) crpemurcs Kk touke M  (X,;y,) NPOU3BOIBHBIM
e
obpazoM.

Ecnu B xakoif — 100 TOYKE yCIOBHE HE BBIMMOIHACTCS, TO ATa TOYKA HA3BIBACTCS TOUKOM pa3pbiBa
byukuun z = f(x; ). DTO MOXET OBITh B CIIEAYIOIIUX CITyJasX:

1) ®yukuns z = f(x; y) He onpexneneHa B Touke M, (x,; V,)-
2) He cymectByer npemen lim f(x,y).
X=X

Y=Y
3) DroT mpejen CymiecTByeT, HO OH He paBeH f (X, ; V,)-
AHANOTMYHO, MOXHO [aTh OMNpeleieHue HempepbiBHOCTH (yHKumu z = f(x; y) depes
HPHUPAIICHHUS.

Onpenenenne. Oynkuus z = f(x; y) HazpiBacTcsi HempepbiBHOW B Touke M (x,; y,), ecian
limAz =0
Ax—0
Ay—0

Omnpenenenne. OyHKIMS, HEIPEPHIBHAS B KaXKI0H TOUYKE HEKOTOPOH 001aCTH, HEIIPEPHIBHAS B ATOM
o0macTH.

4. YacTHBIC IPOW3BOIHEIE TIEPBOTO M BTOpOro mopsiaka. Teopema IlIBapma.

A z +Ax,y)— , .
MoxHO 3amucaTth = f(x y) f(x y) Torma lim—= Ha3bIBAETCS YACTHOM
Ax Ax A0 Ax
npousBoAHOl GyHkimK Z = f(X, y) 110 X.
of (x, ,
O6o3HaveHwHE: —Z; z'; M; fl(x,p).
ox ox
AHaAJIOrMYHO onpeeaeTcs yacTHas MIPOU3BOIHAS QYHKIUH o
0 ) ,V+Ay)— ,
v & tim Sy +Ay) - f(x,9)
ay Ay—0 Ay

Oz
T'eoMeTpHYECKHM CMBICJIOM YacTHON MPOM3BOAHON (IOMyCTUM 8_) ABISAETCA TAHIE€HC YIIia
X

HAKJIOHA KacaTelIbHOW, IPOBeICHHOM B Touke No(Xo, Yo, Zg) K CEUCHUIO TTOBEPXHOCTH TIOCKOCTEIO Y = V.
Ecmu ¢pynkmus f(x, y) uMeeT HenpephIBHBIC YaCTHBIE TIPOHU3BOIHEIC, TO

Az = f(x+ A%,y +AY) = £ (5, 0)+ [,y +Ap) = £,y + AY) = [ [ (x + Ax, y + Ap) = f(x, y + Av) |+
+f oy + A = f(x,)]

S, y+Ay) - f(x,p) = Ayaf(a#y’)_})
sneck y € (¥, y+Ay); X e (x,x+Ax)

of (x,y+Ay) Ay of (x,)
o

ox y
T.K. 4acTHBIC ITPOU3BOJHBIC HETIPEPHBIBHEBI, TO MOXXHO 3aIllMCaTb PaBCHCTBA:

i Ly +Ay) o xy) I o (xy)

o (x,y+Ay)

S(x+Ax,y+Ay) = f(x,y+Ay) = Ax .

Torma monygaem Az = Ax

i;:g ox ox i;:g oy oy
Onpenenenne. Beipaxenne Az = af(ax, ») Ax + 8f(8x, ») Ay +o,Ax+o,Ay  Ha3bIBaeTCs
X Y

NOJTHBIM NpHpanienneM GyHkunu z = f(Xx; y) B HEKOTOPOH TOUKe (X, y), TJIE O U Oy — OECKOHEUHO

Maiibie pyHKIun nmpu AXx — 0 1 Ay — 0 COOTBETCTBEHHO.
Ecnu ¢yukumst z = f(x; y) ompeneneHa B HEKOTOpoit obnactu D, To ee 4acTHBIC MPOU3BOIHBIC

fi(x,y) m f](x,y) Toxe GyayT ONpeneseHbI B TO e 0OIACTH HITH € YacTH.

Bynem Ha3pIBaTh 3TH MPOU3BOIHBIC YACTHHIMHU MPOU3BOAHBIMY MEPBOT0 MOPSIAKA.
[IpousBoHBIE 3THX QYHKIHIA OYIyT YACTHHIMU MPOU3BOJAHBIMH BTOPOTr0 MOPSIIKA.



0%z 2z B

yzfx’;(xay)a ayz y’)’}('x’-’y)’
0’z y 0’z y _
ax&y - xy (‘x7 y)’ ayax - ¥x (-X,y),

[ponomxas nuddepeHIMpoBaTh MONYYCHHBIE PABEHCTBA, MOJYYHM YacTHBIC MPOWU3BOJHBIC Oojee
BBICOKHX TTOPSIKOB.

0’z 0’z 0z 0z
oxdy  dyox  OxOyox  OxOydy

Onpezle.ﬂeﬂne. YacTHbIe IMPOU3BOJHBIC BUJA

n T.A. HAa3bIBAIOTCA

CMEIIAHHBIMH TIPOU3BOXHBIMH.
Teopema. Ecnu ynkums z = f(x; y) u ee wacTHble npoussonubie f,, f, 1, f,. onpesenensl
HETpepbIBHbI B ToUke M (X; ) U ee OKPECTHOCTH, TO BEPHO COOTHOIICHHE:
o’'f _o'f
oxdy  Oyox
T.e. yacTHBIE POM3BO/IHBIE BHICIIUX MOPSIKOB HE 3aBUCAT OT TMOpsiKa JudepeHIpoBaHus.

5. IlonATue 3xcTpemMyMa.
Eciu nns dynkumu z = f(x; y), onpeneleHHol B HEKOTOPOi 00J1acTH, B HEKOTOPOH OKPECTHOCTH

toukn M (x,; y,) BepHO HepaeHcTBO f(X,,V,)> f(x,y), To Touka M ,(x,;y,) Ha3bIBaeTCs
MOYKOU MAKCUMYMA.

Ecnu st dyskuuu z = f(x; y), ONpeneaeHHOH B HEKOTOPOi 00JacTH, B HEKOTOPOH OKPECTHOCTH
touku M (x,;y,) BepHO HepaBeHcTBO f(X,,V,)< f(x,»), To Touka M (x,; y,) Ha3bIBaeTCs

MOYKOU MUHUMYMA.
3.6. HeoOxoammMoe 1 10CTaTOYHOE yCIOBHUS KCTPEMyMa.
Heobxooumvie ycnosus skcmpemyma: Eciu ¢yukuus z = f(x; y) B Touke (Xo, Yo) HMeEeT

IKCTPEMYM, TO B 3TOH Touke JIMOO 00e ee YacTHBIE MPOW3BOJHBIC TIEPBOTO IOPSKA PABHBI HYIIO
Sl(x0,20)=0, fl(x,,7,) =0, m60 x0Tst GBI OAHA U3 HUX HE CYLIECTBYET.

DTy TOUKY (Xo, Vo) HA3BIBAIOT KPUMUUECKOLL.

Jocmamounvie ycnogus sxcmpemyma: IlycTb B OKpecTHOCTH KpuTHueckoi Touku M (x,; V,)

byukuust  z = f(x; y) uUMeeT HENOPEPbIBHbIC YAaCTHBIC MPOU3BOAHBIC [0 BTOPOTO TMOPSIKA

BKJIFOUHTEIBHO.

Paccmotpum Beipaenue: D(x,y) = [ (x,y)- f y”2 (x,y)— [ fr(x, y)]2 .

1) Ecmu D(x,; y,) >0, 1o B Touke M (x,; y,) byskimsa z = f(x; ) UMeeT IKCTpeMyM,
ecmu [ (x,,¥,) <0 - makenmym, ecmu [ (x, ) > 0 - MuHEMYM.

2) Ecn D(x,;y,)<0, 10 B Touke M (x,;y,) Oyukuus z = f(x;y) He umeer
IKCTpEeMyMa.

3) B ciyuae ecniu D = 0, BBIBOJ 0 HAJIMYHMH DKCTPEMyMa CIENATh HEb3sI.

Ipumep. Mccnenosats Gpynkmmio z =3xy — x° — 3> —6x + 9y + 2 Ha dKCTpeMyM.

HaxoxneHne HauMeHbIIero 1 HanOOJIBILIEro 3HAYCHUH B 3aMKHYTOW 00JIACTH.
Jlist Toro 9ToOBI HAWTH HAHOOJIbIIICE U HAMMEHbIIee 3HaYeHHe QyHKIMU z = f(Xx; V) B 3aJaHHOI

3aMKHyTOM obmactu D, Hamo:

1. BBIYHCIUTH MEPBBIC YACTHBIC IPOU3BOJIHEIC;

2. pelmB CHUCTEMY, HAWTH KOOPJWHATHI CTAIIMOHAPHBIX TOYCK W, €CIM OHU MPUHAJUICKAT 00IacTH
D, BBIYHCITHTE 3HAYCHHE QYHKIMH B 3TUX TOYKAX;

3. mHaiiTh HauOoJbIIIee ¥ HAUMEHBIIICE 3HAUCHHE (DYHKIIMK Ha TpaHuiie D;

4. W3 BCEX HaWJICHHBIX 3HAUCHUH (DYHKIIUU BHIOPATH HAHMOOJBIIIEEC U HAUMEHBIIICE.

Ecin koopiMHATHI CTAIMOHAPHBIX TOYECK HE MPUHAUIEKAT 3aIaHHOI obnacti D, To HaubombIiee u
HavMeHbIIlee 3HaYeHUEe QYHKIIMHY JISKUT Ha TPaHUIIE.



IIpumep. Haiinem HanOobIlice M HANMEHBIIICE 3HAUCHUE QYHKITAN
z=x"—xy+y’ —dx
O6macts D ompeneneHa JINHASIMH:
x=0, y=0, 2x+3y-12=0
Haiiném koopMHATEI CTAIMIOHAPHBIX TOYCK:

0z 0z 8 4
—=2x—-y—-4=0;, —=-x+2y=0.0txyma M | —; —
ox 4 oy d Y ‘ ( 33 j
IMocTpoum amns HarnsaaHOCTH Tpanuly D Ha mtockoctd OXxy .

Y

] X

Haiinennas crannonapnas Touka M (E’ Ej MIPUHAJUICKUT 3alaHHON o0nactu D:

(8_ 4)_(8)2 8 4 (4)2 8 16
Zl == |=|=| —= =+ =| “4—=——
3°3 3 33 \3 3 3

Haiiném 3Hauenust QyHKIMH HA TPaHHIAX:

a) x=0, z(0;y) = y°, z,=2y=0,y=0.

DKCcTpeManbHast TOYKa Ha TOW YacTH MPaHHMIIbI, KOTOpast COBIAIAET ¢ 0Chio OY, ISKUT Ha HIDKHEN
rpanuie uHTepBaia. 3HaueHne Gynkimu B 31oit Touke z(0;0) =0.

Ha npyrom konne uatepsana z(0;4) =16.

6) y=0, z(x;0)= x> —4x, z/ =2x—4 =0, x =2 — TouKa 3KCTpeMyMa (YHKIHH Ha BTOPOil
TpaHMuIIE.

Ha stoii rpanuiie, coBnaaaromieii ¢ ocsto OX, BeruucianM 3HaueHue ¢pyHkuun B Tpéx toukax: (0;0);
(2;0); (6;0) — mpaBast rpaHuila MHTEpBaia. B mepBoil TOYKe 3HaueHHWE (YHKIIMH YK€ H3BECTHO W3
nyskta (a): z(0;0) =0, z(2;0)=-4; z(6;0)=12.

TpeTtbe aHATUTHYIECKOE BBIPAKEHUE /TSI TPAHUIIBI 3aMUIIeM Kak ) = f(X) | MOJCTaBUM B HCXOIHOE
ypaBHEHHE:

40

2x+3y—-12=0,, z[x;4—§x}z%x2 —?x+16.

3HaueHHUE (bYHKI_II/II/I Ha KOHIAaX OTPC3Ka HpHMOﬁ y= 4— 3 X MBI YK€ 3HACM. DTO TOUKa

z(0;4) =16 u3 nynkTa (a) u Touka z(6; 0) =12 u3 mynkra (0).
Haiiném sxctpemanpHoe 3HaUeHre (YYHKIMA (€CITH OHO €CTh) BHYTPU dTOU T'PAHMIIHL:

19 40

zl =2-—x——=0,0Tkyna x = —
! 9 3

19
2 96
D10 TOYKA IKCTpeMyMa (pyHKIUH BHYTpHU IpaHuIbl )y = 4 — 3 X;z= BT
. . . 8 4 16
Torma n3 HaliieHHBIX 3HAa4YeHMH OGyHKUWH z| —; 3 = ——— Haumenburee, a z(0;4)=16 -

HauOOJIbIIIEE.



1.4.JIekuust Ne 4 (2 yaca)

Tema «AHTErpaibHOE HCYUCICHUE)

1.4.1. Bonpochl jekum:

1. IlepBooOpa3Has GyHKUUS U €€ CBOICTBA.

2. IloHsATHE HEOTPEIEICHHOTO HHTETpajia, OCHOBHBIC CBOHCTBA.

3. Tabnuma uaTErpanoB. HemocpencTBeHHOE MHTErpUPOBaHKE. 3aMeHa TIEPEMEHHOM.

4. VHTerpupoBaHUeE MO YaCTSIM.

1.4. 2. KpaTkoe coaep:kaHue BONPOCOB

1. [leprooOpa3Has GyHKIHS U €€ CBOHCTRA.

Omnpenenenune: @ynknusa F(x) HazpiBaercs nepBoodpa3Hoit ¢pynkuuein ¢ynkuuu f(x) Ha oTpeske [a,
b], ecu B 1I0001 TOYKE 3TOTO OTpE3Ka BEPHO paBeHCTBO: F'(X) = f(X).

Hano otmeTwTth, 4TO MEpBOOOpaA3HBIX IS OAHOW M TOW XK€ (PYHKIMU MOXKET OBITh OCCKOHEYHO
MHOTO. OHU OYyAYT OTIWYATHCS APYT OT Ipyra Ha HEKOTOPOE MoCcTossHHOE unciio.  F(x) = Fyx(x) + C.

2. IloHsATHE HEOTPEIEICHHOTO HHTETpajla, OCHOBHBIC CBOHCTBA.

Onpenenenue: HeompeneneHHsiM  wHTErpasioM ¢yHKnuM f(X) Ha3bplBaeTCs COBOKYIHOCTH

j f(x)dx = F(x)+C;
nepBooOpa3HbIX QYHKIUH. 3amuChIBAIOT:

VYcioBueM CyllleCTBOBAaHMSI HEOIPENEIEHHOIO0 HHTErpaja Ha HEKOTOPOM OTpPE3KE SBIAETCS
HETPEPHIBHOCTH (PYHKIIUH HAa 3TOM OTpeE3Ke.

CsoiicTBa:
' 4,
1. Q-f(x)dx) =(Fx)+C) = f(x); I(u +v—w)dx = judx + jvdx —dex;
' d U f (x)dx)z f(x)dx; IJIe U, V, W — HEKOTOpBbIe (DYHKIMH OT X.
, JdF) =Fe)+ G s JC S e=C [ f (o

3. Tabmura naTerpanoB. HemocpencrseHHOE MHTETpUPOBaHUE. 3aMeHa MTEPEMEHHOM.

HaxoxneHre 3HaueHUs HEONPEACICHHOTO WHTETpalia CBSI3aHO TJIaBHBIM OOpa30M C HaXOXJICHUEM
nepBooOpasHoi QyHKIMK. [ HEKOTOpHIX (YHKIME 3TO IOCTATOYHO CJIOXKHAs 3afada. Hioke OyayT
PacCMOTPEHBI CIIOCOOBI HAXOXKIICHUS HEONPEICIICHHBIX MHTETPAIIOB JJIi OCHOBHBIX KJIACCOB (PYHKIUN —
palMOHAIBHBIX, UPPAIIMOHAEHBIX, TPUTOHOMETPUIESCKIX, TIOKA3aTeIbHBIX U JIP.

Jna ynoOcTBa 3HAYEHHUSI HEONPEAETICHHBIX MHTErPANOB OOJBIIMHCTBA AJIEMEHTAPHBIX (DYHKITHIA
coOpaHbl B CIIEHATBHBIC TAOIUITEI MHTETPAIOB, KOTOPHIE OBIBAIOT MHOTA BeChMa OOBbEMHBIMH. B HHX
BKITIOUCHBI pa3jMyYHbie HAWOOJIEEe YacTO BCTpevaromuecs koMOuHanuu (yHkiui. Ho OOMBIIMHCTBO
MIPEJICTABICHHBIX B AOTHX TalOnumax ¢GopMyn SBISIOTCS CIEACTBHAMU OPYT Opyra, MOSTOMY HIDKE
MpHUBEIEeM TaONHIy OCHOBHBIX HMHTETPajoB, C IIOMOIIBI0 KOTOPOH MOXKHO TMOJNYyYUTh 3HAUEHUS
HEOTIPE/ICIICHHBIX UHTETPAJIOB Pa3IMYHBIX (DYHKITUH.

1). Idu =u+C 10). Itgudu = —1n|c0su|+C
) J'u"du _ " +C.(n 1) 11). Ictgudu =ln|sinu|+C
n | 12) IL:arcsinz+C
3). Iﬁ:1n|u|+C ' va® —u’ a
4) Iebjdu:e”+C 13). J.Lzla”crgz"'c
' a’+u’ a a

5). ja"du:a—u+C

14 L
Ina J. /xziaz

+C

++/x* +a?

6). | sinudu =—cosu+C

/ 15j dx =Inlte| T+ | +C
7). Icosudu—smu+C CoS X 2 4
8). _[ =tgu+C 16.I - dx=lntg£ +C

cos’ u sin x 2

du dx 1. |x+a

9). =—ctgu+C 17. | ——=—1In +C
)J.sinzu & Ixz—a 2a |x—a




HenocpezacTBeHHOE HHTErPUPOBAHUE

PaccMmoTpuM Tpu OCHOBHBIX METOZIa HHTETPUPOBAHUS.

MeToa HenocpeACTBEHHOTO HHTEIPUPOBAHUS OCHOBAH Ha MPEANOI0KESHUH O BO3MOXHOM 3HAUYCHHUN
nepBooOpa3Hoi PyHKIHMHK C JalbHEeHIIed IpoBEpKOH 3TOro 3HaueHus JuddepeHIupoBaHneM.

PaccMmoTpuM npuMeHeHre 3Toro MeTo/la Ha IIpuMepe:

. dx .
Tpe6yeTCﬁ HaAuUTHU 3HAQUYCHUC I/IHTCFpaJ'Ia I —_—. Ha OCHOBC N3BCCTHOU (bOpMYJ'H:I
X

!

i depeHInpoBaHHs (ln x) = —. MOXXHO CJIeJIaTh BBIBOJI, YTO UCKOMBIH MHTErpajl paBeH Inx+C , T
x
' 1 1
(In(-x)) =——-(-D=—
C — HekoTopoe mocTostHHOE uucio. OmHAKo, C IPYroil CTOPOHEI X X . Takum

Lo WM
00pa3oM, OKOHYATEILHO MOXKHO C/IeNIaTh BBIBOA: = X
MeTo HEMOCPEACTBEHHOTO HWHTETPUPOBAHHSA TNPUMEHMM TOJBKO JJIsSi HEKOTOPBIX BechMa
OTPaHWYICHHBIX KJIacCOB (yHKIWNA. DYHKITUH, IIT KOTOPBIX MOXKHO C X0y HAHTH MIEPBOOOPA3HYIO OUYCHb
Mauio. [ToaToMy B OOJIBIIMHCTBE CIIyYacB MPUMEHSIFOTCS CITIOCOOBI, ONTUCAHHBIC HUXKE.
3amMeHa IepeMEHHOM.

f(x)dx
I , HO CJIOXHO OTBICKATh NEPBOOOPA3HYIO, TO C TIOMOIIBIO

[ £Godx = [ flo)e'(t)dt
I /sin x cos xdx

Ecnu TpebyeTcst HAWTH WHTETpaT
3aMeHbl X = @(t) u dx = ¢'(t)dt momywaercsi:

IIpumep. Haiitu HEonpeneneHHbIH HHTETPAT
Cuemaem 3aMeny t = sinx, dt = cosxdt.

j\/?dt - Itl/zdt - %t“ +C = %sinm x+C.
jx(x2 +1)*2dx.

IIpumep.
) dt
t=x"+1; dt=2xdx; dx=—;
3amena 2x IMomy4aem:
5/2 2 5/2
jt”ﬁ:ljt”dz:l-gts’z+C=t—+C=u+C;
2 2 25 5

4. IaTeTpupOBaHHE T10 YACTSIM.

Crioco0 oCHOBaH Ha M3BECTHOM (OpPMyIIe MPOU3BOIHON MPOU3BEACHUS:
(uv) =u'v+v'u ,TIe uu v — HEKOTOpbIe PYHKIIUH OT X.

B muddepennmansroit popme: d(uv) =udv + vdu

Id(uv) = Iudv + J-vdu
IIpounTerpupoBan, moy4aeM:
CBOMCTBaMHU HEOIPEIEIIEHHOI0 HHTETpaa:

uv=judv+jvdu J‘udv:uv—jvdu.

, @ B COOTBETCTBHU C IPUBECACHHBIMU BBIIIC

WA
[Homyunnu popmyiry HHTETPUPOBAHHUS IO YaCTSIM, KOTOpas TIO3BOJISIET HAXOAUTh HHTETPAIbl MHOTHUX
3JIEMEHTAPHBIX (YHKITHIHA.

2 .
) u=x"; dv=sinxdx;
jx2s1nxdx: ’ ’ :—xzcosx+J.cosx-2xdx:
du =2xdx;, v=-cosx
IIpumep.
u=x; dv=-cosuxdx; 5 ) ) 5 )
= ] =—x cosx+2xs1nx—jsmxdx =—x"cosx+2xsinx+2cosx+C.
du=dx; v=sinx

Kak BUJHO, IOCJICOOBATCIBHOC MPUMCHCHHC (bOpMy.]'IBI HUHTCTPUPOBAHUA TI0 YaCTAM IMO3BOJIACT
IMMOCTCIICHHO YIIPOCTUTH (bYHKLII/IIO 1 IPUBCECTU UHTCTPAJI K Ta6J'II/I‘-IHOMy.



1.5.JIeknust Ne 5 (2 yaca)

Tema «Cinyuaiinble coOBITHS U UX BEPOSTHOCTID)

1.5.1. Bonpochl JeKuum:

1 Ucnbitanue u coObITHe. BUibl COOBITHI, MX KiTacCU(UKAIIHSL.

2.IloHATHE BEpOSATHOCTH Cay4daitHOTO COOBITHs. CBOMCTBA BEPOSATHOCTH.

3. KombunaTopuka (37€MEHTBI JUCKPETHOM MaTEMAaTHKH ).

4. Cymma u nipou3sBejieHHe COObITHIA. TeopeMbl CI0KEHHUS U YMHOKCHUS.

5. ®opmyna nonHoM BepositHocTH. Dopmyna baiieca.

1.5.2. KpaTkoe coaep:kanue BONPOCOB

1. Ucnpitanue u coObiTre. Bumbl coObITHIA, MX KiIacCH(pHUKAIIHSL.

ITox wucneiTaHueM OyneM MOHHMAThL OIBIT, SKCIEPUMEHT, I000E JCHCTBHE, NPUBOMALIIEE K
BO3HUKHOBEHHIO OIPEEIEHHOW COBOKYMHOCTH YcioBHUN. COOBITHEM HA3bIBAE€TCSA PE3YIbTAaT BCIKOTO
ucnbiTanus. Bee coOBITHS AENATCS HAa JOCTOBEPHBIC, HEBO3MOXKHEIC U CITyJalHBIC.

JlocToBepHOE COOBITHE — 3TO COOBITHE, KOTOPOE 005A3aTEIIHEHO HACTYIIAET B IAHHOM UCTIBITAHUH.

HeBo3MosxHOE — 3TO COOBITHE, KOTOPOE HUKOTa HE HACTYTAET B JAHHOM HUCITBITAHUH.

CrnyuaitHoe coOBITHE — 3TO COOBITHE, KOTOpPOE B JAHHOM HCIIBITAHWHA MOXET HACTYNHTb WIH HE
HACTYIIUTD.

CrnyuaitHple cOOBITHE HA3BIBAIOTCS HECOBMECTHHIMHM B JTaHHOM HCHBITAHHH, €CITM HUKAKHE JBa W3
HUX B 9TOM HCIIBITAHUN HE MOTYT HACTYIIUTh OJJHOBPEMEHHO.

Cryuaitaple COOBITHS 00Pa3yI0 MOIHYIO TPYIITY, €CIIH SBISIOTCS BCEMH BO3MOXKHBIMU PE3yJIbTaTaMu
JTAHHOT'O UCTIBITAHMS.

CrnyuaitHple COOBITHS HA3bIBAIOTCS TPOTHBOIOJIOXXHBIMA B JAaHHOM WCIBITAaHUH, €CIH OHHU
HECOBMECTHBI U 00Pa3yIOT MOJHYIO TPYIIITY.

PaccMoTpuM MONHYIO TpyHIy paBHOBO3MOXHBIX, HECOBMECTHBIX, CIYYalHBIX cOObITHH. Takue
coOBITHA OYIYT Ha3BIBATHCSA CIIyYasMH, MIAHCAMH WJIH UCXOJTAMH.

Omnepariy HaL COOBITUIMU
Onpenenenne. CoObiTusi A U B Ha3piBaloTCS paBHBIMH, €CIH OCYLIECTBICHHE COOBITHS A
BJIEYET 3a c000il ocymecTBneHne coobiTrs B 1 Hao60poT.
Omnpenenenue. O0beTUHEHHEM WM CYMMO# COOBITHI A, Ha3bpIBaeTCs COOBITHE A, KOTOPOE
03HAYaCT MOSBICHUE XOTH ObI OTHOTO U3 COOBITUH A;.

4=J4,
k

Omnpenenenue. IlepeceyeHueM WK NMPoOU3BedeHUeM COOBITHI A; Ha3bpIBaeTCA COOBITHE A,
KOTOPOE 3aKIII0YaeTCs B OCYIIESCTBICHUN BCEX COOBITHI 4.

A=4,
k

Omnpenenenue. Paznoctoio cobpituii A m B HaspiBaercs coObiTie C, KOTOpOE O3HAYAeT, YTO
MIPOUCXOANUT COOBITHE A, HO HE MPOUCXOIUT coObITHE B.

C=4\B

Omnpenesnenne. J[oNOTHUTEIbHBIM K COOBITHIO A Ha3bIBacTCsi COObITHE A , 03HAYaIOIIEe, YTO
coObITHE A He TPONCXOIHT.

OmnpenesieHne. JjieMeHTAPDHBIMH HMCXOJAMH OIIbITA HA3bIBAIOTCS TaKUE PE3YJIBTATHI OIIBITA,
KOTOpbIe B3aUMHO HCKIIOYAIOT JIPYT JPYra U B PE3YJIBTATE OIbITA MPOUCXOJUT OJHO U3 3TUX COOBITHH,
TakXe KakoBO ObI HU OBLIO cOOBITHE A, TI0 HACTYIHBIIEMY 3JIEMEHTAPHOMY HCXOIY MOXHO CYIUTH O
TOM, TTPOUCXONT WIIA HE MPOUCXOIUT ITO COOBITHE.

COBOKYITHOCT, ~ BCEX  DJIEMEHTApHBIX HCXOJIOB  OMNbITA  HA3bIBACTCS MPOCTPAHCTBOM
3J1eMEeHTAPHBIX COOBITHH.

CoObITHS HAa3BIBAIOTCS PABHOBO3MOKHBIMHU, €CJIM HET OCHOBAaHUH CUMTATh, YTO OJTHO SIBIISICTCS OoJee
BO3MOJKHBIM, YeM JPYTOE.

2. IloHsATHE BEpOSITHOCTH CITydaitHOTO cOOBITHsA. CBOMCTBA BEPOSTHOCTH.

Omnpenenenne. BeposiTHOCTBIO COOBITHS A Ha3bIBACTCS MaTEMaTHUYECKas OLEHKA BO3MOXHOCTHU
TIOSIBIICHUS 3TOTO COOBITHS B PE3yJIbTaTE OMbITA.

Kaaccuueckoe ompenesieHHe BEPOSITHOCTH COOBITHSI. BeposTHOCTBIO cOOBITHS A Ha3bIBaeTCs
OTHOIIICHHUE!



m

P(A):;,

TJIe M — 9UCIO ONarompusATCTBYIONINX CITydaeB (MCXOJOB), a 7 — YHUCJIO BCEX BO3MOXHBIX CIy4acB
(1cx0/10B), 00pa3yOIMUX MOTHYIO TPYIITY PABHOBO3MOKHBIX, HECOBMECTHBIX, CITyYaiHBIX COOBITHIA.

Ecmn kakomy-mubo COOBITHIO OJIATONMPHUATCTBYET BCE # CIIydacB, 0Opa3yIOIMUX IOJHYIO TPYIITY
PaBHOBO3MOXKHBIX, HECOBMECTHBIX, CIIYIaWHBIX COOBITHA, TO OHO SBISCTCA TOCTOBEPHBIM (p=1).
Co0pITHE, KOTOPOMY HE OJIATONPUATCTBYET HU OJIMH U3 71 CIIyYaeB, SBISICTCS HEBO3MOXHBIM (p=0).

Orpann4eHHOCTH KJIACCHYECKOTO OMpe/ie/ieHUsI BEPOSITHOCTH

Krnaccudeckass hopmyina BepOATHOCTH COOBITHS MPUMEHSETCS JIJISl HEMOCPEICTBEHHOTO IOJICUeTa
BEPOSATHOCTEH TOTJa, KOTJa 3ajada CBOIUTCS K «CXeMe ciydacB». [[pyrMMu cloBaMH KJIacCHYECKOE
ompezieNicHUE MPE/IIoIaraeT, YTO YHCIO JIEMEHTAPHBIX HCXOJI0B UCIBITAHUS KOHEYHO. Ha mpakTuke xe
4acTO BCTPEYAIOTCS MUCIBITAHUSI, YUCIO BO3MOXKHBIX MCXOJIOB KOTOPHIX OECKOHEYHO, TO €CTh JaJeKO He
BCSIKUH OTIBIT MOXKET OBITh CBEJICH K «cxeme cirydaeBy. (CleqoBaTellbHO, CYIIECTBYET KIIACC COOBITHH,
BEPOSATHOCTH KOTOPHIX HENb3s BBIYHCINTh TI0 Kiaccuueckod ¢opmyne. Hampumep,  Opocaercs
HECHMMETpHYHAsI UTpalibHas KOCTh. KakoBa BepOSTHOCTH BBINAJICHUS HY)KHOW TpaHu?

Yacto Tak k€ HEBO3MOXHO TPEICTABUTh PE3yNbTAT WCIBITAHHS B BHJIE COBOKYITHOCTH
3JIEMEHTAPHBIX HUCXOJOB WM YKa3aThb OCHOBaHUS, IO3BOJIAIONINE CUUTATH DIIEMEHTApHBIC COOBITHS
PaBHOBO3MOKHBIMHU.

YkazaHHbIE HEJJOCTATKH MOTYT OBITh MPEOJIOJICHBI BBEJICHUEM I€OMETPHUECKON M CTATHCTUYECKON
BEPOSATHOCTEN.

I'eomeTpnyeckne BepOATHOCTH

I'eomeTpryeckoil BEpOSATHOCTBIO HA3BIBAIOT BEPOSTHOCTH MOMAJaHHs Haynady OpOIIeHHOH TOYKH B
001acTh (0TPE30K, 9acTh IIOCKOCTH, YaCTh IIPOCTPAHCTBA).

Ilycte orpe3ok [ cocraBiser udacTh orpe3ka L. Ha oTpe3ok L Hayaady NOCTaBJICHA TOYKA.
BeposiTHOCTD TIONaiaHus TOYKA Ha OTPE30K / POMOPIIMOHANIbHA JUTHHE STOTO OTPe3Ka W HE 3aBUCHUT OT
€ro pacIoIokKEHUsT OTHOCUTEIBHO OTpe3Ka L:

P mmHa 1
mnHa L

Ilycth muockast ¢purypa g cocTaBisaTh 4acTh IUIOCKOM ¢urypsl G. Ha G Haymady OpollleHa TOYKa.
BeposiTHOCTh MoOmnanaHusi OpPOIICHHONW TOYKH HAa g TMPOIMOPIMOHANBHA IUIOMAANA 3TOH (UTYpHl W HE
3aBUCHT HU OT €€ PACIIOIOKECHUS OTHOCUTEIBHO G, HU OT (hOPMBI g:

p— 101/ Ibg
mwromansG

I[To anamormmu uepe3 OTHOIICHHE OOBEMOB OIPEHCIACTCS BEPOSTHOCTH TMOMAMaHUs HayJaady
OpOIIIEHHOH TOYKH B 4aCTh IPOCTPAHCTBA.
CraTtucTuyeckas BeposiTHOCTb COOBITHUS
BBenem emie oIHY KOJMYECTBEHHYIO OIIGHKY BO3MOXHOCTH TIOSBICHHSI COOBITHS B JaHHOM
WCTIBITAHUH, KOPHAMHU YXOJISIIYIO B OTIBIT, SKCIIEPUMEHT.
OTHOCHUTEIIBHON YaCTOTOW HACTYTUICHUS COOBITHS A HA3BIBACTCS OTHOIICHUE

W (4)="
n
TJI€ 77 — YHUCIIO MPOBEICHHBIX OMBITOB (MCIBITAHUH), & 7 — YHCIIO UCTIBITAHUH, B KOTOPHIX COOBITHE A
HACTYITHIIO.

3aMeTnM, 4TO Kilaccudeckas Gopmyrna He TpeOyeT MpOBEACHUS MCIBITAHWH B JICHCTBUTEIHLHOCTH,

b

P (A) BBIYHUCIIICTCA 1O OIIBITA. I[JIH HaXOXKJICHUS OTHOCHUTEIHLHONW YaCTOTHI MCIIBITAHUS JOJDKHBI OBITh

IIPOBCCHBI, 00 BO3MOXKHO X IIPOBEICHHUC, W(A) BBIYHCJIAIOT ITIOCJIC OIIbITA.

IIpu HEOOMBITIOM YHCHTE ONMBITOB W HOCHUT CIIYJalHBIA XapakTep W MOXKET M3MEHAThCA. Hampumep,
npu 10 OpocaHusIX MOHETHI TepO MOKET MOSIBUTHCS 2 pa3a, a MOXKET 8 pas.

Ho mpu yBenuueHuMu uymciia ONBITOB 4YacToTa yTpauyuMBaeT CIy4alHBIN XapakTep, ciydaiiHble
MIPUYUHBI, BIUSIONINE Ha Pe3yJbTaT Ka)XIOTO OTAEIBHOTO OMBITA, B3AMMHO «TracAT» APYyT apyra u W
MPUOIMKACTCS K HEKOTOPOU CpeHEH, MOCTOSIHHONW BETTHIHHE.



Ecam B 0IMHAKOBBIX YCIOBUSAX IIPOU3BOMAT CEPHH OMBITOB M B KAKIOW CEPUM YUCIIO MUCTIBITAHUIN
JIOBOJIEHO BETMKO, TO W O0OHapy»XHBaeT CBOHCTBO ycToiumBOoCTH. B Takom ciryaae W mmm Ou3koe K Heit
YUCIIO MPUHUMAIOT 332 CTATUCTUYECKYIO BEPOSTHOCTH COOBITHSI.

Bce cBoiicTBa BEpOATHOCTH, BHITEKAIOIINE U3 KIACCHUECKOTO OMPEICICHUS, PACIIPOCTPAHSIIOTCA U HA
CTATUCTHUIECKOE OIPEIeTICHUE BEPOATHOCTH COOBITHSI.

Jl1s1 cyIecTBOBaHUS CTATUCTHYCCKOM BEPOSTHOCTH COOBITHS TPpeOyeTCst:

1) BO3MOXHOCTh, XOTsI OBl IPUHITUIHANIEHAS, TIPOU3BOIUTh HEOTPAHWICHHOE YHCIIO WUCIBITAHUH, B
KaXIIOM U3 KOTOPBIX COOBITHE A HAaCcTyHaeT WIN HET;

2) YCTOMYHMBOCTH OTHOCHTEIBHBIX YACTOT B PA3IMUHBIX CEPHUAX M3 JOCTATOYHO OOJBIIOTO HYHCIa
HCIBLITAaHHM.

Hanpumep, mo AaHHBIM MIBEJCKOM CTATUCTUKU MPUBOJIUTCS OTHOCHUTENbHAS YacTOTa POKICHUS
neBouek mo Mecsauam roga: 0,486; 0,489; 0,490; 0,471; 0,478; 0,482; 0,462; 0,484; 0,485; 0,491; 0,482;
0,473.

3HaueHNUEe OTHOCUTEIHHOW YacTOThI  KoieOneTcs okoyio uncia 0,482, ero MOXXHO TMPUHSTH 3a
CTATUCTHUYECKYIO BEPOSTHOCTh POXACHUS JeBOYKH. CTaTHCTUYECKHWE NaHHBIE IPYTHX CTPaH AT
MIPUMEPHO TE K€ 3HAYCHUSI W B Ty JK€ CTATUCTHICCKYIO BEPOSTHOCTE.

PaccMoTpum npyroit npumep:

Yucno Opocanwmii Uucno nosiBieHuit W
MOHETBI repba
4040 2048 0,5069
12000 6019 0,5016
24000 12012 0,5005

Jlannabpie TaONMUIBI MOKA3bIBAIOT KaK C YBEJIMYCHWEM 4YHCIIA WCIBITAHUN «yTOYHAETCS» 3HAUYEHHUE
OTHOCHUTEJILHOM YacCTOTBHI.

HenocraTkoM CTaTHCTUYECKOTO OIPEJCIICHUS SIBIIICTCS HEOJHO3HAYHOCTh BHIOOpa  3HAYCHUS
OTHOCUTEIBHOM YaCTOTHI PU BOBHUKHOBEHUH CBOMCTBA YCTOMUYMUBOCTH.

[Ipu mpakTHyecKOM MPUMEHEHHH BEPOSTHOCTHBIX METOJOB MCCIIEI0BAaHUS HEOOXOIMMO MOHNMATB,
MPUHAIICKUT U UCCIEAYEMOE CIIydailHOe SIBJICHUE K KaTETOPUU MACCOBBIX, AJI KOTOPBIX BBIMIOJIHACTCA
CBOMCTBO YCTOWYMBOCTH YACTOTHI U TIOHSATUE BEPOSITHOCTh UMEET ITYOOKHUH MPAKTUIESCKUI CMBICIT.

MeXay OTHOCHTEIHHOM YacTOTOM COOBITHS M KJIIACCHYECKOH BEPOSTHOCTHIO CYIIECTBYET ITyOOKas,
opraHuyHas cBs3b. [lomydast BEpOSTHOCTH HEKOTOPOTO COOBITHS, MBI HE MOKEM MPUIATh STOMY YHUCITY
WHOTO PEalbHOTO, MPAaKTUISCKOTO CMBICIIA, YeM OTHOCHTENIbHAS YacTOTa TOSBICHUS JAaHHOTO COOBITHS
Tpy OOJIBIIIOM YHCIIE OIBITOB.

CriertnanbHbIE METO/TBI PEIIEHHUS BEPOSITHOCTHBIX 3a/1ad.

3.IIpu pemieHUM HEKOTOPHIX 3aJady Ha ONPE/CIICHUE BEPOSTHOCTH TMPUMCHSIOTCS (OPMYIbl W3
KOMOMHATOpUKU. PacCMOTpHUM OCHOBHBIE TIOHSTHSL.

Ilyctb uMeeTcs HEKOTOpash COBOKYIHOCTh 3JJIEMEHTOB KakoW yrogHo mnpupoasl. M3 stoi
COBOKYITHOCTH 3JICMEHTOB MOKHO COCTaBUTh OTJICIBHEIC TPYIIIEI, OTIMYAIONINECS OJHA OT APYroi MO0
MOPSAIKOM 3THUX DIIEMEHTOB, JUOO CaMUMM 3JIEMEHTaMH, JHOO0 TeM W APYTruM cpasy. OTU TPYIIbI
HA3bIBAIOTCS COCOUHEHUAMU.

IlycTh KOMMYECTBO BCEX IJIEMEHTOB, U3 KOTOPBIX COCTaBISIOTCSA COEIWHEHHsS, PaBHO YHUCIY 7, a
YHUCIIO DJIEMEHTOB B KaXKIOM COCIUHEHHUU paBHO k. OUEBHIHO, YTO YHCIO k HE MOXET OBITh OOJbIIe
ymcna n. Pa3nuyaior Tpy BUIa COSTUHEHHIA: pa3MeIleH s, TePeCTaHOBKH, COUETaHMs.

Omnpenenenue. Pa3MelmieHUsiMU W3 7 Pa3NUYHBIX DJIEMEHTOB 1O Kk JJIEMEHTOB HA3BIBAIOTCS
KOMOWHAIIMKU K D3JEMEHTOB, OTJIMYAIOIIMECS OJHO OT JPYroro WIM CaMUMH 3JEMCHTaMH, WU WX
MOPSIIKOM.

YHCII0 BCeBO3MOKHBIX Pa3MeNIeH il U3 71 JIEMEHTOB M0 k 0603HAYaeTCs CUMBOTIOM A .

YuCcIlo BCEBO3MOXHBIX PasMELICHU M3 7 DIEMEHTOB II0 k& BBIYMCIAETCA 10  (opMmyle:
A =n(n-D(n-2)(n-3)..(n—k+1).

ITo onpenenenno A ?: 1.

Onpez[e.ﬂelme. HepeCTaHOBKaMl/I Ha3bIBAIOTCsA KOM6I/IHaI_[I/II/I, COCTOAIIMUEC M3 OJHHUX M TCX XKC n
PA3JIMYHBIX 3JICMCHTOB U OTIIMYAIOIIUXCS TOJIBKO HMOPSAAKOM UX PACIIOJIOKCHUSA.

Yucno BCEBO3MOKHBIX IEPECTAaHOBOK U3 7 DJICMCHTOB 0003HaYal0T CHMBOJIOM Pn W BBIYUCJIAIOT I10

dopmyne: P, =1-2-3-...-(n=2)-(n—-1)-n=n!



Onpez[e.ﬂelme. CouyeTaHHSIMH HAa3bIBAIOTCS KOM6I/IHaI_II/II/I, COCTaBJICHHBIC U3 n PasiindHbIX
3JIEMEHTOB 110 k OJIEMEHTOB, KOTOPBIC OTJIUYArOTCA XOTA OBI OIHHUM 3JICMCHTOM.

qI/ICJ'IO CO‘lCTaHI/Iﬁ U3 n 3JICEMCHTOB IIO k HpI/IHHTO 0603Ha‘laTB CHUMBOJIOM C’]: BTO qucJio
n!
k!(n—-k)!

Crnenyer uMeTh B Buay, uro 0!=1.

k
BBIUHCIsieTcs o popmyne: C, =

[Ipu perennn 3aga4 KOMOMHATOPUKH UCTIONB3YIOT CIEAYIOMINE IPaBHJa;

IIpaBuiio cymMBbl.

Ecin 00bexT 4 MOXeT OBITh BRIOpaH 771 crocobaMu, a 00beKT B MOXeT ObITh BRIOpaH IPYTUMH 71
croco0aMu, To BeIOOp 00 A, 1060 B 13 00beAMHEHHOW COBOKYIHOCTH MOXET OBITh OCYIICCTBIICH
m+n crocobamu.

IIpaBuso npousBeeHMsl.

Ecnu 00bekT A MOXKeT OBbITh BBIOpaH M CHOCOOAaMHU M IOC/IE KaKIOro TaKoro BeiOOpa 00bekT B
MOXeET OBITh BBIOpaH 7 CIOCO0AaMH, TO BBHIOOD Mapbl OOBEKTOB A W B B yKa3aHHOM IMOPSIAKE MOXET
OBITH OCYILIECTBIICH M -1 CIIOCOOAaMHU.

3anauva. B ypHe cogepkutcst 5 yepHbIX U 6 Oenbix mapos. CiaydaiiHeIM 00pa3oM BRIHUMAIOT 4 m1apa.
Haiitu BeposiTHOCTH TOTO, UTO Cpeay HUX UMEETCS: a) pOBHO 2 OelbIX mapa, 0) MeHblie, 4eM 2 OenbIx
mapa, B) XoTs ObI 1 OembIif map.

Pemenue.

a) [Iycts coObITHE A — cpeay BBHIHYTHIX IIAPOB POBHO ABa OeNbIX (TOTZA ABa APYTHX BBIHYTHIX IIapa
— 4YepHble). BepoaTHOCTh 3TOr0 COOBITHS HalAeM, HCIOJb3Yys KIACCHYECKYI0 (OpMYTy BEpOSTHOCTH:

P(A) = ﬁ , TAC N - YHUCJIO BCCBO3MOXHBIX 3JJICMCHTAPHBIX HMCXOHOB, m — YHUCJIO 3JICMCHTAPHBIX
n
HCXO0O0B, 6JIaFOHpI/IHTCTByIOH_II/IX JaHHOMY COOBITHIO. aneMeHTaprIMI/I nucxogamMu SIBIISIFOTCSL
BCEBO3MOXKHBIC COUYCTaHUA:
1 1 71891011
A(1-4) 47 12347
6! 51
m=C2C? ~15-10=150. Tonysaes: P(A) =10 =

6 5 = . -
26-2)! 21(5-2)! 330 11
0) Ilyctp cobbiTe B — cpeau BBIHYTBIX IIApOB MEHBIIE, Ye€M JBa OeNbIX MIapa. DTO BO3MOXKHO,
KOTJa BEIHYJIM OAMH OENbI U TP YEePHBIX IIapa WU HOJb ONIbIX M YeThIpe YepHBIX mapa. [loaromy

| | | |
m=Clclycrci=— O O g s s
1(6-1)! 345-3)! O0L6—0)! 4-(5—4)
TTony4daem: P(B):E:E,
330 66

3aoaua. V3 komombl B 56 KapT BBRIHMMAaeTcs ofHA KapTa. KakoBa BEpOSTHOCTH TOTO, YTO OHA
MMUKOBOM MacTu?

HcnbiTanue: u3BiIeUeHNE KapThl U3 KOJIOJIBIL.

CoOpITHE A MTOSBICHUE TUKOBOW MACTH.

m_ 9 1
n 36 4

3adaua. OnHOBpEeMEHHO TOA0pAchIBalOT JABE MOHETHI. KakoBa BEepOsSTHOCThH BBINAACHHS repOa Ha
obenx MOHETax cpaszy?

Ucnpitanue: mogOpacekiBaHUEe MOHET (OTHOBPEMEHHO).

CoOpiTHE A: TIosiBIIeHUE repOa Ha JBYX MOHETaxX cpasy.

CocTaBuM cXeMy BO3MOXHBIX CITy4YaeB:

IlepBast MoHeTa Bropas MmoHera
repo rep0
repd uudpa
udpa rep0
uudpa uudpa




m 1
P(A)=— =_
(4) n 4

3a0aua. Halth BEpoOSTHOCTH TOrO, YTO TOYKA, OpOIIEHHAs Haygady, TIIOMageT B KOJBIIO,
00pazoBaHHOE NBYMS OKPYKHOCTSMU C paguycamu 5 u 10 cm.

[Tnomans konbua (purypa g): Sg = 71'(1 0> -5° ) =75z
757

S,=n-10°=100r P=——=0,75
1007

4. CyMMa ¥ IpOU3BEICHUE COOBITHIA.

Onpenenenne. Cymmoni nByx cobbituii A m B HaseiBaetcst HoBoe coOwitHe C, cocrosimiee B
TIOSIBIIGHUH XOTS OBI OJTHOTO M3 JAHHBIX COOBITHIA.

B wactHOCTH, eci 1Ba COOBITHSI HECOBMECTHBIE, TO CyMMa 3THX COOBITHI — COOBITHE, COCTOSAIIEE B
MOSIBJICHUE OJHOTO U3 3TUX COOBITHH, 0€3pa3IudHO KaKoro.

Onpenenenne. CyMMOll HECKONBKMX COOBITHI Ha3bIBa€TCA HOBOE COOBITHE, COCTOSIIEE B
MOSIBIIGHUH XOTS OBI OJTHOTO M3 UCXOIHBIX COOBITHH.

Omnpenenenne. [IpousseaeHneM (coBMeleHHEM) OBYX cOObITHII A W B Ha3bIBaroT HOBOE COOBITHE
C, cocrosiiee B OJHOBPEMEHHOM IOSBJICHUU M COOBITHS A, 1 cOOBITHS B.

Omnpenenenue. IIpon3BeneHreM HECKOILKHX COOBITHH Ha3bIBAIOT HOBOE COOBITHE, COCTOSINEE B
OJTHOBPEMEHHOM TOSIBIIEHUH BCEX MCXOIHBIX COOBITHIA.

3aBUCHMEBIC M HE3aBUCUMBIC COOBITHS. Y CTIOBHAS BEPOSITHOCTb.

Omnpenenenue. CoObITHE A Ha3bpIBacTCS HE3aBUCUMBIM OT COOBITHS B, BeposSITHOCTH COOBITHS A HE
3aBUCHUT OT TOTO, NMpom30mnIio cooriTre B mmm HeT. CoObITHE A Ha3BIBaeTCS 3aBUCHMBIM OT COOBITHS B,
€CJIM BEpOATHOCTH COOBITHS A MEHSIETCSA B 3aBUCHMOCTH OT TOT'O, POU30LLIO coObITHE B min Her.

Ecnu mpu BBEIMHCICHHM BEPOSATHOCTH COOBITHS HANaralroTCs JAONOJHUTEIbHBIC YCIOBHSA, TO
BEPOATHOCTH COOBITHS HA3bIBAIOT YCIOBHOM.

Onpenenenne. BepostHocTs coObiTusl B, BhIUMCIEHHAs MPHU YCIOBUH, YTO UMENIO MECTO COOBITHE
A, Ha3BIBaETCS YCJIOBHOI BEPOSITHOCTHIO COOBITHS B.

Teopembl ClIOKEeHUS M YMHOXKECHHSL.

Teopema (0 c10KeHUH BEPOSITHOCTEH HECOBMECTHBIX COOBLITHIA).

Ilycte coObitus A u B HecoBMeCTHBI B JIaHHOM HCHBITAHUM (SBJICHHU, OMBITE), MPHYEM
BEPOSATHOCTHU ITUX COOBITHIA N3BECTHBI.

Teopema. BeposATHOCTE MOSIBIEHUS OTHOTO M3 ABYX HECOBMECTHBIX COOBITHH, 6€3pa3IMIHO KaKoTo,
paBHA CyMME BEpOSTHOCTEH 3THX COOBITHI:

P(4+B)=P(4 )+ P(B)

(DOpMYJ'Ia 13 TCOPCMBI ClipaBCAJINBa I JM000r0 Yrcia IMomapHO HECCOBMCCTHBIX CJIaracMbIX:
n n
P> 4 1= P(4)
i=1 i=1

Caencreue. Eciu ciyuaitasie coobitus A, 4,, ... A, 06pasyior nonHyo rpymiy HeCOBMECTHBIX

n
COOBITHIA, TO CITPABEITUBO PABEHCTBO:
P(4)+P(4,)+..+P(4)=1
Onpenenenue. CiryqaiftHpie COOBITHS A ¥ B Ha3pIBaIOTCS COBMECTHBIMH, €CJTH B TAHHOM HCITBITAHHUH
MOTYT HACTYIHTb 00a 3THX COOBITHUS, T.€. IPOU30iAET coBMeLIeHne coOpTHil A 1 B.
CoOpiTHe, 3aKiTI0varomieecs: B COBMeIeHnH coObThil A u B, Oynem o6o3Hauats (A u B) nnu (AB).

Teopema (0 c10KeHUH BEPOSITHOCTEH COBMECTHBIX COOBITHIA).
BeposiTHOCTB MOsIBIICHUS XOTsI OBI OJTHOTO M3 JIBYX COBMECTHBIX COOBITHI paBHA CyMMe

BEPOATHOCTEH STHX COOBITHI 6€3 BEPOATHOCTU UX COBMELICHHMS: P(A +B ) = P(A) + P(B ) - P(A -B )

CoObITHE A Ha3bIBACTCS HE3aBUCUMBIM OT COOBITUS B, eciii BEpOSTHOCTh MOSBICHHUS COOBITUS A He
3aBHCHT OT TOTO, HACTYIIJIO COOBITHE B B JTaHHOM HCTIBITAHWN WITH HET.

Teopema (00 YMHOKeHHHU BEPOSITHOCTEH HE3aBUCHUMBIX COOBITHIA).

BeposTHOCTP COBMECTHOTO TIOSIBIICHHS JIBYX HE3aBHCHMBIX COOBITHH paBHA IPOU3BEICHUIO
BEPOSTHOCTEH ATUX COOBITHIA:



P(4-B)= P(4)- P(B).
3aMeanne. PaBeHCTBO n3 TeOpeMH CHpaBeI[J'II/IBO IJIA J'I}06I>IX n HC3aBUCHUMBIX C06I>ITI/Iﬁ2
P(4,-A,...A)=P(4,)-P(4,)-....P(4,)

3aMeanne. C y‘leTOM TeOpeMBI 06 yMHO)KeHI/II/I Bepo;ITHOCTef/’I TeopeMa O CIIOKCHHUU BCPOHTHOCTeﬁ
COBMCCTHBIX CO6BITI/H>’I 3aIlIUCBhIBACTCIA CJ'ICZ[yIOH.[I/IM O6p8.30M2

P(4+B)=P(4)+ P(B)-P(4-B)= P(4)+ P(B)- P(4)- P(B),

ecii coObITHS A M B — COBMECTHBI, HO HE3aBUCHMBI.

Hampumep, B ypHe 3 Oenbix 1 2 4epHBIX Imapa. Haymady BRIHUMAIOT OJWH Iap, 3aTeM €Ie OJIMH.
C06BITI/IC BZ ITIOABJICHHUC 6€HOF0 Luapa HpI/I HepBOM BbIHUMAHHH, CO6I>ITI/I€ A: ITIOABJICHHUC 66J‘IOF0 Luapa

2 1

npu BTopoM BeiHuMaHuu. Torna P, (AA= 1 = 5

Teopema (00 yMHOKeHHH BEPOSITHOCTEN 3aBUCUMBIX COOBITHIT). BepoSATHOCTh COBMEIICHUS IBYX
3aBUCHMBIX COOBITHI paBHA MPOM3BEACHHUIO BEPOSTHOCTH OIHOTO W3 HHUX Ha YCJIOBHYIO BEPOSTHOCTH
BTOPOT0, BEIYHCICHHYIO B MMPEATIONOKEHNH, YTO MIEPBOE COOBITHE HACTYINIIO:

P(4- B)=P(B)- P,(4)
U3 TeopeMbl IPOU3BEICHHS BEPOSITHOCTEH MOXKHO CHIENATh BBIBOJ O BEPOSTHOCTH TMOSBICHUS XOTS
OBI OJTHOT'O COOBITHS.

Ecnu B pe3ynbpTare UCTIBITAHUSI MOXKET TIOSIBUTHCS 72 COOBITHI, HE3aBUCHMBIX B COBOKYITHOCTH, TO

BEPOSATHOCTH TIOSIBIICHUS XOTS OBl OJTHOTO U3 HUX PaBHA
P(A) =1-4,9,-4,

3neck cobbiTHe A 0003HAaYaET HACTYIJICHUE XOTS ObI OHOTO M3 COOBITUH A, a q; — BEpOSITHOCTD
IPOTUBOIONOXKHBIX COOBITUH A4, 4,,..., 4, .

Hpumep. W3 momHON KOMOARI KapT (52 IMIT.) OMHOBPEMEHHO BEIHUMAIOT YETHIpe KapThl. Haiith
BEPOSTHOCTH TOTO, YTO CPEAH 3THUX YEThIpeX KapT OymeT xoTs Obl ofHa OyOHOBasI WM OJHA YSPBOHHAS
KapTa.

O603HaunM MOSIBICHUE XOTA OBl OAHON OyOHOBOW KapThl — COOBITHE A, TOSIBICHHE XOTS OBI
OJTHOW YEepPBOHHOU KapThl — coObITHE B. Takmm 00pa3oM HaM HaIO OMPEACTUTh BEPOSTHOCTH COOBITHS C
=A+B.

Kpome Toro, coOwiTist A 1 B — COBMECTHBI, T.€. MOSBICHHE OAHOTO M3 HUX HE HCKIIOYaeT
MOSIBJICHUS IPYTOTO.

Bcero B xonoae 13 gepBoHHBIX U 13 OYOHOBBIX KapT.

[Ipu BBITACKUBAaHUM IEPBOW KapThl BEPOSTHOCTh TOTO, YTO HE TOSBUTCS HHU YEPBOHHOW HHU

23

OyOHOBOI KapTHl paBHA 5 , IPY BBITACKUBAHUM BTOPOM KapThl - E , TpEeThEM - % , UETBEPTOH - E .

Torz[a BCPOATHOCTb TOI'O, YTO CpCAU BBIHYTBIX KapT HC 6y;[eT HHU 6Y6HOBI>IX, HHU YCPBOHHBIX

paBHa P(f)zé.é.ﬁ.é.
52 51 50 49

Torma P(C)=1—-P(C) ~ 0,945

5 ®opmyna nosnHoi BepoaTHocTu. Dopmyisl baiieca.
Teopema (dopMyJia NOJHOI BEPOITHOCTH)
[Tycte HEKOTOpOE COOBITHE A MOXET MPOW3OUTH BMECTE C OJHHUM M3 HECOBMECTHBIX COOBITHI

H ,H,,..,H,, cocraBIsiouux MOIHYIO IPyHIly COOBITHI. ITycTh H3BECTHBI BEPOSTHOCTU 3THX COOBITUH
P(H)),P(H,),...,P(H,) u ycnoBHble BEpOSTHOCTH HACTYIUICHUS COOBITUS A NpPU HACTYIUICHHU
coowrtus H; P(A/H,),P(A/H,),..,P(A/H,).

Teopema. BeposITHOCTE COOBITHS A, KOTOPOE MOXKET HMPOHU30HTH BMECTE C OJHHM M3 COOBITHIA
H ,H,,.,H,  paBHa cyMMe NapHBIX IPOU3BEICHMIl BEPOATHOCTEH KAXKIOr0 U3 ITUX COOBITUH Ha
COOTBETCTBYIOLINE MM yCIIOBHBIC BEPOSITHOCTH HACTYTUICHHS COOBITHS A.

P(4) = Z P(H,)P(A/H,)

i=1



@daxTudecku 3Ta (hopMyIia NOJTHOI BEPOSITHOCTH YK€ HCIIOJIb30Bajach MPH PEIIEHUH TPIMEPOB,
MIPUBEIEHHBIX BBIIIE, HAIIPUMED, B 33a4e C PEBOIHBEPOM.
JokazaTenbcTBO.

Tx. coosrtust H,,H,,...,H, o0pa3yioT HONHyI0 Tpymmy COOBITHH, TO COOBITHE A MOXKHO

npeaACTaBUTh B BU/IC cne):[ylomeﬁ CYMMBI:
A=AH + AH, +..+ AH, =Y AH,

Tx. coosrtust H,,H,,...,[, HecoBMecTHbBI, TO U cOObITHI AH; TOXEe HECOBMECTHBI. Torzma
MOXHO HPUMEHHUTb TEOPEMY O CIIOKCHHH BEPOSITHOCTEH HECOBMECTHBIX COOBITHIA:
n
P(A)=) P(AH,)
i=1

Ipu stom P(AH,;) = P(H,)P(4/H,)

n
OxkonuaresnbHO nonydaem: P(A) = Z P(H,)P(A/ H,). Teopema noka3aHa.
i=1
ITpumep. OnuH U3 Tpex CTPENKOB NPOU3BOAUT J1Ba BICTpena. BeposTHOCTh HonajaHus B LiENib
IIPU OAHOM BBICTpeNe AJiA NepBoro crpenka pasHa 0,4, nns Broporo — 0,6, s Tpetsero — 0,8. Haiitu
BEPOSITHOCTB TOT'0, YTO B II€JIb IONAAYT JIBa pa3a.

1

BeposiTHOCTB TOTO, 4TO BBICTPEIB! MPOU3BOAUT MEPBBIN, BTOPON WIIM TPETUH CTPENIOK paBHA 5 .

BeposiTHOCTH TOro, 4TO OJMH W3 CTPEJIKOB, IMPOM3BOAAIIMX BBICTPEIBI, [BA pa3a IONAIaeT B
1I€JIb, PABHBbIL:

- JUTS TIEPBOTO CTPEIIKA! P12 =0,4* =0,16;

- JUTSt BTOPOTO CTpEJIKa: [)22 =0,6> =0,36;

- JUTSA TPETHETO CTPEIIKA: p32 =0,87 =0,64;

Hckomas BCPOATHOCTL paBHA:

1 , 1, 1 5 1 29
=—p +—p;+—p; =—(0,16+0,36 +0,64) = —
p 3 D 3 12 3 Ds 3 ( ) 75
Homyctum, d9ro cobbiTHe A y)KE€ HACTYMWIO. OITO M3MEHHT BEPOSTHOCTH THIIOTE3

P (Bl ), P (Bz ), I (Bn). Tpebyercs  ompenenuTbs  YCIOBHBIE BEPOSTHOCTH 3TUX  THIIOTE3

P, (B1 ), o Py (Bn ), B IIPE/IMOJIOKEHHUH, YTO COOBITHE A yiKe HACTYIIHIIO.
Haiinem

P4 B)= p(B,)- Py (4)= pla)-P,(8,)= P, ()= P14 B)

3ameHuM P(A) (hopMyJIOii TTOJTHOM BEPOSITHOCTH COOBITHS:

p(Bl) by (A)

n

> r(8,)-2, (1)

Amanornyso onpezenserca I, (32 ), P, (Bﬂ )

PA(BI):

OxonyartenbHO moiyvyaeM Gopmyny baiieca wim GpopMmyiy U3 TeOpeMbl THIIOTES!

PA(Bk): p(Bk)'PBk (A)

> P(B)-P, (4)




1.6.JIekuust Ne 6 (2 yaca)

Tema «Cay4yaiiHble BeJIHYUHBD)

1.6.1. Bonpochl jiekum:

1 Onpenenenue ciydyailHON BEIMUMHBI U €€ BUJIBIL.

2. CrocoOnI 3aganus JJCB.

3. Uucnossie xapakrepuctuku JJCB.

4. Bupgsl pacnpenenenuii JICB .

5. Croco6s! 3agarns HCB.

6. Uucnoseie xapaktepuctuka HCB.

7. Buasl pacnpenenennit HCB.

1.6.2. KpaTkoe coaep:kaHue BONPOCOB

1 Onpenenenne coydaifHo# BenmMIuHb. Ee BUITBIL.

Brltie  paccMaTpHBaINCh CIIy4aliHbIe COOBITHS, SIBIISIONIUECS KaueCTBCHHON XapaKTePUCTUKOMN
CIy4yallHOTO pe3yibTaTa ombITa. (s MOTy4yeHUs: KOIUYCCTBEHHON XapaKTEPUCTUKU BBOJIUTCS IMOHSTHE
CITy4ailHOM BETUYMHBI.

PaccMoTpuMm  coObITHE: TIOSIBIIEHHE OMpPEAETCHHUS YHCIIa OYKOB Ha TPAaHW HWIPAITBHON KOCTH,
BhImaBiied npu Opocanuu. [Ipm 3ToM MoOkeT mosBIATHCS o0oe m3 uumcen 1,23, ... 6. Hamepen
OTIPEACTUTh YHCIO BBHIMABIINX OYKOB HEBO3MOJKHO, MOCKOIBKY OHO 3aBHCHT OT MHOTHX CIyYaiHBIX
MIPUYUH, KOTOPBIE MOJHOCTHI0O HE MOTYT OBITh YYTEHBI. B 3TOM CMBICIE YHCIO OYKOB €CTh CIydaiHas
BeNMYMHA, a yucnaa 1,2, ... 6 - BO3MOXKHbIE 3HAYCHUS 3TON BEIUYHHEI.

Onpenesnenue. CiayyaiiHoH BeJMYMHON Ha3bIBacTCS BEIWYMHA, KOTOpas B PE3yJbTAaTe OIbITA
MOJKET IPUHUMATH TO WJIM WHOE 3HAUeHHE, IPUIEM 3apaHee N3BECTHO KaKOe NMEHHO.

O6oznauenue: X, Y, Z, ... - CIy4ailHbIC BEIUYHUHEI; X, Y, Z, ... - 3HAUCHUS CITyJYalHBIX BEJIMYHH.

Cayuaiinble BenTMUUHBI fensitcst Ha quckpetrblie (JCB) u nenpepsiBabie (HCB).

Onpenenenne. JJUCKpeTHO ciy4daiiHOil BeJMYMHOW Ha3bIBA€TCS Takas BEJMYMHA, KOTOpas B
pe3ynpTaTe ONbITA MOXKET NPUHUMATh OTpE/AeTeHHbIE 3HAUeHHUs C OINpPENeICHHON BEpPOSITHOCTHIO,
00pa3yInye CYeTHOE MHOXECTBO (MHOXKECTBO, SJIEMEHTBI KOTOPOT'O MOTYT OBITh 3aHYMEPOBAaHBI).

DTO MHOKECTBO MOXKET OBITh KaK KOHEUHBIM, TaK H OCCKOHCYHBIM.

3uauennss JICB  oTaeneHsl NpOMEXYyTKAMH W MOTYT OBITh MEPEYHCIEHBl A0 TPOBEICHUS
ucneiTanus. Hanpumep, 4nucio CTyI€HTOB IPYIIbL, YCIEIIHO CIABIINX 3K3aMEH M0 MaTEMAaTHKE.

Onpenesnenue. HenpepblBHOW ciIy4ailHOW BeJIMYMHOM HA3bIBACTCS Takas BEIMYMHA, KOTOpPAs
MOJKET IPUHUMATH JI00bIE 3HAUEHHUS U3 HEKOTOPOTO KOHEYHOTO TN 0ECKOHEYHOTO MTPOMEKYTKA.

Ou4eBUIHO, YTO YHCIIO BO3MOXKHBIX 3HAYEHUH HEMPEPHIBHON CIydalHON BEIWYMHBI OCCKOHEYHO.
Hanpumep, ckopocTh BeTpa B TEUEHHE CYTOK B JAHHOM MECTHOCTH WJIM OTKJIOHEHHE pa3Mepa IeTaau OT
CTaHmapTa.

2 CrocoOn1 3aganus JJCB.

Ilepemennas BenuumHa X, NMPUHUMAIOIIAs B pe3yjbTaTe MCHOBITAHUS OJHO U3 KOHEUHOU WU

0eCKOHEUHOH mocaeqoBaTeIbHOCTU 3HaueHuil Xj,X,, ... X; , Ha3bIBaeTCS JUCKPETHOH, €CIIU KaKAOMY

3HAQUCHUIO X; COOTBCTCTBYCT ONPCACJICHHASA BCPOATHOCTH p, TOr0, 4YTO IICPCMCHHASA BCIMYMHA X

IIPUMET UMEHHO 3TO 3HAYCHUC.
(DYHKI_[I/IOHaJII)HaH 3aBUCMOCTb BE€POATHOCTH p, OT B3HA4YCHHUA X, HaA3bIBACTCA 3aKOHOM

pacupenenenus BepositHocteit JICB X (1mu KpaTKo «3aKOH pacipeesieHus CIy4aifHOW BETMIHHBDY).

Bo3MoxHbIe 3HaUeHUS CITydailHOM
BEJIMYNHBI 1 2 3 K

BepOHTHOCTI/I JTHX 3HAYCHUN ] 1

1 2 3 k

3aKoH pacnpeaeIieHus MOXHO 3a/1aTh TPaQUIeCKu:



L-T - B - B -

3. Yucnosele xapakrepuctuku JICB. VX ponb 1 HazHaueHue.

CrnyuaiiHasi BETMYMHA OJTHOCTBIO ONIPENENSIETCA 3aKOHOM PACTIpEIEICHHUS.

OpHako BO MHOI'MX BOIIPOCAaX IPAKTHUKU HET HEOOXOAMMOCTH Xapakrepu3oBaTb CB monHOCTEIO,
HCUEpIIBIBAIOLIMM 00pa3oM. [locTaTouHO yKa3aTh OTIIEJIbHBIE YHCIIOBBIE IIapaMeTpPhl, XapaKTEePU3YIOIINE
OCHOBHBIE YEpPTHI paclpefescHus. Takue mnapaMeTphl Ha3bIBAIOTCS YHUCIOBBIMH XapaKTEpPHUCTUKAMU
CIy4aiHOM BenW4YMHBL. YUCIIOBBIE XapaKTEPUCTHKH 3aJal0T CIyYalHYI0 BEIMYMHY KOCBEHHO,
ONUCHIBAIOT CJIyyailHyI0 BeJMYMHY CyMMapHO. B Teopuum BeposTHOCTEH IpUMeEHsETCs OoblIioe
KOJIMYECTBO YHCIIOBBIX XapaKTEPUCTHK, UMEIONINX pa3IMyHOE HazHaueHue. M3 HuX paccMOTpUM TOJIBKO
HEKOTOpBIe, HanboJiee YacTo BCTPEUAIOIIUECS XapaKTEPUCTUKU: MaTEMAaTHIECKOE OKUAaHUE, TUCIICPCHUIO
U cpellHee KBaJpaTHUECKOe OTKIOHEHUE.

Nwmeercst JICB X ¢ cCOOTBETCTBYIOIUM 3aKOHOM PacCIpeIeICHUS:

X X, X, X,

p(x = P P, P,

MaremarnueckuMm oxugaaueM JJCB X (M[x] win m,) Ha3pIBalOT CyMMY INPOHM3BEACHUN BCEX
BO3MOYHBIX 3HAUYEHUI 3TON BEJIUYHMHBI HA BEPOSATHOCTH 3TUX 3HAUCHUI:

n
n
M[x]: xX,p,t..Tx,p, = Zxkpk , TIPH 5TOM Z pi=1.

k=1 k=1
Ecnmu  3HaueHus Cay4aliHOM BEIMYMHBI 00pa3yloT OECKOHEYHYIO IIOCIENOBATENLHOCTh, TO

0

m, = Zxk * P . MBI Oyaem paccMaTpuBaTh TOJIBKO TaKHE CIIyYalHbIC BEIMYUHBI, JUIS KOTOPBIX 3TOT
k=1

PSAI CXOIIUTCSL.

3ameuyanue. MaTeMaTHUeCcKoe OXKHIAHUE CIIYIalHON BEIMYMHBI €CTh HecTydaifHas (TIOCTOSHHAas)
BEJIMYMHA.

BepositHocTHBIET cMmbict M[X]: MaremaTHueckoe OXHIaHUE NPUOIMKECHHO pPaBHO (4eM OoJbIe
YUCJIO WCIBITAaHUH, TeM TOYHEE) CpelHeMy apu(pMETHUYeCKOMY HaOIIOJacMBIX 3HAYEHUH CIydaitHOM
BeIMYMHBL. Ha 4uclIOBOM OCHM BO3MOXHBIE 3HAUCHMS CIIYYaHON BEJIMYMHBI PACIIOIOKEHBI CJIEBA U
cnpaBa oT M[X]. Ilostomy M[X] Ha3pIBalOT LEHTPOM paCIpPEIEIECHUS BEPOATHOCTEN CiydyaliHON
BEJIMYMHBI (TOYHEE — a0CIIMCCON LIEHTpa).

CBoiicTBa MaTEMaTHIECKOTO OXHUIAHU:

1. MaTtemaTuueckoe OXUAAHUE MOCTOSHHOM paBHO caMOM MOCTOSHHOU M [C] =¢, ruoe ¢ — JICB,
KOTOpasi WMEET OTHO BO3MOXHOE 3HAUYCHWE C W TpuUHUMaeT ero ¢ p=Il. CregoBatensHO,
M [c] =c-1=c.

2. TloCTOSSHHBIH MHOXUTEIh MOXXHO BBIHECTH 3a 3HAK MaTEeMaTHYECKOTO  OXHIAHWS:
MleX]=c-M[X].

3. M[X-V]=M[x]-M[y], M[X +V]= M[X]+M[V]

TJie BeIUYMHBI X U ¥V — HE3aBUCHUMBI.

Jlucriepcusi THCKPETHON CIIyJalHOW BENWYWHBI, IeJeco00pa3HoCTh e¢ BBemeHms. CBOMCTBa
JIACTICPCUH.



MaremaTHyeckoe OXHUAaHHE HE TOJHOCTBIO XapaKTepu3yeT CIydailHyro BednuumHy. Ha mpaxTuke
4acTo TpeOyeTcs OIEHUTh paccessHIEe BO3ZMOXKHBIX 3HAUEHUH CIy4daifHON BENTWYHMHBI BOKPYT €€ CPEIHEro
3HaueHWs. Hampumep, HACKOIBKO KyYHO JISATYT CHApsiAbl BOJHM3M e, KOTOpas JO/DKHA OBITh
MOpakeHa.

Hucnepcueit ciydailHoe BeIWYMHBI X Ha3bIBa€TCS MATEMaTHYECKOE OXKUJIaHME KBajapara
COOTBETCTBYIOIIEN IIEHTPUPOBAHHON CITy4ailHOW BETUYHMHBI:

pIx]=m(x —m. Y] wn DIx]= 3 (5, m.) -,

Jlnst Beramcienms D [X] yI0OHO UCIIONIL30BATh (OPMYITY:

D[X]:Z(Xk _mx)2 " DPr :szf " Pr _2Zxk m - py +Zm§ " Pr :lei P~

=1 k=1 k=1 k=1 k=1

n n Cne
—2mx2xk Dy +m52pk ZM[XZ]—me -m, +mf -IZM[Xz]—

2
JO0BATCJIBHO, D X] M[X ] x , T.C. IUCIICPCHUA paBHA PA3HOCTU MATCMATUYCCKOI'O OKHUIAHUA

KBaJ[paTa CIIy4aifHOI BEJIMYMHBI U KBa/IpaTa MaTEMAaTUIECKOTO OXKHUJIAHHUS 3TOW CITyYaiiHOW BEJIMIHHBI.
CRoiicTBa THUCIICPCUU:

- D[C)=M|(c-cF|=m[o]=0, M[c]=c
plcx]=c?- plx]
. D[X+Y]= D[x ]+ D[r]
. D[C+X]=D[C]+D[x]=0+D[x]= D[X]
. D[x -Y]=D[x]+ D[r]
Cpemnee KBaipaTHIeCKOe OTKIOHCHHE.
Jlerko IMoKa3aThb, 4YTO JUCHIICPCUA UMECT PA3MCPHOCTL, PaBHYIO KBaApaTy pasMCpHOCTU cnyqaﬁﬂoﬁ
BEJIWYHMHEL. B CBSI3M ¢ 3THM B TexX ClIyduadx, Korjaa >XcCJaTCJIbHO, 4TOOBI OIICHKA pacCCdHus HuMeiia

Pa3MEepHOCTh CITy9aiHON BEJIMYHUHBI, BEIYUCIISIOT KBaAPATHRIA KOPEHD U3 JUCTICPCHH.
Onpenesnedue. CpeqHUM KBAJIPAaTHYECKUM OTKJIOHEHMEM CIydyallHOU BeIMUMHBI X Ha3bIBACTCS

KBaZ[paTHBIf’I KOpPCHb U3 JUCHICPCUU.
o|x]=/D[x]

Cpe;[Hee KBaApaTU4ICCKOC OTKIIOHCHUC cnyqaﬁﬂoﬁ BCJIIMYHMHBI MOX>XHO BBIYHCIHTH IIO (bopMyne

n
U[X]: Z(xk _mx)2 "Dy
k=1
Teopema. CpeHee KBaIpaTUIHOE OTKIOHEHHE CYMMBI KOHEYHOIO YHCIA B3aUMHO HE3aBUCHMBIX
CITy4YallHBIX BEJMYMH DABHO KBAJPATHOMY KODHIO M3 CYMMBI KBaJpaToOB CPEIHHMX KBaJIPaTHIECKUX
OTKJIOHEHHH ITHX BEJIMYHH.

S(X, + X, 4.4 X,) =0 (X)) + 6> (X,) +...+ 5> (X,)

IMpumep. CnyvaitHas BenmunHa X 3aJaHa 3aKOHOM pacHpe/IeICHIS:

X 2 3 10
p 01 04 05

Haiitu cpennee kBaaparudeckoe otkionenne o(X).

A R S

Pemenue. Halinem mMaTematndeckoe OKHIaHUE CITYIAHHONW BETUIHHB X :
M(X)=2-01+3-0,4+10-0,5=6,4
Haiinem MaTeMaTHYECKOE OXKHIAHKE CITyJalHOM BEMUINHBI X 2
M(X2)=22 -01+3%-0,4+10°-0,5=54
Haiinem nucnepcuto:

D(X)=M(X*)—(M(X)) =54-6,4% =13,04



Hckomoe CpeaHEC KBAAPATUICCKOC OTKIIOHCHHUE!
o(X)=/D(X) =/13,04 3,6

4 Buntp! pacnpeneneruii [ICB.

bunoMmuaneHOE pacrpenencHue.

Eciun mpousBoAuTCA 1 HE3aBUCUMBIX HCIBITAHUM, B KaXXIOM H3 KOTOPBIX COOBITHE A MOXKET
MOSIBUTBCS C OIMHAKOBOM BEPOSTHOCTHIO p B KAXKJOM U3 UCIIBITAHHUHA, TO BEPOSTHOCTH TOTO, YTO COOBITHE
HE TIOSIBUTCS, paBHA ¢ = [ —p.

[MpumeM gucio MosIBICHHUH COOBITHS B K&XKIOM M3 HCIBITAHUN 32 HEKOTOPYIO CIIyYailHYIO BEITHUUHY

X.

UroObl HAWTHM 3aKOH pacHpeAeiCHUs] 3TOW CIIydyallHOM BeIMYMHBI, HEOOXOOUMO OIpPEACIUTH
3HA4YEHUS 3TON BEJIMUUHBI U UX BEPOSITHOCTH.

3HavyeHus] HalTH JOCTaTOYHO MpocTO. OUYEBUIIHO, YTO B PE3yJIbTATE /1 HCIBITAHUN COOBITHE MOXET
He MOSBUTHCS BOBCE, IOABUTHCS OIUH pas, IBa pas3a, TpH U T.1. 10 A pas.

BeposTHOCTD KaxI0To 3HAUSHHS ATOH CITydaiiHOI BeTMYHHBI MOKHO HaiTu 1o Gopmyne bepaymim.

k __k _n—k
P((k)y=C,p"q"", k=0,1,2,...
Dra (QopMyla aHAIMTHYECKH BBIPAKAET WCKOMBIA 3aKOH paclpeleNeHus. ITOT  3aKOH

pacupeaciaCHuA Ha3bIBACTCA OMHOMMHAJILHBIM.
YucioBbie XapPaAKTCPUCTUKU OMHOMHUATIEHOTO pacrpeacjaCcHud:

M(X)=np,D(X)=npq,o(X)=npq

Hpumep. B maptum 10% HecranmaptHbeix netaneid. Hayrag otoOpansl 4 neranu. Hamumcats
OMHOMUHAJIBHBIA 3aKOH paclpeieNeHus] TUCKPETHON cIydaifHONH BEIMYMWHBI X — YMCIIa HECTaHIAPTHBIX
JeTajel cpenn YeTbipex 0TOOPAaHHBIX U IIOCTPOUTH MHOI'OYTOJIbHUK MOJIYYEHHOI'O paclpeleeHus.

BeposTHOCTb NOsIBIEHNS HECTAaHAAPTHON AETaIM B KaKIOM citydae paBHa 0,1.

Haiinem BeposiTHOCTH TOTO, YTO CPeId OTOOPAHHBIX JIEeTAICH:

1) BooO1ie HeT HecTaHaapTHBIX.

|
P,(0)= i0,10 -0,9* =0,6561
04!
2) Onna HecTaHJapTHAS.

Pl —i01l-093—02916
4()_1'3' ) ) — Y,

3) lBe HecTaHIAPTHEIE JETANH.

|
P,(2)= io,lz -0,9% =0,0486
2121
4) Tpu HecTaHAApTHBIE AETAIIH.
|
P,(3)= i0,13 -0,91 =0,0036
3.1
5) UeThIpe HECTAaHIAPTHBIX JCTAIIH.
|
P, (4) = i0,14 -0,90 =0,0001
410!

ITocTporM MHOTOYTrOJIbHUK PacpeieIeHUs..

0,7 T &
0,6 \
0,5

0,4

0,3

0,2

0,1

0



IIpumep. /IBe urpandpHbie KOCTH OJHOBPEMEHHO OpocaroT 2 pasa. HammcaTs OMHOMWHAIBHBINA
3aKOH paclpe/ie]ieHus TUCKPETHON CcllydallHON BEMYMHBI X — YKCIIa BBIMAJCHUI YETHOrO YUCiia OYKOB
Ha JIBYX UTPaIbHBIX KOCTSX.

Kaxxnas urpanbHas KOCTh IMEET TPH BapHaHTa YETHBIX OYKOB — 2, 4 ¥ 6 U3 MECTH BO3MOXKHBIX,
TakuM 00pa3oM, BEPOSTHOCTH BBITIAZCHHUSA YETHOTO YUCIIa OYKOB Ha OJTHOH KocTH paBHa 0,5.

BeposiTHOCTh 0THOBPEMEHHOTO BBITIAIEHHUS YETHBIX OYKOB Ha JBYX KOCTsX paBHa 0,25.

BeposiTHOCTB TOTO, 4TO TPU JBYX MCHBITAHUSAX 00a pa3a BBINIAIM YETHBIE OYKH Ha 00X KOCTSIX,

paBHa:
P,(2) =——0,25%-0,75° = 0,0625
02!
BepOHTHOCTB TOI'0, UTO IIPU ABYX HUCIIbBITAHHUAX OAWH pPa3 BbIMNAIN YCTHBIC OUYKH Ha 06CI/IX KOCTAX:
2!
P() = ﬂ0,251 .0,75' = 0,375

BepOHTHOCTB TOI'0, 4YTO IIPpHU ABYX HCIIBITAHHUAX HU OJHOI'O pa3a HE BhINAAC YCTHOTO YKCJia OUYKOB
Ha 00€UX KOCTAX:
2!

P,(0)= w0,250 -0,75% = 0,5625

Pacnpenenenue Ilyaccona.

IlycTb TpOM3BOAWTCS 7 HE3aBUCHMBIX HCIBITAHWNA, B KOTOPBIX IIOSIBICHHWE COOBITHS A HMeeT
BEPOSATHOCTH p. Eciu unciio ucnbiTaHuii # JOCTATOYHO BEITUKO, & BEPOSTHOCTH MOSBICHUS COOBITUS A B
KaxaoM uctsiTanu Mano (p < 0,1), To g HaXoXIEHNS BEPOSTHOCTH IOSABIECHHUS cOOBITHA A k pa3
HAXOAWTCA CIETYIOINM 00pazom.

CremaeM BaxxHOE JIOMYIICHUE — MTPOU3BEICHUE /1) COXPAHSET TIOCTOSTHHOE 3HAUCHHE:

np=»\A

[IpakTideckn 3TO MOMyIIEHHWE O3HAYAET, YTO CPEAHEE YHUCIIO TOSBIEHHS COOBITHS B Pa3IMYHBIX
CEpUSX UCTIBITAHUH (TIPU PA3HOM 71) OCTACTCSl HCM3MCHHBIM.

ITo dhopmyne beprymum moryaaem:

P ()= —l)(n—2lz.'..(n—(k—1)) -
Pn(k):n(n—l)(n—le.'..(n—(k—l)) % 1_%

Haiinem npenen 3Tol BEpOATHOCTH MPHU #—>0.

n(n—l)(n—2)...(n—(k—1))£ AN

k

P (k) =1lim 1-= =
(k)= k! n' n
k _ n—k k n -k k
TN [V O STl PP ST U TN O R L
k! noe n n n n k! noe n) noe= n k!

[ony4yaem ¢popmyny pacnpenenenus Ilyaccona:
Ve
k!
Ecnn u3BecTHb! umMcna A U k, TO 3HAaYEHUS BEPOATHOCTH MOXHO HANTH IO COOTBETCTBYIOLIUM

tabnuiam pacrpenenenus [Tyaccona.
YucnoBsle XapaKTepUCTUKHU pactpenenenus [lyaccona:

M(X):np,D(X)znp,G(X)z@.

[Tycth mMeeTcss HEKOTOpas MOCIEIOBATEILHOCTh COOBITHIA, HACTYMAIONINX B CIIydalfHbIE MOMEHTHI
BpeMeHH (Oy1eM Ha3bIBaTh 3TO OTOKOM COOBITUN). MHmeHcusHoCms TIOTOKA (CPETHEE YUCIIO COOBITHIA,
MOSBJIIONINXCS B COWHWILYy BpEMEHH) paBHa A. IlycThb 3TOT TOTOK COOBITHH - npocmetiuiuil
(TmyaccoHOBCKHiA), T.€. 00Ja1aeT TPEMs CBOHCTBAMHU:

P, (k)=



1) BEpOATHOCTH MOSBICHUS K COOBITHI 32 ONpeAeIEHHbIN TPOMEKYTOK BPEMEHHU 3aBUCHUT TOJIBKO OT
JUIMHBI 3TOTO MPOMEXYTKa, HO HE OT TOYKH OTCUE€Ta, JPYTUMH CIIOBAMH, UHTEHCHBHOCThH MOTOKA €CTh
MOCTOSTHHAS BETTUYMHA (CBOMCTBO CHAYUOHAPHOCMUL);

2) BEpOSATHOCTh TOsBIEHUs k COOBITHII B JIFOOOM TMPOMEKYTKE BPEMEHH HE 3aBHUCHUT OT TOTO,
MTOSIBJISUTACH COOBITHS B MPOIIIIOM FUTA HET (CBOMCTBO «OMCYMCMEUSL NOCAe0eUCNEU ),

3) mosiBnieHne OoJiee OMHOTO COOBITHS 3a MBI MTPOMEKYTOK BPEMEHH MPAKTUUCCKH HEBO3MOXKHO
(cBoOIiCTBO OpOUHapHOCML).

BeposTHOCTE TOTO, UTO 32 TPOMEKYTOK BPEMEHH ¢ COOBITHE TIPOU3OUAET k pa3, paBHA

ko _ar
(&) e
Blk)=—r—
'
'eOMETPUYECKOE U TMIIEPTEOMETPHIECKOE PACIIPEICIIEHHE.
HYCTB HpOI/ISBOI[HTCﬂ HE3aBUCUMBIC HUCIIBITAHUA, B KaXAO0M H3 KOTOpBIX BepOHTHOCTB TTOABJICHUA

coOnITHsT A paBHa p , U CJICAOBATCIIBHO, BEPOATHOCTD €TI0 HCIIOABJIICHUA paBHA ¢ = 1- p. HcnbeiTanus

3aKaHYMBAIOTCSI, KAK TOJIBKO MOSBUTCS COObITHEe A . Takium 00pa3oM, eciid COOBITHE MOSBUIOCH B K —M
WCIIBITAHKUH, TO B IPEANIECTBYIOMUX k —1 MCIBITAHUSIX OHO HE TIOSIBIISUIOC.

O603HauuM depe3 X MAHCKPETHYIO CIy4YailHYIO BEIWYMHY — YHCIA HCIBITAHUNA, KOTOPBIC HYXHO
MPOM3BECTH JI0 MIEPBOTO MOSBICHUS COOBITHS A .

Tabnuua pacnipeneneHus UMeeT BUJ

x |1 2 ok
kE—1
P p p(l—p) - |p(1-p)
ECJ'II/I KOJINYECCTBO I/ICHBITaHI/Iﬁ HC OFpaHI/I‘leHO, T.C. €CJIIN cnyqaﬁHaﬁ BCJIMYHUHA MOXCT HpI/IHI/IMaTI:
3HAUYCHUA 1, 2, weey 00, TO MATEMATHYCCKOC OXHIAHUC H Z[I/ICHepCI/IIO FeOMeTpI/I‘JCCKOFO pacnpez[eﬂeHI/m

MOXHO Haiite 1o popmymnam M (X) = 1 , D(X) = iz , 0(X)= ﬁ
p p p

I'mnmepreomeTpuveckoe pacnpeejaeHue.

Bamava. [lycte B maptum w3 N wsnmenuii umeercs M cranmaptaeix (M < N). U3 naprum
cilydailHO OTOMpaloT 7 W3Ienui, MmpudeM OTOOpaHHOEe H3JeNue Iepel OTOOPOM CIEAYIOLIero He
Bo3Bpamaercs. O6o3HaunM depe3 X ciuy4yailHyIo BeIHYUHY — YUCIIO /1 CTaHIAPTHBIX U3ACTUi cpeau 7
OTOOpaHHBIX. BeposTHOCTH TOTO, YTO Cpemd 7 OTOOPAaHHBIX OKaXeTCS POBHO M CTaHIAPTHBIX
o Cah

Cy

®dopmyna onpenenseT pacupe/eICHUE BEPOSITHOCTEH, KOTOPOE HAa3bIBAIOT THIICPTCOMETPHUECKUM.

5. Croco6s! 3agarns HCB

Bo Bcex paccMOTpeHHBIX BBIIIE CIIy4asx CIy4ailHas BeIMYMHA OTMpPEAENsIach ITyTeM 3aJaHus
3HAQUEHUM caMON BEJIUYMHBI U BEPOSTHOCTEH 3TUX 3HAUCHUM.

OpmHako TakoW METOJ MPUMEHUM JTaJieKo He Bcerna. Hampumep, B ciaydae HENIPEPHIBHOHN CiTydaiiHOM
BEJIMYMHBI, €€ 3HAUECHHUSI MOTYT 3aIOJHATh HEKOTOPHIN MPON3BONBHEIN HHTepBal. OUeBUIHO, YTO B ITOM
ClTy4ae 3aJ]aTh BCE 3HAYCHHS CITYYaiiHON BETUYHUHBI IPOCTO HEPEATHHO.

Jaxe B ciydae, KOrjia 3TO CJeNIaTh MOXKHO, 3a4acTyI0 3ajlaya PelIacTcs Ype3BBIYANHO CIOXKHO.
PaccMOTpeHHBIN TOJIBKO YTO MPUMEP JaKe MPH OTHOCHUTENBHO MPOCTOM YCIOBHU (IIPUOOPOB TOIBKO
YETHIPE) MPHUBOJUT K JIOCTATOYHO HEYIOOHBIM BBIYMCICHHUSIM, a €CJIM B 3ajJaue OyJeT HECKOJIBKO COTCH
puOOpoB?

IToaTomMy BcTaeT 3agava 1Mo BO3MOXKHOCTH OTKAa3aThCS OT WHAMBHIYATBHOTO TOIXOAa K KaxXIOH
3a/1a9e ¥ HAlTH 10 BO3MOXHOCTH HanOoJiee o0l crioco0 3aManust TIOOBIX THITOB CIIYIAWHBIX BEIHYHH.

Ilycte x — nmelcTBUTENBHOE YMCIIO. BEepoSTHOCTH COOBITHS, COCTOSIIETO B TOM, 4TO X MPHUMET
3HaYCHHE, MEHbIIEE X, T.¢. X < X, 0003HaunM uyepe3 F(X).

Onpenenenue. DyHknueid pacnpeneneHuss Ha3pBaloT ¢yHKIHI0O F(X), ompenensionyto
BEPOSATHOCTh TOTO, YTO CIy4aifHas BeauunHa X B pe3ybTaTe UCIIBITAHUSI IPUMET 3HAUCHHUE, MCHBIIICE X.

F(x)=P(X <x)
DYHKIMIO paclpe/ielieHNs TaKKe Ha3bIBAlOT MHTEIPAJIbHOM (PyHKIIMEH.

BeIUKCIIsIETCS 10 hopmyne: P(X =m) =



OyHKIHA pacTpefeNieHus CYIIEeCTBYeT KaK JJisl HeTPEPhIBHBIX, TaK U JUIA JUCKPETHBIX CITy4alHBIX
BenmyrH. OHA TOJIHOCTBIO XapaKTepU3yeT CIy4YaliHYyI0 BEJIMYHHY W SIBISCTCS OJHON M3 (opM 3aKoHa
pacnpeneneHusl.

JIJ1st TUCKPETHOM CITy4aiiHOW BeTUYMHBI (DYHKITUS pACTIPE/ICIICHUS IMEET BU/L:

F(x)=) P(X=x,)
X,»<X

3HaK HEPaBEHCTBA IO/ 3HAKOM CYMMBI MOKa3bIBA€T, YTO CYMMHPOBAHHE PACIPOCTPaHAETCS Ha Te
BO3MOXHBIC 3HAUCHUSI CITy4YalHOUM BEJIMUYMHBI, KOTOPbIE MEHBIIIE apIYMEHTA X.

OyHKIUS pacnpeaeiaeHus] TUCKPETHON CIy4yailHOM BeMTWYMHBI X pa3phlBHA U BO3PACTAET CKauKaMH
MIPH MIEPEXO/Ie Yepe3 Kak10€ 3HAUCHHE X;.

CBoiicTBa QYHKIINU pacnpeeeHus

1) 3Hauenus GyHKUUM pacrpeesieHus npuHaiexar otpesky [0, 1].

0<F(x)<1

2) F(x) — neyObIBaromiast pyHKIIHS.

F(x,)= F(x,) npu x, = x,

3) BeposiTHOCTB TOTO, YTO CiTydaiiHas BEJIMYMHA ITPUMET 3HAYCHHE, 3aKIIFOYCHHOE B MHTEpBate (4, b)
, PaBHA TIpUpaIIeHUI0 QYHKIINK pacTpeieieHus] Ha 3TOM HHTEpBae.

P(a< X <b)=F()-F(a)

4) Ha munyc OeckoHeUHOCTH (YHKIIHMS paclpeleicHUs paBHA HYJO, Ha IDIFOC OECKOHEYHOCTH
(yHKIUS pacTipe/ieieHus] paBHa eIMHUIIC.

5) BeposTHOCTH TOTO, YTO HENpEphIBHAS CIIydailHas BEMWUYMHA X TPUMET OJHO OIPEICICHHOE
3HaUCHUE, paBHA HYJIIO.

Takum oOpa3oM, HE UMEET CMBICITAa TOBOPHUTH O KaKOM — JIH00 KOHKPETHOM 3HAUCHUU CITyJaiHOM
BeJIMUUHBI. VTHTEepec MpeJCTaBIsSIET TOJIBKO BEPOSITHOCTh MOMaJaHUsl CIydYailHOM BEIWYUHBI B KaKOW —
00 WHTEPBAJI, YTO COOTBETCTBYET OOJILITUHCTBY MPAKTUICCKUX 3a7ad.

[lepeiimem Kk 0COOEHHOCTSM (PYHKIIMW PACIpPEICIICHUS TUCKPETHONH M HETPEPHIBHOW CITydalHBIX
BEJIMYHWH.

Jas ICB rpadux I (X) MMeeT Pa3phIBHBIN, CTYNEHYATHIH BHA. ['padMK pacrloiokeH B TOJIOCE,
orpaHuyeHHoi npsimbivu Y =0, y =1.

@yHKIHA pacHpeAeeHus] TOTHOCThIO XapaKTepU3yeT CIy4allHyl0 BEJIMYMHY, OJHAKO, UIMEET OJIMH
HenoctaToK. [lo ¢yHKUMHM pacnpeaeieHus] TPYIHO CYyIUTb O XapakTepe pachpeielieHUs CIydailHON
BEITMIMHBI B HEOOJBITON OKPECTHOCTH TOM WIIM HHOM TOYKH YHCIOBOH OCH.

Omnpenenenue. I1JI0THOCTBIO pacnpeaeseHUs] BEPOATHOCTEN HENIPEPHIBHON CITyyailHON BEJIMYMHBI
X HasbiBaeTcs GyHKUUA f(Xx) — mepBasi mpou3BoaHas oT GyHKUMHU pacupeneneHus F(x).

f(x)=F'(x).

[InotHOCTH pacmpeneneHus Takke HasbpiBaroT Au@depeHmmanbHOi GyHkunmeir. J(ns onucaHus
JUCKPETHOH CITydaiiHOHM BEJIMYMHBI INIOTHOCTD PacpeeeHus] Hempruemiema.

CMBICIT TIJIOTHOCTH pacTpeieNieHHs] COCTOUT B TOM, YTO OHA IMOKA3bIBaeT KaK YacTO MOSBIISETCS
cinydaifHas BelMurMHa X B HEKOTOPOU OKPECTHOCTH TOUKH X TIPU MOBTOPEHUH OTIBITOB.

[locne BBeneHus (GyHKUUH pacnpeneneHus U IUIOTHOCTU PacHpeAcIeHUs] MOXKHO JIaTh Cleayloliee
onpeesIeHUE HEMPEPHIBHON CllydallHON BEJTMYMHBI.

Onpenenenue. CiayyaiiHass BeIWYMHA X Ha3bIBACTCS HENPEPBIBHOM, eciu ee (PyHKIus
pacupenenenus F(x) nenpepriBHa Ha Beeld ocu OX, a IUIOTHOCTB pachpenenenus f(x) cymecTByer Be3e,
3a UCKITIOYeHHEM( MOXKET ObITh, KOHEYHOTO YHCIIa TOYEK.

3Hast TUIOTHOCTH pacHpeeNieHHs, MOKHO BBIYHCIHUTH BEPOSTHOCTH TOTO, YTO HEKOTOpas CiydaifHas
BeJrunHa X NMPUMET 3HAaYeHHe, TPUHAAJIeKaIlee 3aJaHHOMy HHTEpBaIy.

Teopema. Beposamnocms moeo, 4mo HenpepvleHas CaydauHas eeauuuna X npumem 3HaA4eHUe,
npuraonedxcaujee unmepsany (a, b), pasna onpedereHHomy unmezpary Om NIOMHOCIU PACHpeoeneHUsl,
83momy 6 npedenax om a 0o b.

Pla< X <b)=[ f(x)dx

Jloxa3aTenbCTBO 3TOM TEOpEeMbl OCHOBAHO Ha OMPEAENCHUH IUIOTHOCTH pacHpefeNieHHs U TPEThEM
CBOMCTBE (DYHKITUM pacpeesicHUs, 3aMCaHHOM BHIIIIE,



leomeTpuyeckn 3TO 03HAYAET, YTO BEPOSITHOCTH TOTO, YTO HEMPEpBIBHAS CIy4aiiHas BEIHYMHA
NpUMeT 3HAYCHUE, MpHHAAJIeKallee UHTepBaidy (a, b), paBHa IUTOMATU KPHBOJIWHEWHOW Tpareluy,
orpanndeHHol ocbio OX, KpuBoi pacnpenenenus f(X) u npsambiMu X =a u X =b.

OyHKIMSI pacrpeelieHHss MOXeT OBITh JIETKO HalJIeHa, eCIM U3BECTHA IUIOTHOCTh pacipeelicHus,

no hopmyre: F(x)= I f(x)dx

CBo#iCTBa IIIOTHOCTH PaCIIpeIeICHHUS.
1) BepOATHOCTH TOTO, YTO HEMpPEpPHIBHAA CIy4yaliHas BeTUUYMHA X MIPUMET 3HAUCHHUE,
MIpUHAJUIeKAIee HHTEpBaITy (a, b), paBHa onpeAeIeHHOMY WHTETpally OT IJIOTHOCTH pacipeaesieHus,

b
B3sTOMY B npefienax ot a o b: P(a < X <b) = jp(X)dx ;
a
2) ¢yHKUES pacmpeleleHHs MOXKET ObITh JIeTKO HaiijieHa, ecd H3BeCTHA ILIOTHOCTD
X
pacnpenenenns, mo popmyre £ (x) = J. p(x)dx ;
_0

3) mIoOTHOCTH pachpejeneHus — HeoTpuuarensaas pynkmus: p(x) =0 ;
4) HECOOCTBEHHBI WHTETPal OT IUIOTHOCTH PaclpeleicHHUs Ha OSCKOHCYHOM WHTEpPBAJie paBeH

0
COWHUIIC: '[p(x)dx = 1.
—00
6. UnciioBbIe XapaKTEPUCTHKH HEMPEPHIBHOW CITyUalfHOM BEITMYNHEI.
IIycTs HempepwIBHAS cilydaiiHas BenmnumHa X 3agaHa (QyHKOuEW pacupenencHus p(x). Jomyctum,
YTO BCE BO3MOXHBIC 3HAUCHUS CITyJ4alfHOW BEIMYUHBI IPUHAICKAT OTPE3KY [a,b].
Mamemamuueckum odicudanuem HETPEPHIBHONW CIIyYallHOW BEIIMYMHBI X, BO3MOXHBIC 3HAYCHHUS

KOTOpOH  TpHWHAmISKAT  OTpe3Ky  [a,b], Ha3pIBacTCsI  ONPEACICHHBIM  WHTETpPaJI  BHIA:
b

M(X)= pr(x)dx

a

Ecnu Bo3MOKHBIE 3HAYCHUS cnyqaﬁﬂoﬁ BCJIMYUHBI paCCMAaTpUBAIOTCA Ha BCCH YHCIIOBOM ocu, TO

o0
M(X)= [xp(x)dx
Mmamemamuyeckoe oxcudanue HaxoauTes 1Mo GopMyIie: —o

IIpu sTOM TIpeamonaraeTcs, 4T0 HECOOCTBEHHBII HHTETPANl CXOAUTCS.

ﬂucnepcueﬁ HerepBIBHOﬁ cnyqaﬁﬂoﬁ BCJIMYMHBI HA3BIBACTCSA MATCMAaTUYCCKOC OKHNIAHUC KBaJIpaTa
o0

D(X)= [[x=M(X)] p(x)dx

€€ OTKJIOHEHUS: —
Ilo ananorum ¢ nucrnepcuerl JUCKPETHOM CIydyaillHOW BENWYHWHBI, JJISl MPAKTUYECKOTO BBIYMCIICHUA

D(X)= [x*p(x)dx —[M (X))

JUCTIEPCUU HCTIOJB3yeTCs opMya: —®©
CpedHum K6aOpamuuyHvlM OMKIOHeHUeM Ha3bIBA€TCS KBAJPATHBIM KOPEHb W3 AHUCIIEPCHU:

o(X) =D(X)

Moooti Mo HEnpephIBHOW CIIyJalHOW BEIMYMHBI HA3BIBACTCS TaKoe 3HAUYCHHE CIIydailHOM
BEJIMYMHBI, IIPU KOTOPOH IUIOTHOCTH pacrpeeseHus umeer MmakcumyM: f (M) = max.

Ecnu kpuBas pacnpejiesieHust ClydaliHOW BEIMYWUHBI UMEET JBa WM HECKOJIBKO MaKCHUMYMOB, TO
TaKOe pacnpeielieHUe Ha3bIBACTCS IBYMOJATBHBIM MITH MHOTOMOAIBHBIM.

Ecnu pacrpeneieHre #WMeeT MHHAMYM, HO HE HMMEET MaKCHMMyMa, TO OHO Ha3bIBAaeTCs
AHMUMOOAIbHBIM.



Meouanoii Me ciydaitHOW BeTHYMHBI X HA3bIBACTCS TaKOE €€ 3HAUYCHHE, OTHOCHUTEIIHFHO KOTOPOTO
PaBHOBEPOSITHO ~ IIOJydeHHUEe OOJBINEro MM  MEHBIIEro 3HAueHWs  CiIydailHOH  BEJIMYUHBL:
P(X < Me)=P(X > Me).

l'eomerpuyeckn MeamaHa — abcuucca TOYKH, B KOTOPOWM IUIOMIAAb, OTpaHUYEHHAs KpUBOU
pacrpeneneHus, 1eIUTCs MOoIoJIaM.

Ipumep. 3agana HenpepbIBHAS Clly4vaitHas Benu4IrnHa X cBoel GyHKimei pactipenencuus f(x) .
Acos2x, npu —% <x<™

f(x) = 4

T
0, npu |x| > 1

Tpebyetcs onpeaenuts KoddPuuuent A, HaiTH QYHKIMIO pacpereeH s, TOCTPOUTh rpaduku
(GYHKIMN pacIipesieNleHus] U TIOTHOCTH PacIpeeNIeHus], OIPEISIUTh BEPOSTHOCT TOTO, UYTO CIydaiHas

T
BCJIMYMWHA X ITOIIaA€T B MHTCPBaJ [g, 2) .

Haiinem koadduument 4 .

“ e T 7 Asin2x /4
jf(x)dx: j0dx+ jAcoszxdx+ dex:— =A=1.
-0 —0 -n/4 n/4 2 -n/4
Haiinem Qynxmuro pacnpeneneHus:
1) Ha yuactke X < —% L F(x) = [ f(x)dx = [0dx =0.
n n NET sin 2x sin2x 1
2)Hayuactke ——<x<—: F(x)= Ide+ ICOSZxdxz = —.
4 4 — —r/4 —n/4 2 2
o —-n/4 /4 x Sin2x /4
3) Ha yuactke x >—: F(x)= Ide+ Icos2xdx+ Ide= =1.
4 —0 -n/4 n/4 -n/4
0, npu  x < I
T T 4
cos2x, npu ——<x<— sin2x 1 x x
HUroro: f(x) = 4 4; F(x)=——, npu ——<x<—
L 2 4 4
0, npu |x| > —
4 1 npu x> r
’ 4
[ocTponm rpaduk MIOTHOCTH pacHpeaeIeHUs:
fx)
~0.75 0.5 ~0.25 0.25 0.5 0.75

ITocTpouMm rpaduk GyHKIHA pacTpeeIcHUs:

F(x)



-0.75 -0.5 -0.25 0.25 0.5 0.75

o . . T
HaI/IZ[CM BCPOATHOCTL NOTIaAaHUs CIIy4YalHOU BCIIMYNHBI B UHTCPBAJI (g, 2) .

2 n/4 2 . /4
P(E <x< 2) = [f(@)dx= [cos2xdx+ [0dx = 26741 N3 _ 0,067;
6 /6 /6 n/4 2 s 2 4

Ty xe caMmyro BEpOSTHOCTh MOKHO UCKaTh U APYTUM CIIOCOOOM:

Pl Ecx<2|=FQ)-Fr/6)=1-222DT0_ 2 N2 _067.
6 2 2 4

7 Bunsl pacnpenenenne HCB.
Omnpenenenue. HempepoiBHas ciiydaiiHas BedWMYMHA HMEET PAaBHOMEPHOE paclpeieicHHe Ha

OTpe3Ke [a; b], €CIIM Ha 3TOM OTpEe3Ke IUIOTHOCTh paclpeieNieHus cydailHONH BEMWMYMHBI IOCTOSIHHA, a
BHE €r0 paBHA HYJIIO.

0, x<a
f(x)=9C, a<x<b
0, x>b

[ocrosnnas BenmunHa C MOKET OBITH ONpenelieHa W3 YCIOBHS PAaBEHCTBA CIWHHILE TJIOMIAIM,
OTrpaHMYEHHON KPUBOM pactpeesIcHusI.

J)

1

—a

Monyuaem C =

Haiinem gynknuro pactpenenenus F(x) Ha oTpe3ke [a; b].

F(x)zjf(x)dx:j.biadx | -

a



0, npu x<a

X —

Q

F(x)= npu a<x<b

Q

b_ b
1, npu x>b

Fix)

0

Jns Toro dYToOBl ciydaiiHas BeNWYMHA TOAYMHSIACH 3aKOHY PaBHOMEPHOTO pacIpeiesieHus

HEOOXOJMMO, YTOOBI €€ 3HAYCHHUS JICKATM BHYTPH HEKOTOPOTO OIPEJEICHHOTO WHTEPBala, H BHYTPH
3TOT0 WHTEpBaja 3HAUYEHHS 3TOW CITy4aiilHOW BETMYMHBI OBLIH OBl PABHOBEPOSTHBI.

OmpenenuM MaTeMaTUYECKOE OXKHIAAHUE M IHUCIICPCUIO CIyYalHOW BEIMYWHBI, ITOAYMHCHHOMN
PaBHOMEPHOMY 3aKOHY PACTIPEICICHHUS.

b b 2
mxz_[xf(x)dx:_[bfadx al |”:a+b.

2b-a), 2
b b 2 3 p 33 2 2
m2=Ix2f(x)dx=I X g% | =b a =b +ab+a '
T ' b— 3(b—a), 3(Mb-a) 3
2 2 2 2 2 2 N2
szmz—mizb tab+a” a” +2ab+b :b 2ab+a :(b a)
* 3 4 12 12

b-a
c,=+D, = .
243
BeposiTHOCTS TTOnajaHus cy4ailHOM BETUYMHBI B 3aIaHHBIN MHTEpBAI:
dx B-a
b—a b-a

B
P(a<X<[3):j

Iloxa3zarensHoE pacrnpeaciacHue.

Omnpenesienue. IToka3zaTeIbHBLIM (3KCIOHEHIUATBHBIM) Ha3bIBaeTCSA pacnpeneneHue
BEPOSITHOCTEU HEMPEPHIBHOM CITydyaiiHON BEIUUUHEI X, KOTOPOE OMUCHIBACTCS INIOTHOCTHIO
0, npu x<0
SX)=9 .
rAe ™, nmpu x=0
rIe A - IMOJIOKUTEIBEHOE YHCIIO.

Haiinem 3akoH pacmpenencHusl.
X 0 X
F(x)= [ f(0d= [0dx+2[e™dr=1-e™
e . 0

0, npu x<0
F(x)= o
l-e npu x>0

I'paduku HyHKIMU pacripeieNieH sl U INIOTHOCTH PacpeIeICHuUs:



fi(x) F(X)  eommmommmmmoemooee

0 X 0 X

Haitnem MaremaTtudeckoe OXHUAAHUE CIYyYalHOW BEJIMYMHBI, MOJYMHEHHON IOKa3aTeIbHOMY
pacnpeneseHuto.

R S N
- - u=x;, e"dx=dv Lot B
—Ax
m,_ = jxf(x)dx:jxke dx = o™ = - | +I dx |=
- 0 du=dx; ———=v; Ao oy A
A
0 A o
“Ax e 1
:Ie dx=——| =—.
0 Ao A
Pe3ynmbTar mosrydeH ¢ UCIoJIb30BaHUEM TOTO (pakTa, 9To
ol X Illo npasuny . 1
xe | =11m—M—O= =11m—M=O.
x>0 o Jlonumans x>0 e

J1st HaXOXKICHUS TUCTIEPCUU HAWJIEM BETUUUHY M(Xz).

M(X?) = szf(x)dx = T?yxze“dx

—0 0
HBH)KZ[BI HUHTCTPUPYA 110 YaCTAM, aHAJIOTUIHO paCCMOTPCHHOMY CJIy4aro, IMOJIyYruM:
2
2
M(X7)=—
>L2

Torma D(X)=M(X?)-[M(X)] = x—lz

1 1 1

Uroro: M(X)=—; D(X)=—:; o© .

A A Y

Bunno, 4To B cilydae MOKa3aTeIbHOTO PACIpEACNICHUsS MaTEMaTUYeCKOE OXHUIAHUE U CPEeIHEe
KBaJIpaTHYECKOE OTKIIOHEHHE PaBHBI.

Taxxe JIeTKO ONpeNeNuTh U BEPOSATHOCTb MOMAJaHUd CIyd4ailHOM BEJMYMHBI, TOJAYUHEHHOU

MOKA3aTeIILHOMY 3aKOHY PACIIpEe/ICIICHUS, B 3aJaHHBIN HHTEPBAJ.
Pla<x<b)=F(b)-F(a)=e™ —e™.

ITokazarenpHOE pacIpeleNeHue MIMPOKO MPUMEHSETCS B MPHIOKEHUSX TEOPUU BEPOSTHOCTEH, B
YaCTHOCTH, B TEOPHH HAJEKHOCTH, OJHUM W3 OCHOBHBIX IOHATHH 3TOH TeopwH SBISETCS (YHKIIUSL
HaJIC)KHOCTH.

Bynem Ha3bIBaTh 351eMEHTOM J11000€ YCTPOWCTBO, HE3aBUCHMO OT €TI0 CIIOKHOCTH.

Paccmorpum HCB T — mmaTensHOCTh BpeMEHH 0€30TKa3HOU paboThI dJIEMEHTA.

OyHKIwst pacpenesenus T onpeenseT BepoITHOCTh OTKa3a JJIEMEHTa 3a BpeMs JUTUTELHOCTBIO 7:

P(T<t)=F(t).
Crie10BaTeNbHO, BEPOATHOCTH 0€30TKA3HOM paboThI 3a TO JKE BPEMSL:
P(T >2t)=1-F(t) = R(¢) onpenensier GpyHKIMIO HALEKHOCTH.
R(t)y=e™;F(t)=1—-e*

Yacro, HO He Bcerja, cliydaiiHasd BennunHa T uMeeT rmoka3aTeabHOe pacipeiesieHue.

HOpMaﬂBHBIﬁ 3aKOH pacnpeaciICHUA, €Tro mapaMETphbl.



Hopmanvrnvim Ha3pIBaeTCs pacnpeielieHle BEPOSITHOCTEN HEMPEPBHIBHOM Cly4aiiHON BETUYHHBI,

KOTOPOC OIMUCBIBACTCS INIOTHOCTBIO BEPOATHOCTHU
(x-a)

2
X

(x)=;e
S

Mo3KHO JIETKO II0Ka3aTh, 4TO IMapaMCTPhl @ U O, , BXOAAIINUC B IIJIOTHOCTL PACHPCACIICHUSA SIBIAIOTCA

20

COOTBETCTBEHHO MAaTEMaTHYECKUM OXKHIAHHEM W CPEIHHUM KBaJPATHUYECKUM OTKIOHEHHWEM CIy4YailHON
BEITUYUHBI X.

HopmMmanbHblii 3aK0H paciipeieieHus TakKe HazblBaeTcs 3akoHom I aycca.

HopmanbHBIH 3aKOH pacHlpeeICHus 3aHUMAaeT IEHTPAThbHOE MECTO B TEOPHH BEPOSTHOCTEH. DTO
00YCIIOBJIGHO TEM, YTO ATOT 3aKOH MPOSBISICTCS BO BCEX CITydasx, KOTJa Cy4aliHas BEIMYMHA SBIISCTCS
pe3yNbTaToM JeHCTBHSI OOJIBIIIOTO YHCIa PA3IUYHbEIX (pakTopoB. K HOpManbHOMY 3aKOHY TPHOINKAFOTCS
BCE OCTaJIbHbIE 3aKOHBI pacTpeaeIeHHs.

v _(-a)

207
DyHKIUS paclpeesieHus UMEET BU/L; F (x) = —J.e > dt .
o N2,

BepositHocTh monagaHusi ciiydyalHOW BEJIWYHUHBI, PACIpENETICHHON MO HOPMaJIbHOMY 3aKOHY, B
3aJIaHHBIA UHTEPBAIT HAXOAUTCS IO (OopMyJIe:

a—da

- _42
(o2 (o2

— Qpyuryus

1 X
—— e
V27 g
Jlannaca unu unmezpan eeposimuocmei.
3HavyeHus 3To (QYHKUWU MPH PA3IUYHBIX 3HAUYCHHUAX X MOCYUTAHBI M MPHUBOAATCS B CIIEIHATIBHBIX
Ta0IuIax.
®yukuuro Jlamaca sBisiercst HedeTHoH, T.e. D(—x) = —-D(x).

CylecTByeT MHOXXECTBO paclpelleNieHHid, OCHOBAaHHBIX Ha HOPMAJBLHOM pacrpeneieHun. B
2
YaCTHOCTH, )~ — paclpelenenue (Xu-kBaapar), pacupenenenne CTpiofeHTa, pacnpeaencHue Ouiepa-
Cuenekopa u Ipyrue.

Kpusas I'aycca. Ee cBoiicTBa u rpaduxk.
I'paduk mIOTHOCTH HOPMATBHOTO pacHpeeNieHUs Ha3bIBaeTCs Kpugoll I aycca.
Hopmanvhas kpusas obnraoaem ciedyiouumu c60UCmMEamu:

1) dyHKIMA onpeseieHa Ha BCe YHCIIOBOM OCH;

2) npu Bcex x QYHKIMS paclpeeeHUs IPUHUMAET TOIbKO II0JI0KUTENIbHbIC 3HAUCHUS;

3) oce OX sBisieTCS TOPU3OHTAIBFHONW aCMMITOTOM TpaduKa IIIOTHOCTH BEPOSTHOCTH, T.K. HPHU
HEOrpaHMYCHHOM BO3PACTaHUH 10 a0COIIOTHON BEIMUMHE apryMeHTa X, 3HaUYCHUE PYHKIHMHA CTPEMHUTCS K
HYJIIO;

1
4) B TOUKE X = g QYHKINA UMEET MAaKCUMYM, PaBHBIA ——— ;
C+V 2T

5) byHKIHS ABIAETCA CHMMETPUIHON OTHOCHTEIHLHO MPSIMOU X = @, T.K. Pa3HOCTh (X — @) BXOIHUT B
(YHKIIUIO TUTIOTHOCTH pacIipe/IeliCHHs B KBaJIpate;

6) mpux =a+ o ux = a-c QyHKIUSI UMeeT neperud. 3HaueHne PyHKIIUKA PaBHO .
o 2me

ITocTponM rpaduk GyHKIUN TIIOTHOCTH pacIIpeaeICHuUsI.



I'paduk GyHKIHUA TIIOTHOCTH pacipeaeIeHUs
IMoctpoensl Tpaduku npu a =0 © Tpex BO3MOXKHBIX 3HAYECHHSX CPEIHETO KBAJPATHIHOTO
orkinonenns o =1, c=2uno=7.
IIpu a=0 u o =1 KpuBas Ha3BIBACTCA HOPMUPOSAHHOU. YPABHEHHE HOPMHPOBAHHON KPHBOIA:
o2
e 2.

P(x) = N

DYHKIUHU OT CIIy4ailHbIX BEJIUYHH.
HaiineM BeposSTHOCTh TMOMAJaHUs CIy4yalHON BEIMYMHBI, PACIPEACICHHON MO HOPMAaIbHOMY
3aKOHY, B 33JIaHHBI MHTEPBAJL

b b (x-m)’
1 - 2
Pla<X<b)=|f(x)dx=—=|e *° dx
;[ o 2T ;[
O003HaUNM X =1 a-m =qQ; b=m =

o ¥
e oJ2dt =

o2

Torma Pla< X <b)=

o2
L Lot ar = Lo - o)

o — e dt=— ("

ov2m N 2

T.x. wuHTErpai J.eftz dt He BbIpaxkaeTcs depe3 OJEeMEHTapHble (YHKIMH, TO BBOAUTCS B

paccMoTpenre QyHKIHS

D(x) = % [,
0

KOoTOpas Ha3bIBaeTcs yHKnMel Jlanmaaca Wiy HHTerpajioM BepoOsTHOCTEH.
3HaueHHs OSTOH (YHKIMM TpPU Pa3MYHBIX 3HAYCHUSX X IIOCUUTAHBI W TIPUBOIATCA B
CIeLMaJIbHBIX Ta0IMLaX.
Hwxe nokazan rpaduk ¢yskuun Jlammaca. )

0.75




Oynkrus Jlammaca obmagaeT caeayromUMA CBOHCTBAMU:

1) ®(0) = 0;
2) O(~x) = - D(x);
3) d(w) = 1.

Oynknuro Jlamnaca Takxke Ha3pIBalOT PyHKIUEH omMOOK 1 0003HavatoT erf x.
Eme ucnonn3yercs HopMupoBaHHas QyHkuus Jlamiaca, Kkotopas cBs3aHa ¢ (ynkuueit Jlarmaca
COOTHOILICHUEM:

Tl x|t
2 \W2) 2n

Huxe nmokasan rpaduk HOpMUpOBaHHOH (GyHKkimu Jlamiaca.
1r

D(x) = _[e"’z "2t
0

0.75
0.5

0.25

-0.25

-0.5

-0.75

|
w
|
N}
|
i
L e e e e
i
S}
w

-1
IIpu paccMoTpeHrr HOPMAITBHOT'O 3aKOHA paclpeieNIeHUs] BbIACISETCS BAXKHBIM YaCTHBINA ClTy4daii,
U3BECTHBIN KaK MPAaBHJIO TPEX CUTM.
3anuiieM BEpOSTHOCTh TOTO, YTO OTKJIOHEHHE HOPMAIbHO paclpeAesieHHON ciy4aitHoi
BEIIMYMHBI OT MATEMATUYECKOT'O OXKUIaHKS MEHBIIIE 3aJaHHON BETUYUHBI A:

P(X —m|<a)y=0| AT | G moAmm) G Al Gl A5 A
(&) (&) (&) (&) (&)

Ecnu npunsate A = 36, TO mostyyaeM ¢ HCIONb30BaHMEM TaOuL 3HaueHni QyHKiun Jlammaca:
P(X —m| <3c)=2®(3) =2-0,49865 = 0,9973

T.e. BEpOSITHOCTh TOTO, YTO CIIy4aiiHas BEJIMYMHA OTKJIOHUTCS OT CBOETO MAaTEeMaTHYECKOTO
OKMJIaHWE Ha BEJIMYHMHY, OOJBIITYI0 YeM YTPOSHHOE CPEIHEe KBaIpaTHUYHOE OTKIOHCHWE, NMPAKTHUECKH
paBHA HYIIIO.

JTO MpaBWIIO HA3BIBACTCS MPABUJIOM TPEX CHIM.

He npaktuke cuuTaercs, 4To €Ciau IS KaKOW — JMOO CIy4YailHON BEIIMYHMHBI BBITOJHSAETCS
MIPaBHJIO TPEX CHUTM, TO 3Ta CIydaiiHas BEJIUYMHA UMEET HOPMAaJIbHOE pacIpeaeiicHue.

[pumep. Iloe3n coctoutr u3z 100 BaroHoB. Macca KaXXIoro BaroHa — ciydaiiHas BeJTUYHUHA,
pacnpeselieHHas 1O HOPMajdbHOMY 3aKOHY C MaTeMaTHYeCKUM OXHIaHue a = 65 T W CpeaHHM
KBaJIpaTHYHBIM OTKJIOHeHHEeM G = 0,9 T. JIOKOMOTHB MOXET Be3TH cocTaB Maccod He Oonee 6600 T, B
MIPOTUBHOM CTy4ae HEOOXOIUMO MPHUIEIUIATH BTOPOM JIOKOMOTHB. HailTu BEpOSTHOCTH TOTO, YTO BTOPOU
JIOKOMOTHB HE TTOTPEOyeTCs.

BTtopoii mokoMOTHB HE TTOTpeOyeTCsl, €CITU OTKIIOHEHUE MacChl cocTaBa oT oxkumaeMoro (100-65 =
6500) He mpeBocxoaut 6600 — 6500 = 100 T.

T.x. Macca KaXJI0OTO BaroHa UMeeT HOPMaJIbHOE paclpeie]icHre, TO M Macca BCEro COCTaBa TOXKE
OyJeT pacnpeesicHa HOpMaJIbHO.

ITonygaem:

P(X - M(X)| <100 =20 100 1 _ 20[1,111]=2-0,3665 = 0,733
100G

[pumep. HopmansHO pactpeencHHas ciaydaifHas BeTUYrHA X 3ajaHa CBOUMH TapaMeTpaMu — d
=2 — MaTeMaThiyecKkoe OXHUIaHue U ¢ = | — cpeaHee KBaapaTuieckoe oTkIoHeHue. TpeOyercs Hamucath
TUIOTHOCTh BEPOSITHOCTH U IMOCTPOUTH €€ Tpaduk, HAWTH BEPOSATHOCTh TOTO, X NPUMET 3HAYCHUE W3
uaTepBana (1; 3), HaliTH BEPOSATHOCTH TOTO, YTO X OTKIIOHUTCS (II0 MOIYJIO) OT MaTeMaTHIECKOTO
OKuaHus He OoJiee ueM Ha 2.

[InoTHOCTH pacpeneneHuss UMeeT BULL:



[octpoum rpaduk:

1 2 4

HaiimeM BeposTHOCTP TTOTIANaHUS CITydaiiHO#M BeMUnHEI B HTEpBa (1; 3).

15 1 (3—2) (1—2) 1
— e dt=—| D -Q =—|®(0,7071) + ®(0,7071)[= 0,6778.
Ned| 2[ =) E )R ]
Haiinem BEpOSITHOCTh OTKIIOHEHHME CIyYalHOM BEJIMYMHBI OT MATE€MAaTHYECKOIrO OXXKHIAHUS Ha
BEITMIMHY, HE OOIBIIYIO YeM 2.

A 2
P(X -2/<2) @(Gﬁj @(ﬁj D(+/2) =~ 0,95

Tor xe PE3YJIbTAT MOKET OBITH MOJIY4YCH C UCIIOJIb30BAHUCM HOpMHpOBaHHOﬁ (bYHKLII/II/I Jlamnaca.

AJ =2D(2)=2-0,4772 ~ 0,95.

(&)

Pl<X<3)=

P(X-2/<2)= 26[



1.7.JIeknust Ne 7 (2 yaca)

Tema «OcHOBHbIE MOHATUSI MATEMATHYECKOH CTATUCTUKHN

1.7.1. Bonpochl jJekuum:

1 CTaTUCTHYECKUE METOIBI.

2CTaTHCTUYECKOE OTHCaHHE.

3. Omnpenenenne U BEIYHUCICHHE CTATUCTHK CITyIaifHOW BEIOOPKH.

1.7.2. KpaTkoe coaep:kaHue BOIPOCOB

1 Cratuctiudeckue METOIBI.

IIpenmMeroM MaTeMaTHYECKON CTAaTHCTUKW SBISETCS M3y4YEHHE CIydalHBIX BENWYUH (WU
CIIy4aifHBIX COOBITHI) IO pe3ysbTaTaM HaOMIOJCHUH.

Jns monydeHHs ONBITHBIX JaHHBIX HEOOXOAMMO NPOBECTH O0OCIEIOBAaHHE COOTBETCTBYIOIIUX
00BEKTOB.

Onpenenenne. COBOKYMHOCTh BCEX MBICICHHO BO3MOXXHBIX OOBEKTOB JaHHOTO BHIA, HaJ
KOTOPBIMH TPOBOJSATCS HAOJIONEHHSI C LEJbI0 TONyYeHHS KOHKPETHBIX 3HAYCHUH ONpenenéHHON
CITy4ailHOM BEIMYMHBI, HA3bIBAETCS T€HEPATIBHOW COBOKYIMHOCTHIO.

I'enepanbHyI0 COBOKYIHOCTH OyZIeM Ha3bIBaTh KOHEUHOW MM 0€CKOHEYHOW B 3aBUCHMOCTH OT TOTO,
KOHEYHA WK OECKOHEYHA COBOKYITHOCTh COCTABIISIOIIUX €€ DIIEMEHTOB.

Omnpenenedue. Yactb 0TOOpaHHBIX OOBEKTOB U3 TEHEPATLHONH COBOKYITHOCTH HAa3BIBACTCS
BBEIOOPOYHOM COBOKYITHOCTBIO MJTH BBRIOOPKOA.

Omnpenenenne. Ynucino N 00BEKTOB TeHEpaIbHOW COBOKYIMHOCTH M YHCJIO # O0OBEKTOB BHIOOPOUHOMN
COBOKYITHOCTH OyZieM Ha3bIBaTh 00BEMaMU reHepaIbHOM U BBIOOPOYHOW COBOKYITHOCTH COOTBETCTBEHHO.

st Toro 9To06I MO0 BEIOOPKE MOXKHO OBUIO TOCTaTOYHO YBEPEHHO CYIHUTH O CIy4aiHON BETHUYHHE,
BHIOOpKa JODKHA OBITh NPEACTABUTEIBHON (perpe3eHTaTHBHOW). Penpe3eHTaTMBHOCTH BBIOOPKH
03HaYyaeT, 4YT0 OOBEKTH BEIOOPKU JOCTATOYHO XOPOIIO MPEACTABISIIOT TeHEPabHYI0 COBOKYITHOCTh. OHa
obecrieunBaeTcs CIIydaifHOCThIO 0TOOpA.

2 CraTUCTHYECKOE OMHICAaHNE.

Ha nmpakTuke mNpUMEHSIOT pa3lUuHBIE CHOCOOB  OTOOpa  CTaTUCTHYECKOTO MaTepHaa.
[IpuHIMNUanbEHO 3TH ABa cOcO0a MOYKHO pa3JeNUTh Ha JBa BUAA:

1) OT60p, HE TpeOyIONTINI pacuIcHEHUS TeHEPATLHON COBOKYITHOCTH Ha JacTH. Cro/1a OTHOCSTCS: a)
NPOCTOH ClyyaiHbI OECHOBTOpHBIM OTOOp; ©) MpocToil ciyyailHbI TOBTOpHBIM oTOOp. OmuH OT
JPYroro OTJIWYAeTCs] TeM, YTO 3JIEMEHT T'€HEepalbHOW COBOKYIMHOCTH JIMOO HE BO3BpallaeTcsi oOpaTHO,
JTU0O0 BO3BPAIIACTCS.

2) OT6op, pu KOTOPOM TEHEpadbHas COBOKYIHOCTH pa3z0OmBaercs Ha 4dacTH. Crofa OTHOCATCS: a)
MEXaHHUYECKHA; 0) THITMUECKUI U B) CEPUHHBIN OTOOPEI.

ITycTs U3 reHepanbHON COBOKYIIHOCTH M3BJI€4€Ha BBIOOpKA, IPUYEM X, HAaOIIOJanoch A, pas, X, —
n, pas, ..., X, — 1, pa3u Zni =n — 00beM BBIOOPKH.

Onpenenenne. HaOmonaemble 3Ha4eHMsl X; Ha3bIBAlOT BAPMAHTAMM, 4YHCla HAOMIONEHUH n,—

YaCTOTAMH.

Onpenenenne. BapuanmoHHblii psix — psJ U3 BapuaHT, 3allCaHHBIX B BO3PACTAIOIIEM IIOPSIKE.

Onpenenenne. OTHOCHTEIbHBIE YACTOTBI — OTHOIICHHUS YaCTOT K 00beMy BbIGopku: W, = —

n

Omnpenenenne. CraTncTHYecKoe pacnpelejieHHe BBIOOPKM — JTO IE€peUYeHb BapUaHT U

COOTBETCTBYIOIIHMX UM YacTOT WJIK OTHOCUTEJIbHBIX YacTOT.
Buasl cTaTHCTHYECKUX pacnpeesieHNiH BBIOOPKH:
1) auckpeTHoe pacrpeneneHie BEIOOPKH:

X; X X, X3 Xy
n; n, n, n, n,
HIn
X; X X, X3 Xy
wolw Tw [ wm | [
2) HUHTEPBAJIBHOC PACTIPECACTICHUC BBI60pKI/Il
(xi_1;xi) (xo;xl) (x1;x2) (xz;x3) (xk—l;xk)




n; n, n, n, n,

NN

(xj—l;xi) (xo;xl) (x1;x2) (xz;x3) (xk—l;xk)
w, w, W, W, W,

1

Omnpenenenne. ITOIMroH 4acTOT — JOMaHHas, OTPE3KM KOTOPOH COCAMHSIOT Toukd (X,37,),

(xy5m5), oy (x5m,) .

Oﬂpeﬂe.ﬂeﬂl/le. IloiMron OTHOCUTEJIBHBLIX YaCTOT — JIOMaHHasA, OTPE3KH KOTOpOﬁ COCOUHAIOT
Touku (x; W), (x;W5), .oy (X3 W)

Onpenenenne. FucrorpaMma 4acToT — CTyneH4aras (UIypa, COCTOSAIAs M3 HPSIMOYTOIbHUKOB,
OCHOBAHUSAMH KOTOPBIX SIBJISIOTCS YaCTHYHBIE HMHTEPBAIbI IJIMHOK AX, a BBICOTAMH — 3HAYCHHUS

IUIOTHOCTEH 4acToT: /1, = —-

3ameuanue. [nomans rucTorpaMMBbl 4aCTOT paBHA 00BEMY BHIOOPKH.
Omnpenenenne. ['mcTorpaMmMa OTHOCHTEIBHBIX YaCTOT — CTyNeHYaras (hUTypa, COCTOSIIAs W3

IIPAMOYT'OJIBHUKOB, OCHOBaHUAMM KOTOPBIX ABJIAAIOTCA YaCTUYHBIC MHTCPBAJIbl JJIMHOKO h , @ BBICOTaMH —

1

COOTBCTCTBYIOIIIUC 3HAYCHUA IJIOTHOCTEH OTHOCUTENBHBIX YacToT. P = 71 .

3ameuanue. [lmomaap rucTorpaMmMbl OTHOCHTENBHBIX YaCTOT PaBHA EAMHHUIIC.

3. Onpe/ieieHne U BRIYHCICHUE CTATUCTUK CITy9aifHOU BHIOOPKH.

Jlns ommMcaHWs OCHOBHBIX CBOWCTB CTAaTHCTHUYECKHX PACHpPE/CIICHUN dYalle BCEro HCIOIb3YIOT
8b100pPOUHbIE XAPAKMEPUCTNUKY CTETYIOIINX BHUIOB!

® gbIOOPOUHAs CpeOHAA: XapaKTepu3yeT THUIUYHOE /Ui BBHIOOPKM 3Ha4YeHHWE TMpU3HaKa X;
MPUOMIKEHHO XapakTepu3yeT (OIEHMBAET) THUIMYHOE ISl TEHEpaJbHOW COBOKYIMHOCTH 3HAYECHHE
MpHU3HaKa X;

® cpeodusa apupmemuyeckas: TPUMEHSIETCS K BapHAITMOHHOMY psay (JaHHBIC HAOIIOACHUS HE

CTPYNIIHPOBAHBI) X, = —z X

® g36euleHHas CpeoHss apugmemuyeckasi (4acTOTBI m;, W YAaCTOCTH W; HA3bIBAIOT BECAMH):
WCTIONIB3YETCS, €CIIU TaHHBIE CTPYMITMPOBAHBI, HEMTOCPEACTBEHHO MPIMEHNMA TOJIBKO K CTATUCTHYECKOMY
pacipeeneHuto TUCKPETHOTO an3HaKa (nuckpeTHOMY pAIY)

B Zx m; k &
Xy = Z m;, X, ZZX
zm i=1 i=1

® Meduana — dTO CepeIMHHOE 3HAUYCHHUE MTPU3HAKA X; TIO OTPE/ICIICHHIO

. 1
F (xMe):E

_ X j + X 4l )
X = T ,ECTIH 1 = 2] — 4eTHOE;
Xye = Xj11, €CIIM 1 = 2j+1 — HedeTHOE;
e MoOa — HauboJiee YacTO BCTPEUAIOIICECS 3HAUCHHE NPU3HAKA X. Xy, =X;, €CIHH Ml = My
(cipaBeTUBO TOJBKO IS TUCKPETHOTO PSIfia).

Ecmn X, = Xyo = Xye, TO pacmpesiefienue CuMMeTpruHoe. [Ipy HapymeHun CUMMETPUH PABEHCTBO

HapYIIAeTCs.
Xapaxmepucmuku eapuayuu (paccesanus)



® 8blOOpOUHAA Oucnepcusi €CTb BBIOOPOYHAS CPEmHSS apupMETHIECKas KBaIpaToB OTKIOHCHHM
3HaueHMd Tpu3Haka X OT BHIOOPOYHOM cpemHed X, (paBHa «cpeaHeMy KBajapary Oe3 KBaapara
cpenHei»):
_ — {2 — 2 72
DB_('X—‘xB) ,DB—X Xg

BribopouHast ngucnepcusi TpPUMEHSETCS K BapHallMOHHOMY psiiny (JaHHbIe HAOMIOACHUS HE

CTPYIITIUPOBAHBI):
I3 _
D,==> (x;-
nig

L4 6bl60p014Ha}l 636€ULEHHAA ducnepcwz: HCIIOJIB3YCTCA, C€CJIU HOaHHBIC CIPYHNIIMPOBAHBI;
HCIIOCPCACTBCHHO MPUMCHHMMA TOJBKO K CTATUCTHYCCKOMY pacCIpCACIICHUIO AUCKPECTHOTO IIPpHU3HAKa

(muckpeTHOMY DPALY)

k
=~ \2
Z ('xl - xB ) ’ ml 1
_i=l —
DB = p Z(x -X ) -m, D Z(X x ) W
2m;
i=1
® (pedHuil keadpam eCTh BHIOOPOUHAS CpeIHss apru(METHUECKast KBaJIPATOB 3HAUYCHUI MpU3HAKa X
(Z[J'Iﬂ BAapHUAlIMOHHOTI'O pdaa U 11 I[I/ICerTHOFO paCHpeHeﬂeHI/Iﬂ COOTBCTCTBGHHO):

—Zx , x* Zx -m,

L4 6bl60p014H0€ cpe()Hee Kea()pamuqeacoe OMKJIOHeHUe €CTb apI/I(l)MeTI/I‘-IeCKOC 3HAUYCHUC KOPHIA
KBaJIpaTHOro Hu3 IUCIICPCHMH, OHO IIOKAa3bIBACT, HA CKOJIBKO B CPCIHCM OTKJIOHANOTCA 3HAYCHHA X;

npu3Haka X oT BEIOOpOUHOH cpenHeit )_CB 10, = 1/DB ;

® paszmax eapuayut. R = Xyax —Xmin
® xoapuyuenm eapuayuu: TPUMEHSIOT JJIS CpPaBHEHHs] BapHalliM IPHU3HAKOB CHIIBHO
OTIUYAIONIMXCSA TI0 BEIHYMHE, WM MMEIOIINX pa3Hble eIWHUIBI U3MEpeHus (pa3Hble HaWMEHOBAaHUA):

=% 100 %.

xB

Ecnu ucxonHbli BapWallMOHHBIN psJi HEMOCTYIICH, MPHUBEACHHBIC BBINIC (DOPMYIIBI BBIYUCICHUS
BBIOOPOYHBIX XapaKTEPUCTHUK, MIPUMEHUMBIE TOJBKO K TUCKPETHOMY PSAY, MOTYT OBITh HMCIOJIB30BaHBI
JUIST  TPUOJIDKEHHOTO  BBIUMCIICHHS  BBIOOPOYHBIX  XapaKTePUCTHK  HEMPEPhIBHOIO  IPHU3HAKA,
MPEACTABICHHOTO MHTEPBAJIBHBIM pPsAOM. [l STOro mNpeaBapUTENbHO KaXKIABIM HHTEpBA X; |—X;

'
3aMeHsieTCs €ro cepemmHoil X; = (X.;+x;)/2, TO ecTh IPOM3BONMTCA 3aMEHA HMHTEPBAIBLHOTO pPsfia

AUCKPCTHBIM, COOTBECTCTBYIOIIIUM EMY HpI/I6J'II/I)KCHHO.



1.8.JIeknusi Ne 8 (2 yaca)

Tema «TodeuHble 1 HHTepPBaJbHbIE OLIEHKU»

1.8.1. Bonpoch! Jekuum:

1 Toueunsle onieHkU. HecMelieHHbIE U COCTOSITENBHBIC OLEHKH.

2JloBepuTeNbHBIN HHTEPBAIL. Hane)KHOCTS.

3. JloBepuTeNnbHBIA WHTEpBA] JUISI ONEHKM MAaTEeMaTHYeCKOTOo OXHIAHUS HOPMAIbHOTO
pacrpeneneHus.

1.8.2. KpaTkoe coaep:kaHue BONPOCOB

1 Toueunsie oreHKH. HecMeneHHbIe U COCTOATEIbHBIE OIIEHKH.

BaxxHoil 3amaueil MaTeMaTHUYECKON CTATUCTHKHU SBISCTCS 3ajava OICHUBAaHUS (NMPUOIMKEHHOTO
OTIpesIeNICHUs) 1O BRIOOPOYHBIM JIaHHBIM MAPaMETPOB 3aKOHA PacIpe/esieHus pu3Haka X TeHepalbHOU
COBOKYITHOCTH. JlpyruMu cjoBaMH, HEOOXOJUMO IO JaHHBIM BBIOOPOYHOTO pacrlpeieNieHHs] OIEHHUTH
HEU3BECTHBIC MAPaMETPhl TEOPETUYECKOro pacrpeneiacHus. CTaTUCTHYECKUE OLEHKA MOTYT OBITh
TOYCYHBIMU M UHTEPBATHHBIMU.

Ilycte mpusHak X reHepalbHOM COBOKYMHOCTH paclpe/iefieH HOPMalIbHO, TO €CTh TEOPETHUYECKOE
pacnpezneneHie UMeeT BHI:

_(x-a)?
1 262
) =—=-ec 207
o2
C TMapaMeTpaMHu:
a=M (X ) = )_CreH - MaTeMaTHYECKOe OKUIaHUE npU3HaKa X;

o= \/ M({(X-M(X ))2) = O |y — CPEIHEKBAIPATHYECKOE OTKIIOHEHUE TIPU3HAKA X.

Toueunoii oyenxoli HEU3BECTHOTO MapaMeTpa HA3BIBAIOT YMCJIO (TOYKY HA YHCIIOBOW OCH), KOTOPOE
NPUOITU3UTEIHHO PABHO OIICHUBACMOMY IapaMeTpy M MOXET 3aMEHUTh €ro C JIOCTATOYHOH CTEIEHBIO
TOYHOCTHU B CTATUCTUYECKUX pacyeTax.

Jiis Toro 4to0bl TOYEUHBIE CTATUCTUYECKHE OIEHKH OOECTICUMBAIU «XOPOIIUE» TNPHOIHKCHUS
HEM3BECTHBIX MTAPAMETPOB, OHH JIOJDKHBI OBITh HECMEIICHHBIMHU, COCTOSITEIBHBIMU B 3 ()eKTHBHBIMH.

*
HyCTB 9 — TOUCYHAad OLCHKAa HCU3BCCTHOT'O IMapaMeTpa 0.
. *
Hecmeu;emtou Ha3bIBAIOT TAKYH0 TOUCYHYIO CTATUCTUUYCCKYIO OICHKY 0 , MAar€éMaTH4YCCKOC

9 %
OKHIaHHe KOTOpOii paBHO oneHuBacMomy mapamerpy: M@ |= 6.

CocmosamenvHoli Ha3bIBAIOT TaKyH0 TOUEYHYIO CTAaTUCTHUYECKYIO OLEHKY, KOTOpas mpu 7 —> 0
CTPEMUTCS 110 BEPOATHOCTHU K OLIEHMBAEMOMY IapaMeTpy. B "acTtHocTH, eciau aucnepcusi HECMEIeHHON
OILIEHKH IIpH 71 —> OO CTPEMHUTCS K HYJIO, TO TaKas OLIEHKAa OKa3bIBAETCS U COCTOSTEIBLHOM.

O¢gexmusnori  Ha3BIBAIOT TaKyld TOYECYHYIO CTaTUCTUYECKYIO OLEHKY, KOTOpas IIpu
(hUKCUPOBAHHOM /1 UMEET HAMMEHBLIYIO IUCTIEPCHIO.

MosxHOo nmoxkasaTrb, 4YTO BI:I60p0‘-IHa$I CpCaHssa XB SABIIACTCA HeCMeH.[CHHOfI, COCTOSTCILHON H

3 PeKTUBHON OLEHKON IeHepanbHON cpenHel X . . TOUeUHBIMU OlEHKaMH TEHEPATBHON IHUCTIEPCUN

2
D = O MOTYT CIyXKUTb BBI60p0‘lHa$I Aucnepcu D

ren WM, TIPU MalbIX 0O0BeMax BHIOOPKH 7,

B

n

2
VICTIpaBIICHHAs BHIOOPOUHAS TUCTIEPCHS: S~ = 1 -DB.
n J—

ToueuHpIMU OLICHKAMH JUUIsI TCHEPAJIbHOT'O CPECAHCKBAAPATHUYCCKOIO OTKIOHCHUA O ren = O MOryT

/ 2
CIIYKUTh: O-B = DB —BBI60p0‘-IHOC CpCAHCC KBAAPATUYCCKOC OTKIOHCHUC N S = S -

WCIIPaBIEHHOE BRIOOPOYHOE CPEHEE KBAIPATHUSCKOE OTKIIOHCHHE.
2 JloBepuTenbHBIN HHTEpBAI. Hage:KHOCTS.
Jiii TOCTpOCHUS] UHMEep8aIbHOU OYeHKU PAcCMOTPUM COOBITHE, 3aKiioyaromeecs B TOM, YTO

o %
OTKJIOHGHHE TOYCYHON OIEHKM Tmapamerpa € OT HMCTMHHOrO 3HA4yeHMs >TOro mHapamerpa 6 mo
a0COIOTHON BEJIMYMHE HE MPEBBIMIAET HEKOTOPYIO MOJIOKHUTENbHYIO BeTHIuHy A. BeposTHOCTh Takoro



cobbrtus P (‘9 -0%| < A) = Y . 3aMCHUB HEPaBEHCTBO
P@*—A<9<9*+A%wa

. * *
BeposTHocTs TOTO, uTO Oosepumenvhviii unmepearn (0 — A, @ + A) sakmouaer B cebe

*
0-6 ‘ < A Ha paBHOCHIIEHOE, TIOTYUHM:

(TmOKpBIBa€T) HEM3BECTHBIM MapaMeTp € paBHA ¥ U HA3BIBACTCS 008EPUMENbHOU BEPOAMHOCNbIO ITU
HAOeIICHOCMbI0 MHTEPBAIBHON OIICHKU. BennunHy A Ha3bIBAIOT MOYHOCMbIO OIICHKY.

3. I[OBepI/ITeJII:HHﬁ HUHTEpPBaJl JJId OHCHKH MAaTCMAaTH4YECKOIro OXHUAaHUA HOPMaAJIbHOI'O
pacnupeacaCHus.

ITocTponM HHTEPBAILHYIO OLIEHKY MApamMeTpa d = X .. VI IBYX CIIyYaes:
1) napamMeTp ¢ HOPMallbHOTO 3aKOHa paclpelelicHuss Npu3Haka X reHepalbHON

COBOKYITHOCTH u38ecmeH. B 3TOM ciydyae WMHTEpBalbHAas OIEHKAa mHapameTpa d = X C 3aJaHHOU

TCH
HAJIKHOCTHIO Y ompeaensercs GopMyIioi:

X, —A<a<x,+A,

A t-o
e A= ——,
\n
Y

t — aprymenT Qynkuuu Jlammaca: @(f) = E ;

2) napaMeTp © HOPMaJbHOIO 3aKOHA paclpeleNeHus TMpu3Haka X TeHepanbHOU

COBOKYITHOCTU Heus3eecnieH. B stom Cly4yac MHTCpBaJIbHasl OILICHKaA mapameTrpa d = xre ¢ 3aJa”HHOU

H
HAJIKHOCTHIO Y ompeaenseTrcs GopMyIioi:

x,—A<a<x,+A,

rne A=———,
\Nn

S — TodeuyHas OICHKA IapaMeTpa o,

{ y = { (]/ R n) — 3Ha4YeHus pacupeneneans CThI0EHTa, KOTOPBIC HAXOIUM 110 Ta0JIHIIe.

Hrak, noBepuTEIbHBIN HHTEPBAJ JJISl OLIEHKU T€HEPAIbHON CpeHEN NMEET BU/I;

x—t -—;;+t — npu n <30

rmue
¥ — HaJleXKHOCTH,

t, =t(n;y) —3Ha4eHue B Tabum. 4;

t —apryment ¢yukimu Jlamiaca, @(t) = % .



1.9.JIeknust Ne 9 (2 yaca)

Tema «CTaTncTHYeCKasi IPOBEPKA CTATHCTHYECKUX THIIOTE3)

1.9.1. Bonpochl jekum:

1 TTonsTre cTaTHCTUYECKON TUITOTE3bl. HyneBast M abTepHAaTUBHAS TUIIOTE3HI.

2.CTaTUCTHYECKUE KPUTEPUHN TIPOBEPKH THITOTE3.

1.9.2. KpaTkoe coaep:kanue BONPOCOB

1 TTonsiTre cTaTHCTUYECKON TUITOTE3bl. HyneBast M abTepHAaTUBHAS TUIIOTE3HI.

Onpenenenne. CTaTHCTHYECKON HA3BIBAIOT TUIIOTE3Y O BHJE HEM3BECTHOTO PACIIPEICICHUSI, MU O
napameTpax M3BECTHBIX PacIpe/IeiieHu.

Hampumep, BO MHOTHX NpPaKTUYECKUX 3a/layaX TOYHBIA 3aKOH pPaclpeieiCHHS HCCICIyeMOro
npu3HaKa X TeHepalbHOW COBOKYITHOCTH HEU3BECTECH. B 3TOM citydae HE0OXOIMMO MPOBEPUTH cUNOMESY
0 TIPEJIIOJIAaracMOM 3aKOHE pacpeIeIICHUsI.

Onpenenenne. HyneBoit (OCHOBHOI) Ha3bIBAIOT BBIABUHYTYIO THIIOTE3Y /).

Onpenenenne. Koukypupytomeil (anbTepHATUBHOI) Has3blBalOT TUnoresy [H,, Kotopas

MPOTUBOPEUYUT OCHOBHOM.

Hampumep:

Hy: npuzHak X uMeeT HOpMaIbHbIN 3aKOH pacipeiesICHHUs .

H\: mpusHak X UMeeT 3aK0H pacrpeneaeHus, OTIUYHBIA OT HOPMAJIBHOTO.

Omnpenesenue. [IpocToit HAa3bIBAIOT TUNOTE3Y, COAEPXKAILYIO TOJIHKO OJHO MPEAMOIOKEHHUE.

Onpenenenue. CI0XHON Ha3BIBAIOT TUIIOTE3Y, KOTOPAasi COCTOUT M3 KOHEYHOTO MJIH OECKOHEYHOTO
YHCIIa TPOCTHIX THITOTES.

BoigBuHyTas rHmoTe3a MOXET OBITh NPAaBWIBHOH WM HEMPAaBIILHOW, TOATOMY BO3HUKAET
HEOOXOIMMOCTH €€ MTPOBEPKH. B nTore craTHCTHYECKOM MPOBEPKU THITOTE3HI B ABYX CIyYasiX MOTYT OBITh
JTOTIYIIIEHBI OIITHOKU:

Ommbka TepBOro poja COCTOMT B TOM, YTO OYAET OTBEpPrHyTa MpaBWibHas rumnore3a. OmmbOka
BTOPOTO POJIa COCTOUT B TOM, YTO OY/IE€T MPHUHSATA HEMPABUIIbHAS THITOTE3A.

Takxum 06pa3om, BOSMOXKHBI CITy4Yau:

T'unoresa
o IIpuauMaetcs OtBepraercs
0
Bepna IIpaBunsHOE perieHne Ouwubka nepsoeo poda
Hegepna Ouwubra 6mopo2co pooa IIpaBunsHOE perieHne

Onpenenenue. BeposTHOCTH NOMyCTUTh OMIMOKY MEPBOro pojaa (OTBEPrHYTh HYJIEBYIO THIIOTE3Y,
KOTJ]a OHA BEpHA) HAa3bIBACTCS YPOGHEM SHAYUMOCU KPUMEPUS.

Onpenenenne. BeposTHOCTh He JIOMYCTUTH OMIMOKY BTOPOTO pojia (OTBEPTHYTH HYJIEBYIO TUTIOTE3Y,
KOTJ]a OHa HEBEPHA) HA3BIBACTCS MOWHOCTNBIO KPUMEPUSL.

2 CTraTHCTHYECKUE KPUTEPHH POBEPKHU TUNOTe3. MOIIHOCTE KpUTEPHSL.

Jl1is IpOBEpKH HYJIEBOW THIIOTE3BI UCIONB3YIOT CHENUAIBLHO MOJOOPaHHYIO CIYYaiHYIO BEIMYMHY,
TOYHOE MJIM MPHOIKEHHOE 3HAYCHHE KOTOPOi u3BecTHO. O003HaunM 3Ty Benuuuny K .

Omnpenenenne. CTaTUCTUYCCKUM KPUTEPUEM HA3BIBAIOT CIIYYaliHYIO BEUYUHY K , KOTOpAst CITYXKUT
JUTSL IPOBEPKHU HYJIEBOU TUTIOTE3HI.

Jlis TpOBEpKU THIOTE3bl MO0 JAHHBIM BBIOOPOK BBIYHCISIFOT YACTHBIE 3HAYCHUS BXOJAIINX B
KPUTEpHI BETMYWH U TAKMM 00pa3oM MOIy4aloT HaOJII0JaeMoe 3HaueHHE KPUTEpHsl.

[Tocne BBIOOpa OMpeneNeHHOTO KPUTEPHsi MHOKECTBO BCEX €0 BO3MOYKHBIX 3HAYCHUH pa3OMBArOT
Ha JIBa HETIEPECEKAOMIMXCsI TOJJMHOKECTBA: OJTHO U3 HUX COJICPKHUT 3HAUCHHS KPUTEPHS, IPU KOTOPBIX
HyJIeBasi THIIOTE3a OTBEpraeTcs (KpUTHYecKas 00JIaCcTh), MPYroe — IMPH KOTOPHIX OHA MPUHUMACTCS
(obmacTb AOMYCTUMBIX 3HAYCHUH).

OCHOBHOUM TIPUHIIMIT TPOBEPKH CTATHCTHUYECKUX THIIOTE3: €CIIM HAOII0JaeMoe 3HAYeHUE KPHTEPHUS
NPUHAUICKUT KPUTHICCKON 00JIaCTH, TO TUIIOTE3y OTBEPTaIOT, €CIIH 00JIaCTH JIOIMyCTUMbBIX 3HAYCHUH, TO
runote3y npuHuUMarT. [lockonbky kputepuit K - oJHOMEpHAs CiydaiiHas BEJIMYWMHA, BCEC €€ 3HAYCHUS
NpUHAIeXKAT HEKOTOpOMY MHTepBaily. [109TOMy CyIIEeCTBYIOT TOUKH, KOTOPBIE OTACISIOT KPUTUIECKYIO
00J1aCTh 0T 00JIACTH JOITYCTUMBIX 3HAYCHUH.

Onpenenenne. KpuTnueckuMu TOYKaMH Ha3bIBAIOT TOUKH, OTACIAIOUINE KPUTHUECKYIO 00JIacTh OT
00JacTH IPUHSATHUS TUTIOTE3HI.

PaznuuaroT  OJHOCTOPOHHIOIO  (TIPABOCTOPOHHIO U JICBOCTOPOHHIOKD) W JIBYCTOPOHHIOIO
KpUTHYIECKHAE 00JIaCTH.

[NapameTpuueckue U HemapaMeTPHUECKHE KPUTEPUH. Y CIOBHSI IPUMEHUMOCTH.



Kpumepuii 3’ ITupcona («Xu-KBafpaT») — HambOIee YACTO yIOTPEONAEMBIH KPUTEPHl, MOXKET
NPUMEHATHCS U1l MPOBEPKH TUIOTE3bl O JI0OOM 3aKoHE pacipeneneHus. HezaBucuMo oT TOro, Kakoe
s 5 . T\2
.. 2 2 (mi mi )
pacrnpezienieHie MMeeT X, pactpeie/ieHUe CIy4alHON BEIMYMHBL ¥ 1 )~ = Z—T ,
i=1 m.

1

9 T
rae M, — SMIMPUYECKHE YaCTOThI, /11; — TEOPETHYECKUE YACTOTHI; NPpH X —> 00 CTPEMUTCS K -

pacrpeneneHuIo ¢ k crermeHsMu cBOOO/THL.
TeopeTnueckue YacTOTHI OIPEACIAIOTCS, MCXOJS W3 IMPEAINOJIOKEHUS O 3aKOHE pacIpe/elieHUs

i i
TCHCPAJIbHOU COBOKYIIHOCTHU, B JAHHOM CJIydaC O HOpMaJIbHOM 3aKOHC. Tak kak pi =—, e p; —

T
TEOPETHYECKAs BEPOATHOCTb, TO M; = K- p;. Jna Ouckpemnozo psoa: P zi. fu,)> A€
o

B

u2

2 —nupdepeHnmanbHass (PYHKIUS HOPMHUPOBAHHOIO HOPMAJBHOTO

X, — X, _ 1
= — U)=—: ¢€
u; o f( ) \/%
B
pacupeaciacHusd, Iar h == xl. - xi_l , X

s — BbIOOpOYHAs CpemHss, O, — BBHIOOPOYHOE CpeaHee

KBaApaTUICCKOC OTKJIOHCHHUC.

Jna  unwmepsanvno2o paoa: p, =P, <X<x)=0 X=X, _ | Fimt ~% |, rne D(t) —
o

B B

¢ynkuus Jlamnaca.

2
PaccunraB TECOPETUUCCKUE YaCTOThI, HaAXOOAT ZHaGJ‘I . U3 Ta6HI/II_II>I Kpumu4decKkux mouex

pacrpenencHus x> Mo 3aJaHHOMY YPOBHIO 3HAUYMMOCTH O. (ZOCTATOYHO Manasi BEPOSTHOCTH) M UHCIY
. 2 . ”
crerneHel cBoOOMIbI k& HAXOIAT X cpur (a, k) — rpanuUIly MPaBOCTOPOHHEH KPUTHIECKOM 00JacTH. 31ech

k=s—r—1,rae s — 9UCIO Pa3TUYHBIX 3HAYCHHUH X; JUCKPETHOTO WM YHUCIO WHTEPBAIOB (X;|—X;)
HENPEPBHIBHOTO TPU3HAKA X, 7 — YHCIO MapaMeTPOB NPEIOoIaraeMoro 3aKOHA pPAaCIpeleeHUs, s

2 2
HOPMAJILHOTO pacnpelenenus » =2, orciona k=s—3. 3aTeM CpPaBHMBAIOT Y .o U X xpur (o, k) m

JIeJat0T BBIBO/I.
[Ipu hopmynHupoBKe BBIBOJIA PYKOBOJICTBYIOTCSI CIEAYIOIINM ITPABHIIOM:

2
® cCclM Habrwdaemoe 3HaA4eHue KpHUTEPpUA ZHa6J‘I IoIajo B obaacmo NPpUHAMUA 2UNnome3svl

2 2 .
(X uaon <X KpHT (e, k)), kak moka3zano Ha pucyHke (PucyHok 3a.), To HET OCHOBaHUH OTBEPraTh HYJIEBYIO
TUIIOTE3Y, [0 JaHHBIM HaOJIOIEeHUs IpU3HAK X MMEeT HOpMaJbHBIN 3aKOH paclpeneneHus], pacXoKICHHE

¢l T o
MEXKTy SMIIMPHIECKUMU U TEOPETUYECKMMHM YaCTOTaMu (711; WU M ; ) CIy4alHOE;
2
® ecaM  HaOMIOJAEMOE 3HAYEHUE KPUTEPUS .o TONAIO B  KPUMUYECKYIO 001acmb

2 Sy (a4 k P 36
(Xiaon>X wpur (O )), KaK mokazaHo Ha pucyHke (PucyHok 30.), TO HyJeBas TMIIOTE3a OTBEPraercs,
CHpaBeZ[J'II/IBa KOHKypI/IpyIOH_[aH THIIOTE3a, TO €CTh HpI/ISHaK XI/IMCCT 3aKOH pacnpe,z[eneHI/m, OTJ'IPI‘-IHBIﬁ oT

el T
HOPMAIIbHOTO, PAaCXOXKACHUE MEXIY OMIMPUYECKUMH M TEOPETHYECKMMH 4YacToTamu (M; wu Mm; )

3HA4YNUMO.
_ %)
1(x")
a=P (%7 ) a=P(y 2>Z prm)
s —_—
2 2

2 2 2 2
0 ! X wpur Y wabn X 0 X wmabn X xpur X



1.10.JIexums Ne 10 (2 gaca)

Tema «Koppeasiuusa»

1.10.1. Bonnpocsl JieKIMu:

1 Bugel 3aBucuMocTell MexAy BenuuuHaMu (oOmias xapaktepuctuka). OCHOBHEIC —3Taribl
CTaTHCTUYECKOTO UCCIICAOBAHUS 3aBUCHMOCTEH.

2.Koppemsmonnas 3aBUCUMOCTh. KoppensmuonHas Tabiuria.

3. KoaddumueHT KOppensiuu u ero CBOMCTBA.

4. Jluneiinas perpeccus, e mapaMeTpEhl.

1.10.2. KpaTkoe conep:kaHue BOIPOCOB

1 Bugel 3aBucuMocTedl MexAy BenuuuHaMu (oOmias xapaktepuctuka). OCHOBHBEIC 3Taribl
CTAaTUCTUYECKOr0 HccienoBaHust 3aBucumocted. 2.KoppensuuoHHas 3aBucuMocTb. KoppensimoHHas
TabnuIa.

KoppensaunonHas 3aBUCUMOCTb.

YcnoBumcs 0003HavaTh dYepe3 X HE3aBUCHMYIO TMEPEMEHHYH, a depe3 Y — 3aBHCHMYIO
MIEPEMEHHYIO.

3aBUCUMOCTh BEMMYMHBI Y OT X Ha3bBaeTCsAd (PYHKUMOHAJBHON, €CITM KaXIOMY 3HAYCHHUIO
BEJIMYMHBI X COOTBETCTBYET CAMHCTBEHHOE 3HaueHHE BelMYnHbl Y. C (QyHKIIMOHATHHON 3aBUCUMOCTBIO
MBI BCTpEYaeMcCsl, HallpuMep, B MaTeMaTHKe, P U3yYeHUH (PU3NUECKUX 3aKOHOB. OOpaTHM BHHUMaHUE
Ha TO, 4TO ecinu X — JeTepMUHHPOBAHHAs BeNWYMHA (T.. MPUHUMAIOIIAs BIIOJIIHE OMNpPENEeIEHHBIC
3HauYeHUs), TO U (GYHKIIMOHAIBLHO 3aBUCAINAS OT He€ BEMMYMHA Y TOXKE SBIISCTCS ETCPMUHUPOBAHHOM;
eciu ke X — ciydaliHasg BeIMYnHa, TO U Y TaKKe clydyailHas BeJTUYrHA.

OpHako TOpa3mo dame B OKpY)KAlOIleM HAac MHpe HMeeT MecTo He (yHKIMOHaJbHas, a
CTOXACTHYECKAs, WM BePOSTHOCTHAS, 3aBHCHMOCTb, KOTJa KaXJI0My (DHKCHPOBAaHHOMY 3HAUYCHUIO
HE3aBUCUMOM nepeMeHHO X COOTBETCTBYET HE OJHO, a MHOXECTBO 3HAUCHUM mepeMeHHON Y, mpuuém
CKa3aThb 3apaHee, Kakoe MMEHHO 3Ha4eHHe MIPUMET BeJTMYMHA Y, HENb3s. bolee wactoe mosBiIeHne Takon
3aBUCHMOCTH OOBSICHIETCS JEHCTBHEM Ha PE3yIbTUPYIONIYIO IIEPEMEHHYIO HE TOIBKO KOHTPOIUPYEMOTO
WIH KOHTPOJIUPYEMBIX (aKkTOpoB (B JAaHHOM CIy4ae TaKUM KOHTPOJIMPYEMBIM (aKTOPOM SBISCTCS
nepeMeHnHass X), a © MHOTOYUCIICHHBIX HEKOHTPOJIHMPYEMBIX CIIydalHbld (hakTopoB. B 3Toif cutyaruu
nmepeMeHHass Y  sABISAETCA CiaydaiHOW BenmmunHOW. IlepeMeHHas ke X MOXET OBITh Kak
JETEpPMUHUPOBAHHOM, Tak W ciay4dailHOM BenumuuHOM. ClelyeT 3aMeTUTb, YTO CO CTOXaCTUYECKOM
3aBUCUMOCTBIO MBI YK€ CTAIKUBAIKUCH B IUCIIEPCUOHHOM aHAJIM3E.

JomycTuM, 4YTO CyHIECTBYET CTOXacTU4YeCKas 3aBUCUMOCTH ciydaiiHON mnepemeHHo Y ot X.
3adukcupyeM HeKoTopoe 3HadeHue x mnepemeHHodt X. I[Ipm X = x mepemenHas Y B cmry e€
CTOXACTHYECKOW 3aBUCHUMOCTH OT X MOXET MPHHATH JI000€ 3HAYCHHWE W3 HEKOTOPOTr0 MHOXKECTBA,
npuuéM Kakoe MMEHHO — 3apaHee HemsBecTHO. CpemHee 3TOro MHOXKECTBA HAa3bIBAlOT TPYHINOBBIM
reHepajbHbIM CPeAHMM IepeMeHHON Y mpu X = X WIM MAaTeMATH4YeCKUM OKMJIaHUeM CJaydaiiHoi
BeJIMYNHBI Y, BEIYMCIEHHBIM NPH YCJIOBHH, 4TO X = X; 3TO YCJOBHOE MaTeMATHYECKOE OKUTAHNE
o0o3navaroT Tak: M(Y/X = x). Ecau cymectByeT croxacTuueckas 3aBUCUMOCTh Y OT X, TO Mpexne
BCEr0 CTaparoTCsl BBISICHUTH, M3MEHSIOTCS WM HET NPU HM3MEHEHHH X YCIOBHBIE MaTeMaTHYeCKHe
oxkunanuss M(Y/X=x). Ecnu mpu u3MeHeHHMM X YCIOBHBbIE Marematuueckue oxumanus M(Y/X=x)
U3MECHSIOTCS, TO TOBOPST, YTO UMEET MECTO KOPPEJSUMOHHAS 3aBUCUMOCTb BEIUYUHBL Y OT X; €Clu
JK€ yCJIOBHBIE MaTeMaTHYECKHe OXKHIAHHS OCTAIOTCS HEM3MEHHBIMH, TO TOBOPAT, YTO KOPPESIIHOHHAS
3aBUCUMOCTD BEJIMYMHBI Y OT X OTCYTCTBYET.

Oynkmust ¢(x)=M(Y/X=x), onucblBaomas HU3MEHEHHE YCIOBHOTO MATEeMaTHUECKOTO OXXKUIAHUS
cinydailHoM mnepeMeHHoM Y TMpuM HM3MEHEHUM 3HaYeHWHd X mepeMeHHou X, Ha3bpiBaercs (yHKuMe
perpeccum.

BpisicHuMm, noyeMy WMEHHO TpHU HAJIWYUM CTOXAaCTUYECKOM 3aBUCUMOCTH HMHTEPECYIOTCS
MOBEJCHUEM YCIOBHOTO MAaTEMAaTHYECKOTO OXKUIaHUS.

Paccmotpum mpumep. Ilycts X — ypoBeHb KBanudukanuu padodero, Y — ero BbIpadOTKa 3a CMCHY.
ScHo, uto 3aBUcUMOCTh, Y oT X He (DYHKIMOHAJbHAs, a CTOXaCTHUYECKas: Ha BBIPAOOTKY MOMHUMO
KBaJTM(UKAIINU BIASIET MHOXKECTBO APYTruX (PakTOpoB. 3ahUKCUpyeM 3HAUCHUE X YPOBHS KBATU(UKAIUH:
€My COOTBETCTBYET HEKOTOPOE MHOXXECTBO 3HaueHHH BbIpaboTku Y. Torma M(Y/X = x) — cpemusis
BhIpa0OTKa pabodvero MpH YCJIOBHH, YTO €0 YPOBCHb KBalM(UKAIMM PaBEH X, WIH, WHAYE TOBOPS,
M(Y/X = x) — 3TO HOpMaTHB BBIPAOOTKH MPH YPOBHE KBaATHU(DUKAINH, PABHOM X. 3HAS 3aBUCHMOCTH 3TOTO
HOpMAaTHBa OT YPOBHS KBaIM(UKAIMK, MOXHO I JFOOOTO YPOBHS KBAIM(UKAIMUA PACCUUTATH
HOPMATHB BBIPAOOTKH W, CPABHUB €0 C PEATbHOH BRIPAOOTKOM, OTICHUTH padoTy pabodero.

Koppensimonnast Tabmuria.



OOpatuM BHUMaHHE Ha TO, YTO BBEJEHHBIC IIOHATHS CTOXaCTHUYECKOH M KOPPEJIALUOHHON
3aBUCUMOCTH OTHOCWJINCH K F€HEPaJIbHOM COBOKYITHOCTH.

[lycte umeercs n HaOmogeHuit nByMmepHoi BennmumHbl (X, Y). HabmromaBmmecss «HMKCBl « U
«ATpEKW» TOMecTHUM B Tabm. 17, KOTOpas Ha3bIBacTCd KOPPEJSIMMOHHOW TadJaMueil U CTPOHUTCS
CJIETYIOIINM 00pazoM:

- GMKCBI» TPYHIHMPYIOTCS B BapUAIlMOHHBIM Psil, YUCIO I'PYHI KOTOPOTO OOO3HAYMM V; €CIH 3TO

JUCKPETHBIA psii, TO X, X3, ..., Xy— Pa3lIMYaloLInecss MEXAYy coO0oil pe3ynbTaThl HAOMIONEHHH WIH
BapHAaHTHI; €CIM 5TO WHTEPBAIBHBIN PAM, TO X1, X3, ..., Xy— IIEHTPHI HHTEPBAJIOB;
- CMIPEKM» TPYNIHUPYIOT B BAPUALIMOHHBIH PSJl, YUCIIO IPYII KOTOPOTrO 0003HAYUM G: V1, V2, «- .y Vg —

3TO 1100 BapUAHTHI, €CIH PSJI JUCKPETHBIMN, JINOO CEPEAMHBI HHTSPBAJIOB, €CIIH Psi/I MHTEPBAIbHBIN;

- HOJICUMTBIBAIOT YMCNIA Mj; TAKMX HAOIIOJABLIIMXCS Map 4yMcen (X, y), y KOTOPBHIX X IOMajgaeT B
rpynmy x;, ay —Brpymny y, i = 1,2, ..., v, j=1,2, ..., q; Hapumep, m;, — YUCIIO Map uucen (x, y), y
KOTOPBIX X MONANO B IPYNITy X, @ y — B Tpymiy y;. Yucna my,, mys, ..., My, HA3bIBAIOTCA YaCTOTAMM.

2. Koapumment koppensum.

Onpenenenne. KoppeasuuOHHLIM MOMEHTOM [y, CIy4alHBIX BenM4uH X M Y Has3bIBAaeTCA
MaTeMaTHYECKOe OKUIaHNE TPOU3BEACHHUS OTKIIOHCHUH 3TUX BEJTUYHH.

= M{[X -MX)]Y -MX)]}

IIpakTideckn UCHONMB3YIOTCS (POPMYIIBL:
J7s TUCKPEeTHBIX CIyYailHbIX BETUYUH:

M, =2 D [x, ~ M)y, - M@)p(x,,»,)
i=1 j=1
I[J'ISI HerepHBHHX CJ'Iy‘-IElfIHBIX BCJIMYHUH.

© o

ty = [ [Le=MQONy =ML/ (v, y)drdy

Zo=c0

KoppensaioHHbIii MOMEHT CIIyXHT JUISL TOI'0, YTOOBI 0XapaKTE€pU30BaTh CBSI3b MEXIy CIydalHBIMU
BenruuHaMu. Eciu ciyuyaiinble BeJTMYMHBI HE3aBUCUMBI, TO UX KOPPEIJISLHMOHHBII MOMEHT PaBEH HYJIIO.

KoppensuroHHsIii MOMEHT UMEET pa3MEPHOCTh, PABHYIO ITPOU3BEIECHUIO PA3MEPHOCTEN CITydalHBIX
BemnuruH X W Y. DTOT (hakT SBIAETCS HEJOCTATKOM 3TOW YHMCIOBOW XapaKTEPUCTUKH, T.K. TPHU
Pa3IN4HBIX €AMHULIAX U3MEPEHUS MOJIyYaroTCs pa3IMdHble KOPPEIILUOHHBIE MOMEHTHI, YTO 3aTPYIHSET
CPaBHEHNE KOPPEMALUOHHBIX MOMEHTOB Pa3JIMYHBIX CIy4YailHbIX BEIHUYNH.

s TOorO, 4TOOBI YCTPAHUTh 3TOT HEAOCTATOK MPUMEHSTCS APYyrasi XapaKTepUCTHKA — KO PHUIUEHT
KOppEeJLHUY.

Onpenenenune. Kodpdpuunenrom Koppenssuuu r,, CIy4aiHBIX BeNHMYMH X H Y Ha3bIBACTCS

OTHOIIICHUE KOPPEJIAIIMOHHOTO MOMEHTA K MPOM3BEACHUIO CPEIHUX KBaJPAaTUYCCKUX OTKIIOHCHUN ITHX

M,
BEIMIHH. 7, =———
c,0,

Koadduuuent xoppemsauun sBusiercss Oe3pasMepHoit BennumHoW. KoadduumeHT koppensuun
HE3aBUCHMBIX CIIyJallHBIX BEJTMYHH PaBeH HYJIIO.
CBoiicTB0: AOCONIOTHAS BETMYMHA KOPPEIALMOHHOTO MOMEHTA JBYX CIIyYalHBIX BEIHMYUH X U

<, /Dny
CBoiicTB0: AOGCOIOTHAS BeTMYHNHA KO (HUIIMEHTA KOPPETAIUN HE TIPEBHIIACT CIUHHUITBI.

‘rxy‘ <1

Y He OpeBbIIIaeT CPETHETO TEOMETPUUECKOTO UX JUCTIEPCUH. ‘ [V

CrnyyaifHple BETMYMHBI HA3HIBAIOTCSH KOPPEJIUPOBAHHBIMHU, SCIIH UX KOPPEISIUOHHBI MOMEHT
OTIIMYEH OT HYJISl, U HEKOPPEJIMPOBAHHBIMM, €CIH UX KOPPEISIIIHOHHBIN MOMEHT PaBeH HYIIIO.

Ecnmn cmydaiiHple BeNWYWHBI HE3aBHCHMBI, TO OHH M  HEKOPPEIWPOBaHB, HO U3
HEKOPPEIMPOBAHHOCTH HEIb3s CACIATh BRIBOJ O UX HE3aBHCUMOCTH.

Ecnn nBe BenmWYMHBI 3aBUCHMBI, TO OHHM MOTYT OBITh Kak KOPPEIHPOBAHHBIMH, TaK U
HEKOPPEINPOBaHHBIMU.

Paccmotpum crienyromryro 3agady. beiia mpoBeaeHa cepusi U3MEPEHUA IBYX CITyYalHBIX BETHYUH X

U Y, mpudeM U3MepeHUs IPOBOIMIINCH MOMAPHO: T.€. 32 OJTHO U3MEPEHUE MBI ITOJTyYaly BA 3HAUCHUS - X;
u y;. lMes BBIOOPKY, COCTOAIIYIO M3 Map (X;, ¥;), MBI XOTUM ONPENCIUTh, UMEETCI JIU MEXKIY dTUMHU
JIByMsI IEPEMEHHBIMH 3aBHCUMOCTb.



3aBUCUMOCTh MEXAy CIIy4yailHbIMH BEJIMUYMHAMU MOXKET MMETh (DyHKIHMOHAJBHBIA Xapakrep, T.€.
OBITH CTPOTUM (PYHKITMOHATHLHBIM OTHOIIIEHUEM, CBI3BIBAIOMINM WX 3HaudeHUsA. OmHako mpu o0paboTke
9KCIEPUMEHTANBHBIX JaHHBIX TOpa3lo Yalle BCTPEUAIOTCs 3aBUCHMOCTH JPYroro poja: CTaTUCTHYECKHE
3aBUCUMOCTH. Paznuume Mexny AByMsl BHIAMH 3aBHCUMOCTEH COCTOMT B TOM, YTO (PYHKIHOHaJIbHAs
3aBUCHUMOCTb YCTAaHAaBJIUBACT CTPOTYI0 B3aUMOCBSI3b MEXAY II€PEMEHHBIMHM, a CTaTUCTHYECKas
3aBUCUMOCTbD JIMILIb TOBOPUT O TOM, YTO PacHpeAeIeHUe CIydaiHONW BEIMYHMHBI Y 3aBUCUT OT TOT0, KaKkoe
3HAa4YCHUE IPUHUMACT ClydaiiHas BeTMUUHA X.

OpnHol U3 Mep CTaTUCTUYECKOH 3aBUCUMOCTH MEXIy JIByMs II€PEMEHHBIMHU BJIsieTCs Ko3duiment
koppessinuu. OH MOKa3bIBaeT, HACKOJIBKO SPKO BBIPa)KEHA TEHICHLUS K POCTY OIHOW IEpEMEHHOU IpU
yBenuueHnn apyroil. Kosddumuent koppensiuun Haxoautcs B auanasone /-1, I]/. HyneBoe 3HaueHme
kod(pumenTa 0603HaUaET OTCYTCTBUE TAKOH TEHACHIMH (HO HE 00s3aTeIbHO OTCYTCTBUE 3aBUCUMOCTH
BooO1ie). Ecnu TeHAeHIMs SIPKO BhIpakeHa, TO Kod(hduiueHT koppensuuud Onm3ok k +/ wmm -1 (B
3aBHCHUMOCTH OT 3HAKa 3aBHCHMOCTH), IPHYEM CTPOTOE PABEHCTBO €IMHHIIE 0003HAYAET KpailHUi ciydai
CTaTUCTUYECKON 3aBUCHMOCTH - (YHKUHMOHAIBHYIO 3aBHCUMOCTb. [IpOMEXyTOUHBIE 3HA4YECHUS
K03 GHUIMEHTa KOPPEIALMN TOBOPST, YTO XOTS TEHACHIUS K POCTY OJHOM NMEPEMEHHOI ITPpH YBEIINUCHUN
Jpyroi He OueHb APKO BBIPAXKEHA, HO B KAKOH-TO MEpe OHa BCE K€ MPUCYTCTBYET.

3ameuanue.

Kospouunent koppensiun, pacCUNTAHHBI Ha OCHOBE BBIOOPKM KOHEYHOTO pa3Mepa, JIUIIb
NpUOIMKEHHO paBeH MCTHHHOMY 3HA4eHHIO Kod(duimeHTa KOppersiuuu MEXIy IBYMS CIy4aiHBIMU
BeIMYMHAMH. B yacTHOCTH, eciu ABE clydailHbIE BEIMYMHBI HE 3aBHCAT APYT OT Apyra, kKo3dduuueHt
KOppEeJSIIMK MEXIY HUMHU paBeH Hymo. Ho paccuntaB ero Ha OCHOBe KOHEUHOW BBIOOPKH, MBI CKOpee
BCETO MOJIYyYUM HEHyJIeBOE 3HaueHHE. YTOOBI ONpeenuTh, HACKOJIBKO 3HAYMMO OTIHYHE KO3 dHUnneHTa
KOPPEJSLHU OT HOJISL, MO’KHO BOCIIOJIb30BATHCS COOTBETCTBYIOIIMM METOJIOM IPOBEPKH THIIOTE3.

4.JIuneiiHas perpeccus, ee mapaMeTpsl.

CrenyomymM 3TaloM SIBISETCS pecpeccUuoHtblll aHdau3, ¢ MOMOIIBI0 KOTOPOro KOPPESIIMOHHYIO
3aBHCHMOCTb MEXJIy NPU3HAKAMH NpUOIMKEHHO BBIPa)KalOT B BUAE JMHEHHOIO ypaBHEHUS PErPEecCHH

BHIA yx ~ayta X . Heussectnbie TapamMeTphl o B d; HaXOAATCS METOIOM HAaWMEHBITHUX KBaJIPaTOB.
IIpuMeHss 3TOT METOA, MOTyYaeM CICAYIONIYIO CUCTEMY HOPMaIbHBIX YPABHCHUM:

a,+a,x=y

[— _2__
ayx+a;x° =xy

Pemas cuctemy, HAXOIAT OIEHKH MapaMETPOB dy U @|. YPABHEHHE PErpeccHy MOXKHO 3aIlucaTh B

TaKoOM BHJIC: yx Y= (x-X)

g |

—x-
[Tapamerp a- 2 - — K03uyuenm pecpeccuu — NMOKa3bIBACT, KAK U3MEHUTCSI B CPEIHEM
X
pe3yAbTaTUBHBIN MPH3HAK, €cid (aKTOPHBIM MPU3HAK YBEIMYUTCS HA COUHMILY CBOETO H3MEpPEHHUS.
YpaBHEHHE PErpeccuy MOKHO UCIIONIB30BATh AJIS IPOSHO3Uposanusi (IPeACcKa3aHusl).
CymecTByeT HECKOJBKO pasinyHbIX KO3(D(UIIMEHTOB KOppensIuu, K KaXJIOMY H3 KOTOPBIX
OTHOCUTCSI CKazaHHOe Bbime. Hambornee mmpoko wu3BecTeH KoaduuueHT Koppemsuuu [lupcona,

XapaKTepmonumﬁ CTCICHb JINHEHHOM 3aBUCUMOCTH MCKAY IICPEMCHHBIMU. On OMPEACIIACTCA, KaK

PUEESICAS

r:\[gtxi—ff\[gm—ff

CBoiicTBa BIOOPOYHOT0 KO3 (PpHUIIHEHTA KOPPeIsAUHn:
1) -1<r<1;

2) yem OoJIBIITE |

, TEM TeCHee JIMHEHHAas! KOPPETAIHS MKy IBYMS MPU3HAKAMU;

3) ecnm |r| =1, To KOppeNsANHOHHAs 3aBUCHMOCTE CTAHOBHUTCS (DYHKIIHOHAIBHO;

4) ecmu ¥ =0, TO MeXIy W3ydacMbIMH TPU3HAKAMH HET JMHEHHOW KOPPENSAIMH, HO BO3MOXHO
CyIIECTBOBAHWE KAKOTO-THOO JPYyroro BHAa KOPPEIAIIHOHHOW 3aBHUCHUMOCTH (TIapaboJIMYeCcKOH,
TUnIepOOTMIeCKON U T.1I.).



2. METOAUYECKHUE YKA3AHMUA 110 BBIIIOJIHEHHUTIO

JIABOPATOPHBIX PABOT
2.1 JIaGopatopHas padora Nel ( 2 yaca).

Tema: «OCHOBHBIC MOHATHA MATEMATHYECKON CTATHCTHKID)
2.1.1 Heab padboThi: HAYYUTCS ONPEALIATH 3HAUUMOCTD YHUCIIOBBIX XapaKTEPUCTHK

CTaTMCTUYECKOTO pacpeeIeHUs
2.1.2 3agauu padoThI:

1.PaccmotpeTs onpeiesieHne CTaTUCTUYECKON THUITOTE3bI.

2. BBISICHUTB 4TO Ha3bIBAE€TCS MMPOBEPKOM rUnoTe3?

3. 3ajauM CTaTUCTUYECKOM IIPOBEPKU TUIIOTES.

4. OnpenesneHre HyJE€BOUW TUIOTE3bI.

5. Onpenenenne KOHKYpUPYOIIEH IMIOTE3bI.

6. Onpeenenye CTaTUCTUYECKOTO KPUTEPHUSL.

7. OCHOBHOM NMPUHILIMII IPOBEPKU TMIIOTES.

2.1.3 Ilepevyenb npudOpPOB, MaTEePHAJIOB, HCIOJIb3YyeMbIX B J1a00paTOpHOI padoTe:

2.1.4 Onucanue (xox) padorbI:

[TonsTue craructuyeckoi runoresbl. HyneBas u anbTrepHaTUBHAS TUIIOTESBI.

Omnpenenenne. CTaTUCTUYECKON HA3bIBAIOT T'MIIOTE3Y O BHJIE€ HEU3BECTHOT'O paCIpEACNICHHUS,
WJIM O TIapaMeTpax U3BECTHBIX PACIPECICHUN.

Hampumep, BO MHOTMX NpPaKkTUYECKHUX 3aJadax TOYHBIM 3aKOH PACIPEECICHUS HCCIEAYEMOIO
npu3HaKka X TeHepaJbHOH COBOKYITHOCTH HEM3BECTEH. B 3TOM cirydae HE0OXOAMMO NMPOBEPHUTH
eunomesy 0 MPEIIOIAraeMOM 3aKOHE paclpeesICHUS.

Onpenenenne. Hynepoil (OCHOBHOM) Ha3bIBAIOT BBIABUHYTYIO TUIIOTE3Y ).

Onpenenenne. Koukypupyronieil (anbTepHaTHBHOM) Ha3bIBAlOT Trumnoresy FH,, Koropas

IIPOTUBOPEYUT OCHOBHOM.

Hanpumep:

Hy: npusHak X nMeeT HOPMAaJIbHBIN 3aKOH PaCIpECIICHHUS.

H,: npu3Hak X UMeeT 3aKOH pacnpeAeIeHts, OTIIMYHBINA OT HOPMaJIbHOTO.

Onpenenenne. [IpocToil Ha3bIBAIOT THIIOTE3Y, COAEPIKAIILYIO TOJIBKO OJTHO MPEOI0KEHHUE.
Onpenenenne. CroXHOH Ha3bIBAIOT THUIOTE3y, KOTOpas COCTOMT W3 KOHEYHOro WIH
0ECKOHEUHOT0 YHCa MPOCTHIX THIIOTE3.

BeiiBuHyTas rumore3a MoOKeT ObITh NPAaBUIBHON WM HENPaBWIbHON, MO3TOMY BO3HHMKAeT
HEOO0XOMMOCTh €€ MPOBEPKU. B MTOore craTMCTH4ecKkoil MpOBEPKH TMIIOTE3Bl B JIBYX CIydasx
MOTYT OBITh JOMYIIEHBI OITUOKHU:

OmmbKa mepBoro poga COCTOUT B TOM, YTO Oy/eT OTBEprHyTa mpaBmiibHas runore3a. Ommbka
BTOPOI'0 PO/Ia COCTOUT B TOM, YTO OyJIeT MPUHSTA HENPaBHIbHAs TUIIOTE3A.

Taxum 006pa3oM, BO3SMOXKHBI CIIyJau:

['unoresa Hy [Ipunumaercs OtBepraercs
Bepna [IpaBunbHOE pelieHne Owubka nepgsozo pooa
Hegepna Owubka emopozo pooa [IpaBuibHOE pelieHue

Onpenenenne. BeposTHOCTh JONYCTHTH OIIMOKY MEpPBOro pojaa (OTBEPrHYTh HYJIEBYIO
TUIIOTE3Y, KOT/1a OHA BEPHA) HA3bIBACTCS YPOGHEM ZHAUUMOCU KPUMEPUS.

Onpenesienne. BeposSTHOCTh HE JOMYCTUTh OIIMOKY BTOPOro poja (OTBEPTHYTH HYJIEBYIO
TUIIOTE3Y, KOI/1a OHA HEBEPHA) Ha3bIBACTCS MOWHOCHbIO KPUMEPUSL.

Cratuctudeckue KpUuTepUy MPOBEPKU IrUnoTe3. MoUHOCTh KpUTEpPUS.



Jiss TpoBEpKM HYJIEBOM THIIOTE3bl HCHOJB3YIOT CIHEHHUATBHO MOJO00OPaHHYIO CIIydailHYIO
BEJINYHMHY, TOUHOE UM MPUOIMKEHHOE 3HaYeHUe KOTOpOoil u3BecTHO. O003HAYUM 3Ty BEIMUUHY
K.
Omnpenenenne. CTaTUCTUYECKUM KPUTEPHEM HA3bIBAIOT CIydalHYI0 BenMuuHy K, KOTOpas
CILYXKUT ISl IPOBEPKH HYJIEBOM TMIIOTE3BI.
JUis mpOBEpKM TUIOTE3bl 10 JaHHBIM BbIOOPOK BBIYMCISIOT YAaCTHBIE 3HAYEHUS BXOJAILUX B
KPUTEPHA BEIMYMH U TaKUM 00pa30M MOIy4aroT HaOIr01aeMoe 3HaueHUE KpUTepusl.
[Tocne BbIOOpa ONpPEAENCHHOIO KpPUTEpUS MHOXKECTBO BCEX €ro BO3MOXKHBIX 3HAuYCHHUH
pa3dMBalOT Ha JBa HEMEPECEKAIOUIMXCS MOIMHOXKECTBA: OJHO M3 HHUX COJCPKHUT 3HAUCHHS
KPHUTEpHs, IPU KOTOPBIX HyJeBasl TMIIOTe3a OTBepraercs (KpuTudeckas 00J1acTb), pyroe — npu
KOTOPBIX OHA MPUHUMAETCS (001aCTh TOMYCTUMBIX 3HAUEHUH ).
OCHOBHOW TNPUHIMI TNPOBEPKU CTATUCTUYECKUX THMIOTE3: €CIM Hal/oJaeMoe 3HAYCHHE
KPUTEPHsl TMPHHAUICKUT KPUTHUECKOW OO0NAaCTH, TO THUIOTE3y OTBEPrarT, €Cild 00JIaCTH
JOIYCTUMBIX 3HAYEHUH, TO TUIIOTE3Y IPUHUMAIOT.
ITockoneky kputrepuii K - OJHOMEpHas cilydaliHas BEJIWYMHA, BCE €€ 3HAYCHUs IPHUHAIIIEKAT
HEKOTOpOMY HHTepBally. I[09TOMy CyIIECTBYIOT TOYKHM, KOTOpBIE OTIENSAIOT KPUTHYECKYIO
001aCTh OT 00JIaCTH AOMYCTHUMBIX 3HAYECHUH.
Onpenenenne. KputnueckMMHU TOUKaMU Ha3bIBAIOT TOUKHU, OTAEISAIONINE KPUTUUECKYIO 00J1acTh
0T 00JIACTH MPUHATHUS TUIIOTE3bI.
Pa3znuualoT OJHOCTOPOHHIO (IIPaBOCTOPOHHIOI M JIEBOCTOPOHHIOW) U JIBYCTOPOHHIOIO
KpUTHYEeCKHe 001acTH.

[TapameTpuueckue 1 HemapaMeTPUUECKUE KPUTEPUH. Y CIIOBUS IPUMEHUMOCTH.
Kpumepuu ;(2 Iupcona («xu-kBampar») — HauboJee 4acTo yImoTpeOIsIeMblid KPUTEPUIl, MOKET
IPUMEHSATBCS JJIs IPOBEPKHU TMIIOTE3bI O JIIOOOM 3aKOoHe pacnpeneneHus. HesaBucumo ot Toro,
KaKoe  pacmpeneneHue  uMmeer X,  pacupelercHue  CIyd4alHOW  BEJIMYMHBI ;(2:

el
, Iac mi — OMIIUPUYCCKHUEC YaCTOTHI, mT — TCOPCTUYCCKUC YaCTOThI;

i

s k) T\2
2 (m; —m;)
Z :Z i Tl
i=1 m;

1
2
pu 1 —> 00 CTPEMHUTCS K ¥~ — pacIpeiesieHuIo ¢ K cTeneHsMu CBOOOIbI.

TCOpCTI/I‘ICCKI/Ie JaCTOThI ONPCACIAOTCA, UCXOAA U3 IMMPCATIOJIOKCHHUA O 3aKOHC PAaCHPCACICHUA

m.
IeHepaIbHON COBOKYIIHOCTH, B JaHHOM Cilydae O HOPMaJbHOM 3akoHe. Tak Kak p; = —-, Ilie
n

pi — TEOpETHYECKAs BEPOSTHOCTb, TO M, =N~ P, .
- u

Jlns Ouckpemnozo paoa: pi=i'f(ul-), e uiZM, f(uw)= ! e 2 -

o, o, V2
muddepeHnmanbHas  QyHKIMS ~ HOPMHUPOBAaHHOTO  HOPMAJIbHOTO  pAaCIpeieieHus,  Imar
h=x,—Xx,,, X, — BbIOOpOUHAs CDEMHsAA, O, —BBIOOPOYHOE CPEIHEE KBaJPATHUECKOE
OTKJIOHEHHE.
Hns unmepeanvrozo paoa:

B

P, =P(x, <X <x)=@| o | g X1t

O-B O-B

£ |, roe @(t)— bynkuus Jlamnaca.
2
PaccunraB TeopeTMYECKME YACTOTHI, HAXOMAT Y., . V3 TaONULBl Kpumuueckux mouex
pacrpesieneHus y° M0 3aJaHHOMY YPOBHIO 3HAYMMOCTH O (JJOCTATOUHO Majiasi BEPOSTHOCTB) U
. 2 . o
YHCIy CTeleHed cBOOOIbI k HaxXOoIsAT X xpur (O k) — rpaHuIly PaBOCTOPOHHEH KPUTHYECKOM

obnactu. 3necb k=s—r—1, /1€ § — YUCIIO PA3IUYHBIX 3HAYCHUHN X; JUCKPETHOTO WJIA YUCIIO
WHTEPBAJIOB (X;_] —X;) HEMPEPHIBHOIO MpHU3HAKa X, 7 — YUCJIO MapaMeTpoB MPEAIoIaraeéMoro



3aKOHA pachpeseNieHus, I HOPMalIbHOTO pacmpeseneHus r =2, orcioga k=s—3. 3arem
2 2

CPAaBHUBAIOT .50 X X ipur (a, k) m nenaroT BBIBO/I.

[Tpu dbopmyaupoOBKE BEIBOAA PYKOBOACTBYIOTCS CIICAYIOIIUM ITPABUIIOM:

2
* eClIi Habnrodaemoe 3Ha4eHue Kputepus ZHaﬁJ‘I Iomnajuo B obracmos NPUHAMUA 2UNOMeE3bl

( Z§a6n < )(ipm (a, k)), xak mokazano Ha pucyHke (PucyHok 3a.), TO HET OCHOBaHUHW OTBEpPraTh
HYJEBYIO THUIOTE3y, IO JJaHHBIM HAOMIOJIEHUs MNpuU3HaK X WMEeT HOPMAIbHBIM 3aKOH
pacripesiesieHusl, PACXOK/IEHNE MEXK/Ty SMIMPUUECKUMH H TEOPETUUECKUMH YacToTamu (/,; W
mlT ) ciyuyaiiHoE;

2
* ecnmu HabmonaeMoe 3HA4YEHME KPUTEPUS J,.s. IIONAIO B KPUmuueckylo obracmo

2 2
(Xiaen™> X xpur (o, k)), xak mokazaHno Ha pucyHke (PucyHok 306.), To HyleBas THIIOTE3a

OTBECPracTcCsd, cCHpaBCIIMBa KOHKYpHpYOIaAd TIHUIIOTE3a, TO €CTh IIPU3HAK X wmMeeT 3aKoH
pacrnpeaciicHus, OTJIMYHBIA OT HOPMAJIBHOI'0, PpPacxXoXIACHUC MCKAY OMIHUPHUYCCKUMHU U

el
TEOPETUUECKMMU YaCTOTaMHu (171, U mlT ) 3HAYUMO.

T
) SN
)
_ 2. 2
a_P()( >X KP“T) a:P(;{ 2>Z zl(pm)
0 szpyn Zzuat?u ZZ 0 lzua@] lzkpm' 12
Pucynok 3a — O0xacTh IpUHATHS THIIOTE3BI Pucynok 1 — Kpurnueckast ob6nactb

3aganus K padore:

Ha 10 onbITHBIX MOJSIX TOJTYyYEHBI YPOKAWHOCTH HEKOTOPOH CEIIbCKOXO3SIMCTBEHHOM KYJIbTYpPBI
B KOHTPOJIE U B OTBITE C UCIIOJIb30BAHUEM HEKOTOPOT'0 KOMILJIEKCHOTO y100peHus. Pe3ynbrarel
UCTIBITAHUH TPeICTaBICHBI B Ta0uie. [[poBepUTh CTATUCTHYECKYIO THIIOTE3y O PABEHCTBE
ypoxaiHOCTe# B ombITe (Y) U B KOHTpoJIe (X) JuIs ypoBHs 3HaunMocTtu 0=0,05, mpeanaras, 4ro
YPOXKaNHOCTb SIBISICTCS HOPMAJIBHO PAaCIPENCICHHON CIIy4allHOM BEIMYHHOM.

Ne /1 | Homep BapuanTa

Nel No2 Ne3 Ne4 No5 Neb Neo7 Neg& Ne9 NelO

Xy Xy Xy Xy Xy Xy Xy Xy Xy Xy

4147 12536 | 119 1512 |2636 |35 2830 |16 1315 |45

4048 3038 |1012 1416 [2328 |89 2931 |23 1419 [39

3944 12542 |68 1719 |1821 |23 2726 |59 1012 |67

3845 3036 | 810 1012 | 1219 [47 1827 |87 118 27

3642 3534 |99 1318 | 1413 |34 1615 |26 1515 [38

3745 3538 1213 | 1515 |1723 |29 1721 |11 1819 |79

3950 4044 |78 1619 | 1528 |55 2731 |39 119 97

3647 4139 |69 1115 2029 [47 2419 |57 1018 |46

3646 |3536 |87 1920 | 3128 |38 1823 146 1216 [ 68

— | O |0 |J[N|[Wn | |W|N|—

0 3846 [2731 | 1011 |1618 1920 [57 2620 |85 1716 |32




2.1 JlaGoparopHasi padora Ne2 (2 yaca).

Tema: «Koppeasuus»
2.1.1 Heab padoThl: yCTAHOBUTH CYLIECTBOBAHHE 3aBUCUMOCTH MEXAY IByMs ITpU3HAKAMU U

OIIpeNIeNIATh TECHOTY 3TOH 3aBUCUMOCTH.
2.1.2 3agauu padoTsI:

1. JlaiiTe onpeneneHre KOPPEISIIUOHHONW 3aBUCUMOCTH.

2. B ueM coCTOST IB€ OCHOBHBIE 33/1a4U TEOPUU KOPPEIIALIHU?

3. Kakyo KOppelsiuOHHYIO 3aBUCHMOCTh Ha3bIBAIOT JIMHEHHOMN?

4. aiiTe onpezeneHre BBIOOPOYHOT0 K03 pHIIMeHTa KOPPETAIUHN U IEPEUNCIIUTE eT0 CBOMCTBA.
5. 3anuumuTe BHIOOPOYHBIE YPAaBHEHUS MIPSIMBIX pEerpeccuil.

2.1.3 Ilepevyenb npudOpPOB, MATEPHUAJIOB, HCIIOJIb3YEeMbIX B J1a00paTOPHOii padoTe:

2.1.4 Onucanue (xox) padorTbIi:

Onpedenenue. Koppenayuonnoui 3aeucumocmuio (Koppenayueit) HA3bl8AI0M 3A8UCUMOCHIb,
npu KOmMopou usmeHeHue OOHOU U3 BelUYUH 6leuem 3a COOOU U3MeHeHue CpeoHne20 3HAYeHUs
Opy2oil 8eIUYUHDL.

Onpedenenue. Koppenayuonnoi maoauyeii nazvlieaemcs mabauya, 8 KOmMopou pe3yibmanol
HAOMIOO0EHULL 3aNUCAHbL 6 603PACMAIOUEM NOPAOKE C YKA3AHUEM HACMOM N, ; NOAGIEHUS Napbl

(xl. 2V )
Onpedenenue. Ycnoguvim cpedHumM Yy HA3bI6AIOM cpeonee apupmemuyecKoe 3HaueHue

genuyunsl Y, gbluucieHnoe npu ycioguu, ymo X npuHumaem QuKCUposanHoe 3HaueHue.
Onpedenenue. Imnupuueckou aunuen pezpeccuu Y Ha X Hazvleaemcs JIOMAHHAA,
coeounaowjas mouku M(x,;y. ).

Onpeoenenue. Teopemuueckou nunueni pezpeccuu Y na X HaA36186aemcs «CoLaICUBAIOWALY
Kpueas, okol0 Komopou epynnupylomes mouku M (x,;y_), a coomgemcmeyrowee ypasHeHue

y = f(x) —ypaenenuem pezpeccuu Y na X .

JIns yCTaHOBJIGHUSI MEXIY JIBYMsl NPU3HAKAMHU JIMHEHHON KOPPEISILUU CIIYKUT 6b100POUHBbLIL
KoI(hpuyuenm Koppenayuu, KOTOPHI BIYUCISAETCS IO opMyIIe:

290
V@ -0 S -0

Ceoilicmea ebl00pouUn020 KOIhduyuenma Koppenayuu:

(1)

1) -1<r<l;
2) yeM OoJibIie |r

, TEM TE€CHEE JIMHEWHAs KOPPEIALUA MEXAY ABYMS IPU3HAKAMU;

3) ecnu |r| =1, TO KOppeISIMOHHAS 3aBUCUMOCTh CTAHOBUTCS (DYHKIIMOHAIBHOI;

4) ecmu r =0, TO MEX1y U3y4yaeMbIMU IIPU3HAKAMU HET JIMHEHHON KOPPEISALUH, HO BO3MOXHO
CYIIECTBOBaHME KAaKOI0-IMOO APYroro BUAA KOPPENISLUOHHON 3aBUCUMOCTH (1apaboIndecKoi,
TUIepOOINYecKOi U T.11.).

Ecin B pe3ynbrare omnbiTa JMHEWHAs 3aBUCUMOCTb MEXKIY BEIMYMHAMH Y UM X BBIpaKEHA B
BHUJIE TAOJINIBL:

X X, X, X, X

1 n

Y b Y2 e Vi - Y
TO MapaMeTpbl @ U b ypaBHEHHUsS MPSIMOM perpeccuu y = ax + b HaxoaATCs U3 HOPMUPOBAHHOMN

CHUCTEMBI 110 METOAY HAMMCHBIUINX KBaApaTOB:



n 5 n n
ay x; +by x; =3 xy,
i=1 i=1 i=l1

)
az X; +bn = Z V;
i=1 i=1
B ciydae manoii BEIOOpKH ypaBHEHHE MPSMON PErPECCHH BBIUUCIISIOT IO (hopMyIie:
y_y:by/)((x_x)a (3)

rae by, - K03pHULIUEHT perpeccuy, BBIYUCISEMbIH CIIEAYIOINUM 00pa3oM:
b _Z(xi_x)(yi_y)
i Z (‘xi - x)z

X — BBIOOpOYHAs cpeHsisl Mpu3Haka X ,
y — BBIOOpOYHAs CpedHss MpU3HaKa Y .

(4)

Ilpumep 1. 3nauenus BenuunH X W Y, ONydYeHHBIC B Pe3yJbTaTe OIBITA, MPEJCTABICHBI B
BUJI€ TaOJIHIIBI:

X, 2 4 6 8 10
Vi 55 | 85 | 136 | 17,3 | 20,1

Haiitu cnocoOoM HaMMEHBIINX KBAJAPATOB yPaBHEHUE MPSMON PETPECCHH.
Pewenue. J171s1 BoIUMCICHYSI TAPAMETPOB YAOOHO COCTABUTH CJIEAYIOILYIO TAOJIHUILY:

X Vi xi2 Xi Vi
2 5,5 4 11
4 8,5 16 34
6 13,6 36 81,6
8 17,3 64 138.,4
10 20,1 100 201
> x, =30 Dy, =65 | Dx}=220 | > x,-y, =466

HOI[CTaBI/IB OTHU 3HAYCHU B CI/ICTeMy, l'IOJ'Iy‘II/IM:
{220a +30b = 466

30a +5b =65

Pemas cucremy, Haxonum napameTpsl a =1,9; b =16.

Takum 00pa3oM, 3aBUCUMOCTh MeEXAy BenmnunHamMu X © Y BwIpaxkaercs (opmyion
y=19x+16.

Ilpumep 2. 151 10 neTymkoB JerropHOB 15-THEBHOTO BO3pacTa ObUIN MOIYYEHBI CIEIYIOIHE
JaHHBIE 0 Macce ux Tena X (r) u macce rpedHs ¥ (Mr):

X; 83 72 69 90 90 95 95 91 75 70

Vi 56 42 18 84 56 107 | 90 68 31 48
Tpebyercs:

1) Haiitu k03 duineHT KOppessiuu U ¢ieiaTh BRIBOJ O TECHOTE U HAINlPaBJICHUH JIMHEHHOM
KOPPEJSALIMOHHON CBSI3U MEXAY PU3HAKAMU;

2) CocTaBUTh ypaBHEHHE MPSIMOi perpeccun Y Ha X .

Pewienue. 1) CrHayana crenaeM NpoMeXyTOYHbIE BBIYHCIICHUS, KOTOpbIe yI00HO pacroiarats B
BUJI€ TaOJIUIIBI:

No Xl v x-x | =0 vi-y | =0 -0 -)
1 &3 56 0 0 —4 16 0
72 42 —11 121 —18 324 198




3 69 18 —-14 196 —42 1764 588
4 90 84 7 49 24 576 168
5 90 56 7 49 -4 16 -28
6 95 107 12 144 47 2209 564
7 95 90 12 144 30 900 360
8 91 68 8 64 8 64 64
9 75 31 -8 64 -29 841 232
10 70 48 —13 169 —-12 144 156
Z 830 | 600 0 1000 0 6854 2302

Brruncisiem cpennue:
830 _g3: y= 600

S -83; y=——=60
10 10

X =

Teneps 3anonHseM MOCIEAHNE TATh CTOIOLOB TaOMUIBl. CyMMUPYSI 37IEMEHTHI B
COOTBETCTBYIOLIUX CTOIOLAX, HAXOJUM:

> (x, - x)* =1000,
>y, — ) =6854,
Z(xi —x)(y; —y)=2302

[oncraBnss BeIYMCICHHBIE 3HaUYeHHS B (hopmydy (83), momydaem:
2302 0.88

V= ~ U,
1000 -v6854

BeiBo1: Mex 1y Maccoit Tenna X 1 Maccoit TpeOHst Yy 15-THEBHBIX METYIIKOB CYIIECTBYET
TECHas MOJOKUTENbHAS JTUHEHHAs KOPPEISIIIUOHHAS CBSI3b.

2) Ucnonp3ys nanuble U3 Tabnuupl, no popmyie (86) Haxonum ko3 GuuueHT perpeccuu by, :

Y/x = & ~23
1000
Honcrasisist Teneps B popmyiny (85) HaiineHHble 3HaUeHUs x =83, y = 60, by, = 2,3, umeem:
y—60=273(x—-83)
[Tocnennee ypaBHeHHE peoOpazyeM K BUILY
y=23x-130,9
OtmeTHM, YTO NOJTyuYeHHAsi MaTeMaThyecKkas MoJienb (ypaBHEHHE IPsIMON perpeccun) oonagaet
MPOTHO3UPYIOLIMMH CBOMCTBAMU JIMIIb MPU U3MEHEHUU X OT 69 no 95. Tak, Hannpumep, MOKHO
C IOCTaTOYHOU CTETEHBIO IOCTOBEPHOCTH CUUTATh, UTO MPHU Macce neTymka 80 T Macca ero
rpe6Hs COCTaBUT
y=2,32-80-132,56 =53 wr.
Taxum obpazom, r ~ 0,88, y=2,3x-1309.
3aganus k padore:
1. [Tosry4yeHsl qaHHBIE MEXIY JJIMHON Kojioca (X ) 1 9yucioM 3epeH (Y ) B HeM:

X\ 7| 8| 11] 12} 9| 7| 9| 10[ 7| 8| 10| 13| 13| 14| 12| 7| 9| 8| 9| 10




[lo naHHBIM COCTaBHTH KOPPEJALMOHHYIO TaONHUIly; IMOCTPOUTH AMIUPHUECKYIO JIUHHIO
perpeccuu M 3alncaTh YPAaBHEHHE TEOPETUYECKOW JIMHUU PETPECCHM, HCIIONB3Ys METOJ
HAaUMEHBIINX KBaJPATOB.

2. MeTogoM HaMMEHBIIMX KBaJpaTOB HAaWTH YpaBHEHHME INpsAMOM perpeccun Y Ha X 1O
JTAHHBIM, IPUBEJICHHBIM B KOPPEISIIMOHHON Ta0nue:

Y
X 16 26 36 46 56 n.
20 4 4
25 6 8 14
30 10 32 4 46
35 3 12 1 16
40 9 6 5 20
n, 10 18 44 22 6 100
3.  Jamo:  x=234,; y=97,6;  D.(x,-x)’=2444;  D(y,-»)=409;

Z(xl. - x)( v, - ;) =-94,6 . BeruncnuTh K03QQUIMEHT KOppeNsluy U HAaUTH ypaBHEHUE MPSMOi
perpeccun ¥ Ha X .

4. Berunciaute koaddumpeHT perpeccu ¥ Ha X , €CliM M3BECTHO, 4TO X = 63 ;

y=24;2(x,—x)" =356, > (- 1) =169; 3 (x, - x)(y, - y) =193 .
5. B Tabnune npeacTaBieHbl JaHHBIE O JIUHE Tymw X (CM) M TonmuHe mmuka ¥ (MM) Ams
CBUHEH:

x; | 93 101 95 97 102 94 96 100 95 92

yi| 36 31 34 35 30 35 36 31 36 37

Jlokaszare, 4yTO MeXAy npu3zHakamu X u Y cCymiecTByeT oOpaTHas JMHEHHas KOppesius.
3anucarh ypaBHEHUE NPAMOM PErpeccuu.

6. beuTn mpon3BeieHbl U3MEpEHHst 0011ei JUIMHBI CTBOJIA B M ( X ) M AJTUHBI ero 4acTu 0e3
BeTBEH (Y ) 1ecsTH MOJIOJIBIX COCEH. Pe3ynbTaThl 3TOr0 U3MEPEHUs NPEICTaBIEHbl B Ta0IHLIE.
Boraucnute BBIOOPOYHBIH KOA(OUIMEHT KOPPEISIMYA U HAUTH ypaBHEHHE MPSIMOI perpeccuu Y
Ha X .

X; 25 35 45 55 65 75 85 95 105 115

Vi 14 18 19 20 23 23 24 26 29 34

7. CpaBHeHHUE Macchl Kaxa0ro pacteHus (Y ) co cpeaneit maccoii ero cemsin ( X ) mokasaino
CIIEYIOIINE 3HAYEHUS:

X, 60 65 70 75 80 85 90 95 100 105

Vi 70 72 71 73 75 74 76 77 78 77
CrnenaTh BBIBOJI O TECHOTE U (JOpME KOPPEALUHN U HATH ypaBHEHUE NPsIMOM perpeccun ¥ Ha
X.

8. 'padnuecku oueHUTE CBSI3b MEKIY Maccoll Teja U JoJied, KaKyro Macca MO3ra COCTaBIIseT OT
o011eit Macchl Yy OOBIKHOBEHHOTO TIOJICHSI.

Macca Tena, KT 7,5 12,5 17,5 22,5 37,5 27,5 32,5
Macca mosra, % 4,10 2,24 1,12 0,85 0,55 0,68 0,55
9. HaOxromeHusi MoOKa3ajid, YTO YAOH TpYHIBl KOPOB SIPOCIABCKOW MOPOJBI M3MEHSETCA IO
MecsliaM JIAKTalluH CJIeTyIoIIM 00pa3oM:
Jlakramus, mec,| 1 2 3 4 5 6 7 8 9

VY noii, 1. 18,2 | 20,1 | 23,4 | 24,6 | 25,6 | 25,9 | 23,6 | 22,7 | 19,2

Fpa(l)I/I‘ICCKI/I OLCHUTE 3aBUCUMOCTb MEXY YAOE€M KOPOBBLI U CpOKaMHU JIaKTalluH.



3. METOANYECKHUE YKA3AHUSA
O IMPOBEJEHUIO MIPAKTUYECKHUX 3AHATUN

3.1.IlpakTuueckoe 3austue |
Tema: «Jluneiinas anre6pa. Pemenue cucrem ypaBHeHuin» (2 gaca)
3.1.1 3aganue njst padoThI:

1. BXxoaHO# KOHTPOIIb.
2. Pemienue cucteM JBYX ypaBHEHHH C ABYMS MEPEMEHHBIMU.
3. CucrteMbl ypaBHEHMi, HMEIOIIUE OJHO, HU OJHOTO M OECUHCIEHHOE MHOXECTBO
pelIeHUH.
4. Metonsl pemenus CJIY.
3.1.2 KpaTkoe onucanue NpoOBOJUMOIO 3aHATHSA:
IIpuMepHBIil BApUaHT BXOJHOTO KOHTPOJIS

1. Beruucnurs: 222 11—2 + E+é -11—7.
4\ 2 5 4 6) 19

1,25+ l
4

2. Haiitu a, ecin =
600 0,4-45

Pemenue cucrem ypaBHeHUil
1. Pemuth cucteMy ypaBHEHMIA:
2x -3y =-7 5 8x—-5y=3
a .
Sx+y=8 7x+3y =10
2. CKOJIBKO pelIeHUI UMEET CUCTEMA JTUHEHHBIX YPABHEHUI?
2x—3y=—7_6 2x -3y =-7
Sx—12y=8" " |8x—12y=-28
J.3. Pemnth cuctemy ypaBHEHUM:
Sx-T7y=-25 Sx-=Ty=-25 Sx-T7y=-25
a ; 0) ; B)
4x+3y =23 10x—-14y =23 10x-14y =-50
3.1.3 Pe3yabTaThl ¥ BHIBOABI:

Ha nmaHHOM 3aHSTUU CTYJE€HTaMH MOJYYEHbl 3HAaHUS OCHOBHBIX MOHSATHH U METOJI0B
MaTeMaTUYECKOr0 aHAJIN3a, TEOPUHU BEPOSATHOCTEN U MATEMATUYECKON CTATUCTUKH, TUCKPETHOU
MaTEMAaTUKH.

[TproOpeTeHsbl yMEHUST HCIOIB30BAHHUS MAaTEMATHKO-CTATUCTHYCCKUX METOI0B
00pabOTKH IKCIEPUMEHTAIBHBIX TAHHBIX.

CdhopMupoBannch HaBBIKH BIIAJEHUS OCHOBHBIMH METOJaMH MaTEMAaTHYECKOTO
aHaJIn3a.



3.2.I1paktrueckoe 3aHsiTUE 2.
Tema: « AHaTUTHYeCKasi reoMeTpus». (2 Jaca)
3.2.1 3apanmue a5 padoThl:

1. CriocoObI 3a1aHUs TIPSIMOH.

2. B3auMHOe€ pacnosnoKeHue IByX MPsSMBbIX.

3. CocraBiieHnE ypaBHEHUS JIMHUU B TPEYTOJIbHUKE.

3.2.2 KpaTkoe onucanue MNpoOBOJIUMOIO 3aHATHSA:

1. CriocoObI 3a1aHUs TIPSIMOH.

1. CoctaBuTh ypaBHEHHE NPSAMOH, eciu: a) ee yriaoBol koddpduuumeHr x =-5 u oHa
npoxoaut depe3 Touky A(7;—3); 6) ona mpoxomutr uepe3 Touku A(-3;5) m B(L;7);
B) mpoxoauT uepe3 Touku M (—1;8) u N (-1;—4).

2. CocTaBUTh ypaBHEHHE MPSIMOI C HOPMAJIBHBIM BEKTOPOM 7 (3;—2) M mpoxojsIeit yepe3
Touky C(6;—11).

2. B3auMHOe€ pacnosioKeHue IBYX MPsSMbIX.

3. Haiitn yron Mexty npsaMbiMa > 05x+4 , y=-0,75x-9

4. Haiiti Hanmensiunii yroa tpeyronbanka 4BC ¢ pepunnamu A(=3;5); B(=6; 1); C(9; 0).

3. CocraBlieHH€ ypaBHEHUS JIUHUU B TPEYTOJIbHUKE.

5. Jlanbel BepHIMHBI TPEYTrOJbHUKA A(=2:1), B(2:3), C(3;_4). CocTaBuTh ypaBHEHHS:
a) CTOPOHBI AC, 6) Mmeauansl BM ; B) HanMeHbIIeH BBICOTHL

6. COCTaBUTh ypaBHEHHE CEpeJMHHOTO MepreHNKYIIIpa, IPOBEJeHHOro0 K oTpesky 4B
e A(5:0) y BET-1)

1.3.

Jlausr Bepmmnel Tpeyromsunka ABC A(=2;5), B(10;-4); C(8;10) Tpebyercs: a) Haiitu
wmnny cropoust 4B ; 6) cocraButs ypasnenns cropon 4B u AC B obmem Buxe u Haiith ux
yriuoBsie K0o3(MHUIUEHTHI; B) COCTaBUTh ypaBHeHue memuanbl 4D ; T) coctaBuTh ypaBHeHHE

soicothl CE |
3.1.3 Pe3yabTaThl U BHIBO/BI:

Ha nannowm 3angaTuun CTYACHTAMU MOJYYCHBI 3HAHWS OCHOBHBIX MMOHSATUM U METOJIOB
MAaTEMATUYCCKOr'o aHaJin3a, TCOpUuu BCpOHTHOCTCﬁ 1 MaTeMaTHYECKOU CTaTUCTHKH, I[PICKpCTHOﬁ
MaTEMaTHKU.

[IproOpeTeHbl yMEHUST HCIIOJIB30BAHKS MaTEMaTHKO-CTATUCTUYECKHX METOJIOB
00pabOTKH IKCIIEPUMEHTAIBHBIX TAHHBIX.

CdopmupoBanrch HaABBIKA BIIJIEHUST OCHOBHBIMU METOJIAMU MAaTEMAaTHYECKOTO
aHam3a.



3.3.IlpakTrueckoe 3ansTue 3.
Tema: « AHaTUTHYeCKasi TeoMeTpus». (2 Jaca)
3.3.1 3apanmue a5 padoThI:

1. CocraBieHue ypaBHEHUS JIMHUM B TPEYTOJIbHUKE.
2. Pemenue 3agau.

3.3.2 Kparkoe onucanue NnpoBoAUMOro0 3aHATHS:
1. CocTraBiieHre ypaBHEHHUS JIMHUN B TPEYTOJIbHUKE.
Pazbop TeopeTnueckoro marepuana

2. Pemenue 3agau.

1. TpeyronbHuK ABC 3anan cBonmu BEpLIMHAMU A(3;2), B(9; 4); €(6;6) Onpenenursb
KOOPJMHATHI [IEHTPA OMMCAHHOW OKOJIO TPEYrOJIbHUKA OKPYKHOCTH.
2. Cpenu mnpsAMBIX YyKa3aThb MapajljIelIbHbIE W IEPHEHAUKYIISIPHBIE: Sx—8y+7= 0,
8x+5y—-5=0 5x+3y-8=0 8x—-y-5=0 10x+6y—-13=0
3.3.3 Pe3yabTaThl ¥ BHIBOABI:

Ha naHHOM 3aHSTUU CTYJ€HTaMM MOJYYEHbl 3HAaHUS OCHOBHBIX MOHSATHH U METOJI0B
MaTeMaTUYECKOT0 aHaJIN3a, TEOPUHU BEPOSATHOCTEN U MAaTEMATUYECKON CTATUCTUKH, TUCKPETHOU
MaTEMaTUKH.

[TproOpeTeHsl yMEHUST HCIOIB30BAHHUS MAaTEMAaTHKO-CTATUCTHYCCKUX METOI0B
00pabOTKH IKCIEPUMEHTAIBHBIX TAHHBIX.

CdhopMupoBanch HaBBIKKA BIIAJEHUS OCHOBHBIMH METOJaMH MaTEMAaTHYECKOTO
aHaJIn3a.



3.4.IlpakTrueckoe 3aHsATHE 4.

Tema: «/Iuddepennmansaoe ncuucinenne OyHKIMs OAHON epeMeHHOM. (2 yaca)
3.4.1 3aganue nJst padoThbI:

1. ®ynkausa. O6macte onpeneneHus GyHKINH.

2. [IpouszBonnas. [IpaBuna nuddepeHupoBaHus.

3. 'eoMeTprUUECKUA CMBICII POU3BOTHOM.

4. MexaHU4eCKHil CMBICT TPOU3BOAHON

3.4.2 Kparkoe onvcanie MpoOBOAUMOIO 3aHATHSA:

1. @ynkus. O6nacTs onpeaenaeHus QyHKINH.

1. Haiitu oGnacte onpeneneHus ClIeymux GyHKITHA:

1
=46—-x+ ;
N 545" gy =V gy =logs(=r)

y= 4005(% - xj +sin(z + x)

Vo-x

- In(4 + x) .

y

2
2. Haiiqure E(y):a) eV =X —6x+5.

2. [IpouszBonnas. [IpaBuna nuddepeHupoBaHus.

y:2x—7 y:x4— 14+6-5\/x2+sin4
1. Hafitu  npomsBogHyro:  a) 3 . 06 12x :

3

> 43 Inx
== -x" +3 | _
g x’ ;r)y:(x3+2)-s1nx;ﬂ)y x4
2. Haiianre / (D +3/ () 15 (ysxumn S(x)=Bx+4) \/;
3. 'eomeTpruyeCcKuil CMBICI IPOU3BOIHOM.

1. KacarenpHast k rpaduky ¢QyHKIUH y= f(x) B TOYKE C aOCIHMCCON x,
o0pa3yeT ¢ OTpHIATEIBHBIM HalpaBleHHeM ocu abciucc yron 45°. Haiiaure

J'(xo) .
1

2. CocTtaBUTh ypaBHEHHE KacaTelbHOMW K Tpaduky (yHKUUU f (x)=—2 B
x+

3

B)

TOYKC CIr'o nIepeCcUCHUA C OCbIO OpANHAT. CI[CJIaTB PUCYHOK.
4. MexaHU4eCKUU CMBICIT MPOU3BOIHOM

1. HalitTu CKOpPOCTH M YCKOPEHME TOYKH, ABMKYIIEHCSA IPAMOJIUHEWHO II0
.t
3aKOHY s(¢) = 2s1n? B MOMCHT BpEMCHHU ¢ =1c.
1.3.

1. Tlpu xakux 3Ha4YeHusx x pyHkuus f(x) =9 —3x" me muddepenuupyema?

2. Haiitu y': a) y:%—%+6\/;;6) y =1 (6x-5)" —xzix;B) y:%arctgx-’_ll
X

3. Teno maccoii 10 Kr ABWXKeTCS MpsIMONHMHEHO 1o 3akoHy s(¢) =2t +5t+4. Haiitn
2

KMHETUYECKYIO SHEPTHUIO Tela yepes 3 ¢ [ociie Havaja JIBUKEHUSI.

3.4.3 Pe3yabTaThl U BHIBO/bI:

Ha nanHoM 3aHATHH CTyZ€HTaMU TOJIYYCHBI 3HAHUS OCHOBHBIX TIOHSITHI M METOJIOB
MaTeMaTUYECKOr0 aHAJIN3a, TEOPUHU BEPOSTHOCTEN U MATEMATUYECKON CTATUCTUKH, TUCKPETHOU
MaTeMaTHKHU.

[TproOpeTeHsl yMEHUsI MCIOIB30BaHUS MaTEMaTHKO-CTATUCTHUECKUX METOAO0B 00pabOTKU
AKCTIEPUMEHTAIBHBIX JTAHHBIX.

CdopmupoBanuch HaBBIKK BIIAJIEHUST OCHOBHBIMH METOJaMH MaTEMaTHYECKOTO aHAIH3a.



3.5.IlpakTuyeckoe 3aHsTHE 5.
Tema: [luddepennmnanproe ncuncienne OyHKIUs ABYyX MepeMeHHbIX. (2 Jaca)
3.5.1 3apanmue s padoThi:

1. CnocoOs1 3aganust GyHKIIMH JIBYX TIEPEMEHHBIX.

2. Haxoxnaenue O/[3 pyHKIMH BYX TepeMEHHBIX.

3. HacTHbIE TPOU3BOAHBIE IEPBOTO U BTOPOTO MOPSIKOB.

4. UccnenoBanue GyHKIMH JBYX IEPEMEHHBIX Ha SKCTPEMYM.

3.5.2 KpaTkoe onucanue nNpoBOANMOIO 3aHATHS

1. CocoOw1 3aganust GyHKIIMH JIBYX MIEPEMECHHBIX.

Pa3bop Teopernueckoro matepuana. [IpoBenenue ycTHOro onpoca
2. Haxoxnenne OJ13 ¢hyHKIMHM ABYX IEPEMEHHBIX.

1. Haiitu oOmactu ompeaeneHuss (YHKUUM JABYX IE€PEMEHHBIX: a) Z=_—;

3y—x

6)z=1In(y* —4x+8); B) z:zsln%;r) Z=4/X+y+4/x—y;0) Z:1/x—\/;.
X =y

3. YacTHble IPOU3BOJHBIE IEPBOIO U BTOPOT'O MOPSIIKOB.
1.HaiiTi yacTHBIE MPOU3BOIHBIE TAHHBIX (QYHKIIUN MO KaXJIOW HE3aBUCUMOM TMEPEMEHHOM: a)

z=x'—y;6)z="+3x"; B) z =sin(e’ —5)°).
Y

2.HaiiTi 3Ha4YeHMs YaCTHBIX MPOM3BOMHEIX: a) f(X;y)=x+y—+/x> +° B Touke (3; 4); 0)

z= ln(x +lj B TOYKE (l; 2).
2x
4. UccnenoBanue GyHKIMH IBYX IIEPEMEHHBIX Ha YIKCTPEMYM.
1. MccnenoBaTh Ha SKCTPEMYM (PYHKIIHH:
a) z=—4+6x—x" —xy—y°;
0) z=x"—xy+y> +8x—4y+15;
B) z=2x"—14xy+y° +2x-9y +1.
A.3.

. z=4x> +4y
1.CoctaBuTh TabnuIly 3HaYeHUN (QYHKIIUN , J1aBasi He3aBUCHUMBIM TTEPEMEHHBIM

3Ha4YCHUA OT 0 a0 1 qgepes3 0’2 . 3HaYCHHS (byHKI_[I/II/I BBIYUCIIATH C TOYHOCTBIO JO O’Ol .

15
TSy 9,7 45 -1
X y ;6)Z—nxy.

2. Haiitu obmactu onpeneneHus QyHKIUU: a)

2

2 . .
3. Omnpenenutb pa3pbIBbl PYHKIUU: &) y'—2x ;0) SIMZx  sSmzy.

4. BBHIUMCIMTH YaCTHBIE IIPOU3BOIHBIE TIEPBOTO M BTOPOTO TOPAAKA: a)~ =sin(5x =7y );

6)Z:x5y—8)€-005y+\/;; B)u :ln(x—6y).
3.5.3 Pe3yabTaThl ¥ BHIBOABI:
Ha nannom 3aHaTHM CTyZA€HTaMU MOJIy4€HbI 3HAHUSI OCHOBHBIX TOHITHI U METOI0B
MaTeMaTU4YECKOTO aHaJIN3a, TEOPUU BEPOSATHOCTEN M MaTEMATUYECKOW CTATUCTUKH,
JUCKPETHOM MaTeMaTUKH.
[IpnoOpeTeHbl yMEHHsI HCIIOJIB30BAHUS MAaTEMaTHKO-CTaTUCTHYCCKUX METOJIOB 00pabOTKH

OKCIICPUMCHTAJIbHBIX JTaHHBIX.
C(i)OpMI/IpOBaJ'II/ICI) HaBBIKHM BJIaACHHWS OCHOBHBIMH MECTOAAMH MAaTEMAaTHUYCCKOI'O aHaJiku3a.



3.6.Ilpaktuueckoe 3aHsATHE.6.
Tema: «AHTerpajibHOE HCUHCTEeHHe» (2 Yaca)
3.6.1 3apanmue s padoThI:

1. BeruncieHue HeonpeeIeHHOT0 HHTerpaa o Tabiauue.
2. HenocpencTBeHHOE UHTETPUPOBAHHUE.

3. UHTerpupoBaHue 3aMEHON MEPEMEHHOM.

3.5.2 KpaTkoe onucanue nNpoBOANMOIO 3aHATHS:

6
.[de'j%. Idx' J-x“dx' .[x%dx. J‘ZL()dz. .[S\/;dx. %dt' J-x.%/;dx

1. Haiitu:

d. d. d
2. Bpluucnurs: ".\/36)—Cx2 ; j\/ _C - ;j\/12_3 = J-4+);2 ; .[29;1”2

3. HaﬁTHII de
X

—1;~[10x J-\/2+16 jx/
13,

1. JlaHO ypaBHEHHE CKOPOCTH JIBWKCHHs Tena () = 2t + 5. Halitu ypaBHeHUE TyTH, €CIU

3a nepBble 3 ¢ JABMXKEHUS TEJIO Moo 32 m.

2. Haiitu uaTerpais: a) I(x“ +i3—5i/x_2jdx; 0) J-4x 3+4— dx; B)I(7cosx—10)‘)dx;
x

Ux
[

9x? +1

r)j2_1 3dxu)j

9+ x* 25 _ x2

_[ dv
Jvi =17
3.5.3 Pe3yabTaThl U BHIBO/BI:
Ha nanHoM 3aHATHH CTyZ€HTaMU TOJIYY€HBI 3HAHUS OCHOBHBIX TIOHSITHI M METOJIOB
MaTEeMAaTHYECKOTO aHalln3a, TCOPUHU BEPOSTHOCTEH M MaTEeMaTUIECKOW CTATHCTUKH,

JIUCKPETHOM MAaTeMaTHKH.
HpI/IO6peTGHBI yMeHI/IH HCIIOJIB30BAHUSA MATCMATHUKO-CTATUCTUYCCKHUX METOJ0B

00pabOTKH AKCIIEPUMEHTAIBHBIX TAHHBIX.
Cq)OpMI/IpOBaJII/ICB HaBBbIKM BJIaJAC€HUA OCHOBHBIMU METOAAaMHN MAaTEMAaTHUUYCCKOI'O

aHaJii3a.

cos2x—cos’ x



3.7.1lpakTnueckoe 3aHsATHE 7.
Tema: « AaTerpajibHOE HCUKMCTIEHUE». (2 yaca)
3.7.1 3apanmue s padoThI:

1. MHaTErprpoBaHue no 4acTsM.
2. Beiuncnenue onpeieneHHoro uaterpaia mno gpopmyne Herorona-JleiiGnumna.
3.7.2.KpaTkoe onucanue MPOBOAUMOIO 3aHATHSA:

? In xd. tgxd. in10xd.
1.BeIunCaNTh UHTETPATIBL: A) j ronx x; 0) j Haretex x; B) -[ aresin 1Ly x'

_g : 2 -x
2 Haiirn: a) Ixcos 2xa’x; 5) Ixe dx; 5) jxsm 6xdx; ") I(x +1)e” "dx
J' 2 dx
3 Haitru: a)jcos x-sin2x dx [ 4+
3.
x’dx
5x—1)"dx S 6 1
1. BelUHCIIUTD MHTETpal: a) j( ) : 6) Ie dx; B) x+1
2 2x +5x
[ECEI PN EiEE
2. I[IpeoOpa3zoBaTh M BEIUUCIUTE: a)~ S X ;0) 10
X
(6x+1)-sin—dx X
3. Beruncauts: a) -[ arccrgxdx; 0) '[ 3 .p) I e” sin 2xdx '
xdx lnx
x N
4. Bpuucnuts: a) I cos xdx ; 0) J.e dx. ; B) ICOS X;T) '[

3.7.3 Pe3yabTaThl U BHIBO/bI:

Ha nanHOM 3aHATHH CTYAEHTaMU IOJTy4eHbI 3HAHUS OCHOBHBIX MTOHSATHI Y METO/IOB
MaTeMaTHYECKOr0 aHAIN3a, TEOPUU BEPOSITHOCTEH M MaTEMAaTHUYECKOIM CTaTHCTUKHY,
JTUCKPETHON MaTeMaTUKH.

[TproOpeTeHsl yMEHUST MCIOIB30BaHUS MaTEMaTHKO-CTATUCTHUYECKUX METOAOB 00pabOTKU
IKCTIEPUMEHTAIBHBIX JaHHBIX.

CchopMupoBaIMCh HABBIKM BIIAJICHUSI OCHOBHBIMH METOJIAMH MAaTEMAaTUYECKOTO aHaIM3a.



3.8.IlpakTuyeckoe 3aHsTHE §.
Tema: «JIY nepBoro mopsiakay. (2 gaca)
3.8.1 3apanmue s padoThI:

1. 1Y ¢ pazaeneHHbIMU NTIEPEMEHHBIMHU.
2. AY ¢ pa3aensomuMucs NepeEMEHHbIMH.
3.8.2.KpaTkoe onucanue NpoBOJAUMOIO 3aHATHSA:

1) Onpenenuts nopaaok JAY: a) y"+2x> -y =37;6) y"=5xp"=y-y'.
d.
2) Haiitu oOmmii uaterpan [1Y: a) \/;dy =x’dx;6) y'dy = %
I-x
3) Haiitu uyactHoe pemenne JIY x’dy+(y—1)dx=0, yaoBiIeTBOpsIONIEe
HAYaJIbHBIM YCIOBUSAM X, =1, y, =2.
4) W3BecTHO, uTO yHKIMS y(X) YAOBIETBOpAET NU(PepeHINATLHOMY YPaBHEHUIO
3
y'=—— -y u y(-3)=5. Haiitu y(1).
2+x
1.3.
6 "1+ x’
Pemmts JIY:a) y) =—y,0) Y +f =0
1+3x X v

3.8.3 Pe3yabTaThl U BHIBO/IBI:

Ha naHHOM 3aHATHM CTyJE€HTAaMH TIOJYYEHBl 3HAHUS OCHOBHBIX IOHATHH M METOJNIOB
MaTeMaTUYECKOT0 aHaIN3a, TEOPUU BEPOSITHOCTEW U MATEMATHUYECKOM CTaTUCTUKH, JUCKPETHOU
MaTeMaTHKH.

[IpuobpereHsl yMeHHsI HCHOJIB30BAHUS MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOoTKU
AKCTIEPUMEHTAIBHBIX JTAHHBIX.

CdopmupoBanrch HABBIKUA BIIaJIECHUST OCHOBHBIMU METOJaAMH MaTEMaTHYECKOTO aHAJIH3a.



3.9.1lpaktuyeckoe 3aHsaTue 9.

Tema: «CayuaiiHble COOBITHSI M HX BEPOATHOCTHY. (2 yaca)
3.9.1. 3ananue nasa padoThI:

1. Kombunaropuka.

2. Pemienue 3a7a4 Ha HaX0K/JIEHUE BEPOSTHOCTEH.
3.9.2.Kparkoe onucanue MPpOBOAUMOIO 3aHATHSA:

) C121 'C1121;6) C136_P6+A3_

1. Bbruucnuts: a
2. CKOIBKUMHU CIIOCOOAMHU MOKHO BBIOPATh YETHIPEX JIEKYPHBIX U3 TPYIIIIHI B 30 gemoBex?
3. CKOJBKO pe3ybTaTOB MOKET OBITh B THpaxke «CIOPTIOTO S 3 3659

1.3

1. VYyacTHUKH )xepeObEBKH TIHYT U3 SITUKA )KETOHBI ¢ HOMepamu oT 1 1o 120. Haiitu
BEPOSATHOCTH TOTO, UTO HOMED KETOHA HE COACPKHUT HUDPHI 3.
2. B xo3siicTBe YeThIpe ydacTka 3eMIIM, KOTOPhIE HEOOXOIMMO 3aHSTh TOJ YEeThIPE

KynbTypbl. KakoBa BepOSITHOCTH TOro, 4YTO MPOU3BOJILHOE 3aKpEIUIEHHE KYJIbTyp 3a
y4acTKaMU COBIAJIET C 3allJIAHUPOBAHHBIM?

3. C kakoll BEpOATHOCTBIO MOKHO YrajJaTrh MPaBWIBHO TPU HOMEpPA B THUPAKE

«Cnoptioto 5 u3z 36 »?

3.9.3 Pe3yabTaThl M BHIBO/AbI:

Ha nanHoM 3aHSTHM CTYJ€HTaMU MOJIY4€Hbl 3HAHUSI OCHOBHBIX MOHSATUN U METOJIOB
MaTeMaTH4YeCKOT0 aHalln3a, TEOPHUH BEPOSITHOCTEH N MaTEeMaTUUECKON CTATUCTUKH, TUCKPETHON
MaTEMAaTHKH.

[IpnoOpeTeHbl yMEHUsI MCIIOIB30BAHKS MATEeMATHKO-CTAaTUCTHYECKUX METOJIOB 00pabOTKH
IKCIIEPUMEHTAIBHBIX TaHHBIX.

CdopMupoBaInCh HABBIKA BIIAJICHUS OCHOBHBIMH METOJAMU MAaTEMaTHUYECKOTO aHAJN3a.



3.10.IIpaktuyeckoe 3ansarue 10.

Tema: «CayuaiiHble COOBITHSI M HX BEPOATHOCTHY. (2 yaca)

3.10.1. 3axanue nJis1 padoThI:
1. Cymma 1 mpou3BeACHUE COOBITHIA.

2. TeopeMmbl CIOKEHUSI U YMHOXKEHHUS.

3. ®opmyna nonHoM BepositHocTu. Dopmynbl balieca.
3.10.2.KpaTkoe onucaHue NpPOBOAMMOIo 3aHATHSA:

1. UrpanbHas KOCTb HalIMTa CBUHIOM, B pe3yJbTaTe YEro BEPOSTHOCTb BbHINAJCHUS
KaX/J0T0 4HCIa OYKOB TPONOPLMOHATIbHA JSTOMYy uuciy. Haiigute ykasaHHbIe
BEPOATHOCTH.

2. JlBa cTpenka MpOW3BENH MO OJHOMY BBICTpENy IO MHIIEHU. BeposATHOCTH mopaxeHus
MUIIIEHU KaXKJIbIM U3 cTpenkoB paBHa 0,9. Haiitu BeposTHOCTH TOTO, 4TO: 1) 00a cTpenka
Mopa3sAT MUIIEHb; 2) XOTS OBl OJJMH CTPEJIOK MOPAa3UT MUIIEHB; 3) HU OJHMH CTPEJIOK He
MOPa3UT MUIICHb.

3. Crynent Bblyunn 16 uz 20 BompocoB mnporpaMmbl. HaliTu BEpOSTHOCTH TOTO, YTO
CTYJIEHT 3HAaeT OTBET: a) Ha JIBa Bompoca; 0) TOJBLKO Ha OJWH BOMPOC U3 JIBYX,
COJIEp KALINXCS B €0 HK3aMEHAIIMOHHOM OuJere.

3.10.3 Pe3ynbTarhl M BHIBOABI:

Ha panHOM 3aHATHM CTyAEHTaMM IIOJIy4Y€HBl 3HAHUS OCHOBHBIX IOHATUH U METO/0B

MaTeMaTUYeCKOT0 aHaln3a, TEOPUU BEPOSITHOCTEN M MaTeMaTH4eCKON CTaTUCTUKHU, TUCKPETHON
MaTeMaTHKH.

[TproOpereHsl yMeHUs HCHOJB30BaHUSA MaTEeMAaTHKO-CTaTUCTHUYECKUX METOJI0OB 00paboTKU
IKCIIEPUMEHTATBHBIX TaHHBIX.

C(bOpMI/IpOBaJ'II/ICB HaBBIKM BJIaACHUSA OCHOBHBIMH MCTOAAMH MAaTEMaTHYCCKOI'O aHaJIn3a.



3.11.IIpakTueckoe 3ausarue 11.

Tema: «CayuaiiHble BeJJMYMHBI». (2 Yaca)

3.11.1. 3apanue nuis padoThI:

1. Onpenenenue caydyaitHON BETMYMHBI U €€ BUBI.

2. CrnocoOn1 3aganus JICB.

3. Uucnoele xapaktepuctuku JJCB. X ponbs u Ha3HaueHue.
4. Bunst pacnpenenenuii [[CB.

3.11.2.Kparkoe onucaHue NpoBOAMMOIO 3aHATHUS:

1. 3aaH 3aKOH pacHpeneaeHusl cayJyaiiHoW BEITUYHUHBI X.

X 2 3 6 7 8 10
p 0,1 0,2 0,2 (015 0,1

Haiitu: 1) matematuueckoe oxuaanue M (X); 2) nucnepcuto D (X); 3) cpenHee KBagpaTuiecKkoe
oTKJI0HEeHHE G (X); 4) TOCTPOUTH MHOTOYTOJIBHUK PaCIpeIeICHHUS.

2.

3.

CnyuaiiHas BenumuMHa X TPUHUMAaeT OJHO M TOXKE 3HaueHue, paBHoe 5,7. Haiitu
YUCIIOBBIE XapaKTEPUCTUKH CITy4YaiHOW BEJTUYUHBI.

W3Bectro, uto M(X)=5 MY)=8, D(X)=2,D(Y)=6. Haiitu: a) M(X-3); 0)
MOX -4Y); B) MBY-2X+5); 1) DY +4); n) D(X-7); e) D(-2X); X)
D(3X -2Y);3) D(3X +4Y -5).

B nenexnoii notepee BoimymieHo 100 OuieroB. PaspirpbiBaercst onuH BhIMIphI B 50
pyoOneit u gecats BeUTphIIed mo 1 pyOmro. Haiitu 3akoH pacnpeneneHust ciydailHOMH
BEIMYMHBI X — CTOMMOCTH BO3MOXKHOTO BBIMIDPBINIA JJIsi  BIaAeiIbla OJHOIO
JorepeitHoro omiera. Beraucnute MaTemaruueckoe oxunanue JJCB.

CryneHT — BTOPOKYPCHHMK pellns IoMo4Yb OMOIMoTeKke yHuBepcureTa. EmMy mopydmnu
3anonHUTh 500 KHUKHBIX (OPMYISIpoB. BeposATHOCTh OIMOKM TpU 3aNOTHEHUH

dopmymnspa paBHa 0,002. CocTaBUTh 3aKOH pacHpenefieHds CIydalHOW BEITWYUHBI —
4qrcI0 (OpMYIISIPOB, 3aMOJIHEHHBIX CTYAEHTOM BEPHO.

1. CtymeHT — BTOPOKYPCHHK peHIJI TIOMOYh OuOIMOTeKe yHHBepcuTera. Emy
nopyurwsin  3anoyiHATh 300 KHWKHBIX (GopMyssipoB. BeposTHOCTh ommOKu mpu
samonHeHnu Gopmysipa pasaa 0,005. CocTaBUTh 3aKOH paclpeneieHus clydaiHoMi
BEJIMUMHBI — YUCIIO0 (POPMYIISIPOB, 3aTIOJTHEHHBIX CTYIEHTOM BEPHO.

2. B maptum 15 wmznenuit, cpenu HuX uMerorcss 4 OpakoBaHHBIX. il TpOBEpKH
BBIOMpArOT ciy4daitHo 2. COCTaBUTh 3aKOH pachpelneieHus Yuciaa OpaKOBaHHBIX
u3JIenuii B BEIOOpKe. HaiiTu MaTeMaTHueckoe OXUIAHUE U AUCTIEPCHIO.

3.11.3 Pe3yabTaTrhl U BHIBOABI:

Ha panHOM 3aHSATHM CTyJIE€HTaMHU TIOJIyY€Hbl 3HAHUS OCHOBHBIX IOHSATUH WU METOJIOB
MaTEeMaTUYeCKOT0 aHaIN3a, TECOPUU BEPOSTHOCTEH M MAaTEMaTUYECKONW CTATUCTUKU, TUCKPETHOU
MaTEMAaTHKH.

[IpnoOpeTeHbl yMEHUsT WCIIOIB30BaHUSI MAaTEMAaTHKO-CTAaTUCTHYECKUX METOJ0B 00pabOTKH
HKCTIEPUMEHTANIbHBIX JIaHHBIX.

CdopMupoBaInCh HABBIKA BIIAJICHUS OCHOBHBIMH METOJAMU MaTEMaTHUYECKOTO aHAJN3a.



3.12.Ilpaktuueckoe 3auarue 12.
Tema: «CayuaiiHble BeJJMYMHBI». (2 Yaca)
3.12.1. 3apanme nuis1 padoThI:
1. CiocoOsI 3a1aHusT HEMPEPHIBHOM CITy4aitHON BETMYHHBI.
2. Yucnossle xapaktepuctuku HCB.
3. Bunagl pacnpenenenuit HCB.
3.12.2.KpaTkoe onucaHue NpOBOAMMOro 3aHATHS:
1. Cayuvaiinas BenmuunHa X 3aj7jaHa IUIOTHOCTBIO pacripeneneHus f(x)=2x B MHTepBaje

(0; 1), BHe aToro untepBana f(x)=0.Haitu M(X), D(X), o(X).
2. Cniyuaitnas BenuunHa X 3ajaHa IUIOTHOCTBIO pacupeneneHus f(x)=0,5x B uHTEpBaie
(0; 2), BHe aToro muaTepBana f(x)=0. Haiitu M(X), D(X), o(X).
3. CnyvaitHas BenuumHa X 3aJaHa IUIOTHOCTBIO pacmhpeneneHus f(x)=x+0,5 Ha
untepBane (0;1), BHe sTroro mHTepBana f(x)=0. HaiftTu maremaTtudeckoe OXKHUIAHHE

CIIy4allHOM BEJIMYHHBI.
4. HenipepbIBHAs ciiydaiiHasi BEJIMUMHA 3a/laHa INIOTHOCTHIO BEPOATHOCTEM

0, npu x<I1
f(x)=<ax, npu 1<x<3
0, npu x2=>3
Haittu: 1) mapametp a; 2) D(X); 3) P2< X <2,5).
I.3.

Pa3bop TeopeTrueckoro marepuaia

3.11.3 Pe3yabTaThbl M BHIBO/bI:

Ha naHHOM 3aHATHM CTyJE€HTAaMH TIOJYYEHBl 3HAHUS OCHOBHBIX IOHSATHH M METOJIOB
MaTeMaTUYECKOr0 aHaIN3a, TEOPUU BEPOSITHOCTEW U MATEMATHYECKOM CTaTUCTUKH, JUCKPETHOMU
MaTeMaTHKH.

[IpuobpeTensl yMeHHsI HCHOJIB30BAHUS MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOTKU
AKCTIEPUMEHTAIBHBIX JTAHHBIX.

CdopmupoBanrch HABBIKUA BIIAJIECHUSI OCHOBHBIMU METOJaMHU MaTEMaTHYECKOTO aHaJIH3a.



3.13.IIpakTuueckoe 3ausatue 13.

Tema: «CayuaiiHble BeJJMYMHBI». (2 Yaca)

3.13.1. 3apanue nus1 padoThI:

1. PaBHOMEpHOE pacrpeiesieHHE.

2. IlokazarenbHOE paclpeneacHue.

3. HopMasibHBIN 3aK0H pacnpenesieHus, ero napaMeTpsl.

4. Kpunas I'aycca. Ee cBoiicTBa u rpaduk.
3.13.2.Kparkoe onucanue NpoBOJAMMOIO 3aHATHUSA:

1. HaifTn MaTeMaTH4ecKOe OKHIAaHUE CITyJaifHO BemmauHbl X | pachpeneaeHHOH

PaBHOMEPHO B MHTEpBAJIE (0;10)

2. DKOJIOT U3y4aeT MpoLEecC pacCeMBaHMs CEMSIH OMPEICIICHHOTO pacTeHus. JlomycTum,
YTO CeMeHa PACCEHBAIOTCS B CPEIHEM Ha PACCTOSHUE B 1 M OT MaTepPHHCKOTO pacTeHus 1
YTO pacupeiesieHne BEpOsITHOCTEH Jisi 3TOT0 pacCTOSHUS SKCIIOHEeHIIManbHOoe. Kakas
JIOJIST CeMSIH paccenBaeTcs 6osee yeM Ha 2 M OT pacTeHus?

3. HopmanibHO pacnpenesieHHas ciiydyaiiHas BeIUYMHA 3a7aHa MIIOTHOCTHIO BEPOSITHOCTEN
_(x-13)°

f(x)=C-e *

. Haiitu: 1) 3nauenue koapdummenta C; 2) mpou3BeeHne
M(X)-D(X ); 3) MPOMEXKYTKH BOTHYTOCTH (DYHKITUH J ) ; 4) OCb CHMMETPHH
HOpMaJIbHOW KPUBOH; 5) 3HaueHHe (QyHKIHH VACII TOUKax reperuda; 6) BeposSTHOCTb

MoTmalaHusl B MHTEpBaj (10;14)

4. J1715 HEKOTOPOTO BH1a MIICKOIUTAIOIINX Macca B3POCION 0COOU SBISETCSI HOPMAIBLHO
pacrnpeieIeHHON cllydallHOW BeTMYUHOM co cpenHuM 100 Kr u ctangapTHBIM
OTKJIOHEHHEM § KI. YeMy paBHBI BEPOSITHOCTH TOTO, YTO )KMBOTHOE UMEET Maccy: a)
Menbie 90 kr; 0) ot 95 o 110 kr?

5. CnyuaiiHas BennunHa X — Macca OJIHOTO 3€pHa — paclpeielieHa HOPMaJIbHO €

a=018., 0=005, Xoporue BCXoasl JAal0T 3epHa, Macca KOTopsix 6onpme 0,15 T.

Haiigure: a) mpoIrieHT ceMsiH, KOTOpBIE AaIyT XOPOIIKE BCXObI; 0) BETUYHHY, KOTOPYIO C
BeposATHOCTHIO 0,95 He mpeBBICUT Macca OTOOPAHHOTO 3epHa.

3.13.3 Pe3yabTaThbl M BHIBO/bI:

Ha naHHOM 3aHATHM CTYJE€HTaMU IOJYYEHBl 3HAHUS OCHOBHBIX ITOHATUH MU METOJOB
MaTeMaTUYECKOr0 aHaIN3a, TEOPUU BEPOSITHOCTEW U MATEMATHUYECKOM CTaTUCTUKH, JUCKPETHOMU
MaTE€MaTUKH.

[TpuobpereHsl yMeHHUsI HCHOJIB30BAHUSA MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOTKU
3KCHEPUMEHTAIBHBIX JAHHBIX.

CdopmupoBanrch HABBIKMA BIIAJIEHUST OCHOBHBIMU METOJAMHU MaTEMaTHYECKOTO aHaJIH3a.



3.14.I1pakTuyeckoe 3austue 14.

Tema: «TouyeuHble U HHTEPBAJIbHbIE OIEHKHW. (2 Yaca)

3.14.1. 3apanue nus padoThI:

1. HaxoxieHue TOYEYHBIX OIIEHOK COBOKYMHOCTH. OIllEHKa TeHEepalbHOW CcpeaHed Mo
BBIOOPOYHOH CpeIHeH.

2. OrieHKa TeHepalIbHOM CpeTHEeH 110 BEIOOPOUYHOM CpeTHEH.

3.14.2.KpaTkoe onucaHue NpOBOAMMOro 3aHATHSA:
1. JlecaTp mocnenoBaTeNbHBIX HCIBITAHUN, B XOJ€ KOTOPHIX HaOIIOJaach ciaydaiHas
BeIMUMHA X , Janu cieayronme pesyaptarel: 2; 4; 0; 2; 5; 2; 6; 2; 4; 6
TpeOyercs:
1) mocTpouTh BapHallMOHHBIN Psf;
2) 3amucaTh CTaTUCTUYECKOE paclpesiesieHue YacTOT U OTHOCUTENIbHBIX 4acToT;
3) MOCTPOUTH MOJUIOH YaCTOT U OTHOCUTEIbHBIX YaCTOT.

2. B pe3ynbTare UCnbITaHUs ClydaiHas BeJIMYMHA X MPUHSJIA ClIeayrolue 3HadeHus: 16 17
9 13 21 11 7 19 7 5 17 5 20 18 11 4 6 22 21 15 23 15 19 25 2. Iloctpouth
TUCTOIPaMMYy YacToT.

3.14.3 Pe3yabTaThbl M BHIBO/bI:

Ha naHHOM 3aHSTHM CTyA€HTaMU TOJYYEHbl 3HAHHS OCHOBHBIX MOHATUH U METO/OB
MaTeMaTUYECKOr0 aHaIn3a, TEOPUU BEPOSITHOCTEW U MATEMATHUYECKOM CTaTUCTUKH, JUCKPETHOMU
MaTeMaTHUKH.

[TpuobpeTeHsl yMEHHsI HCHOJIB30BAHUSA MaTEMaTHKO-CTaTUCTHYECKUX METOJ0B 00pabOTKU
9KCIIEPUMEHTANBHBIX JaHHBIX.

CdopmupoBanrch HABBIKA BIIAJIECHUST OCHOBHBIMU METOJAMHU MaTEMaTUYECKOTO aHaJIH3a.



3.15.11pakTruueckoe 3anstue 15.
Tema: «TouyeuHble U HHTEPBAJIbHbIE OIEHKHW. (2 Yaca)
3.15.1. 3apanue nus1 paGoThI:
1. Onpenenenue qOBEPUTETLHOU BEPOSITHOCTH.
2. OnpeneneHue JOBEPUTEIbHOIO HHTEPBAIA.
3. OmpeneneHue AOBEPUTEILHOTO MHTEPBaJa JJId OLEHKH MAaTeMaTHYECKOTO OXHIaHUS
HOPMAaJIbHOT'O pacrpeiesieHus.
3.15.2.Kparkoe onucaHue NpoBOAMMOIO 3aHATHUS:
1. HaiiTu HecMmelleHHBbIE OIEHKM JUIsi HEW3BECTHBIX MAaTEMaTUYECKOTO OXHIAHHUS U
JTUCTIEPCUU CITyJailHOM BeMMYMHBl X , 3aJJaHHON CTAaTUCTHYECKUM paclpeieIeHUueM BEIOOPKH:

x, | -2 1 | 2| 3] 4|5
mo |2 1|2 2 2 |1

1

2. ITo BeIOOpKE 0OBEeMa n =16 W3 reHepasbHOM COBOKYITHOCTH OIPEICIICHBI BEIOOpOUHAS
cpenusas x =41,7 u ucnpaBlIeHHOE CpellHEE KBaJpaTuyeckoe OTkIoHeHue s =4. Haittu 95-

MPOIEHTHBIA JOBEPUTEIbHBIM MHTEpPBAN JJIsi T€HEPAIbHON CpEeIHEN M IeHepajJbHOr0 CPEIHETO
KBaJPaTUYECKOr0 OTKJIOHEHUS.

3. IlpoBegeHo 25 paBHOTOYHBIX HM3MEPEHUN HEKOTOPOW (HHU3UYECKON BEIMYMHBI W
HalileHo cpeaHee apuMETHYeCKoe pe3ysbTaToB u3MepeHudl X =42,5. Bce wu3MmepeHus

IIPOBEIEHBI OJJHUM U TEM e MPUOOPOM C M3BECTHBIM CPEIHUM KBaJIpPaTUYECKHM OTKIOHEHHEM
omnbok m3MepeHuit o =2,1. Cuutas pe3ynbTaTbl U3MEPEHUIl HOPMAJIBHO pacIpeaesieHHON

CIIy4ailHON BEJTMYMHOW, HAUTH C HAAEKHOCThIO ¥ = (0,9 moBepUTENbHBIN UHTEPBAI ISl OLIECHKH
HCTUHHOTO 3HaYEHUS U3MepIeMOi GU3NUECKOI BETNYNHBI.

4. BpicoTa pacTeHUH ApOBOM MIIEHUIBI X — CydaiiHas BEIMYMHA, UMEIOIasi HOpMaJIbHOE
pacnpenenenne. CKoIbKO HEOOXOAWMO OTOOpaTh pacTeHUM, YTOOBI C BEPOSTHOCTHIO B 95%
BBIOOPOYHAS CPEHSS OTINYaIach OT MATEMATHUECKOTO OXKHJIaHUs MEHbINE YeM Ha 2 CM, €Clii
U3BECTHO, UTO § = 35,7 ?

3.15.3 Pe3yabTaThl M BHIBO/bI:

Ha naHHOM 3aHSTHM CTyA€HTaMH TIOJYYE€Hbl 3HAHHS OCHOBHBIX MOHATUH U METO/OB
MaTeMaTUYECKOr0 aHaIn3a, TEOPUU BEPOSITHOCTEW U MATEMATHUYECKOM CTaTUCTUKH, JUCKPETHOMU
MaTeMaTHUKH.

[TpuobpeTeHsl yMeHHsI HCHOJIB30BAHUSA MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOTKU
9KCIIEPUMEHTANBHBIX JaHHBIX.

CdopmupoBanuch HaBBIKM BIIAJEHUS OCHOBHBIMH METOJAaMH MaTEMaTHYECKOTO aHAIH3a



3.16.IIpakTuyeckoe 3aganue 16.

Tema: «CTtaTucTHYecKasi MPOBEPKA CTATHCTHYECKHUX I'MIIOTE3Y. (2 yaca)

3.16.1. 3axanue nJs1 padboThI:

1. Onpenenenue HyIeBOW U AIbTEPHATUBHOW TUIIOTE3.

2. IlpuMeHeHne CTaTUCTUYECKUX KPUTEPUEB MPOBEPKU TUIIOTES.

3. CpaBHEHHUE JBYX AUCIIEPCUN HOPMAIbHBIX T'€HEPATbHBIX COBOKYMHOCTEN. CpaBHEHHE
JBYX CPEIHUX T€HEPATbHBIX COBOKYITHOCTEH, TUCIIEPCUH KOTOPHIX U3BECTHHI (OOMbIIIHE
HE3aBUCHUMBIE BEIOOPKH).

3.16.2.KpaTkoe onucaHnue NpOBOAMMOro 3aHATHSA:

1. Ucnionw3ysa kputepuii [Tupcona, nmpu ypoBHe 3HauuMoctu 0,05 npoBepUTh,
COTJIaCyeTCs JIU TUIIOTE3a O HOPMAJIBLHOM PACIIPEICIICHUU TeHEePaIbHOM COBOKYIMHOCTU X C
3aJJaHHBIM AYMIIUPUYECKUM paCIIpe/IeTICHHEM.
aaTepBansl B—5 p-7 -9 p—-11 [11-13 [3-15 [5-17 17-19 [19-21
HACTOTBI 5 8 10 18 0 16 11 7 5

. JIaHO CTaTUCTUYECKOE paclpeiesieHue

BapUaHTHI D I D 3 4 b b i
HaCTOTHI 7 D1 6 P 1 13 i 3 D

O1neHuTh CTeNeHb COTIACOBAHHOCTU CTATHCTHUYECKOTO PACIPEICIICHHUS C
pactipenenenuem [lyaccona.

3.16.3 Pe3yabTaThbl M BHIBO/bI:

Ha naHHOM 3aHATHM CTyJE€HTAaMU TIOJYYEHBl 3HAHUS OCHOBHBIX IOHATHH WM METOJNIOB
MaTeMaTUYECKOr0 aHaJIn3a, TEOPUU BEPOSITHOCTEW U MATEMATHUYECKOM CTaTUCTUKH, JUCKPETHOMU
MaTeMaTHKH.

[TpuobpeTeHsl yMeHHUsI HCHOJIB30BAHUS MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOoTKU
AKCTIEPUMEHTAIBHBIX JTAHHBIX.

CdopmupoBanuch HaBBIKK BIIAJEHUS OCHOBHBIMH METOJAaMH MaTEMaTHYECKOTO aHAIH3a



3.17-18.11pakTuyeckoe 3ananue 17-18.
Tema: Koppeasinusi. (4 gaca)
3.17-18.1. 3aganue nJs1 padoThI:
1. Beruucnenue koddpuimenTa Koppemsiuu.
2. OnpeneneHue napamMeTpoB JIMHEHHOM perpeccui.
3.17-18.2.KpaTkoe onucanue mMpoOBOAUMOIO 3aHATHSA:
1. [Tonyuyensl nanHble MeXAY JUIMHON KoJioca (X ) u unciioM 3epeH (Y ) B HeM:

X |7 (8 (111|129 7 (9 |10|7 |8 (10 (13 |13 |14 |12 |7 |9 |8 |9 |10

Y |15 |20 |28 |28 (23 |17 |23 |25 |16 (21 |23 |28 |31 |32 |30 (16 |25 |20 |23 |25

[Io nmaHHBIM COCTaBHTH KOPPENALMOHHYIO TaONHUIly; IOCTPOUTH AMIIUPHUECKYIO JHHHIO
perpeccuy W 3amnucaTh YpaBHEHHE TEOPETUYECKOW JIMHUU PErpeccud, HCIONb3ysd METOA
HaMMCHBIINX KBAJIPaTOB.

2. MerogoM HaMMEHBIIWX KBaJpaTOB HANTH ypaBHEHHE TpsMOW perpeccun Y Ha X 110

I[aHHBIM, HpI/IBeI[eHHLIM B KO DpeJIHLIHOHHOﬁ Ta6fH/H_Ie:
Y

X 16 26 36 46 56 n
20 4 4
25 6 g 14
30 10 32 4 46
35 3 2 1 16
40 9 6 5 20
n, 10 18 44 22 6 100

3. beutn mpousBeneHsl U3MEpeHus: oOmel JJIMHBI CTBoJIa B ¢M ( X ) M JUTMHBI €ro 4acTu 0e3
BeTBel (V) necaTw MOJOIBIX COCEH. Pe3ynbTaTbl 3TOro M3MEpEeHHs IPENCTaBICHBI B
Tabnuie. BeraucnuTh BHIOOPOYHBINA KOIPDUIIMESHT KOPPEISAIINN U HAUTH ypaBHEHHUE TIPSIMON
perpeccun Y Ha X .

X; 25 35 45 55 65 75 85 95 105 115
Y 14 18 19 20 23 23 24 26 29 34

3.17-18.3 Pe3yabTaThl M BHIBOABI:

Ha pmaHHOM 3aHATHM CTyJE€HTAaMU TIOJYYEHBl 3HAHUS OCHOBHBIX IOHATHH WM METOJIOB
MaTeMaTUYECKOr0 aHaIN3a, TEOPUU BEPOSITHOCTEW M MATEMATHUYECKONM CTaTUCTUKH, JUCKPETHOMU
MaTeMaTHKH.

[TpuobpeTeHsl yMeHHUsI HCHOJIB30BAHUS MaTEMaTHKO-CTATUCTHYECKUX METOJ0B 00pabOTKU
AKCTICPUMEHTAIBHBIX JTAHHBIX.

CdopmupoBannch HaBBIKK BIIAJEHUS OCHOBHBIMH METOJAaMH MaTEMaTHYECKOTO aHAIH3a



