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1. KOHCHEKT JEKIUA

1.1 Jlexuus Nel (2uaca)
Tema: «Marpunbl. Onpenenurenun. CucremMbl JUHeHHbIX ypaBHenuid. [Ipsimas Ha niiocko-
ctu. CrocoOblI 3agaHus».

1.1.1. Bompocsl Jeknuu:
1. ITousarue CJIY.
2. Matpuubl. OnpeenuTeNny.
3. IIpsamas. CriocoObI 3a1aHUsI.

1.1.2 Kparkoe coaep:kaHue BONPOCOB:

1. IlonsiTue CJY.
Onpeodenenue. JINHEHHBIMU OTIEpAIMSIMHU HaJl KAKUMH-THOO0 00BEKTaMU HA3bIBAIOTCS UX CIIOXKE-
HUC U YMHOKCHHEC HA YUCIIO.
Onpeodenenue. JIMHEHHOW KOMOHMHAIIMEH IMEPEMEHHBIX HA3bIBACTCS PE3YJIbTAT MPUMEHEHUS K

HUM JIMHEHHBIX ONIEPALUM, T.€. oy X, + X, +...+ X, TAE «; —4YHCHA, X; — IEPEMEHHBIE.

Onpeodenenue. JINHEHBIM ypaBHEHUEM HA3bIBACTCSl yPABHEHHUE BUA
X, +a,X, +..+a,X, =b, (2.1)
rac ai ub-— quciia, Xi - HCU3BCCTHBIC.

Taxum 06pa3zom, B JIEBOH YacTH JIMHEHHOIO YpaBHEHUS CTOMT JHHENHHas KOMOMHALMS HEU3BECT-
HBIX, a B IIPAaBOM — YUCIIO.
Onpeodenenue. JInHeiHOE ypaBHEHUE HA3bIBACTCS OMHOPOIHBIM, eciu b = 0. B npoTuBHOM city-
yae ypaBHEHME HA3bIBACTCS HEOJHOPOIHBIM.
Onpeodenenue. CucteMoil NMHEHHBIX ypaBHEHUN (JIMHEHHOM CHUCTEMOi) Has3bIBaeTCs CHCTEMa
BHJIA

a,, X, +a,X, +...+a,X, =b,

A, X, +a,X, +...+8,, X, =h, 2.2)

A X, +a,,X, +...+a,, X, =b,

rae a bi - qucjia, Xj - HCU3BECTHBIC, N — YUCJIIO HEU3BECTHBIX, M — YHCIIO ypaBHeHHﬁ.

ij 1
Onpeodenenue. PerenueM TUHENHHON crucTeMbl (2.2) Ha3bIBaeTCs HAOOp YMCEN
Xo1s Xgz1-+s Xgn» KOTOPBIE IIPU MOJICTAHOBKE BMECTO HEU3BECTHBIX OOPAIAIOT KaXKJ0€ ypaBHEHHE

CUCTCMBI B BEPHOC PABCHCTBO.

2. Matpuupl. Onpeaeauresin.
Onpeodenenue. MaTpuriieil Ha3bIBa€TCS MPSMOYTOJIbHAS TaOJINIIA YUCET.

a;, &, ... Q,
A= a21 a22 aZn
aml am?_ amn
O603HaquHﬂI A — Marpuna, aij - JOJICMCHT MaTpullbI, i— HOMCp CTPOKH, B KOTOpOfI CTOUT

I[aHHBIﬁ 3JICMCHT, j— HOMep COOTBeTCTByIOI]_[eFO CTOJI6Ha; M — YUcCio CTpOK ManI/II_HJI, n-—
YHCJIO €€ CTOJIOIOB.

Onpeodenenue. Yncima M 1 N HA3bIBAIOTCSA Pa3MEPHOCTSIMHA MATPHIIBI.

Onpeodenenue. Matpuiia Ha3bIBacTCs KBaJAPAaTHOM, eciii M = N. Unciao N B 3TOM cliyyac Ha3bIBa-
IOT TIOPSIIKOM KBaJIPaTHOM MaTPHIIBI.
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Kaxxmoit kBagpaTHO MaTpHIle MOYKHO TIOCTaBUTh B COOTBETCTBHE YHCIIO, OMPEACIIIEMOE S1H-
CTBEHHBIM 00pa30M C HCIIOIH30BAHHEM BCEX AJIEMEHTOB MATPHUIBL. DTO YHCIO HA3BIBAETCS OTI-
peACIIUTEIICM.

a; 8 e Gy

Ay 8y e 8y,
A, =

anl an2 e a‘nn

Onpeodenenue. TpaHCTIOHMPOBAHUEM MaTpPHUIBI HA3bIBACTCS 3aMEHA €€ CTPOK CTOJIOIAMU C TeMHU
K€ HOMEPaAMHU.

Onpeoenenue. OnpenenuTeneM BTOPOro MOPSAIKAa HAa3bIBAETCS YHUCIIO, ITOJYYEHHOE C ITOMOIIBIO
3JIEMEHTOB KBaJPAaTHON MaTPUIIbI 2-T0 MOPSJIKA CIAEAYIOLINM 00pazoM:

a a

o 2= a;18,5, —3,8,.
A 8y
HpI/I OTOM U3 IIPOU3BCACHUA IJICMCHTOB, CTOAIIUX HA TAK Ha3bIBAEMOU TJIABHOU JAuaroHajJiv MatT-
puubl (MAyIel U3 JIEBOr0 BEPXHETO B MPaBbI HIDKHUI yroJl) BHIYUTACTCS MPOU3BEICHUE dJIe-
MCHTOB, HaXOAAIIIMXCA Ha BTOpOﬁ, nin HO60‘1HOI>'I, JAuaroHajiu.
Onpeoenenue. OnpenenuTelIeM TPETHETO MOPSIIKA HA3BIBACTCS YUCIIO, OMPEICIIIeMOe C MOMO-
HIbIO 2JIEMEHTOB KBaAPATHOM MaTPHIIBI 3-TO OPSAIKA CIETYIOIUM 00pa3oMm:

A=

a11 alZ alS
A= a21 a22 a23 = a1la22a33 + a13a21a32 + a12a23a31 - a13a22a31 - a12a21a33 - a11a23a32'
a31 a32 a33

3ameuanue. [ Toro 4ToObl Jerye 3alOMHUTH ATY GOPMYIy, MOKHO HCIOJIb30BaTh TaK Ha3bl-
Ba€MO€ IPABUJIO TPEYroJbHUKOB. OHO 3aK/II0YAETCS B CIEAYIOLIEM: 3JIEMEHTHI, IPOU3BEICHUS
KOTOPBIX BXOJAT B OIIPEIENHUTEIDb CO 3HAKOM «1», paCIOJIararoTCs TaK:

1 al3
»3» 00pa3ys JBa TPEYroJbHUKA, CUMMETPUYHBIX OTHOCHTEIBHO IJIaBHOH JuaroHa-

31 32 33
JIH. 3J'I€MCHTBI, MPOU3BCACHUA KOTOPBIX BXOAAT B ONPCACTIUTCIIb CO 3HAKOM «-», pacCIiojiarartoTcsa

AaHAaJIOTUYHBIM 06pa30M OTHOCHUTEIBHO ITOOOYHOM JAuaroHaliu: aZl
a31

Cdopmynupyem U T0OKaKEM OCHOBHBIE CBOMCTBA ompeenuTesneit 2-ro u 3-ro nopsijaka (J1okasa-
TEJIBCTBO MTPOBEIEM ISl ONIpEeNTuTeNei 3-T0 MopsaKa).
CaoiicTBo 1. Onpenenurens HE U3MEHSIETCS IPU TPAHCIIOHUPOBAHUH, T.€.

a‘ll alZ a13 a'll aZl a31

Ay By Q=8 8y gyl

a‘3l a‘32 a‘33 a13 a23 a33
3ameuanue. Crnenyooine CBOMCTBa onpenenuTeneit OyayT GopMyIupoBaThCst TOIBKO ISl CTPOK.
[Ipu aTOM U3 cBO¥CTBA 1 cleayeT, YTO TEMH ke CBOMCTBaMH OyayT 00J1aaTh U CTOJIOIBI.

CBOWCTBO 2. HpI/I YMHOXCHUU 3JICMCHTOB CTPOKHU OHNPCACIUTECIIA HAa HEKOTOPOC YUCIIO BECh OII-
PEACIUTEIIb YMHOXKACTCA HA 3TO YUCIIO, T.C.

kan kau kaiS a,; a, a;
a3y Ay | = kaZl Ay, Ayl
A3 Q3 Qg Q3 a3 Agg

CaoiicTBo 3. Onpenenurenb, UMEIOLUN HYJIEBYIO CTPOKY, paBeH 0.



CaotictBO 4. Onpenenuresnb, UMEIOIINUN IBE paBHbIE CTPOKHU, paBeH (.
CgoiicTBO 5. Onpenenurensb, IBE CTPOKU KOTOPOTO MPONOPLUOHATIBHEL, paBeH 0.

a; a a3
kau ka12 ka13 =0.
A3 Qg Ay

CsaoticTBo 6. IIpu nepectaHoBKe ABYX CTPOK OIpeNeIUTeNsi OH yMHOXaeTcs Ha —1.

Ay 8y Ay d; a3
;8 Q3= |8y 8y 8y
d3; 83 Adg d3 83 83
CaoiicTBO 7.
b,+c, b,+c, by+c,| |b, b, b C, C, G
ay Ay Qo3 |= |8y 8y Ayt |8y 8y 8y
a3 Az, A33 A3; 83 QAgg| |83 8z Ay

CaoticTBo 8. BennunHa onpenenuTens He H3MEHUTCS, €CIIM K AJIEMEHTaM OJHOW CTPOKH Iprba-
BUTh COOTBETCTBYIOIINE 3JIEMEHTHI JIPYTrOi CTPOKH, YMHOKEHHBIC Ha OJTHO U TO YK€ YUCIIO.

ay+tkay, a,+ka, agtkay |a; a, a;

Ay Ay Ays =81 8y 8y

as a3, g3 a3 d3 8
Onpeoenerue. MUHOPOM 3JIEMEHTA OMPEACIUTENSI Ha3bIBACTCA ONpPEICIUTENb, OTYyYCHHBIH U3

JTAHHOTO MyTE€M BBIYEPKUBAHUS CTPOKH U CTOJIOIIA, B KOTOPBIX CTOUT BBIOPAHHBII 3JIEMEHT.
OO6o3Hauenue: @; —BHIOpaHHbIH 2JIEMEHT onpeaenurens, M, —ero MuUHOD.

Onpedeﬂelme. AJ'II‘e6paI/I‘l€CKI/IM JOIIOJTHCHUECM Aij 9JICMCHTA ONPCACIINUTCII HA3bIBACTCA €ro

MHHOD, €CITH CyMMa MH/IEKCOB JaHHOTO JJIEMEHTa i+ €CTh YHCIIO YETHOE, WIN YHUCIIO, IPOTHBO-
HIH _ i+]
TOJIOKHOE MUHOPY, €CTH i+j HedeTHo, T.e. A = (1) M.

3. Ipsimasi. Cnioco0bI 3a1aHusl.

JIMHUS Ha MJIOCKOCTU paccMaTpuBaeTcs (3a1aeTcs) Kak MHOKECTBO TOUYEK, 00JIa/1aloNX
HEKOTOPBIM TOJBKO MM MPUCYLIUM F€OMETpUYECKUM cBOMCTBOM. Hampumep, okpyx HOCTh pa-
auyca R ecTe MHOXKECTBO BCEX TOUEK IUIOCKOCTH, YAAJIEHHBIX Ha paccTosHUE - R OoT HEKoTOpoOl
¢ukcupoBaHHoi Touku O (LIEHTpa OKPYKHOCTH).

BBeneHne Ha MIIOCKOCTH CUCTEMBI KOOPAMHAT MO3BOJISET ONPEAEIATh MOJI0KEHUE TOUKH
IUIOCKOCTH 3aJJaHHEM JIBYX YHCENl — €€ KOOP/AMHAT, a MOJI0KEeHNE JIMHUU Ha IJIOCKOCTH OTpejie-
JSITH C TIOMOIIBIO YPaBHEHUS (T. €. paBEHCTBA, CBA3BIBAIOIIETO KOOPIUHATHI TOUEK JINHUH).

Vpaenenuem nunuu (umm xkpuBod) Ha 1wiockocTd OXy Ha3bIBaeTCs Takoe ypaBHEHHE
F(x;y) = 0 ¢ AByMs nepeMeHHBIMH, KOTOPOMY YAOBJIETBOPSIOT KOOPIUHATHl X Uy KaKJIOW TOY-
KU JIMHUM U HE YAOBJIETBOPAIOT KOOPIUHATHI JTFOO0H TOUKH, HE JIeKalIe Ha STOW JTMHUH.

IlepemeHHBIE X M Y B YPAaBHEHHMM JIMHUU HA3bIBAKOTCS TEKYILMMHU KOOpAWHATAMHU TOUYEK
JMHUH.

VYpaBHEHHE JTUHUM TO3BOJISIET U3YYEHNE T€OMETPUUECKUX CBOMCTB JIMHUU 3aMEHUTH HC-
CJIEIOBAaHUEM €TI0 YPaBHEHHUS.

Omnpenenenue. Jltobas npsMasi Ha INIOCKOCTH MOKET OBITh 3a/l1aHa YpaBHEHHEM IEPBOTO
nopsaka Ax + By + C = 0, npudem noctosiHHble A, B He paBHBI HYJIIO OJJTHOBPEMEHHO. JTO
ypaBHEHHE NIEPBOTO MOPSIKA HA3bIBAIOT OOIUM ypaBHEHHEM MIPSIMOIA.

VYpaBHeHHE NPsAMONH MOXKET OBITh MPEICTABICHO B Pa3IMYHOM BHJE B 3aBUCUMOCTH OT
KaKHUX — JINOO 33JaHHBIX HAYaJIbHBIX YCIOBHH.

VYpaBHeHUE NPAMOil IO TOYKE U BEKTOPY HOpMaJU



Onpenenenue. B nekapToBoi MpsMOYTOJIbHONW CUCTEME KOOPJIUHAT BEKTOP C KOMIIOHEH-
tamu (A, B) neprnienaukyinspeH npsmoil , 3ajanHoi ypasHenuem Ax + By + C = 0.
YpaBHeHUE NPSIMOi, TPOXOAIIEH Yepe3 IBE TOUKU

[TycTh B mpocTpaHcTBe 3a1aHbl ABe TOYKU M 1 (X1, Y1) U M2 (X 2, Y 2), TOrIa ypaBHe-
. o xX—X1 YY1
HHE TPSAMOH, IPOXOJSIICH Yepe3 ITH TOUKH: = .
X27X1 Y2=y1
Ecnu kakoii- mnbo n3 3HamMeHaTenell paBeH HYIIO, CIEAyeT NMPUPABHATH HYJIIO COOTBET-
CTBYIOULIUH YUCIIUTEIb.
VYpaBHEHHUE MPSIMOI IO TOUKE U YIIIOBOMY KOI(PPHUINEHTY

Ecnu obmiee ypaBaenue npsimoit Ax + By + C = 0 mpuBecTH K BHIY:

A
y=—px

= b, TO moslyueHHOE ypaBHEHHE Yy = kX + b Ha3bpIBaeT ypaBHCHHEM

A c
“ 0003HAYUTH — 5= k,— 5

IpsIMOM € YTIIIOBBIM KO3 purentom k .
VYpaBHEHHE NIPSMOM 110 TOYKE U HAIIPABJIAIOIEMY BEKTOPY
Ilo aHanoruu ¢ MyHKTOM, pacCCMAaTPUBAIOLIUM YPaBHEHHE NIPSAMON Yepe3 BEKTOpP HOpMaJIU
MO>KHO BBECTH 3aJJaHUE IIPSIMOM 4epe3 TOUYKY W HAPABIIAOLINI BEKTOP IPSIMOM.

Omnpenenenue. Kaxapiii HeHyeBO#M BekTop (01 , 02 ), KOMIOHEHTHI KOTOPOTO yJIOBJIE-
TBOPSIIOT YCIOBUIO A a1 + B o = 0 Ha3bIBaeTCs HANpaBJISIOIIMM BEKTOPOM MPSMOI Ax + By
+C=0.

VYpaBHeHHE NIPSIMOM B OTPE3KaAX
Ecnu B 06miem ypaBaenun npsimoit Ax + By + C = 0 C#£0, to, paznenuB Ha —C, OITy4uM:

A B
c*7 Y
NJIn
£+X=1,rz[e
a b
_¢,__¢
@ =" B

I'eomeTrpuueckuit cMbIci K03()PUIIMEHTOB B TOM, YTO KO((ULIUEHT a ABISETCS KOOPIU-
HATON TOYKH MepecedeH s mpsmoii ¢ ockio Ox, a b — KOOpAUHATOI TOUYKH MepecedeHus IPsIMOi
¢ ocbio Oy.

Crenyer OTMETUTB, UTO HE KXK/IYIO MPSAMYIO MOXKHO MPEICTABUTh YPaBHEHHEM B OTPE3-
Kax, HallpuMep, IpsiMble, apajljielIbHbIe OCSAM WIN MPOXOIAIINE Yepe3 Hayallo KOOpIMHAT.

1.2 JIekums Ne2 (2uaca).
Tema: «®yukuus. Ipexea u npoussonnas pynkuun. Uarerpanbi»
1.2.1 Bonpocsl Jeknun:
. @ynkuus. [Ipenen pyHkmu.
. IIponsBoHas.
. I[IpaBuna quddepeHunrpoBanus.
. UccnenoBanune pyHKIMY ¢ TOMOIIbIO POU3BOIHOM.
. IlepBooOpaznas. HeonpeneneHuslii nHTErpa.
. Onpenenennsiit uTerpain. ®opmyna Hetotona-Jleitouuma.
. 'eomeTprueckuii cCMbICI ONIPEIETIEHHOIO HHTETpaa.

N QNN R W

1.2.2 KpaTkoe coaepxaHue BOIPOCOB.

1. ®yuknusn. [penea GpyHKuuu.

QyHKIUA- 3aBUCUMOCTD IIEPEMEHHON Y OT IIEPEMEHHOM X, €CIIA KaKI0MY 3HAYCHUIO X
COOTBETCTBYET €IMHCTBECHHOE 3HAUYCHHUE Y.

IlepemeHHas x- He3aBUCUMasl IEPEMEHHASI UM ApTYMEHT.

IlepemenHas y- 3aBUCHMast IEPEMEHHAS.



3HaueHue QyHKINH- 3HAY€HUE Y, COOTBETCTBYIOIEE 3aJAHHOMY 3HAUEHUIO X.

Ob6nacTh onpenencHus GYHKIMH- BCE 3HAYCHHSI, KOTOPhIC IPUHUMACT HEe3aBHCHMAS T1e-
pemenHas. O6o3navaercs D (f).

Ob6nacTh 3HaueHH QYHKIIMK (MHOXKECTBO 3HAYCHH )- BCE 3HAYCHHUSI, KOTOPBIC TPHUHIMA-
et pynkus. O6o3navaercs E(f).

OyHKIUS SBIISETCS YETHOM- €CITU 711 IF0O0T0 X U3 00JIacTH onpeaeaeHus GyHKIUN BbI-
nojnsiercs paBeHcTBO f(X)=f(-X)

OyHKIUS SBIISETCS HEYETHOW- €CIIH [T JTF000TO X M3 00JIaCTH OTpeieieHus] PyHKIUU
BhInotHsAeTcst paBeHcTBO F(-X)=-f(X)

Bospacraromias pyHKIus- €Cliv 1)1 TF0OBIX X1 B Xp, TAKHUX, YTO X1< X7, BBITIOJIHSAETCS HE-
paBeHCTBO f(x1)<f(X2)

YosiBaromast QyHKIUS- €CITU JIJIs JIFOOBIX X1 U X2, TAKUX, YTO X1< X2, BBIMOJIHSIECTCS HEpa-
BeHCTBO f(X1)>f(X2)

DyHKIKS HA3BIBACTCS MEPUOTHUECKOM, €Ci cymiecTByeT Takoe uncio T, uro (x + T) €
Df)nfx+T)=f(x—=T)=f(x).

Cnocobvl 3a0anus pynkyuu.

Urto0sl 3a1aTh (PYHKIIHIO, HY)KHO YKa3aTh CIOCO0, ¢ MOMOIIBI0 KOTOPOTrO ISl KaXKIOTrO
3HAYCHHS apryMEHTa MOYKHO HAMTH COOTBETCTBYyIOIIee 3HadeHne GpyHkunu. Hanbomnee ymorpe-
OWUTENBHBIM SBJISETCS CrOCO0 3amaHus (QyHKIMH ¢ momolnsio (opmynsr y=f(x), rae f(x)-
HEKOTOPOE BBIpAKEHUE C MEpPEeMEHHON X. B TakoMm ciryuae roBopsr, uro (GyHKus 3anaHa ¢op-
MYJIOM UK 4TO (PYHKIUA 3a/1aHa aHAIUTUYECKH.

Ha mpakTuke WacTto MCHONb3yeTcs TaOMWYHBINA crioco0 3amanus QyHkmud. [Ipu sTom
crocobe MPUBOAUTCS TabNMuUIA, YKa3bIBaOIIas 3HaUYeHUsT QYHKIIMH 1711 UMEIOIIUXCS B Tabmuie
3HaYeHnd aprymeHTa. [Ipumepamu TabaudHOTrO 3amaHus GYHKIUHU SBISIOTCS TaOJIHMIa KBajapa-
TOB, TabHIIa KyOOB.

Haubonee HarnsinubM siBisieTcs rpaguueckuil cnoco0 3ananus pyHkuuu. [lpu nanHOM
crioco6e GyHKIMS 3a1aeTcs TpaduKoM, M0 KOTOPOMY MOXKHO ISl KXKAOTO X OMPEIEIUTh eINH-
CTBEHHOE V.

OCHOBHBIMU JIEMEHTAPHBIMH (DYHKIUSIMU SBISIOTCS:

1) crenennas pyHkuus y = x",n € R,

2) mokasatenbHas QyHKIMA Yy = a*,a > 0,a # 1,

3) norapudmuueckas yukuus y = log, x,a > 0,a # 1,

4) TtpuroHomerpudeckue PyHKIUU Yy = Ssinx,y = cosx,y = tg x,y = ctg x,

5) oOpaTHble  TpUrOHOMETpUYECKHEe  (YHKIMM Y = arcsinx,y = arccosx,y =

arctg x,y = arcctg x.

Onpeoenenue npedena no Kowu. Yucno A HaseiBaercs npeaenoM ynkiuu f (x) B Touke
a, ecu dTa QYHKIHS OTpesiesieHa B HEKOTOPOH OKPECTHOCTH TOYKU a 33 MCKIFOYEHUEM, OBITh
MOJKET, CAMOM TOYKH a, U AJIs Kaxaoro € > 0 cymectByer 0 > 0 Takoe, 4TO 7S BCEX X, yOBIIE-
TBOPSIFOIIUX YCIIOBHIO [X — 8] < §, X # a, BBIMONHACTCs: HepaBeHCTBO |f (X) — Al < .

Onpeoenenue npeoena no [etine. Yucno A HaspiBaercs npezeinoM pynkiuu f (x) B Touke
a, ecd dTa QYHKIHS OMpesiesieHa B HEKOTOPOH OKPECTHOCTH TOYKU a 33 MCKIFOYEHUEM, OBITh
MOYKET, CaMOM TOYKH a, W JJIs 000 mmocienoBarenbHoCcT {X, Jrakoi, uro x,, # a,Vn € N
CXOAAIICHCS K YHCIYy a, COOTBETCTBYIOMIAS IIOCIIEAOBATEIFHOCTh 3HAUYCHUH (YHKINU
f ({x, D cxomurest k uncmy A.

Ecnmu A — npenen GyHKIMH B TOYKE a, TO MUIIYT, YTO

limf(x) =A
x—a
Omnpenenenus npenena Gynkiuu no Komm u mo ['eliHe SKBUBaJICHTHEI.
Ecmu dynkius f (x) uMeeT mpesen B TOUKe a, TO 3TOT Mpeell eANHCTBCHHBIH.



Uucno A HazpiBaeTcs npeaenoM GyHkmuu f (X) cieBa B TOUKE a, €ciu s Kaxkaoro € > 0
cymecTByeT O > 0 Takoe, YTO AJsI BCEX BBIIOJHS- = (ﬂ — & ﬂ:] ercs HEPABEHCTBO

Fix) —ﬂl‘ =3

Yucno A HazeiBaeTcs npenenoMm GpyHkuuu f(X) crpaBa B TOYKE a, €CJIU JUII KaXKJOTO
€ >0 cymectByer 0 >0 Takoe, 4TO A BCEX BBI- y = (ﬂ- a—+ 5) IOJIHSETCS ~ HEPaBEHCTBO

Fix) —ﬂj‘ < g

[Ipenen cnea obo3navaercs lim, _,,_q f (x)npexen copasa —lim,_,,4¢ f(x). Ot ipene-
JIBI XapaKTEepU3yIOT MOBECHHE (DYHKIIMU CJIeBA U CIIpaBa OT TOYKH a. VX 4acTo Ha3bIBalOT OJIHO-
CTOPOHHUMH IpeeIaMH.

Ecmu st kaxxporo € > (0 cymecTByeT Takas O-OKPECTHOCTh TOYKM @, 4TO Ui BCEX X,
YIOBJICTBOPSIIONIMX YCIOBHIO [X — @] < 3, X # a, BBINOJHsAETCs HepaBeHCTBO |f (X)| > &, To roBopHT,
gyto QyHKIus f (X) IMeeT B TOUke a OECKOHEUHBIH Mpeelt:

Ecnu nns xaxnoro € > 0 cymectByeT Takoe 6 > 0, uTo [uisf 11000ro X > O BBIIOJIHIETCS
HepaBeHCTBO |f (X) — A| < g, To roBopsT, uTo npeaen GpyHkuuu f (X) npu X, CTPEMSIIIEMCS K TLTIOC
0OECKOHEUHOCTH, paBeH A

m f
¥ — oo

Ecnu ¢ynkuus f(X) umeeT KOHEUHBIM Mpenena B TOUKE a, TO CYIIECTBYET OKPECTHOCTh
TOYKH a, B KOTOpoi ¢yHKuus f orpannyena ( BO3MOXKHO, YTO B CaMOM TOYKE a PyHKIUS HE OT-
penenena). [Ipu atom, eciiu A # 0, To HaliIeTCs OKPECTHOCTh TOUKH a, B KOTOPOH (OBITH MOXET,
3a UCKJITFOYEHUEM CaMOM TOYKH a) 3HaueHHs QyHKIMH f UMEIOT TOT JKe 3HaK, YTO M YHCIIo A.

2. [IpousBoanasi.

[Tycte Pynkmus y = f(x) onpenenena B npomexytke X. [Ipouzsoonoini pyukimu y = f(x)
B TOYKE X, Ha3bIBAETCS Mpeaes

Ay flm, A -fxg)

lim— - lim
drs0 M T B0 NS

Ecnu stoT npenen koneunwiii, To pyHxuus f(x) HazpiBaeTcs ougpepenyupyemoii B TOUKe
Xo; TIPH TOM OHA OKa3bIBAETCS 005A3aTEFHO U HETIPEPBIBHOM B ATOM TOUKE.

Ecnu ke paccMaTpuBaeMblii Mpe/iest paBeH oo (WK -00 ), TO MPH YCIOBUH, YTO (DYHKIUS B
TOUYKE X, HEMpepbIBHA, OyJIeM rOBOPUTH, UTO (GyHKLHUA f(X) UMEET B TOUKE Xo OECKOHEeUHYI0 npo-
U3800HYIO.

[TponsBoaHas 0603HaYAETCS] CHMBOJIAMH

dy dffz,)

y ] f (XO)1 dX ] dX
Haxosxnenne npon3BoiHOM Ha3bIBaeTCs dugdepenyuposarnuem HyHKIIAN.

3.IIpaBuia nuddepeHnupoBaHus.

Ecnu ¢ - mocrostHHOE 4McO, U U = U(X), Vv = V(X) - HEKOTOpbIe au(depeHrpyembie
(GYHKIIMH, TO CIIPABEIIMBHI CIIeNyIoNre paBuia AuddepeHInpoBaHus:

1) (c)'=0, (cu)' =cu,

2) (utv)' = UV

3) (uv)' = u'v+v'y;

4) (ulv)' = (U'vV-V'u)iv®

5) ecmu y = f(u), u = j(x), 1.e. y = f(j(X)) - croocnan ¢pynxyus, wnu cynepnozuyus, co-
ctaBneHHas u3 Auddepenunpyemsbix GyHkiwmii j u f, To Yx = Yu By , NN

dy dy du

dz du dx .
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6) ecu st pynkmum y = f(X) cymectByet ooparnas nuddepenuupyemast GyHKIUAS X =
dg (1

r e
Hoy ¥ ;

g(y), mpuuem dy #0, To 5

[Tpu HaxOXICHUH MTPOU3BOTHBIX TOJIB3YIOTCS TAOIHMIIAMH MTPOU3BOIHBIX OCHOBHBIX dJIe-
MeHTapHbIX (yHKiwmi ([2] €. 150).

4. UccaenoBanue (yHKIUU C TOMOUIbIO IPOU3BOHOM.
Obwas cxema uccie008aHusi PYHKYUU U NOCMpoenus ee epaguxa:
1. Haiitu o6nacth onpeaenenust GyHKIUU. BoiaenuTs 0coOble TOUKH (TOYKH pa3phiBa).
2. IlpoBepuTh HaNMMUYME BEPTHKAIBHBIX aCUMIITOT B TOYKAaX pa3pbiBa M HA TpaHUIAX 00-
nactu onpeneneaus. Ecmu lim, _,, f(x) = too.
3. Haiit Touku nepeceyeHus ¢ OCIMHU KOOPMHAT
4. YCTaHOBUTH, SBIAETCA U QYHKIUS YETHON WM HEUETHOM.
5. Omnpenenuts, sBASETCS T PYHKIUA TEPUOJUUECKON WM HET (TOJIBKO JJISI TPUTOHO-
METPUUYECKUX (PYHKIIH, OCTaJIbHbIe HEMEPUOANUYECKUE, ITYHKT MPOITYyCKAEeTCs).
6. Haliti TOYKM 3KCTpeMyma W WHTEPBAJIbl MOHOTOHHOCTH (BO3pacTaHHs W yOBIBAHHMSI)
GbyHKIIH.
7. Haiitu Touku neperuda ¥ MHTEPBAJIBI BBIMTYKJIOCTH-BOTHYTOCTH.
8. HaiiTu HaKJIOHHBIE ACUMOTOTHI (PYHKIIHH.
. (=)
k= tm = b= tm [f(z) - ka]
9. Feo ¥ K MUHYC O€CKOHEYHOCTH
10. Ha¥iTi ropu30HTaIBHBIE ACUMITTOTHI (DYHKITHH.
im f(zr)=e¢ lm flz)=c¢c
11. T—oo T——O0

12. TlocTpouts rpaduk GyHKIUH.

5. IlepBooGpa3Hasi. HeonpeaeneHHbIH HHTeErpaJl.
Onpeoenenue. ®ynkuus F(X) HaspiBaeTcs nepBoodpasnoit s ¢pyukuuu f(X) Ha nHTEp-
Basie X=(a,b) (koHeuHOM WM GECKOHEYHOM), €CITH B KaXKI0i Touke 3Toro uarepsana f(X) ss-

etcst mpousBoaHol st F(X), T.e. Fix) = fix) .
W3 sTOTO0 OTpeneneHus cuenyeT, 9To 3a1a4a HaXoKJICHHUs IepBO0Opa3Hoil oOpaTHa 3aqaue
miuddepentmpoBanus: o 3aganHoi GpyHkimy f(X ) Tpedyercs naiitu pynkuuio F(X), mpoussBo-
1

o 2
Has kotopoii pasHa f(X). IleppooOpasHas onpeseneHa HeoaHO3HA4HO: s GyHkuu 1+¥° mep-
BOOOpa3HpIMH  Oyayr u  ¢yHkuusa  arctg X, u  ¢QyHkmus  arctg  X-10:
1

(arctz x)' = {arctg x —10Y =
1+x? _ Jlns Toro, 4ToGHI OIHCATH BCe MHOKECTBO IEPBOOGPA3HBIX
dynxmu f(X), paccmoTpum
Csoticmea nepeoodpasHoll.
1. Ecmu ¢pynxmms F(X) - nepBooOpasznas mis pynkuuu f(X) Ha uaTepBane X,

to ¢pynkuus f(X) + C, rane C - npou3BoibHAs MOCTOSHHASL, TOXE OyIeT MepBOOOpa3HOI

s f(X) Ha aTom uHTepBase. (Jok-Bo: Fi(x)=[F(x)+C) = f(x) ).

2. Ecmu ¢yukius F(X) - Hekoropas mepBooOpasHas mis ¢yakuuu f(X) Ha
unrepBaie X=(a,b), To nrobas apyras nepBoodbpasznas F1(X) Moxer ObITH MpeacTaBiIcHA
B Bujie F1(X) = F(X) + C, rae C - mocrosinHast Ha X QyHKITUS.



10

3. s mo6oi nepBooOpaznoit F(X) Bemonasiercs: paBencTBo dF(X) = f(x)
dx.

W3 stux cBoiicTB cieayer, uto eciu F(X) - HekoTopas mepBooOpasHas GyHKIHH
f(X) na uaTepBase X, TO BCE MHOXKECTBO nepBooOpasHbix ¢yHkuuu f(X) (t.e. QyHKIMIA, nMErO-
mmx npousBoaayio f(X) u quddepentman f(X) dX) Ha 3TOM HHTEpBaIE ONMUCHIBACTCS BBIPAKCHH-
em F(X) + C, rae C - nmpousBosbHAS TOCTOSIHHAS.

Onpeoenenue. MHOXeCTBO mepBooOpa3Hbix GyHkimu f(X) Ha3pIBaeTCs HEONPeACIEHHBIM

UHTETPaJIoM oT 3TOM byHKIIH U o0o3Havaercs CHUMBOJIOM -[ S (x)dx .
Kak cienyer u3 msnoxeHHOro Beiie, eciim F(X) - HekoTopas nmepBooOpasHas GpyHKIUU

= +
f(x), To .[ flx)d = Fix)+C , tne C - npousBonbHas noctosHaas. Oyukiumio f(X) npunsTo Ha-
3bIBATh MMOJIBIHTETPAIBbHON (YyHKIMEH, mpou3BeneHue f(X) dX - moapIHTerpabHBIM BEIPOKSHHEM.

6. Onpenenennnblii uuTerpaja. ®opmyJa Heorona-Jleiionumna.
Buviuucnenue niowaou kpusonuHeiHol mpaneyuu.
[Tyctsb Ha oTpeske [a,b] (b>a) 3agana HenpepwiBHas QyHKIms Y = f(X) , npuHUMAarOIIas Ha

L) z0 x €[]
3TOM OTpE3KE HEOTPULIATEIIbHBIE 3HAUEHHUS ! npu . Tpebyercs onpenenuTsb

wiomaab S kpuBoauHelHou Tpanenuu ABCD, orpanndeHnHol CHU3Y OTpe3koM [a,b], ciesa u
crpaBa - IpsMBIMHU X = a U X = b, cBepxy — pynkuueii y = f(X).

’ o « ¥ 0
B /| ?;
[ i A
Al :/F-f //.-/ /':’:‘D
/‘xl/’le-?CS f.m fx B=x7 x

él £ 2 53 & 4 éj éﬁ é?

Jlns perienus 3Toi 3a1aun pa3aeauM Ipou3BOIbHBIM 00pa3oM ocHoBaHue AD ¢urypsr
TOYKaMH Xo = &, X1, X2, ..., Xn-1 = @, Xp = b Ha N wacreit [Xo, X1], [X1,X2], ..., [Xi-1,Xi], ..., [Xn-1,
, . r=x;—x ;. i=12, .1
Xn]; CHMBOJIOM Lo OyneM 0003HayaTh JUIMHY I-TO OTpe3Ka:  ° g -1 .Ha

KaX/10M U3 OTPE3KOB [Xi-1 , Xj] BbIOEpeM MPOU3BOJIBHYIO TOUKY & , HaliIéM f (éf:', BBIYUCITUM
IIPOU3BEACHNE Filidxy —xpq) = Fl&)hxg (3TO MpOU3BEACHNE PAaBHO IIJIOLIANA IPSIMOYTOJIb-

HuKa Pj ¢ ocHoBaHueM [X-1 , Xi] 1 BeICOTOM = ) ¥ MPOCYMMHPYEM TH IPOU3BEACHUS MO BCEM
npsmMoyroiabHukaMm. ITomydeHnyto cymMmmy 0603HaAUMM S cryn:

o
Seryn = F(E0&x + F(&2)0x7 +. + F(Sa-1)8%n 1 +.f (S dbixn = 2 F(5i)hx;
i=1
Seryn  paBHO TUIOIIAAM  CTYNEHYaToOW (Qurypsl, 0Opa3OBaHHOW MpPAMOYroJbHUKaMH Pj,
I =1,2,...,n; Ha JICBOM PUCYHKE 3Ta IUIOMA/(b 3alITPHUXOBAHA. Scryn HE PABHA HCKOMOI ILIOIIAIH
S, oHa ToNBKO MaéT HeKoTopoe npudIKeHue K S. s Toro, 4ToOB! YIydIIUTh 3TO MPUOIHKE-
HHE, Oy/IeM YBEIMYMBATh KOJINYECTBO N OTPE3KOB TAKMM 00pa3oM, YTOOBI MaKCHMalIbHAsl JUTHHA
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max  fag
3TuX 0Tpe3koB !l ! CTpeMuUJIach K HyNIO0 (Ha pUCYHKE CTylneH4YaThble (pUrypbl uzoopaxe-
maz Sy — 0 (7 — o)
HBI TIpH N = 7 (cnesa) u npu N = 14 (crpasa)). [pu i712.. # pa3HHUIIA MEXKITY
Seryn u S Oyner TOXE CTPEMHTHCS K HYITIO, T.C.

n
§= lim > )
max Ax; =0 ;75
i=l2,. .. )
Onpedenenue onpedenréHnoco unmezpand.
[Tycts Ha oTpeske [a,b] 3amana dpyuxius y = f(X). Pazoobém orpesok [a,b] mponsBonbHbIM 00pa-
30M Ha N Yacteit Toukamu [Xo, X1, [X1, Xz], ..., [Xi-1,Xi], ..., [Xn-1 , Xn]; Ay i-rO O0Tpe3ka 000-
,-"_"'-,x;!- i ﬁxi =Xy TX -1 i= 1,2,...,31

3HAYUM ; MaKCUMaJbHYIO M3 JUIMH OTPE3KOB 0003HAuYUM
A A= e Ay

=1,2,..% Ha xaI0M M3 OTPE3KOB [Xi-1 , Xi] BEIGEpEM MPOM3BOIBHYIO TOUKY & U cocTa-
BUM CyMMY

N
o= f& )y + F(E g+ 4 (St )yt + F (G )hxn = 2, FE1)x;
i=1
Cymma & Ha3pIBaeTCs MHTETpalibHOM cymMMoll. Eciu cymecTByeT (KOHEUHBIN) Mpeaes nocieno-
BaTeNLHOCTH UHTerpanbHbix cyMM & mpu 4 = U | me 3aBucsmmit nu ot cnoco6a pasduenus ot-
pe3ka [a,b] Ha gacTu [Xi-1, X;], HU OT BBIOOpA TOUYECK Si , To Qpynkiwms f(X) Ha3pIBaeTCS MHTETPU-

pyemoii o otpe3ky [a,b], a 3TOT mpenen Ha3bIBACTCS ONMPEACIEHHBIM HHTETPATIOM OT (DYHKIIUH
f(X) mo otpesky [a,b] u 0o603HaUaETCS

b
[ ()b
a .
Oyukius f(X), kak ¥ B cilydae HEONpeAeIEHHOr0 WHTErpalia, Ha3bIBACTCS MOJBIHTEIPALHOM,
ypcma & M D - COOTBETCTBEHHO, HW)KHMM ¥ BEPXHHM MpEICiTaMH HHTETPUPOBAHUSL.
KpaTko omnpeneneHye HHOrqa 3alIMCBhIBAIOT TaK:
b

dr = liry S
[ £ix) mﬁxi_}néﬂé,);

a i<2 1

B stom OIIPCACIICHUU MPCAIIOJIaracTcsa, 4TO b> a. I[J'IH APyrux CjiIydacB IMIpUuMEM, TOXKC I10
OMMPECACIICHUIO:

b ] a
[£ G =0 [£ ) = = [f (x)d
Ecau b=a, To 2 ; ecii b<a, To 2 b .

Teopema cywecmeosanus onpedeéHHo20 UHMe2paia.
Ecmu dynkius f(X) HenpepsiBHa Ha oTpeske [@,b], To oHa HHTErpHpyeMa 1Mo 3TOMY OTPE3KY.

@opmyna Hetomona-Jletibnuya.
Ecnu f(X) HenpepbiBHa Ha oTpeske [a, b], u F(X) - HekoTopas mepBooOpa3Has QyHKIHH

LI

b
[£ X = F (&) - F )
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1. FCOMeTpH‘IeCKHﬁ CMBLICJI OIIPEACJTCHHOI'0 HHTErpaJia.
b

[ (o
Ecmu f(X) >0 na orpeske [a,b], To 2 paBeH 1uionaan KpuBoauHerHon tpanenuu ABCD,
OrpaHMYCHHOW CHU3Y OTpe3KkoM [a,b], cieBa u cnipaBa - psamMbIME X = @ 1 X = b, cBepXy — QyHK-
et y = f(X).

1.3 JTekuus Ne3 (2 uaca).
Tema: «luddepenunanbubie ypaBHeHusi. OCHOBHbIE NMOHATHS TEOPUH BEPOSATHO-
crein»
1.3.1 BonipochI jeknum:
1. OcHOBHBIE TIOHATHS U OnpeaeneHus TudGepeHINaTbHBIX YPAaBHEHUN TIEPBOTO MOPSAKA.
2. IuddepenunanbHble ypaBHEHUS BBICIIUX MOPSIKOB.
3. OOmiee u yacTHOE pemieHus TudPepeHINaTbHBIX YPaBHEHHUN.
4. Knaccruyeckoe orpeneiceHre BEPOSATHOCTU COOBITHS. TeopemMbl O CyMMe U MPOU3Bee-
HUHW BEPOSTHOCTEM.
5. HopmanwsHoe pacmpenenenue. BeposTHOCTh momanaHusi HOPMaldbHO pacrpeieeHHOM
CIIy4yallHOM BEIMYMHBI B 3alaHHbIN nHTEpBal. [IpaBuiio Tpex curm.
6. CryuaiiHble BETMYMUHBI U UX YHCIIOBBIE XapaKTEPUCTHKU.

1.3.2 KpaTtkoe coaep:kaHue BOIIPOCOB:

1. OcHoBHbIE MOHATHS U ompeejeHus AuPepeHINATBLHBIX YPaBHEHHIT MePBOro
Nops/IKa.

OOBIKHOBEHHBIM OUpepeHyuanbHbiM YypagHeHuem n—20 NopsioKka Ha3bIBAe€TCsS ypaBHE-
HHE BUJIA

F Xy, y '),y "®), ... ,y"(9) =0,

rae F — u3BectHas GyHkums (N + 2)-x NepeMEeHHbIX, X — HE3aBHCUMas IIEpPEMEHHAs U3
uHTepBana (a,b), y(X) — HeusBectHast GyHKIUSA. UUCITIO N HA3BIBACTCS MOPSAKOM YPaBHEHHUSI.

Dynkiws Y(X) Ha3piBaeTcs peutenuem (Wi unmeepanom) madHepeHatbHOrO ypaBHe-
HUS Ha IpoMexyTke (4, b), ecu oHa N pa3 auddepennupyema Ha (@, b) U pu mojcTaHOBKE B
ypaBHEHHE 00pallaeT ero B TOKAECTBO.

OObIkHOBEHHBIE AU epeHIInanbHble YpaBHEHHS], pa3pelleHHble OTHOCUTENIBHO CTapIIe
NIPOM3BOIHOM, Ha3BIBAIOT YPABHEHUSIMH B HOPMANbHOU (hopme:.

YO =ty vyt YY),

JuddepennunanbHoe ypaBHEHHE OOBIYHO UMEET OECKOHEYHO MHOTO perieHuil. UToObl
BBIJICJIUTH HY)KHOE PEIICHHE, UCTIOIB3YIOT TOTIOIHUTEIFHBIE YCIIOBHSL.

YroObl BBLAETUTH €MHCTBEHHOE PEIICHUE YpaBHEHUs N-TO MOpsaKa OOBIYHO 3a/ai0T N
HAYAIBHBIX ycnoBuit  Y(Xo) = Yo, ¥ '(X0) = Y1, ¥ "(X0) =V2r .. » Y P(X0) = Yn-1.

JIroboe koHKpeTHOE perieHue Y = ¢(X) ypaBHeHust N —ro mopsaka F(X, y(X), y '(X), y "(x),

, y(” )(X)) = (0, Ha3bIBACTCS YACMHBIM PeuleHUEM.

O6wum pewenuem nupdepenmansaoro ypasaenus F(x, y(x), y '(x),y "(x), ... ,y(n )(X))
= 0 mnaseBaerca ¢pyaknus Yy = DX, Ci, Cy, ... , Cy), comepxainiasi HEKOTOPhIE MTOCTOSTHHBIC
(mapametpsi) Cy, Cy, ... , Cy,, u oOnagaromnias CaeayouMMi CBOWCTBAMHU:

1. O(x, Cq, Cy, ..., Cy) sABASETCS pELIEHUEM ypaBHEHUS IMPHU JIOOBIX JTOMYCTUMBIX 3HAUEHHUSIX
Cl, Cz, cee s Ch:

2. s TIOOBIX HavalbHBIX JaHHBIX Y(Xo) = VYo, Y '(Xo) = VY1, Y "(X0) = V2, ... , y(n N 1)(Xo) =VYn-1,
JUTs1 KOTOPBIX 3a1aua Kol uMeeT eIMHCTBEHHOE pelIeHue,

CYIIECTBYIOT 3HaueHUs MOCTOSHHBIX C1 = Az, C2 = Ay, ..., Cp = Aj, Takue 4TO perieHue
y=®(X, A1, A2, ..., Ap) YAOBIETBOPSIET 3aIaHHBIM HAYaJIbHBIM YCIIOBHSIM.

HNHorma vactHoe miu oOIee pelieHre ypaBHEHHUS YIAeTCsl HaWTH TOJBKO B HESBHOM
dopwme: (X, y) =0 umu G(X, y, C1, Cy, ..., Cy) =0.
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Takue HesIBHO 3aJJaHHBIC PELICHUS HAa3bIBAIOTCS YACMHbLIM UHMEZPAIoM I 0OuuM UH-
mezpanom ypaBHEHHUS.

Ecnu 3amauy 00 oThickaHMM Bcex pelieHuil audQepeHnuanbHOro ypaBHEHUS YIaeTcs
CBECTHU K aJreOpanyecKuM OIEepaIusM U K BBIYMCICHUIO KOHEYHOTO YHCIIa HHTETPAJIOB M PO 3-
BOJIHBIX OT M3BECTHBIX (DYHKIUI, TO ypaBHEHUE HA3BIBACTCS UHMESPUPYEMbIM 8 K8AOPaAmypax.
Knacc Takux ypaBHEHUI OTHOCUTEIBHO Y30K.

Jliia peuieHusl ypaBHEHUM, KOTOpbIE HE MHTETPUPYIOTCS B KBaJpaTypax, MPUMEHSIOTCS
MPUOJIMKEHHBIE WM YUCIICHHBIE METO/IBI.

3anaya Teopuu OOBIKHOBEHHBIX MU (epeHInaTbHbIX YpaBHEHUM — HCCle0BaHUE 00-
IIMX CBOMCTB PEIICHHM, pa3BUTHE TOYHBIX, ACUMIITOTUYECKUX M YUCICHHBIX METOJIOB UHTEIPU-
pPOBaHUSI YpaBHEHUH.

OObIKHOBEHHBIM UG GEpeHIINATHFHBIM YPaBHEHUEM MIEPBOTO MOPSIKA HA3BIBACTCS ypaB-

Fix =0
wenme © X-7¥) , TJIe X - He3aBUCHMas nepeMenHast, Y(X) - HeusBectHas ¢yHkuus. B dop-
Me, pa3peméHHON OTHOCHUTEIHHO NPOU3BOIHOHN, YpaBHEHHE IEPBOTO IMOPSIKA 3aIHCHIBACTCS
’
=f(x
rax: ¥ = x.p)
Ecnu monb30BaThCs IpyruM 0003HAYCHHEM TPOU3BOJHOMN, TO MOXKHO 3alucaTh Kak
2 )
o
Oob1ee pemenue (00K UHTErpail) ypaBHEHUs npu N = | umeer BUI
¥ =w(x,C)

Dix, p,C) = DHHH

Pewmenne nekoropsix Tunos OJY nepBoro nopsiaka.
VYpaBHEHUS ¢ pa3enEHHBIMU IEPEMEHHBIMH. TaK Ha3bIBAIOTCS YPABHEHUS BUJIA YIOBJIC-
TBOpsIrOIIee HavambHOMY yemouio f(X) dx + g(y) dy = 0.
[Mycth y(X) - perrenue 3toro ypaBHenus, T.e. f(X)dx + g(y(x))dy(x) = 0. Uurerpupys 310
[£ @b+ [g)dy =0

TOXJIECTBO, TMOIYyYUM - oOmuit wmHTerpan (oOliee peleHue) HTOro
YpaBHEHHUS.

YPaBHeHI/IFI C pasaciAromrMHACI TCPEMCHHBIMU. Tak Ha3pIBAIOTCA YpaBHCHUA BHA

Y oS EEW) g fy(x) ga(y) dx + (%) aly) dy = O.

Ot YpaBHCHHA JICTKO CBOAATCA K YPaBHCHUIO C pa3ﬂeHéHHBIMI/I NEPEMCHHBIMU

3amuceiBaeM ~ ypaBHeHHE B (opme Vpasuenue nenum Ha fo(X) gi(y):
dx
dx , 3aTeM JenuM Ha g(y) U yMHO- faix) a1yl
dy

—— = fx)dx
skaem Ha dx; &) .

OTU ypaBHEHHUS - C pa3fesI€HHBIMU NIepeMeHHbIMU. VIHTerpupys, moiayyum oOlue nHTerpa-
JIBI:

& fiix)de gy (Wdy _
IED’) Iﬂxjmc. 'rfz(x} ‘| 1) ¢

B o0oux ciydasx BO3MOXKHA MOTEPs PELICHUN: eleHne Ha (PYHKIHNIO MOXKET MPUBECTU K ypaBHe-
HUIO, KOTOPOE HEIKBUBAJIEHTHO TaHHOMY.

Ecmu dynxmus g(y) umeer aelCTBHUTEb- Ecmu dynkmus fr(X) umeer aeict-
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HBIC KOPHH Y1, Y2, Y3, ..., TO QYHKIIUH Y = Y, Y = BUTEJIbHBIC KOPHH X1, X2, X3, ..., QyHKIHS
Y2, 01(y) umeer aeicTBUTENLHBIE KOPHH Y1, Y2,

Y = Vs, ..., OYUEBUTHO, SBJISIOTCS PEIICHHUSI- Y3, ..., TO QYHKIHHA X = X1, X = X2, X = X3,
MH UCXOJHOT'O YPaBHCHHUS. e Y=Y, Y= Y2, Y = VY3, ... SBISIOTCS pe-

ICHUAMU UCXOOHOT'O YPAaBHCHUA.

B 00oux ciydasx 3TH pemeHus MOTyT COJEp>KaThCsl B OOIIEM pEleHUH, HO MOTYT U HE CO-
JepKaThCsl B HEM; TOCJIEIHEEe MOXKET CIYYUTHCS, €CIIM Ha 3TUX PELICHUSX HApYyIIAITCs YCIOBUS
TEOPEMBI CYIIECTBOBAHUS U €JMHCTBEHHOCTH petieHus 3aaaun Komu.

2. luddepeHunanbHbie ypaBHEHHUs! BHICUINX MOPSIIKOB.
y'+a'+by=0

Xapakmepucmuqeacoe YpaeHerUe

Bral+b=0

Xapakmepucmuqecmte qucia

Obwee pewienue

A # A

1. B ciyqae
y(x)= Ce? + e

A=a=i8, A4 =a+i8,
TO 00l1lee pelIeHre MOKHO 3anucaTh U B hopme

y(x)=(Acos Bc+ Bsin gc™

Ecin

y(x): (Cl +Cy2 )e’z"‘.

3. O6uiee u yacTHoe pemieHus1 AU depeHINATBHBIX YPABHEHMIA.
3amgaueii Komm (Miu HavyalnbHOW 3a7adeil) Ha3bIBACTCS 3a/1a4a OTBICKAHHS PELICHUS Y =
y(X) ypaBHEeHUS
FOG Y00, Y00,y "0, -, Y™M(0) =0, xex,
YIOBJIETBOPSIOIIETO YCIAOBHUSIM
— 1 — n — - 1 —
Y00) = Yo, ¥ '(0%0) =¥1, ¥ "00) =Yz oo YT V00) = Y.
YenoBus  Y(Xo) = Yo, Y '(X0) = V1, Y "(X0) = VY2, ... , y(n )(Xo) = Yn _ | HA3BIBAIOTCS Ha-
YaJbHBIMU JAHHBIMH, HaYaJIbHBIMHU YCIOBUSMH WK JaHHBIMA Korim.

4. Knaccuueckoe omnpejejieHue BEPOSITHOCTH coObITUsI. TeopemMbl 0 cymMMe M MPOU3-
BeICHUU BEPOATHOCTEH.
Knaccuueckoe onpedenenue sepossimnocmu

P(A)=in/n

(M - guco 6IArOMPUATHBIX KCXOI0B OMBITA; N - YHCIIO BCEX €r0 UCXOJI0B).

JIBa cOOBITHS Ha3BIBAIOTCSI HECOBMECTHBIMH, €CJIM MOSBICHHE OJTHOTO U3 HUX MCKII0YaeT
MOSIBJICHUE APYTroro cOOBITUS B OTHOM M TOM K€ UCTBbITAaHUH. B mpoTUBHOM citydae coObITHS
Ha3bIBAIOTCSI COBMECTHBIMH.

JIBa cOOBITHSI HA3bIBAIOTCS HE3ABUCUMBIMHU, €CIIH MOSIBJICHUE OJTHOTO U3 HUX HE BIMSIET
Ha BEPOATHOCTH MOSBJICHUS APYrOro COOBITHS B OTHOM U TOM K€ HCIIBITaHUH. B mpoTuBHOM
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cirydae COOBITHS HA3bIBAIOTCS 3aBUCHMBIMHU.
T€0p€MCl CJIOJHCEeHUA 6ep0;zmnocmeﬁ HecoeMeCmHbIX cOObIMull

P(A+ B)= P(4)+ P(B)

TeopeMa CIIOHCEHUA eepOﬂmHocmeﬁ COBMECHBIX COObIMULL

P(A+ B)= P[A)+ P(B)- P(AB)
Teopema yMHOCEHUS 8EPOSAMHOCEN HE3ABUCUMBIX COObIMULL

P(AB)= P(A)P(B)
Teopema ymHOCEHUS 8EPOAMHOCHEN 3ABUCUMBIX COOBIMULL
P(AB)= P(A)P(BfA)= P(B)P(A/B),
P(BfA)

rae - BEPOSITHOCTH cOOBITHA B mpu ycnoBuu, 4To mpou30nuio coobitue A.

5. HopmajibHoe pacnpesesieHde. BeposiTHOCTh momagaHusi HOPMAJIbHO pacnpee-
JICHHOM CJIyYailHOM BeJIMYMHBI B 3a1aHHbIN HHTepBaJl. [IpaBuio Tpex curm.
Onpenenenne. Cnyuaiinas BeauunHa X HMEET HOPMaJbHBIN 3aKOH pacupenesieHus, eciid

€C (bYHKIII/Iﬁ IIJIOTHOCTHU BECPOATHOCTHU UMCCT BU

_(x-a)?

.e 2072

1
0= ’

r7e & —MaTeMaTH4ecKoe OXKHUIaHNe, O — CPEeJHEe KBaIPATHIECKOE OTKIOHEHHE.
I'padux ¢ynkumm f(X) HazpBaeTcs KpUBOW HOpPMAaJbHOIO pacmpeneneHus. Metogamu

T pepeHIMaIbHOr0 HCYUCICHUS MOKHO YCTaHOBUTB, YTO:
1) KpuBas CUMMETpUYHA OTHOCUTENIBHO NMPSIMON X = a;

1 1
2) GpyHKIHMS UMEET MAaKCUMYyM B TOuke | 8, —— |, ipu X =a f(a) = ;
oN2rx

oer’
3) no Mepe yaaneHuss X OT TOYKU & (PyHKUHMS yObIBaeT U Mpu X — oo KpuBasi NpuOIu-

)kaerca k ocu OX;
4) xpuBas BeIMykIa 1mpu Xe(@—o,a+0) W BOrHyra npu Xe(—o,a—o) u

Xe(@a+o,+x).
I'padux pynkuuu f (x) umeer Bua:

f(x))

b - - - (x-—a)z
202

1 e"

c2n

e )

ol a—oc a atoc

BeposTHOCTE IONaiaHNsl HOPMAJIBHO PACIPEACICHHON CIy4allHOM BETMYMHBI B 3aJaHHBIN
HMHTEpBal
BeposiTHOCTB TOTO, YTO X NpHUMET 3HAUYEHUE, MpUHAATIeKallee uarepsany («, f),

P(a < X <ﬂ)=q>(ﬂ_aJ—q>(“_a],
O

O
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2

1 ¢ 2
rae O(X)=— J. e ?dz — ¢pyukuus Jlamnaca.
0

Jer
BeposTHOCTH OTKIIOHEHMSI HOPMAJIbHO PaCHpEACIICHHON ClIy4YallHOM BEIMYMHBI OT MaTe-
MaTU4ECKOrO 0’KHMJIaHUS
BeposiTHOCTB TOr0, 4T0 a0CONIIOTHAS BEIUYMHA OTKIOHEHHS HOPMAIbHO PacCIpENeICHHON
CJIy4yaifHON BEIMYMHBI OT MATEMaTHUECKOTO OXKUAHUS MEHBIIE MOJIOKUTEIBHOTIO YUCia O
o
P(X —a| < 6) = ch(_j.
o}

ITpaBmwiio Tpex curMm. IIpakTudyecku NOCTOBEPHO, YTO IPU OJHOKPATHOM HCIIBITAHMM OT-
KJIOHEHUE HOPMAJIBHO PACIPEICIICHHON CIIyd4allHOM BEJIWYMHBI OT €€ MATEMaTU4EeCKOro OKHa-
HUS HE NIPEBBIIIAET YTPOSHHOI'O CPEIHEr0 KBaJAPaTUYECKOIO OTKIOHEHHUS.

Omnpenenenne. MuTepBan (a -30;a +30') Ha3bIBACTCsS JAMANA30HOM HW3MEHEHUs HOp-

MaJIBHO PaCIIPEECICHHON CIIy4YalHON BEJIMYHUHBI.

6. CiryuaiiHble BeJJMYMHBI M MX YHCJIOBbIE XaPaKTEePUCTHKH.

CrnyyaliHOW Ha3bIBa€TCsl BEIMYMHA, KOTOPAsl B PE3y/IbTaTe€ UCHBITAHUS MOXKET IPUHSTH TO
WIM NHOE YUCJIOBOE 3HAUYEHHUE, IPUYEM 3apaHee HEM3BECTHO, KAKOE UMEHHO.

JuckpeTHoll (IpephIBHOM) Ha3bIBAOT CIIy4allHYyI0 BEIMYMHY, KOTOpas MPUHUMAET OT-
JIEJIbHBIE, W30JIMPOBAaHHBIE BO3MOXKHBIE 3HAUYEHHUs C ONPEICIICHHBIMM BEPOATHOCTIMH. Hucio
BO3MOXKHBIX 3HAUEHUHN AMCKPETHOM CiydyallHOW BETUYMHBI MOKET ObITh KOHEUHBIM WM OECKO-
HEYHBIM.

HenpepsIBHOM Ha3bIBAIOT CIIy4alHYIO BEIMYHHY, BCE BO3MOXKHBIE 3HAYEHHsI KOTOPOU 3a-
HOJIHSIOT HEKOTOPbIM KOHEUHBIN MM O€CKOHEUHbII MHTEpBal.

MaremaTtnueckum oxuganueM M (X) QUCKpeTHOH ciydaiHOM BeauuuHBl X Ha3bIBa-
€TCA CyMMa IPOM3BEIECHUM KaXkKI0r0 BO3MOJKHOI'O 3HAYEHUsS JTOM BEIMYMHBI HA COOTBETCT-
BYIOILYIO BEPOSITHOCTb:

M(X)=Xp, +X,p, +X,p, +...+ X.P..

Hucnepcueit D(X) AMCKpeTHOW CIlydallHOW BeMWMUYWHBI X Ha3bIBACTCS MaTeMaTHde-
CKO€ OXHMJaHWE KBAJpaTa Pa3HOCTH MEXIY CIy4allHOM BEIMYMHONM X M €€ MaTeMaTH4YEeCKUM
0’KMJIaHUEM:

D(X) =M (X —M(X))>.

Teopema. Jlucriepcus paBHa pa3sHOCTH MEXKIY MaT€MAaTHYECKUM OXUIAaHUEM KBajpaTa

CIIy4aiiHOM BeIMUYMHBl X U KBaJpaTOM €€ MaTEMaTU4eCKOTO 0XKHIaHU:
D(X) =M (X*)=(M(X)).

CpenHuM KBaIpaTHYECKHM OTKJIOHEHHEM o(X) IUCKPETHOW CITydailHOW BENHYHHBI X

Ha3bIBAETCS KBAJIPaTHBIA KOPEHb U3 TUCIIEPCUU:

o(X)=4D(X).
Marematrueckum oxuganuneM M (X) HempepbIBHOH ciiydaifHON BenmuumHBI X , BO3-
MOJKHBIE 3HaYeHUs KOTOPOU MpHHAIekaT oTpe3ky [a;b], HaswiBaloT ompeneneHHbIH HHTErpa

b
Ix f(x)dx, T.e.

b
M(X):_[x f (x)dx.
a
Ecnu Bo3MoxHbIe 3HaYeHUs1 X TpuHauiexar Beeit ocu OX, To

M(X):Txf(x)dx.
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Hucnepcueit D(X) HenpepbIBHOH ciay4dailHOW BeMWYMHBI X HA3bIBACTCS MaTeMaTHde-
CKO€ 0’KMJIaHHME KBAJpaTa €€ OTKIOHCHUS.

Ecnu Bo3MoxHBIE 3HaUeHHsT X TMpUHAAIEXKAT OTpe3Ky [a;b], To
D(X) = i(x— M (X))? f(x)dx.
Ecnu Bo3MOXHBIEC 3HaUeHUS X HpHaHa;[nexcaT Bceii ocu OX, TO
D(X) = T(x —M(X))? f (x)dx.

CpeanuM KBaJpaTUYeCKUM OTKIOHEHHEM o (X) HempepbIBHOW CIy4yailHOW BETWYHHBI
X Ha3bIBaeTCsl KBaPATHBII KOPEHb U3 AUCIIEPCUH:

a(X) = /D(X) .

2. METOAUYECKHUE YKA3AHUSA
IO IMTPOBEJEHUIO MPAKTUYECKHNX 3AHATUI

2.1 IlpakTu4eckoe 3ausitue Nel (2 gaca).

Tema: «Matpunpl. Onpeaenurenu CucreMsbl JHHEHHBIX YPABHEHUH)

2.1.1 3apanue nyis padoThI:

1. Beruucnenue onpenenureneit 2-ro u 3-ro mopsiiKoB.
2. Matpuusl. Onepanuy HaJ MaTpULaMHU.
3. Pemienne CJIY MaTpu4HbIM METOOM.

2.1.2 KpaTkoe onucanue NpoBOANMOro 3aHATHA

1 2 3
A= -1 0 -2 -1 -2
4 -3 5 A =(-D)") _y g ‘=13,
IHpumep. Ilycts

1 2

i)

|."1| = Z ﬁ]kx‘l]k.

k=1

YrBep:xkaenue. Pasiio:kenue onpeaeuresis 1o NpoU3BOJIbLHON CTPOKe.

4] = aiAn
Jlns onpenenutens Matpuibl A cnpaBemmusa popmyiia k=
2 -1 4
1 0.7 -5
0 3 0

IIpumep. Brrunciure


http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:7.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:8.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:9.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:10.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:11.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:12.png
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Pemenne. Bocrosnb3yeMcs pas3ioKeHUEM IO TPETHEHN CTPOKE, TaK BHITOJHEE, TOCKOJIBKY B
TpeThell cTpOoKe /Ba yMcia u3 Tpex - Hynu. [lomy-

2 -1 4
-1 4 2 4
_ — M. f—1y3+1 14342
1 0.7 =5|=0-(-1)""| - _5‘+3 (—17*+* | ] _5‘+
0 3 0
+0.(-1)%* 2 -1 = —3(-10—4) =42
- 1 0.7 '

=(21)

IIpumep. Haiinure 0oOpaTHYIO MaTpUILy sl MATPHIIBI
|A|=11#0 = A~

Pemenne. - CYIIECTBYET.

Ay = (1) 5 =5, A= (-1 (—2) =2,

Ay = (-1 3=-3, Ap=(-1p"1=1L
1 5 —3

i-1 _ —

4 _11(2 1)

IlycTe nana cucrema JIMHEWHBIX YPaBHEHUU

3x4+2v+z=2
r=y+ix=-1
3x4+2y+z=3

Pemras cucteMbl TUHEHHBIX YpaBHEHHUH IKOJIBHBIMU CIIOCOOAMHU, Mbl TOUJIEHHO YMHO-
JKaJli OJJHO U3 YpaBHEHUI Ha HEKOTOPOE YMCIIO, TaK, YTOOBI KO3 PHULIMEHTHI IPH NEPBOH mepe-
MEHHOM B IBYX ypaBHEHUSX ObUINM MPOTUBOMOIOKHBIMU ynciaamu. [Ipu crnoxxeHun ypaBHEHUI
IIPOUCXOIUT UCKIIIOUEHHUE ITOM NepeMEHHON. AHAJIOTMYHO AelcTByeT U MetoA ["aycca.

JI1s1 ynpoIlleHHs BHEITHETO BU/IA PEIIEHUS] COCTaBUM PACIIMPEHHYIO MaTPHILy CHUCTEMBI:

302 1)z
1 -1 Z-1
2 2 13
B sT0i1 MaTpuiie creBa 10 BEpTUKAIBLHON YepThl pacroyioskeHbl K03 GpUIMEeHTHI TpH He-
U3BECTHBIX, a CIIpaBa MOCJe BEPTUKATIBLHON YepThl - CBOOOIHBIE YJICHBI.
st yno6cTBa aeneHus KodPpGHUIMEHTOB IPU NEPEMEHHBIX (YTOOBI MOIYYUTh JIeIEHUE Ha
€IMHMILY) TTEPECTaBUM MECTaMU MEPBYIO U BTOPYIO CTPOKU MaTpullbl cuctemsl. [lomydnm cuc-

TeMYy, SKBUBAJICHTHYIO JAHHOM, TaK KaK B CHCTEME JINHEHHBIX ypaBHEHUI MOXKHO MEPECTABIATh
MECTaMH YpaBHEHHSI:

302 12 1 -1 2}-1
1 -1 2-1|~3 2 1|2
2 2 13 2 2 13


http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:13.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:38.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:39.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:40.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:41.png
http://www.machinelearning.ru/wiki/index.php?title=%D0%98%D0%B7%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5:42.png
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C momo1Ib10 HOBOTO MEPBOTO YPAaBHEHUS UCKIIIOUUM MEPEMEHHYIO X U3 BTOPOTO U BCEX
NOCIEAYIOLUX YpaBHEHUH. [ 3TOro KO BTOPOH CTPOKE MaTpHUILIbl IPUOaBUM NEPBYIO, YMHO-

_ % 3

@ Fl .
JKEHHYI0 Ha 11 (B HamIeMm ciryvae Ha 1 ), K TPEThEH — EPBYIO CTPOKY, YMHOKEHHYIO
s 2

@
Ha 11 (B HameM ciydae Ha 1 ).

ay; =0
OT0 BO3MOKHO, TaK KaK

Ecnu Ob1 B Hame# cuctemMe ypaBHeHH ObUTO OOJIbIE TPEX, TO CIAEA0BAIIO OBl TPUOaB-
JSTh ¥ KO BCEM TOCTIEAYIONUM YPAaBHEHHSIM IEPBYIO CTPOKY, YMHOKEHHYIO Ha OTHOIIICHHUE CO-
OTBETCTBYIONIMX KOI()(UITMEHTOB, B3SATHIX CO 3HAKOM MUHYC.

B pesynbrate mosryuum MaTpuily SKBUBaJICHTHYIO TaHHOW CHCTEME HOBOM CHCTEMBI
YpaBHEHUI, B KOTOPOU BCE YpaBHEHUS, HAYMHAS CO BTOPOTO HE COJACPIKAT MEPEMEHHHYIO X:

1 -1 Z-1 1 -1 21
302 12 |~|0 5 =55
2 2 13 0 4 =35

1

JUig ynpolieHus: BTOpoil CTPOKH MOJTYYEHHOM CUCTEMbI YMHOKHM €€ Ha Su HOJIy4UM
BHOBb MaTpPHUILly CUCTEMBl YPAaBHEHUH, DKBUBAJICHTHON JAHHON CHCTEME:
1 -1 2[H1 1 -1 21
o 5 =556 (~[0 1 -1¢1
o4 =36 0 4 =35
Teneps, coxpaHss epBoe ypaBHEHHUE MOIYYEHHONW CUCTEMBI 0€3 U3MEHEHH, C TOMO-
LIbI0 BTOPOI'0 YPaBHEHHUs UCKIIIOYAEM NIEPEMEHHYIO Y U3 BCEX MOCIEAYIOIUX ypaBHEHUN. [
8=
ATOTO K TPEThel CTPOKE MaTPHUIlbl CUCTEMBbI IPUOABUM BTOPYIO, YMHOKEHHYIO Ha %3 (B Ha-
4

meMm ciydae Ha ).

Ecnu Obl B Halelt cuctemMe ypaBHeHUH ObUTO OoJIbIle TPEX, TO ClieA0BaNIO Obl MpHUOaB-
JSITh ¥ KO BCEM TTOCIIEAYIOUIMM YPaBHEHUSIM BTOPYIO CTPOKY, YMHOXXEHHYIO Ha OTHOIIIEHHE CO-
OTBETCTBYIOIINX KO3()(DUIIMEHTOB, B3ATHIX CO 3HAKOM MUHYC.

B pe3ynprare BHOBb MOJTYYUM MATPHILY CHCTEMBI, SKBHBAJICHTHOW JJAHHON CHCTEME JIH-
HEUHBIX YPABHEHUN:

1 -1 21 1 -1 21
o 1 -1 [~|0 1 =1}
0o 4 =35 o 0 1f

Mag1 MOJIYYHJIN DKBUBAJICHTHYIO JIaHHOM TPANCuUCBUIAHYIO CUCTEMY JIMHEMHBIX YpaBHC-

HHUI:
r—y+2z=-1
y—z =1
z =1

Ecnu yncno ypaBHeHMI U IEpeMEHHBIX 0OJIbIlle, YeM B HAIlIEeM IIPUMepE, TO IPOIECC MO-
CJI€I0BATENILHOI0 UCKIIIOUEHUS IEPEMEHHBIX MPOJOJIKAETCS A0 TE€X MOp, OKa MaTpHUIla CUCTE-
MBI HE CTaHET TPANeLUeBUIHOM, KaK B HAILIEM IEMO-TIpUMEpE.
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Pemenue Haiiném "c koHIa" - 3T0 Ha3bpIBaeTcs "0OpaTHBIN X011 MeToaa ['aycca". s aTo-
r0 U3 MOCJIETHETO YPaBHEHUS ONPEICIUM Z:
z=1
[ToacTaBuB 3TO 3HAYCHHUE B IPEALISCTBYIONIEE YpaBHEHUE, HAUIEM V-
y=14+z
yr=1+1=2
N3 nepBoro ypaBHeHuUsI HAUJEM X:
x=-14+y—-2z
r=-1+2-2=-1
[x:—l; y==2, 2:2)

Wrak, pemieHue 1aHHOW CUCTEMBI -
2.1.3 Pe3yabTaThl M BBIBOJBI: B pe3ynbTare npoienanHoi paboThl HAYYHIICh BBIYHMC-

JATh ONpPCACIUTCIIN, BBIIIOJIHATD HGI;'ICTBPISI C MaTpuamMu, p€iiaTb CUCTCMbI JIMHEHMHBIX YpaBHC-

HUM.

2.2 llpakTuuyeckoe 3ansitue Ne2 (2 gaca).
Tema: «Ilpexea pynxumuu. Ilpoussognas. Unrerpamn»
2.2.1 3aganue s padoThI:

1. Haxoxnenue npezena QyHKIUH.

2. HaxoxzaeHue mpou3BoAHONW (DYHKIMHU MO IpaBuiaM audQepeHuupoBaHus U TaOIuIe
HPOU3BOJIHBIX.

3. HaxoxeHre npou3BOAHON CIOKHON (DYHKIUU.

4. UccnenoBanue QyHKIMH C TIOMOIIbIO IPOU3BOIHOM.

5. OCHOBHBIE METOJIHl MHTETPUPOBAHUS: METO/ HEITOCPEICTBEHHOTO MHTETPUPOBAHHMS; ME-
TOJI TIOZICTAHOBKH.

6. Beruucnenue onpezenenHoro uHTerpaia mno gopmyne Herotona-JlenOnua.

7. Haxoxpaenue miomiaieil puryp ¢ moMoIIbIo ONpeesIeHHOI0 HHTerpania.

2.2.2 KpaTkoe onucanue NpoBOANMOro 3aHATHA:

Haiitu npenenst:

X2 -b5x+1 o 2x% —3x+1 X2 43x+7
a) |Im2—; )Ilmz—;B) lim —
232X+ X—6 L3XT+4X-2 o2 XT4X-2
. 2x%2+x-10 . 4x%-3x+1
T) |Im2—;n) lim P E—
12 X4+ X—-6 x>0 2X° 4+ X—=5

Pemenue: a) [lox 3HakoM mpenena uMeercst 1poOHas panoHaabHas QYHKIUS, 3HaMe-
HaTeIb KOTopoil mpu X = 3 (IIpejenbHOe 3HaYeHHe apryMEeHTa) OTIMYeH oT Hyns. Tak Kak 1aH-
Hast QyHKIUS SBISIETCS HETPEPHIBHOM, TO, YTOOBI HAWTH €€ MpeAes Mpu X — 3, TOCTaTOYHO ap-
TYMCHT X 3aMCHUTDH €T0 IPEACIbHBIM 3HAYCHUEM
. x*-5x+1 3 -5.3+1 1
lim = =—=
—32x% +x-6 2.32+3-6 3
0) [Ipu x=1 3HameHaTenp NpoOU OTIIMUEH OT HYJIS, @ YACIUTENNbh paBeH Hym0. Yuciau-
TEJIb U 3HAMEHATENb CYTh HempepbIBHbIE (GyHKIMU. ClaenoBaTeNnbHO, IPH X —> 1 YUCIUTENb eCTh
BeJIMYMHAa OECKOHEYHO Mallas, a 3HaMEHaTelb — IepeMeHHas BeJIMYMHa, UMEIoLasi KOHEYHBIN
npezen. Tak kak yaCcTHOE OT JieJIeHUs] OECKOHEYHO MaJloi BETMYMHBI Ha IEPEMEHHYIO BEIMYUHY,
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UMEIONIYI0 KOHSUHBIH TpeJie, eCTh TAKKE BeIMYMHA OSCKOHEYHO Majiasi, TO MPEIeIOM JTaHHON
IpoOu OyneT HyIb.
o 2x%-3x+1 2.1°-3.1+1 O
Takum o6pazom, lim = =—=0
13x% +4x-2  3-1°+4.1-2 5
B) IpU X =—2 3HAMEHATENIb IPOOU PaBCH HYIIO, & YUCIUTENb OTIHYCH OT Hyls. Yuc-
JIMTEIb ¥ 3HAMEHATENb CyTh HempepbiBHbIe QyHKIMK. Clie0BaTeNbHO, TP X —> —2 3HAMEHa-
TEJb €CTh BEJIMYMHA OECKOHEUHO MaJjias, a YUCIUTENb — OTpaHHYeHHAs BeanurHa. JlaHHas 1po0b
SIBIISICTCST OECKOHEUHO 0OJIBINONM, OHA HE UMEET Tpejiesa; YCIOBHO 3T0 0003HAYAIOT CHMBOJIOM 0.

X2 4+3x+7
Takum obpazom, M ———— =0

2
X2 X° 4+ X—2
r) [Ipu x =2 yucnuTens U 3HaAMEHATENb JAaHHOK IpoOu paBHBI HyM0. CleoBaTeNbHO,
HGHOCpGI{CTBeHHaﬁ IIOACTAaHOBKA HpeIleJII)HOFO 3HAYCHUA apFYMCHTa X = 2 HpI/IBOZII/IT K HCOII-

0
PCACIICHHOMY BBIPAKCHHUIO 6 . HpI/I X —> 2 YHCIUTENHh U 3HaMEHATENb CyYTb OECKOHEUYHO MaJlble

0
BeJTHYUHEBL. UTOOBI PACKPLITh HCOIIPCACICHHOCTb B Iad 6 (OTHOIJ_ICHI/IG ABYX OECKOHEYHO MAJIBIX

BEJIMYMH), HEOOXOUMO MpEeABAPUTEIBHO IpOOb ITpeodpa3oBath. Pa3nokuB Ha MHOKUTEIH YKC-
JUTEIb U 3HAMEHATENb U COKPAaTUB ApoOb Ha (X — 2), MOTyUHM:
22X +x-10 . (x-2)(2x+5) . 2x+5 2.-245 9
lim ————=1Iim = lim = =—
=2 XS4 x—6 2 (X=2)(x+3) 2 Xx+3 2+3 5
3aMeTHM, YTO apryMEHT X TOJIbKO CTPEMHUTCS K CBOEMY IPEEeIbHOMY 3HAYEHUIO 2 , HO
HE coBMajaeT ¢ HuM. [1o 3Toi mpUYMHE MHOXKUTEND (X — 2) OTJIMYEH OT HYJIS IpU X —> 2.

o0
bl ) HpI/I X —> 00 OJIy4aceM HEOIIPECACICHHOC BBIPAXKCHUEC BUIA — . YToOBI HAWTH npeacia
e}

I[pO6HOI>i paHHOHaHBHOﬁ (I)YHKI_II/II/I Ipu X —> 0, HCO6XOI[I/IMO MMpEeaABApUTCIIbHO YHUCIIUTCIbL H
3HaMCHATCJIb I[pO6I/I pa3aciIuTh Ha Xn, 1€ n — HauBbICIIAsd CTCIICHb MHOT'OYJICHOB, CTOAIIUX B
YUCIINTCIIC U 3HAMCHATCIIC. I[CJ'I?[ YHUCINUTECIb U 3HAMCHATCIIb I[aHHOfI }IpO6I/I Ha x2, IMPUMCHSAA OC-
HOBHBIC TCOPEMEI O IIPEACIaxX U CBOMCTBAX OCCKOHEUHO MaJIbIX BCJIIMYHH, 6y,HeM UMCTb:

4 3+ 1
) o, =
jim 2 =X _ iy XX -2
x>0 2X° 4+ X—-5 x_>002+7_72
X X

Haiitu npon3BoiHbIE YKa3aHHBIX (YHKLIUH:

| .
a) y=x’——+6Vx’;06) y=(x’+2)-sinx; B) y=M
x

——5 1) y=(x> —arctgx)*;
x° +e
n) y=e"";e) y=e® -cos’ x;x) y=Insin(2x +1).

Pemenue.

a) Ilepenumem naHHylO (GYHKLUHIO, BBEAsS APOOHBIE M OTPHIATENbHBIE MOKA3aTeNH:
2

y=x—-x* +6x3.
[Tpumensss mpasuno auddepenunpoBanus anredpanyeckod cymmsl 3) u opmyny
nuddepeHnpoBaHns CTeTICHHOW DYHKIMK 7), yYUTHIBas, 4TO X &, = 1, umeem:
2 4 4
Y =3x> —(-4)x" +6-§x 3 =3x" +t—t+ ="

x* 3x
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0) I[lpumensist mpaBUJIO TPOU3BOAHON MPOU3BEACHUS ABYX (YHKIUN 4), a Takke (op-
Myibl 7) u 13), umeem:

Y =(x>+2) -sinx+(x’ +2)-(sinx) =3x" -sinx + (x’ +2)-cos x

B) Ilpumensem npaBwio auddepeHupoBaHus 4aCTHOTO JABYX (YHKIHH 6), a Takke
bopmynsr 17), 7)u 11).

“(x* +e")—arcsinx-(2x +e*)

, _(arcsinx)'-(x* +e*)—arcsinx- (x” +e*) 1 x>
a (x* +e*)’ - (x> +e*)’
_x2 +e* —+/1—x* -arcsin x - (2x + ")
VI=x? - (x* +e%)? '

r) Jlannas (yHKIHUS ABIAETCSA CIOXKHOM; OHA MOXKET ObITh MPECTAaBIEHA TaK: y =1u",

rae u =x> — arctgx . [lpumensem gopmyiy 7):

1
V' =4’ u'=4(x* —arctgx)’ - (x* —arctgx) = 4(x* — arctgx)’ - (2x — P )
+ X
1) [Mpumensiem popmyny 13) muddepeHpoBanus CIOKHONW (HYHKIIHUH.
yl — (esin4x)r — esin4x . (sm 4x)f — esin4x . COS 4x . (4x)! — 4esin4x cos 4X
e)
r_ 1gx 2 r_ 1gx N\ 2 1gx 2 r__tgx ' 2 1gx 2N
y'=(e* -cos” x)' =(e*") -cos” x+e* -(cos” x) ' =e*" - (tgx) - cos” x+e“ ((cosx)”) =

1gx .

—-cos” x+e" -2cosx-(cosx) =e® +e® - 2cosx - (—sinx) =
cos” x

= e — ™" .sin 2x = " (1 — sin 2x)
x) [Ipumensiem popmyny 12) nuddepeHupoBaHus CI0KHOW HYHKIIMU:

r_ : r_ 1 A g —1 . . "=
' = (Insin(2x + 1))’ = St (sin(2x + 1)) SpTsaT cos(2x +1)- (2x +1)

=2ctg(2x +1).

Haiitn TouKy sKCTpeMyMa (YHKIMU M OTPENEITUTh HHTEPBAJIbl BO3PACTaHUS U YObIBa-

HUS QYHKIIUU
y=x>—6x +9x+1

Pemenne. @ynkimst y = f(x) Ha3pIBaeTcsl Bo3pacTaroiell B npomexytke (a;b), eciu B
ATOM MPOMEXKYTKE OOJBIIEMY 3HAUEHUIO apr'yMEHTa COOTBETCTBYET Oosblliee 3HaueHue (PyHK-
MM, TO €CTh JIISI TF0OOH Mapbl 3HAUYECHHUN X1 M Xz, IPUHAUISKAIINX TPOMEXKYTKY (@;b) u ynosie-
TBOPSIFOIIIMX HEPABEHCTBY X > X1 UMEET MECTO HepaBeHCTBO f(X2) > f(X1).

Oynkius Y = f(X) Ha3pIBaeTCs yObIBAIOIIECH B IPOMEXKYTKe (&; D), ecnu B 3TOM mipome-
KYyTKe OOJbIIEMY 3HAYEHHUIO apryMEHTa COOTBETCTBYET MEHblee 3HaueHHe (PyHKIHH, TO €CTh
JUTsL 000 Maphl 3HAUCHHUN X1 U X2, MPUHAUICKAIINX TPOMEXKYTKY (8;D) U ymaoBiIeTBOpsIONIMX
HEPaBEHCTBY X2 > X1 IMEET MECTO HepaBeHCTBO f(X2) < f(X1).

Ecmu dyskmus Y = f(X) B Kaxmoi TOYKE MPOMEKYTKa (@;D) MMeeT MOJI0KUTEIbHYIO
pou3BOHYH0 Y'(X), TO cama (YHKIHS B 3TOM MPOMEXYTKe Bo3pactaer. Eciau pynkuus y = f(X)
B K&)XJIOW TOYKE MPOMEXYTKa (&;D) MMeeT OTpUIaTeNIbHYI0 MPOU3BOAHYO Y'(X), TO cama QyHK-
U] B 9TOM IIPOMEXKYTKE YOBIBaeT.

T'oBopsT, uTo QyHKIHS y = f(x) IMEET MAKCUMYM B TOYKE X o, €CITH 3HAUYCHUE (QYHKITUU
B 9TOH TOUYKe OOJIbIlE, YeM €€ 3HAUeHHE BO BCEX TOYKAX HEKOTOPOIO MPOMEKYTKA, COeprKallle-
r0 9Ty TOYKY. AHAJIOTUYHO TOBOPAT, 4TO QyHKIHS y = f(X) MMEeT MUHHMYM B TOYKE Xg, €CIIH
3Ha4YeHUe (YHKIUHU B ITOH TOYKE MEHbILE, YEM €€ 3HauU€HHE BO BCEX TOUKAX HEKOTOPOIro Ipo-
MEXYTKa, COJEPHKAILETO 3Ty TOUKY.
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Dxcmpemym — 3TO MaKCHMYM WJIM MUHUMYM (QYHKIUH. TOYKH, B KOTOPBIX HMEETCS
IKCTPEMYM, Ha3bIBAOTCS SKCTPEMAITBHBIMHU.

Heobxooumoe ycnosue cywecmsosarnus sxcmpemyma ougpghepenyupyemori (pyHKyuu.:
eciu GyHKIUA Y = f(x) ©MEeT SKCTPEMyM B TOUYKE Xp, TO €€ TPOU3BO/IHAS TIEPBOTO MOPSIKA PaB-
Ha HYJIIO WK HE CYIECTBYET.

Hocmamounoe ycnosue cywecmeosanus sKkcmpemyma ougpgepenyupyemoi GyHKyuu:
JUTSL TOTO, YTOOBI (DYHKIIHSI B KPUTUIECKOU TOYKE X UMEJIa MUHUMYM, JIOCTaTOYHO, YTOOBI MPO-
W3BOJIHAS TICPBOTO MOPSKA CJIeBa OT STOW TOYKH ObLila OTpUIATEIIbHA, CIIpaBa - MOJOXKHUTEIbHA;
JUTSL TOTO, YTOOBI (PYHKIIHSI B KPUTUIECKOU TOYKE X UMeIa MAaKCUMYM, TOCTATOYHO, YTOOBI MPO-
W3BOJIHAs TICPBOTO MOPSIKA CIIEBA OT ATOM TOYKH ObLIA TIOJIOKHUTEIbHA, CIIpaBa — OTPUIIATEIIbHA.

Ecnu npou3BojiHas IepBOro MOPSIKA CIIEBA U CIpaBa OT KPUTHUYECKON TOYKH Xg UMEET
OJIMHAKOBBIH 3HAK, TO B ATOM TOUKE (DYHKIIMS HE HMEET IKCTPEMyMa.

HaxoauMm mepByro mpou3BOaHYIO )'(X) U Te 3HAUCHHUS apryMEHTa X, IPU KOTOPBIX 3Ta
NPOM3BOJIHAS 00pAIAETCsl B HYJIb:

V'(x)=3x>-12x+9

3x* —12x+9=0

x* —4x+3=0

[Monyuennoe ypaBHeHHe uMeeT JBa KopHs: x = 1 u x = 3. [IpousBoanyo )'(X) MOXKHO
HpPE/ICTABUTH TaK:

Y'(x)=3(x—D(x-3)

MpI mony4niIM Be KpUTHYECKHE TOYKH, KOTOpPBIE pa3OMBAIOT BCIO YHCIOBYIO OCh (00-
JaCTh CYNIECTBOBaHMS JaHHOW (PYHKIIMK) HA TpU IpoMexyTKa: (- 00;1); (1;3); (3; +0).

+ - ¥

1 3

[TpousBoaHas y'(x) B MEPBOM M TPEThEM MPOMEKYTKAX MOJOKHUTEIBHA, & BO BTOPOM -
orpunarensHa. Cre1oBaTenabHO, B IEPBOM U TPETheM IMPOMEXKYTKax (PyHKIUS BO3pacTaeT, a BO
BTOpOM — yObIBaeT. [Ipu nepexojie yepes Touky x1 = | Ipou3BoHast MEHSET CBOW 3HAK C ILJIIOCa
Ha MuHyc. CieoBaTenabHO, B 3TOH Touke QyHKIMSA nMeeT MakcuMmyM. [Ipu nepexose yepes Tou-
Ky X2 = 3 Tpou3BOAHAs MEHSET CBOW 3HAK ¢ MHHYyca Ha Tutioc. ClieoBaTeIbHO, B 3TOM TOUYKE
(GyHKLUS ©IMEET MUHUMYM.

Haiinem 3HaueHust GyHKIUU B TOYKAX dKCTpEMyMa:

yH)=1-6+9+1=5
y(3)=27-54+27+1=1

Wtak, Mbl mony4yuin aBe TOYkd skctpemyma: A(1;5) — touka makcumyma, B(3;1) —
TOYKa MUHUMYyMa.

Haiitu unterpansi:

a) '[(4x3—\/;+£2)dx;6) I(Scosx—3ex)dx;B)I 2 1
X

9+x> J25_x2 X
Pemenue. a) [IpeaBapurensHo mpeodpa3zyeM MOABIHTETPaIbHYI0 QYHKIUIO U 3aTEM TPU-
MEHUM CBOMCTBA HEOTIPEICIICHHOTO HHTETPaIa U TaOIMYHBIA HHTErpa 2).
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.[(4x3 —\/;+£2)dx=.[(4x3 —x% +6~x2)dx=4jx3dx—jx;dx+6j‘x2dx=
X

3

4 2 —1

PR S S N . S NS el
4 3 -1 3 x
2

0) [IpuMeHsis CBOKCTBA HEONPEICICHHOIO MHTErpaia M TaOJUYHBIC WHTErPaJIbl, OyaeM
UMETh:

I(Scosx —3e")dx = 5.[ cos xdx — SI e'dx=5sinx—-3e* +C

B) [Ipumensiem cBoiictBa 3 1 4 u TabauvHbie HHTErpalbl 12), 11) u 5).

J. 2 B 1 +§ dx:z.larctgg—arcsing+3ln|X|+C=

9+x’ 25 _x% X

=zarctg§—arcsin§+3ln|x|+C.
Haiitn I/IHTeraJILI'

(x+2)(x* - (1+x)*
a —a’ 0 dx;B) |e 1+
)'[ x )'[x(1+x) )I ¢
Pemenue. a) PackpoeM CKOOKM B UMCIIUTENIE M IMOJIyY€HHOE MPOM3BEIECHUE IOUWIEHHO

pa3Il€JII/IMHax3
I(x+2)(x —3)d I —3x +2x7 —6, Nl_i g_ijdx:

)dx r) j—dx.
SIn X-COS X

3 3 3
X X X X

:Idx—3jx2dx+2]%—6jxde:x+%+2]n|x|+x—2+C.

0) [IpeoOpa3yem MOABIHTETPATHHYIO (DYHKITUIO U MPEACTABUM 3aJaHHBIN UHTErpall B BU-
JI€ CYMMBI IBYX JAPYTUX, KQXKIBIH U3 KOTOPHIX TAOTUYHBIN.

J-(1+x)2 deJ-1+2x+x _I 1+x° +J~ 2x dx=_[ J~

x-(1+x%) x-(1+x%) x-(1+x%) x-(1+x%)

= ln|x| + 2arctgx +C.

B)I [ de I(e"+ 12 ]dx:e"+tgx+C.
cos’ x Cos” X

F) YT0o05I IMPUBECTU JIaHHBIN HHTErpal K Ta6J'II/I‘-IHLIM, BbIpa3uM CTOSAMIYIO B YUCIIUTCIIC 1

1+ x?

cyMMoit sin® x + cos’ xu pasnem/IM TOYJIEHHO HA 3HAMEHATElb.
1 sin® x + cos® x
[—————a=] dx = j

sin” x - cos” x sin” x - cos” x cos’ x
Humeepuposanue 3amenou nepemeHHou (Memoo noOCMaHo8K,).
[TpuMeHsist COOTBETCTBYIOIIHE MOJICTAHOBKU # = @(X), HAUTH YKa3aHHbIC HHTETPAJIbI:

)_[ dx 6)jx+1xdx B)J-xa’x )J-2xdx

PemeHHe. a) Ecni Bocmosib30BaThCs MOACTAHOBKON # =S5x + 1, To MHTErpan mpuBOAUTh-
csl K TAOMMYHOMY UHTErpaiy 5).

=tgx —ctgx + C.

J‘sinz X

ITycte u=5x+1, Torna du =5dx n dng.

[Tpumensist popmymy (1), 6ymem nMeTh:
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1 1 1
[ L Lpys o= Lmfse++C
Sx+1 Su 5 u 5 5
06) UroObl mpuBECTH JaHHBIM HMHTETpajl K TaOJIMYHOMY HHTErpainy 6), TOJ0XKHM

u=x"+1, torma du=2xdx u xdx = % . Ipumenstst popmyny (1), momyuum:

I s = Ie” -@=lje“du=le" +C:lex2+1 +C.
2 2 2 2
B) UTOObI IIPMBECTH NaHHBI HHTETPAT K TaGIMYHOMY UHTErpany 12), mosoxuM u = x>,

du
torna du =3x’dx u x*dx = 5 CIe10BaTeNbHO,

J-xzdx J- 1 du
1+ x° 3(1+u) IEEEETE

r) UToOBI IPUBECTH JAHHBIA HHTErpal K TabJIMYHOMY MHTerpaiy 13), mojoxum u = x°
torna du =2xdx . HpI/IMeHHH (1), momyumm:

2xdx du 1
e P P
u -3 6
HHmeepupoeaHue no 4acmsim.
[Tosb3ysick (hopMyIIOi MHTETPUPOBAHUS 110 YACTSM, HAUTH UHTETPaIbI:

a) Ix-e"alx; 0) jxcosxdx.

1
= 3 arctgu + C = arctgx’ +C

2_
+C=llnx 3
6 [x*+3

u-3
u+3

+C.

Pemenue. a) [Tonoxkum u=x u dv=e’dx, Torna du=dx, v :Jexdx =e".
ITpumensis (2), nomyuum:

Ix-exdx:xex —J.e)‘d)c:xe)r —e" +C.

0) [Tomoxxum u =x u dv =cos xdx, rorna du =dx, v:jcosxdx:sinx.
CnenoBatenbHO,

J.xcosxdx:x-smx—jsinxdx:x-sinx+cosx+C.

[Mone3ysick Gopmyoit (2), BecbMa BaKHO NMPAaBUIBHO BBIOPaTh MHOXKUTENU u U dv. s
Pa3NIoKEHUs TOJIBIHTETPATHFHOTO BBIPAKEHUSI HA MHOKHUTENIM HET O0IMX MpaBmil. BMmecte ¢ Tem
MO>KHO PYKOBOJICTBOBAThCSl HEKOTOPHIMU YaCTHBIMH YKA3aHUSMH.

Ykazanue 1. Eciy MOJBIHTErpaIbHOE BBIPAKEHUE COJIEPKUT MPOU3BEACHUE MTOKA3ATEb-
HOM WJIM TPUTOHOMETPHUYECKON (PYHKIIMHM HAa MHOTOYIEH, TO 32 MHOXKUTENb U CIEAYyeT MPUHATH
MHOTOYJIEH.

Vxazanue 2. Ecnu moapIHTErpaibHOE BBIPAKEHUE COACPIKUT MPOU3BEACHUE JorapudMu-
YeCcKOM MM 0OpaTHON TPUTOHOMETPpUUECKON (PYHKIIMK Ha MHOTOUJIEH, TO 32 MHOXKUTENb U Clie-
IyeT IPUHSTH JorapuGMuuecKyro G YHKIUIO WIH 00paTHYIO TPUTOHOMETPUIECKYIO (DYHKIIHIO.

BeyuciauTe UHTET paHLI'
2

a) j3x2dx 6)j j x4 [Va-x2ax.
0

PeI_HCHI/IC. J17ist BEIYMCTIEHUS OTIPEIeTICHHOTO UHTEeTpana nmpuMensieM popmyny HetoTona
— JletiOHUAITA

| f(x)a’sz(x)b =F(b)- F(a).
a) j.3x2dx:x3 3:27—8:19.
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2 1 1 T
=—(arctgl —arcte0)=— - — =—
2( g 20) 5

i
4 8

2
dx 1 X
§) =—arctg —

)£4+x2 285

0

B) Cnenaem 3ameny nepemenHoil. [lycts 3/3x +1 =2z, torna 3x +1=z" u 3dx=4z"dz.
Ornpenenum npezesbl UHTErPUPOBAHUS JIsl HOBOW MEPEMEHHON Z .

IIpu x =0 nepemenHas z, =1 (HuXHUU npenen).

IIpu x =5 nepeMenHas z, =2 (BepXHUH Ipelen).

CnenoBatenbHO,
3

5 2 43 2 )
J’ 3dx :j42dzzj4zzdz:4z— :4(§—1J=§=91.
04\/3x+1 1 z 1 31 3

r) Cmenmaem mojactaHoBky. Ilycte x=2sin¢; torma dx=2costdt. Ecniu x=0, 10

0=2sin?, orkyna t, =0 (awxuuii npenen). Eciu x=2, ro 2=2sin¢, oTtkyna ¢, :g (Bepx-

HUH TIpeaen).

2 > >
Crie10BaTeIbHO, I\/4 —xtdx= I\/4 —4sin’ ¢ -2costdt :4J'c0s2 tdt =
0 0 0

T

2
(1+cos2t)dt = (2t +sin 2t)| =r.
0

=2

O 0 | Y

2.2.3 Pe3yabTaThl M BBIBO/IbI: HAYYMINCH BBIYHUCIISITH TTPEEITBI, TPOU3BOIHBIC, HAXO-
JIUTh HEONIPEIEIIEHHBIE MHTErPajibl PA3HBIMUA METOJIAMHU, HAYYHJIUCH BBIUUCIISTH OIIPEIETICHHbBIE

HHTCrpaJibl.

2.3 IlpakTuyeckoe 3ansirue Ne 3 (2 yaca).

Tema: «uddepennunansupie ypaBHEHUs. IJIE€MEHTHI TEOPUH BEPOSITHOCTEN»

2.3.1 3aganue ajs padoThI:

1. Iuddepennmanbubie ypaBHEHUS IEPBOro MOpsAAKa. Y paBHEHHE C pa3AeleHHbIMU Mepe-
MEHHBIMU. Y PaBHEHHUE C Pa3IEISIOUIMMUCS IEPEMEHHBIMU.

2. Pemenue 3a1a4 ¢ momoiisio quddepeHInaIbHbIX YpaBHEHHH.

3. Pemienue 3aau mo KJIacCH4YECKOMY OIPEICIIEHUIO BEPOSITHOCTH COOBITHSL.

4. HopmanbsHO pacnipeielieHHasl ciiydaiiHas BeJTMYMHA.

2.3.2 KpaTkoe onucanue NpoBOANMOro 3aHATHA:

Haiitn yactHoe pelmieHne ypaBHEHUS y' = (y +1)Cth, YIOBJIETBOPSIOIIEE YCIOBUIO

e

Pemenue. JlanHOe ypaBHEHHE SIBISICTCSI YPABHEHHEM C Pa3JIEISIIOIIMMHUCS [TEPEMEHHbBI-
MH. YMHOXXHB 00€ YacTH YpaBHCHHS Ha dX W pa3JeiIiB HA MHOXHTEIhb (v +1), nonyuum

ypaBHEHHUE C pa3/ieJICHHbIMU TIEPEMEHHBIMU
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d d
A ctgxdx v Y CO? X :
y+1 y+1 sin x
dy cos xdx
WNHurerpupys, umeem: I = .[ - .
y+1 sin x

In|y +1|=Insinx+InC

y+1=Csinx

y=Csinx—1 - o0liee perieHUe 3aJaHHOrO ypaBHeHUs. Vcionb3ys HadajabHBIE YCII0-
BUs1, HAXOJUM 3HaUEHUE MPOU3BOJILHON nocTosIHHOM C.

2=CsinZ -1

2
2=C-1
C=3

CnenoBarenbHo, y =3sinx —1 €cTb 4aCTHOE PELIEHUE, YIAOBIETBOPAIOIIEE 3aaHHBIM
HayaJbHbIM YCJIOBUSM.

CKOpoCTh pa3MHOKEHHS HEKOTOPBIX OaKTepuil MPOMOPLIHUOHATIbHA KOJIMYECTBY OaKTe-
pHii, UMEIOIUXCS B HAJIMUMHU B pacCCMaTPUBAaEMblii MOMEHT BpeMEHHU. I3BECTHO, YTO KOJIUYECTBO
OakTepuii 3a OIMH Yac yTpOomIoch. Kak M3MEHUTHCS KOJMYECTBO OaKTepuil 4epe3 S5 4acoB, eciu

MNEPBOHAYAIIBHOC KOJIMYCCTBO PABHO a?
Pemenue. HYCTB X — KOJINYCCTBO 6aKTepHﬁ B MOMCHT BpPEMCHHU [ . HepeMeHHa;I BCJIN-
YHHa X ABJIACTCA (bYHKHHCﬁ nepeMeHHoﬁ BEJIMYUHEI [ . CKOpOCTL HU3MCHCHHA BCIMYHHBI X BbI-

. dx
paxkaeTcs IpOU3BOIHOM = [To ycroButo 3amaun quddepeHnrnarbHOoe ypaBHEHUE, OMMCHIBAO-
t

11I€€ pacCCMAaTPUBAEMBI ITPOLIECC, UMEET BUJ:
dx
Z—kex,
dt
I7l€ K — HEKOTOPbIN K03(h(HULIMEHT NPONOPIHOHATBHOCTH.
Pa3nenum nepemMeHHbIE U PELIMM COCTABIEHHOE YPaBHEHHUE.

ﬂ=ka’t

X

5lf:jkarz

X
Inx=kt+InC

In =kt
C

X _ ok _ Kt
OTKyZia el e" mm x=C-e" - o011ee perieHne ypaBHEHUS.

3HaYeHNs] MPOM3BOIBHON TOCTOsSHHOW C OMpenenseM W3 HauyalbHBIX YCIOBHIl: TpH
t=0,x=aqa.

CnenoBarenbho, a=C-e"’;C=a.

TakuM o6pazoM, x =ae umu x=a(e*)’ - ecTh YacTHOE pElIeHue, YIOBIETBOPSIONIEE

3a/laHHbIM Ha4aJIbHBIM YCJIIOBUSM.
Uro6s! onpenenuts K03QPUIMEHT MPONOPLHUOHATIBHOCTH K, BOCIOIb3YeMCSI TEMH J0-
HIOJTHUTENNBHBIMU YCIOBUSMH, KOTOPbIE yKa3aHbl B 3ajaue: nNpu f =1 (3a 0AMH 4ac) KOJIUYECTBO
0aKTepHil yTpomiIock, To ecTb x=3a.
CrenoarenbHo, 3a =a(e)' oTkyma e* =3u MBI momyJaeM 3aBHCHMOCTh MEXIY Iie-

pEMEHHBIMU: X =a - 3'.
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YroObl OTBETHTH HAa BOIPOC 3a1aud, HAXOAMM KOJMYECTBO X NpH f=5, x=a-3°,
x=243a.

Kaxk BuziHO, yepe3 5 4acoB KOJMYECTBO OakTepuil yBenuuutcs B 243 pasa.

Haiitu 3Hauenne 6momacchl B MOMEHT T = 12, eciiu B HadanbHbIA MOMeEHT (¢ =0) 3Ha-

1
yeHue 6uomaccel m, =10 u k(t)=——.
1+2¢

Pemenne. CocraBum auddepeHimanbHoe ypaBHEHHUE, OMUCHIBAIOIICE AMHAMHUKY pa3-
BUTUs nonyiasiuuu. CocTosHHME MONyJsAlUuU (B MPOCTEHUIIEM NMOHMMAHUM — CTa/a) MOKHO OXa-
paKTepU30BaTh MacCOW m ITOW MOMyJIsIKH (T.€. BECOM BCErO CTaja), IPUYEM Macca m SBISCTCS
¢dynkuueit BpemeHu m =m(t) . Cuuraem, 9To CKOPOCTh MPUPOCTa OMOMACCHI MPOMOPIIHOHATBHA
Oromacce momysuu ¢ kodpdurmertom k = k(r) .

CKOpOCTh M3MEHEHHsI OMOMACChl XapakTepHU3yeTcst Mpou3BoaHOM m'(¢) (mpu m' >0 -

9TO CKOPOCTH pa3BuTHs, pu m' <0 - ckopocTs BeIMUpaHus). I1o ycnoBuio 3amaun m' = km wim

1
m 1
1+ 2¢ @

VYpasuenue (1) apnserca auddepeHnnanbHbIM ypaBHEHHEM C Pa3ACISIFOIIUMUCS TIepe-
MEHHBIMU. Paznienum nepemMeHHble m U t !

!

dm 1

_ = m
dar  1+2¢
dm _ _di

m 1+2¢

OTcrona nocie nNo4IeHHOr0 HHTETPUPOBAHUS IIOTyYaeM:
dm dt 1
—=| ,T.e. hm=—In(1+2¢)+InC
m 1+2t 2
B nanHOM citydae mpou3BOJIBHYIO MMOCTOSIHHYIO yI00HO B3sTh B BUAe In C . M3 mocnen-

HEro paBeHCTBa cieyeT popmyna Juist 001iero pemeHus AuppepeHnnaibHOro ypaBHEeHUs
1

m=C(1+2t)? (2)
Jliia ompeneneHus 3Hau€HUsl MPOU3BOJIBHON MocTossiHHOM C mosiaraeM B paBeHCTBE (2)
t=0,m=m, =10. B pe3ynbrare nomyyaem
1
10=C(1+2-0)2,C=10
Takum oGpasom, u3 oOuiero pemieHus U epeHIMATBHOTO YpaBHEHHUS MPUXOIUM K
BBIPa)KEHUIO

m(t) =101+ 2t (3)
[Tonoxxum teneps B paBeHcTse (3) 1 =7=12. Torna
m(12)=10v1+2-12 =50.
CrnenoBatenbHO, B MOMEHT BpeMeHU T = 12(en1.) 3HaueHne 6uomMacchl OyJEeT COCTaBIIATh
50 (em.).

bpomena urpanbHas kocth. HaliT BEpOSATHOCTH COOBITHS, COCTOSIIETO B TOM, YTO BBINAJIO
YETHOE YNCIIO OYKOB.

Pemenne. O603HaunM coObiTHe A = {BBINaN0 Y€THOE YHCIO OYKOB}. MiMeeTcst 6 smemeH-
TapHBIX COOBITHIL, T.€. 1 = 6. DIeMEHTapHBIMU COOBITHSIMH, OJArONPUATHBIMA Ui A, SBISIOT-
cst cobbrtusi: A, = {Brimanenue 2 oukoB}, A, = {Bemanenue 4 oukoB}, A, = {BblmajaeHue 6

04KOB}. Bcero Takux coObITHI TpH, CIEI0BATEIBHO,
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P(A) =

olw
N |-

Nrak, BEpOATHOCTH TOr0, UTO BBINAJIET YETHOE YHCIIO OUYKOB, paBHa 0,5.

[Tpumep 6. B simmke 4 Genbix, 5 kpacHbIX, 8 3eneHbIx U 3 ToayObIx mapa. [llaper nepe-
MEIIMBAOT W Hayaaudy u3BlekaT 1 map. KakoBa BEepOsSTHOCTh COOBITHS, COCTOSIIETO B TOM,
YTO IIap OKAXKETCS [BETHHIM?

Pemenue. BceBO3MOXHBIMU AJIEMEHTAPHBIMU HCXOJIaMU SIBIISTIOTCSI COOBITHS

A = {u3BnedyeHue Oenoro mapa},

B = {u3BnedeHune KpacHOro mapa},

C = {u3BreueHue 3eJeHOrO Imapa},

D = {u3BneuyeHue roayooro mapa}.

Heo0OxoauMo HaiiTH cOOBITHE, COCTOSIIEE B MOsABIeHUH coObituss B wimu C, wim D, T.€.
coowrtust B+ C + D. Tak kak coobitus B, C, D — HeCOBMECTHEI, TO

5 8 3 4
PB+C+D)=PB)+P(C)+P(D)=—+—+—=-=08.
( )=PB)+PC)+PD) =+ +o5=¢

Takum oOpa3oMm, BEpOATHOCTb U3BJI€UEHUS 1IBETHOIO Iapa pasHa 0,8 .

B smke 60 rpymr copra A u 40 rpymr copra B. Orouparor nse rpymm. OnpeaeanThb
BEPOSTHOCTH CJICTYIOLINX COOBITHIA:

a) o0e rpymm copta 4;

6) obe rpymu copta B

B) OJIHA TpyIlia copTa A, a apyras rpyiia copta B .

Pemenne. O603HauUM:

A, = {mpu mepBOM H3BICYCHNUH B35Ta rpymnIa copra A },

A, = {1ipu BTOpOM HM3BIICYCHUH B35iTa TpymIa copTa A },
B, = {npu nepBoM H3BIEYEHNH B3sTa rpymIa copTa B },
B, = {npu BTOpOM H3BNICUCHUH B35iTa TpyIIa copTa B }.
TakuMm o0pa3oMm, HY’)KHO HaWTH:

a) P(A u A);

0) P(B,uB,);

B) P((A, u B,) wm (B uA,)).

Haxomaum:
a) P(ALA))=P(A)-P(A/A) = %% =0,36; T.e. BEpOATHOCTH TOTO, YTO 00€ TPYIIN COpTa
A, paBna 0,36.
40 39
0) P(B,B,)=P(B,)-P(B,/B,)=—-—=0,16.
) P(B,B,)=P(B,)-P(B,/B,) 100" 99
CrnenoBartenbHO, BEPOSTHOCTh TOTO, YTO 00€ rpymiu copta B, paBHa 0,16.
60 40 40 60
B) P(A, B, +B, A))=P(A)-P(B,/A)+P(B,)-P(A,/B)=——+—-—=048.

100 99 100 99
TakxuMm 006pa3om, BEpOSTHOCTh TOTO, YTO OJHA TpyIla copta A, a Ipyras rpyiia copra B, paBHa
0,48.
OK3aMEHAIIMOHHBIA OWJIET CONEPKHUT TPH BOIpoca. BeposaTHOCTH TOTO, YTO CTYACHT
JIacT TpaBWIbHBIM OTBET Ha MEPBBIM Bompoc, paBHa 0,9, BEpOATHOCTHh MPABWIBHOTO OTBETA Ha
BTOpOi Bompoc paBHa (0,8 U, HAKOHEN, BEPOSITHOCTh MPABUIIBHOTO OTBETAa HAa TPETHI BOIPOC
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paBHa 0,7. HaiiTu BEpOSITHOCTb TOT'O, UTO CTYICHT Ha BCE TPHU BONPOCA OTBETUT MPABUILHO.
Pemenune. O6o3Haunm: A = {npaBUJIBHBII OTBET HA NEPBbIA Bonpoc), B = {mpaBuibHbBII
OTBeT Ha BTopol Bonpoc}, C = {ImpaBWIbHBINA OTBET HAa TPETUIH BOIIPOC}.
CoOwitust A, B u C sBustrorcst He3aBUCUMBIMU. [IprMeHsst TeopeMy YMHOKEHHSI BEPOSIT-
HOCTEM U1 HE3aBUCUMBIX COOBITHM, ITOJIyUnM:

P(ABC) = P(A)-P(B)-P(C) =0,9-0,8-0,7 = 0,504.

Wrtak, BEpOATHOCTH TOrO, YTO CTYAEHT Ha BCE TPU BOIPOCA OTBETUT IPABUIILHO, PaBHA
0,504.

2.3.3 Pe3yabTaThl M BBIBO/JbI: HAYYHIIUCh IPUMEHATH AU hepeHIInaIbHbIe yPaBHEHUS
B MPAKTHYECKUX 337a4ax, BEIYUCIIATH BEPOSATHOCTD COOBITHH.

2.4 TlpakTu4eckoe 3ansitue Ne 4 (2 yaca).
Tema: «jieMeHTbI MaTeMaTHYeCKOH cTaTUCTUKH. Teopusi Koppeassuumn»
2.4.1 3ananue nJis1 padoThI:

1. ITocTpoeHue noJuroHa u TUCTOrPaMMBbl.

2. HaxoxeHue TOBepUTEIHHOrO HHTEPBaJa Uil MaTEMaTHUECKOTO OKUIaHUS.
3. IlocTpoeHue KOPPEIALMOHHON TaOINIBI.

4. BbluncieHue yCIOBHBIX CPEIHUX U MTOCTPOCHHUE JTMHUM pEerpeccui.

5. Beluucnenue KoppensiuOHHOT0O MOMEHTa U KO3 PUIIHEHTa KOPPEIALIUH.

2.4.2 KpaTkoe onucanue NpoBOAMMOro 3aHATHA:

W3 kpymHOTO CTa/ia KOPOB MPOU3BEICHA CiTydaiiHas BBIOOpKa, monydeHo 20 BapuaHT yjaos
kopoB 3a 300 mueii makrammu (B 10): 35,9; 35,3; 42,7; 45,2; 25,9; 35,3; 33,4; 27,0; 35,9; 38,8;
33,7; 38,6; 40,9; 35,5; 44,1; 37,4; 34,2; 30,8; 38,4; 31,3. [lonyunTh BapuallMOHHBIN psI U TO-
CTPOUTH TUCTOTPAMMY OTHOCHTEIBHBIX YaCTOT.

Permenune. 3anuiieM ucxoaHble JaHHBIE B BUJE PAHKUPOBAHHOTO Psifia, T.€. pacmoiaras ux
B mopsiake Bospactanus: 25,9; 27,0; 30,8; 31,3; 33,4; 33,7; 34,2; 35,3; 35,3; 35,5; 35,9; 35,9;
37,4; 38,4; 38,6; 38,8; 40,9; 42,7; 44,1, 46,2.

MakcumanbHOE 3HaU€HUE MpHU3HaKa cocTaBiseT 46,2 1, a MuHuMansHoe — 25,9 1. Pa3-
HUIIa MEXTy HUMU cocTaBisieT 20,3 1. DTOT MHTEpBAJ HAJIO Pa30UTh HA OMPEIEICHHOE KOTHYe-

ctBO KiaccoB. IIpu mamom o6weme BoiOOpku (20 — 40 BapmanT) HamedaroT 5 — 6 Kiaccos.
Bosbemem mmuny kiaccoBoro uatepBana h =5, INoxyuaem msite naTepBanos: mepsbiii 25 — 30,
Bropoit 30 — 35, tperuit 35 — 40, gerBeproiit 40 — 45, mareiit 45 —50 (Hawano mepBoro
KJ1acca He 00513aTeNIbHO JIOJDKHO COBIAATh CO 3HAYCHUEM MUHUMAJIbHON BapHAHTHI).

C MOMOIIBIO PAaHKHPOBAHHOTO PsAa ONMPEICIHM YacTOTy NOMaJaHus BapUaHT BEIOOPKH B
Ka)XJpIil HHTepBasl. B mepBeIii mHTEpBan nonanaet ABa 3Ha4eHus (25,9 n 27,0), nostomy n, =2.

Bo BTOpOIi MHTEpBAI MMOMAAAI0T MATH 3HAYCHUH, IIO3TOMY 71, = 5. AHAJIOTHYHO 1, =9, n, =3,
n, =1.

Teneps HalijeM OTHOCHUTEIbHBIC YACTOTHI MONAAaHNUs BApHAHT BEIOOPKU B KaXKAbIH HHTEP-
BaJI:

>

2
W =-1=—=01 B TIEPBBIil HHTEPBAN);
1T "0 ( p pBa)
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n
W, =-2= S =0,25 (Bo BTOpO¥ MHTEPBAN);
n 20
n, 9 .
W,=—=—=0,45 (B Tperuii uutepnan);
n 20
n, 3 .
W,=—=—=015 (B uerBepTHIii UHTEpPBAN);
n 20
ng 1

=—=—=0,05 B IIATHIA UHTEPBAI).
5 N 20 ( pBai)
J1y1s IPOBEPKH BBIYHCIISIEM CYMMY OTHOCHTEIBHBIX YaCTOT:
W, +W, +W, +W, +W, =0,1+0,25+0,45+015+0,05=1.

ToT ¢akxT, 94T0 B cyMMe NOTYYHIIN €UHHILY, TOATBEPKAACT IPABHILHOCTH BHIYUCICHUN

ITo popmyrne P/ = T‘ BBIYHCIIUM IUIOTHOCTH P OTHOCHUTENBHBIX 4acToT BapuaHT. [lomy-

qaeM:
P = V% = 0—51 =0,02 (m71s IEpBOTO MHTEPBAIA);
P, = V% _ 025 0,05 (U1t BTOPOTO MHTEPBAIA);
P = V% = % =0,09 (1151 TpEThEro MHTEPBAa);
P, = V% = 0’—;5 =0,03 (n7st 4eTBEpPTOrO MHTEPBANA);
P, = V% = % =0,01  (mng msToro MHTEpBaNA).

HOJ'IyLIeHHBIe pe3yJIbTaThbl CBCJAEM B Ta6J'II/II_[y2

WnuTepBan 3Hauenuit ynos (1) 25-30 | 30-35 | 35-40 | 40—-45 | 45-50
YacToThl BapuaHT N, 2 5 9 3 1
OtHocutenbHble 4acToThl W, 01 0,25 0,45 0,15 0,05
[I10THOCTH OTHOCHUTENBHBIX YacToT P/ 0,02 0,05 0,09 0,03 0,01

21.]'[5[ IMOCTPOCHUSA THCTOTPAMMBbI OTHOCUTCIIBHBIX YaCTOT YaCTUYHBIC MHTCPBAJIbL 1/1306pa-

JKaroT Ha OCH a0CIIHCC, a 3HAYEHMS IUIOTHOCTEH OTHOCHTEILHBIX YaCTOT OTKJIAABIBAIOT HA OCHU
OpJIMHAT.



32

Py,
0,09
0,08 -
0,07 1
0,06 -
0,05
0,04 1
0,03t
0,02 T
0,01 +

0| 25 30 35 40 45 50 x

Bbruucium ocCHOBHBIE BEIOOPOUHBIE XapAKTEPUCTUKH.
Pemenue. Pacuetsl y1oOHO NpOBOAUTE C OMOILBIO TAOJIULIBL:

Ne ombiTa PesynbTar 00- X; —X (x;, — )_c)2
CJICIOBAHHUS X;

1 35,9 -0,1 0,01
2 353 -0,7 0,49
3 42,7 6,7 44,89
4 45,2 9,2 84,64
5 25,9 -10,1 102,01
6 353 -0,7 0,40
7 33,4 -2,6 6,76
8 27,0 -9,0 81,00
9 35,9 -0, 0,01
10 38,8 2,8 7,84
11 337 -23 5,29
12 38,6 2,6 6,76
13 40,9 4,9 24,01
14 35,5 -0,5 0,25
15 44,1 8,1 65,61
16 374 1,4 1,96
17 34,2 -18 3,24
18 308 ~5,2 27,04
19 38,4 2,4 5,76
20 31,3 — 4,7 22,09
> 720,3 0 490,15

HpOCYMMI/IpOBaB BapI/IaHTLI xi , 3aHCCEM Cy'MMy in B HMU>XXHIOHO CTpOKy T3.6J'II/II_U>I 1onq
COOTBETCTBYIOLIMM cTo01I0M. Paznenus sty cymmy Ha 20, mosrydum:
x=36,015~36,0.
Tenepp 3amonHseM CleayrOMUNA cTONOel TabJuIbl, B KOTOPBIA 3alKChIBAEM Pa3HOCTb
X; —X. JIns KOHTPOJISI MOKHO BBIYMCIIMTH CYMMY BCEX TAKHUX pasHOCTEW. Ecim pa3sHOCTH BbI-

YHCIIEHBI TPABWIIBHO, TO KX CyMMa paBHa HYJIIO.
3areM BO3BOJMM 3TH PA3HOCTH B KBAApaT M 3aMOJHSEM TOCICAHHUN CTONOEI TaOJHIIBL.

Bbruncnue cymmy Z:(xi —x)? =49015 u pasgemus ce Ha n—1=20—1=19. onyunm 3Haue-

HHUC NUCTICPCHUU
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2 490,15 ~258.
19
H3Biekas KBaI[paTHBIﬁ KOPE€Hb 13 BCJINYNHBI S2 , HAXOJHUM:
s~5,08,
3aTeM OIUOKY CpeHEN:
~ 508 508

1,34.

20 447
Breruucnsiem koadpuimeHT Bapuanuu:

V = @-100% ~14%.
36
[Mockonbky 10% <V <20%, To u3meHuuBOCTH yA0eB 3a 300 nHel cienyeT cuuTaTh cpeli-
HEH.
Takum obpasom, X =36, s> =~ 258, s~ 5,08, s. ~134,V ~14%.

st 10 meTynikoB JErrTOPHOB 1 5-THEBHOTO BO3pacTa ObUIM TOJTYYCHBI CIICIYIOIINE JaHHbIC
o Macce ux Tena X (T) u macce rpebHs Y (Mr):

X 83 72 69 90 90 95 95 91 75 70
Vi 56 42 18 84 56 | 107 | 90 68 31 48
Tpebyercs:

1) HaliTH KOA(PPUIHMEHT KOPPENALUHN U cJeNaTh BBIBOJ O TECHOTE M HAIpaBICHUU JIMHEH-
HOM KOPPEISALMOHHOMN CBA3H MEXKy IPU3HAKAMM;

2) cocTaBUTh ypaBHEHHUE NMpsiMoii perpeccun Y Ha X .

Pemenue. 1) Crauana crienaeM npomMeXyTOUHbIE BBIYMCIIEHUS, KOTOpbIe YI00HO pacriosa-
raTb B BUji€ TaOJIMIIbL:

N x| ox—x -0 vy -0 =00, - )
1 83 | 56 0 0 4 16 0

2 72 | 42 11 121 ~18 324 198
3 69 | 18 14 196 42 1764 588
4 9 | 84 7 49 24 576 168
5 9 | 56 7 49 4 16 -28
6 95 | 107 12 144 47 2209 564
7 95 | 90 12 144 30 900 360
8 91 | 68 8 64 8 64 64
9 75 | 31 -8 64 ~29 841 232
10 | 70 | 48 ~13 169 12 144 156

> | 830 | 600 0 1000 0 6854 2302
Breruucngem cpegnue:
7= 330 g3, 50004
10 10

Tenepsb 3am0IHIEM MTOCTEIHUE MATh CTOIO0IOB Tabnuibl. CyMMHpPYS 3JI€MEHTHI B COOTBET-

CTBYIOIIIUX CTOJIOIAX, HAXOIUM:

>(x, —x)* =1000,
> (v~ )’ =6854,
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> (x, =)y, - y)=2302.
[ToxcraBisist BEIYUCIICHHBIE 3Ha4YeHUS B hopmyiry (83), momydaem:
2302 0.88

r= = U,
v/1000 - /6854

BriBoa: mexxay maccoit Tena X u Maccoit rpeOHst Yy 15-1HEBHBIX NETYIIKOB CyIIECTBY-
€T TeCHas MOJIOKUTEIbHAs TUHEHHAs! KOPPEJIALIMOHHAS CBSI3b.

2) Ucnionb3ys naHHble 13 TabIuLBbL, 110 GOpMyIIe HAXOAMM KO3 uLMeHT perpeccuu by
2302
bY/X = ~
1000
Iloacrasisist Teneps B popmyiy HaliaeHHble 3HaYeHns X =83,y =60, by, =2,3, umeem:
y—60=2,3(x—83).
[Tocnennee ypaBHeHHE IpeoOpa3yeM K BUAY
y =2,3x—-130,9.
OTMeTHM, 4TO MOJIyYCHHAs MaTeMaTh4decKas MOJeIb (YpaBHEHHE TIPSIMOUN perpeccuu) 00-
Ja/1aeT MPOTHO3UPYIOLIMMH CBOMCTBaMM JIMIIB IIPU U3MEHEHUU X oT 69 no 95. Tak, Hanpumep,

MOKHO C JIOCTaTOYHOM CTEICHBIO AOCTOBCPHOCTU CHUTATD, YTO IIPHU MACCC MECTYIIKA 80 r macca
€ro rpe6H;1 COCTaBUT:

y=232-80-132,56~53 wmr.
Takum o6pasom, r ~ 0,88, y=2,3x—130,9.

243 Pe3yJII>TaTI>I " BbIBO/JIbI: HAYYWJINCHh IPUMEHATH TECOPUIO KOPPEIAINN K IPUKIa/I-
HBIM 3aaa4aM.



