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Jlekuus Ne 1 (2 yaca)

Tema: «MaTpuubl U ONpPeaeJTUTEIH»
1 Bornpocs! JieKnuu:
1.1 Marpuubl, BUABI MATPHII.
1.2 JeiicrBus Haag maTpunamu. [llpuBeneHue MaTpunbl K CTYEeHYATOMY BUAY.
1.3 OnpeneanTe/ M KBagpaTHBIX MATPHIl M MX CBOICTBA.
1.4. MuHoOpBI ¥ anredbpandyeckue N0NOJHeHUs. BoIuncienne onpeneJnTesiei.
1.5. O6paTHas maTpuua.

2. Kparkoe coaep:kaHmne BOIPOCOB
Marpuubl, BUIbI MATPHIL.
Onpeodenenue. Mampuyeti Ha3pIBAETCS MPSMOYTOIbHAS TaOJIHIIA YHICETT.

all a12 aln
A= Ay Gy .o Uy,
aml amZ amn

a. . . .
O6o3nayenus: A — marpuna, - d71eMEHT MaTpulbl, ! “HOMEp CTPOKH, B KOTOPOH CTOUT JaHHbI

anement, /  HOMEp COOTBETCTBYIOLIETO CTOIOIA; M — YMC/IO CTPOK MATPHUIIBI, N — YHCIIO €€ CTOJIOIIOB.
Onpeodenenue. Yucna m v n Ha3bIBAIOTCSA PA3MEPHOCTSIMH MaTPHLIBL.

Onpedenenue. Matpuila Ha3bIBaeTCsd KBagpaTHOH, ecid m = n. YWCIO n B STOM cilydae Ha3bIBAIOT
MIOPSIIKOM KBaJPATHON MATPULIBL.

0O 0 .. O
0O 0 .. O
19} 0 O 0 o
npedenenue. Marpurna Buaa Ha3bIBACTCS HYJICBOM.
1 O
0 1 0
0 O 1

Onpeodenenue. Marpuna Buaa Ha3bIBAETCS €QUHUYHOMN.

HeiicTBus Hag marpunamu. [IpuBenenne MaTpulbl K CTYIEHYATOMY BHIY.

Onpeodenenue. TpaHCIOHUPOBaHUEM MAaTPHIIBI HA3bIBa€TCsl 3aMEHa €€ CTPOK CTOJIONaMU C TEMH JKe
HOMEpaMH.

dy dig Z1n 2 -
o o o ot ] -
21 22 2 T 12 22 w2
A= oA =
aml ﬂmi ':z:w:u alx ah amm

s ymo6cTBa Bee oreparuu OyneM BBOIUTH IS MaTPHUIl pa3MEPHOCTH 3X3.
1. Crnoxenne Matpull: UTOOBI CIIOXKUTH JIBE MAaTPHUIIBI HY)KHO CIIOKUTh COOTBETCTBYIOIIUE 3JIEMEHTHI
JTUX MATPHIL;

all a12 al3 bll bIZ bl3 all + bll alZ + blZ al3 + b13
a21 a22 a23 + b21 b22 b23 = a21 + b21 a22 + b22 a23 + b23
a31 a32 a33 b31 b32 b33 a31 + b31 a32 + b32 a33 + b33
2. Brruntanue marpui: BelllosHs€TCS aHaIOTHYHO CHOXKEHUIO.
3. YMHOXXEHHE MaTpHLbl Ha 4ucio: YTOOBl YMHOKUTH MAaTpHUIly Ha YHCIO HEOOXOAMMO KaKIbIH

9JIEMCHT MAaTpUllbl YMHOXUTH HA JaHHOC YHUCJIO:



a, a, a; kall kalz ka13
k-\a, a, a,|=|ka, kazz ka23
a31 a32 a33 kaﬂ ka32 ka33
4, VMHOXKEHHE MaTPHIL:
ag; bll bl2 b13 a, 'bn ta, 'bzl tag, 'b31 a, 'blz ta, 'bzz +ag, 'b32 a, 'b13 +a, 'b23 +ag,-
Ay | X b21 bzz b23 =14y 'bn +a, 'bzl +ay 'b31 a, 'blz +a, 'bzz +ay 'bzz a, 'bls +ay 'b21 +a, -
Qs b31 bzz b33 as; 'bll +a,, 'bzl +a, 'b31 as, 'blz +a,, 'bzz +as, 'bzz as, 'blz +a,, 'bzz +as -

Onpeodenenue. dneMeHTapHBIMU TTPe0OPa30BaHUIMHI MATPHIIBI HA3BIBAIOT CIEAYIOIINE OTIEPAIIHH:

1. MepecTaHoOBKa JIIOOBIX IBYX CTPOK (CTONOIOB) MAaTPHIIBI,
2. YMHOXEHHUE JIF000# CTpoKH (CTOoNO0LA) HA MPU3BOIBHOE, OTIMYHOE OT HYJS, YUCIIO;
3. CIIO’KEHUE 000N CTPOKH (CTONOIA) ¢ APYTOi CTPOKOH (CTOIOIIOM), YMHOXESHHOM

(YMHOXXEHHBIM) Ha TIPOU3BOJILHOE, OTIMYHOE OT HYJIS, YUCIIO.

al] al” al} alﬂ
0 a, a, .. a,
0 0 a, a,,
0 0 0 a

Onpeodenenue. Marpura Buga = “m/Ha3pIBaeTCS CTYNEHYATOM.
JIro0yro MaTpuily MOXKHO IIPUBECTH K CTYIEHYaTOMY BUY C IIOMOIIBIO 3JIEMEHTapHBIX IPeoOpa3oBaHui
HaJ 3JICMCHTAMH MaTpUIIBIL.
OmnpeneanTean KBaAPaTHBIX MATPUIl M X CBOICTBA.
Kaxxoil kBagpaTHOM MaTpHIe MOKHO ITOCTABUTh B COOTBETCTBUE YUCIIO, ONPEACIIEMOE
€/IMHCTBEHHBIM 00Pa30M € MCIIOJIb30BaHUEM BCEX IIEMEHTOB MaTPHIIbl. DTO YHCIIO HA3bIBACTCS
OIIPEJEIIUTEIIEM.

a,;; dp a,

A = a; dy ay,
L=

a,, a,, e a,

Onpeodenenue.OrpenennurTeneM BTOPOTO MOPSIKA HA3BIBAETCS YHCIO, TIOIYISHHOE C IIOMOIIBIO 3JIEMEHTOB
KBaJIPaTHOW MATPHUIIBI 2-TO MOPSIIKA CIEAYIOIUM 00pa3oM:

a4y

=4y Ay — 450y

ay Ay

[Ipu 3TOM U3 MpOW3BEACHUS DIIEMEHTOB, CTOSIINX HAa TaK HA3bIBAEMOW TIIABHOW TUArOHATM MATPUIIBI
(uaymield W3 JIEBOrO BEPXHETrO BIIPABBIA HIDKHUHA YIrOJI) BBIYMTACTCS IPOU3BEICHHE JIIEMEHTOB,
HAXOJIINXCS HA BTOPOH, WM TOOOYHOM, TUaroHau.

Onpeodenenue. OmnpenenutereM TPETHETO IMOPSIKAa HA3BIBAETCS YHCIO, OMPENEIsieMOe C ITOMOIIBIO
ANIEMEHTOB KBaJ[paTHON MATPHIIBI 3-TO MOPs/IKA CISAYIONIIM 00pa3oM:

a4 4
A=la, Gy Gy|=0,0y05 + 0530503 + 005,05 — 0130503 — )50y 0y — 0y Ay 0.
4 dzp  dgy

3aMeuaHue. I[J'I}I TOro 4ToOBI JIerdye 3aroOMHUTH Ty (l)OpMyJ'Iy, MOXHO HCIIOJIB30BaTh TaK HA3bIBACMOC
IIpaBUJIO TPEYTOJIBHHUKOB. OHo 3aKkJIro4aeTcs B CICAYIOIIEM: DJICMCHTEI, IIPOU3BEACHUA KOTOPBIX BXOAAT B
OIpeaACINTEIIb CO 3HAKOM «Hy, pacrojiararoTcs Tak:



) a;

23

31732 U3 o6pasys mBa  TpEyroibHHKAa, CHMMETPHYHBIX OTHOCHMTENHHO IVIABHON JMArOHAIIM.

DIIEMEHTHI, TPOU3BENECHHUS KOTOPHIX BXONAT B ONPENEIUTENh CO 3HAKOM «-», DPACIOJIararTCs
a, 4, 4ag
Ay Ay Ayl

. Gy Az ds
AHAJIOTMYHBIM 00Pa30M OTHOCHTENILHO MTOOOYHOM TUarOHAN: : :

OcHoBHbIE CBOMCTBA onpe/eauTesie.
ChopmynupyeM U J0KaxeM OCHOBHBIC CBOWCTBA ONpeeNUTENIeH 2-r0 U 3-r0 MopsiaKa (10Ka3areIbCTBO
MIPOBEIIEM TSI OTIpeeIuTeNeH 3-To mopsiaKa).
CgoiictBo 1. Onpenenurens He H3MEHIETCS IIPH TPAHCIIOHUPOBAHUH, T.€.

a4y, Q| |4 4y 4y

Ay Ay Ay =|dp Gy dy)

Q3 Az Ay |Gz Gy Ay

3ameuanue. Cremyrolye CBOMCTBA ompenenureneil OymryT (GOpMyIMpoBaTbCs TONBKO i cTpok. Ilpu
5TOM M3 CBOMCTBA | CIIEMYET, YTO TEMU JKe CBOWCTBaMHM OyIyT 00NanaTh M CTOIOIIBL.

CgoiictBo 2. Ilpu yMHOXXEHHH »SJIEMEHTOB CTPOKU OIPEACIUTENs] Ha HEKOTOPOE YHUCIO BECh
OIpeneNuTeb YMHOXAETCS Ha 3TO YHCIIO, T.€.

ka,, ka, ka, ay 4 Ay
ay Ay Ay |=klay Gy ay|
a; Gy Ay ay dzp A
CgoiictBo 3. Onpeaenurens, UMEIOIINI HYJIEBYIO CTPOKY, paBeH 0.
CaoiictBO 4. Onpenenurenb, UIMEIOIINIA 1BE PaBHbIE CTPOKH, paBeH 0.
CBoiicTBO 5. OnpenenuTens, 1B€ CTPOKHA KOTOPOTO MPONOPIHOHANIBHEL, paBeH (.

a4 4p
ka,, ka, ka;,|=0.
a3 4z Ay

CsoiicTBo 6. [Ipu nepecTaHOBKE IByX CTPOK OIPENENIUTENs OH YMHOXKaeTcst Ha —1.

Ay 4y Ay a;; a4, dp
Ay 4 Ap|=—|dy dy Ayl
a3 d3zp  dg a3 43 dsg
CsoiicTBo 7.

b +c, b,+c, by+c, b, b, b c, ¢, ¢

ay a,, Ay |= Ay Ay Ayt |Gy Ay dy)

as, as Qs; Q3 Az Gaz| (A3 d3p o di

CaoiicTBo 8. BenuumHa OnpenenuTeNs HE M3MEHHTCH, €CIM K DJIEMEHTaM OHOM CTPOKH NPHOaBHMTH
COOTBETCTBYIOIHE JIIEMEHTHI IPYTOi CTPOKH, YMHOKEHHBIE HA OIHO M TO K€ YHCIIO.

a, +kay, a,+ka, a;+kay a;; a4, a4y

as Qs Ay =|dy Ay Ay

MuHopsbl M ajredpanyeckue 10noHeHus. BoIluucjienne onpeaeauTeeii.
Onpedenenue. MUHOPOM 3JIEMEHTa OINPEACTUTENS HAa3bIBACTCS ONPEAEIUTENb, IOMyYeHHBIH U3 TaHHOTO
MyTEM BBIUEPKHBAHUS CTPOKH U CTONIOLA, B KOTOPBIX CTOUT BHIOPAHHBIN JIEMEHT.



M.

a. — —
O6o3nayenne: ! BHIOpaHHBINA 2IEMEHT ONPENCTUTENS, Y €ro MUHOP.

1 2 3
-5 1 1 2 3
2y 4= SMy =T =831

TIpumep. Jns

Onpedenenue. AnrebpandeckuM IOMOTHEHHEM ! DIIEMEHTa OIPENEIIUTENS HA3BIBAETCS €r0 MEHOP,
eCIi CyMMa WHJCKCOB JAaHHOTO BJIEMEHTa i+j €CTh YMCIIO YETHOE, WU YHWCIO, MPOTHBOIOJIONKHOE

A= (D" M,

MUHOpY, €CJIU i+ HEUETHO, T.€.

Ooparnas maTpuuna.

Onpeoenenue. KBanparnast MaTpuma A Ha3pIBaeTCs 0OpaTHMOH, €CITU CYIIECTBYET KBaJpaTHas MaTpuia X
TOWM e Pa3MEPHOCTH, YIOBIETBOpsIoNmas cooTHomeHmsIM A X=X A=E.

Marpuua X HasbiBaeTcs 0OpaTHOM k MaTpuIe A u o6o3Hadaercss A”, T.e. A-A'=A'-A=E.

Obpamuyto mampuyy A yooieno naiimu no creoyroweti popmyne:

a1
A== A
4l A A

aJ'IFe6paI/IquKI/IX ,Z[OHOJ'IHCHPIIZ COOTBCTCTBYHOIINUX 3JICMCHTOB MATPHIIbI A .

, TAC | | — OIPCACINUTCIIb MaTPHUILIbI — TPAHCIIOHUPOBAHHAA MaTpuLa

Jlexmus Ne 2 (2 yaca)

Tema: «CucTeMbl JTHHEHHBIX aJredpanyecKux ypaBHeHH»
1 Bompocs! JieKnuu:
1.1 Omnpenesienue cucTeMbl TMHEHHBIX YPaBHEHH.
1.2 Pemenue cucrem JiMHeilHbIX ypaBHeHuil metoaoMm ['aycca.
1.3 Pemenue cucrem JiMHeHbIX ypaBHeHHH MeTonoM Kpamepa.

2. KpaTtkoe cogep:kanue BOIpocoB
OmnpenesieHue cucTeMbl THHEHHBIX YPABHEHH .
Onpeodenenue. CucteMoil NMHEHHBIX ypaBHEHUH (JIMHEHHON cuCTeMOil) Ha3bIBaeTCs cHcTeMa
BHJIA
a,x, +a,x, +..+a,x, =b,
ay X, +ayx, +...+a,,x, =b,

mn”'n m (1)
a; . X o
Irac Yy , L qucia, /- HCEHU3BCCTHLBIC, N — YUCIIO HCU3BCCTHBIX, M — YHUCJIO YPABHCHUHU.

Onpedenenue.PenieHneM THHEWHOW CHCTEMBI Ha3bIBA€TCS HAOOD YHCE xOl’xoz""’xO”’KOTopme
IpU TMOJCTAHOBKE BMECTO HEU3BECTHBIX OOpAIIAIOT Ka)XJI0€ YPaBHEHHE CHCTEMBI B BEpHOE
PaBEHCTBO.
Pemenue cucremMbl THHEHHBIX YpaBHeHHH MeToaoM aycca.
3ameuanue. JluHeilHas cucTeMa MOXKET MMETh €AMHCTBEHHOE pellleHue, OECKOHEYHO MHOTO
pELICHUH WIA HE UMETh HU OJHOTO PEILICHMUS.

VYcrnoBusi CyliecTBOBAaHUS U KOJMYECTBA PEIICHUN JIMHEHHOW cucTeMbl OyAyT H3Y4YeHbl B
JalbHeIeM, a IoKa pacCMOTPUM CIIOCOOBI HAXO0XK/IEHUS €JMHCTBEHHOTO PEILICHHS CUCTEMBI,



a, x, +a,x, +..+a,x, =b,
ay X, +a,x, +..+a, x, =b,

a,x, +a,x,+..+a,x =b,

B KOTOPOI YUCIIO YpaBHEHUH paBHO YMCITY HEM3BECTHBIX:

ay

[Tycth # 0 (91010 Beerna MOXHO TOGHTBCS, IIOMEHSIB ypaBHEHHMs MecTamu). Pasiennm oGe

YaCTH IIEPBOIo ypaBHCHHA Ha i1y BBIYTEM IMOJIYYCHHOC YPaBHCHHE U3 KAXIOI'0 U3 OCTAJIbHBIX

o a. .
YpPaBHEHHI CHCTEMBI, YMHOXXHB €r0 IpPEIBAPUTEIHLHO Ha  !’Toe i — HOMEp OdYepeaHOro
ypaBHeHMsl. Kak n3BecTHO, MoydeHHast [Ip1 TOM HOBasi CUCTEMa Oy/leT paBHOCHIIbHA UCXOAHOM.

Kosbduipents! npu X1 Bo BceX ypaBHEHHSIX 3TOW CHCTEMBI, HAYWHAS CO BTOPOTrO, OYAyT paBHBI
0, T.e. ccTeMa BBIIVIAUT TaK:

~

X, +d,x, +..+a,x, =b,

!

AyXy +...+a,,x, =b,

Takum ke 00pa3oM MOKHO WCKIIOYMTh ~2HM3 TPEThEro M TMOCIEAYIONUX YPaBHEHHUH.
[Ipomomxast 3Ty omnepanuio s CIASAYIOIIMX HEU3BECTHBIX, IPUBEIEM CHUCTEMY K Tak
HA3bIBAEMOMY TPEYTOJIbHOMY BUY:

X, +d,Xx, +..+d,x, =b,
X, +...+d,x, =b,

a,,i;.b b, )
BHGCL CHMBOJaMH A n { 0003HaYEHBl HM3MEHHBIIHECS B pe3yiabpTare HpCO6pa3OBaHI/II/I

qrcnoBbie KO3()(PUIIMEHTHI U CBOOOIHBIE YJICHBI.

W3 mocnenHero ypaBHEHHsI CUCTEMBl €IUHCTBEHHBIM OOpa3oM OIpeaemsieTcs x", a 3arem
IIOCJIEI0BATEIbHON ITOACTAHOBKOW — OCTAJIbHBIE HEU3BECTHBIE.
3ameuanue. MHOTa B pe3ynabrare npeoOpa3oBaHuil B KAKOM-THOO U3 ypaBHEHUI 0OpaIiaroTcs B
0 Bce k02(ppuIMEHTHI U TIpaBasi 4acTh, TO €CTh OHO MpeBpamiaeTcs B ToxaectBo 0=0. Mckimouns
€ro M3 CHUCTEMbI, Mbl YMEHBUIUM YHUCJIO YPAaBHEHHI MO CPaBHEHUIO C YUCIOM HEU3BECTHBIX.
Takast cucteMa He MOXKET UMETh €JUHCTBEHHOTO PEIICHUS.
Ecnu xe B mpoliecce mpuMeHeHusi merona [aycca kakoe-HUOYIb ypaBHEHHE MPEBpPATHTCS B
paBeHcTBO Buaa 0=1 (kodpdUIIMEHTHI TIPU HEW3BECTHBIX oOparuiauck B 0, a mpaBas 4acTh
MPUHsIA HEHYJIEBOE 3HAUYEHHUE), TO MCXOAHAs CHUCTeMa He MMEET PeIlleHHs, TaK Kak MmoaoOHoe
PaBEHCTBO SIBJISIETCS HEBEPHBIM TTPH JIFOOBIX 3HAYCHHSIX HEU3BECTHBIX.
Pemenne cucrem JIMHEeHHbIX ypaBHeHHeM MeTonom Kpamepa.

[TpaBuno Kpamepa.

PaccmoTpum cucremy (1). HazoBeM TmaBHBIM OMIPEICTUTENEM dTOM CUCTEMBI ONPECITUTEINb A
AIIEMEHTaMH KOTOPOTO SBISIOTCS KOA((OUIIMEHTHI TPH HEU3BECTHBIX



Ipeanonoxum chadana, 4ro A # 0. VMHOKIM Kax10e ypaBHEHHE CHCTEMBI Ha alreGpanyeckue

Alj,Azj,...,Anj ) A
JIOTIOJTHEHUS AJIEMEHTOB j-TO cTONOIa ~-

C10XHB 3aTeM BCe YpaBHCHU, IIOJIYUUM:

Y x(a,A; +ayAy; +.+a,A)=bA; +bA, +. . +bA,

i-1

a; Ay a; a,; ...4,
a a a,. a,. ..a
21 22 2i 2i 2n
aliAlj +a2iA2j +...+am.Anj =
a a a a . a
1 2
OTtmMmeTuM, 4TO n n ni ni nn

(j-# cTonben)
(Pesynprar mosyueH M3 pa3ioKeHUs ONpPENeNHuTeNs MO j-My crojiliry). Takoil ompenenuTensb

paser 0 mpu’” Ju pasen Amnpm i=j. IlpaBas dyacTh paBeHCTBA NPEICTABISET COOOIA
OTIPEICTUTEIb Ag KOTOPOM BMECTO i-TO CTOJIOIAa CTOUT CTOJIOCI] CBOOOJHBIX WICHOB CHCTEMBI.

HazoBem Takoil omnpenaenuTesnb Y. PaccmarpuBas i=1,2,...,n, MOJy4UM CHCTEMY,
A-xp=A,
A-x,=A
o A . Xn = Ax A o
SKBUBAJICHTHYIO HCXOIAHOM: » . Pa3pgenuB Bce ypaBHEHHMS Ha , Hangem
_ X _ AXZ _ Axn
X, = Xy = yeor X, =
€MHCTBEHHOE PEIICHUE: A A A
0-x, =A,
0-x,=A
A 0- X, = AX
[Ipeanonoxum Teneps, uro 2 =0. Torna cucrema (2.6) npumeT BUA: "
0-x,=0
0-x,=0

X 0-x,=0
B stom cmyuae, ecnu Bce =0, cucrema BBINIAAMT TaK: U MMEeT OECKOHEYHO

A
MHOTI'O peH.IeHHﬁ. Ecnu e XoTs Obl OIWH U3 % # 0, CHUCTEMA pCIJ_IeHI/Iﬁ HC UMCCT.

Takum o6pazom, npasuiio Kpamepa no3BosiseT HallTH €IMHCTBEHHOE PEIIEHUE CUCTEMbI MIIH
C/IeNaTh BBIBOJ O CYIIIECTBOBAHUU OECKOHEYHOIO YMCIIa PeHIeHUH JTUO0 00 UX OTCYTCTBHUHU:

1) Ecmm A # 0. cperema (1) mmeeT eMMHCTBEHHOE pEIIeHUE, ONpeaeseMoe mo GopMymnam:
— AXl _ sz _ Ax't
X —T,Xz— A I A
ABs i
2) Ecmm A =" =0, cuctema nmeeT 6ECKOHEYHO MHOTO PEIICHHI.
A Ax- =0 o
3) Ecmu A =0, a xots Ob1 ofviH U3~ % 7 > ccTeMa HE UMEET PelIeHHI.



Jleknus Ne 3 (2 yaca)
Tema: «IIpenenbl 1 HeMPePbLIBHOCTb)»
1 Bonpocel JieKIIuu:

1.1 IIpenen pynxuuu B Touke. Teopembl 0 mpeaesax.

1.2 Beckoneuno masbie 1 0ecKOHeYHO 00/1bIIHe (PyHKIINH, HX CBSI3b M OCHOBHBIE CBOMCTBA.

1.3 PackpbITHe HeompeaejJeHHOCTEI.

14 IlepBBIii M BTOpPOH 3aMedaTelbHble Tpeneabl. O000IIEHHBIH BTOPOW 3aMedaTebHBIH
npeneJ.

1.5 Tabdanua HSKBUBAJIEHTHBIX 0€CKOHEYHO MAJbIX, €€ HCIO0Jb30BAHHE NPHU BBIYHCIEHUH
npeaesoB.

1.6 HenpepbIBHOCTH (PYHKIIMM B TOYKE U HA POMEKYTKe.

2. KpaTtkoe coaeps;kaHue BONPOCOB
IIpenen ¢pynxkuun B Touke. Teopembl 0 mpenesiax.

IIycte a — Touka 4YHMCIOBOM MNpsSMOH, at (b’ C:'I. [lycts ¢dyHKIHA f I'('}[":Ionpe;:[eneHa Ha

E= {.x:l x € (b; c)\{a}}

MHOXCCTBC .

X
Uucino A Has3bIBaeTCs npedeiom (GYHKYuu f ( ) mpu X, crpemsiemcs kKa (o0o3Havaercs

A =lim,_ f(x) ), ecnu 1 J000ro MONOKUTETBHOTO YHCia E(\;{E >0) CyLIECTBYCT TaKOC
(36 = 0) x (Vx)

TIOJIOKUTEILHOE YHCIIO 4TO st mo6oro TaKoro, 4TO

0<|x—al<§x€EE flx)—Al<¢

, BBITIOJTHEHO HEPaBEHCTBO
Uucno A, HasweiBaeTcs npedenom @yukyuuf(x) cieéa B TOUYKe a, eclu Juid Kaxgoro &> ()

xE(a—9d;a)

cymectByer o> (0 Takoe, dYT0 I BCEX BBINIOJIHSIETCSL  HEPaBEHCTBO

f(x)—4.l<¢
Uucno A, HaszwiBaeTCs npedeiom @gyukyuu f (x) cnpaéa B TOUKe a, €Ciau i Kaxaoro &> 0

x € (a;a+8)

CyHIeCTBYCT 0> 0 TaKoe€, 4qTOo JUIS BCEX BBIIIOJIHACTCA HEPaBCHCTBO

flx) -4 <e
A=lim, oo f(x)

[Ipenen cieBa 0003HaYaeTCs npeaen cripaBa
A=lim,__.,f(x)

Syt npeacyabl XapaKTCPU3YIOT IMOBCACHUC q)YHKLII/II/I CJIcBa MU ClpaBa OT TOYKH d. Hx gacrto
Ha3bIBAKOT OAHOCTOPOHHHUMU NIPCACTIAMU.

Ecmu s kaxporo &> 0 cymecTByeT Takash J-OKPEeCTHOCTh TOYKHM d, 4YTO JJisi BCEX X,
YIOBIETBOPSIIOIIHMX YCIOBHUIO |x — a| <J, x # a, BBINONHACTCS HEpaBeHCTBO  |f (x)| >¢, TO TOBOpSIT, UTO

y lim,__ f(x) =
GbyHKIWS f (X) IMEeT B TOUKe a OECKOHEUHBIH Mpeaen:
Ecnu mnst kaxnoro &> 0 cymiectByeT Takoe 0> 0, 4To JUist 1I000T0 X>J BBIIOIHAETCS HEPABEHCTBO
[f (x) — A| <&, To roBOpPSAT, uTO Npenen PyHKIHH f (X) IPHU X, CTPEMSIIEMCS K TUTFOC GECKOHEYHOCTH, PaBeH

o M F() = A

AnHanorudHo QOpMyIHpyeTcs OmNpeieieHue Tmpeaeia TP X, CTpeMsiieMcs K MHHYC

lim,___ f(x)= A.

OECKOHEUHOCTH:
Ceoiicmea npeoenos
Ecmu cymecTByer lim, o f(x) =4 M CYIIIECTBYET lim, ., g(x) = B, TO:
) lim,_,(f(x)+g(x)) =lim,_, f(x) +lim,_, g(x)=A+B

) lim,_,(f(x) — g(x)) =lim,__ f(x) — lim,__, g(x) = A — B:



limx—ﬂ (JF(:"") ) g(}")) = limx—n:: JF(}":' ' limxda g(:‘;) =A- B
lim, _, (£2) =ime=af _ 24 (g 2 )
4) glxl limy g glx) B )
Teopema: Eciu B  HEKOTOPOM  OKPECTHOCTH  TOYKHMA  BBITIOJIHSETCS  HEPABEHCTBO
glx) < fx) <h(x) lim, ., g(x) =lim, h(x)=A lim, , f(x)=4

3ameuanue. B nanpHeiimeM OyneM Moib30BaTbCA TEM, YTO AJIS JHO0O0H dMeMeHTapHON (YHKINH

lim,_, f(x) = f(a)

3)

f(x) m m0O0H TOYKHa 13 ee O0IACTH OIPENeICHHUS CIIPABEIIINBO COOTHOIIICHUE

Beckoneuno masbie u 0ecCKOHe4YHO 0oIbIIMe (PyHKIINH, X CBSI3b M OCHOBHBIE CBOMCTBA.
o X—a
Onpeodenenue. OyHkuus f(x) Ha3pIBaeTCs OSCKOHEYHO OOJBIIOHN MPH , €CIIM JJIs1 JII000T0

f)l=C
MOJOKUTENBHOTO uncinaC CyleCTBYeT OKPECTHOCTh TOUKU a Takas, 4yTo JUIS JTI000TO X U3
BEIOpaHHON OKPECTHOCTH TOYKH a W TPUHAAISKANET0 oOIacTu ompeneiaeHus ¢GyHKOud  f(x).
O6o03Ha4yeHne

lim,_, f(x) = (lim,_, f(x) =+, lim,_, f(x) = —=)

. - —
Onpeodenenue. Oyaxnus f(x) Ha3piBaeTCsi OECKOHEYHO MaJIOW TPH = ﬂ, eciau It JTr000ro

x)|<C
MOJOKUTENBHOTO YncinaC CylIeCTBYET OKPECTHOCTh TOUKU a Takas, 4To |f (x) | JuIs 000ro X U3
BEIOpAaHHON OKPECTHOCTH TOYKH a W TPUHAAISKANEro oOmacTu ompeneiaeHus ¢GyHKOud — f(x).

O0o03HayeHne
lim,_, f(x) =0

ChopmynupyeM OCHOBHBIC COOTHOIICHHS JjIsi OSCKOHEYHO OOJIBIIMX U OECKOHEYHO MaJIbIX

(GyHKIHH.
1

' )= ) = limx—a .=
11mx—~a f(:"":' - 'DJJF(!"":' *- 'D: T0 fix)

Ecimu , u oOparHo, ecnH
. 1

lim,_ f() =0 M- 75 =0

b M () = 0 lim,_ f(0) = A lim,_, (fi(0) + (x)) =<0

Ecmn limx—ﬂ fl {l:l = +C’QH limxda fz (1;:1 = +m, T0
lim,_q (fy(0) + fo (X)) = +oo

Eerm lim,__ fi(x) = % lim,_ _ f(x) =A% D’ o
lim, . (i(x):f2(x)) =

Bemt lim,_. f(x)=4=0, (x)# {JPI lim,__ f£(x) = {]’ o
lim,_ 2% =

Fz(x)
| N _ lim. 2% _ g
Ecu hmx—a ﬁl I(JL) = A U hmx—a fz (3"") = m, TO rma fz(x)

PackpriTie HeompeaeJIeHHOCTEN.
Buviuucnenue npedena ¢ cnyuae neonpedenennocmu
HpI/I BBIYMCJICHHUU TIIPEACIIOB MOI'YyT BO3HUKHYTH CHUTyallud, KOrjga HEIIOCPEIACTBEHHOC
MPUMEHEHUE TEOPEM O CBOWMCTBAX IMPENeToB, OECKOHEYHO OONBIINX U OECKOHEYHO MajblX (DYHKIUH HE
JlaeT BO3MOXKHOCTb UX BBIYHCIIHTE. Takoe MOI0KeHNE BOSMOXKHO B CIICIYIOLIMX CITydasX:
flad

(21"
alx]

lim,._. .
1)



o i () = lim,_, g(x) = 0 E]);

(cuMBoNIMUECKHM 0003HAYACTCS

g M f() = lim,_, g(x) = o0 5

(cuMBoNIMUECKHM 0003HAYACTCS
limx—a (f(l;j ) Q(k))

lim,_, f(x) =0, lim,__g(x) = [0 -m])

(CUMBOIIMYECKH 0003HAYACTCS
lim,,__ (f(_:r;) —g (.x:)):

lm,, g £ () = lim,.q (%) = m(CI/IMBOJ'II/I‘{eCKI/I 0003Ha4aeTCst [0 — lCJ:']).

B Tom ciyuae, korja UMeeT MEeCTO HeONPEACICHHOCT, Uil BEIYUCIICHUS Mpeena — * paCKPhITH
HEOTIPEIETICHHOCTH — TIPEOoOPa30BLIBAIOT BBIPAXKEHWE TaK, YTOOBI IOMYyYUTh BO3MOXKHOCTH €O
BBIUMCINTE. JIs Takux mnpeoOpa3oBaHUN MCIONB3YOTCS WM TOXJICCTBEHHBIC COOTHOIICHUS WIN

X —

2)

3)

CpaBHEHMS OBeACHUS (DYHKUUH NPHU CTPEMIICHHUH a(COOTHOH_IeHI/ISI 9KBUBAJICHTHOCTEH).
IlepBblii M BTOPOH 3aMeyaTe/ibHbIE IPeeabl.
JIns BBIUMCIEHUA MPENEIOB YACTO HCIOJB3YIOT TaK Ha3bIBAEMbIE 3aMEYaTEIIbHBIC

npCacibl:

sif X
=1
r—0
X
im [1+—| =&
x

Taﬁ.lmua JKBHBAJIEHTHBLIX 0€CKOHEYHO MaJIbIX, €€ HCHO0JbL30BAHME IIPU BbIYUC/ICHUHA
nmpeaesios.
fx)

eciu CYIIECTBYET TaKas byHKIHS

Fe) =a(®)-g(x) | e =1 x-0

g(x) x - al(f(x)~g(x) mpu x = a)’

OyHKIUA OKBUBAJICHTHA (DYHKIUH npu
a(x)

4qTo
)it

0 X
CHOBHbIC IKBUBAICHMHOCMU npu
Sinx~x
1 v
— COSX ~—
2
tg x ~x
arcsin x ~x
arctg x ~x
g*t —1~x
a* — 1l~xlna
In(l+x)~x

X
log (1 +x)~——
Ina

(1+x)" —1~mx

HenpepbIBHOCTH (PYHKIMH B TOUKE M HA IIPOMEKYTKeE.



Oynkius y = f(X) Ha3bpIBaeTcs HEMPEPLIBHOW B TOYKEX), €CIHM Mpenes (YHKUUU TpH

X—>X o
0 paBeH 3HaUECHUIO (PYHKIUH B 3TOM TOUKE.

Oynkuus y = f(X) Ha3plBaeTCsl HENPEPHIBHOM Ha HEKOTOPOM IPOMEKYTKE, €CJIM OHa
HENPEepbIBHA B KAXKAO0N TOUKE JAHHOTO IPOMEXKYTKA.

Jleknus Ne 4 (2 yaca)
Tema: «IIponzBoaHas»
1 Bonpocel Jexkuumn:
1.1 IlpupamieHue aprymMeHTa U npupamenne GyHKIHH.
1.2 TlousiTHe MpoOU3BOAHON (PyHKIIHH.
1.3 TeomeTpuueckuii, MexaHMYeCKHUIi, OUOTOTHIECKHIi CMBICJIbI PON3BOIHOIA.
1.4 TIpaBuna quddepeHIIUpPOBAHNS.
1.5 IIpou3BoaHBIE OCHOBHBIX 31€MEHTAPHBIX (YHKIMIA.

2. KpaTtkoe cogep:kaHue BONPOCOB
Ipupaienue aprymesTa u npupamesue pyHKumu.

y=f® (a;b)

Pacemorpim dyrkimio , ONIPEJIETIEHHYIO Ha HEKOTOPOM UHTEPBAJIE
X—x,=4MAx (x,x, E(a; b
Onpeoenenue. Paznocts 0 ( 0 € (@ :')
TOYKE Xp.

Ha3bIBAIOT npupaujenuem apeymenmax B

Onpedenenue. Pasznocth flo+8%) — fxp) = Af (""G)HaSLIBaIOT npupauwjeHuem
@yukyuuf(x) B TOUKE Xo.
IHonsiTne mpon3BoaHOH QyHKIUH.
Onpeodenenue. Ecnu CymecTByeT Npeaei OTHOUICHWS NpUpAIleHHs (YHKIUU K IPHPALICHHUIO
apryMeHTa, IpH YCIIOBHH, YTO MPHUpAIICHUE apryMeHTa cTpeMuTcs K 0, TO ero Has3bIBAIOT NPOU3BOOHOU

I e
f(x)
: Af{xq) L
hm.l'.x—ﬂ- A = f (-}"G)
-k .
Haxoxxnenne mpou3BogHON Ha3bIBaeTCs U QepeHIIupoBaHreM (QYHKIIHH.

I'eomeTpuuyecknii, MexaHM4YeCKHH, OMOJTOrMYECKHU A CMBbICJbI IPOU3BOIHOM.
T'eomempuueckuit cmvlcl BPOU3600HON COCTOUT B TOM, YTO TPOU3BOAHAS €CTh YIJIOBOM

) y = f(x) Cx )
KO2(pPUIMEHT KacaTeIbHOH K TpaduKy QyHKIHH ~ B JIaHHOM TouKe = “; ¢pusuueckuii cmvicn —
B TOM, YTO TPOW3BOJAHAs OT MYTH IO BPEMEHU €CTh MTHOBEHHAsl CKOPOCTH JBMXKYLIEWCS TOYKH NPU

X
@ynxyuu 6 mouxe " Yu 0603HaIAIOT

. t N
NPAMOJIMHEWHOM JIBMKEHUU 5 = s(f) B MOMEHT BPEMEHHU  ; OUOM0UMECKUI CMBICT: €CITU 3aBUCHMOCTh
MEXIy YHCIOM OCO0eil MOMyJISIMU MHKPOOPraHM3MOB y M BpEMEHEM ! €€ pa3MHOKEHHs 3a/aHa

I
ypaBHeHUEM y = p(f), TO P (f)—
MHUKPOOPraHn3MOB B MOMCHT BPCMCHU t.
IIpaBuiaa nuddepeHunpoBaHus.
1. (@+g@) =@+,

2. (@ -9@) =7 -g'.
3. (fQ)g() =) g +f) g ().
4 (c -f(.ﬁ;))I = ¢ f'(x),roe ¢ — 4HCI0,

o T Y P
flxl flxlglxl-flx)-g (x) .
( — = — 3 ,g(x) =0
5 glx) lgtxlt)

NPONU3BOAUTCIIBHOCTD  JKU3BHCACATCIIBHOCTU  MOIIYJISAINA

IIpou3BoaHbIC OCHOBHBIX 3JIEMEHTAPHBIX (PYHKIMI.
(e)'=0.

(l.]:).r — '?’LL'”_ 1 .

>



v ol
YaCTHBIC ClIydau: vy
'

(a*) = a*Ina.
9
v o xay o X
yacTHbli cyyait: (87) = €%,
1

(lOga x) - xlna;

. . (nx)' = 2
JaCTHbBIN cnyan/I: x5
(sinx)' = cosx.

{(cosx) = —sinx.
1
tgx) =
(D ) Coszx;
1
ctex) = —
( = :] sin® 3
. 1
arcsinx)’ = —=—
( ) Y 1—);'2;
Y 1
(arccosx) = ———
y1-x2.
(arctgx)’ = :

1+x2.
2
1

Y
(arcctgx)’ = vt

Jlexmus Ne5 (2 yaca)
Tema: «IIpunioxeHue Npou3BOAHON»
1 Bonpocs! JieKknuu:
1.1 HUccnenoBanue pyHKIHUM C MOMOIIBIO MPOM3BOAHBIX. O0IIMIl NJIaH HCC/Ie0BAHHUS.
1.2 IIpu3naku Bo3pacTaHus U yobiBanus pyHkuun. Heo0xonumoe u 10cTaTouHOE YCJI0BHE
CYLIECTBOBAHMS IKCTPEMyMa.
1.3 IIpu3Haku BBINYKJIOCTH M BOrHYTOCTH yHKkuuu. Haxoxknenune Touek nepernoa.

2. Kpartkoe coaep:xkaHue BOIPocoB
HccnenoBanue GyHKIIUM ¢ TOMOIIBIO NPOU3BOAHBIX. O01IMII MJIAH UCCJIEI0BAHUSA.
Haiitu o6nacte onpeneneHus: QyHKIHU.
Onpenenuts MoBeeHUE PYHKIMK Ha TPAaHHUIIAX O0JIACTH OTIPEACIICHUSI.
Haiitu Touku nepeceuenus rpaduka QyHKIUU ¢ OCIMH KOOPIUHAT.
Haiitu npoMeXxyTKH 3HaKOIIOCTOSTHCTBA.
HccnenoBath GyHKLINIO HA YETHOCTH U IEPUOAUIHOCTb.
Haiitn mpomMexxyTKr MOHOTOHHOCTH (DYHKIIHH.
Haiitu skcTpemMmymbl (yHKIHH.
Haiitu npoMexxyTKH BBITYKJIOCTH U TOUYKH niepernda rpaduka QyHKIUH.
HccnenoBars (QyHKINIO Ha CYIIECTBOBAHWE BEPTHUKANBHBIX, TOPU3OHTAIBHBIX W HAKIOHHBIX
ACUMIITOT.
10. Tloctpouts rpadux GpyHKIHH.
IIpu3sHaku Bo3pactanus M YObIBaHusi (ynkuuu. HeoOxommmoe u JocTarouHoe
yCJIOBHME CYLIIECTBOBAHUSA IKCTpPeMyMa.
Teopema. [lns toro urobwl auddepenmnmpyemas Ha npoMmexxyTke XyHkius y = f(x) Obuia
Bo3pacTaromeil (yObIBaroIeii) Ha 3TOM IPOMEXKYTKE, HEOOXOAMMO M JOCTAaTOYHO,  YTOOBI TUTS

xeX

VRN B W=

BBITIOJIHSUIOCH  yCJIOBUE f=0(f @< 0)

Xo € D(f)

JIr000T0

HA3BIBAIOT MOuKOU Makcumyma (Munumyma) QyHKIuu y = f(x)

Onpeoenenue. Touky

c obnacteio ompeaeneHusi D(f), ecnu CylIecTBYeT HHTEpBaj



. o XFX
coacpIKaluuca B D(f), TaKOH, YTO IJIA Ka)XI0ro I:}I/IB 9TOro HMHTCpBajia BBITIOJTHACTCA

nepasercreo | ) < (o) GOESIC]

Xn— o
JIpyruMH CJI0BaMH, To4Ka — ¢  TOYKa MaKCMMyMa (MHHHMyMa), €CJIM 3HaueHHe (QYHKIUM B 3TOM
Touke Oombine (MEHBINE), YeM 3HaueHHWe (YHKIUM BO BCEX JIPYyIHX TOYKAaX HMHTEpBaia

(o =& %o + 5)c LIEHTPOM B TOYKE '1‘"'3', NPHHAIIEKANIETO 00aCTH OIPEIEICHH .

Onpeoenenue. Toukn MakCUMyMa M MUHHMYyMa HAa3bIBAIOT mMoukamu dKkcmpemyma (QYHKIHH, a
3HaYeHMs1 QYHKIMH B 3TUX TOUKAX HA3BIBAIOT IKCTHPEMYMaAMU QyHKYUU.

Ilpusnax sxcmpemyma: Ecnu dyHkiust y = f(x) BozpactaeT (yObIBaeT) Ha HEKOTOPOM HMHTEpBaje

'}"'3'), comepkamiemcst B D(f) u yObIBaeT (Bo3pacTaeT) Ha HHTEpBaie

X, €D —
conepxariemcst B D(f), To Touka ~ © (f :I TOYKA JIOKAJIBHOTO MakcuMyMa (MUHUMyMa) QYHKLIUU Yy

BO3p. | YOBIB. yOBIB.| BO3p. -
XgT- 0% gigF o x Xg— 0X aXg+o X

T. max T. M1n

19

=ftx).

IIpu3Haku BhINYKJIOCTH U BOTHYTOCTH (pyHKIuH. HaxoxneHue Touek neperuda.

v =f(x :
Onpeoenenue. Pdynxuus - f( jebmyma 66epx (8bINYKAA 6HU3) B TOUKE '}"'3, eciu

M(xo;
rpadguky QYHKIHU B TOUKE 1(x03 ) )nemm BbIlIEe (HUKE) Tpaduka.

Teopema: J1ns Toro uytoObI rpaduk aBakasl nuddepeHnnpyemMoi Ha uaTepBane (a; b) GyHKIUN
y = f(x) OBLI BBRITYKIIBIM BBEPX (BBIMTYKIIBIM BHH3) Ha TOM HHTEpBaJIe, HEOOXOIUMO U JJOCTATOYHO, YTOOBI

CyI€CTBYET HMHTCPBAJ TaKOfI, YTO JJI1 BCEX €TI0 TOYCK X KacarcJbHasad K

x € (a;b)
JUTs JTI000T0 BBINOJTHSIOCH HEPABEHCTBO
" E {] " E 0
[ f ) )
n — 0
Toukn, B KOTOpBIX f (X) WIM HE CYIIECTBYET, Ha3bIBAIOT TOYKaMH Teperuda rpaduka

bynkimn y = flx).

Jlekuus Ne 6 (2 yaca)
Tema: «HeonpenesieHHbII U onpeaeIeHHbI HHTErpPaJDy
1 Bonpocs! Jexkuun:
1.1 IlepBooGpa3Hasi u ee cBoOiicTBa.
1.2 HeomnpenesieHHbII HHTETPaJl, ero CBOMCTBA.
1.3 Tadamna HeonpeaeJdeHHbIX HHTEIPAJIOB.
1.4 IIpocreiimme npueMbl HHTETPUPOBAHMSA: HeNOCPeICTBEHHOEe MHTEIPHPOBaHHe, METO/
NMOACTAaHOBKH. Meroq HMHTEerpupoBanus no 4acraMm. MHTerpupoBaHue panMoOHAIbHBIX
apooeii. Pekyppentnas popmy.ia.
1.5 3apaua o HaxoXkIeHUHU IUIOIIAAN KPUBOJIUHeiiHO# Tpanennu. IloHATHEe MHTErpaJbLHONH CyMMBI.
OmnpenesieHHbIN HHTErpaJI.
1.6 Popmyna Heiorona-Jleiionuna. OcHoBHbIE CBOIiCTBA ONpPeaeIeHHOT0 HHTerpaJa.
1.7 TIpocreiimme NPpUI0KEHNS ONPeENeJICHHOT0 HHTerpaJa.

2. Kpartkoe coaep:xaHue BOIpocoB
IlepBooOpa3Has u ee cBONCTBA.



Onpeoenenue. ®ynkuusF(x) Ha3piBaeTcs TMepBooOpasHoi mns  (GyHKOuM f(x) Ha
uHTepBajie X=(a,b) (koHeYHOM WM OECKOHEYHOM), €CJIM B Ka)KJIOH TOYKE 3TOr0 MHTEpBaya f(x)

SIBJIICTCS IPOU3BOIHOM st F(x), T.€. Filx) = fix) .

U3 storo onpezneneHus cienyer, 4yTo 3ajada HaXoXKAeHUs iepBooOpa3Hoil oOpaTHa 3a1aue
muddepennupoBanus: mo 3amaHHod QyHKumM f(x ) TpeOyercs Haitu Qynkmuo F(x),
MPOU3BOAHAS KOTOpOH paBHa f(x). [lepBooOpa3Has ompenencHa HEOTHO3ZHAYHO: IS (PYHKIIUU

1

L+x’ nepBooOpasHpiMu ~ Oynyr u  ¢ynHkuums  arctgxy, u  ¢yHkuma  arctgx-10:

{arcte x)' = (arctg x —10Y = !

t+x* | Jlnst Toro, 4ToGBI OMHMCATH BCE MHOKECTBO IepPBOOOPA3HBIX
dbyHK1IUU f(X), paccMOTpUM
CaoiicTBa epBoo0Opa3HOIi.
1. Ecmu ¢ynkuus F(x) - nmepBooOpasHas ans ¢yHkuuu f(x) Ha mHTEepBasie X, TO
byukuus f(x) + C, tne C - npou3BoibHAs MOCTOSIHHAS, TOXKE OyzeT nmepBooOpasHon as f(x) Ha

srom mrrepsare. (Jlok-so: & ) =Fx)+C) = flx) ).

2. Ecnu ¢ynxmus F(x) - Hekoropas nepBooOpasHas st QyHKUIUHU f(X) HAa UHTEepBaie
X=(a.b), To mobas apyras neppoodpaznas F1(x) MoxeT ObITh mpeacTapieHa B Buae Fi(x) = F(x)
+ C, tae C - noctosiHHas Ha X QyHKIHMS.

3. Jiis o601 iepBooOpaszHoii F(x) BeimonHsieTcs: paBeHCTBO dF (x) = f(x) dx.

W3 stux cBOWCTB ciexyet, uro eciu F(x) - HeKoTOpas mepBooOpasHas GyHKIUU
f(x) Ha wnHTepBase X, TO BCE MHOXECTBO NEpBOOOpasHBIX (yHKIuH f(x) (T.e. (QyHKUIUH,
UMEIOLINX TMpou3BoAHYIO f(x) m muddepennuan f(x) dx) Ha 3TOM HHTEpBaJIe OMHCHIBACTCS
BeipakeHueM F(x) + C, rae C - npou3BoIbHAs TOCTOSIHHAS.
Heonpenesennblii HHTErpaJi, ero CBOMCTBA.

: x)Ha(a b
Onpedenenue. MHOXECTBO BCEX INEPBOOOPA3HBIX F(,},:l + Cz[na (hyHKIMH f ( ) ( ! :I
Ha3bIBAIOT  HEONPeOeNeHHbIM — UHme2panoM W 0DO3HAYAIoT

Jfdx f(x)
flx)dx .

. o X o
MOAMHTETPAJIbHON  (QyHKIMEH, — TOAUHTETPAJbHBIM BBIPAKEHUEM, ~ — [IEPEMEHHOU
WHTEIPUPOBAHUS.

Ha3bIBACTCA

Cesoiicmea neonpedeneHHozo uHmezpana

J(fe) £ 90))dx = [ F(x)dx+ fg(x)d.r;
, JkfG)dx =k [ fx)dx.

, d(f f(x)dx) = f()dx,

. (Jfo)dx) = fQx),

JdF(x) = F(x) + C.

TZﬁHHI[a HeOHpe):[eJIeHHBIX I/IHTeraHOB.
y Jodx=c
2) [ldx=x+ C,
, Jxede= a:i +C (a=-1)
y “— —In|x|+C (x # 0);

[a*dx =]G—I+C (a>0,a%1), [eXdx=e"+C
5) na .

2



g Jsinxdx=cosx+C
y Jeosxdx=sinx+C,

ﬂl' T
[ J‘E =tgx +C (.xv—'“;+JTR',R'EZ)
8) cos?x 2 ;
d -
| [ =—cgx+C (x #nk, k€ Z)
9 sin“x 5
d -
f1+12 =arctgx + C
10) x ;
d -
| _]'1:2 = —arcctg x + C
11 x ;
dx 1+x
12 f1—x2 == +c
) ;
dx .
| [ % — arcsinx + C
13) © vi=x ;
d -
[ 1"_2 = —arccosx + C
14) © Vi-x

IIpocreiimme npueMbl HHTETPUPOBAHHUS: HEMOCPEACTBEHHOE HHTErPUPOBaHNE, METO
NMOACTAHOBKH. MeTo/ HHTerpupoBaHus 1Mo YyacTsiM. UHTerpupoBanue panuoHaJIbHbIX
apobeii. Pekyppentnasi ¢popmy.ia.

1. Memoo nenocpeocmeennozo unmezpuposanus.
WHTerpan BBIYUCIAETCS C MOMOLIbIO TAONUIBI OCHOBHBIX HEONPEAEICHHBIX HHTETPAJIOB U IPaBHII

MHTETPUPOBAHHUA.
2. Memoo 3amenvl nepemenHoil.

. . x)dx .
[Tycts TpeOyeTcs HalTH HeolpeAeTICHHBI UHTErpal f -f ( ) , KOTOPBIM HEJIb3sl BBIYMCIUTEL C
MIOMOLIbIO TaOJNUIBI UHTETPAJIOB M NPaBWII HHTErpupoBaHus. O003HAYNM MOAMHTETPAIbHYIO (YHKIHIO

WIA €¢ YacTh 32 HOBYIO MEPEMCHHYIO g{'k) - f. BhIpazum mnepeMeHHYO .qup%f:.}i - (P(fjn
. dx:
HaleM

dx =de(t) = (p’(f)df'
Takum 06paszom, ‘Iﬂf(k)dk B f f({"a(f))q}! (f)df.

3. Memoo unmezpuposanusa no wacmsam.

Ulx) u V(x)
[lycts dhyHKIIN MMEIOT HeTIpephIBHBIE IPOU3BOHBIC HA HEKOTOPOM MTPOMEKYTKE

(a; b) . Torga Ha 3TOM MPOMEXYTKE CIipaBeaarBa (opMysia HHTETPUPOBAHUS 110 YaCTSIM:
[Udv = UV — [vdu

Kak IpaBUJIO, JAHHBIM MCTOAOM IMOJB3YHKOTCA, KOIITa NOAUHTCTpPAJIbHAA (1)YHK]_[I/I$I npeacTaBjICHA

dV

npousBeneHneM (yHkuuii. Torga ogHy (yHKIMIO 0003HAYaIOT 32 ~ , a OCTaBIIEECs BBIpAKEHHUE 32 ,

Tak 94TOOBI BHOBH HOHy‘ICHHbIﬁ HUHTETpall CTal JIerde.
P(x)

4. JIng unmezpuposanus pauuoHAIbHOU @YHKYUU Q(x) , tme P(x) m Q(x) - TOTUHOMEI,
HCIOJIB3YETCs CIIEAYIONIast MOC/IeI0BaTeIbHOCTD 1IaroB:;

1. Ecmu apo6b HempaBmiibHas (T.e. creneHb P(x) Oonbmie cremenn ((x)), mpeoOpa3oBaTh €€ B
MPaBUJIBHYIO, BBIICIHB 11€70€ BhIPaKECHHUE;

2. Paznoxkuth 3HameHaTenb (Q(x) Ha MPOU3BEJACHHE OJHOWICHOB /WM  HECOKPAaTHMBIX
KBaJIPAaTUYHBIX BBIPAKCHUH;

3. Pa3ioxuTh panlioHAIBHYIO IpO0h Ha MPOCTEHIIINE IPOOH, UCTIONB3YS Memo0 HeoNnpeoeleHHbIX

KO3 puyuenmos;
4. BbUMCINTB HHTETPAJBI OT IPOCTEHIINX APOOEH.



PaccmoTrpuM ykazanHbIe maru 6oiee moapooHo.

Ilacz 1. Ilpeobpazosanue HenpasuIbHOIU PAUUOHATILHOU OPOOU

Ecnu npoOb HempaBuibHas (T.e. cTeneHb uncnutens P(x) Oonbine crenenn 3HameHarens Q(x)),
pazaenum MHorowieH P(x) Ha Q(x). Ilomyunm cnenyromiee BeIpakeHHE:

P(x) Riz)  P(x)
=F [x) + .
Q(x) Q(x] rae Q(x). MpaBUIbHAS palliOHaIbHAS APOOb.

1laz 2. Paznoscenue 3namenamens Ha npocmeiiuiue opoou
3anuireM MHOTOWICH 3HaMeHaTest Q(x) B BUIE

o £ 2 M 2 v
Qlx)=(x-a) - (x-&) [x +px+g) (x +rx+s) .
e KBaapaTHyHble (PyHKIUU SBISIOTCS HECOKPATHMBIMH, TO €CTh HE UMEIOIIUMHU JISHCTBUTEIHHBIX
KOpPHEH.
a2 3. Paznoscenue payuonaibHoi Opoou Ha cymmy npocmeiuiux opooeil.
3anuiieM panroHANbHYIO (PYHKIUIO B CIEAYIONIEM BHIE:

Blx)__ 4 PO W +A“-1+_ PRSP S _+Bﬁ'1+

Ox) (x-a)" (x-a) = x-a | (x-&Y (x-3YT T x-d
Ex+L . Ex+i F1+_“+K;_1x+.£w1+m+ Mx+ & . M1X+Mv_1+...+M‘;‘IX+N"“I.
[xz+px+q) [x2+px+qj N (x2+rx+sj [x2+rx+5) rHrxts
Oo6mee unciio HeomnpeneneHHbIX koddduimenToB A; ,Bi, K;, Li, M;, N;, ... TOMXHO OBITH PaBHO

crerneHu 3HameHatens Q(x).

3areM yMHOXHM O0€ YacTH MOJIYYEHHOTO YpaBHEHMs Ha 3HaMeHaTenb (Q(x) W TNpHpaBHIEM
K03 GHUUMEHTHl NPU ClaracMbIX ¢ OJMHAKOBBIMH CTENEHSAMH X. B pesynprare Mbl HOIYyYUM CHCTEMY
JTUHEWHBIX YPaBHEHUH OTHOCHUTEIIEHO HEM3BECTHBIX KodhduumenToB A; ,Bi, Ki, Li, M;, N;, .... JlanHas
cUcTeMa BCerJa MMeEeT eAWHCTBeHHOoe pemeHune. ONHCAaHHBIM alrOpUTM IMPENCTaBIsieT co00M Memod
HeonpeodeleHHbIX Ko3ppuyuermos.

1llaz 4. Humezpupoeanue npocmenumiux payuoHaibHulx opooeil.

[Mpocreiitme npobu, MOTyYCHHBIE TIPU PA3IOKCHUN MPOU3BOJIBHOMN MPAaBUIBHOW PallMOHAIBLHON
JIpoOH, HHTETPUPYIOTCS C TIOMOIIBIO CISAYIONINX MECTH POPMYIL:

‘r c:t’x=1n|x—.:z|
1. Yx-a

A 1

‘r dx =
3 1
2 el (1K) (x-a)
V 1po6eii ¢ KBaIpaTUUHBIM 3HAMEHATEIEM CHaYaIa HEOOXOIMMO BBIIEIUTH HOJIHBIA KBaIpar:

Ax+ 8 =J- Ax+ &

3 E -
(xj +px+q) (£2+m2:]
dg - p* A
t=x+f 242 pop P
e 2 4 2 3areM NPUMEHSIOTCS CIEAYIOIHE (OPMYIIBL:
i 1, 14
‘I‘ﬁ = —].n I[f + )
3. YE T 2
f e _ 1
3 E-1
4 S (E+et) 2(1-E) (£ +m?)
df 1 ¢
Iﬁ = —arctg —
5. v tm & m

it
I ( E mz)"'
Wnrerpan MOXKET ObITh BBIYHCIICH 3@ k IIaroB ¢ MOMOIIBIO (POPMYJIBI PELYKIIHU

. : (23 d
(Frnd ) 2nd (k-1 +ad) 2w (E-T)

(52 + mg).&a—l'



1. ®opmynsl TpHUBEACHHUS MO3BOJSIIOT TMOHW3WTH WM TIOBBICHTH CTENEHb IOABIHTETPaIbHON
(GYHKIMH U TOCTIEIOBATEIbHO CBECTH MHTETPAN K H3BECTHOMY. DTOT MPOIECC MOKHO PaccMaTpHUBaTh Kak
3aJlaHue peKyppeHmHou @yuKyuu, TO ecTh Takod (YHKUWH, BUI KOTOPOW oOmpenenseTcss depe3 eé
3HAYEeHHS MPU MEHBIIEM 3HAYeHWH HEKOTOpOTO Mmapamerpa. B Hamewm ciydae 3TM mapameTpom Oymer
MOKa3aTelb CTENEHH.

Paccmotpum uHTErpan Buaa:

Ju@ra, oo

_ n
[IpuMmeHNM K HEMy WHTETPHPOBAHKE TIO YaCTSM, ITOJIarast U= [f (I)] , TOT/a:

[If@I"dz = alf@)" =n [1f@)"af (@) dz.

Ecmm yaacTcs KaKUM-1100 crocooom npeaACTaBUTh HUHTCTpal
[ @ ef (@) de = (@) + C @) do

!
(BO3BMOXKHO cozeprkaiasi Kakoi-To HHTerpasl GyHKIuH oT-L'n f (I), HO He copeprkaras B iBHOU (popme

, The Q(I)— HEKoTopasi (DyHKITHS

k
HHTErpajl OT [f (I )] 1 ke N), C = const, ro mMer Mmoxem BBIPA3UTh UHTETPAJ Yepe3 UHTErpa ¢
MEHBIIEH CTENEHBIO:

] n—1
[l e = p(@) + € [[f(@)]" " do
WIH, €CTIM PaccMaTpUBaTh MHTErpall Kak pyHkuuto napamerpa i:
Iﬂ = "1'9(:1:) + Cfn—l-
Bamensin Timall + 1, OyleM HMETh BBIPaXCHHE, CBS3BIBAIOIEE MOCIEAYIOUIee 3HAYCHUE C
MPEABLIYIIIM:
Iﬂ-+1 = "'.P{I) + CI‘H'
B o0miem ciyuyae:
Iﬂ-+1 = "1'9(:1:) + C‘J_In + CEIn—l + ...
3agaya 0 HAXOKACHHM IUIOIIAAW KpHUBOJIMHeiiHON Tpanmeunu. IloHsTHE HMHTerpajJbLHOM
cymMbl. OnipenesieHHbIH HHTErpa.
Borunciienue miomaa KpUBOJUHECHHOH TPanenum.
[Tycte Ha oTpeske [a,b] (b>a) 3amana HenpepbIBHAS QYHKIHS y = f(X) , MpUHUMArOIIAs Ha

Fix) 2o x e [ab]
TOM OTpPE3KE HEOTPUILATEIIbHBIE 3HAYCHUS : pu . Tpebyercst onpenenutsb

momanas § kpuBoguHenHoW Tparneuuu ABCD, orpaHuueHHON CHHU3Y OTpe3koM [a,b], cieBa u

cmpaBa - HpsIMbIMM X = a W X = b, cBepxy — ¢yHkuumeit y = flx).
¥ ¢ ¥ ) C
7 i
7 |
B j Vo
B N
on P4 i
N g i
APt P |2 1H
>

/‘xlfx21'q?3 /JM fxs [ xﬁ[ j;:x?'x _a=x|;.l | ="
a4 9 &4 5 % &

Jns pemieHust 3ToiM 3aja4u pas3ieauM MPOU3BOJIBLHBIM 00pa3zoM ocHoBaHue AD (urypsl
TOYKAMH X0 = d, X1 ,X2, ..., Xn-1 = @, Xo = b Ha n vacreni [xo x1], [x1 .x2], ..., [xi-1 xi], ..., [xXn-1

f'i".).‘!!' =Xy X !'_1;.!.! =1,2,...,J’I. Ha

P o .
Xn]; cuMBooM % OyaemM 00o03HauaTh JJIMHY I-TO OTpe3Ka:

Ka)XJIOM U3 OTpe3KoB [xi-1 ,.xi] BeIOEpEM NMPOU3BOJIIBHYIO TOUKY '51', Haiiém f (éf:', BBIYUCIIUM



IPOM3BEICHUE FCxs —xi1) = flep)ox; (3T0  TpoM3BENEHHE ~ pAaBHO  ILIOMIAIH

npsIMOyToJIbHHUKA P; ¢ OCHOBaHMEM [Xi-1 ,X;] ¥ BRICOTOM = ) ¥ IPOCYMMHUPYEM 3TH TPOHU3BEICHHS
o BCEM MPSIMOYTOJIbHUKAM. [Tonyyennyro CyMMY 0003HaUUM S cryn:

Serym = FG ey + Fl&p)bhxg +. + Fila-1)dxy 1 + F oy )boxy = Z.f(éi)ﬂxi

i=1 ‘
Scryn paBHO IJIOLIATU CTYNEHYaTol (QUrypsl, oOpa3oBaHHOW MpsMOyrodbHUKamu P, i =
1,2,...,n; Ha JIEBOM PUCYHKE 3Ta IUIOLIA/(b 3AIUTPUXOBAHA. Scryn HE paBHA MCKOMOH miomaau S,
OHa TOJIBKO AT HeKOoTopoe npubmmkeHue K S. s Toro, 4To0bl ymydIuTh 3T0 IPUOIIKEHHE,
OyzeM yBeIN4MBaTh KOJIMYECTBO I OTPE3KOB TaKUM 00pa3oM, 4TOObI MaKCUMaJbHAs JIMHA ITHUX

max  fx;
OTpE3KOB ¥ 1:2 H CTpeMHJIach K HYIIO (Ha PUCYHKE CTyNeH4YaTbie (PUTypbl M300paKeHbI
max Sy — 0 —> o)
npu n = 7 (cneBa) u ipu 1 = 14 (cupasa)). [pni =12 = pazHHIA MEXAY Scryn
u S oynet TOXE CTPEMHUTBCSA K HYJIIO, T.C.

§= i Zf(&; YAx;

% i=1
i=12,. .
Onpenenenue onpene.ﬂéﬂﬂoro HHTerpaJa.
[Tycte Ha otpeske [a.b] 3amana ¢yukuus y = f(x). Pa3oObém oTpe3ok [a,h] mpou3BOILHBIM
00pa3oM Ha n 4acTell TOUYKamH [Xo xl] [x1.x2], ..., [xi-1 xi], ..., [xn-1 Xu]; MHY i-TO OTpE3Ka
by Py =xymxyoi=12, m

0003HauNM ; MAaKCHUMaJIbHYIO M3 JJIMH OTPE3KOB 0003HAYUM
A A= mas Ay
. &
£=1,%...%  Ha xaxaoM H3 OTpe3koB [Xi-1 ,x;] BEIGEpeM NpPOM3BONBHYIO TOUKY =i m

COCTaBHM CYMMY

n
a= (& )by + F (&) 8xg 4o+ f (a1 )hxg oy + F (Gn dhixcy =2, F&1) 00
i=1
Cymma < HasplBaeTCs MHTErpalbHON cymmon. Ecmm cymectByeT (KOHEUHBIN) TIpenen
TIOCTIEIOBATENBHOCTH HMHTErpanbHbIX cyMM “mpu 4 =0 | me sapucammii mu or cmocoba
pazbuenus orpeska [a,b] Ha dwactu [xi-1 ,x;], HU OT BBIOOpa TOUYEK éf, 10 GyHKIUSA f(x)

Ha3bIBAeTCsl MHTErpUpyeMoil Mo oTpe3ky [a,b], a 3TOT mpeaen Ha3bIBaeTCs OINpeeEHHBIM
UHTETpajoM oT GyHKImH f(x) 1o oTpe3Ky [a,b] u o6o3HavaeTcs

[ (o

OyHkus f(x), KaKk ¥ B cllydyae HEOINpeelIEHHOI0 MHTErpajia, Ha3bIBaeTCs MOABIHTErPaTbHOM,
yucaa a@ U b - COOTBETCTBEHHO, HIDKHUM U BEPXHUM IMpeleflaMH HHTETPUPOBAHUSL.
Kparko omnpenenenne nHOIA 3alMChIBAIOT TaK:

[fx)de = lm ¥ by
a max hx; —>EI! 1
i=1,2,

B stom ompenenennn npeanonaraercs, 9ro b>a. Jns apyrux ciydaeB MpuUMeM, TOXKE IO



OMPCACIICHUIO:

b b @
[ (e =0 [£ o) = ~[ £ (x)de
Ecnu b=a, To @ ; ecii b<a, To 2 b .
Teopema cymiecTBOBaHHS ONpeIeIEHHOTO HHTErpaJa.
Ecnu dynkmus f(x) HenpepbiBHA Ha oTpe3ke [a,b], TO OHa HHTETpUpyeMa 1O STOMY OTPE3KY.
I'eomeTpuueckuii cMbICJ ONpeaeIEHHOT0 MHTErpaJa.
b
[£ (o)
Ecmu f(x) >0 na orpeske [a,b], To 2 paBeH IUIom@aau KpuBoauHeiHon tpaneunun ABCD,
OTpaHUYEHHOM CHU3Y OTpe3koM [a.b], cieBa u cmpaBa - IpsIMBIMU X = @ U X = b, cBepxy —
dynkmmeit y = fx).
®opmyaa Herorona-Jleiil0nuna. OcHOBHBIE CBOIiCTBA ONpeAeIeHHOT0 HHTerpaJa.
Boruncienue onpenenénnoro narerpana. ®opmyna Herorona-JleiiOnunna.
Ecnu f(x) nenpepriBHa Ha oTpeske [a, b], u F(x) - HekoTopas nepBooOpa3Has GyHKIIHH

IR
b
[f(x)dx = F @) - F@

@®opMyJia HHTETPUPOBAHUSA O YACTAM JJIsl ONpeneéHHOro uurerpaja. Ecim u(x),
v(x) - HenpepbIBHO muddepeHnupyemMbie GyHKIINN, TO
b 3 b
Iu'dv = uv| —Ivdu
i
[} 7] .
3amena mnepeMeHHOW B omnpeneJéHHoM wuHTerpaae. Teopema. Ilycts ¢yHKIUS
x = @(z)

1. orpeJiesieHa, HenpepbIBHO AU(depeHnrpyemMa 1 MOHOTOHHA Ha OTpe3Ke [, 8] ,
, P@=a@®=b
3. byHKIUSA fix) HenpepbIBHA Ha OTpe3ke [a, b].

Torma

b A
[ Fxia = [ Flownowa

c

CpoiicTBa onpeaeéHHOI0 HHTErpaJa.
1. JIuneitnocts. Ecnn dynkium y = f(x), y = g(x) uHTErpupyemsl 1mno otpesky [a,b] , To
10 ATOMY OTpPEe3KYy HHTErpupyeMa uX JInHeiHas komOuHatwst Af(x) + Bg(x) (A, B = const),
b

b b
[14F (x) + Bg(x)de = A[ f (x)dx + B[ g(x)dx

2. ApautuBHocth. Ecnu y = f(x) unTerpupyema mno oTpe3ky [a,b] u Touka ¢
MPUHAJJIEKUT 3TOMY OTPE3KY, TO

b c b
[£Gods = [ £l + [ £(x)d

3. HuTerpan or exuanynoii pynkumu(f(x) = 1). Eciu f(x) = 1, To



b B
[ £ (x)de = [de =b-a

4, Teopema 00 MHTerpupoBaHNMH HepaBeHCTB. Eciu B 11000 TOuke x &[a,b]
BBIIIOJIHAETCSI HEPABEHCTBO flx)<g (xj’ u ¢yukuuu f(x), g(x) UHTErpUpPYEMBbl IO OTPE3KY
[a,b], TO

] B
If (x)dx < J‘glix)dr
i 2

5. Teopembl 00 OLleHKe HHTErpaJa.

5.1. Eciut Ha otpeske [a,b] GyHKIMS YIOBIETBOPSIET HEPABEHCTRY RGO , TO

b
m(b-a) < [ f(x)de <M(b-a)

5.2. Ecu pynknus f(x) uHTErpHpYyeMa 1Mo oTpe3Ky [a,b], To
b b
[ (dede| < [ Gl
1] 1]

6. Teopema o cpexnem. Ecnu f(x) HenpepbiBHA Ha oTpe3ke [a,b], TO cymiecTByeT ToYKa

€€ [a,B] , TaKasi 9To

b
[ (xide = Fe)l-a)

IIpocTreiilue npuioKeHUs ONpeaeIeHHOT0 HHTerpaJa.

Beime Obul  ommMcaH TEOMETPUYECKHH CMBICH —ONpEACICHHOTO WHTerpasa — IUIOIaib
KPUBOJUHENHON TpANEIIUN.

Ecim xe f (x) < 0 Ha [a ;b], TO —f (x) > 0 Ha [a ; b]. [looTOMy momanp SCOOTBETCTBYIOMIEH

KPUBOJIMHEMHOM Tpaneuuu HaxoauTes o Gopmyie
E

.5'=—Jrj'[x|dx 5=
2 WA 2)

Haxkonen, ecnu nuaus y = f (x) nepecekaer ock Ox, TO OTpe30K [a ;b] HagO pa3dUTh Ha 4acTH, B
mpejieNnax KOTOpBIX f (X) He MEHSeT 3HakKa, W K KaXIOW YacTH MPUMEHUTh Ty u3 dhopmyn (1) nmm (2),
KOTOpasi € COOTBETCTBYET.

BerunciieHre AAWHBL IYTH U IIOMIAA TOBEPXHOCTH.

Jnunoni dyeu HazpIBaeTCs Npenen, K KOTOPOMY CTPEMHUTCS UIMHA JIOMaHOW JIMHWH, BIMCAHHOM B
9Ty JIyTY, KOTJIA JUTMHA HAUOOJBIIETO 3BeHA JIOMAHOM CTPEMUTCS K HYJIIO.

Jnunal nyru AB, 3anannoii ypasaenuem P =fix1, x € (@8] (f (x) — (ynxmus, HMgmmaﬂ Ha [a ;b]

K

J_,f'[xld.x

2

= J1+37 ax
HEIPEPHIBHYIO MPOH3BOJHYIO), BBIPAJKAETCA bopmynoii 2 4
a iomagb S TOBEPXHOCTH  BpalleHUs dTOM  ayru  BOKpyr ocuOx —  ¢opMmysoi
Ob6bem  VremaB,  3aKiIIOYEHHOIO  MEXAY IUIOCKOCTIMH X = a4 ®u X = b,

y KOTOpOTO TJIOHIaAb MEPIeHIUKYIIpHOTO ocu Ox cedeHus IS KakKJIoro x W3 oTpeska [a ;b] ecThb
¢dysxmms Q (x) (Q (x) HenpepsiBHA Hala ; b)), HaxoauTcs 1O hopmyIe
b

V= | 2ix) dr
e (6)

B wactHOCTH, ecu Teno 00pa30BaHO BpAIIEHHEM BOKPYT ocnOx

KPUBOJIMHENHOM Tpaneuuu, OrpaHUuYeHHON HENPEPhIBHON KPUBOH y =




3
V=11:J Firdx
v

f(x) (f(x) >0), ocbto Ox ¥ NpsAMbIMU ¥ =&, ¥=4, (@ <&] 1o £l =nf%(x) , & 3HAUMT, WITH
3

V= TI:JI- }Ij o
2 (N

Jlexkus Ne7 (2 gyaca)
Tema: «/IudpdepeHunanbHbie ypaBHeHUA»

1 Bornpocs! JieKknuu:

1.1 OcHoBHbIE MOHATHS.

1.2 JuddepennnanbHble ypaBHeHUs MEPBOro NOpsaKa.
1.3 JduddepenuuanbHbie ypaBHeHHsI BTOPOIro MOPsIKA.

2. Kparkoe conep:xanne BONpocoB
OcHOBHBbIE IOHATHS.

3agaum, npuBoasauMe K 1uddepeHnaTbHBIM YPABHEHUSAM.

Pemennie pa3nuYHBIX TE€OMETPUUYECKUX, (UBNYECKUX U HHKEHEPHBIX 3a]ad4 YacTo
NPUBOJAT K YPaBHEHUSAM, KOTOPHIE CBS3BIBAIOT HE3aBHCHUMBIC NIEPEMEHHBIC, XapaKTEPU3YIOIINe
Ty WI HHYIO 33/1ady, ¢ Kakoil — ju0o0 (GyHKIMEH 3THX MEPEeMEHHBIX M MPOU3BOAHBIMH ITON
(GYHKINU pa3IHYHBIX TOPSIKOB.

CkopocTh pacmaia pafusi MPOINOpPLUOHAIbHA KOJUMYECTBY pajavs B JaHHBIA MOMEHT
BpeMeHu (riepuos noiypacnaaa paser 1600 ser).

CKopocTh OXJIAXACHHUS] BOJbI MPOMOPLUOHAIBFHA PA3HOCTH TEMIIepaTyp BOJABI B
pe3epByape U B OKpY’Kalollei ero cpexue.

Yacruble u o0mue pemenus.3agaya Kommu.

Huppepenyuanrvnvim ypasHeHueMHa3bIBaCTCA ypaBHEHUE, CBS3BIBAIOIIEE HE3aBHCUMYIO
NnepeMeHHy0, (YHKIUI0 3TOH mepeMeHHOM W mpousBoAHble (Wi auddepeHIuansl) 3Toi
(GyHKIHIH.

HauBbicminii mopsiiok MPOU3BOJAHBIX, BXOMAIIUX B YpaBHEHUE, HA3BIBACTCS MOPsAOKOM
ougpepenyuanbHoco ypasHeHus.

Obwum unmezpanomnupepeHuaIbHOTO ypaBHEHHS Ha3bIBaeTCs J1I000€ ypaBHEHHE, He
cojiepKaliee MPOU3BOJHBIX M IU(PEepeHInanoB, sl KOTOPOro JaHHoe auddepeHnunanbuoe
ypaBHEHHE SBJISIETCS CIEACTBUEM.

Humeepanvuoti KpusotiHasbiBaeTcsl Tpapuk y = @(x)pemenus auddepeHunanbHOro

ypaBHEHUS HA INIOCKOCTH xOy.

Obwum pewenuemaudGepeHINaTBHOTO YpaBHEHUS TIEPBOTO MOPSAKA HA3bIBACTCS TaKas
muddepenumpyemas yHkius y = @(x,C), KOTopas IpU MOJICTAHOBKE B MCXOJHOE ypaBHEHUE

BMECTO HEM3BECTHOM (YHKIIMU 0OpaIiaeT ypaBHEHHE B TOXKIECTBO.

Ecnu npu kakux-mu00 HadajgbHBIX YCIHOBHMSIX X =X,, Y(X,)=1y, CYIIECTBYET TaKoe
3Hayenne C =C,, mpu KOTOpPOM peuieHneM au(p(HepeHInaIbHOT0 YpaBHEHHs SBISETCA
byHKIISA y=0¢x,C,), TO byHKuus y=0¢(x,C,) Ha3bIBACTCS 4QCMHbIM

pewenuemupepeHInaIbHOTO YpaBHEHUSs IEPBOTO MOPS/IKA.
3aoauen Kowuna3piBaeTCd HAaXOXIEHHE YACTHOTO pemeHus auddepeHnaIbsHoro
ypaBHeHus BUja y = @(x,C,), yAOBIETBOPSIOIIErO HAYAJIBHBIM YCIOBUSAM Y(X,) = Y, .

JuddepeHuuajbHble ypaBHEHUs IIEPBOIO NMOPSAKA.



JAuppepeHnnaibibie  YpPaBHEHHSC  pas’feleHHbIMH M pa3IeJsaiolUMHCH
nepeMeHHBIMH.
Huddepennuansnoe  ypaBaenue ) = f(x,y) Ha3bIBACTCS  ypasHeHuem  C

PazoenaomuMuca nepemMerHsiMu, €CIIM €ro MOKHO 3anucath B Buue ' = a(x)B(y).
Takoe ypaBHEeHHE MOXKHO MPEJICTABUTD Takxke B Buae: X (x)dx+ Y(y)dy =0;

j X (x)dx + j Y(y)dy=C
Tlocne HaxXOXIACHUA COOTBETCTBYIOIIMX HWHTETPAIOB II0JIYy4YacTCA o61uee pe€uicHuc
TuQepeHIaIbHOr0 YPaBHEHUS C Pa3ACISIIOIIUMUCS TEPEMEHHBIMH.
Ecnun 3aJaHbl HaA4YaJbHBIC YCJIOBHsA, TO IIpU HUX IIOACTAHOBKE B 06mee pE€UICHUC
HaXOOUTCA IMOCTOsSIHHAas BECJIMYMHA C, a, COOTBCTCTBCHHO, U YaCTHOC PCIICHUC.

JIuneiinslenudpepeHnuaibHbIe ypaBHEHHS NIEPBOI0 NMOPSAAKA.

JuddepenunansHoe ypaBHEHHE Ha3bIBACTCS JUHELUHbIM OTHOCUTEIHLHO HEU3BECTHOM
(GYHKIHMM U €€ TIPOU3BOJHOM, €CIIM OHO MOXKET OBITh 3alMCaHO B BUJIE:

Y+ P(x)y = Q(x),

IIpU 3TOM €ClIM IpaBasl yacTb (J(x) paBHA HYIIO, TO TaKOE YPaBHEHHE HA3bIBACTCS JIUHEUHbIM
00HOpoOHLIMINb D EepeHIIMATFHBIM YPaBHEHUEM, €CJIHM IMpaBas 4acTb (J(X) HE paBHA HYIIO, TO
TaKoe YpaBHEHUE HA3BIBACTCS JUHEUHbIM HEOOHOPOOHLIMAN(PHEPECHIINATHHBIM YPAaBHEHUEM.

Cytp MeTona bepHysin 3akirodaercs B TOM, YTO MCKOMas (PYHKIMS MPEACTABISETCS B
BU/JIC MPOU3BECHUS IBYX QYHKIUNA Y =uv.

, dv du
[Ipu sTOM O4eBHIHO, YTO )’ =u o +v- ol muddepeHIMPOBaHNE 110 YaCTSIM.
x

X
IToxacraBisisg B HCXOJHOE YpaBHCHHEC, ITOJIYUACM:

uﬂ + vﬂ +P(xXuv=0(x) wm u dv + V(@ + P(x)uj =0(x)
dx  dx dx dx

Jlanee crnenyer ycioBUE — BbIpaXKEHUE B CKOOKaX NMPUPABHUBACTCA K HYJIO U HaXOJUTCS
byHkuus u =u(x), 3aTeM apyras QyHKIHsL.

Oanoponnblie TuddepeHunaIbHbIE YPABHEHUS.
OyHkuMs f(x;y) Ha3bIBAETCA OOHOPOOHOU N — 20 U3MepeHus: OTHOCUTEIbHO CBOMX

apryMeHTOB X W Yy, €CIU A J1000ro 3HaueHHs mapaMmerpa t (KpoMe HyJsl) BBIIOJHSETCS
ToxkaecTBo: f(tx,ty)=t" f(x,y).

JuddepenumansHoe ypaBHeHHe Buaa )’ = f(x, y) Ha3pIBaeTCs OAHOPOIHBIM, €CIH €r0
npaBast 4yacTb f(x;y) €cTb OJHOpPOAHAs (YHKIUS HYJIEBOIO M3MEPEHHS OTHOCUTEIBHO CBOMX

apTyMEHTOB.
JIroboe ypaBHeHue Buna P(x,y)dx+Q(x,y)dy=0 sBusgercs OIHOPOJHBIM, €CIH

byakuuu P(x, y) u Q(x, y) — omHOpOIHbIE (YHKIIUHA OJMHAKOBOTO U3MEPEHHUSI.
Pemenune 1106010 OJHOPOIHOTO YPaBHEHUS OCHOBAHO HA MPUBEACHUH ATOTO YPaBHEHUS

K YPaBHEHHIO C Pa3/IeNIONIMMHUCS IEPEMEHHBIMH MOJICTAHOBKOM BUJIA ¢ = 2 Y =tx+t.
x

JuddepeHnnanbHbie ypaBHEHHsSI BTOPOTO MOPSIAKA.

Ju¢depeHunanbHbie YPABHEHHs, 10IYCKAIOLIHME OHMKEHHE NMOPAIKA.
Hugpdepenyuanvrviv ypasnenuem nopsioka n Ha3blBaeTCs ypaBHEHHE BUJA!
' (my —
F(x,y,y...,y")=0
B HEKOTOPBIX CIIydasX 3TO YpaBHEHHE MOKHO Pa3pellUuTh OTHOCUTEIbHO y™:

v = 0,y e ).



Tak Xe KaKk M ypaBHEHHE IIEPBOTO TMOPSIKA, YPABHEHHS BBICHIMX MOPAIKOB MMEIOT
OECKOHEUHOE KOJMYECTBO PEIEHHIA.
Pemrenue y = @(x) YIOBIETBOPSET HAYAIBHBIM YCIOBHAM Xo, Vo, Voo VS, €CIH

(P(xo):yo’ (P’(xo):y('n ceer (p(n—l)(xo):yén—l).

Haxoxnenue pemenus ypaBHenus F(x,7,)',...,»")=0, yroBieTBOpsIOmEro

(n=1)

Ha4aJIbHBIM YCJIIOBUAM X, V,, y(') 5o Vo , Ha3bIBACTCA peuteHuem 3aoavu Kowu.

Teopema Kowwu. (Teopema 0 HEOOXOIUMBIX M JOCTATOYHBIX YCIOBHUSX CYIECTBOBAHUS

o -1
pemenns 3amaun Komm): Ecnu ¢yuxyus (n-1) —ii nepemennvix euoa f(x,y,y ..,y )6
Hekomopoul obracmu D (n-1)- mepnoco npocmpancmea HenpepviéHa U umeem HenpepvleHbie

(n-1)

-1
yacmmuvle npoussoonvie no y,y',..,y"", mo xaxosa 61 ne 6vi1a MOUKA (X4, Vs Vorn V') 6

amou obracmu, cyuwecmsyem eo0uHcmeeHHoe peuieHue y = @(x) ypasnenus

Y = £, ¥, onpedenennozo 6 nexomopom unmepeane, codepacaujem mouKy Xo,

-1
Y00671eME0pAIOUee HAYATLHBIM YCLOBUAM Xy Vs Vorers Vo .

JuddepeHnanpHple ypaBHEHUS! BBICIIMX IOPSAKOB, PEUICHHE KOTOPHIX MOXET OBITh
Hal/IEHO aHATMTHYCCKU, MOYKHO Pa3/ICUTh Ha HECKOJIBKO OCHOBHBIX THIIOB.
Vpasuenus Buma y' = f(x), F(x;y;y")=0, F(y;y';y") =0 Ha3bIBAIOTCA HENOIHbIMU
oughghepenyuanvuvimu ypasHenusmu, TOMyCKAIOIIUMHU TOHIKEHUE TIOPSAKA.
[Moumxkenune mopsaka auddepeHInaTbHOr0 YPaBHEHHS — OCHOBHOM METOJ PEIICHUSI
YPaBHEHHUIl BHICIIMX MOPSAKOB. DTOT METOJ JaeT BO3MOXXHOCTh CPABHUTEIBHO JIETKO HAXOAUTh
pelieHue, 0THAKO, OH MPUMEHHM JIAIEKO HE KO BCEM YPABHCHHUSIM.

Bung 1Y Oco0eHHOCTD Crnioco6 pemieHus

y'=f (x) He conepxariee y u y' JIByKpaTHOE MHTETPUPOBAHUE
F(x;y59")=0 He conmepxaree y [ToacranoBka y' = p(x), y" = p'(x)
F(y;y;y")=0 He conmepikaree x [MoacranoBka y' = p(y),y" =p'-p

CTpykTypa o00mIero pemeHusi JHHEHHOro OJAHOPOAHOro audgepeHnuaIbLHbIE
YpaBHeHUA. XapaKTepPUCTHYECKOEe YPABHEHHE.

@ynkumn y,(x) 1 y,(X) Ha3BIBAIOTCS JUHEUHO HE3a6UCUMbIMU HA UHTEpPBaNe (a;b), eciu

paBeHCTBO «,y,(x)+a,y,(x)=0, rae «;,a, € R, BHIIIOIHAETCS TOrJA M TOJIBKO TOrJa, KOTrjaa

o, =a,=0.
Qynkuun y,(x) U y,(x)auneiino 3aéucumevl Ha UHTEpBane (a;b) TOrAa U TOIBKO TOT[a,
X
KOTJa OHU IPONOPLMOHAIBHBI, T.€. U1 BCeX X € (a;b) BBINOIHACTCA PaBEHCTBO % =A,
Yo (X

A —const.

Jlunetinoim 00HOpoOHBIM Oughhepenyuanvuvim ypaeuenuem (JIOY)emopoeo nopsoxa
Ha3bIBaeTCs ypaBHEeHHE BUaa y' + p(x)y' +q(x)y =0, tae p(x) u g(x) — QyHKIHMH, 3aBUCATIIIE
OT apryMeHTa X .

Teopema. Ecin dynkuuu y (x) u y,(x) SBIAIOTCS YaCTHBIMHM PEIICHUSMH YpaBHEHUS
Y+ p(x)y'+g(x)y=0, TO pemieHHeM OSTOrO ypaBHEHHS SBJSIETCS Takke (QyHKIHS
y=Cy,(x)+C,y,(x), rne C, u C, —IpOHU3BOJIbHBIE IOCTOSHHBIE.

@ynoamenmanvrot  cucmemou  pewenuti  JIOJY emopoco nopsoka HazBIBaeTCs
COBOKYITHOCTb JBYX JTMHEHHO HE3aBUCUMBIX PeIIeHUN Y, (x) U y,(x).

Teopema (cmpyxmypa obwezo pewenus JIOAY emopoco nopsoxa). Ecnu nBa 4acTHBIX
pewenust y,(x) u y,(x) JIOAY BTOporo nopsaka o0pa3yroT (yHIAMEHTAIBHYIO CHCTEMY, TO



o01uMm pelIeHueM 3TOrO ypaBHEHHS SABIISICTCSA COBOKYITHOCTb byHKIni
y=C-yx)+C,-y,(x),rne C,,C, eR.
Ecmu ko3 dummentsl p W g NOCTOSHHBI, TO ypaBHeHUE y"+ py' +qgy=0 Ha3bpIBaeTCs

JIUHENHbIM OOHOPOOHBIM OUPPepenyuanrbHblM YPasHeHuem 6mopoco NopsoKa ¢ NOCHOSHHbIMU
Koaghhuyuenmamu.
Xapaxmepucmuueckum  ypaenenuem  JIOAY — emopoeo  nopaokay"+ py +qy=0

Ha3BIBAeTCA KBAIPATHOE ypaBHeHHeE Bua k° + pk+¢q=0.

Bung 1Y Hazsanue Crnioco6 pemeHus
V'+p-y+qg-y=0 JJOLLY ¢ C noMoIIbIo XapaKTEPUCTUYECKOTO YpaBHEHUS
HOCTOSIHHBIMU kK>+p-k+qg=0:
kodpurmenTamu

a) D>0: km:—lﬂjﬁz y=Ce"* + e,
6) D=0: klzkzz%j y=C,e"" +C,xe"";

— dg — p>
B) D<0: a= p;bz -pP _,
2 2

y=Ce"" cosbx+C,e" sinbx;

IHoa0op yacTHOrO pemieHusi MO0 BHAY NPAaBOH YACTH JHHEHHOr0 HEOJIHOPOIHOIO
aupPepeHunajIbHbIe YPAaBHEHUS.
Jlunetinvim HeoOHopoouvim oupgepenyuanrvhvim ypasuenuem (JIH/[Y)emopozo nopsoka

Ha3bIBaeTCs ypaBHEHHE BHIA y' + p(x)y +q(x)y= f(x), rtae p(x), g(x), f(x) — dyaxuun,
3aBUCSIINE OT apTYMEHTa X .
Teopema (cmpykmypa obwezo pewenus JIH/[Y emopozo nopsaoka). O0mum penieHuemMm

VY, JIHOAY BTOporo nopsiaka y"+ p-y'+¢q-y = f(x) sBasgercs cymma oOIIero penieHus y, ,
cootBercTBytromero JIOAY Broporo mopsimka y'+p-y +g-y=0 U ero mpou3BOILHOTO

YaCTHOTO PEWEHUT YV, .\ Voo = Voo T Vuu-

Bun 1Y HazBanue Crnioco6 penieHus
Y'+p-y+q-y=f(x) JIHAY ¢ Buy npasoii yactu:
MTOCTOSIHHEIMH L f(x)=e*-P(x)=y,, =x -e“"P (x)

KOB(I)Q)I/IL\[}I/IGHT&MI/I I f(x)=e*" -(Pn (x)cos fx+Q, (x)sin fx ):>
Y [IPABOM YaCThIO

CHEIHUAIBHOTO BUAA | Yy, = x e (ﬁs (x)cos fx + QS (x)sin ﬁx)
[ —aucno coBnageHnit o + fi ¢ KOPHAMH
XapaKTEPUCTHUECKOTO YPABHEHUS;
§ = max {n; m};
P(x)=A; P(x)=Ax+B;
162 (x) = Ax” + Bx + C — MHOTO4ICHBI C
HeolpeIeIeHHbIMU K03 (hUIIneHTaMu




Jlekuus Ne 8 (2 yaca)
Tema: «Teopusi BEpOITHOCTH U MaTeMAaTHYeCKasi CTATHCTHKA

1 Bompocs! JieKnuu:

1.1 Teopusi BepoSITHOCTEI.

1.2 DeMeHTHI KOMOMHATOPHKH: pa3MelleHHs, MePeCTAHOBKHU, COUYeTaAHMS.

1.3 Co0bITHS, BUABI COOBITHIi: TOCTOBEPHOE, HEBO3MOXKHOE, ciTyuaiiHoe. CirydyaiiHbIe IPOLEeCcChI.

1.4 OTHoCHTebHAN YaCTOTA COOBITHII M ee cBolicTBa. Kitaccuyeckoe omnpenesieHne BePOSITHOCTH H
ee cBoiicTBa.

1.5 Caoxenue u yMHOKeHHE COOBITHIA.

1.6 CoBmecTHBIE, HECOBMECTHDIE, 3aBHCHMbIE U He3aBUCHMBbIE COOBITHS.

1.7 TeopeMbl ci10:KeHUS] U YMHOKEHHS BEPOSATHOCTEH. YCI0BHAA BEPOSTHOCTD.

1.8 Teopema nosHoii BepositHocTu. @opmyasl Baiieca.

1.9 [ousTue cayuyaiinoii Besuunnbl. [Ipumeps! ciyyaiiHbIX BeTnuuH. BUabI c1yyaliHBIX BEeJIMYHH.

1.10 JuckperHas ciaydaiiHasi BeJJMYUHA, ee 3aKOH pacnpeneaeHusl.

1.11 YwucioBble XapaKTePUCTHUKH [TUCKPETHOW cJy4yaiiHOW BeJMUYHHBI: MaTeMaTHYecKoe
OKU/aHMe, THCIEepPCHsi, CpelHee KBajgpaTudeckoe OTKJIoHenue. CBOHCTBAa MaTeMaTH4eCKOIro
oxxuaanus u qucnepenu J1CB.

1.12 HenpepbiBHasi ciay4daiiHas BejduunHa. MHTerpagbHas (yHKIHS pacnpeiejieHusi u ee
cBoOMCTBA.

2. Kparkoe coaep:kaHue BOIIPOCOB

Teopusi BepOATHOCTEH.

Teopus BeposSTHOCTEH — 3TO MaTeMaTHueckas HayKa O KOJIMYECTBEHHBIX 3aKOHOMEpPHOCTSX
MOJIETIEH CIIy4allHbIX SIBICHUNA HE3aBUCUMO OT UX KOHKPETHOW MPUPOJIBIL.

DJieMeHThl KOMOUHATOPUKH: pa3MelleHUsl, NePeCTAHOBKH, COUETAHUSL.
Komoéunamopukoii Ha3bIBaeTCs pasfen MaTeMaTHKH, H3y4YaloUi BOMPOC O TOM, CKOJBKO
KOMOMHAIUN OTIPENIETICHHOTO THUIIAa MOKHO COCTaBUTh U3 JAHHBIX MPEIMETOB (JIEMEHTOB).

Pazmewgenusamu u3 n pasInIHbIX JIEMEHTOB 110 /1 3IEMEHTOB (m < n) Ha3bIBAIOTCS KOMOWHAIINH,
COCTaBJICHHBIC M3 JAHHBIX 71 SJICMEHTOB T10 7 DJIEMEHTOB M OTJIMYAIOIINECS 00 CAMUMH DIICMEHTaMH,
JIUOO0 TIOPSIIKOM 3JIEMEHTOB.

]
Yucno Pa3udHbIX ptl&‘MEMEHMﬁ n3 n 3JICMCHTOB IIO m 3J3JICMCHTOB (0603Ha‘{€HI/IGI Aﬂ)

w_ ) _
onpenensiercs o popmyre “x =M1l =2} (m—m+1}

Hepecmanoemunu U3 71 Pa3IMYHbIX 2JICMCHTOB HA3bIBAIOTCA PA3MCIICHUS UX 3TUX 1 3JIEMCHTOB I10

n.
Kak BUJIHO U3 OHpeHeHeHHﬁ, MEPECTAHOBKU MOXKXHO CUMUTATh YaCTHBIM ClIydacMm paSMeHIeHI/Iﬁ nmpu
m=n.
P
CrnenoBarenbHO, YHCIIO BCEX IIEPECTAHOBOK M3 71 2JI€MEHTOB (00O3HAa4YeHME: ~* ) HAXOOUTCS IO
P=nin—-1)-in-2}..321=nl
dbopmyne " * ' '

Couemanuamu u3 n PA3JINMYHBIX DJJICMCEHTOB IO m J3JICMCEHTOB HA3bIBAIOTCA KOM6I/IHaLII/II/I,
COCTABJICHHBIC U3 JAHHBIX 71 3JICMCHTOB I10 771 3JICMCHTOB U OTJIIMYAIOIIHUECCA XOTA OBl OJHHUM 3JICMCHTOM.

OtMmeTHM pasnuyy MCEXKAy COYCTaHUAMHU W PasSMCUHICHUAMHU. B COUCTAHUAX HE YUUTBHIBACTCA
IMOpPAOOK JJIEMEHTOB, 4 B PasMCIICHUAX — YYUTBIBACTCA. Ywucao codeTaHUM M3 1 DIEMEHTOB IO M

n “l C;q _ nl
3JIeMEHTOB (0003HaYCHHE: G , iHOTHIA ™. ) HaxomuTCs 1Mo popmyJie ml (n —m)!

Ceoiicmea couemanuii. 1. Ci=”; C£=C§=1
5 =™ (m=0,1,2,3,.,n)

3 G+ CGHGH +G=Ty G- G+G- 4+ (-1 =0

CoObITHSI, BUIbI COOBITHII: 10CTOBEPHOE, HEBO3MOKHOE, CIydaiiHoe.

Or1eIT, 9KCIIEPUMEHT, HaOIOeHNe SBIICHUS HA3bIBAIOTCS UCHBIMAHUAMU.
[IpumepamMu HCHBITAHWHA SBIAIOTCS: OpOcaHWE MOHETHI, H3BJIE€UEHHE IIapa U3 YpHbBI, OpocaHue
UTpajbHOMN KOCTH.

Pesynbrar, ucxon HMCTBITaHNS HA3bIBAIOTCS COObIMUEM.



CoOBITHSIMH  SIBIIIIOTCA: BbIMaJcHUE repda wWiad mudpel, B3sTHE O€JIOr0 HIM YEepPHOro Iiapa,
MOSIBJICHUE TOT'O MJIM MHOIO YKCJIa OYKOB Ha OPOIICHHOM MrpajbHON KOCTH. J{j1st 0003HaYCHUS COOBITUI
WCTIOJIB3YIOTCS 3ariaBHble OYKBBI JIATUHCKOTO aidasuta: 4, B, Cu T. 1.

JIBa COOBITHS HAa3BIBAIOTCS COBMECHHBIMU, CCIV TOSBICHUE OIHOTO W3 HHUX HE HCKIIOYaeT
MIOSIBJIEHUE IPYTOTO B OJJTHOM H TOM YK€ UCTIBITAHUH.

JIBa cOOBITHS HA3BIBAIOTCS HECOBMECHHBIMU, €CIHA TIOSBICHWE ONHOTO W3 HHUX HWCKIIOYaeT
MOSIBJICHHE JIPYTOrO B OTHOM U TOM € UCTIBITAHUU.

JlBa coObtnad ¥ A Ha3eIBAIOTCS TNPOTHBONONOXKHBIME, €CTH B JIAHHOM HCIIBITAHHH OHH
HECOBMECTHBI M OJTHO U3 HUX 0053aTeTbHO MPOUCXOIHNT.

CoObITHE Ha3bIBACTCS 0OCHIO6EPHBIM, SCIIA B JAHHOM WCIBITAHHH OHO SIBJISCTCS CIUHCTBCHHO
BO3MOXHBIM €TO HCXOIOM, W HE603MOMCHbIM, €CIH B NaHHOM HCIBITAHHA OHO 33aBEJJOMO HE MOXET
MPOU3OUTH.

CoObITHEA HA3BIBACTCSI CIYUAUHBIM, SCITH OHO OOBEKTUBHO MOXKET HACTYIUTh WX HE HACTYIUTH B
JTAaHHOM HCTIBITAHUU.

OTHocuTeIbHAsI YacTOTa cOOBITHI U ee cBoiicTBa. Kilaccuueckoe onpenesieHue BEPOSITHOCTH
U ee CBOlicTBA.

ONpeAcheHHEC. OHMREOCHDEE AR WICHOHGE  [4a-
CHHOCHENY ) CODMPINR HATLIGISHCA  SHEIR
JH
. P‘(.-!}:;, (L14-*

e M—wmcno moreneHrd  cobeTTHa A, N —ofimee
YHC1O TIPORCERABR HCRITRRHIE.

CeoficTra HacTocTH cobhITHA.
1%, Yacmocme cobwrmur — eoquvnmia  BeIpasMepnan
BONTMORHATTIT S M MR R

[0, 1]=[Pridp 0 peidy=ti,  (114.7)

2% Ygemocme  docmogeprosy cofiimua pasa 1,

I Yaemoome nescruomcness  colbimua pasua 1.

A7, Yacmocme cAyuging=0 coBWMUNE HTMOHACMCR N
MHcowceraee (0 17

Cooitctaa 19— 4" Jerko AOKATHAAOTCR © IOMOIILHY
ONPEACICHHE TaCTO1W ¥ KIaCeHgmkammn cobatuit, Tax,
HANDHMCT, IVCTE CofTHE 4 aecTonema. me oHAYacT,
YTO B oOTpEE M3 Y RCNMETARAA oD NACTYRHAGC Y pas

Py,
&
BeposamnocmovioP (A) coObiTusiA Ha3pIBaeTCS OTHOIIEHHWE YHWCIIA 3JIEMEHTapHBIX COOBITHIA,
pa=Z%
OJIArONMPUSATCTBYIOIIMX COOBITHIO A, K YMCITY BCEX IEMEHTAPHBIX COOBITHUH, T. €. n
N3 Kimaccu4eckoro OIpeneNeHnus: BEpOSTHOCTH ClenyeT: 1) eepoamuocms 0ocmogepnozo
coOblmus pPaBHA CAVHHULIC; 2) 6EPOAMHOCb HEBO3MOMNCHO20 COObIMUs PAaBHA HYIIO; 3) 6eposmuocmb
1106020 cobvimusa A ynosnersopsier ycnoputo U = Fidl =1 . 4) snemenmapuvie codbvimus saenaomes
PABHOGEPOAMHBIMU, T. €. O0JIATAFOT OJTHOU U TOH e BEPOSTHOCTHIO.
CJ0:xeHHe U YMHOXKEHHE COOBITHIA.
Cymmou coobiTrii A u B HaszpiBaioT coObiTue C, cocrosiee B HACTYIUICHUM XOTSI Obl OJHOIO M3
coObITHi A nnm B.
Ilpouseedenuem cobwiTnii A n B HazpiBaroT cobbitue C, cocTosiiee B COBMECTHOM HACTYIUICHUH
coObITHi 1 A u B.
CoBMecTHBIE, HECOBMECTHBIE, 3aBHCUMbIE 1 HE3aBUCUMbIE COOBITHS.
JIBa COOBITHS HA3BIBAIOTCH COBMECHHBIMU, €CIV TIOSBICHHE OIHOTO W3 HHUX HE HCKIIOYaeT
MOSIBJIEHUE JIPYTOTO B OJTHOM K TOM YK€ UCTIBITAHUH.
JIBa COOBITHS HA3bIBAIOTCS HECOBMECHHbIMU, CSCIIA TIOSBJICHUE OJHOTO W3 HHUX HCKIIIOYaeT
MOSIBJIEHUE JIPYTOTO B OJTHOM M TOM YK€ UCTIBITAHUH.



JBa coObITsiA 1 B Ha3bIBAIOTCS HE3ABUCUMBIMU, €CITH BEPOSTHOCTD TOSBICHUS KaXKI0TO U3 HUX
HE 3aBHCHUT OT TOTO, TIOSIBHIIOCH APYroe COOBITUE WITH HET.

B nmpotuBHOM ciiydyae coObITHAA 1 B Ha3bIBaIOT 3aBUCHMBIMHU.

TeopeMblI cJI0KeHHA U YMHOKEHHUS BEPOSITHOCTEH. YCJI0BHASA BEPOATHOCTh.

Teopema. BeposTHOCT CYMMBI IBYX HECOBMECTHBIXCOOBITUHA M B paBHa cymMMe BepOSTHOCTEH
aTux coowiTnii: P(A + B) = P(A4) + P(B).

Touno Tak e Qopmynmupyercss TeopeMa W A JI00O0TO0 KOHEYHOTO YHCIa IOHapHO
HECOBMECTHMBIX COOBITHH.

Cnedcmeue. Cymma BEpOSTHOCTEH TIPOTHBOTIONOKHEIXCOOBITHIA 1 A paBHa emummme: P(4) +
P( A )=1.

IlyctbA 1 B — 3aBUCHMBIE COOBITHA. YCI06HOU 6epOAMHOCHbIO COOBITUSIBHA3BIBACTCS
BEPOSITHOCTH COOBITHA B, HalileHHasl B MIPEATNION0KEHHH, YTO COOBITHE A yKe HACTYIUIIO.

Teopema 1. BepoarHocTh mpou3BeneHusI BYX 3aBUCHUMBIX COOBITHHA W BpaBHa IPOU3BEICHHUIO

BEPOATHOCTU OAHOI'0 M3 HUX Ha YCJIOBHYIO BEPOATHOCTH APYIroro, HaﬁHCHHyIO B IIPCAIIOIOKCHUHN, YTO

PyE)

TepBOE COOBITHE YK€ HACTYIIHIIO:

Teopema 2. BepoaTHOCTh IPOU3BEACHUS IBYX HE3aBUCUMBIX COOBITHIIA N BpaBHa TpOH3BEICHUIO
BEPOATHOCTEH 3THX coObITHit: FlAF) =FlA}-FIE) (2)

Teopema. BeposSTHOCT CyMMBI JIByX COBMECTHMBIXCOOBITUHA W B paBHa cymme BepOsSITHOCTEH
3TMX  COOBITHI  MHHYC  BEPOSTHOCTH WX  mpousBenenus:  fIA+E|=FiA] +FPIE) —PIAE)
Ecimu coOwitust A U B HECOBMECTUMBI, TO HMX Mpou3BencHHe A B — HEBO3MOXXHOE COOBITHE H,
caenosarensHo, P(A B) =0, 1. e. FlA+E5)=Fi{4} +F(E]

Teopema noJiHoii BepositHocTH. @opmy.bl Baiieca.

Teopema. Ilycre uHTEpecywlllee HAac CIy4aliHOE COOBITHE MOXKET TPOU3OHTH IPH
HEKOTOpBIX ycioBusix fi, Ha, ... ,H, (TUIOTE3BI), KOTOpBHIE CaMU SIBISIIOTCS OOpasyOIIUMH IOJHYIO

n
S H,=E
TpyIIy CIy4ailHBIMH COOBITHAMU: =l u Hi-H; = U— HeBO3MOXHOE COObITHE NpPU JIOOBIX [ # j.
Torna BeposITHOCTH COOBITHSL A IIPU 3TUX YCIOBUSIX MOXKET OBITh OIPe/ieieHa COOTHOILICHUEM

P(A)=g”1P(Hi)-PH,. (4)

B pdaAc CiiydacB MPUXOAUTCA HUMETh JACJIO C ONbITaMH, B KOTOPBIX CHy‘laﬁHBIM o6pa30M MOXCET
IMPUCYTCTBOBATH TO WJIM MHOC YCJIOBUC. HpOBO}II/ITCH OIIBIT U IO IOJYYCHHBIM pE3yJibTaTaM BO3HUKACT
HGO6XOILI/IMOCTI) BBISICHUTBH, KaKOBa BEPOATHOCTH TOI'O, YTO B IMMPOBECACHHOM OIIBITE MPUCYTCTBOBAJIO OJHO

u3 BO3MOYKHBIX CITyYaifHbIX YCIIOBHIA.
Teopema (Baiieca). Ilycrs Hi, H,...H,— nonnHas rpymnmna coosituii. Torma
P(H;) By, (4)
Py (H)= n’i

Zl P(H,) Py (4)

Honsitne cayyaiinoii BeguuuHbl. IlpuMepnl ciay4YyailHbIX BeJMYUH. Buabl ciay4ailHbIX
BeJIMYHH.
CrydallHOM BEIMYMHOM HAa3bIBACTCS IEPEMEHHAs, KOTOpas MOXKET MPUHUMATh T€ WU HHBIC
3HAYEHUS B 3aBUCUMOCTH OT Pa3IMIHBIX 00CTOSITEIIBCTB.
CrrydaifHasi BeTUYIMHA HA3bIBACTCS JUCKPETHOM, €CITM BCE €€ 3HAUCHHUS M30JIMPOBAHBI M UX MOXKHO
3aHYMEpOBaTh.
CrnydaliHas BeIMYMHA HA3bIBACTCSl HEMPEPBIBHOM, €ClM €€ 3HaYeHHsI 3alOJHSAI0T KOHEUHBIN Win
OEeCKOHEYHBI TPOMEKYTOK.
CrnyuaiiHple BeMTMYMHBI 0003HAYaIOT 3arfiaBHBIMU JaTWHCKUMU OykBamu A, B, C, m T.1., a ux
3HAYCHUS MAJIBIMU JIATHHCKUMU OyKBaMH X1, X2, X3, U T.1I.
JuckpeTrHas caydaiiHasi BeJIMUMHA, €€ 3AKOH pacnpeeaeHus.
3akoH pacnpenejieHUus] JMCKPETHOM CJIy4aiiHOll BeJIMYMHBI
Oynknus P(x), cBs3bIBaromas 3HAUEHUS CIIYYallHOM BEJIIMYMHBI C COOTBETCTBYIOIIMMHU WM
BEPOSTHOCTSIMH, TPEACTABISIET COOO0M 3aKOH paclpeneieHus TUCKPETHOM, CIIy4ailHOW BemwuwHbI. Ero
ynoOHO 3a7aBaTh B BUJE TAOJHIBI, B BEPXHEH CTPOYKE KOTOPOH paCIOIOKEHBI BCEBO3MOKHBIC 3HAUCHHUS
CIy4yallHOU BEJIMYUHBI, a B HUXKHEN CTPOUKE PACIIONIOKEHBI COOTBETCTBYIOLIUE UM BEPOATHOCTH: p; = P (X
=X .



3HaUCHUE 1 2 |l Xn

BepositTHOCTB p1 p2 ... |Pn

CobOpitus X = xi (i = 1,2, ... ,n) SBISAIOTCS HECOBMECTUMBIMH U €AMHCTBEHHO BO3MOYKHEIMH, T.€.
OHH 00pa3ylT TOJHYIO CHUCTeMy coObITHi. [lo3ToMy cymMma BeposSTHOCTEH WX paBHAa CIWHUIIE:

b
Z P = 1
i=1

3aKOH pacHpeneNeHus] MOXHO MpeAcTaBuTh rpaduuecku. s 3TOro Ha IUIOCKOCTH B
NPSMOYTONBHOW CHUCTEME KOOPAMHAT CTPOST TOUYKH C KOOpAWHATAMH (Xi, pi). A 3aTeM COCAMHSIOT HX
MOCIIEZIOBAaTEIbHO OTpEe3KaMH MpsiMOM. B pesynbsrate mMmoiyyaroT MHOTOYTOJBHUK pPacIpeesIeHus
BEPOATHOCTEU CIIy4ailHOW BEJTUYUHBI.

YucnoBple XapaKTepUCTHKH JUCKPETHOH CJAy4ailHOH BeJHWYMHBI: MaTeMaTH4YecKoe
OJKHJaHUe, JINCIEpPCUsi, CpelHee KBaJpaTHyeckoe OTKJOHeHMe. CBoiicTBa MaTeMaTH4ecKOIo
oxxnaanust u pucnepceuu 1CB.

Mamemamuueckoe odcuoanue

M(x)=>xp,
y=:1
CBoIicTBA: =

1) M(C) = C, C - mocTosiHHAas,
2) M(CX) = CM(X);
3) M(X: + X2) = M(X;) + M(Xz), e X1, X> - He3aBUCUMBIE CITyYaliHbIE BEJHYNHBL,
4) M(X;Xz2) = M(X1)M(X>).
Jucnepcus
p(x)=m|((x -M(x)}) D(x)=M(x?)-(M(x)}
CaoiicTBa:
1) D(C) =0;
2) D(CX) = C’D(X);
3) D(X; + X2) = D(X;) + D(X2), tne X;, X> - He3aBUCHUMBIE CIIyYaiiHbIC BETUIHHEI.
Cpeonee keadpamuueckoe OMKIOHEHUe CIYUAlHOU genuyunvl X

alX )= \M~

HenpepoiBHasi ciaydaiiHass BeaudyuHa. HHTerpagbHasi (yHKHUS pacnpelejeHHMs MW ee
cBoOiicTBA.

WHaTerpanpHOil GyHKIMEH pacrpeneneHus CiaydaiHOW BenwduHBl X HaspiBaeTcs QyHKus F(x),
BBIp@)KaloIas JJisi KaKJOro X BEPOATHOCTH TOTO, YTO Ciy4aiiHas BeIMYMHA X MPHUMET Kakoe-HUOyIb
3HauY€HUE, MEHBIIIEE X :

F (x) = P(X<x).

CaoiicTBa pyHKIUM pacnipeneIeHUst

1. Eciu F (x) — unTerpaibHas GyHkuus pacnpeneneHus, To 0 < F(x) < 1 mis moboro x.
Oto ciexyer U3 omnpeAereHus (QYHKIUM DPACHpPENENeHHs], MOCKOJIbKY BEPOATHOCTbH JIHOOOTO COOBITHS
3aKiro4deHa B mpomexytke ot 0 o 1.

2. dyHKIMs pacnpeneieHus He yobiBaeT U P (x; < X<x2) = F (x2) — F (x1).

3. Ecmu F — Qynkuus pactipenenenus, To F(x) — 1 npu x — + oo u F(x) — 0 mpu x — — oo,

4, Ecnu x — ecTh TOUKa HENPEPHIBHOCTH (DYHKIIMHU pacTIpeiesieHusI CTy4aiiHON BEMYMHBI X,
To P(X=x)=0.

5. Ecimm x; — ecTh TOUka HENMpPEpBIBHOCTH JUISI (DYHKIWHU pacrpeneneHus F cirydaitHOH

BEJIMYMHEIL X, TO
px1 < X<x2) = p (x1<X<x2) = F (x2) — F (x1).
I'paduk pyakmmm pacupeneneHus HEMPEPHIBHON CITyIaitHONW BETUIHMHBI UMEET BU]I
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1 Mampuuywt u onpedenumenu.
1.1 Borpochl K 3aHITHIO

1. [leiicTBHs ¢ MATpULIAMH.
OO0parHas MaTpuLa.
MuHOpBI 1 anredpanyecKre JOMOTHEHHUS.
Onpenenureny BTOPOro NOpsAIKa.
Onpenenuren TPEThEro NOPsAKa.
Onpenenureny BbICUINX MOPAIKOB.

S

1.2 IIpu noaroToBke K BOIpOCaM aKLEHTUPOBAaTh BHUMAHHWE HEOOXOAMMO Ha CIEIYIOIINX
BOIIPOCAX: yCJIOBHs, HAKJIaJAbIBAEMbIE HA MATPHLIbI U1l ONIEPALUN CIIO)KEHHE, BBIYMUTAHUE U ITPOU3-
BEJICHUE MAaTpPHUIL; YCIOBUS CYIIECTBOBAaHUS 00paTHOM MaTpuisl. [Ipy moaroToBKe K BOIpPOCaM aK-
LIEHTUPOBAaTh BHUMAaHWE HEOOXOAUMO Ha CJIEIYIOLIMX BOIPOCAX: MPABUIIO TPEYrojJbHHUKA, PHUMe-
HEHUE MHHOPOB U aIreOpanvyeckux JONOJIHEHUH K BBIUMCIECHUIO OIPEAEIUTENICH: Pa3IokKEeHHUE
OIIpeJIeJIUTEIIS IO AJIEMEHTaM CTPOKH WM CTONIONA.

1 20 211

42 1|, g0 1 2
113 30103

IIpumep 1. lans! 2 maTpunipl A=

Haiiu: A + B, A — B, AxB, A™.
Pemenue: CornacHo orpeiesieHuIo onepanuid HaJ MaTpUIlaMu:
12021 1) (=220 (33T

A+B=4 2 1,0 1 2|_ |02 124133
113313 3 m3z)laze

(=221 —a 1T
4021 4 11

AN

|
oy

I

S —
o o
—_ o
() [\
—_— —
[\J Pk
|

5 2 4
703 2

Pewenue. IlpunuceiBaeM K NCXOJHON MaTpHUILIE CIIPaBa EAMHUYHYIO MaTpPUILy TOTO K€ MOpsAIKa:
2 1 -1(1 0 0
52 401 0
73 2001

Tpumep 2. MeTo10M 31IEMEHTapHBIX TIpeodpasoBanuii Haiit A™! s matpunsr: A=

. C moMoIisto 37eMEeHTapHBIX TPeoOpa30BaHUid CTOJIOIOB MTPUBEIEM JIEBYIO
“HNONOBUHY” K €IMHUYHOM, COBEpIIIasi OJHOBPEMEHHO TOYHO TaKHe MPeoOpa3oBaHUsl HAJl TIPaBOi
MAaTpHIIEH.

J171s1 5TOTO TTIOMEHSIeM MECTaMH TEePBBIA U BTOPOM CTOJIOIIBI:



2 1 -1|1 0 0 1 2 -110 1
502 4|0 10 2 5 411 0
73 200 0 1 27 2|00 .
~ . K TpeTpemy cronbuy npubaBuM nepBblii, a KO BTO-
1 000 1 0
1 61 -2 1
. . 1 510 0 1
pOMYy - IEPBBI, YMHOKEHHBIN Ha -2: . 3 mepBoro crondiia BEIYTEM YIBOCH-

10 0)]-2 1 -6
o1 0|5 -2 13
1

. . . . 1 -110 0 1
HBIM BTOPOH, a U3 TPETHETO - YMHOKEHHBIN Ha 6 BTOPOI; . [TpubaBum

1 0 0]-8 -5 -6
o1 018 11 13

. oo -141 1 1 .
TpeTuit crosidel K NepBoMy U BTOPOMY: . YMHOXHM HocieHui cronber

1 0 0]-8 -5 6
o1 018 11 -13

Ha -1: 00 1)1 1 l . [lomyuenHas cpaBa OT BEpTUKaJIbHOW YepThl KBaJApaTHasl MaTPH-
11a sIBJIIETCSI OOpaTHOM MaTpullel K naHHoi matpuile A. Hrak,

-8 -5 £
At=118 11 -13
1 1 -1

IIpumep 3. Berancautb onpenennTeny:

10 -2

o =27 3|=17 (=403 (-1)+(-2)-2:0-
4| = ‘:9-2—7-3:13—21:—3:

P2 -1 0 -4

8 7 , , ,
|*41|=‘2 2‘=3'2—7'2=15—14=2= —(—2)-?-[—1)—0-2-[—4)—1-3-0=—28—0—0—14—0—0=—42
|A2|=;]) Z‘=2-2—7-1=4—7=—3: 30 -1

L Bl=|6 7 3|=37:(-4)=0:3(-3)+(-2)-6-0-
l4;| = . 2=(—1)-2—?-0=—2—0=—2 30 -4

~(<2)7(=3)-0-6+(-4)-3-3-0=-84 =0+ 0-42-0-0=-126

Ipumep 4. CocTaBUTH MUHOP M, MIOJIyYEHHYIO U3 UCXOJHON MaTpHUIIbL:
1 5 9 13

2 6 10 14
3 7 11 15
4 8 12 16

Pemmenne:



1 5 13
M i 6 10 14 3 7 15
=79 7 11 15
4 8 16
B S VA 1)
1 4 7
Ipumep 5. Haiitu anreOpanyeckue TOMOJIHEHHS BCEX PJIEMEHTOB MaTpHIlbl .A=(2 5 &/,
36 9
Pemenue:
8 2 8 5
H +2 +3
Au()lﬁg A= (1L 43(TE6

4 7 17 4
1 2 5
Am:(—l)z*ﬁ 9‘=—6; A22=(—1)2+L 9‘2‘12; A23=[—1)2+E o|=6;
4 7 Uo7 J1 4
Ay = (-17" -3, =(-1 = —6; An=(-1 =3,
S M TP O A AP
1 -4 0 -2
IMpumep 6. Berunciuts |41|= o1 5 4
3001 1 0
-1 0 2 2
Pemenue.
-1 -4 0 -2
0 1 5 4 ‘
|":|l.|= z{_-l']'f}.':_1"'11.::_1"':11.:;:_D'-'i_-::
3 1 1 o] & 0% :
-1 0 2 2
0 5 4
=(-4) 4, +4,,~4, =(-4)(=1)]|3 1 o0+
-1 2 2
-1 0 -2 -1 0 -2
(=173 1 ol=(=1 o 5 4=
-1 2 2 -1 2 2

—4.(=2)=(-16)=(-12)=-12

2. Cucmembul TUHEUHBIX YPAGHEHUIL.

2.1 Bonpocs! K 3aHATHIO
Cucremsl TMHENHHBIX ypaBHeHUN. Onepanuy HaJl ypaBHEHUSIMHU CUCTEM.
OcHOBHasl ¥ paclIMpeHHAas MaTPULIBI.
Panr cucremsl InHeWHBIX ypaBHeHHN. Kputepnii COBMECTHOCTH CUCTEMBI.
Pemrenne cucreM IMHENHBIX ypaBHEHUN MeToI0M [ 'aycca.
Pemenue cucrem nuMHENHBIX ypaBHEHU Mo npaBuiy Kpamepa.

ik w =

2.2. HpI/I MMOATOTOBKE K BOIIPOCAM aKICHTUPOBATH BHUMAHUC HCO6XO,Z[I/IMO Ha COCTAaBJICHHNU
OCHOBHOH M pacmnpeHHoﬁ MaTpul A9 CUCTEMBI U COCTABJICHUH CUCTEMBI 11O U3BCCTHBIM OCHOB-

5



HOH U PACIIUPEHHOM MaTpullaM, Ha IIPaBUIaxX MPUBEICHHUS MAaTPULBI K TPEYTOJIbHOMY BHY, OIpe-
JICJICHUSI paHra CHCTEMbl JIMHEHHBIX YpPaBHEHWH, CPaBHEHHE PAHTOB OCHOBHOM M PacUIMPEHHOMN
MaTpuil.

IMpumep 1. Pemnts MeTogom ["aycca cucteMy ypaBHEHUM:
Ax+2y—5z=-1

2x—y+3z=13
x+2y—z="9
3anuieM pacuIMpeHHYI0 MaTPUILy CUCTEMBI:
32 =i5k1
2 =1 313
1 2 -1/9
CHayana CMOTpPHUM Ha JIEBOE BEPXHEE YHCIIO:
(3 2 -s1)
2 =k F|l3
(1 2 =19 )

[Toutn Bcerma 31ech MOJDKHA HaXOAUThCs eauHuIa. Boobie rosops, yctpout u —1 (a uHOTHA M
Jpyrue 4uciia), HO Kak-TO TaK TPaJUIMOHHO CIIOKUIIOCH, YTO TyJa OOBIYHO MOMEHIAIOT €IUHHUILY.
[IpeobOpaszoBanue nepBoe: MEHseM MecTaMu MEePBYIO u TPETHIO CTPOKH:

302 =51 1 2 -1%
2 -1 3[13|—=|2 -1 3|13
1 2 =15 3 2 =51

Teneps neppasi CTpOKa y HaC OCTAHETCS] HEU3MEHHOM JJO KOHIIA PELICHUS.
Tenepb HY)KHO MOJyYUTh HYJIM BOT HAa 3TUX MECTax:

(1 2 =1]9)
(2) -1 313
B) & -=5}1]

Hynmu monmyudaem kak pa3 ¢ momoripio npeodpazoBanus. CHauana pa3dbupaeMcs cO BTOPO
ctpokoii (2, —1, 3, 13). UTo HyXHO caiesaTh, YTOObI Ha NEPBO MO3UIMK NOTYYUTh HOJb? HyXHO KO
BTOpPOI CTpOKe MpUOABUTH MEPBYIO CTPOKY, YMHOKEHHYIO Ha —2. YMHOKaeM MEPBYIO CTPOKY Ha —
2: (-2, -4, 2, —18). U nmocnenoBaTenbHO MPOBOIANM CIIOKEHHE, KO BTOPOH CTpOKe MpHOaBiisieM

MIEPBYIO CTPOKY, y’K€ YMHOKEHHYIO Ha —2:

0 -5 3 -5
| ! I |
-2 -4 2 -13
+ + + +
2 -1 3 13
Pe3ynprar 3anuceiBaeM BO BTOPYIO CTPOKY:
302 =541 1 2 =18 1 2 =19

2 -1 3213 |—=|2 -1 3|13|—=|0 -5 515
1 2 =19 32 =5K1 32 =51

Amnanoru4Ho pazbupaemcs ¢ TpeTbeit cTpokoit (3, 2, -5, —1). UToObl mony4uTh Ha MEpBON MO3ULMU
HOJIb, HY)KHO K TpeTheil CTpoke MpuOaBUTH MEPBYIO CTPOKY, YMHOKEHHYIO Ha —3. YMHOXaeMm
nepByro crpoky Ha —3: (=3, —6, 3, —27). U k Tperhell CTpoke MpubOaBIsieM MEPBYIO CTPOKY,
YMHOXEHHYIO Ha —3:

6



0 -4 -z -28
I I I I

-3 - 3 - 27

+ + + +

3 2 -5 -1

Pesynbrar 3anuceiBacM B TPETIO CTPOKY:

302 =51 1 2 =1% 1 2 =15 1 2 =15
2 =1 3|13 |—=|2 -1 3013[=|0 -3 5SF5|—=|0 -5 5|-5
1 2 =19 302 =51 32 =541 0 -4 228

Ha IPAKTUKEC 3TU [[GflCTBPIH OOBIYHO BBIIOIHSIOTCS YCTHO M 3alMCBIBAKOTCA B OJWH MIar:

He HY>XHO CUYHUTATh BCE Cpasdy WU OJHOBPEMCHHO. HOpHI[OK BBIYHCIICHUH W «BIIHCHIBAHMS
PE3YIbTATOB NOCICAOBATCIICH:

1z -1y (12 -1}y (1 o2z -y (12 -1y (1 oz -9
wow o wl sl o* kel slg —5 % slg -5 Spls|0 -5 515)-
* ¥ * [ * ok K | * E S A+ [ * * * [ E S A+ * | *
1 2 -1¢9 12 -19 12 -1 1 2 -9

-0 -5 s5|k5|=|0 -5 sps|=|0 -5 5F5|=|0 -5 5|-5
0w x| 0 -4 *|* 0 -4 -2/* 0 -4 -2/-28

Jlajniee Hy»HO MOJYyYUTh €IUHHUILY Ha CICAYIOLIIEN «CTYIIEHBKEY:

1 2 =19
0 (=5) 5|-5
0 -4 -2}-28

/

B nanHOM mpumepe 3TO clienarhb JIETKO, BTOPYIO CTPOKY JAETUM Ha —5 (TIOCKOJBKY TaM BCe
qucna JeisaTcs Ha 5 6e3 ocTtaTka). 3a0IHO JENUM TPEThI0 CTPOKY Ha —2, BeJlb UYeM MEHbIIIe Ynca,
TEM IpPOIIE pelIeHuE:

302 =51 1 2 =15 1 2 -1 5% 1 2 -1%
2 -1 3[13|—=|2 -1 3|13|—=[0 -5 5|-5|—=|0 1 =11
1 2 =15 3 2 =5K1 0 -4 —-Z-28 02 1[4

Ha 3akmarouuTenbHOM 3Tare QJICMCHTApPHBIX HpeOGPaSOBaHI/Iﬁ HY)XXHO IOJIYYHUTH C€HIC OJUH
31€Ch:

JU1s 3TOro K TpeTbel CTpoKe MpuOaBIisieM BTOPYIO CTPOKY, YMHOXKEHHYIO Ha —2:
302 =51 1 2 -1% 1 2 -1 % 1 2 -1%

2 -1 3[13|—=|2 -1 3|13|—=(0 -5 5|=-5|=|0 1 =11 |—=

1 2 -1|9 3 2 -s5-1) lo -4 -2t28) lo 2 1)4
12 -1]9 12 -1

=01 =11 |=]o 1 -1f
00 3f2) loo 104

JlenuM TpeThio CTPOKY Ha 3.



B pesynbTare sneMeHTapHBIX IpeoOpa30BaHuUil MOTydeHa YKBUBAIICHTHAsI HICXOTHON cHCTEMa
JINHEMHBIX YPaBHCHUM:

x+2y—z="9
y—z=1
z=4

Teneps B neiicTBue BcTymaeT oOpaTHBI Xon MmeTona l'aycca. YpaBHEHHS «pacKpydHMBAIOTCS»
CHU3Y BBEpX.

B TpeTheM ypaBHEHHH Y HAC yXe TOTOBbI pe3ynpTar: Z =4

CMOTpUM Ha BTOpOE ypaBHeHHUe: »  ° =1 3pauenme wer» YK€ U3BECTHO, TAKUM 00pa3oM:
y—4=1

¥=5
W, mnakoHen, mnepBoe ypaBHEHHE: x+2y—z=9. «Urpek» © «3eT» W3BECTHBI:
r+2.5-4=9
r+éE=9
r=73
Ommtx=1y=12=4

IIpumep 2:
Pemmrs cucremy no gpopmynam Kpamepa.
3m - Z2x +dx =21
Zxn tdx, - 2x =5
2x —x—x=10

Pemenue: Pemum cucremy no ¢popmynam Kpamepa.

3 -2 4
4 -2 B -2 |3 4
D=p 4 -2=3 +2. +4. =
(RS | I | R R
2 -1 -1

=3 {-4-2)+2 (-3+4)+4. {-3-8)=-18+2-44=—60=0

CANHCTBCHHOC PCIICHUC.

, 3HAUNT, CUCTEMA UMEET

21 -2 4
4 -2 9 -2 9 4
D1=9 4 —2=21. + 2. +4. —
1 -1 0 -1 0 -1
0 -1 -1
=21 {-4-2)+2 (-9+20)+4 . {(-9-40)=-126 + 22 - 196 = 300
xI:DI —300 _.
D~ 60
3 21 4
9 -2 3 -2 39
D=3 9 -2=3 -21. +4. =
0 -1 2 -1 2 10
2 10 -1
=3 (~9+20)-21- (- 3+4)+4. (30-18)=33-21+48= 60
D80
D -60



3 -2 21
4 ol |2 21 2 21
D=3 4 9|=3 _3 2.l _

-1 10 -1 10 9
2 -1 10
=32 (40+49)-3 (- 20+21)+ 2. (-18-84) =147 -3 - 284 = —60
D, —60
x3=—=—=1
D —60

n=50x=-1x=1
OtBet: "1 - * 3 .

3 Ilpedensvt u nenpepvieHocme.
3.1 Bonpoch! k 3aHITHIO
1. Tlpenen ¢pyHKIUU.

0

2. PaCKpHTI/IC HCOIIPCACICHHOCTH ((6 .
»

(e o)
PackpeITHE HEONIPENENCHHOCTH « ] N

PackpbiTue HeonpeaeneHHOCTH « © — Py,

IIepBblil 3aMeUaTenbHbIN Ipeaes.

Tabnuua 3KkBUBaJIEHTHBIX OECKOHEUHO MaJIbIX.

Hcnonb3oBaHue BTOPOTo 3aMeUaTeIbHOIO Ipeesa JUlsl paCKPhITHs HEOIIPEASIIEHHOCTH
(1%).

8. OO000IIeHHBIN BTOPOH 3aMevaTeNIbHBIN TTPEIeiL.

Nk W

3.2. [Ipn nmoAroToBKe K BONpPOCAM aKIIEHTHPOBATh BHUMaHHE HEOOXOJMMO Ha CBs3b Oec-
KOHEYHO OO0JIbIIMX U OECKOHEYHO MaJIbIX (DYHKIIMI, MpaBuiIa pacKpbITHS OCHOBHBIX HEOIpE/eNeH-
HOCTEM; Ha MPUBEACHUH Mpeziesia K BUy IEPBOro 3aMedaTesbHOro MpHjaeia, UCIoIb30BaHUN Tal-
JIMIIBI SKBUBAJIEHTHBIX OECKOHEYHO MaJIblX, IPUBEIEHUH Mpesiea K BUAY BTOPOrO 3aMeyaTeIbHOro
npejena.

. - |
s lim, L, ————
IIpumep 1. Haiitun X==2.3 2,21
Pemrenue. [Tonb3ysichk CBOMCTBaMU MPEIEIOB MOIYYaeM, U4TO
, x2—1 lim (x* —1) (=2)2—1 3
lim = —H—= = =—=—1.
x—-2x® —2x+1 lim (x°*-2x+1) (-2)*-2-(-2)+1 -3

X—=—2

lim 5x%+2x°—4
IIpumep 2. Boraucauts npeaen X+ 3o g-

=)
Pentenue. ViMeeM HeonpeaeneHHOCTh BUIA [;]
bx 4+ 2x2 —4 5x? bx

lim = = lim - = lim — = oo,
x—=+0 00X+ 8x+9 x—+o0 DX x—+= B

Tpumep 3. Boruncauts npegen 1M+ (Vx—+vx—1)

[-c;::- —-:;::-]'

Pemienne. MmeeM HeompeneneHHOCTh BHUAA YMHOXUM H Ppa3geiauM BBIPAKECHUE

(Ve—Vx=1) BBIPAXKEHUE EMY COTIPSHKEHHOE, TO ECTH Ha (Va+x—1)




lim (Va—x—1)(Vx+vx—1) — lim x—(x—1} — lim 1 -0
x—+ 00 {W'E+x'ﬁ} x—+oo {'\'E‘l"\'x_ 1::. Koo {W'E+x'ﬁ} :
: 2% —Sx+4
Ipumep 4. BeruncanTs npeen lim,_, PR
0
Pemenne. imeeM HEONPENEICHHOCTL BUIA [E]
x? =bx+4=x-1Dx—4)
x? —4x+3=(x—-1)(x—3)
lim x?—5x+4 — i x—1)(x—4) 1 (x-4) -3 _3
*=1 o gxt3 = e 1)(x-3) *=lieezy -2 2
50052
Ipumep 5. Haiitu npegen **° 2%
Pemenue.

IloxacraBnsiem 3HaUCHUE:

fim sin(3x) _ <E>
=0 2x 0

[Tpunum x HEONpPeAEIEHHOCTU HOJIb JEJIUTh Ha HOJb. CMOTPUM B TaOJIHIly HEONPEICICHHO-
CTEUIIIIA OIIPCACIICHUA MCTOA PCIICHUA. KOM6I/IHaI_[I/I$I CHHYCA U €ro apryMCcHTa NOJACKA3bIBACT HAM
O IPUMCHCHHHU IIEPBOro 3aMCHATCIIbHOT'O IIpcaciia, HO AJId 3TOI0 CHavdalla Hy>KHO HCMHOI'O HpeO6-
Pa30BaATb BBIPAKCHUC. I[OMHO)KI/IM Ha 3X ¥ YUCJIUTENIh U 3HAMCHATEIb ,Z[pO6I/I

~osinl3x)  fob . 3x-sin(3x) . ((sin(3x) 3x)
him ——={ —'=lm —— = lim _— =
x— : ¥ 0 x—l 3 x- (: .1(1:| x—0 3 5 : ¥ . )
. (3 sinl3x)
—tim| 2 SRy
= : jx- J
. (sin(3x]]
lim it E=1
r= !
B cuiy crnenctBust u3 mepBOTo 3aMeuaTeIbHOTO Ipenena - - x , IOATOMY TIPUXOIUM
K pe3yJbTaTy:
o 350300\ _3 3
x=0} 2 3x 2 2
lim ]—cos;(bc]
Ipumep 6. Beraucnuts npenen *=° 3%

Pemenue.
IToxcraBsisieM 3HaUEHHE:

, 1-cos{2x) _ 1-cos(2-0) _1-1_ <D>

lir . ;
x=0 3x° 3-0° 0

0

[Tpuminu x HeonpeAeIeHHOCTH HOJb JeNIUTh Ha HOMb. [IpeoOpa3yem yucnuTens, UCIoIb3ys
(hopMyJIbl TPUTOHOMETPHH.

. l—cos(2x 0 . 2sin?(x

]1111—2( ]= — =].I.I’n—2( ]

x—0 Iy 0 x—0 3Ix
CraJio BHJIHO, YTO 3/IeCh MOYKHO PUMEHUTH MEPBBIN 3aMeUaTeIbHbIN MPeIe:

Tt 2 o] Ay : . 3 b

. 2smlx) . (2 sinx sinx) 2 2

m——=Iim - —— |=—-1-1=—

x— jx" .1'—:C,~. j it e ...I 3 3

lim arcsin[4x)

IMpumep 7. Beraucouts npegen ¢ 3x
Pemrenue.
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IToacrasisieM 3HaYEeHUE:

tim arcsin(4x}= arcsin{4- U) _ E

x—=0 3x 3-0 0
[Ipunuim Kk HeoNpeAeIEHHOCTH HOJIb JIETUTh Ha HOJIb. ClienaeM 3aMeny.
ITycTp

arcsin(4x)=r =

sin (arcsin(4x)) = sin (¢)

n

R |
dx=sin(t)= x= n sinfr)

limlarcsin{dx })=arcsin|{4-0}=0

Hﬂ( ( }} ( } , CIIEJ0OBATEJIbHO, r—> ﬂl‘IpI/I x— ﬂ.
Tornma npenesn nociae 3aMmeHbl IEPEMEHHON IPUMET BHIL:

_arcsin(4x) [0 , t

)0\ r

a1l 3x 0 3.—sin {I ’J
1 \

IIpumep 8. [Tpumep.

. 2
hm[]— : J )
P [ B

Breruucnuts npeaci

Pemenue.

IToncrapnsemM GECKOHEUHOCTb:

m|1-——— | =|1— | =(-0)y=0%)
s=l - xT+1) L ot +1) ‘

HpI/H_HJ'II/I K HCOIIPCACIICHHOCTU CIUHHLIA B CTCIICHU OCCKOHEYHOCTb. CMOTpI/IM B Ta6J'II/II_Iy HC-
OHpe)IeJIeHHOCTefI AJI ONIPCACTICHUA METOJIa PCIHICHUA U OCTaHABJIMBAECMCS HAa IPUMEHCHUN BTOPO-
T'o 3aMCYaTCIIbHOI'O IMPEaciia.

CnenaeMm 3aMeny nepemMeHHbIX. [1ycTh
¥7+1  x"+1 t
— =
2 + 2
Ecrm X — %€ 1o I > —F

Ucxonupii Tpeen mocie 3aMEHBI IPUMET BUI:

xi+l

1 L

-=t Y2 1
lim[l— 22 J ) ={]°°}=]im[]+1J ’ =]im[[l+1)] =g?
] X +] F—sm i = i

(35
Ipumep 9. Boruncuts npegen =% +1
Pemenne.
IToncraBnsieM GECKOHEUHOCTD:

X

11

h.m[_x—]] fim ch :[1—0) :{lm}

==l x +1 =gyl 1+0
X

[Tpunun K HEONpeAEIeHHOCTH €AMHUIA B CTEMEHW OCECKOHEYHOCTh, KOTOPAas YKas3bIBaeT Ha
IIPUMEHEHHE BTOPOro 3aMevaTeIbHOro npezena. Beiaenum 1enyro yacTb B OCHOBaHUM OKA3aTeNlb-
HO CTeTeHHOW (QYHKIHUU:
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x—l_x+1—2_x+1_ 2 1 2

x+1 x+1 x+1 x+1 x+1
Torpga npenen 3anmuieTcst B BUJIE:

C(x=1Y oy 2y
i 23] =()=tnf 12

CnenaeMm 3ameny nepemeHHbIX. [IycTb

r=—x2i:=2r=—x—1:ax=—2r—l

Eciu & —#%C 10 [ — =0
W cxoaublil mpejies nocie 3aMeHbl IIPUMET BUL:

=1 . . 27
Him T—' ={1 }=]Jm 1-—= | =tm 1——! =
.\-—mx.‘.x _]____u .\-—mx.‘. ,T+1__. .‘—)x.‘. I-__l
IRV Y -
=lm||1-- ] I——! | =lm 1——% lim 1——! =
- I_.J t) ,i iax ¢! = !
P PR —1i
IR U Y R T N
= lim Il——! j -ll——! =e‘“-(1—0/]'=e‘“
x| | I.._i :| . o7 )

B nipeo6pa3oBanusix ObLIM UCIIOJIB30BAHBI CBOMCTBA CTENIEHU U CBOMCTBA MIPENIEIIOB.

4 IlIpou3eoonas.

4.1 Bomnpocsl K 3aHATHIO

[Ipuparmienue aprymeHTa u npuparienue QyHKIuu.

Brruncnenue mpou3BOIHOM 1O ONPEACIICHUIO U 110 TIpaBUiIaM u (popmyram.
I'eomeTpuueckuii, MeXaHUYECKHI 1 OMOJTIOTUYECKHI CMBICIIBI IPOU3BOIHOM.
[TpounzBoHast CIOKHOM HYHKIIHAU.

Brruucnenune npou3BOAHBIX BBICIIUX TOPSIKOB.

ik w =

4.2. Tlpu moAroToBKe K BOIPOCAaM aKIEHTHUPOBaTh BHUMAHME Ha MPUMEHEHUU TaOJIHUI[bI
MIPOU3BO/IHBIX OCHOBHBIX 3JIEMEHTAPHBIX (YHKUUH U mpaBuil AuddepeHurnpoBaHus, NpUMEHEHNE
MIPOM3BOJHON K 3amayaM (pU3MKKM W OMOJIOTMH, MPABUJIO BBIYMCIEHUS MPOU3BOJHOM CIIOKHOM
GbyHKIUH.

IIpumep 1. Haittu npousBoaHy0 QyHKIMH

Pemenue:
¥ =(C3cesx) =3(cosx) = 53(—sm x)

¥=Z3cosx

y=6+x+3x" —sin x—2m+i2—llcf,gx
IIpumep 2. HaiiTi npou3BoiHyI0 PyHKIIUN X .
Pemrenne:
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. . 1
¥ :(6+x+3xz—sm x—21§+?—llcr.gx] =

1 t
= () 4+ () + (32" — (sin x)'— [EXEJ + (x'g) —(1lctgx)' =

f
f

1
= (6) + (2 + 3(x%) = (sin ) 2[;?} +(x?) —11(eegn) =

2
:U+1+3-2x—cosx—2-l-x§+(—2}-x_3—11-(— _13 ]=
3 it X

2 2, 1
33\&_3 x osntx

Hpumep 3 Haiiti nponssoanyto GyHKIuT »
Pemenue:

=14+6x—cosx—

x* arcsin x

¥ = (x" arcsin 20" = (x*) arcsin x+ x° (arcsin x) =
3
x

1 2 :

=3x"arcein x+

1-x* 1=
e 2(3x—4)

Ipumep 4. Haiitu npon3BoHyI0 GyHKINN 41

Pewenne:

2 - 3
=3x"arcsin x+3x7-

. (2G4 . (3x-4) _

Y _( 41 ]_2 (x2+1] B

s Gx—(x*+ - Cx—" +1")

- (x% + 17 -

5 (D -3 -D 2x s 3x° +3-6x" +8x )
B (%2 +1)° B (x* +1)° B
_2(=3x +8x+3)

(XD

5 Ilpunosicenue npou3eo0noii.
5.1 Bompochsl k 3aHSTHIO
1. UccnenoBath (hyHKIMIO HA MOHOTOHHOCTb U 3KCTPEMYMBbI
2. UccnenoBaTh (yHKIMIO Ha BHITYKJIOCTh M TOUKH Iepernda
3. UccnenoBanue GyHKIUN C MOMOIIBIO TPOU3BOIHOM MO TUIaHY.

5.2. Ilpu moAroToBKe K BOMPOCaM aKIIEHTUPOBaTh BHUMaHKWE HEOOXOIMMO Ha NMPUMEHEHUHU
MPU3HAKOB MOHOTOHHOCTH, MPU3HAKOB BBIMYKJIOCTH U BOTHYTOCTH (DYHKIIMM K UCCIIEJOBAHUIO, BbI-
YHCJIeHUE OJAHOCTOPOHHUX MPEJENIOB M MPUMEHEHHE MX K MOCTPOSHHIO Trpaduka, HaXOXKJIECHUU
acuMNTOT rpaduka QyHKIUH.

IIpumep 1. Haiitu wuHTEpBaIbl MOHOTOHHOCTM M TOYKH OKCTpeMyMa (YyHKUIUU
» = 3x° - bx?

Pemenue:
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1.y" = 15x*- 15x°.

2.9"'=0, 15x*- 15x° = 0,
x’(*-1) =0,
xi=-1,x2=0x3=1.

\/\./\/ .

0\\1 y

3.
4. Xmax = '1, Vmax = y(']) =2
Xmin = 1, VYmin = y(I) =-2

Ipumep 2. Haiitu wuHTEpBaNbl BBITYKIOCTH H TOYKH meperuba (QyHKIUU

y = 3x7 - 5x3
Pemenue:
1.y" = 15x%- 15x%;
"= 60x° - 30x
2.9" =0, 60x° - 30x =0,
30x-(2x2 -1)=0,
x1=-0,7,x2=0x3=0,7.
3.
4. Xmn = -0,7,
- + - + ym.n.(-_0,07) s 1’2("0) =0
SN o7 N o /SN 07N Y NPT
ymn(o, 7) =-1,2.
IIpumep 3. UccnenoBarh NaHHYIO QYHKIIMIO U IOCTPOUTH €€ TpaduK:
y =x* —6x*+9x— 3
Pemenne:
1. ®yHKIMS onpenesieHa Ha BCE YUCIOBON MPSIMOH, T.€. D()) = (-0, +0).
2. JlanHast GyHKIMS HE SIBISETCS HU YETHOM, HU HeueTHOH ((yHKIMs o01ero Buaa), T.K.
Yx) F £ y(x).

3. BepTukaibHbIX aCUMITOT HET, TaK Kak (PyHKIIMS olpezesieHa NMpH BCEX JIEHCTBUTENb-

HBbIX 3HAaYCHUAX X.

lim (x* —6x>4+9x—3) = 1w
4. TloBenenue (GyHKIUU B GECKOHEYHOCTH: X~ L@ , T.€.

rpaduk 1aHHOM QYHKIIMK aCUMOTOT HE UMEET.

5. 3KCTpeMy'MBI " UHTCPBAJIbI MOHOTOHHOCTH.

I (3 _ 2 2y — 22 _
HaxonuMm nepByto mpou3BOIHYIO: y = (x 6x* +9x—3)" = 3x 12x+9

y'=0mpu 3x*- 12x + 9 = 0.

Perrast naHHOE ypaBHEHHE, TOTYUUM:

D=122-4-3-9=144-108 = 36 = 62;

x1=1; x2=3,

T.€. KpUTUYECKHUE TOUKHU X1 = 1, X2 = 3. DTH TOUKH AENAT 00JIacTh onpeaeneHus PyHKIUN

Ha TpU npoMmexyTKa: (-o0; 1), (1;3), (3; +o0).
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X (-00; 1) x7=1 (1;3) x2 =3 (3; +o0)

' + 0 — 0 +

‘<

y / \ . /

max

B nepBom u nocneanem u3 Hux y'(x) > 0, B npomexytke x € (1;3) npoussoanas y'(x) < 0.
CrenoBaTenbHO, B MPOMEXKYTKaX X € (-0; 1), x € (3; +o0) pyHKIMsA Bo3pacTaet, a B IPOMEKYTKE
x € (1;3) — yosiBaert. [Ipu nmepexojie yepe3 TOUKY X| IPOU3BOAHASI MEHSET 3HAK C TUII0CA HA MU-
HYC, a IPU TIEpeX0/ie Yepe3 TOUKY X2 — C MUHYca Ha IUTIoC. TOo €CTh X1 U X2 — TOUKH IKCTPEMyMa.

HaxoauMm 3HadeHue QyHKIUH B TOUKAX IKCTpEMyMa:

y(1)=1;y(3)=-3.

Takum o6pazom, (1;1) — Touka makcumyMma, (3; —3) — TOUKa MUHIMYMa.

6. aTepBalibl BRIMYKJIOCTH M TOYKH Ieperuoa.

o 2 _ r__ —_
Haxoaum BTOpYIO MPOM3BOIHYIO: y = (3x 12x+9) = 6x—1 2;

6x - 12 = 0; otrcroja nojaydaem x = 2.
Touka x = 2 genuT 001acTh onpeaesieHrs (GYHKIIUU Ha JIBAa TPOMEXKYTKA: X € (-00; 2) U X €

y" =0 npu

(2; +0).
X (-o0; 2) x=2 (2; +0)
" - 0 +
mouka  nepe-
Y /\ euba \/

B nepBom u3 Hux y"” < 0, T.e. KpuBas BBIIIYKJa BBEPX, a BO BTOpoM )"' > (), T.e. KpuBas
BbIMyKJa BHMU3. Clie0BaTeNbHO, TOUKA X = 2 SBIAETCS
Toukol mepernda. Haxomum 3HaueHue QyHKIHH B ITOU Y4
flx) = x3 — 6x2 + 9x — 3

ToUKe: y(2)=23—6-22+9-2—3=—1. Ta-

KUM o0pa3om, (2; -1) — Touka neperuda.
7. HaxonuMm TOYKy nepeceueHus rpauka ¢ OChio
oVv: nmpu  x = 0  3HaueHue byHKIIUN

y(0)=0*-6-0°+9-0—3 =-3

Touku nepecedeHus rpapuka (GyHKIHUU C OCBIO
OX HallTu 3aTpyAHUTENBHO, TaK KakK JUIsl 3TOTO HE0OXO-
MO PeIIUTh KyOnueckoe ypaBHeHHe y(x) = 0.

[To moMy4eHHBIM TOYKAM IMOCTPOUM TMPHOIIKEH-
HBII Tpaduk TaHHOH QyHKIUH.

X

IIpumep 4. UccnenoBarh PyHKINIO U TOCTPOUTH €€ TpapuK 7 1+x%

1. O6nacte onpeaenennst pyHkiuu D(y)= (—o,; +o0). Touek pa3priBa HET.
Ilepeceuenue ¢ ocbro Ox: x = 0,y=0.

OyHKIMS HEYETHAsI, CIeI0BaTeIbHO, MOKHO MCCIIEZIOBATh €€ TOJIbKO Ha MpoMexyTke [0,

+00).
y,_1+;'fg—21'::4 3 1-x*
= = 7
2. [H"‘EF {1+x2} . Kpurnueckue toukn: x; = 1; xo=—1.
Hoiy, = f(‘lj . + -
’ -\_\_\_\_\_\_\_\_\i‘ ?ﬂ‘j?’! d_'_ﬂ; ;ﬂx -\_\_\_\_\_\_\_\_1
Yam = )=
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= —2x[:1+x2)2—(1— x2)2(1+x2).'2x _ —2x—2x —dx+dx _ 2% — 6x
(1+X2)4 (1+ x2)3 (1+J:2)3 |
2x3—6x=0. x =0, x2=—m.l'§, x3=~.l'r§.

{1+x2}3
f(wﬁ}=—§w0,4

3.
2 TN NS N
o~ T~ T U
4. a) BepTukanbHBIX aCUMITOT HET
x>+ k= lim 12=0, b= fim [ "2]=U
0) relt x I+ x . Acumnrora — y = 0.
X E::x]j_I}n_m1+1x2=U, E=0 »=0
.
N, 0 7 “x

6 Heonpeodenennulii u onpeoesieHHblil UHMeZPai.

6.1 Bompocs! Kk 3aHATHIO

Brruucnenue HeonpeaeneHHoro HHTerpana.

MeTton HenmocpeICTBEHHOTO HHTETPUPOBAHHS.

Meto1 3aMeHbI TIEPEMEHHOM B HEOTIPEIETIEHHOM HHTErpaJie.
MeTton MHTErpupOBaHHUsI 110 YaCTsIM.

HHuTerpupoBanue pallioOHAIbHBIX APOOEH.

Brruncnenue onpeaeneHHoro HHTerpana.

Brruucnenue monmaay KpUBOJIMHENHON TpaneLnu.

Nk wDh =

6.2 IIpu moaroTOBKE K BOMPOCAM aKIEHTUPOBATh BHUMAHUE HEOOXOIMMO Ha TO, YTO WH-
TErpupOBaHUE SBISIETCS OOpaTHOM omepainued kK auddepeHIMPOBaHUIO, TPUMEHEHUN CBOWCTB
HEONPEICTICHHOTO WHTETpajia K PEIICHUI0 TPUMEPOB, Ha (OPMYIIBI 3aMEHBI TIEPEMEHHOM, 1 Ha
TO, YTO TOCJI€ OTHICKAHUSI MHTETpalia OT HOBOM MepeMeHHONW HEOOXOAUMO BEPHYTHCS K UCXOI-
HOM MepeMeHHOH, cienaB 00paTHYIO MOICTaHOBKY, Ha TO, YTO MOCJIE MPUMEHEHUs] POPMYJIbl NH-
TErpUPOBAHUS 10 YACTSAM MOTyUYEHHBIM UHTErpal MOXKET OBITh PEIleH Tak ke Mo (opMye UHTe-
TPUPOBAHUSI TIO YACTSIM; HAa TIPOBEPKE OTCYTCTBHSI TOUEK pa3phiBa (DYHKIIMU HA TPOMEXKYTKE HH-
TErpUpPOBAHUS, MPUMEHEHNE CBOICTB MHTErpaia AJisl pelieHus IPUMepOB, TpUMEeHeHHne Gopmy-
el Hetotona-JIeiOnuia (o4epeIHOCTh TOICTAHOBKH BEPXHETO M HUKHETO TMPEACIIOB UHTETPH-
pOBaHMsI), HA HEMPEPBIBHOCTh U HEOTPHUIIATEIHHOCTh (PYHKIIMHM Ha MPOMEKYTKE WHTETPUPOBA-
HUSL.
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(2vx+1)®

——dx
IIpumep 1. Haiitu unrerpan: xvx
Pewrenue:
1
2yx+1 Bx +12x +6x2+1 1 1 _3
f[‘” ) J 3 dx = f 8+12x2+6-—+x2)dx
xw,,fx x
2
=8J.dx+12f dx—|—6J.——|-J. Idx = 8x + 24+/x + 6 In|x| — —+C.
VX
f dx
Ipumep 2. Haiitn © 1-2x,
-1 — XxX=-—-t1
Pemenue. [Tonoxum t=1-2x Torna
dxzd(i—it)=(3—3t)’dt_——dt
2 2 2
ITomyuaem
1
dox -7 )dt d
f—=f(2) =it inj+Cc=—-iml1-2x]|+C.
1-2x t 27 ¢t 2 2

Ipumep 3. Haiitu f cos(3x + Z]dx.

dx = gd(3x) = gd(3x+ 2)

Pemenue:

Torna:

[cos(3x +2)dx = _]'%cc-s(Ex +2)d(3x+2) = g_l" cos(3x +2)d(3x+ 2) =

isin(Ex +2)+¢C

—2x
IIpumep 4. Haittu f xe dx

Pemenue.

— — —-2x _ _ 1 -2
v=Jdv=[e®dx=—e |

Torna:

_rxe_:x dx =x(—%e“3‘*] — f(—fe_jxjdx = —fx x4 = (—ij 4 C= —%xe“jx —

J‘ —I
;e ¢

Tag kak 1 = x, 70 du = dx

u=xdr=e *dx
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1 2
[ x%dx
IIpumep S. Boruncauts ©0 .

2 2 2

x° 11 1 4] 1
xzdx———|0—————=—
Pemrenue: ¢ 3 3 3 3,

7 lupgpepenyuanvnvie ypasnenusn

7.1 Borpochl K 3aHATHIO

1. Auddepennnansabie ypaBHEHUS C pa3/IeJICHHBIMU MIEPEMEHHBIMHU.

2. IuddepeHunanbHble ypaBHEHUS C pa3ICsIONIMMUICS IE€PEMEHHBIMU.
3. JIuneiinbie nuddepeHnranbabie ypaBHEHUS IEPBOTO MOPSIIKA.

4. YpaBuenus bepnynnu

5. Y BTOpOro nopsijaka, 10MyCcKarlue MOHWKEHNUE MOpsIKa.

6. JIOAY BToporo nopsiaka.

7.2 Ilpu moAroToBKe K BONPOCAM aKIEHTUPOBAaTh BHUMaHHE HEOOXOIMMO Ha OCHOBHBIE
MOHATHUS M METOJIbI TEOPUH TU(PepeHIINATBHBIX YPAaBHEHUH.

IIpumepl. Haiitu obuiee pemenne quddepeHInaaTbHOr0 ypaBHEHUS xdx+ vdy =0
J+ -
x“dx+ I vdy =0

3 2 3 3
%+%:C—o6uu/1171 WHTETpan = y’ :2C—2%:> y:i1/2C—2%—06mee peleHue

Ipumep2. Haiitu o6uiee pemenne auddepenimansaoro ypasaenus xy' +y =0.

Oo1ee pemieHre qUQHepeHIIMATHPHOTO YPABHEHUS HILETCS C TIOMOIIBI0 HHTETPUPOBAHUSI JICBOM
Y MIPaBOi YacTell ypaBHEHHS, KOTOPOE MPEABAPUTEIILHO TPEOOPA30BAHO CICIYIONIMM 00pa3oM:
d
2 y=0
X
xdy+ ydx=0
dy dx
dy  dx _
y X
dx
“Y_c

0

Teneps unTErpUpYyeM: J & + I
y X

hy+lhx=C
Inxy=C
C
xy=e
xy=C

y =— -3T0 ofIIee penieHne uCXoHoro audepeHnnanTbHOr0 YpaBHEHUSI.
X

HonycTuM, 3a1aHbl HEKOTOPBIE HAYAJIbHBIE YCIOBUS: X0 = 1; yo = 2, TOr,1a UMEeeM

22%; C=2;
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[Ipy mojcTaHOBKE MOJIYYEHHOTO 3HAYEHHS MOCTOSHHOW B 0O0Iee pelleHue MoJydaeM
YaCTHOE pelIeHHE MPH 33JaHHBIX HAaYallbHBIX yCIOBHX (pemeHue 3aaaun Kommn).

2

y==

X

Ipumep3. Pemnts ypaBHeHue y' + y-sin x = 4xe

y=uv, Y =uv+uw'

Cosx

u'v+u' +uvsin x = 4xe™"
u'v+u(v' +vsin x) = 4xe*"
Vvi+vsin x=0(1)

{u v =4xe™" (2)

D V' +vsinx=0

% )
—+vsinx=0
dx

ﬂ‘l‘SiﬂdX:O
v

Iﬂ+jsmxdx=0
1%
In|v|—cosx=0

In|v|=cosx

COosx

v=e

(2) u!eCOSX — 4xeCOSx
u' =4x

u=2x>+C

y= ecosx . (2X2 + C)

Hpumep4. Pemuts ypapuenus 1) y'+7y =8y =0.(y=Ce* +Ce™.)
2) y"=8y' +16y=0.(y =(C,+C,x)e*".)
3) y"=2y'+10y=0.(y =e"(C, cos3x+C, sin3x).)

1)
y'+7y =8y =0
k*+7k-8=0
k =1

k,=-8

y, =ce’ +cet
2)

y' =8y +16y =0
k* -8k +16=0
k,=k,=4

y, = e (¢, + c,x)
3)
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y'=2y'"+10y=0
k*=2k+10=0
O=4-4-10=-36

2++/-36
2

ki, = =1+3i=a=1b=3

Y, =e€"(c, cos 3x + ¢, sin 3x)

IIpumepS. Pemmuts ypaBaenune y" —2y'+ y =3e”.

CocraBum XapPaKTCPUCTUYICCKOC YPABHCHUC JIA COOTBCTCTBYIOLICTO JIMHEHHOTO OJHOPOAHOTO

nudepeHIMAIBHOTO YPaBHEHUS:
k* -2k +1=0; k, =k, =1,

OO0mee penieHne OAHOPOAHOTO ypaBHeHUS: y, = Cie” +C,xe”.
Temneps HaiizieM YaCTHOE PEIICHUE HEOJHOPOJIHOTO YPABHEHHUS B BUJIE:
y, =x'e”0(x)
a=1 r=2 QOx)=C,
y, =Cx’e".
Bocrnons3yemest METOIOM HEOITPEIEIEHHBIX KOOI PHUIIMEHTOB.
y, =2Cxe" + Cx’e”; y! =2Ce* +2Cxe* +2Cxe* +Cx’e”.
[ToacTaBiisist B HCXOMHOE YPABHEHHUE, MTOTYIACM:
2Ce" +4Cxé" +Cx’e* —4Cxe" —2Cx’e" +Cx’e” =3e”.
3

2C=3; C=—.
2

YacTHOE peleHne UMeeT BUL: Y, = Exze".

N 3
OO61ee pelieHne TMHEHHOr0 HEOHOPOAHOTO ypaBHerus: |y, = Ce* +C,xe* +=x’e".
2

Ilpumep6. Peuts ypasuenue y” + y =—sin 2x.

CoCTaBUM U PEIUM XapaKTepUCTUIECKOe ypaBHeHue: k° +1=0; k,=4%i

OOmee penieHre OAHOPOJHOrO ypaBHeHus: y, = C, cos x + C, sin x;

Jns yskumm f{x) perenue umeM B Buae: y, = x' e™ (Q,(x)cos fx + §,(x)sin fx).

Awnanmmupys gyskimio f(x), nonyqaem: M,(x)=0; FP(x)=-1;, a=0;, f=2; r=0; [=0

Taxum obOpaszomMm, y, = Ccos2x+ Dsin 2x;

y, =—2Csin 2x+2Dcos 2x;

y, =-4Ccos2x—4Dsn 2x;
—4Ccos2x—4Dsin 2x+ Ccos2x+ Dsin 2x = —sin 2x;
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—3Ccos2x—3Dsin2x =—sin 2x

CcC=0; Dzl;

3
1.

Hroro: y, :gsm 2x;

Oo1ee perieHre HEOAHOPOAHOTO MU HEPSHIIMATHEHOTO YPABHECHUS

I . .
v, =—=sin2x+C, cosx+C,sin x;
3

8 Teopusa sepoamnocmu u mamemamuueckas cmamucmuKka

8.1 Bompock! k 3aHATHIO

1. Coueranus.

Pa3zmemnienns.

[TepectanoBkw.

CiydaiiHble TPOLIECCHI.

OrtHOCHUTENbHAS YaCTOTA COOBITH.

[Toacuer BEepOSATHOCTH COOBITHS.

Huckpernas cinyuaiinas senuuna (ICB). 3akon pacnpenenenus CB.
UYucnoBbie xapaktepuctuku JICB: Maremarnuyeckoe OXXWJaHUE, JIUCIICPCHS,
CpelHee KBapaTHieCKoe OTKIOHEHHE.

e o

8.2 Ilpu moAroToBke K BONPOCAM aKIEHTHPOBATb BHUMAaHUE HEOOXOJUMO HA MPABUIIb-
HOCTb BBIOOpa (OpMyINbI JJIsl PELICHUS AaHHOM 3aJayd, BaXHOCTh MOPSAKA B COCTABIEHHBIX
MIOJIMHO’KECTBAX, HAJIMYKME UM OTCYTCTBHUE ITOBTOPEHUI 3JIEMEHTOB B Ka)XK/10M U3 COCTaBIISIEMBIX
MOJMHO’KECTB; HA ONPENEICHNUN JUCKPETHOM CIy4allHOW BEJIMYMHBI, U HA TO, YTO CyMMa BEpPO-
SATHOCTEW B TAOJIHIIE pacIIpeICIICHHs CIIy9aifHOM BEIMYMHBI paBHa 1.

IIpumep 1. 3anucath Bee pa3MerieHuss 6e3 MOBTOPEHUH 00BEMOM 2, KOTOPBIE MOXKHO
COCTaBHTh U3 DJIEMEHTOB MHOXecTBa { 1,2, 3 }.

2
Uwucno Takux pazMeleHuit onpenensieM mo popmyne (4.1) A* =3-2=6.

Oto Oynyt cnepytoue pasmenienns  (1,2), (1,3), (2,1), (2,3), (3,1), (3,2).

IIpumep 2. 3anucath Bce NepecTaHOBKHU U3 3JIEMEHTOB MHOXecTBa { 1,2,3 }.

Yucno nepectaHoBOK onpenensieM kak ~ P¥=3!1=2-3 = 6. DTo Oyayr cieayromue
MepPEeCTaHOBKU
(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2), (3,2,1).
IIpumep 3. CkoabkuMHU cIoco6aMU MOKHO COCTaBUTh CIIHCOK U3 25 CTY/IEHTOB.
Umcro Bcex crmoco0oB, OYEBHIHO, OTIPEIEISIETCS YUCIOM BCEX MEPECTAHOBOK U3 25

pa3HBIX AJIEMEHTOB U BhIUMCIAETCS Kak P 4% = 25!
IIpumep 4. CkonpkuMu crioco6amMu MOKHO BBIOpaTh 5 HoMepoB u3 367
Yucno Takux crnoco6oB OyIeT paBHO YHCITY HEYNOPSA0UEHHBIX BBIOOPOK
0e3 NOBTOpEeHU 00EMOM 5, KOTOPbIE MOXKHO COCTaBUTh U3 36 3JIEMEHTOB, T.€. 3T0O OyayT
coyeTaHus Mo 5 3nemMeHToB. Yucio ux OyaeT paBHO
36.35.34.33

, I o-rmv s
c¥= 1.2.34 = 376992.

IIpumep S Jlorepest cocrout u3 1000 6unetos, cpeau HuX 200 BeiMrpbIHbIX. Hayran BeiHuMa-

etcs onuH Omier u3 1000. Yemy paBHA BEpOSITHOCTb TOTO, YTO ATOT OMJIET BHIUTPHIIIHbIN?

Pewenue: paznuunbix ucxonos B 3ToM npumepe 1000 (n=1000). B unrepecyroiee Hac coObl-
tue A Bxoaat 200 ucxomoB (m=200). Takum 06pazom,
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200
P = 1000~

IIpumep 6. B xopoOke nexar 200 6enbix, 100 kpacHbix u 50 3eneHbIX mapoB. Haynady BeIHH-

MaeTcss oAMH map. YeMy paBHBI BEPOSTHOCTH MOJIYYHTH IIap OEJIOro, KPaCHOTO WIIM 3€JIEHOTO

nsera’?

Pewenue: Paccmotpum coObiTusi: A={BbIHYIM Oenblii map}, B={BeIHynM KpacHbli map},

C={BbIHYNH 3eeHbIN map}. n=350, Torma

pay-20 -2
35007
mo 2
OREEES
®) 2500 7
Py =2 -1
350 7

Ipumep 7 K xakum xinaccam coObITHH (BO3ZMOKHOE, HEBO3MOKHOE, JIOCTOBEPHOE) OTHO-
CSITCS: @) PACCTOSTHUE MEKY JIBYMsI IPOU3BOJILHBIMU TOPOIaMy MeHbIIIe, yeM S0 ThIcaY KUJI0-
METpoB; 0) HayraJ BEIOPaHHOE CIIOBO PYCCKOTO SI3bIKA 3aKaHUYMBACTCS OYKBaMHU «H30»; B) Bacs
BBIMTpAeT B jorepee?

Pemenue.
[TepBoe u3 coOBITHIT TOCTOBEPHOE, a BTOPOE — HEBO3MOXKHOE. TpeThe COOBITHE MOXKET MTPOU30M-
TH, @ MOXET HE MPOU30MTH — OHO SBJISETCS BOSMOXKHBIM, HO HE JOCTOBEPHBIM.

IIpumep 8. Ykaxute coObITHS, MPOTUBOIOIOKHBIE JaHHBIM: a) Ha KyOHKe BbInajo 1; 0)

Caerta noJrydnsia Ha 3K3aMeHe «5»; B) MOCIIEe HOUYM HACTyHaeT yTpo?

Pewenue

a) Ha kyOuxke He Bbinano 1; 6) CBeTa He nosiyunsa Ha sK3aMeHe «5» (B ToM ciydae, eciau Ceera
claBaJia 9K3aMEeH, TO MOKHO YTBEPKIaTh, yTo CBeTa Moy4nsia Kakylo-TO IPYTYIO OIICHKY); B)
MOCJIe HOYM HE HACTYIAET yTPO. 3aMETUM, YTO COOBITHE, IIPOTHBOIIOJIOKHOE COOBITHIO B) SIBIISI-
€TCsl HEBO3MOXKHBIM (BO BCAKOM cllyyae, B Hallleil 0ObII€HHON KU3HN).

IIpumep 9. CoBMecTHBI 11 COOBITHS: @) HAa IEPBOM KyOuKe BbInaio 1, a Ha BTopoM — 2; 6) FOpa
nomIéN B IIKONY, a 3aBTpa OyAeT M0Kb; B) FIBaHOB B HACTOSAIIEE BPEMS SBIISETCS MPE3UTACHTOM
cTpassl, ¥ [1eTpoB sBIsSETCA NPE3UIEHTOM TOW K€ CTPAHBI.
Pemenue.
[Tapa coObITHIT U3 TpUMEpPa a) COBMECTHA, TaK KaK MOXKET MPOU30UTH OJJHOBPEMEHHO. TOYHO Tak
K€ COBMECTHA M mapa coObiTui 0). [lapa coOpITHI B) HECOBMECTHA, TaK KaK HE MOXET MPOU30Mi-
TH OJHOBPEMEHHO.
Hpumep 10. [TakeTs akumii komnanui A, B u C MOryT 1ath J0X0J BJIaJEIbIly C BEPOSTHOCTHIO
0,7, 0,8, 0,6 coorBeTcTBeHHO. HaliTh BEPOSITHOCTH TOTO, YTO BJIAAENEI] NAKETOB aKI[Ui Pa3Jiny-
HBIX (PUPM MOIYYUT JOXOJ &) TOIBKO MO OJTHOMY TMAaKeTy aKI[uii; 0) XoTs Obl 10 OJHOMY TTAKETy
AKIUH.
a) I[Tycth coObITHE A COCTOUT B TOM, YTOOBI IOMYYUTH TOXOJ TOJBKO MO OHOMY
MakeTy akmuii. PaccMoTpum Takue COOBITHS:
Al - momy4uTh TPUOBLTE OT AKIHUN MIPEATIPHUATHS A,
A2 - omy4yuTh NpUOBLIL OT aKUUi npeanpudrus B,
A3 - monmyuuTh TpUOBLTE OT akuuii npeanpustus C.
CoO0TBETCTBYIOIINE BEPOSITHOCTH COOBITHI pPaBHBI:

pl&y)=0.7. pay)=038. pla;)=0,6.

p(a)=p(ay) A, ) p(8s )+ p(&) -plas) p(&s)+ p(&) ) plA, ) plAs) -

=0,7-0,2.04+0,3.0,8-04+0,30,2-0,6=0,188.
6) Paccmotpum coOpiTue B, cocrosiiiee B TOM, 4TO Biiajieiel He MoayduT npuOsutu. Torsaa,
MpUHUMAasE 0003HAYCHHS MPEIBIAYIIETO MTyHKTA, TTOTYIUM:
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p(B)=p(A) p(Es) p(A:)=03-0,2-04= 0,024

CoObitrie B, npotuBononoxuoe codbiTrio B, cCOCTOUT B TOM, 9TOOBI HIOJIYyYUTh PUOBLITH XOTSI
ObI 110 0IHOMY NakeTy akuuid. Cie0BaTeNbHO,

o(B)-1-5(E)-0.576

IIpumep 11. Ha 3aBoze, U3rotoBisionieM OONTHI, epBasi MallMHA MPOU3BOAUT 25%, BTOpas -
35%, tpetbs - 40% Bcex m3genuid. B ux mpoaykmuu Opak COCTaBIsSET COOTBETCTBEHHO 5, 4 H
2%. a) KakoBa BepOsSTHOCTb TOT0, YTO CIy4ailHO BHIOpaHHBINA 60NT NehEeKTHBIN?

0) CiryuaiiHO BBIOpAHHBIN U3 MPOAYKIIUU O0NT oKazaincs nedekTHpiM. KakoBa BEpOSTHOCTH TOTO,
YTO OH OBLI IPOU3BE/ICH MIEPBOM, BTOPOM, TPEThEH MAITMHON’?

Pemenue. [Tycth coObiTe A = {BbIOparh He(eKTHBIH 00T} .

BriBuraeM Tpu runoress:

H, ={00JIT U3TOTOBJICH MEPBOW MAIITMHOM }, P(H; :3':0,25 ,F (A/H 1::':0,05;
H2:{6OJ'IT u3roTosieH Bropoii Maumuoii}, £(Hz2)=0,35, P{A/H2)=0,04;

H3={60J1T W3TOTOBJIEH TpeTbeil MatmHoit}, £ (Ha)-0,4, P(A/Hz)=0 2.
a) P(A)=0,25.0,05 + 0,35 0,04 + 0,4 - 0,02 = 0,0345;
o5 .0,06 25
; = &0

a
5) TUR/A) = 2o etk
0,35.0,04 28

P(H,/A) = 0,0345 60
0,4.0,02 16
P(Hs/A) = 0,0345 ~ 60

IIpumep 12. JluckpeTHas ciayyaiiHas BennyrHa X 3a/laHa TaOIHUIEeH pacipeeieHus:

X 2 3 5 6
P 0,5 0,2 0,2 0,1
Haiitu M(X), D(X), 6(X).

Pemenue. Hatinem matematnueckoe oxkunanne: M(X)=2110,5+310,2+5010,2+610,1=3,2.

_ 2y 32

Jucnepcuto BbIUUCIUM 10 hopMylie D{X)=M(X7) - M7 (X) .
MXH=2"-05+3"-0,2+5-0,2+6"-01=124

D(xXy=124-(32) =216,

o(X)= .J216 =147

ITIpumep 13. IlycTs ciyuaiinas BeNMUMHA UMEET CIEIYIOIINNA 3aKOH paclpeaeIeHus

e[1]0]2
P | 1/4 | 1/4] 12

BreluncanTe MaTeMaTHYeCKOE OXKHIaHHE Mé, AUCTIICPCHUIO Da U CPCAHCKBAAPATHUYCCKOC
OTKJIOHCHHUC C.

Pemenue. [1o onpeaenennio MaTeMaTHyecKoe OKUIaHuEe & paBHO

a INoTOMY

2 ~ = ” ==y
CpenHeKBapaTHYECKOE OTKIIOHCHHUE o~I1FZ12

Mpumep 14. J{is maps! caydaifHbIX BenmuduH U3 3a1aun 3 Berancauts M (577) |
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Pewenue. Tlonpzyemcs GpopmyInoif, ykazaHHOH BbIlIe. A UMEHHO, B KQXKJI0M KJIETKE TaOIH-

bl BBITOJHSIEM yKa3aHHYIO OMepanuio (T.e. yMHOXKEHHE 3HaYeHU X; U Y; ) U pe3ynbTar yMHO-
’KaeM Ha BEpPOATHOCTH B KJIETKE, U BCE 3TO CYMMUPYEM 110 BCeM KieTkam Tabmuisl. B utore mo-
JTydaeM:

o — > — SHE a——

Ipumep 15. Haiitu nnTerpaibHyto GyHKIUIO pacrpeesieHus CIy4ailHOW BeTMYUHbI X, 3a1aH-
HOW PsZIOM paclpeneeHus:

X 1 2 3
P 0,3 0,2 0,5

U TIOCTPOUTH €€ rpaduk.

Pemenwue. ITycts x < 1, Torna F(x) = 0, Tak kak coObiTHEe X < X OyJIeT HEBO3MOXKHBIM. Ec-
au 1 <x< 2, To Ha ocHOBaHUHU paBeHcTBa uMeeM F(x) =p1= 0,3. Eciu 2 <x < 3, 1o F(x) =
p1+p2=0,5.

Ecmux>3,10 F(x) =p1 +p2+p3=1.

OKOHUaTEIBHO MOJTy4aeM

b
0, ecrme x €1, Frx)

0.3, ecrmel < x % 2, 1r :*'E—

F(x) = !

05, ecmad < x &3, :

1, ecrmrx = 3. :

Ipaduk ¢ F(x) w306 | o

a(PUuK KU X) HU300pPa’KCH Ha | !

p YHE p 03f —— :

puc. ' ' 1
1] 1 2 3 X
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BBEJEHUE

JlanHOE  y4eOHO-METOAMYEeCKOe  TOocoOMe  TpeAHAa3HAYeHO IS BBITOJHCHHS
CaMOCTOSITENIBHBIX paboT mo aucuuiuiiHe «MaremMaTukay il CTYACHTOB CIEIHMaIbHOCTEH
38.02.01 DOkoHomuka u Oyxranrepckuii ydeT (mo orpacisiMm). IlocoOue cooOTBETCTBYET
TpeboBaHUsAM (henepanbHOro rocyaapcTBeHHOTo oOpasoBarensHoro crangapta CIIO u paboueit
IPOTPAMMBI 110 TUCIIUILIHHE.

Tak kak caMmocrosiTenbHas paboTa SBISIETCS 00A3aTENbHBIM YCIOBHUEM OpraHU3aIUH
y4eOHOTO TMpollecca, TO JIaHHOE T0cOOMe TMPHU3BAHO CIIOCOOCTBOBATh IMPHOOPETCHUIO
CTYACHTAaMH HEOOXOAMMBIX YMEHHH W HaBBIKOB INPH BBIIOJIHEHUH HHIMBHIYaJbHBIX PadoT,
Pa3BUTHIO  JIOTUYECKOTO  MBIIUICHHUS, YMEHHUIO MPHUMEHSATh TIOJIyYeHHbIC 3HAHHUS B
npodeCcCHOHATBLHOM 1eATETFHOCTH.

Y4eOHO-MeToInYecKoe TOoCcOoOUe CONCPKHUT 3aaHusl JJIsi CaMOCTOSITENILHBIX PadOT U
OPOOHBIE METOIMYECKHE YKA3aHUs MO MX BBIMOJIHEHHUIO C Pa300paHHBIMU puMepamu. Takke
B TIOCOOUY MPHUCYTCTBYIOT TaOJIUIBI M (POPMYJIIBI, KOTOPBIC MOMOTYT CTYJCHTY PEIIUTh 3a/IaHusl.

B mpomecce wu3ydeHHss TAaHHON AWCHUIUIMHBI CTYACHT JOJDKEH BBIOJHUTH BCE
npejiaraembie 3aganus. Homep BapuaHTa B KaXKJIOM M3 HUX JA€TCs JIMYHO TpErojaBareieM U
COOTBETCTBYET HOMEPY CTYyJICHTa B yYeOHOM KypHaJe.

Bpewmsi, BEIOpaHHOE Ha CaMOCTOSITEIbHYIO paOdOTy 1O AaHHOW(BIM) TeMe(aM) 0O0CHOBaHO:
CIIOKHOCTBIO MaTepuaa, O0IbIIMM 00bEMOM BBIUYUCIUTENBHBIX JEHCTBUI U TPE0Opa30BaHUI.



SAJAHUA U1 CAMOCTOSATEJIBHBIX PABOT

3aganue 1
Hccnenyiite nannyro GpyHKIUIO U TOCTPONTE ee rpaduk.

1)y=3x-15x*+36
2)y=x-9x% + 24x
3)y=x’-3x*-9x +4
4y=2*"-4x*+3
5)y=6x>-3x*+1
6)y=2x-3x>+7
Ny=x-3x"-9x+2
8)y=3x-6x+1
9)y=x7-9x*+24x- 16
10)y=3x*-8x° + 1
1) y=x-12x

12) y=x*-2x*-3
13)y=x +3x°

14) y = 2x* - x?
15)y=x’ - 3x - Ox
16)y=x*-4x*+3
17)y =-x + 6x?

18) y=x° - 3x

19) y = -x* + 247
20)y =x° - 6x% + 5x
21) y=x" - 12x* + 36
22)y=2x"-3x*+15
23)y=6x7-3x*+5
24)y=3x"-8x-2
25)y=x"-3x+4

3aganue 2
Haiigure niomanb Gurypsl, orpaHMu€HHON yKa3aHHBIMH JUHUAMHU. CenaiTe yepTex.

Dy=x-1,y=x>-4x+3
D)y=x-3,y=x’+4x-3
y=1-x,y=3-2x-x’
DHy=x,y=2+2x-x
S)yy=x-x+1,y=x+1
6)y=2-2x"y=x+1
Ny=x*+3x+1,y=-2x-3
8)y=-3x*+2Ix-11,y=3x+4
9)y=2x-3,y=-x"+3x-1
10)y=3+2x-x’,y=x+1

1
11)y=2x-10,y = g(x—S)z

12)y=x*+4x+3,y=x+3
13)y=x*-2x-1,y=x-1
14)y=x*y=x+2



15)y=x*-2x+3,y=3x-1
16)y=x?-2x,y=x+1
17)y=9-x%y=0

18) y=4x-x%,y=0
19)y=x’-2x+3,y=6
20)y=x’+2x+3,y=6
2)y=x*-4x,y=0
22)y=x-3,0X,x=-1,x=1
23)y=-x*+9,0X, x=0,x=2
24)y=x+1,0X,x=1,x=4
25)y=x2, OX x=-1,x=1

3aganue 3

I. Haiitu obmmiee pemenue auddepeHnnanbHOro ypaBHeHuUs (JISTKUH YPOBEHB):
Hy"—=3y'—4y =0
2)y"+5y"+6y=0
3)y"' =y —6y=0

4)y" +3y' —4y=0
5)y"—=9y"'+20y =0
6)y"+y —20y=0
Ny"+4y" +3y =0
)y —y' =20y =0
Ny"+y —6y=0
10)y" —6y"+9y =0

1) y" —12y" +36y =0
12) y" —14y"'+ 49y =0
13) y" —10y"' + 25y =0
14)y" —30y" + 225y =0
15 y" =2y"+y=0
16)y" —16y' + 64y =0
17)y" —22y"+ 121y =0
18) y" + 20y’ + 100y =0
19)y" —18y"'+81y =0
200y" +y' =2y =0

2 y" —12y' =36y =0
22)y" =10y’ — 25y =0
23)y" =2y' =y =0
24)y" — 16y’ — 64y =0
25)y" —y' =2y =0

1I. Haiitu JaCTHOC pCIJ_ICHI/IC ,Z[I/I(I)(I)CpCHI_II/IaJ'IBHOTO ypaBHeHI/ISI HpI/I YKaSaHHBIX Ha4dYaJIbHBIX
YCJ'IOBI/ISIXZ

Dy"+4y"+5y=0,y(0)=-3,y'(0)=0

2)y" —12y"+35y =0,y(1) =10,y'(1) =2

3)y"+4y'+5y=0,y(0)=-3,y'(0)=0

Hy"+2y'+2y=0,y0)=1y'(0) =1

5)y" +25y" =0, y(1) = 20,y'(1) = 10

6)}/” _y, = 0,3’(0) = O9y,(0) =1

7Ny"—4y"'=0,y(0)=0,y'(0) =8

8)}/” _4y = 0,)’(0) = 1:}’,(0) =2



9)y" +9y=0,y(0)=0,y'() =1

10)y" =5y’ + 4y =0,y(0) =5,y'(0) =8
1)y"+8y"+16y=0,y(0)=1,y'(0)=0
12)y" =7y"+ 6y =0,y(0) =2,5'(0)=0
13)y" —8y"+ 15y =0,y(0) =1,y'(0) = -2
14)y" —4y'+ 4y =0,y(0) = 2,y'(0) = -1
15 y" —=7y"+10y =0,y(0) =1,y'(0) = -1
16)y" —6y'+9y =0,y(0) =2,y'(0) =1
17)y" + 10y’ + 25y =0, y(0) = 5,y'(0) = 3
18)y" +8y'+7y =0,y(0) =1,y'(0) = -2
19 y" —7y"+12y =0, y(0) = -2,y'(0) = 2
20)y" =2y"+5y=0,y(0)=0,y'(0)=0
21)y" =5y" =4y =0,y(0) = 1,y'(0) =2
22)y" =7y"' =10y = 0,y(0) = 2,y'(0) = -2
23)y" —2y' =2y =0,y(0) =1,y'(0) = -1
24)y" —6y' —9y =0,y(0) = -2,y'(0) = 2
25)y" —4y' —4y=0,y(0) = -2,y'(0) =1

3ananmne 4

3ajaH 3aKOH pachpeAesCHUs] CIydaiHOW BenuuumHbBl X (B THEpPBOH CTPOKE TaOIMIBI JTaHBI
BO3MOJKHBIC 3HAUEHHS BEIMYMHBI X, a BO BTOPOHM CTPOKE YKa3aHbl BEPOSTHOCTH p ITUX
BO3MOJXKHBIX 3HaueHHi1). [TocTpoliTe MHOrOYrOJIbHUK pacripe/iesIieHUs] U HalauTe:

a) MmaTeMaTnieckoe oxxunanue M(X);

0) nucniepcuto D(X);

B) cpeliHee KBaIpaTUYecKoe OTKIOHEHHE 0

r) GyHKIHMIO pactipeneneHus F(x) u mocTpoite ee rpauxk.

)

X 23 25 28 29
p 0’3 0’2 091 094

2)
X 18 22 23 26
p 0’3 O’l 072 0,4

3)
X 12 14 16 20
p 0,5 0,1 0,2 0,2

4)
78 80 84 85
p 0.3 0.1 0,2 0,4

5)
X 25 27 30 32




0,4 0,2 0,1 0,3
6)

35 39 42 46

0,3 0,4 0,2 0,1
7)

31 34 37 40

0,5 0,1 0,3 0,1
8)

37 41 43 45

0,5 0,2 0.1 0.2
9

24 26 28 30

0,2 0,1 0,3 0,4
10)

45 47 50 52

0,4 0,1 0,3 0,2
11)

28 32 34 36

0,2 0,5 0,2 0,1
12)

25 28 30 33

0,2 0,3 0,4 0,1
13)

21 25 28 31

0,4 0,3 0,1 0,2
14)

46 49 51 55

0,1 0,2 0,3 0,4
15)

17 20 23 27

0,3 0,2 0,1 0.4




16)

16 21 25 27

0,3 0,1 0,2 0,4
17)

30 32 35 40

0,5 0,2 0.1 0.2
18)

60 64 67 70

0,3 0,4 0,1 0,2
19)

56 58 60 64

0.4 0,2 0,3 0,1
20)

12 16 19 21

0,1 0,5 0,1 0,3
21)

42 45 48 52

0,4 0,1 0,2 0,3
22)

53 55 58 61

0,4 0,2 0,1 0,3
23)

13 15 18 19

0,2 0,2 0,1 0,5
24)

34 36 40 42

0,3 0,1 0,2 0,4
25)

65 68 72 74

0,1 0,2 0,4 0,3




METOJUYECKHUE YKA3AHMS 11O BBIIIOJTHEHUTO 3ATAHUM JIJIsI
CAMOCTOATEJBHbBIX PABOT

3ananue 1
Uccrenyiite nannyro GyHKIMIO U IOCTPOiiTe ee rpaduk: y = x° - 6x° + 9x - 3.

[lpu uccnemoBanuyu (YHKIMA W TOCTPOCHUH HMX TPAPUKOB PEKOMEHAYETCS HCIOIb30BaTh
CJIEAYIOUIYIO CXEMY:

1) Haiitu 00sacTh onpeaenacHus QyHKINN;

2) uccnenoBarh (PYHKIMIO Ha YETHOCTh-HEYETHOCTD;

3) HailTU BepTUKaJIbHbIE ACUMIITOTHI;

4) wuccnenoBarh MoBeleHUE (QYHKIMUM B OECKOHEYHOCTH, HAWTH TOPU3OHTAIbHBIC WU
HAKJIOHHBIE aCUMIITOTBI;

5) HalTH 3KCTPEMyMbI U HHTEPBAJIbl MOHOTOHHOCTH (DYHKLIUY;

6) HailTU HHTEPBAJIbI BHITYKJIOCTH (QYHKIIMH U TOYKU IIEperuoa;

7) HAWTH TOYKH IEPECEYEeHUs1 C OCAMHU KOOPIUHAT U, BO3MOXKHO, HEKOTOPbIE JOMOJHUTEIbHbIE
TOYKH, YTOUHSIOIINE rpaduK.

Pewenue
1. @yHKIMS onpeiesieHa Ha BCeil UMCIOBOM NPAMOH, T.e. D(y) = (-0, +o0).
2. JlanHas GyHKIUS HE SABISETCS HU Y€THOW, HU HeUeTHOH ((pyHKIHs 001ero Buaa), Tak Kak y(-
x) # £ y(x).
3. BepTukanbHBIX aCHMOTOT HET, TaK Kak (YYHKIHs OMpeesieHa TMPU BCEX IEHCTBUTEIBHBIX
3HAUYEHHUSIX X.
4. loseaenne GyHKINN B OECKOHEYHOCTH:

153

e
5. DKCTpeMyMBbl U UHTEPBAJIbl MOHOTOHHOCTH.
Haxoaum nepByro npou3BOIHYIO:

=——, T.€. rpaUK TaHHOW (PYHKIIMK aCUMITOT HE UMEET.

=

y'=0mnpu3x*- 12x+9=0.
Pemast nanHO€ ypaBHEHHUE, TOJIYUUM:
D=12°-43-9=144 - 108 = 36 = 6%;

Blro>1=s B> 15

x]: JE— JE— 5= JE—

=9

27 S 2z S
T.€. KpUTUYECKUE TOYKU X = 1, X2 = 3. DTU TOUKM JIeIAT 00s1acTh onpeseseHus GyHKINUN Ha TpU
npomexyTka: (-o; 1), (1;3), (3; +o0).

\

-

X (-00; 1) x;=1 (1;3) x2 =3 (3; +0)
y' + 0 — 0 +

y ___— max \ min "

B nepBom u nocnennem u3 Hux y'(x) > 0, B mpomexxytke x € (1;3) npousBognas  y'(x) < 0.
CnenoBarenbHO, B MPOMEXYTKaxX x € (-00; 1), x € (3; +o0) hyHKIUSA BO3pACTAET, a B IPOMEXKYTKE
x € (1;3) — yobBaer. Ilpu nepexosae yepe3 TOUKY Xx; MPOU3BOJHAS MEHSET 3HAK C MIl0ca Ha
Munyc, a TIpU TEepexoje uYepe3 TOYKYy X2 — C MuHyca Ha naioc. TO €CTb X; U X2 — TOUKHU
skcTpeMyMa. Haxoaum 3HaueHne QyHKIIUN B TOUKAX SKCTPEMyMa:




AMDF SEFOLS (DSBS SIS IS S

Takum o6pazom, (1;1) — Touka makcumyma, (3; —3) — TOUKa MUHUMYyMA.
6. lHTepBaJIbl BRIMYKJIOCTH U TOYKH Teperuoa.
Haxonum BTOpYyr0 IPOU3BOAHYIO:

)fz@&%; y"=0mnpu 6x-12=0; orcroga noiaydaem x = 2.

Touka x = 2 genut 06yacTh onpeaesieHust yHKIIMU Ha ABa IPOMEKYTKa: xe(-00; 2) u xe(2; +00).

x (-90; 2) x=2 (2; +o0)
yn _ 0 +

m mouxa U
Y nepezuba

B nepBom u3 Hux y" < 0, T.e. KpuBas BBITYKJIA BBEPX, @ BO BTOpoM »"' > (), T.e. KpuBas BbIIYyKJIa
BHU3. CrieoBarenbHO, TOUKA X = 2 sBJseTCsA TOUKOM nepern6a. Haxonum 3Hauenue GyHKUIUU B
9TOU TOYKE:

3= _Y- -1 d
Taxum o6pasom, (2; -1) — Touka neperuba. | (%) = x3 — 6x2 + 9x — 3
7. Haxonum Touky nepeceyeHus rpaduxa C OCBIO
OY: npu x = 0 3HaYeHNE PYHKIUU

b 2 ==t = ="

Toukn mnepeceuenus: rpaduka QyHkmEE ¢ ocelo OX
HalTH 3aTPYAHUTENIBHO, TaK KaK JUIsl 3TOT0 HE0OXO0AUMO
pemuTh Kyondeckoe ypaBuenue y(x) = 0.

[Io momyueHHBIM TOYKAM MOCTPOMM MPHOIMKEHHBIH
rpaduk 1aHHOW QyHKIMU.

3aganme 2

Haitinure IJIOIIA b ¢burypsi, OTpPAaHUYEHHOMN
yYKa3aHHBIMH JIUHUSMU. CHeNailTe YepTex.

V=—X; }1:21’—1’2

Pewenue

Crnenaem deprex:
Y = —X —npsamas,

— 2
V= 2x —x° - napabosa, BETBU
HaIpaBJieHbl BHU3, OCh CAMMETPHHI
x=1.
Haiinem TOYKU IepeceuYeHus

ylk

mapaboIb! y = 2x — x° -

npsMoit ¥ = —X, pemmuB cucTeMy
JTUX YPaBHEHUN:

{y = 2x — x?
y=—X
[Tonyunm:




—x = 2x — x°
3x—x2=0
x(3—x)=10

X, =0 x,=3

[poemnpys durypy Ha ock abcrycce, BUIUM, YTO MCKOMas IUIOIIAIb — 3TO IUIOMAAb (GUTYPHI,
3aKJIFOYEHHOM MEXIy KpUBBIMU; IIpU 3TOM Ha oTpeske [0;3]:

A B

[Tpumenum hopMyy A1t BBIMUCICHHS TUIOMIAJICH TUIOCKUX QUryp:
H
<z

rae npeiejaaMu HHTErpUPOBaHUS 6y,HYT abcuuccel Touek O u 4:
3
S = f((Zx —x2)—(—x)) dx
0

C nomorsio hopmynsl HetoTona — JleitOHMIIa BHIYUCIUM 3HAYCHUE TUIOMIAIU (DUTYPBI:

x3)|3 27 27 27
0 2 3 2

S = fDE(SX—xzjdx = 3}? xdx—fﬂaxngcz ze —-=

27 12 9

2 2 2

Omsem: S = 4.5 (ed?).

3aganue 3

I. Haiitu o6riee pemenne quddepenimanpaoro ypasaenus: y'' — 3y’ + 2y =0

Pewenue.

Pemras xapakrepuctudeckoe ypaHenue A2 — 31 + 2 = 0, HaxoquM ero Kopau A;= 1 u A= 2.
Torzma oblee pelleHHe NAaHHOTO YpaBHEHMs Haxomutcs 1o dopmyne y = Ciet1* + C,e?2* n
umeer Bua y = Cre* + C,e?*.

II. Haiitu uwactHOe penieHue AUQQEpEHIIMATBPHOTO ypaBHEHUs IMPH YKAa3aHHBIX HavalbHbBIX
yenosusix: y'' —2y'+y =0,y(0) =1, y'(0) =0

Pewenue.

Pemas xapaktepuctuueckoe ypaBHenue A2 — 21+ 1 =0, momyyaem 4; = A> = 1. CormacHo
dbopmyne y = C,e?* + C,xe? Teopemsl obmee permenne audQpepeHIHATLHOTO ypaBHEHUS
umeer Bua y = Cie* + Cyxe™ = (C; + Cyx)e”™.

Tak kak y(0) = 1, to C; = 1 u, nockoibky y' = (C; + C,x)e* + C,e* =y + C,e* u y'(0) =
0, To C> = -1. Takum 00pa3oM, OKOHYATEIILHO MOJydaeM yacTHoe perrenne y = (1 — x)e*.

3aganue 4
3amaH 3aKOH paclpelesieHus] ciydailHoW BenuuuHbl X (B NEpBOW CTpPOKE TaOJIUIbl JaHbI



BO3MOJKHBIE 3HAUEHHs BEIMYMHBI X, a BO BTOPOM CTPOKE YKa3aHbl BEPOATHOCTU p ITHUX
BO3MOKHBIX 3HaUeHUi1). [locTpoliTe MHOTOYTOJIbHUK paCIpeeIICHUs] U HAUIUTE:

a) MmaremMaTu4eckoe oxxunaanue M(X);

0) nucnepcuto D(X);

B) CpeJiHee KBaJApaTUYeCcKoe OTKIOHEHUE T;

r) hyHKIUIO pacupenenenus F(x) U mocTpoiTe ee rpaduxk.

X 5 9 12 16
p 0,4 0,1 0,3 0,2
Pewenue

[TocTporM MHOTOYTOJILHUK pacHpe/iesICHuUs.

CtpouM mpsIMOYTOJBHYIO CUCTEMY KOOPAMHAT, NMPUYEM MO Ocu abcuucc OyneM OTKJIaAbIBaTh
BO3MOXXHbBIE 3HAUEHUS X, @ IO OCH OPAMHAT — COOTBETCTBYIOILIUE BEPOSITHOCTH p;. [locTpoum
touku M;(5;0,4); M>(9;0,1); M3(12;0,3) u M4(16;0,2). CoequHUB 3TU TOYKU OTPE3KAMH MPSIMBIX,
MOJIYYUM UCKOMBIA MHOTOYTOJIbHUK pacrpeaesieHusI.

A

Di

04 [T i

03 [~

02 bemoomee

0,1 fommmmmmm -

it TSRy A ——

v

16 Xi

e}
(9]
el
—
[\

a) MAaTEMaTUUYCCKOC OXKUIAHUC paABHO CyMMC HpOI/IBBe,Z[eHI/Iﬁ BCE€X BO3MOXKHBIX 3HaUeHUH X Ha
HX BCPOATHOCTH, T.C.

A=S3

HO)ICT&BJ'IS[S[ YHUCIIOBBIC 3HAYCHUS, ITOJTYINM!

0) BBIYUCIMM JUCIIEPCHIO 110 HOPMYIIE M—M JIJ1sl 5TOrO HY)KHO HAWTH

2
M (X ~). 3anmmem 3akon pacrpenenenus X2:

XZ

25

81

144

256

0,4

0,1

0,3

0,2




o 2
HaI/I,I[eM MATEMAaTHUYCCKOC OXXUJIaHUC M(X ) .

Haiinem nckomyro nucrepcuro:

Vi o, = T == 2= T

B) HAJIeM UCKOMOE CpeTHEe KBAIPATUIECKOE OTKIIOHCHUE:

P == —EP=="

r) ecm X < 5,10 F (x) = 0. JlelicTBUTENbHO, 3HAYCHUH, MEHBIIINX YMCIa S5, BennunHa X HE
MIPUHUMAET.
CnenoBatenbHo, mpu X < 5 ¢bynakuus F(x) = P(X<x) = 0.

Ecmm 5 < x<9, 1o F(x) = 0,4. JlelictBuTenbHo, X MOXET NPUHATH 3HAUCHUE 5 C
BeposATHOCTHIO 0,4.

Ecm 9 < x<12, 10 F (x) = 0,5. JlelictBuTeNbHO, X MOXXET NPHUHATH 3HAYCHHE 5 C
BeposiTHOCTHIO 0,4 1 3HaueHue 9 c BepositHocThIO 0,1; creoBaTeIbHO, OAHO U3 ATUX 3HAYCHUH,
0e3pa3mMyHO Kakoe, X MOXKET MPUHSATH (IO TEOpeMe CIIOKEHUSI BEPOSTHOCTEH HECOBMECTHBIX
coObITHi) ¢ BeposTHOCThIO 0,4 + 0,1 =0,5.

Ecmu 12 < x<16, 10 F (x) = 0,8. JelictButenbHo, X MOXET MPUHSITH 3HAYEHUE 5 C
BeposiTHOCThIO 0,4, 3Hauenune 9 c BepositHocThiO 0,1 u 3Hauenue 12 ¢ BepositHOCTBIO 0,3;
CJIeIOBATEeNbHO, OJHO M3 ITHX 3HAYEHUH, 0€3pa3NnuyHO Kakoe, X MOXKET MPUHATH (10 Teopeme
CJIO’KEHUS BEPOSTHOCTEN HECOBMECTHBIX COOBITUI) ¢ BeposTHOCThIO 0,4 + 0,1 + 0,3 =0,8.

Ecmu x > 16, To F(x) = 1. JleiicTBuTensHO, coObTHE X < 16 JIOCTOBEPHO U BEPOATHOCTH
€ro paBHa €UHUIIE.
Wtak, uckomasi yHKIHS pacupeeieHuss UMEET BUI:

(e npx=>5
04 npdw<x=9
FOO=0Q5 mip@w<x<12,
a8 mipH 2<x<1 ¢
1 npwx>16

[Toctpoum rpaduk 3ToH QyHKIIUH.
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