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1. KoHCIEeKT JIeKIuii
1. 1 JIekuus Nel (2 yaca)
Tema: «HuciaoBbie MHOKecTBA. YHCI0BBIE QYHKIIUN»
1.1.1 Bonpochl JieKum:
1. DnemeHTHI anreOpbl MHOXKECTB.
2. OxpecTHOCTh TOUKU. OrpaHMUYEHHbBIE MHOXKECTBA.
3. Hucnosele ¢pynkuuu. CriocoOs! 3a1anust GyHKINH.
4. O6nacTh OINpeaesieHUs] 1 MHOXKECTBO 3HaueHU# GyHKIuu. ['paduk GyHKImm.
5. Cnoxknast u oOpaTHast QyHKIHH.
6. DnemMeHTapHbBIE (PYHKIIUH.
1.1.2 KpaTkoe coaep:kaHue BOIIPOCOB:
1. DyieMeHTBI aJre0pbl MHOKECTB.
Onpenenenue. MHo:xkectBoM M Ha3biBaeTcsi OOBEAMHEHHE B €IUHOE LEJI0€ OINpPEesIEHHBIX
Pa3NUYNMBIX O0BEKTOB @, KOTOPbhIE HA3bIBAIOTCS 3JIeMEHTAMM MHOXKECTBA. a € M
MHOKeCTBO MOXKHO OIKCaTh, yKa3aB Kakoe — HUOY/Ab CBOMCTBO, MPUCYIIEE BCEM 3JIEMEHTaM 3TOTr0
MHO’KECTBA.
MHOXecTBO, HE coJieprKalliee JICMEHTOB, HAa3bIBACTCS MYCTHIM U 003Ha4aeTcst .
Omnpenenenue. Ecian Bce a1eMeHTh MHOXKECTBA A SBIIAIOTCS TaKXKe dJIeMEHTaMH MHOXecTBa B, To
TOBOPST, YTO MHOKECTBO A BKJIIOUaeTcs (COAep:KUTCSA) B MHOXKeCTBE B.

B
AcB

Onpeneaenne. Eciiu A € B, To MHOKecTBO A Ha3bIBaeTCsl MOJAMHOKECTBOM MHOKecTBa B, a eciin
npu oM A # B, TO MHOXECTBO A Ha3bIBaeTCid COOCTBEHHBLIM IOAMHOKECTBOM MHOXecTBa B u
obo3Hauaercsa A < B.
s tpex muoxkectB A, B, C cripaBeyIMBBI CIEYIONINE COOTHOIICHHUS.
Ac A; A a A4;
Ac BABcC —> Ac C;
Ac BABcC > Ac C;

CBs13b MCKAY BKIIFOUCHUEM U PABEHCTBOM MHOXKCCTB YCTAHABJIUBACTCA CICAYIOIHUM COOTHOIICHHUEM!
A=B < Ac BABc A.
37ech 3HaK A 0003HaYaeT KOHBIHKIUIO (JIOTHYECKOe “U”).
Onepalu HajJl MHOKECTBAMHU.
Onpenenenue. O0beanHeHneM MHOXXeCTB A u B HazbiBaeTcst MHOeCTBO C, 371IeMEHTBI KOTOPOTO
MPUHAIEKAT XOTs Obl OTHOMK M3 MHOXKECTB A u B.
O6o3nauaercs C = A U B.

I'eomerpuyeckoe u3z00pas BUZe OOJIACTM Ha IUIOCKOCTH Ha3bIBaeTCs
auarpammoii Jiliiepa — Benna.

Onpenenenue. Ilepeceuennem MHOXkecTB A U B Ha3piBaeTca MHOKeCTBO C, 3JIEMEHTBI KOTOPOTO
MIPUHAJUIEKAT KAKIOMY U3 MHOXKECTB A U B.

Oo6o3nauenue C = A N B.




g MHOXecTB A, B u C cipaBe/yIMBBI CIIEYIOIINE CBOMCTBA:

ANA=AUA=A; AUB=BUA; ANB=BnNA;
ANB)nC=AnBNCOC); (AuB)uC=Au B UCO);
AuBnNnC)=(AuB)n(AuC(C) ANnBul)=(AnB)U AN

AUANB)=A; AN(AUB)=A;
AuvDd=4, AnNID=Q,
Onpenenenue. PasHocThio MHOKECTB A U B Ha3bpIBaeTCsi MHOXKECTBO, COCTOSAIIEE M3 IEMEHTOB

MHOKECTBa A, HE IPUHAJICIKAIINX MHOKECTBY B.
Oo6o3nauaerca C = A \ B.

Omnpenenenue. CuMMeTpHUYecKOid Pa3sHOCTHLI) MHOXKECTB A u B HaspiBaeTcs MHO)ecTBO C,
3JIEMEHTBI KOTOPOT'O MPUHAJICKAT B TOYHOCTH OJHOMY M3 MHOXECTB A miu B.
Oo6Oo3uauaercsa A A B.

AAB=(A\B)U(B\A)

Onpeneaenne. Cr Ha3bIBACTCS TOIMOJIHCHIT T MHO’KeCTBa A OTHOCUTEILHO MHOXecTBa E, eciim A
cEuCg=E\A.

s muOkecTB A, B 1 C cipaBeyIMBBI CIIEYIOIINE COOTHOILICHUS

A\BcCA; A\A =, A\(A\B)=ANB;
AAB=BAA; AAB=(AUB)\(ANB)
AVBUC)=(A\B)n(A\C); A\(BNC)=(A\B)U (A\C);
(AUB)\C=(A\C)U(B\C); (ANB)\C=(A\C)~ (B\C);
A\(B\C)=(A\B) U (A N C); (A\B)\C=A\(BuUC);
(AAB)AC=AA(BAC), AN(BAC) =(ANB)A(ANC);

A UCEA=E; ANCeA=0; CeE = J; CeD =E; CeCeA = A;

H[!I/IMG[). I/ICXO)ISI n3 onpez[eneHI/m paBeHCTBa MHOXKECTB U onepaunﬁ Hag MHOXKECTBaMH, 10Ka3aTh
TOXIACCTBO U NPOBCPUTH €I'0 C IOMOIIBIO AUATrPAMMBI 9171J1epa - Belina.
A\B = A\(4 N B)
W3 3anmmncadHHbIX BBIIIE COOTHOIIEHUN BHUAHO, 4YTO
AN(AN BY=(A\A)u (A\B)Y=Tu(4\B)=A\B
Urto u TpeboBanoch 10Ka3aTh.
JUig niuTtocTpaluy MoIy4eHHOI 0 pe3yibTaTa IOCTPOUM Juarpammsl Dilnepa — Belina



2. OkpecTHOCTB TOYKH. OrpaHMYeHHbIC MHOKECTBA.
Iycts £ > ) npousBonbHOE hrKCHpOBaHHOE YKCIIO.

OKpEeCTHOCTBIO TOUKH () HA YHUCIOBOM MPSIMOM (MHOT/Ia TOBOPAT £-OKPECTHOCTHIO) HAa3bIBAETCS
MHOKECTBO TOYEK, yIaleHHbIX OT () MEeHee YeM Ha £, TO eCTh Oc(zo) = {z : |x — zo| < &},

MHO0KECTBO BEIICCTBEHHBIX UHCEN X - R Ha3bIBACTCA OI'PAHHUYCHHBIM CBECPXY, €CCJIU CYHICCTBYCT
YHUCII0 b, TaKO€ 4TO BCC DJICMCHTBI X HC MPCBOCXOAAT b:

dbvr (reX =z <b)

MHO0KECTBO BEIICCTBEHHBIX UHCEN X - R Ha3bIBACTCA OT'PAaHUYCHHBIM CHU3Y, €CJIM CYIICCTBYCT
YHCJI0 b, TaKO€ 4TO BCC 3JICMCHTLBI X HC MCHBIIIC bi Hb HI (I € X = .__:3 b)

MHOX€eCTBO X - R, OI'PaHUYCHHOC CBCPXY U CHU3Y, HA3BIBACTCA OI'PAHUYCHHBIM.

MHOX€eCTBO X - R, HC ABJIAIOIICCCS OI'PaHUYCHHBIM, HA3BIBACTCA HCOTPAHWUYCHHBIM. Kax cJIeayer u3
OIIpCACIICHUS, MHOKXCCTBO HC OI'PAHHUYCHO TOI'ZIa U TOJIBKO TOr'’ld, KOI'/la OHO HC OI'PaHUYCHO CBCPXY U HEC
OrpaHU4YCHO CHU3Y.

[IpuMepoM OrpaHMYEHHOI0 MHOXKECTBA SIBIIIETCS OTPE30K [a'! b] = {H' ST b},

HEOrpaHMYEHHOTO — MHOKECTBO BCEX LIEJBIX YUCEIl Z = { ..,—2,-1,0,1,2,.. '},
OIPaHHYEHHOTO CBEPXY, HO HEOrpaHHUeHHOro cHI3y — niyd & < (),
OrPaHHYEHHOTO CHU3Y, HO HEOrPAHMUEHHOT0 cBepxy — nyu & > [,

3. YUncsoBbie pyHkunu. Cniocodbl 3a1aHust GyHKIMIA.
OIIP: IIycts X u Y — HeKoTOpble MHOXKeCTBA. DYHKYuUel Ha3bIBAETCS 3aBUCUMOCTD, 110 KOTOPOH
KXKJIOMY x € X CTaBUTCS B COOTBETCTBUE C€IMHCTBEHHOE 3HAYCHUE y e Y .
ObosHauenue: y = f(x), y=g(x), »y=F(x) HTIL

y — 3Ha4eHHEe (PYHKIUU B TOUKE X.

y — 3aBUCHMas MIEpEMEHHasA, X — HEe3aBUCUMAs MepeMeHHas (apryMeHT).

X — obnacTs omnpenenaeHus GyHKIUU, Y —00IaCTh 3HAUCHUN (QYHKIIUU
Cy1iecTByeT TpU OCHOBHBIX cIioco0a 3amaHus (yHKITHH:
1) Tabauunelil cioco0. B Tabmuie mo kpaitHeit Mepe oAHY U3 IEPEMEHHBIX TPUHUMAIOT 32 HE3aBUCUMYIO,
JPYTHE BEJIMYHHBI SBISIOTCS (PYHKIUSIMHE 3TOT0 aprymenTa. [IInpoko ucnoib3yeTcst B OyXrajaTepcKoi
OTYETHOCTU M OAHKOBCKOH eATeIbHOCTH, CTATUCTUYECKUX JAHHBIX U T.H.
2) Ananutuueckuit cnoco6. CoOCTOUT B 3aJaHUU CBSI3M MEX]1y apTyMEHTOM M (pyHKIIMEH B BUI€ (POPMYIIBI
M Habopa GpopMyIL.
3) ['paduueckuii cnocod. Ha mmockoctu GpyHKIMs n300pakaeTcst B BUAE 2pagduka — MHOKECTBO TOUEK
(x;y) , KOOPJIUHATH KOTOPBIX CBSI3aHBI COOTHOIIIEHUEM y = f(x), HA3bIBAEMBIM YpaBHEHHEM rpaduka.

4. ObaacTb onpee/ieHHsI 1 MHOKeCTBO 3HaYeHH pyHkuuu. 'padpuk pyHkuuu.
OIIP: MHOeCTBO 3HaU€HUH X, IPU KOTOPBHIX (DYHKIHMS CYLIECTBYET, HAa3bIBAETCS 001aCmbio

onpedenenus QyHKIUU.
OO6nacTh ornpeieeHUs] HAXOJUTCS M0 COOJIIOJCHUIO 3aKOHHOCTH BBIMTOJHEHUS MaTEMaTHUECKUX ONepaLui,

BXOJAIIUX B GOpMyTy f (x) . IMEHHO: MOAKOPEHHOE BhIpA)KEHUE B KOPHE YETHON CTETIEHHU HE
OTpHILIATENIbHO, 3HAMEHaTelb ApoOu He paBeH 0, BhIpaXKeHHE M0J] 3HAKOM JIorapu(ma — MoJI0KUTENbHO U
T.J.

OIIP: ®dyHkuwMs, Bce 3HAUCHHUsI KOTOPOU paBHBI MEXy COOOM, Ha3bIBaeTCs nocmoanHou (0003Ha4aeTcs:
fx)=0C).

OIIP: ®yHKIHS f(x) , ONPEAETIECHHAs HA HEKOTOPOM MHOYKECTBE X, HAa3bIBACTCS 02PAHUYEHHOU, ECITN
CYIIECTBYIOT uncia A W B Takue, 4To Juif TI000r0 x € X BBIMOJHACTCS HEPABEHCTBO 4 < f(x) < 4 .B
IIPOTUBHOM CIIy4a€ - HEOCPAHUYEHHOU.

OIIP: ®yHKIMS y = f(x) HA3bIBACTCS YemHouU, €CIIU JJIS JTIOOBIX 3HAYSHUI apryMeHTa U3 o0sacTu eé

ONpeIelIeHUs BBIOJIHIETCS PABEHCTBO [ (—x) = f(x) .


https://ru.wikipedia.org/wiki/%D0%92%D0%B5%D1%89%D0%B5%D1%81%D1%82%D0%B2%D0%B5%D0%BD%D0%BD%D0%BE%D0%B5_%D1%87%D0%B8%D1%81%D0%BB%D0%BE

OIIP: ®yHKIUA y = f(x) HA3BIBACTCA HeYemHou, €CIH JIJIsl TIOOBIX 3HAUCHUN apryMEHTa U3 00J1acTH e
OnpeJIeJICHUs BBITIOJIHSIETCSI PABEHCTBO [ (—x) = — f(x) .
5. CnoxHasi 1 00paTHasi QyHKIMH.
OIIP: Ecau Ha HEKOTOPOM MPOMEXyTKe X orpenerneHa QyHKIUS z = ¢ (x) C MHOXKECTBOM 3HAUCHUH Z
Y Ha MHOXecTBe Z ompeneneHa QyHKUUS y = f(z), TO QYHKIUS y = f(¢(x)) Ha3bIBACTCA CLONCHOU
@yukyuel OT X, a IEPEMEHHAs Z- MPOMEKYTOUHOU MTEPEMEHHON CIIOKHOUW (PYHKITUH.
OIIP: ITycts X 1 Y — HEKOTOpbIC MHOXKECTBA U 3a7aHa PYHKIUA y = f(x), T.e. MHOXKECTBO I1ap YHCEIl
(X;¥), B KOTOPBIX Ka)KJ0€ YUCIIO X BXOJUT B OJIHY U TOJBKO OJHY napy. Eciu B ka0l mape moMeHsTh
MECTaMH X M Yy, TO IOJyYUM MHOXECTBO Iap YUCEN (),X), KOTOPOE HA3bIBACTCA 00pamuou gyukyuer
o K Qyukmun [ (x = 9(»).)
6. JuieMeHTapHBIE QPYHKIUH.
Knaccudukanms GyHKINN:

® f(x)=C -mnocrossHHas QYHKIUSA C = const

® x“, a e R -creneHHas QpyHKIUSA

® &', a>0 -TOKa3arenbHas GyHKUIUA

® g _ x, a>0,a=1 -norapupmudeckas QyHKIUSI

® sin x, cos x, tgx , ctigx - TPUTOHOMCTPHUYCCKHUC (bYHKIII/H/I

® arcsin x, arccos x, arctgx , arcctgx - OOpATHBIC TPUTOHOMETPHUECKUE (PYHKIMH

JlanHble GYHKINH SIBISIOTCS npOCmetumu iemeHmapubvimu gyukyusvu. OyHKINH, TOTy4YEeHHbIC U3
MPOCTEHIIINX JIEMEHTAPHBIX (DYHKIUH C MOMOIIBI0 KOHEYHOTO YKCIia apu(hMETHICCKUX ICHCTBHM,
HA3BIBAIOTCS 2J1eMEHMAPHLIMU DYHKUUAMU.

1.2 Jleknus Ne2 (2 yaca)
Tema: «IIpenen nociaenoBarenbuocTu. Illpeaen u HenpepbIBHOCTH PYHKIIHID)

1.2.1 Bonpocsl JieKuum:

1. YucmoBele mnocienoBarenbHocTH.  CmocoObl  3aJaHHS  IIOCIEI0BATEIbHOCTEH. [Ipenen
IIOCJICI0BATEIIEHOCTH.

2. PaznuuHble TUTIBI TIPEIETIOB: OJHOCTOPOHHKE MIPEIEIbI, IIpeieibl B 06CKOHEUHOCTH, 0ECKOHEUHbIE
Mpeenbl.

3. CpaBHeHHME O€CKOHEYHO MabIX (QYHKIIM: SKBUBaJICHTHbBIE (DYHKIIUH.

4. HenpepbIBHOCTh (QYHKIMH B TOuKe. HempepbIBHOCTH CyMMBI, Pa3sHOCTH, MPOU3BEIEHUS U YacCTHOIO
HenpepbIBHBIX (QyHKIMA. HenpepplBHOCTH cio)kHON 1 00paTHON (yHKIMK. HenpepbIBHOCTD 3/IEeMEHTAPHBIX
¢ynkuuii. Teopema 0 coxpaHeHNUH 3HaKa HEMPEePhIBHON (PYHKIINU.

5. Touku pa3zpbiBa PyHKIUH, UX KITacCH(DUKALISL.

1.2.2. KpaTkoe cojep:kaHue BONPOCOB

1. YmcaoBpie mociaenoBaTeJdbHOCTH. Croco0bl 3aJaHHA  IOCJIEI0BATEILHOCTEN. Ipenea
MoCJIeI0BATEeIbHOCTH.

Omnpenesenne. Eciy kaX10My HaTypajJbHOMY YHMCIY N OCTABIEHO B COOTBETCTBHE YUCIIO Xy, TO TOBOPST,
YTO 3aJ]aHa MOCJIeJ0BATeNbHOCTb  X| X2, ..., Xn= {Xn}

OO01mii 31eMeHT MOC/Ie0BaTeNIbHOCTH sIBIIsieTCs PyHKIMEH oT n. X, = f(n)
TakuMm oOpa3oM MociieJ0BaTeIbHOCTh MOKET PACCMATPHUBATHCS KaK (DYHKIHUS.

3agaTh MOCIEIOBATENBHOCTh MOXHO Pa3IMYHBIMM CIOCO0aMM — TJIaBHOE, YTOOBI ObLI yKa3aH croco0
MOJTyYEeHHUS JTFOO0TO YIIeHa ITOCIIET0BATETLHOCTH.

Jis mocnenoBaTeIbHOCTEH MOKHO ONPEACTUTh CIIEAYIONINE ONepPaAlHU:

1) YMHOXEHHE TOCIeOBATEIPHOCTH Ha YUCIIO M: M{X,} = {mX,}, T.€. mxX;, mXy, ...

2) CrnoxxeHue (BBIYMTAHUE) MOCIEIOBATENBHOCTEH: {Xn} + {yn} = {Xn L yn}.

3) IlpowusBeneHue mocien0BaTEILHOCTEH: {Xn}-{Yn} = {Xn'Vn}-



{x b [x 1

4) YactHOE mOCiIe10BaTeILHOCTEH: { ={—\ npu {yn} #0.
yn Ly" J

OrpaHuYeHHbBIC ¥ HEOTPAaHUYCHHBIC MMOCIeIOBATEILHOCTH.
Omnpenenenue. [locienoBarenbHOCTh {X,} HAa3bIBAETCS OrPAHUYEHHOM, €CIM CYLIECTBYET TaKOe
yrciao M>0, uyTo A J11000ro N BEpPHO HEPABEHCTBO:

v, | < M

T.€. BCE WIEHBI [10CJIEI0BATENbHOCTH IIPUHAIEKAT IPOMEXYTKY (-M; M).
Omnpenenenue. [TocnenoBareabHOCTh {X,}HA3bIBACTCSI OTPAHUYEHHOM CBEPXY, €CIIH ISl TI000ro n
CYLIECTBYET TaKO€ YUCiI0 M, 4To

X, < M.
Onpenenenue. [Tocaen0BaTeIbHOCTD {X;, } HA3bIBACTCSA OTPAHMYEHHON CHU3Y, €CIU IS JTF000Tr0 n
CYIIECTBYET TaKOE YUCIO M, 4TO

X =M
[Mpumep. {X,} = n — orpanuuena camzy {1, 2,3, ... }.
Onpenenenue. Yncno a Ha3bpiBaeTCsl NMpeAeIoM I10CIEA0BATEIbHOCTH {Xp}, €CIM A JH0O0ro
nosioxkurenbHoro €>0 cymecrByer Tako Homep N, 4To A BceX n > N BBINOJHIETCS YCIIOBUE!

|a ~x, | <e. Oto 3anmuceBaercs:  lim x, = a.

B aTOM ciiydae roBOpsIT, YTO MOCIIEI0BATENILHOCTD {X; } CXOAUTCS K @ IIPH N—>00,

CpoiicTBo: Ecian orOpocuth Kakoe- MO0 YUCIO YIEHOB MOCIEI0BATENIbLHOCTH, TO MOTYYarOTCs
HOBBIC TTOCIICAOBATEIFHOCTH, IIPH 3TOM €CIIH CXOAMTCS OJTHA U3 HUX, TO CXOJUTCS U IPyTasl.

Teopema. [lociedosamenvHocmob He Modcem umems Oojiee 00H020 npeoeid.

Teopema. Ecau x, — a, mo |x| N |a|

Teopema. Eciu x, — a, mo nociedosameibHOCmy {X,} oepaHuiena.
Crnenyer OTMETHTh, YTO 00pPaTHOE YTBEPKIACHUE HEBEPHO, T.C. U3 OTPAHUYCHHOCTH MOCIICA0BATCILHOCTH HE CIICAYET ee
CXOJUMOCTH.

2. Pa3ziimyHble THIIBI NIPe1eIOB: OTHOCTOPOHHUE Npeaesibl, Mpeaeibl B 0eCKOHEYHOCTH, 0eCKOHEYHbIe
npeaebl.
IIpenen dyHKIIMM B TOUKE.

y f(x)
A+e |
A !
A-¢ L
o
1 1
1 1
1 1
1 1
1 1
1 1
1 1
07 I-Aa arin ~2Xx
[Tycte pynkuums f(x) onpenefieHa B HEKOTOPOU OKPECTHOCTH TOYKU X = a (T.€. B CaMOM TOYKE X = a

(GyHKIHSI MOXKET OBITh U HE OTIpe/IeIIcHA)

Omnpenenenue. Yucno A Ha3biBaeTcs mpeaesoM QyHkuuu f(x) nmpu x—a, ecnu ans jaodoro >0
CylIecTByeT Takoe yucio A>0, 4to i Bcex X Takux, 9yto 0 < |x-al <A BEPHO HEPABEHCTBO | f(x)-A |<
€.

To ke ornpeneneHue MOKET ObITh 3aITUCAHO B JPYTOM BHJIE:
Ecimma-A<x<a+A, X #a, To BepHO HEpaBeHCTBO A - € < f(x) <A + .
3anuce npeaena QyHKIUM B TOUKE: lim f(x) = 4

x—a



Onpenenenue. Eciu f(x) - A npu X — a Tonbko mpu X < a, TO lim f(x) = 4, - Ha3bIBaeTcs

x—>a-0

npeneaom ¢yaknuu f(x) B Touke X = a cJeBa, a eciu f(x) — A, mpu X — a TOJABKO NPHU X > a, TO
lim f(x)= 4, Ha3bIBaeTcs nmpeaeaoM QyHkiuu f(x) B Touke X = a cnpasa.

x—>a+0

y
f(x)

Ay

Ay

[IpuBenenHoe BhINIE OMpeaesieHne OTHOCHTCS K ciy4aro, koraa ¢yHkuus f(x) He ompeseneHa B
caMoil TOUKe X = a, HO ONpEICIICHa B HEKOTOPOM CKOJIb YTOHO MaJIOW OKPECTHOCTH dTOW TOUKH.
[Tpenensr A; 1 A, Ha3BIBAIOTCS TAaK)KE OAHOCTOPOHHMMH npeaeaamu Gpyakmun f(x) B Touke X = a.
Taxxke roBopsT, yTo A — KOHeYHbIi npeaesa Qynkuuu f(x).
[penen ¢yHKINYU IPU CTPEMIICHUU apryMeHTa K 0€CKOHEYHOCTH.
Omnpenenenune. Unicno A Ha3biBaeTca npeaeaom Gpynkuuu f(X) mpu x— oo, ecinu 11 1r000r0 yucia
£>0 cymecTByeT Takoe uncio M>0, uro ast Beex X, | x |>M BbIIOIHSAETCS HEPaBEHCTBO |A - f(x)| <&

[Tpu sTOM mpenmnonaraercs, 4ro GpyHkius f(X) onpeneneHa B OKPeCTHOCTH OECKOHEYHOCTH.
3ammuchIBaIOT: lim f(x) = 4.

X 0

I'padpuaecku MOKHO TIPEACTABUTE:

y y
A A
0 R 0
X X
y y
A A
0 0
X X
AHaJIOTHYHO' MOYKHO ONPEAENUTh IPEAEbl lim f(x) = A4 JUIA JIFOO0ro x>M u

xX—> +o0

lim f(x)= A JIis 11000ro x<M.

x—> —0



OCHOBHBIE TEOPEMBI O IIPEJEIAX.
Teopema 1. 1im ¢ = ¢ , rae C = const.

x—>a

Crnenyrole TEOpPEMBbl CIPABEIJIMBBI MIPH TpeanoiokeHuu, 4ro ¢yakimuu f(x) u g(x) umeror
KOHEYHbIE MPEeIIbl IPU X—>a.

TeopeMa 2. lim (f(x)+ g(x)) = lim f(x)+ lim g(x)

x—>a x x—>a

Teopema 3. lim [ /(x)-g(x)] = lim f(x)-lim g(x)

x—>a x—>a

CaeacrBue. lim C - f(x) = C -lim f(x)

x—a x—>a

S0 M S0

x—>a

Teopema 4. lim IpH lim g(x) # 0
e g(x)  lm g(x) e

x—>a

Teopema S. Ecau f(x)>0 6oausu mouku x = au lim f(x)= 4, mo A>0.

AHanornyHo omnpezaensiercs 31ak npeaena npu f(x) <0, f(x) > 0, f(x) < 0.
Teopema 6. Eciu g(x) <f(x) <u(x) 661u3u mouku x =a u lim g(x)=lm u(x)= A, MO U lim = 4.

x—>a x—>a x—>a

Omnpenenenue. Oyaknus f(X) Ha3pIBaeTCS OrpaHUYeHHOM BOJIM3U TOYKU X = a, €CJIU CYIIECTBYET
Takoe urcio M>0, 4o | f(x) | <M BOIM3H TOUKH X = a.

Teopema 7. Eciu ¢yuxyus f(x) umeem KOHeuHblll npeden npu x—>d, mo OHA 02paHudeHda 80au3U
MOYKU X = a.
3. CpaBHeHHNe 0€CKOHEYHO MAJIbIX (DYHKIUI: JKBUBAaJICHTHbIE (PYHKIIMH.

Omnpenenenune. Dynknus f(Xx) Ha3pIBaeTCs 0€CKOHEYHO MAJOH TPH X—>a, IJIE 2 MOXET OBITh
YHCIIOM WJIM OJJHOM M3 BEJTMYWH 00, +00 HITU -00, €CJIH lim f (x) = 0 .

x—>a

beckoneyHo Mainoil (DYHKIHS MOKET OBITh TOJBKO €CJIM yKa3aTb K KAaKOMY YHCIY CTPEMHTCS
apryMeHT X. [Ipu pa3nu4HbIX 3HaYEHUSX a QYHKIUS MOXKET ObITh OECKOHEUHO MaJIO UITU HET.

Teopema. /[1s mozo, umobwl hynxyus f(x) npu x—>a umena npeoein, pasuviii A, HeodX00uMo u
docmamouto, 4modwvl OIU3U MOUKU X = A 8bINOIHANOCL Ycaosue f(x) = A + a(x), ede a(x) — beckoneuno
manas npu x — a (a(x)—>0 npu x — a).

CBolicTBa 0eCKOHEYHO MAJbIX (PVHKIMIA:

1) Cymma (uKCHpOBAaHHOTO 4Hciaa OECKOHEYHO MajblX (DYHKIMH NMpH X—>a TOKe OECKOHEYHO Manas
GbyHKLIMSA IpU X—>a.

2) IlpousBenenue (HUKCUPOBAHHOIO YMCIA OECKOHEYHO MajblX (QYHKUIUN MpPU X—>a TOXKE OECKOHEYHO
Manast QyHKIMSI IPU X—>a.

3) IIpousBenenue OeckOHEUHO Manoil (QYHKUMM HAa (YHKIMIO, OTPAaHMYEHHYIO BOJHM3M TOUYKH X = a
SIBJISIETCS] OECKOHEYHO Majiol (PyHKITMEH TPH X—>a.

4) YacrtHoe OT AesieHHus] 0€CKOHEUHO Majio yHKIIMK Ha (PYHKITUIO, TIPEIe] KOTOPOH HE paBeH HYIIIO €CTh
BEIMYMHA OECKOHEYHO Masasl.

Omnpenenenue. [Ipenen ¢pynknuu f(x) mpu x—a, rjae a- YUCIO, paBeH 0€CKOHEYHOCTH, €CITU IS
moGoro urcaa M>0 cymectByer Takoe uncio A>0, uto HepaeHcTBO | f(x)|>M BBIIONHSETCS MpH Beex
X, YAOBJIETBOPAIOIMHMX ycioBH0 0 < |x -al <A
3amuceBaeTed lim f(x) = o .

CoOCTBEHHO, eciM B TMPHUBEACHHOM BBIIIE OMPEICICHUN 3aMEHUTh YCIOBHE |f(x)|>M Ha f(x)>M, TO
MOIYIUM: lim f(x) = 40, @ €CJHHM 3aMEHHTH HA f(X)<M, TO:  lm f(x) = —o.

x—>a x—>a

Omnpenenenne. yHkiMs Ha3bIBaeTCs 0€CKOHEYHO 00JIbIION MTPU X—>a, TJI€ @ — YOCIIU UJIU OJIHA U3
BEJIMYHH 00, +00 HITH -00, €CJIN lim f(x) = A4 , TJIe A — 9HCJIO WIIH OJTHA W3 BEJIMYHH 00, +00 HITH -00.

x—>a

1
f(x)

Teopema. Ecnu f(x) -0 npu x—a (eciu x—o0 ) u ne oopawaemcs 8 Hoilb, Mo y = > o

CpaBHeHne OECKOHEYHO MAJIBIX () VHKIHIA.




[Tycts a(x), P(X) U y(x) — OeckoHeyHO Manble (QYHKIMH NPH X —> a. bynem o0o3HauaTh 3TH
¢GbyHKIMU O, B ¥ Y COOTBETCTBEHHO. DTH OECKOHEYHO MaJible (PyHKIIMU MOXHO CpPaBHUBATh MO OBICTPOTE MX
yOBIBaHUS, T.€. TTO OBICTPOTE UX CTPEMJICHHUS K HYJTIO.

Hanpumep, pyrkims f(x) = x'° crpemutes k Hyimio GbicTpee, deM dyHKims f(x) = X.

Onpenenenne. Ecom |« _ |, To QyHKuMA o HasbplBacTcs 0eCKOHEYHO MaJjoi 0oJiee BBICOKOIO
x>a ﬂ

nopsiaka, uemM GpyHxus .
Onpenenenme. Ecnu ;, “ -, 4.0 4= cony » TO O ¥ 3 Ha3bIBAIOTCA 0ECKOHEYHO MAJILIMH OJHOIO

x> a ﬁ

NopsiiKa.

Omnpenenaenue. Ecnu ¢ _ | To pyHKIMU 0 U 3 HA3BIBAIOTCSI IKBUBAJTEHTHBIMH 0€CKOHEYHO MAaJIbIMH.
x—>a ﬂ

3anuceIBaIOT oL ~ f3.
Omnpenenenue. beckoHeuno Manas (YHKIMS O Ha3bIBaeTCs 0€CKOHEYHO MaJjioii mopsiaka k

OTHOCHUTEIILHO OECKOHEYHO Majiol PyHKITUU B, eCiu mpeaen fim a—A KOHEUYEH U OTJIWYCH OT HYJIA.
xX—>a ﬂ

O,HHaKO CICAYET OTMETUTH, YTO HC BCC OECKOHEUHO MaJlble (bYHKI_[I/II/I MOJXHO CpaBHHUBATb MCKIY

o o
coboii. Harmpumep, eciiu OTHOIIIEHWE — HE UMEET Mpejiena, TO (yHKIIMA HECPAaBHUMBI.
B

CBo¥icTBa DKBUBAJECHTHBIX OSCKOHEYHO MajbIX.

Do~a, (4%
Uea )

2)Ecmma~Buf~y, Toa~y, [.im ﬁzlam[i-ﬁ}l-lz J
ey =l By

3) Ecnu o~ 3, T0 B ~ a,

A Ecmmo~o uB~PBrHyy s, TOHU iy 0 j WIH fm & = jim 20
x—oa ﬁ x> a ﬂl x—>a ﬂ x—>a ﬂ[
CrienicTBre: @) €CU 0L~ Of | o © _, , TO U fim & = fim 21
x%ulB x—n/ﬂ x—»aﬂ
0)ecmu B~PBi Uy & _ 45 TO fim &= jim 2
x> a ﬁ‘ x—>a ﬂ X—>a ﬂl

CBolicTBO 4 0COOCHHO Ba)XHO Ha IMpakTUKE, T.K. OHO (DaKTHMUECKH O3HAYAET, YTO IMpeaes
OTHOIIEHHS OECKOHEYHO MaJIbIX HE MEHSAETCs NPH 3aMEHE UX Ha SKBUBAJIIEHTHbIE OECKOHEYHO Majible. DTOT
(bakT 1aeT BO3MOKHOCTb MPU HAXOXACHUHU MPEEIOB 3aMEHATh OECKOHEUHO Majible Ha SKBUBAJIEHTHBIE UM
(GYHKLNHU, YTO MOXET CHJIBHO YIIPOCTUTH BHIYMCIIEHUE MPENIETIOB.

4. HenpepbiBHOoCcTh pyHKIMM B Touke. HenmpepbIBHOCTH CyMMBI, Pa3HOCTH, IPOU3BeIeHUS] H YACTHOIO
HenpepbIBHbIX (yHkomi. HenpepbiBHOCTH ciI0kHOH M oOpatHoil ¢ynxkuuu. HenpepbiBHOCTH
3j1eMeHTapHbIX GyHkuui. Teopema o coxpaHeHHH 3HAKa HellPpepbIBHOM (PyHKIHH.

Onpenenenne. Oynkius f(x), onpeneneHHas B OKPECTHOCTH HEKOTOPOH TOYKM X, Ha3bIBaeTCs
HeNnpepbIBHOII B TOYKe X, €CIM Ipeaen (QYHKIMM M €€ 3HadyeHHe B OTOM TOYKE paBHBI, T.€.

im f(x) = f(x,)

XX,

Tot e (hakT MOXKHO 3amucath UHAYE: lim f(x) = f(lim x)

X*)XO X*)XO
Omnpenenenue. Ecin dyaknus f(x) ompeneneHa B HEKOTOPOM OKPECTHOCTH TOYKH X, HO HE
SIBIIICTCS. HETIPEPHIBHOM B CaMOW TOYKE Xo, TO OHA HA3bIBACTCs Pa3pbIBHOM (yHKIMEH, a TOUKa Xy —
TOYKOH pa3pbIBa.

Onpenenenune. Oynkuus f(x) Ha3piBaeTCs HEMPEPHIBHON B TOYKE X, €CIH i JIFOOOTO
MOJIOKUTEBHOTO uuciaa €>0 cymectByer Takoe yuciao A>(0, 4to mms JroObIX X, YIOBJIETBOPSIOIIMX
YCIIOBHIO |x — x | < A BEPHO HEPABEHCTBO Fx) = flx)|<e.
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Onpenenenune. Pynkuus f(x) Ha3pIBaeTCS HeMPepPbIBHOM B TOYKE X = Xg, €CIU IpPUpPALICHUE
(GYHKIIUH B TOUKE X ABJSIETCS OECKOHEUHO MajIOi BETUYMHOM.
f(x) = f(x¢) + oux) rae a(x) — 6eCKOHEUHO Majiasi IPU X—>Xy.
CBolicTBa HEMPEPBIBHBIX (DYHKIIUH.
1) CymMa, pa3HOCTb U TNPOU3BEICHHE HEMPEPHIBHBIX B TOYKE Xo (QYHKIUH — ecTh (PyHKIHUA,
HETpepbIBHAS B TOYKE Xo.

x)
— €CTh HempepbIBHAS (QYHKIHS MPU YCIOBUHU, YTO
g(x)

2) YacTtHOe ABYX HEMPEPBIBHBIX (PYHKITUH

g(X) HE paBHa HYJIIO B TOUKE Xo.
3) Cyneprio3unysi HeNpephIBHBIX (PYHKIUI — €CTh HeNpephIBHAS (YHKIIUS.
DTO CBOMCTBO MOXKET OBITH 3aIMCAHO CIEAYIOUTUM 00pa3oM:
Ecmm u = f(x), v = g(Xx) — HenpepbIBHbIE (PYHKIIMK B TOYKE X = Xo, TO ¢yHKIUI v = g(f(x)) — ToxKe
HENPEePBIBHASIPYHKIIHSI B 3TOW TOYKE.

CripaBe[UIMBOCTh TIPUBEICHHBIX BBIIIC CBOWCTB MOXHO JIETKO J0Ka3aTh, UCIOJIB3Yys TEOPEMBI O
npezenax.

5. Toukn pa3pbiBa PyHKIMHU, MX KJIacCUPUKAIUSL.

PaccmoTpum HekoTopyro ¢pyHKIMIO f(X), HEPEPHIBHYIO B OKPECTHOCTH TOYKH X, 32 UCKITIOUEHUEM
MOJKET OBITh CAMOM 3TOM TOYKH. M3 orpeesieHus: TOYKU pa3pbiBa PYHKIIUHU CIEAYET, UTO X = X SIBJISCTCS
TOYKOH pa3pbIBa, eciii (PYHKIUS HE OTPE/IEICHa B 3TOM TOUKE, HIIM HE SIBJISETCS B HEH HETIPEPBHIBHOM.

Crnemyer OTMETHTh TAaKXKE, YTO HEMPEPHIBHOCTh (YHKIIMU MOXKET ObITh 0JlHOCTOpOHHEH. [ToscHum
3TO CIEIYIOIIUM 00pa3oM.

Ecnu opHocTOopoHHUMM mpemen (CM. BBINE) lim  f(x) = f(x,), TO (YHKIUS Ha3bIBACTCS

x—=>x+0

HEIPEPBIBHOM CIIpaBa.

Ecnu  omHOCTOpOHHMH mpenen (cM. Bbilie) fim  f(x) = f(x,), TO (QYHKIHA Ha3bIBAETCS
0

X— x—

HEIPEPBIBHOM CIIEBA.

X0

Onpeneaenne. Touka Xo Ha3bIBAETCA TOUKOM paspbia QpyHkiuu f(x), ecu f(xX) He onpeesena B
TOYKE X WJIM HE SABIISIECTCSA HENIPEPBIBHOU B TON TOUKE.

Omnpenenenue. Touka Xo Ha3pIBaeTCsl TOUKOH pa3pbiBa 1- ro poaa, eciu B 3TOi Touke QyHKUIUSA
f(x) numeeT KOHEUHbIe, HO HE paBHBIE APYT APYTY JIEBbII U MPaBbIi MPeIebl.

lim f(x)# lm f(x)

x> x+0 x> xy—0
JUJ1s BBITIOJIHEHUS YCIIOBUI 3TOT0 onpezeseHus He Tpedyercs, 4ToObl pyHKIUs ObuIa onpesieneHa B
TOYKE X = X, JOCTATOYHO TOT'0, YTO OHA OIpeEiesieHa ClIeBa U CIpaBa OT Hee.
W3 onpeneneHus MOKHO cieNlaTh BBIBOJ, YTO B TOUKE pa3phiBa 1 — ro poja (GyHKIHS MOKET UMETh
TOJIbKO KOHEYHBIM CKauyoK. B HEKOTOpPBIX YacCTHBIX CIIydasX TOUYKY pa3pbiBa 1 — ro pona emie MHOTIa
Ha3bIBAlOT YCTPAHMMOI TOUKON pa3phiBa, HO MOAPOOHEEe 00 ATOM ITOTOBOPUM HUXKE.
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Omnpenenenue. Touka Xo Ha3bIBaCTCA TOYKOI pa3pbiBa 2 — ro poja, eciy B 3TOW TOUKE QYHKITUSI
f(x) HE mMeeT XOTs1 ObI OAHOTO M3 OJTHOCTOPOHHHUX MPEIECTIOB WIIM XOTsI OBl OJTMH U3 HUX OCCKOHEYEH.

Onpenenenue. Oynkius f(x) Ha3pBaeTCs HeNMpepbIBHOM HA MHTepBajie (OTpe3Ke), €CIM OHA
HeTIpephIBHA B JIFOOOW TOUKE MHTEpBaIa (OTpe3Ka).

[Ipu sToM He TpedyeTcs HENpPephIBHOCTh (YHKIMH HA KOHIAX OTpe3Ka WJIM MHTEpBaia,
Heo0X0IuMa TOJIBKO OJHOCTOPOHHSISI HETIPEPHIBHOCTh HA KOHIIAX OTPE3Ka WM UHTEpBaa.

CaotiicTBa (h)YHKIINI, HEIPEPLIBHBIX HA OTPE3KE.

CaoiictBo _1: (IlepBas Teopema Beiiepmrpacca (Beiiepmpace Kapn (1815-1897)- nemernkuii
MaTeMaTHkK)). OyHKIuUs, HepepbIBHAs HAa OTpEe3Ke, OTpaHWYEeHa HA ATOM OTpe3Ke, T.e. Ha OTpe3ke [a, b]
BeITIONHsIETCs yenoBue —M < f(x) < M.

Jloka3aTenbCcTBO ATOrO CBOMCTBA OCHOBAaHO Ha TOM, 4YTO (DYHKLHMS, HEMpephIBHAas B TOYKE Xo,
OrpaHUYEHAa B HEKOTOPOW €€ OKPECTHOCTH, a €ClIM pa30uBaTh OTPE30K [a, b] Ha OGECKOHEUHOE KOIUYECTBO
OTPE3KOB, KOTOPHIE “CTATUBAIOTCS K TOYKE X(, TO 00pa3yeTcss HEKOTOpasi OKPECTHOCTh TOUKHU X .

CpoiicTBo 2: DyHKIMs, HEMpepbiBHAS HA OTpe3ke [a, b], mpuHMMaeT Ha HEM HauOOJbIIee U
HauMEHbIIIee 3HAYCHUSI.

T.e. CyIIECTBYIOT TaKue 3HAUYCHUS X| U Xy, 4T0 f(X;) =m, f(x;) =M, mpuuem m < f(x) <M

OTMeTHM 3TH HauOOJBIINE U HaWUMEHBIHNE 3HAYCHHUS (YHKIUS MOXKET MPUHUMATh Ha OTPE3Ke U
HECKOJIbKO pa3 (Hampumep — f(X) = sinx).

PazHoCTh MeXmy HAamOONBIIMM M HAWMEHBIINM 3HAYCHHEM (QYHKIIMM HAa OTPE3KE Ha3BIBACTCS
KoJie0anneM (PyHKIMU HA OTPE3KE.

CaoiicTBo 3: (Btopas teopema bonbrano — Komm). @yHKIus, HENpepsIBHAS Ha OTpe3ke [a, b],
MPUHUMAET Ha 3TOM OTPE3Ke BCE 3HAYCHUSI MEXKAY ABYMS MTPOU3BOJIBHBIMU BETMYUHAMHU.

CpoiictBo 4: Eciu ¢ynkums f(x) HempepplBHA B TOYKE X = X, TO CYIIECTBYET HEKOTOpas
OKPECTHOCTh TOUKH X(, B KOTOPOI (QYHKIIMSI COXpaHSIET 3HAK.

CaoiictBo _S: (IlepBas Tteopema bonbiano (1781-1848) — Komm). Ecom ¢dysxkums f(x)-
HEempepbIBHAsE Ha OTpe3ke [a, b] U MMeeT Ha KOHIAX OTpe3Ka 3HAUYEHHUs MPOTHUBOMOJIOKHBIX 3HAKOB, TO
CYLIECTBYET TakKasi TOUKa BHYTpH 3TOro oTpe3ka, rae f(x) = 0.

CpoiictBo _7: Eciu ¢ynknus f(x) ompeneneHa, MOHOTOHHAa M HENpPEpbIBHA HAa HEKOTOPOM
MIPOMEXYTKE, TO M oOpaTHas eil pyHkus x = g(y) ToXe 0JHO3HaYHa, MOHOTOHHA U HETIPEPHIBHA.

1.3. Jleknus Ne3 (2 yaca)
Tema: «IIpoussognas pyHxkuumn»

1.3.1 Bonnpoce! Jiekuum:

1. IIpousBoanas pynkiuu. duddepenmmpyemocts u quddepeHnnan QyHKIH.

2. IpaBuna auddepeHIupoBaHUs CyMMBI, Pa3HOCTH, TPOU3BECHUS U YaCTHOTO JBYX (YHKIMH, CIIOKHOU U
oOpatHoit  ¢Qyukmuit. HempepwsiBHOCTE mauddepeniupyemort (pynkuuu.  [Ipou3BoJiHbIE OCHOBHBIX
AJeMEHTapHBIX (QYHKITUH.

3. 'eomeTpuueckuii cMBICI TPOU3BOIHOM U quddepeHnana GyHKIHH.

4. IlpenenbHble BEIUYMHBI B 9KOHOMUKE. DJIACTUYHOCTD (DYHKIIMH, €€ CBOWCTBA U T€OMETPUUECKUI CMBICIL.

5 [IpousBoanbie u A depeHIInabl BHICIIUX MOPSIKOB.

6. IIpaBuito JlonuTanst 1y1st pacKpbITHS HEOIIPEAETIEHHOCTEH.

1.3.2 Kpartkoe conep:xanue BOIPOCOB
1. IlponsBonnas ¢pynkuuun. JAuddepenunpyemocrs u nuddepennuan pyHkumu.
Omnpenenenue. [IpousBoanoii QyHkmmu f(x) B TOUKE X = X( HA3bIBAETCS MPEJIET OTHOIICHUS PUPAIICHHS
(GYHKLIMU B 3TOM TOUKE K MPHUPAIICHUIO apIyMEHTa, €CJIM OH CYILECTBYET.
. S+ A) - f(x)
JS'(x) = lim

Ax—>0 AX
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A
Ilycts f(x) ompeneneHa Ha HEKOTOpOM HpoMexyTke (a, b). Torma g = A TaHTEHC yTJIa
Ax

HaksIoHa cekymieit MP k rpaduky ¢yHKIuM.
IZIe O - YTOJI HaKJIOHA KacaTeslbHOU K rpaduky GyHKIuu f(x) B Touke (Xo, f(Xo)).

. s
m gf = 1lm —= f'(x,)=1ga’
Ax—>0 Ax—>0 Ax
VYTros MeXly KpUBBIMU MOKET OBbITh OIIPEENICH KaK yrojl MEeX/y KacaTelbHbIMU, IPOBEIEHHBIMU K
3TUM KPHUBBIM B KaKOW- JINOO TOUKE.
VYpaBHeHUE KacaTeJIbHON K KPUBOM: y — y, = f'(x, X x — x,)

VYpaBHEHHE HOpMAIU K KPUBOH: y — y, = - 1—(x - x,) -
f(xy)

@dakTHYeCKH MPOW3BOAHAS (YHKIMHU ITOKA3bIBAa€T KaK OBl CKOPOCTh WM3MEHEHHs (DYHKIMH, Kak
u3MeHseTcs (QYHKIUS IPU U3MEHEHUHU TIEPEMEHHOM.

Owusnueckuii cMbich npou3BoaHoN (GyHkmu f(t), e t- Bpems, a f(t)- 3akoH nBMKeHHUS (M3MEHEHUS
KOOpJMHAT) — MTHOBEHHASI CKOPOCTh JABU)KCHHUS.

Co0TBETCTBEHHO, BTOpast MPOM3BOAHAS (PYHKIIUU- CKOPOCTh H3MEHEHHS CKOPOCTH, T.€. YCKOPEHHUE.

Teopema. (HeoOxomumoe ycioBHue CYHIECTBOBaHMSI NPOU3BOAHOW) Ecau gyukyus f(x) umeem
NPOU3BOOHYIO 8 MOUKE X, MO OHA HENPEPBIGHA 8 IMOU MOUKe.

[ToHATHO, YTO TO YCIIOBUE HE SBIJIAETCS JOCTATOYHBIM.

Teopema. Ilycmo y = f(x); u = g(x), npuuem obaacmov 3nawenuti QyHKYuu u 6xo0um 6 obiacmo
onpeoenenust hyHKyuu f. Toeoa y' = f'(u)-u’

[Tycth TpeOyeTcst HallTH MPOU3BOAHYIO0 PYHKIMM y = f(x) IpHU YCIOBUHU, YTO oOpaTHas el QyHKIus

1

X = g(y) MMeeT NPOU3BOHYIO, OTIIMYHYIO OT HYJII B COOTBETCTBYIOILIEH TOUKe. y' =
g'(y)
. Ay
[Tycth dpynKuus y = f(X) uMeeT Npou3BOIHYIO B TOUKE X: lim —— = f'(x)
Ax—>0 AX

Ay
Torga MoHO 3anucarb: —— = f'(x) + a , rae o—0, mpu Ax—0.
Ax

CnenoBaTenbHO: Ay = f'(x)-Ax + a - Ax .
Bennunna oAx- 6eckoHeyHO Maias Oosiee BBICOKOrO mopsaka, yem f'(x)Ax, T.e. f(X)AXx- riaBHas 4acTb
npupaileHus Ay.

Onpenenenue. {udpdepenuuanom Gynkiun f(x) B Touke X Ha3bIBaeTCs IJaBHS JUHEWHas 4acTb
MpHUpaieHust PyHKINH.

O6o3nauaercs dy unu df(x).
N3 onpenenenns cnenyet, uto dy = f(X)Ax wim  dy = f(x)dx.
MOoO3KHO TaKKe 3ammucarh: f'(x) = ji

X

2. IlpaBuaa nuddepeHUMPOBAHUA CYMMbI, Pa3HOCTH, NMPOM3BEACHMS M YACTHOIO ABYX (PYHKIMH,
cJ10xHOH U oOpaTHOoil (yHkumii. HenpepbiBHOCTH Auddepenuupyemoii ¢pynkuuu. IlpousBoansie
OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIUM.

Ecmu u = f(x) u v = g(x)- ynkuuu, nuddepeHuupyempie B TOUKE X, TO HEMOCPEACTBEHHO M3
omnpezaeneHus Auddepenuana cieayoT caeayolue CBOWCTBRA:
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1) du+v)=(uztv)dx =u'dx £vdx =du +dv
2) duv) = (uv)dx = (uv + vu)dx = vdu + udv
3) d(Cu) = Cdu

4) d(uw vdu — udv

(v) v
Judbdepennman cnoxnont byakuun. MHaBapuantHas Gopma sanvcu auddepeHimana
[Tyctb y = f(x), x = g(t), T.€ y- cnoxHasi QyHKIHSI.
Torna dy = f1x)g (t)dt = f(x)dx
Bunno, uto ¢opma 3anucu auddepenunana dy He 3aBUCUT OT TOTo, OyAET JI1 X HE3aBUCUMOI mepeMeHHON
win QyHKIMEH Kakoi- TO Jpyroil mHepeMeHHOH, B CBS3M C 4YeM 93Ta (opMa 3amucu Ha3bIBaeTCs
UHBapuaHTHOH ¢opmoii 3anucu auddepennuana.
Opnnako, eciii X- He3aBUCHMAas ITepeMeHHas, T0 dX = AX, HO €CIId X 3aBHUCHT OT t, TO Ax # dx
Takum o6pazom dopma 3anucu dy = f'(X)AX He ABISETCS HHBAPUAHTHON

3. 'eomeTpuyeckuii cMbIC NPOU3BOAHON N T depeHnnana GyHKIHM.
1) T'eomempuyeckuii cmoicn npousgoonoui  Ilycts 3agana pyHKIus y = f(x), ONPEAENEeHHas Ha MPOMEXYyTKe X.

', FECEMemTona N

I
1
1
) E] Matax

BospmeM mo0yro Touky M (x,; f(x,)) HpuHaanexamyro rpaguxy GyHKuud. 3a1aiuM NpUpaIieHUe apryMeHTa Ax .
IMomy4ymnm HOBYIO TOUKYy N (x, + Ax; f(x, + Ax)) .
IIposenem cekyinyro MN. O6o3HaunM < XPN = ¢ .

Bynem npubnmwkaTh Touky N K Touke M, ABUrascCh IO KPUBOH, TOT/Ia MOJIOXKEHUE CeKyIei OymeT MeHsaThes. Kormna Touku
N u M coBMecTATCS, CEKyIIasi IPEBPATUTCS B KaCaTENbHYIO.

B orom cnywae: ecmu M —> N ,170 Ax > 0, Lo > La, Te. lim ¢ = ¢, [I€ a - Yroj HaKIOHA KacaTeJbHOMI
N->M

k ocu Ox.
Haiinem 1g ¢ . IlpoBenemM 1OMOJHUTENbHBIE TOCTPOEHUS: MC || Ox , AMCN - upsMoyrojibHelii: £ CMN = ¢ .

NC Al: f(x, +Ax) - f(x,)

g = ——= (*)

MC Ax Ax
lim ¢ = . Paccmorpum im tgp =tg(lim @) =1tga (**%
N-o>M Ax— 0 Ax— 0

(Ax—0)

IMoacraBum B (**) BMecTO ‘g ¢ 3HauyeHwe u3 (*), To
S(x, + Ax) - f(x,)

Ax—>0 Ax

=tga = f'(x,) -0 ONpPEIENICHNIO MIPOU3BOJIHOM.

|iga = f'(x,) |

TaHreHc yria HakoHa KacaTenbHOH K rpaduKy GYHKIMH y = f (x) _BTOYKE X, PABEH 3HAYCHUIO MPOM3BONHON QYHKIIUH B

JTOU TOYKE.
BcromHUM fg @ = k - yrI0BO#M KOO QHUIMEHT KacaTeIbHOM, T.€. |k = f'(x, )| . Kacarenbnast npoxoaut yepe3 TOUKy
M (x,; f(x,)) uuMeer yrnosoit koapduuuentr £ = f'(x,)

¥ — ¥, = k(x — x,) - ypaBHEHHUE NPAMOI C HAYaJILHOW TOYKOH U yIJIOBBIM KOY(pPUIMEHTOM. 3HAUUT:

| y=fx)(x—=x,)+ f(x,) | - YpaBHCHHE KacaTelbHOH K rpaduKy

byukiun y = f(x) BTOUKe M (x,; f(x,))
T'eomeTpuuecknii cmbica auddepernmana.
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N3 tpeyronsauka AMKL: KL =dy = tga-Ax = y"Ax
Takum oOpazom, auddepeHnnan GyHKIUH f(x) B TOYKE X paBEH MPUPAIICHUIO OPIUHATHI KacaTEIbHON K
rpaduKy 3TOH YHKIIUU B pacCMaTPUBAEMON TOYKE.

4. IlpenesbHble BeJIMYMHBI B JKOHOMHKE. JJIACTUYHOCTh QYHKINH, €€ CBOWCTBA U TeOMeTPUYeCKHUi
CMBICJL.
@YHKIMN HAXOIAT IIMPOKOE IPUMEHEHHE B 3KOHOMUYECKOW TEOpHUH U MpakTUKe. CIEKTP UCIIONb3yEMBbIX
B DKOHOMHKE (DYHKIMI BeChbMa IIMPOK: OT MPOCTEHINNX TMHEHHBIX 0 (YHKIIMH, TTOTY4aeMbIX 10
ONPEEICHHOMY aJITOPUTMY C IIOMOIIBIO TaK HAa3bIBAEMBIX PEKYPPEHTHBIX COOTHOILEHUM, CBA3BIBAIOIINX
COCTOSIHUS U3y4aeMbIX OOBEKTOB B pa3HbIE I€PHO/Ibl BDEMEHH.
1. 3adaua o npouzsodumenbHocmu _mpyod.

[Tyctb QyHKUMSA u = u(7) BBIpaXKaeT KOJIUYECTBO MPOU3BEICHHOMN MPOIYKIIUU U 3a BpeMs f.

HeO6XOI[I/IMO HaUTH NPOM3BOJUTEIBHOCTh TPpyJda B MOMEHT BPEMEHHU {y. 3a [epuoa BpeMEeHHU OoT ¢, 10
t, + At KOJIUYECTBO HpOI/I3Be,Z[eHHOI>'I MPOAYKIIMHA U3MCHUTCA OT 3HAYCHHUA u, = u(f,) HO

Au
uy+ Au = u(t, + At) - Tor,ua CpeaHAsA IMPOU3BOAUTCIIBHOCTL TPpyAa 3a 3TOT IIEPHUO BPEMCHU Z, = .
At

O‘IGBI/II[HO, qTo np0u3600umeﬂbHocmb mm/da 6 MOMEHmM 6peMEHU ¢, MOXHO OIIPCACINUTDL KaK IIPEACIIbHOC

3HAa4YCHUC cpez[Heﬁ POU3BOAUTEIIPHOCTH 38 NEPHUOJ BpEMEHU OT ¢, OO ¢, + Af, IIpU At — 0, T.C.

cp
At—>0 At—0 At

2. Ilycth pyHKIUSA y = y(x) 3aJaeT 3aBUCUMOCTb U3JI€P’KEK MPOU3BOJCTBA ) OT KOJIMUYECTBA
BBIITYCKaeMOM MPOAYKIHH X. [IyCTb Ax - IPUPOCT NPOAYKIMH, TOTAA Ay - IPUPALIECHUE U3JIEPKEK

A
MPOU3BOJICTBA H =2 CpeaHee MpupalleHue U3AePKEK TPOU3BOJICTBA HA SAMHUILY TPOTYKIIHH.
Ax

Ay
[IpousBomHast y' = lim —— BBIPAXKAET HPEOeIbHbIE U3DEPHCKU NPOU3BOOCMBA U XAPAKMepu3yem
Ax—> 0 Ax

NPUOIUNCEHHO OONOAHUMEIbHbIE 3AMPAmbl Hd NPOU3E00CINEO eOUHUYbL OONOJHUMENbHOU NPOOYKYUL.
AHAJIOTUYHO OMPEENSIOTCS npedeibHas 8blpYUKA, NPedenbhblil 00X00, NpedeibHblil NPOJYKNI,
npeodeibras NOAE3HOCHb, NPEOebHAS NPOU3B00UMEIbHOCMb U T.II.

[IpenenpHBIC BETHUNHBI XapaKTEPU3YIOT HPOUECe, UBMEHeHUe IKOHOMU1ecko20 obvekma. Takum
00pa3oM, npouU3800HAA BbICHIYNACH KAK CKOPOCHb UBSMEHEHUsl HEeKOMOPO20 IKOHOMUYECKO20 00beKkmda
(npoyecca) no epemenu Ui OMmHOCUMENIbH020 0py2020 haxmopa.

PaccmMoTpuM COOTHOILIEHUSI MEKIY CPEIHMM M NpeieJbHbIM JI0X00M B YCJIOBHSIX MOHOIOJIBLHOTO U
KOHKYPEHTHOTO PHIHKOB.
3ameuanue: B akoHOMUYECKOM TUTEpaType MpeesibHbIE BETUYNHBI HA3bIBAIOT TAKKE MAPHCUHATILHBIMU.
[Ipu ux 3anmucu Kk 0ObIYHOMY 0003HAUEHHUIO BeTU4MH Jo0aBiseTcs OykBa M. Ilpu 3amucu cpeaHux
BeIMYMH Jo0aBisercs OykBa 4. Hanpumep: MR — npenenbHblif 1oxon, AR — cpenHuil 10Xo/.
[Tycth » — cymMmMapHBIH 10X0/ (BRIpYYKa) OT peaM3aliiy PO TyKIUH,
p — lleHa eIMHUIIBI IPOTYKITHH,
¢ — KOJIMYECTBO TTPOTYKIIHH Torma r=pq
B yc10BHSIX MOHOIIOJIMH O/THA WIH HECKOJIBKO (PUPM MOTHOCTHIO KOHTPOIHPYIOT MPEI0KECHHIE
HEKOTOPOW MPOTYKITHH, & 3HAYHUT U IIeHbI Ha He€. [Ipn 3TOM C yBeIMUYEHHUEM IICHBI CIIPOC Ha MPOAYKIIHIO
nagaet. [lycTh 3TO MPOUCXOUT 10 MpsAMOil  p=aq+b, tae a<0, b>0, T.e. nuHEWHas yObIBarOIIas
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¢bynakmus. Torma r=(aq+b)q=aq2+bq. W cpennuit 10X01 Ha AUHULYY IPOAYKIUH r, = = L. ag +b .
q

IIpenenbuplii 10X0M COCTABUT r, = 2aq + b (puc. 1)

"y u"_'..:f,'f_"“' ri Do Louymeumg

fiinia

F Cyssng i
s

iy
& )

oy CEpediar Al
'\:lllltJl TRERELH Jimog §

s
f |II|I'Jr.1I-;l 3 _L iq

Hedil L o .
e = 1 i

puc. 1 puc. 2
Clie10BaTeNbHO, 8 VCI0BUIX MOHONOIbHO20 PbIHKA C POCMOM KOAUYECMEA Peaiu308aHHOU NPOOVKYUU
npeoebibill 00X00 CHUNCACMCA, YMO NPUSOOUM K YMEHbUIEHUIO CPEeOHEe20 00X00d.
B ycroBusix coBeplIeHHO# KOHKYPEHIIMHM Kaxas GupMa He CIOCOOHA KOHTPOIMPOBATH YPOBEHB IIEH.
[TycTh mpeoOnanaroniast ppiHoYHas ieHa p=>b. [Ipu 3TOM cyMMapHBIiA TOXOJ COCTaBUT r=bg u

COOTBETCTBEHHO CPEIHHH J0XO0]T

cp

» W NPENENbHBIA n0X0n r, = b (puc. 2).

= |~

Takum 00pa3oMm, 8 VCi08UsixX c80000H020 KOHKYPEHMHO20 PbIHKA CPEOHULl U NPedeibHblll 00X0bl
coenadaiom.

I[J'IH HCCIICAOBAaHUA SKOHOMUNYCCKUX MMPOUCCCOB U PCUHICHUA MMPUKIIAAHBIX 3aa4 UCIOJIb3YCTCs ITIOHATUC
Jlacmudrocmu d)yukuuu.

OIIP: Dnacmuunocmuio @yukyuu E (y) Ha3bIBACTCA Mpeled OTHOCUTEIBHOIO MpUpaleHus GyHKkuuu y

K OTHOCHUTEJIIbHOMY MPUPALIEHUIO MEPEMEHHON X MPU Ax — 0 :
E (y)= lim [A—y: A—x] ~ g &2 Z.y
Ax— 0 y X y Ax—> 0 Ax y
DnacTHYHOCTh (DYHKIIMU TIOKA3bIBACT MPUOIMKEHHO, Ha CKOJIBKO MTPOLIEHTOB H3MEHUTCS (DYHKIIHS
y = f(x) TpU U3MEHEHUU HE3aBUCUMOU niepeMeHHo x Ha 1%.
I'eomeTpHyYecCKHii_CMbICJ:

X X o
E (y)=—y =—tga, TOE€ tga - TAHTEHC yIJla HAKJIOHA KacaTEJIbHON B TOUKE M (x;y)

y Yy
¥
¥ M)
M
[ [
A X a2 A w
puc. 3 puc. 4
MN  MB MB
AMBN : MN =x-iga, MC =y, AMBN o AAMC = ——=——- 3Haunr E (y)=—
MC M4 MA

T.e. anacmuunocmov ynkyuu (no abconomuou eeruyune) pagHa OMHOULEHUIO PACCMOAHUL NO
KacamenvbHol om 0aHHOU MoYKU epaguka QyHkyuu 0o moyek eé nepeceuenus ¢ ocamu_Ox u Oy.
Ecnu Touku A m B HaxopasTcs 10 OJHY CTOPOHY OT TOYKU M, TO BJIaCTUYHOCTh TOJIOKHUTENbHA (PHC.
3), eciu Mo pasHble, TO OTpHULaTeNbHA (pHcC. 4).
Cesouicmsa_snacmuunocmu_QyHKyuu:
1) OnacTuuHOCTh (PYHKIIMU paBHA MPOU3BEICHUIO HE3aBUCHMOI IEpeMEHHOH X Ha TeMI MU3MEHEHHs

’

Gynkumu 7, = (n y) = y—, T.€. E (y)=x-T,.

y
2) DnacTUYHOCTH MPOU3BEACHUS (YACTHOTO) NBYX (DYHKIIMN paBHA CyMMe (Pa3HOCTH) DIIACTUYHOCTEH

U
3TUX QYHKIIUAHN. E(UV )=E (U)+E_(V) u E(—)=E (U)-E (V).
14
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3) ONacTUHYHOCTH B3aI/IMHOO6paTHBIX q)YHKI_II/If/’I — B3aUMHO 06paTHBIe BCJINYHHBI. E . (y) =
) ( x )
E )

WTak, 2MacTHIHOCTH CIIPOCca Y OTHOCUTEIBHO IIEHBI (WM J0X0Ja) X TOKa3bIBaeT MPHUOIMKEHHO, Ha
CKOJIBKO ITPOLIEHTOB U3MEHUTCS CIIPOC IPU U3MEHEHUH 1eHbl (noxona) x Ha 1%. Ilpuyem:
®  €CJIM 3JaCTUYHOCTD CIIpoca |E ( y)| > 1, TO CIIPOC CUUTAIOT 2IACMUYHBIM;

® CCJIM OJIaCTUYHOCTD CIIpOCa |E¥(y)| <1, TO CIIPOC CHUTAKOT HedNACmMUYHbIM OTHOCUTCIBbHO LICHEI

(moxonma);
®  ©CJIM dJACTHYHOCTH CIIpoca | E ( y)| =1, TO TOBOPSAT O CIIPOCE C eOUHUYHOU INACTUYHOCHIBIO.

BrIsicHUM Kak BIUSET 3JIACTUYHOCTH CIIPOCAa OTHOCUTENILHO IIEHBI Ha CyMMAapHBIA TOXOA 7=pg TpU
peanuzanuu npoaykuuu. [lyctes p=p(g)- npousBosnbHas ¢hyHKus ( He o0s3aTenbHO TuHElHas). Haiinem
MpEIEIbHBIA TI0XOI.

' ' ' 9
r,=(pq), =p,-q+p-l= p[1+ *P‘,J =p+E (p)
P

o 1 o o
ITo cBoiicTBY 3: E (p)=—— ® E, (¢) < 0,NONYYMM [PU NPOM3BOJIBHON KPUBOH CrIpoca
E (q)
o]

,
1+
2, )|

®  €CJIHM CIIPOC 3IaCTHYEH, TO NIPECNBbHBINA J0X0 r/ - IOJOKUTEIEH IIPH JII000H 1eHe. DTO 03HAYaeT,

uTO /i1 NPOOYVKUUU AACMUYUHO20 CNPOCA C 803PACMAHUEM YeHbl CYMMAPHBINL 00X00 Om
pearuzauuyu nPOOYKUUL YEeIUYUBACHICAL.

®  CCIIM CIIPOC HEDJIACTHYEH, TO IIPEACIBHbINA JOX0M r - OTPULIATENECH NPH JIF00O0MH HeHe. DTo

O3HAYaeT, UTO 0/i NPOOVKYUU HEINACIUYHO20 CHPOCA C 803DACMANHUEM YEeHbL CYMMAPHbIL 00X00
om_peanuzayuy NPOOYKYUY YMEeHbUUACMC.

HauOonee yacTo UCHOIB3YIOTCSA B 3KOHOMUKE CIIEAYIOLINE (DYHKIIMU:
1. @yukyua nonesnocmu (hynkyus npednoumenuii) — B IIAPOKOM CMBICIIE 3aBHCUMOCTD TIOJIE3HOCTH, T.€.
pe3ynbTara, 3¢(hexkra HeKOTOpOro ASUCTBUS OT YPOBHS (MHTEHCUBHOCTH) 3TOTO IEHCTBHSL.
2. IIpoussodcmeennas h)yHKyus — 3aBUCUMOCTD PE3yJIbTaTa MPOU3BOJICTBEHHOM IEATEIFHOCTH OT
00yCIIOBUBIINX €r0 (haKTOPOB.
3. Dynxyus evinycka (4aCTHBIM BUJI TPOU3BOJACTBEHHON (DYHKIIMHN) — 3aBUCHMOCTh 00bEMa IPOU3BOJICTBA
OT HaJIMYUs WK MOTPEOICHUS PECYPCOB.
4. Dynxkyus uzdepoicex (YaCTHBIN BUJ MPOU3BOJICTBEHHON (PYHKIINN) — 3aBUCUMOCTb M3AEPKEK
MIPOU3BOJICTBA OT 00BEMA MPOAYKIUH.
5. @yukyuu cnpoca, nompebenus u npednodcerus — 3aBUCUMOCTb 00bEMA cripoca, MOTPeOIECHUS WIN
NPEUIOKEHUST Ha OTAEJIbHbIE TOBAPBI WIIM YCIYTH OT PA3JIMYHBIX (PaKTOPOB (HAIp-p, LIEHBI, 10X0/1a U T.I1.).

PaccmoTtpum 3aBucumocTts cripoca D (demand) u npennoxenust S (supply) oT 1ieHs! Ha ToBap P
(price).
UYem MeHbIIE 1I€Ha, TEM OOJIbLIE CIIPOC MPH MOCTOSHHOMN MOKYNATeNbCKONH CLIOCOOHOCTH HACETIEHMUSL.
OO6b1uHO 3aBUcUMOCTH D oT P umeeT Bua HUCHagaromei JIMHUY, HallpuMep MpsIMON:
D=-aP +c¢, a>0, ¢>0 (1)
B cBoto ouepenp, MpeUIoKeHUE PACTET ¢ YBEIMUEHHEM IIeHbI Ha TOBAp, U MO3TOMY 3aBUCUMOCTh S OT P
UMeEeT CIEAYIOUIMNA XapakTepHyto GOpMY: S =bP +d, b >0, d >0 (2)
B dopmynax (1) u (2) a, b, ¢, d — Tak Ha3pIBaeMbIe SK30T€HHBIE BETUYMHBI; OHU 3aBHUCST OT psifa IPYTuX
npuurH (01arococTosiHre 00IIECTBA, TOIUTHYECKas 0OCTaHOBKaA U T.11.). [lepeMenHbIe, BXxos111e B
dopmynsl (1) u (2), HOTOKUTEIBHBI, TOITOMY I'paUKU QYHKIMNA UMEIOT CMBICI TOJIBKO B IEPBOii
KOOPJMHATHOW YETBEPTH.

JU1st 5)KOHOMUKH MTPEJCTABISIET HHTEPEC YCIOBUE PABHOBECHS, T.€. PABEHCTBO CIIPOCa U MPEI0KEHHUS;
9TO YCJIOBHUC 3a0a€TCA YPABHCHUCM p(p) = s(P)

1 COOTBETCTBYCT TOUYKC M MEPpECCUCHU S KPUBBIX D u S — o710 Tak Ha3bIBaeMas TOUYKa paBHOBECHA. HCHa
P, , IpA KOTOpOﬁ BBITIOJITHCHO 3TO YCJIIOBHUEC, HA3bIBACTCA gzaeHoeeCHod.
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ITpu yBennueHuH 61arocoCTOSHUS HACEIEHUS, YTO COOTBETCTBYET POCTY BEIMUUHBI ¢ B (hopmyie (1),
TOYKa paBHOBecHsl M cMellaercs BIIPaBo, T.K. KpuBas D IMOJAHMMAETCS BBEPX; IIPH 3TOM LI€Ha TOBapa
pacTeT Npu HEM3MEHHOW KpUBOHM MPEIJIOKEHUS S.

PaccmoTtpuM npocTeiiiyto 3aady oucka paBHOBECHOM LIEHBI. DTO 0JIHA U3 OCHOBHBIX II00JIEEM PBIHKA,
O3HAYaroIlask TOPr MEX Ay POU3BOAUTENEM U MoKynaTeneM (puc. 1,2,3).

[lyctb cHayana ieHy P, Ha3bIBaeT IIPOU3BOJIUTEIND (B IpOCTEHIIE cXxeMe OH ke U npojasen). Llena P,
Ha CaMOM JieJie BbIlE PAaBHOBECHOM (€CTECTBEHHO BCAKHUM ITPOU3BOIUTEND CTPEMUTCS IOTYUYUTh MAKCUMYM
BBITO/Ibl U3 CBOETO NPOU3BOACTBA). [lokynaTens olleHUBAET CIPOC D, IIPH 3TOU LIEHE U ONPEJEISIET CBOIO

LIEHYy P, , IpU KOTOPOW 3TOT CIPOC D, paBeH NpeiokeHuto. LleHa P, Hue paBHOBECHOU (BCAKUI
MIOKYTIaTelb CTPEMUTCS KYIIUTh NoJienieBiie). B cBoro ouepenb, IpOM3BOAUTEND OLIEHUBAET CIIPOC D,
COOTBETCTBYIOIMM LIEHE P, , U OIIPEAEISET CBOKO LIEHY P, , IPU KOTOPOH CIIPOC PaBEH IIPEMAJIOKECHHUIO; OTa

LIeHa BbIlIE paBHOBECHOM. [Iporecc Topra npopomkaeTcs ¥ pu ONpPENEICHHbIX YCIOBUIX IPUBOJUT K
yCTOMYMBOMY MPUOIIMKEHUIO K PABHOBECHOM 1I€HE, T.€. K «CKpy4YHBaHMIO» criupanu. Eciau paccmarpuBath
[IOCJIE0BATEIBHOCTD YHCEN, COCTOSIIYIO U3 Ha3bIBAEMBIX B IIPOLIECCE TOPra II€H, TO OHA UMEET CBOMM
IIpeJesIOM PaBHOBECHYIO 1ieHy P, (puc. 1). Creayer 3aMeTUTb, UTO B JaHHOH cXeMe CIMpallb Topra

CKPYYHMBAETCs, €CIIM b < a . B MPOTUBHOM cllyyae UMEET MECTO JHO0 UPKYIUPOBAHHE 110 3aMKHYTOMY
UKy (b = a) - PUC. 2, TUOO «PaCKPYUMBAHUE) CIIUPAIU U YXOJ OT pABHOBECHOU LIEHBI (b < a) - pUC.3.

os 5 o548 -0 & - 0,5 .y
o P - & o
s et Bl s ey
o= i t 3 = o =~ =
2 A ' . st o o o
.-".ll:| | =l : @ T il' o 1 AR o
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.--’H-
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paanongcpod

P

S IIpousBoaHbie U A epeHIHaIbl BLICIINX OPS/IKOB.
[Tycts Gynkuus f(x)- tuddepenupyema Ha HeKOTOpoM HHTepBaie. Torna, MuddepeHuupys ee,
MOJTy4aeM MEepBYIO MPOU3BOAHYIO

d
v g = T
X
Ecnu naiitn npousBoanyto ¢pyHkiuu f'(X), HOJy4uM BTOPYIO NPOU3BOAHYI0 QyHKINH f(X).
d 2
yr = = L
dx

d’ d (d
T.e. y' = (') wmn Y —(l
dx ’ dx \ dx )

OTOT mpouecc MOKHO IIPOAOJIKUTE U AaJIeC, HaXO0A IMMPOU3BOAHBIC CTCIICHU 1.

dny d

dn—]y

! dx | dx

n-1

dx
6. IIpaBuio Jlonurans AJisi paCKPbITHS HEONPeAeJeHHOCTEeH.

(JTonurains (1661-1704) — ppaHIy3CcKHii MaTEMATHK)

Teopema (npaBuio Jlonuransi). Eciu gyuxyuu f(x) u g(x) ouppepenyupyemvl 6 801u3u mouxu a,
HenpepvleHsvl 8 mouke a, g'(x) omauuna om Hyns eoausu a u f(a) = g(a) = 0, mo npeden omuoweHus
@yHKyull npu x—a paseH npeoeny OMHOUIEHUS UX NPOU3BOOHBIX, eclu IMOom npeoei (KOHeuHbll Uuiu
beckoneunwlll) cyujecmayem

S (x) J'(x)
= lim
ag(x) e gl(x)
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CrnemxyeT OTMETHTh, YTO MpaBwio JlomwrTans — BCEro UMb OJAWH U3 CIOCOOOB BBIYUCIICHUS
npeaenoB. Yacto B KOHKPETHOM TMpUMEpE Hapsny C mpaBmiioM Jlomurtans MOXKET OBITh MCIIOJB30BAaH U
Kakoii — MO0 Apyroit MeTox (3aMeHa ePeMEHHBIX, JOMHOKEHHUE U TP

0

Heonpenenennoctn Buma 0°; 17; o' MOXHO PacKpbITh C TOMOIIBI JorapudmupoBanus. Takue

HEOIPEICIIEHHOCTH BCTPEUAIOTCS MPU HAXOKIACHHH NpefeaoB (PYHKIUH Buma y = [f ], f(x)>0

BONMM3M TOYKM a mpu Xx—a. I HaxokIeHus mnpepena Takod (yHKIMM JOCTaTOYHO HAWUTH Ipees
¢bynkuuu Iny = g(x)Inf(x).

1.4 Jlexuus Ne4 (2 yaca)
Tema: «Mcciaenopanue GpyHKIuH»

1.4.1 Bonpocsl JieKIum:

1. IlpuzHak MOHOTOHHOCTH (DYHKIIMU Ha UHTEPBAJIE.

2. JlocTaTouHbl€ YCIIOBUS JIOKAJIBHOTO 3KCTPEMYMA.

3. Beimykuibie (BorHyThIe) (DyHKIMU. J[0CTaTOUHBIC YCIIOBHSI BBITYKIOCTH (QYHKIMU. HeoOXxoauMbIil 1
JOCTaTOYHBIN MPU3HAKN TOUYKHU Ieperuoa.

4. AcumntoTsl rpaduka QyHKITUH.

5. O0mas cxema uccietoBaHus (PyHKIMH ¥ IOCTPOEHHS ee rpaduka.

1.4.2. KpaTkoe cojep:kaHue BOIPOCOB
1. Ilpu3Hak MOHOTOHHOCTH (DYHKIIUM HA HHTEpPBaJIe.

VY cTaHOBUM CBSA3b MEXKYy CBOMCTBAMH (PYHKIMM U UX MPOU3BOAHBIMU. V3yunM TOUHBIE METO/IbI
uccieoBaHus QyHKIMM U MOCTPOEHUs rpa)uKOB € IOMOIIBIO IIEPBOM U BTOPOI MPOU3BOHBIX.
PaccmoTpuM (QyHKIUIO y = f(x) HENPEPHIBHYIO U ONPEAEICHHYIO Ha HEKOTOPOM ITPOMEXYTKe X.
OIIP: dyHKUMs Ha3bIBAETCS go3pacmaiouiell, €ciii 00JIbLIeMy 3HAUYCHHUIO apr'yMEHTa COOTBETCTBYET
Oonblee 3HaueHUe QyHKIUH, T.6. x, > x, = f(x,) > f(x,) (puc. 1)

OIIP: ®dynkuus Ha3bIBACTCA YObl8aousell, €Cau OOIbIIEMY 3HAUCHUIO apTyMEHTa COOTBETCTBYET
MeHblllee 3Ha4eHue PyHKUUH, T.e. x, >x, = f(x,) < f(x,) (puc. 2)

T

T

[
puc. 1 puc.2
VYcTaHOBUM CBSI3b MEXy Bo3pacTaHieM (yObiBaHHEM) (QYHKIIUHU U €€ TPOU3BOIHOM.
PaccmoTpuM Bo3pacTarouyt0o GyHKIHIO y = f(x) HENPEPHIBHYIO U ONPEICICHHYI0 HA HEKOTOPOM
MPOMEXyTKe X.
Bo3pmem m100yr0 TOUKy M (x,;y,) HaTrpaduke u IpoBeieM KacaTelbHYI0 K rpaduKy QyHKIUHU B 3TOH

TOUKE.

O603HauuM «, - yroj HaKJOHa KacaTeslbHOH K ocu Ox.

BcnoMHMM reoMeTpUYECKHU CMBICH IPOU3BOJHOM:  f'(x) = k , TOTJA

f'(x,) =k, =tga,, «a, -OCTPBIH Yroi, MOATOMY fga, >0 = f'(x,) >0

AHaNOrN4HO /111 yObIBaromel GyHKIuU. YToll «, HaKJIOHA KacaTedbHOU K ocu Ox TYyNOH, O3TOMY
ga, <0 = f'(x)<0

O06001IM CKa3aHHOE B BUJIE TEOPEMBI.

TEOPEMA (npusnax monomonnocmu): Ecnu QyHKIHsL y = f(x) nuddepeHmpyemMa Ha HHTEpBaIe

(a;b) W BHYTPH UHTEpBAJIA ['(x) >0 [ f'(x) <0 ]|, To rpadpuk GyHKIUU y = f(x) BO3pacTaer [
yOBIBaeT | HA WHTEpPBAIC (a;bh).
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PaccmoTpuM QyHKIINIO, KOTOpask IMEET HECKOJIBKO HHTEPBAJIOB BO3pAacTaHMsl U yObIBaHHUSA,
muddepeHnmpyemMyro Ha Bcei 00J1acTH ompe/IeICHUSI.

y==rix)

|
1
|
! 1
! 1
L I L
.x-l| W) x_g KS Ké Y

Touku x, x,, x,, x, OTAEISAOT HMHTEPBAJIbl BO3pACTaHUsI OT HHTEOPBAJIOB yOBIBAHUS.

3aMeTHM, 4TO 3HaueHHe (PYHKIHUU B TOUKE x, OOJIbIlIe 3HAYEHUH (PYHKIIMH BO BCEX «COCEAHUX» TOUKaX
KaK CJIeBa, TaK U clpaBa OT x,. IloaToMy B Touke x, (YHKUHSA UMEET MaKCUMyM. B Touke x|
(GyHKLMSA TOXKE UMEET MAaKCUMYM, XOTSA f(x,) < f(x,). AHQJIOTMYHO JUISl TOYUEK MUHUMyMa x, U x,.

OIIP: ®dynkuua y = f(x) HMEET MAKCUMYM [ Munumym | B TOUKE x, , €CIU CYLIECTBYET TaKas

OKPECTHOCTb TOUKH x , YTO I BCEX TOYCK, OTJIMYHBIX OT x, W MNPUHAJJICIKAMINX ITOM OKPECTHOCTH,

BBINOJIHAETCSI HEPABEHCTBO f(x) < f(x,) [ f(x)> f(x,) ].

3ameuanue: Touka x, - JIOKaJbHBIH MAKCUMYM, x, - [JI00JIbHBIA MAKCUMYM,

3

x, - JIOKJIbHBI MUHUMYM, x, - [JI00aJIbHBIH MUHUMYM.

’
Touky MakcuMyMa 1 MUHUMYMa OOBEAMHSIOT 0] OOIIUM Ha3BaHUEM TOYCK IKCHpeMyMd.

2. JlocTaTOYHbIE YCJIOBHSI JIOKAIBLHOIO IKCTPeMyMa.

Y cTaHOBUM CBSI3b MEKY MPOU3BOIHON U TOUKAMU JIKCTpEMyMa.

TEOPEMA ((neobxodumoe ycnosue sxcmpemyma ): Ecnu GyHKIUS y = f(x) UMEET SKCTPEMYM B TOUKE

2

X TO IIPOU3BOAHAA (I)YHKI_II/II/I B OTOH TOUKE paBHa HYJIYO WJIM HE CYHICCTBYCT.

09
Teopema nMeer ciieqyrOnil FeOMETPUYECKUI CMBICIL:
Ecm x,, x x, - TOYKHU dKcTpemyMa U pyHKuus auddepeHunupyema B 3THX TOUKaX, TO MOKHO

X3 Xy

29

IIPOBECTH KacaTeIbHbIE B 3TUX TOYKAX, IPUYEM k, = f'(x,) =gz, =0 = «a, = 0. AHAJIOTUYHO

a,=0, a,=0 U a,=0. ITO O3HAYAET, YTO KacaTeIbHbIC MapauIeabHbl Ocu Ox.

3ameTuM, 4TO OOpaTHas Teopema He BepHa. M3 toro, 4to f'(x,) =0 WAM 3 f'(x,) HE CIEQYyeT, YTO

TOYKA x, SIBISETCSA TOYKOM SKCTpPEMyMa.

H[}I/IMG[}I y =X
¥

y':_%c2 y'=0 mpu x=0
Tem He menee, B Touke (0,0) HET 3KCTpeMyMma, MO3TOMY TOYKH B KOTOPBIX TPOU3BOIHAS paBHA HYITIO
WJTU HE CYIIECTBYET HA3bIBAIOT TOYKAMU BO3MOKHOTO SKCTpEMyMa (Kpumuyeckumu moykamu), a yCIOBUe
f'(x,) =0 WIM 3 f'(x,) SABIAETCS JUIIb HEOOXOOUMBIM.

YeM ke OTIMYAIOTCS, HAIPUMeEp, TOUYKAa x, OT TOYKH x=0 ?
B Touke x, (yHKIMS MEHSET XapakTep MOHOTOHHOCTH (C BO3pacTaHus Ha yObIBaHUE), T.€.
MIPOM3BO/IHAS CJIeBa OT TOYKU x, TIOJIOXKUTENbHA, a ClipaBa OTpHIarenbHa. B Touke x=0 ¢yHKIMS

y = x XapakTep MOHOTOHHOCTH He MeHsieT. CIieBa U CIpaBa OT KPUTHYECKON TOUKH (PYHKIIHS

BO3pacTaeT M €& MPOU3BOAHAS COXPAHSET MOJIOKUTENbHBIN 3HaK. CopMyaupyeM JO0CTaTOUHBIH MTPU3HAK
IKCTpEMyMa.
TEOPEMA ( 0ocmamounoe ycnosue sxcmpemyma ): Ilycts GyHkmus y = f(x) auddepeHuupyema Bo

BCEX TOYKaX CBOEH 00yacTh OMPCAC/ICHUA, U TOYKA x, NPUHAAJICKHUT obnactu OIpCaAcCICHUs. Ecmm
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IIPOU3BOJHAS f'(x) IIPH NEPEXOJE apryMEHTA CJI€Ba HAIIPABO YePE3 KPUTUUECKYIO TOUKY x, MEHSET
3HAK C «T» Ha «», TO x, - TOUKA MAKCUMyMa, €CIH C «-» Ha «*t», TO x, - TOYKa MUHUMYyMa, a
€CJIM TPOM3BOJHAS 3HAKA HE MEHSAET, TO B TOUKE x, IKCTPEMyMa HET.

3. Beinykible (Boruytoie) pynkuuu. Jlocrarounsie ycjioBus Boiyki10cTH pynkuun. Heodxomumblii u
JAOCTATOYHbIN MPU3HAKYU TOYKHM Nepernda.

E1me oHO# BayKHOW XapaKTEPUCTUKON (PYHKIIUH SBIISETCS XapakTep €€ BBITYKIOCTH.

OIIP: I'padpux quddepennupyemoii pyHKITUN HA3BIBACTCSA BbINVKILIM | 602HYMbIM | B WHTEpBAJE

(a;b), €CIH OH PACIIOJIOKEH HUXKE [ BBILIE | JF000M CBOEH KacaTelnbHOW B ’TOM MHTEpBAJE.

¥

A y=iix)

] | b o gl & o=
3a BBITYKJIOCTh M BOTHYTOCTh Ipadrika GyHKIIMH «OTBEYAeT» BTOpasi MPOU3BOIHASL.
TEOPEMA: Ecnu ¢pyHKIUS y = f(x) HUMEET BTOPYIO MPOU3BOAHYIO BO BCEX TOUKAX UHTEPBAIA (a;b) H
€CJIM BO BCEX TOYKAX 3TOTO MHTEpBaiIa f"(x) > 0 , TO rpaguK (YHKIIUU BOTHYTHI B HHTEPBAIC (a;b),
€CIIi Ke f"(x) < 0, TO rpaduk GyHKIMH BHITYKIBINA B HUHTEPBAIE (a;bh) .
OIIP: Touka M ,(x,;f(x,) Ha3bIBaeTCs TOUKOM meperuda rpaduka GyHKIUU y = f(x), €CIU TPOXOJs

4yepe3 3Ty TOUKY (PYHKIUS MEHSET XapaKTep BBITYKIOCTH / BOTHYTOCTH.
TEOPEMA ( Heobxooumoe ycnosue mouxu nepecuda): Ilycts rpaduk QyHKIMH y = f(x) HMEET

neperI/I6 B TOUKC M  (x,; f(x,)) , TO BTOpas NpOU3BOJHAs B 9TOH TOUKE paBHa HYJIFO UJIM HE CYIIIECTBYCT.

JokasarenbcTBo: Mertoa ot npotuBHoro. I[lycte f"(x,) = 0 = f"(x) <0 HIA f"(x) > 0. 3HAYUT B

TOYKE M ,(x,;f(x,) (GYHKIUS UMEET ONpeAeIeHHOE HalPaBICHHE BBITYKIOCTH / BOTHYTOCTH, a 3TO
NPOTUBOPEUYHT HAJIMYHIO NIEpernda B TOUuke M (x,; f(x,)) .
3ameuanue: OOparHOe yTBEpKIeHUE HE BepHO. He Bcskas Touka, B KOTOPOH f"(x) = 0 WIH 3 f"(x)

SIBJISIETCS] TOUKOU Teperuoa.
TEOPEMA ( docmamounoe ycrogue mouxku nepecuba): Ilyctb x, - cranoHapHas Touka. Ecinu npoxozs

yepe3 CTAllMOHAPHYIO0 TOUKY BTOpasi IPOU3BOIHAS MEHSET 3HaK, TO TpaduK QYHKIUU y = f(x) UMEET
neperud B TOUKE M (x,; f(x,)) -
4. AcumnTorsl rpaguka QyHKIUH.

[Tycts nana ynkuusa f(x). [lpu uccnenoBanuu QpyHKIIMU Ha OECKOHEYHOCTH, T.€. IPU x —> +oo
WIA NpU x — —o WO BONM3M Touek paspbiBa Il poxa, yacTo okaspiBaeTcs, 4TO rpaduk GyHKIUH
CKOJIb YTOZHO OJIM3KO0 MpUOIMkKaeTCs K TOM MM HHOM mpsiMoil. Takue npsiMble Ha3bIBatOTCA

aAcUMNMoOmamu.
OIIP: IIpsima nuHUS HA3BIBAETCS ACUMNIMOMOU It KPUBOU y = f(x), €CTIU paccTossHUEe d OT TOYKU M,

Jexaleil Ha KpuBo# 10 npsAMoil crpemutcs K 0 mpu yaaneHuu Touku M OT Havajga KOOpJAMHAT B
0ECKOHEYHOCTb.

CymiecTByeT TpH BHJla aCUMIITOT: BEpPTUKAJIbHbIE, TOPU30OHTAIbHBIE U HAKIIOHHBIE.

OIIP: Ilpsimasi x = « HA3BIBACTCA GEePMUKANbHOU acumnmomou Tpaduka QyHKIHH y = f(x), €CIU

XOTsI ObI OJTHO M3 TIPEACIBHBIX 3HAYCHUH lim f(x) WIA lim f(x) PaBHO + o HIA - o .

x—>a+ x—>a-—

OIlP: Ecnmu  lim f(x)= 4 ,TO TpsiMasi y = 4 HA3bIBACTCA 20PU3OHMANLHOU acumnmomou rpaduka

X —> +0
(x—> —0)

GYHKIMU y = f(x) OPU x — 4o (x > —o ).
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. S (x) )
OIIP: Ecnu cymiecTBYIOT Takue 4ucia k u b, 9ro |k = lim , | b= lm (f(x)-kx)|,TO
X —> +0 x X —> +0
(x—> -0 ) (x> o)

npsiMasi y = kx + b Ha3bIBaeTCS HAKIOHHOU acumnmomou rpaduka QyHKIUU y = f(x) IPU x — +oo

(x > —0 ).
[TpakTryecku 1enecoodpazHo UCKATh ACUMITOTHI B CIEIYIOIIEM MOPSIIKE:
1) BepTUKaJIbHBIE ACUMIITOTHI
2) TOpU3OHTAIbHBIE ACUMIITOTHI
3) HaKJIOHHBIE aCUMITOTHI
5. O0mas cxema ucciae1oBanusl GyHKIUH U IOCTPOEHHUS ee rpaduka.
UccnenoBanmne GpyHkuuii U moctpoeHue rpadukoB clieyeT IPOBOAUTD IO CIAEAYIOUIeH cxeme:
I. UccnenoBanue GpyHkmu 6€3 UCTIOIB30BAHUS TIPOU3BOIHOM.

1) Haiitu obnacte onpenenenus Qynkuuu D | .

2) UccnenoBaTh PyHKIMIO HA HEMIPEPHIBHOCTh, HANTH TOYKU pa3pbiBa QYHKIMH, OIPEISIUTh UX PO/I.

3) Haiitu acumMnToThl rpadguka GyHKIUH.

4) Ecnu BO3MOXXHO, HATH niepecedeHue rpaduka GyHKIUH ¢ ocsiMU KoopauHaT. Ecnu oTbickanue
TOYEK MEPECEUCHHS 3aTPYAHUTEIBHO, TO TOCMOTPETh KOOPIUHATHI IO TpaPuKy (MPUOIUZUTETHHO).

5) UccnenoBath PyHKINIO HA YETHOCTH / HEYETHOCTD.
II. MccnenoBanue pyHKIMHU C TOMOIIBIO IEPBOI TPOU3BOIHOM.

6) Onpenenutb HHTEPBAIBLI MOHOTOHHOCTH M TOYKH SKCTpeMyMa (DYHKIIUU.
[II. UccnenoBanue pyHKIMHU C IOMOILBIO BTOPOH IIPOU3BOJHOM.

7) Onpenenutb HHTEPBAIBI BHITYKJIOCTH U BOTHYTOCTH, HAMTH TOUKH Neperuda rpaduxa QyHKIIUH.
IV. Iloctpoenwne rpaduka GyHKIHH.

8) IlocTpoeHue Mo myHKTaM HccaenoBaHusl (MOCTpOoeHHE rpaduka MPUHATO HAYMHATH C TOCTPOCHUS
aCHMIITOT).

9) Onpenenutb MHOKECTBO 3HAUCHUN QYHKIUU E .

1.5 Jleknusn Ne5 (2 gaca)
Tema: «Heonpenesnennbiii uHTerpaji. OnpeaeneHHbI HHTErPan

1.5.1 Bonnpoce! JieKkuum:
1. IlepBooOpa3Has 1 HeonpeaeaeHHbIN HHTerpai. Tabauia HeonpeaeaeHHbIX HHTETPaJIoB.

2. CsoiicTBa HCOIPECACIICHHOTO HHTCIrpaJia. 3amena HepeMeHHOﬁ B HCONPCACIICHHOM HHTCTpAJIC,

MHTErPUPOBAHHUE 10 YaCTSIM.
3. MHTerpupoBanue paloHaIbHBIX (QyHKIUH.

4. 3anaya o0 BBIYMCIICHUH IJIONIAAN KpUBOJIMHEHHOM Tpaneimu. ®opmyna Herotona-JleitOnma.

5. 3aMeHa IEpeMEHHOM B OINIPENIEJICHHOM MHTErpasie, MHTETPUPOBAHUE TI0 YACTSIM.

6. ['eomeTpuueckre NpuIIOKEeHNS ONIPEAETICHHOIO MHTErpaia: BhIYUCIEHUE TUIOLIA I KPUBOJIMHEHHOM
Tpareuu 1 o0bema Tena BpalleHusl.

1.5.2 Kpartkoe conep:xanue BOIPOCOB

1. [lepBooOpa3Hasi u HeonpeaeJeHHbIH HHTerpaa. Tabanua HeonpeaeJleHHbIX HHTETPAJIOB.
OnHoit U3 OCHOBHBIX 33Jau AU HepeHIInanbHOr0 HCUNUCIIEHUS SBISIETCS OThICKAaHUE ITPOU3BOAHOM
3agaHHol QyHKIMKH. OOpaTHO 3a1auell sBJIAETCS HaX0X/IeHHE M0 JaHHOM QYHKIIMM f (x) TaKoH

GyHKIHMH F (x), TIPOU3BOIHASI KOTOPOU ObLTa ObI paBHA PYHKITUU f(x),T. €. F'(x) = f(x).

BoccranoBnenue QpyHKIMY 110 U3BECTHOW MPOU3BOIHON ATON (DYHKIIUU COCTABIISIET OJIHY U3 OCHOBHBIX

3a/1a4 UHTErPaJIbHOIO UCYUCIICHHUS.
OIIP: ®dyHKIMA F (x) Ha3bIBaeTCs nepsoobpasznoui s GYHKIHMU f (x) HAa HEKOTOPOM IMPOMEXKYTKE X,

€CJIM JJIS BCEX 3HAUYEHUI X H3 3TOTO MPOMCIKYTKA BBIIIOJIHACTCA paBCHCTBO

F'(x) = f(x)
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TEOPEMA: Ecnu F (x) - mepBooOpa3Hast 1l QyHKIMH [ (x) Ha HEKOTOPOM IMPOMEXYTKe X, TO J1r00as

apyras nepBooOpaszHast i QYHKIUU f (x) HA 3TOM MPOMEKYTKE X, MOXKET ObITh IPeJICTaBlICHa B BUIC

F(x) + C , rae C- HeKoTopasi MOCTOsSIHHASL.

OIIP: Ecnu pyskuus F (x) - mepBooOpa3Has aisi QyHKIIUU f (x) , TO MHOXKECTBO QYHKIIUH F (x) + C , TIE
C=const, Ha3bIBACTCA _HeonpedenénHulM unmezpaiom OT (PYHKUUU f(x) ¥ 00O3HaAYaeTCs

CHMBOJIOM If(x)dx =F(x)+C

f(x)- mogpiHTETpaNbHAs GyHKIHMS, f(X)dX-TIOABIHTETpaNIbHOE BRIpAXKEHHUE, X- IEPEMEHHAs HHTETPUPOBAHUS.
2. CaoiicTBa HeompeaeJleHHOr0 HHTerpaja. 3amMeHa IepeMEHHOl B HeONpeaeJIeHHOM WHTerpale,
UHTErPUPOBAHME 10 YACTIIM.

D (Jroa) = fx) w d(]f(x)de) = f(x)dx

HoxazarenbctBo: 1) (I f(x)dx) = (F(x)+C) = F'(x)+0 = f(x)

2) d([ f(x)dx) = ([ f(x)dx)dx = f(x)dx
2) de(x) = F(x)+C

Jloka3aTeabCTBO: de(x) = IF'(x)dx = If(x)dx =F(x)+C
3) Ik Cf(x)dx =k -If(x)dx

D [+ gaxNde = [ f(x)dx + [ g(x)dx

YacTo BBeIEHME HOBOW MEPEMEHHOM MO3BOJISIET CBECTH HAX0KJACHUE MHTErpaja K HaXOXKICHHUIO
TaOJIMYHOTO, T. €. IEPEUTH K HEMOCPEICTBEHHOMY HHTETPUPOBAHHUIO.

PaccMm J’f(x)dx O06o3HaunM x = ¢(¢) TOTHA dx = d(p (1)) = dx = ¢'(¢+)dr TIOJCTAaBUM B

UCXOHBIN HHTETPAL Jf(x)dx = If((o(t)) @' (t)dt

3am: Ha mpakTtuke 00bIYHO 0003HAYAIOT HEKOTOPYIO QYHKIHIO OT X uepe3t w'(x) = ¢

3. UHTerpupoBanme palioHAIbHBIX (PYHKIIHIA.
O0603HauuM MHOTOUWIEH N-0i creneHu uepe3 Pu(x)
P (x)=a,x"+ alxnfl + azx“2 + . t+a

P (x)=A-m O0—oti cmen , P(x)=Ax + B —mn 1-oii cmen , P, (x)= Ax + Bx + C — wmn 2 — oii cmen ...
Bcenomuum: 1) J[Ba MHOTOWIIEHA OJJUHAKOBOM CTENIEHU HA3BIBAIOTCS PABHbIMU, €CITU PABHBI HX
K02 PUITUEHTHI, CTOSIINE MPU OJTMHAKOBBIX CTEIIEHSIX HEU3BECTHBIX.
2) 3HaueHue epeMeHHoN X, oOpararoiee MHOrowieH B 0, Ha3bIBAETCSI KOpHEM
MHorouJjieHa
3) Llenpie KOpHU MHOTOYJIEHA, €CJTM OHU CYIIECTBYIOT, HAXOIATCS CPEIH JAeTuTeNeH
CBOOOIHOTO YJICHA
4) Kaxaplii MHOTOYJICH IETTUTCS HAIlEJI0 Ha PA3HOCTh MEXY X M €r0 KOPHEM.
P” (x) [ m > n — npasunvhas 0pobs

— payuonamvh  as O0pobb = |
0, (x) |m < n — nenpasunei  as 0pobw

CymectByeT 4 THNa NPOCTEHIINX IPAaBUIBHBIX ApOOEH:
A

A

x—k > 2
—V a2
(x— k) Ax + B _ M+ B _—
I Tum: #+<® II Tvm: I tan: —~+% IV Tum: %2
: (x"+ px + q)
k — xopens k — xopenv X+ px+gq
suamenamen 5 Kpamuocmu — a D <0 D <0
- T . Ads
Pacem.: I'f " dnfx—k|+C
x—k
. Adx w A
1I: 17: Aj(x—k) dx = —————+C
(x - k)* (I-a)x-k) "
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Ax + B
T1I: Iidx — unmeepan  om Opobu ¢ K8AOPEMHbIM mpéxunenom 6 3Hamenamen e

'+ px+g
D <0

Ax + B
1V: J’fﬂlx — pekypewmHa s opmyna
(x" + px +4q)
D <0

OcHoBaHa Ha BbIJIEJICHUU TTOJIHOTO KBaJIpaTa B 3HaMeHaTese. MeTo ] NpUMEHSI0T HECKOJIBKO pas,
KaKIbIM Pa3 CTENIEHb B 3HAMEHATEJIEe IOHMKAEeTCs Ha |
Pa3noxxeHue panMoHaJbHBIX Apodeii Ha mpocTeimme.

JIroOyro npasunbyio npoOb MOYXKHO €IMHCTBEHHBIM 00pa30M IPEACTaBUTH (PA3JI0KUTh) B BUAE CYMMBI

MPOCTEUIINX APOOei. ITO pazoKeHHe 3aBUCUT OT KOPHEH MHOTOYJICHA, CTOSIILIETO B 3HAMEHATEJIE.

P (x)
———, 1 < m — npasunbHas Opobs . (Ecnu Opobb HenpasuibH — as , MO CHAYANA — 6bIOCIUM — YELVI0  Ydcmb )

s

9, (x)
Paznoxum MHOI'OYJICH, CTOHH_[I/Iﬁ B 3HAMCHATCJIC HA IIPOU3BEACHHUEC DJICMCHTAPHBIX MHOKHATEIICH.

0,(x)=(x-k)'(x"+pr+q)

P (x) A B C D Ex + F Gx + K My + N  rTaoe
T, = + —t 3+...+ :+ X + ; 7+...+ N

(x=k) (x" + px +9q) x-k (x-k)y (x-k) (x-k) x +p+q (x +px+gq) (x "+ px +q)

N R ——— S S -

1 dpodeii s s dpodeii s 1 dpotei 5 Opodeil

J— pussocen

I I muna Il w 1V muna

A,B,C,D,E F... M,N-HeKOTOpBIEC YUCIa, KOTOPBIC BBIYUCISIOTCS MEMOOOM HEONPEOeEHHbIX
K02 puyuenmos.

YroObl HaliTH KOA(PPHUIIMEHTHI, HY>)KHO IPUBECTH CYMMY JIpo0Oeii k o0meMy 3HaMeHarero. [lomyanm
JIBE paBHBIC JIpoOU, TPUYEM Y HUX OJIMHAKOBBIC 3HAMEHATEIM = MPUPABHUBAEM YHCIUTEIU. Y YUTHIBAS,
9TO JIBa MHOTOYJICHA PAaBHBI, €CITH PaBHBI KOA()PUIIMEHTHI PU COOTBETCTBYIOIINX CTCIICHSX HECU3BECTHBIX,
HaxoauMm ko3 dunuenter A,B,C,D...M,N.

4. 3agava 0 BbIMMCJICHUH IUIOIIAAY KPUBOJIUHEeHOH Tpanenun. ®opmy.aa Herorona-JleiiOnunmna.
HcTopuyecku BO3HUKIIA MOTPEOHOCTH BBRIYUCIATH IJIOMIAIh IIPOU3BOIBHOMN (PUTYpPBI, B 4ACTHOCTH -
KPUBOJMHENHHON Tpanenuu. JIro0yro Gurypy MoxxHoO MpeJICTaBUTh B BU/I€ HECKOIBKUX KPUBOJIMHEHHBIX
Tparnenuii. Takum 00pa3oM, ecIr Mbl HAyYHMMCS BBIYMCIIATH TUIONIA/Ib IPOU3BOJIBLHON KPUBOIMHEITHON

Tpamnemnuu, TO Mbl CMOYKEM BBIYHCIISTE TUIOIIAIN PA3IUYHBIX QUTYP.
[Tepenecém kpuBomuneinyto Tpanemnuio B [IJICK T. 0., 4To €€ ocHOBaHHE COBMAAET C OTPE3KOM

[a;b]ocu OX, cieBa u cripaBa Tpanenus OyJeT orpaHu4eHa MPSIMbIMU x = a u x = b, & CBEPXY —
rpadukoM QYHKIMM y = f (x) ,ONpPeeIEHHON U HEMPEPBIBHOM HA 3TOM OTpE3KE.
Pa300béM 0Tpe30K [a;h] Ha N CKOJIb YTOHO MAJIBIX YaCTeH (T. €. n — « ) IPOU3BOJILHBIM 00pa3oM,

HpI/I‘-IéMI a=x,<x <x,<..<x, <x,<.<x =b.

TiaTi)

Touku x,,x,,x,,.. x, - MOUYKU pazOueHus.

B xaxnaom u3 MMOJIYYCHHBIX OTPE3KOB BO3bMEM TOYKY:
t € [xo;xl],t2 € [xl;xz],..., t, € [xH;x[],..., t € [xnfl;xn]
O603HaUNM Ax, =x,—x,_, — ONUHA  deMEeHMAapH 020 ompesKa paszouenus [xH;x[] .

1
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Kaxmoit Touke ¢, COOTBETCTBYET 3HauUeHHe QYHKIMH f (¢,) . [locTpouM MpsSMOYTOJIEHUKH C
OCHOBAHHUSIMHU Ax, W BBICOTaMH f (¢,) . CyMMa miomiaieil Bcex MoyueHHBIX MPSIMOYTOJIbHUKOB Oy/IeT
NpUOIM3UTENBHO paBHA TUIOIIAAN JAHHON KPUBOJMHEHHOM TpaIleIHH.

CoCTaBUM CYMMY & = f(1)Ax, + f(1,)Ax, + . + f(t)Ax, + .. + f(t)Ax, = Y f(1)Ax,

i=1
o (CUTMa)- unme2panbHas cymma.
['eOMETPUYECKHI CMBICH: o - 3TO CyMMa IUIOLIAACH IPSIMOYTOJIbHUKOB C OCHOBAHUSAMU Ax ,Ax, .., Ax,

BBICOTAMU [ (t,), f(t,)es f(f,), €CIN f(x) > 0. c NPUOIN3UTEIBHO PaBHA ILIOIAAN TAHHON
KPUBOJIMHEHHOM TPAIICLIUH.
O06o03HaunM uepe3 A (JaMOJa) ATMHY HAaUOOJBILIEro OTpe3Ka pa3dUeHUsT A = max (Ax,)
i=1

Od4eBHUIHO, YTO YeM OOJIBIIE N, TEM MEHbIIE 1 (T. €. €ClIu n - » ,TO A — 0) = IJIOMAdb
KPUBOJIMHEWHOM Tpanenuu OyJaeT TeM OJInKe K 3HAYCHUIO o , YeM OoJiblie n (WId, 4YeM MEHbIIE A ).
OIIP: Ecnu cymiecTByeT KOHEUHBIN IIpesien | MHTerpalibHOM CyMMBI o NIPU A — 0, TO 3TOT IIPEIe

HA3bIBACTCS ONPEeOeNEHHbIM UHmezpaiom OT GYHKIMUA f (x) TIO OTPE3KY [a;h] 1 0003HauUaeTCs

b n
I= I f(x)dx = Elnoz f(t)Ax, = Eimoa,
i=1 -

OyHKIMSA f(x) HA3BIBACTCS MHTETPUPYEMOI Ha OTPE3Ke [a;bh |, a-HWKHUMN, b-BEpXHUN TIPEICIIbI
UHTETPUPOBAHUS

1) jaf'(x)dx =0

2) jf(x)dx = —Jf(x)dx

3)

+
Y

b cl c2 b

J.f(x)dx = Jf(x)dx + If(x)dx + .[f(x)dx

c2

b b

4) [k fQydx = k[ f(x)dx

b

5) [(f(x) £ g(xndy = [ f(x)dx + [ g(x)dx

Brruncnenue onpenesnéHHOro MHTErpajia ¢ MOMOILIBIO lim o 3aTPyJHUTENBHO, IOATOMY CYILECTBYET
Jpyroil MeTo/, OCHOBAHHBII Ha TeOpeMe.

TEOPEMA (Hviomona-Jletibnuya): Iycts GyHKIMS f(x) HenpepbIBHA Ha OTpe3ke [a;b] U F(X)-

n

b
HEKOTOpas e€ mepBoOOpa3Has Ha 3TOM OTpe3Ke, TO CIpaBeInBa popMyIa: [ f(x)dx = F)| = Fb) - Fa)

dbopmyina Herotona- Jleiibuuia
5. 3ameHa mepeMeHHOIi B onpeeJIeHHOM HHTerpaJie, HHTErPUPOBAHUE M0 YACTSM.
b B
1) 3amena nepemennoii If(x)dx = _[f(go(t)) - (t)dt

a a

x = (1) X a B o(t)=a= t=a
dx = @'(t)dt t a B o(t)=b= t=P

b b

b
2) HUumezpuposanue no vacmam .[udv = uv | - I vdu
a

a a

6. I'eomeTpryeckue NPUIIOKEHNS ONPeIeIeHHOT0 HHTErpajia: BbIYMCIeHUE IVIOIAAN KPHBOJINHEHHOMI

Tpaneuuy 1 00beMa TeJia BpalleHusl.
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Iycts B ITJICK 3a1aHa KpUBOIHHEHHAS Tparelys, OrpaHIdeHHas OTpe3KoM [a ;b | Ha ocn OX, IPAMBIMU X=2 U X=B U

cBepxy rpapukoM QYHKIMHM y = f (x) HEIPEepbIBHOW HAa ATOM OTpE3Ke , € IUIONIa/lb BEIYUCIIIETCS 1O GopMyIie
b

S = If(x)dx

hd

y=f(x)

OnpenenéHHBI HHTErpall OT HEOTPHLATEIBHON HENPEphIBHOW QYHKIMU f (x) Ha OTpe3Ke [a ; b]
YHUCJICHHO PaBeH IUIOINAAU KPUBOJIUHEHHON Tpanenuu ¢ OCHOBaHUEM [a ; b] , OTPaHMYECHHOH CBEPXY rpadKoM (QyHKIUH
y = f(x).

[Tycts umeem dpyHkmMI0 y = f(x),a < x < b, f(x) > 0 W HeIpepbIBHA.

B
YO =g

a

Bynewm Bpamats nyry AB Bokpyr ocu OX, HOIy4uM TeJo BpalleHus, MII0Ma s TOBEPXHOCTH

b
KOTOPOT'O BBIYHCIIIETCS 110 popMysie S = 27rJ‘ L)1+ (f'(x)) ®dx

a

b

W 00bém Berumcgercs o popmyne V =z I (f(x)) ® dx

3ameTuM, eciu Ayry Bpamath BOKpyr ocu OV, To
¥

y=1(x]

=
s

BBIpa3UM X uepe3y x = @ (y),c < y < d , TorJa IUIoIa/(b IIOBEPXHOCTH Tela BPAIICHUS

d

BOKpyT ocu OY Berqucisercs mo dpopmyne § = 27 j e (N1 + (o' (») dy

¢

1.6 Jlexuus Ne6 (2 yaca)
Tema: «YucsoBbie psiabl. CTeneHHbIE PAAbD)

1.6.1 BonpocshI ekuumn:

1. Yucnossle psaasl. CXoauMOCTh U cymMMa psiia. HeoOXoquMblii pu3HaK CXOTUMOCTH.

2. YucnoBeie psAIbl C TMOJOXKUTEILHBIMH YICHAMU: KPUTEPHU CXOAUMOCTH. JlocTaTo4yHbIe MpPU3HAKU
CXOAMMOCTH: TIEPBBIN U BTOPOU MPU3HAKU CpaBHEeHHUsI, pu3Hak [lanambepa u Ko B mpeaensHoi Gopme,
MHTErpaJIbHBIN ITpu3HaK Komm.

3. 3nakouepenytomuecs: paael.  [IpusHak JleiOHuma. OneHka octatka psga. AOCONIOTHO U YCIOBHO
CXOJISIIIUECS PANIBI CXOMSIINECS PAIBI U UX CBOMCTBA.

4. Crenennble psnael. Teopema AGens. OOmacTh, UHTEPBAT U PagUyC CXOIUMOCTU CTEMEHHOTO psija.
CBolicTBa CTENEHHOTO psiia HA UHTEPBAJIE CXOJUMOCTH.

1.6.2 KpaTtkoe cogep:xaHue BOIPOCOB

1. Yncaosslie psabl. Cxogumocth 1 cymma psajga. Heo0xoaumblii NpU3HAK CXOAUMOCTH.

[TycThb 3a1aHa MoCIe10BAaTENbHOCTD IEUCTBUTENBHBIX YUCEI (ay): a1,32,83,. . .,an,. . .

Omp; CumBon aj+aytaz+t...+a,*... HA3bIBACTCS YUCTOBbIM PAOOM , A YUACTA a1,2,33,. . .,An,... €TO YWICHAMU,
a, (ne N) Ha3BIBACTCS .00WUM UTEHOM.
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—0603Ha‘-H/IM: z a, =a +a,+a;+.. +a +.. (1)

n=1

S, =a,
s =
Omp: CyMMBI 5, — 4 + a, P T HTGTAT T4 yaspiBaloTCs yacmuunbivmu cymmamy paga (1).
G e a e s s

OH[}Z PH,I[ Z a  Ha3bIBACTC: CXOO}ZﬂuMC}Z, €CJIIM IIOCIEA0BATCIBbHOCTE €I'0 YaCTUYHBIX CYMM CXOAUTCS K

n=1

KaKOMY-HUOyIb yMCIy S (T € 3 KOHEUYHBIH IpeJen lim S, = S ), IPH 3TOM S- cymma paoa.

n— o

Bortom ciiydae S = a, +a,+a,+.. +a,+. W S=Y a, ‘S = lim Sn‘ -CyMMa psja

n— o
n=1

Omp: Ecin He cymiecTByeT lim S, WM lim S, = o , TO psf (1) Ha3BIBaeTCA pacxooawumcs.

n— o n— o

TEOPEMA (Heo0xodumoe ycrosue cxodumocmu psaoa): Ecii psit Y o, CXOMUTCS, TO €ro 00IKUH 1WieH

n=1

crpeMuTca K0 (T€ lim a, = 0)

n— o

3ameuanue: OOpaTHas TeopeMa HE BEPHA.

CJIEACTBHME: Eciu lim a, # 0, TO psix i a, Pacxomurcs.

n— oo

n=1
2. YucioBble pAAbI € MOJT0KATEIbHBIMH YIEHAMH: KPUTEPUH CX0AUMOCTH. JlocTaToOuHbIe NPU3HAKHU
CXOJIMMOCTH: NePBbIA U BTOPOH NMPU3HAKM cpaBHeHMs, npu3Hak Jamamobepa n Ko B nmpeneabHoi
(¢popme, unTerpanbHblil npu3Hak Komm.

1) Ecim pan 3, cxomurest (pacxomutcest), TO P Y Ca, , THE N € R TOXKE CXONUTCS (PACXOAUTCH).
n=1 n=1

OO6patHoe BepHO pH C # 0

2) Ecu psitbl. 3" o, WY b, CXOIATCS, TO PSR Y (a, + b,) , KOTOPBIiA HA3BIBACTCS CYMMO# JIaHHBIX
n=1 n=1 n=1

pPAAOB, TOXKE CXOAUTCA.

. 1
T'apmMonnyeckmii psix. D710 psj Bupa — .20 peR 1) ecnu p>1, TO psix CXOOUTCH.
n=1
2) ecnu p< 1, TO psii pacXoaAUTCA.

1
B wactHocTu, psx Y — - pacxomurcs.
n=1 N

OITP: PHI[, BCC YWICHBI KOTOPOT'O MOJIOKUTEIIbHBI, HA3bIBACTCA 3HAKONOJO0HCUMENbHBIM.

Za”, a,>0 (neN) 2)

TEOPEMA (lipusnax cpaenenus): ITycTh 1aHbl 1Ba 3HAKOTIOJIOKUTENBHBIX pAa > a , a

n=1

>0(A)I/I

n

> b,.b, >0 (B), (n e N) .1 BBINOIHAETCS HEPABEHCTBO a, < b ,Vne N ,

n=1

Torja u3 cxoauMmocTH psana (B)= cxoaumocts psga (A),

a M3 pacxoauMocTu psina (A) = pacxoaumocTs psaga (B).

TEOPEMA (IIpedenvruiii npusnax cpasrenust). IlyCTh maHbl ABa 3HAKOTIONOXKHUTEIbHBIX psina (A) u (B).

. ay[
Ecmu 3 tim — = k,TOe k > 0, To 002 3HAKOMONOKUTENbHBIX psifa (A)u (B) B mmaHe cXoIuMOCTH

n— o b
n

BeIyT cedst oAMHAKOBO ( T. €. 100 00a cxoasTes, 1100 006a pacXoAsTCs).

n

TEOPEMA (llpusnax /laramodepa): IlycTh naH 3HaKOMOJOKUTENBHBIA P > a,, a, > 0 (2). Ecin

n=1

27



an+]

Ha4YMHAasl ¢ HEKOTOPOTO 3HAUEHUS N 4JIEHBI psiia (2) yAOBIETBOPSIOT HEPABEHCTBY <1,T0 pag (2)

a

n

a
CXOAMTCS, a €CIIM HauWHasi C HEKOTOPOI'o 3HaYeHMsI N BBIMOJIHAETCS HEPABEHCTBO —- > 1, TO pan (2)
a

n

pacxoauTcs
TEOPEMA (llpedenvnas popma npusnaxa [larambdepa): I1ycTh 1aH 3HAKOMOJIOKUTEIBHBIN PSIJT

(ecru D <1- pao cxodumca

©

. an+1
> a,a, >0 Ecid 3 lm — =D ,TO

n— ©
n=1 a,

J eciu D >1 (D = o) — pad pacxooumcs

[D = 1- 6onpoc o cxooumocmu paoa He pewén , NPU3HAK — He NOOXOOUm

TEOPEMA (/Ipusnax Kowu): ITycTh 1aH 3HAKOIOJIOKUTEIBHBIN Pl >oa,a

n=1

> 0 (2). Eciiu HaunHas ¢

n

HEKOTOPOI'O 3HaYCHHU N BBINOJIHAETCA HEPABEHCTBO 4/a, < 1, TO psAd (2) CXOAMTCH, @ €CIU 4/a, > 1, TO
psan (2) pacxonurcs
TEOPEMA 2 (IIpedenvras popma npusnaxa Koww): Ecau 3 tim 4/a, = K , TO

n— o

[ectu K < 1- pao cxooumcs
eciu K >1(D = o) — pao pacxooumes

{K =1- 6onpoc o cxooumocmu pAaoa  ne pewén , npusHak — He NooXooum

3. 3nakouepenywiuecsa psabl. I[Ipusnak Jleiitonuna. Ouenka ocrarka psiza. AOCOJIIOTHO H
YCJI0BHO CXOASIIIMeECs PSAIbI CXOAsiIMecs Ps/ibl U UX CBOICTBA.

OIIP: Psin aj-art+az-asi..., rae a,>0 HasbIBaeTcs 3nakouepedyrouumes padom S (-1)"a,

n=1

-ajtaz-aztas...., rae a,>0 ToXkKe 3HAKOYEePETYIOLIUNCS Psilt
OGO03HaYMM 4 = (-1)"a, mo

TEOPEMA ({Ipusnax Jleiibnuya). Ecnu oOmuii wieH 3HAKOYSPEAYIOMIETOCS Psiia YIOBICTBOPSIET YCIOBUIM:

1) ‘u”‘ cmpozo  yovisaem o
mo  pao z (—l)"an cxooumest
2) lim

Ecnu X015 ObI 0JTHO M3 3TUX YCIIOBHI HAPYILIAETCS, TO PS/I PACXOJHUTCSL.
OIIP: Ecnu psin CXOOUTCS BMECTE C PAIOM, COCTABIEHHBIM W3 MOAYJEH €ro YieHOB, TO TaKOW psiA
HAa3bIBACTCH AOCONIOMHO CXOOAUUMCAL.

CaolicTBa a0COIIOTHO CXOSIIMXCS PSIJIOB.

1) Teopema. /[ns abconomuou cxooumocmu psoa Y. u, HeobXo0uMo u OOCMAMOUHO, YMOObL €20 MOJHCHO

u |=0
n

n=1

ObLIO Npedcmasums 8 8Ude PA3HOCMU 08YX CXOOAUUXCSL PAO0E C HEOMPUYAMNETLbHBIMU YTEHAMU.

CaeacrBue. YCIOBHO CXOASIIUICS psa SIBISETCS PA3HOCTBIO JIBYX PACXOIAIIUXCA PSIOB C
HEOTPHUIIATEILHBIMU CTPEMSIIIIMHCS K HYITIO YWICHAMH.

2) B cxonsmemMces psae ao0as rpyniupoBKa YWICHOB PsiJia, HE M3MEHSIONAs X MOPsJIKa, COXPaHseT
CXOJIMMOCTH M BETMUUHY psifIa.

3) Ecau psin cxoauTcest abCOMIOTHO, TO Psijl, MOJYYEHHBIN U3 HETO 1000 MepecTaHOBKOM YIEHOB, TaKXe
a0COJIFOTHO CXOJUTCSI U UMEET TY K€ CYMMY.

IlepecTaHOBKOM YJIEHOB YCIIOBHO CXOJISILEIrOCs Psijia MOXKHO MOJTYYUTh YCJIOBHO CXOJSIIUICS P,
MMEIOIINH JII00YI0 Harepe 3aJJaHHYI0 CYMMY, U Ja)Ke PACXOISIIHACS PSI.

4) Teopema. [lpu n10601i epynnupogke 4nenoe abCcoNomHO CX005ue20cs paoa (npu dMoM YUCILO
2pynn modxcem OblMb KAK KOHEYHbIM, MAK U OECKOHEUHbIM U YUCIO YIEHO8 8 SPYNne Modcem Oblmb KaK
KOHEUHbIM, MAK U OeCKOHEYHbIM) NOLYYAEMCS CXOOAWUUCA PAO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20
paoa.

5) Eciv psatet > w1 Y v, cXonarcs aOCOMIOTHO M MX CYMMBI PaBHBI COOTBETCTBEHHO S U G, TO
1 1

n= n=

pPsi, COCTaBIICHHBIM M3 BCEX NPOM3BENCHMM BUAA u,v,, i,k =1,2,. B3ITBIX B KAKOM YIOJIHO IOpPSJKE,

TaKXKe CXOAUTCs a0COIOTHO U €0 CyMMa paBHa S-0 - IPOU3BEJCHHUIO CYMM MEPEMHOKAEMBIX PSIOB.
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Ecin ke Nnpou3BOAUTH NEPEMHOKEHHUE YCIOBHO CXOJSIIMXCS PSIOB, TO B pPE3yjbTaTe MOXKHO
IIOJIYYUTh PACXOIALIUICS P,
OI1P: Ecnu 3Hakouepenyomuicst psajl CXOIUTCS, a psijl, COCTABICHHBIA U3 MOJIYJIEH €ro YJICHOB
pacxoauTcs, TO TAKOU PAJ HA3bIBAETCS VCI0BHO CXOOAUUMCS.
4. Ctenennble psiabl. Teopema Adenss. O06aacTh, MHTEPBaJ M PaAuyc CXOAHUMOCTH CTEIIEHHOTO Psijia.
CBoiicTBa CTENEHHOI'0 PSA/Ia HA HHTEPBAaJie CXOAUMOCTH.

2
OIIP: PsagBuna a, + a,(x —x,))+a,(x —x,) +..+a (x- xo)" +..,I0€ a,,a,,a,,., a,,X, € R -3aJaHHbIE

JICUCTBUTEIIHHBIC qucia, X-TICpEMEHHAsA, Ha3bIBA€TCS CIMEeneHnbim D}Z()OM.

O6osnauerue > a,(x - x,)" (4)
n=1
Yo

n+1

TEOPEMA ( Ilpusnax Jarambepa 0na psados ¢ npoussonshbimy unenamu): Ecmm 3

n— o

=D >, TO

u

n
[ ecnu D <1= pao cxooumcs  abconomno

eciu D > 1= pao pacxodumcs
{ec.rm D =1= sonpoc o cxooumocmu paoa He peuien

Haitem HUHTEpBAJ U paaAnyC CXOAUMOCTU CTCIICHHOT'O psAda, BOCIIOJIb30BaBIIUCH ITPU3HAKOM I[anaM6epa

n+l

an+1(x_xo) an+1(x_x0)

un+1

D = lim

n—> o

= lim = lim
n— w " —_ " n-— o
u a (x—x;) a

n

a

n

a +1 5
| = |=“*=(x - x,)| [Iyers D<I, To cTeneHHOM psiji aGCOMOTHO

CXOJUTCA.
Teopembl Abens. (Hunse Xenpuk AGens (1802 — 1829) — HopBekCKHiIT MaTeMaTHK)

Teopema. Ecnu cmenennoil psio a, + a x +a,x’ +..+a,x"+..=3 a x" cxooumcs npu x = Xy ,
n=0

Mo OH CXOOUMCSL U NPUMOM AOCOIIOMHO OISl BCEX |x| > |x1 | .

[ a
| x-x, < —l = x < —+ x, a a
n n
X, - <x<x, +
n+1 1 an | an+1 an+l . Te 0 0
= (x —x))| < =[x - x,[< = | i @
a a a a
n n+1 n n
| x —x, > - = x> x, - obosn .c < x<c,
L a a
n+l n+l

3Hauut, Ha nHTEpBaNe (c,;c, ) PAx abCOMOTHO CXOMUTCS.

c, —C
R = |-—2|-paduyc cxodumocmu psoa.

2

Taxke Hy>KHO BBISICHUTH BOIIPOC O CXOJMMOCTH PsiJia Ha KOHIIaX HHTEPBANa, T € MIPH X= C| U X=C; Takum
o0pa3oM, IOJIYYHM  _00.1achb CX0OUMOCHIU.

n

TeogeMa. Ecnu crenennoi pAx Z a, x CXOOUTCA IJIA ITOJOXUTCIBbHOI'O 3HAYCHUA X=X, , TO OH CXOAUTCA

PaBHOMEPHO B TIOOOM MTPOMEXYTKE BHYTPH (—|x1 |; |x1 |) .

JefcTBHS CO CTENEHHBIMU PAIAMH.
1) UuTerpupoBaHue CTENEHHbIX PSA0B.

Ecnu mexkoropas pyHKums f(x) ONpenenseTcss CTENEHHBIM PAIOM: f(x) = > a, x", TO HHTETPAT OT JTOM
n=0

(I)YHKI_[I/II/I MOKHO 3aIllicaThb B BUJC psaa:

o

‘[f(x)dx = ji anx"dx = i Ja”x"dx = Z 2 " C

n=0 n=0 a0 M+ 1

2) IndpepeHunpoBanne CTENEHHBIX PSAAOB.
[IpousBonHas GyHKIMHU, KOTOpast OMPEENIIeTCs CTEIEHHBIM PSJIOM, HAXOIUTCS 10 hopMyIe:

o

d " n d n " n-1
S =—Y ax" =Y —(a,x")=3 na x
dx n=0 =0

n=0 aX

n
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1.7 Jlexkuus Ne7 (2 yaca)
Tema: «luddepenunajibHble ypaBHEHUD)

1.7.1 Bonpochl JieKIum:

1. O6bikHOBEHHBIE MU PepeHInaNbHbIE YPABHEHHUS /# -TO MOPSAIKA, OCHOBHBIE TIOHSTHS.

2. Hekotopble Tumbl augdepeHIualbHbIX YPaBHEHUH IEPBOT0 MOPsIIKA. YPaBHEHUS € Pa3eOIUMUC
repeMeHHbIMU. JIMHelHbIe ypaBHEHUA. Y paBHeHUs bepHyun.

3. Jluneiinble auddepeHunanbHbIE ypaBHEHHUs # -F0 Iopsaka.  TeopeMa O CyIIECTBOBAHUU H
€IMHCTBEHHOCTH perieHus. OTHOPOJHbIE U HEOJHOPOAHbIE THHEHHbIe Tu(ddepeHnnanbHble ypaBHEHHUS.

4. Teopema 00 oOmeM pelIEHUH JIMHEHHOTO HEOJHOPOJHOIo ypaBHeHus. I[IpocTpaHcTBO pemieHui
JMHEWHOTO OJHOPOJHOTO YpaBHEHUs, (hyHIaMEeHTalbHas cucreMa pemeHuid. Onpenenurens BpoHCckoro
cucrembl perieHuid. Teopema 00 001IeM pelIeHnH JIMHEHHOTO OAHOPOIHOTO YPAaBHEHHS.

5. Jluneitnpie auddepeHnuanbHble YpaBHEHUS C TOCTOSHHBIMH Kod(dduimeHtaMu (Ha TpUMeEpe
YpaBHEHHI BTOPOTO MOPSAIKA). XapaKTePUCTUUECKOe YpaBHEHUE U (pyHIaMEeHTaJIbHAs CUCTEMa PELICHUN
OJTHOPOJIHOTO YpaBHEHHSI.

6. IlocTpoeHre YacCTHOTO pEHICHUS HEOJHOPOAHOTO YPABHEHHUS C MPaBOM YacThlO CHEIMAIBHOTO BHUA
METOJIOM HEOTpPeICICHHBIX K03 pUneHTos.

1.7.2 KpaTkoe coaep:kaHue BOPOCOB

1. O0bikHOBeHHBbIE U] (DepeHIIHATBbHbIE YPABHEHHUS 1 -T0 TOPSAKA, OCHOBHbIE MOHATHS.

OIIP: Jupgpepenyuanvrvim ypasHeruem Ha3bIBACTCS PAaBEHCTBO, BHIPAXKAIOIIEE 3aBUCUMOCTb MEXKTY
apryMeHTOM, HCKOMOM QyHKIMEN U €€ IPOU3BOJIHBIMHU.

F(xiy:ipsy"s ")y =0 (1)

3anuiieM 3To ypaBHEHUE B BH/IE: v = Fxysysyes 20 (2)

OIIP: llopsiokom J1Y Ha3bIBA€TCS HAWBBICIIUH TOPSIOK BXOAIICH B HETO TPOU3BOIHOM.

VYpasuenus (1) u (2) HazpiBatoresa /Y n-eo nopsoka.

OIIP: Pewenuem /[YV wHazbiBaeTcs PyHKIHsI, 0OpalIaoias ero B BEpHOE paBEHCTBO, T € B TOKAECCTBO.

OIIP: O6wum pewenuem IV n-ro mopsaka Ha3pIBaeTCs GYHKIWS, 3aBUCSIIAS OT apTyMEHTa U h
MIPOU3BOJILHBIX TOCTOSTHHBIX. y=0((x;C;C,:..:C) (3)

OIIP: Yacmuvim pewenuem /[Y Ha3bIBaeTCs pelleHUe, MOTYYEHHOE U3 OOIIEro Mpu OnpeaeneHHbIX
3HAYECHMAX ITOCTOSTHHBIX

I'padux obero pemenus /1Y Ha3plBaeTcsl unmezpanbHulMu KPUBLIMUL.

2. Hexoropble THnbI IM(pQepeHIUATBHBIX YPAaBHEHMH IepBOro MNOpsAAKa. YpaBHeHUsl C

pasaeasomumMucs nepeMeHHbIMU. JInneiinblie ypapHenus. YpasHenus: bepuyJuiu.

M (x)N,(y)dx + M ,(x)N,(y)dy = 0| (4)—ypaBHEHHE C pa3CIAIOLUMUCS NEPEMEHHBIMU.

Paznenum nepemMeHHbIe, T € TIPUBEIEM YpaBHEHHE K TAKOMY BHY, YTOOBI B JIEBOW YaCTH paBeHCTBA ObUTM (YHKIHH,
3aBUCSIINE TOJIBKO OT Y, @ B HPaBOH- TOJIBKO OT X.

M, (y)N,(y)dy = -M (x)N (y)dx ‘2 M, (x)N (y)#0

N,(y) M (x)
———dy = —————dx — ypasHenue ¢ pazoeieHHbLl MU NEPEMEHHbIM U
N, (y) M, (x)
[IpounTterpupyem o0e 4acTH paBeHCTBa
N M
J. 2(J/)dy:_J. ((x) dx
N, (y) M, (x)

PemmB unTerpasl, HalineM pemenue Y
OIP: TIY y' = f(x;y) Ha3pBaeTcs 00uopoonuim 1Y I nopsadka , eciv GyHKUMS f (x;y) yIOBIETBOPSET

YCIIOBHIO: ‘ f(x;tv) = f(x;»)| (5), e t-MpoOU3BOJILHBIN MapameTp.

PaccmoTtpum ogHopoanoe 1Y y' = f(x; )

O603HaUNM = y = xz , z-QyHKIHS OT X

y
z = —
x
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!

y'=zx+zx'=z'x+ z
HO,HCTaBI/IM B UCXOHOC YpaBHCHUC!:
zZ'x+z = f(x;2x)
- MOXXHO CBE€CTHU K YPABHCHHIO C pasACIA0OIIUMUCA TICPCMCHHBIMU.
z'x = f(x;zx) -z
Onpenenenue. /[uddepennmansaoe ypaBHEHUE TIEPBOTO MOPSAKA BUIA: M (x, y)dx + N (x,y)dy = 0
Ha3bIBACTCS ypaBHEHMEM B MNOJHBIX AuddepeHnHanax, eciau JieBas 4YacTb 3TOT0 ypaBHEHHUS
npecTaBisieT co00r MOMHBIN TuddepeHan HeKOTOPOi QYHKIUHT u = F (x, y).

WHTerpupoBaHue TaKOro YpaBHEHHS CBOJHUTCS K HAXOXKACHHIO (DYHKIMH i, TOCIE YEro pelicHHe
JIETKO HAXOJUTCS B BHIC: du = 0; u = C.
Takum 00pa3om, ATt PEIICHNs HA/I0 OIIPEACIIUT:
1) B KaKoOM citydae JeBasi 4acTh ypaBHEHHS NPEACTaBIsAeT cO00 momHbIi quddepeHnman ¢ yHKIuu u;
2) KaK HaTH 3Ty QyHKIHIO.
Ecnu nuddepennmansaas GopmMa M (x, y)dx + N (x, y)dy SBISETCS MOJHBIM AU depeHnnasoMm HeKOTOpon

ou ou
(GYHKIIUH 1, TO MOXKHO 3aIUCATh: du = M (x,y)dx + N (x,y)dy = —dx + —dy.
Ox Oy
[Ou
—=M(x,y)
T.e. |ox
‘614
— = N(x,»)
Loy

Haiinem cMmemianHbie MPOU3BOIHBIE BTOPOrO MOpsAIKa, MpoauddepeHInpoBaB MepBoe ypaBHEHHUE 110 ), a
BTOpPOE — IO X:

(0% oM (x,y)

D

x0y oy
| 0'u 0N (x,y)
| oxay ox
[IpupaBHuBast JieBble YaCTU ypaBHEHUH, MOJydyacM Heo0X0oauMMoe U JOCTATOYHOe YCJOBHE TOrO,
4qTO JICBasd 4acCTb ,I[I/I(b(bepeHI_[I/IaJIBHOFO YpaBHCHUA SABJIACTCA ITOJIHBIM ,Z[I/I(i)(bepeHHHaJIOM. 910 YCJIOBHC
TAKKC HA3bIBACTCA YCJIOBHEM TOTAJILHOCTH.

Teneprs paccMOTpUM BOMPOC O HAXOXKIACHUU COOCTBEHHO (DYHKIIUU .

0
[IpouHTerprupyem paBeHCTBO L wm (x,y): u= J'M (x,y)dx + C(p).
ox

BcnenctBue MHTETpUPOBAHHS TOTy9YaeM HE TMOCTOSIHHYIO BenuduHy C, a HEKOTOPYIO ()YHKITHIO
C(y), T.K. IpH HHTETPUPOBAHUHU TIEPEMEHHAS y TIOJIAaraeTCsl MOCTOSHHBIM MapaMeTPOM.
Onpenenum pynkiuio C(y).

[MponuddepenupyemM moxydeHHOE paBEHCTBO 10 . %u - N(x,y) = ai [ M yax + €'
y y

. 0
OTKyna moIy4aeM: ¢,y = n(x,y) - ?IM (x, y)dx.

y
Jna naxoxnaeHus ¢yHkuuun C(y) HeoOXOIMMO MPOMHTErpUPOBATH MPUBEIEHHOE BBIIIE PABEHCTBO.

OnHako, nepeJ MHTErpUPOBAHUEM HAJI0 JJ0Ka3aTh, 4To GyHKIMs C(y) HE 3aBUCHUT OT X. DTO ycIoBHE OyAeT
BBITIOJTHEHO, €CJIM TPOU3BOHAS 3TOM PYHKIIMH 10 X paBHA HYIIIO.

OIIP: Jluneunwvin JIY 1 nopsaoka Ha3piBaeTcs ypaBHeHUE Buga | y' '+ p(x)y = g(x) | (6) ,tme p(x) u q(x) -

HEKOTOpHIE (DYHKIIUH OT X.
OpmHUM U3 METOJIOB PELICHUS TAKUX YPaBHEHUH SBIseTCS Memod Bepuynnu.

Pemenne 1Y mmyt BBHUIEe y = u(x)-v(x), 20e u(x) u v(x) -HEU3BeCTHbIC (PYHKIIUA OT X.

= uv
g MOJICTaBUM B (6)
yi=u'v+uy

g(x) BBIHECEM # 3a CKOOKY

u'v+uv' + p(x)uv

uv+u(v'+ p(x)v) = g(x)
ITombepém v(X) Tak, 9TOOBI v'+ p(x)v = 0, IOIYYUM CHCTEMY
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(v+ p(x)v=0
-OTO YpaBHCHUA C pa3AC/IIOMUMUCA IICPEMEHHBIMU

(u'v = g(x)
W3 nepBoro ypaBHeHHsI HaliIEM V(X), IOJICTAaBUM €T0 BO BTOpoe ypaBHeHue U HainéM u(x). T.o. Halimém y = u(x) - v(x)-
obmee perrenue Y.

3. Jluneitnpie aud@epeHunaIbHbIe YypaBHeHUsI n -10 nopsijaka. Teopema o0 cylmiecTBOBAHMU U
e[IMHCTBEHHOCTH peuieHusi. OAHOPOIHbIe W HEOJAHOPOAHbIe JiMHeliHble au(depeHunATbHbIE
YPaBHeHHSI.

Onpenenenue. IndpepeHunajbHbIM yPaBHEeHHEM NOPSIAKA 1 HA3bIBACTCSl ypaBHEHHUE BUJA!
(n)
) =0

F(x,y,9 s ¥y

B HEKOTOPBIX CIIy4asix 9TO YPaBHEHHE MOYKHO Pa3pelInTh OTHOCHTEIbHO 1™

(n-1)

y " = f(x, Y, e Y ). Tak >ke kKaK ¥ ypaBHCHHE TICPBOTO MOPSIKA, YPABHEHUS BBICIINX MOPSIKOB UMCIOT OECKOHEUHOE

KOJIMYECTBO PEIICHUN
Onpenenenne. Pemenue y = ¢(x) YAOBIETBOPSET HAYAIBHBIM YCIOBUAM X,V ,, ) vy, €CIH

’ ' (n—1) (n-1)
O(x,) =y, ©0(x))=Yy, o , O (xg) =y, -

Omnpenejsenue. HaxoxaeHue pelieHUs] YpPaBHCHHS F (x,y,y',., v ) =0, YIOBJIECTBOPSIOIICTO

(n=1)
0

HAYaJbHBIM YCIIOBUSM X, ¥y, Vp e ¥ , Ha3pIBaeTCs pemeHueM 3aaaun Kou.
Teopema Komu. (Teopema 0 HEOOXOAMMBIX M TOCTATOUHBIX YCIOBHUSIX CYIIECTBOBAHUS PELICHUS

3amaun Komm).

(n-1)

Ecnu ¢ynxyus (n-1) —i nepemenuvix euda f(x,y,y'..., y'""')6 nekomopoui obnracmu D (n-1)-

MEPHO20 NPOCMPAHCMEA HENPEPbiGHA U UMEE HEeNnpepbleHble YACMHbIE NPOU3BOOHbIE N0 y, y .., y" ",

mo kakoéa 6vl He Oblia MOuKa (x,,v,,V. .. v, ') 6 omoil obracmu, cywecmeyem eOuHCmMEEeHHOe

)

peuterue y = ¢(x) ypaswenus y'" = f(x,y,y'.. y""), onpedenennoco 6 Hexomopom unmepsaie,

cooeparcawem mouKy X, YOOGICMEOPAIOUICE HAUANOHIM YCIOGUIM X, Y s ¥y v3' .

4. Teopema 00 o0meM pemieHMH JHMHEHHOr0 HEOJHOPOAHOro ypaBHeHus. IIpocTpaHcTBO pelieHuni
JIMHEIHOT0 OJHOPOJHOI0 YypaBHeHHs, (yHIaMeHTalbHasA cucTeMa pemeHuil. Onpeaeauresnb
Bponckoro cucrembl pemenuii. Teopema 00 001eM pemieHu# JTHHEHHOT0 OTHOPOJHOIO YPABHEHHMS.

Onpenenenue. JluneitnbiM 1u¢depeHnaTbHBIM YPABHEHHEM 1 — IO NMOPSAAKAa Ha3bIBaeTcs Jr000e

ypaBHEHHE NEPBOil CTENCHU OTHOCUTEIILHO (DYHKIIMHU ) U €€ MPOU3BOIHBIX y', y",.., v'" BUja:

n) -1) 1-2)

(n (n (7 ’
P,y tpy + D,y tetp, ¥y +p,y=[f(x)

TI€ Po, D1, ---Pn — QYHKIMM OT X WIJIM OCTOSIHHBIE BEJTMUUHBI, IpU4eM py = 0.

JleByt0 yacTh 3TOrO ypaBHEeHUs: 0003HAUUM L (V).

(n) (n-1) (n=2) ’
P,y tpy + D,y et p, ¥y +p,y=L(y)

Onpenenenue. Ecnu f(x) = 0, To ypaBHeHue L(y) = () Ha3bpIBaeTCs JMHEHHBIM OJHOPOIHBIM
ypaBHeHUeM, eciu f(x) # (0, To ypaBHeHWe L(y) = f(x) Ha3pIBaeTCs JIMHEHHBIM HEOAHOPOIHBIM
ypaBHEHHEM, ecli Bce KOI((OULMEHTHI py, P, P2, ... Pn — NIOCTOSIHHBIE YHUCIIA, TO ypaBHeHue L(y) = f(x)
Ha3bIBAeTCsl JHUHEHHBbIM Au(depeHIHAIBHBIM yYPaBHEHHEM BbICIIEr0 MOPSAJKA C NMOCTOSIHHBIMH
KO3(ppuuneHTamMu.

OTMETHM OJTHO BaKHOE CBOMCTBO JIMHEWHBIX YPABHEHUH BBICIIMX MOPSAIKOB, KOTOPOE OTINYAET UX
OT HEeNMHEeWHBIX. J[/1s1 HeNMMHeNHHBIX ypaBHEHUH YaCTHBIN MHTErpasl HaXOIUTCS U3 0OIIEero, a sl TMHEWHBIX
— Hao0opoT, OOUIMII MHTErpan COCTaBiIeTCA W3 4YacTHBIX. JIMHEHble ypaBHEHHUS MPEICTABIAIOT COOOM
HanOosiee M3y4eHHBIH Kiacc AupdepeHIUalbHBIX YpaBHEHHHM BBICHIMX MOPSJIKOB. DTO OOBACHSETCS
CPaBHUTEIBHOW MPOCTOTOM HaxoxaAeHus pemieHus. Eciu mpu pemeHuu Kakux — JU0O0 MPakTHUYEeCKUX
3ajauy TpeOyeTcsl pemuTh HenuHelHoe audQepeHaIbHOoe ypaBHEHHE, TO YacTO TNPUMEHSIOTCS
MpUOIMKEHHbBIE METO/IbI, TO3BOJISIONINE 3aMEHUTh TAaKOE€ YPaBHEHUE “OIM3KHUM” K HEMY JTMHEHHBIM.
Perienust TMHEHHOTO OHOPOIHOTO YpaBHEHHS 001a1at0T CIeIyIOIUMMH CBOHCTBAMU
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1) Ecnu pyHKIus y; sBisieTcs perienueM ypaBHeHus, To pyHkus Cy;, rae C — MOCTOSIHHOE YHCIIO,
TaKXKe ABISETCS €r0 PEIICHUEM.

2) Eciu ¢yHKUMH y; ¥ y; SBISAIOTCS PEIICHUSMH ypaBHEHHSA, TO ); +), TaKXKe SBISIETCS €ro
pELICHUEM.

CrpyKTypa 0011ero peneHus.

Omnpenenenne. DOyHIAMEHTAJbHOM  CHCTEMOH  pelleHHH  JIMHEHHOr0  OJHOPOJHOIO
i QepeHInanbHOTO YpaBHEHHST # —TO TMOpsAKa Ha uWHTepBaie (a, b) Ha3pIBaeTcs BCsKas CHUCTEMa #
JMHEWHO HE3aBUCHMBIX Ha 3TOM MHTEpBaJIe PEIICHUI ypaBHEHMUS.

Onpenenenue. Eciv u3 GyHKIUH y; COCTAaBUTH OMPENEIUTENb /1 — IO MOPSIIKA

Y Y, Yo

'

v, Yy,

(n-1) (n-1) (n-1)
1 2 n

TO 3TOT OIIpEJENINTENb Ha3bIBAaeTCs onpeneauTeaeM Bponckoro.
( FO3ed Bponbckuit (1776 — 1853) — monbckuii MaTeMaTuk u Gpunocod - MECTHK)
Teopema. Eciu ¢ynkyuu y ,y,,., y, JAUHEUHO 3ABUCUMbL, MO COCMABIEHHbIL OISl HUX

onpedenumens Bponckoeo pagen nynio.
Teopema. Eciu ¢ynkyuu y,.y,... v, IUHEUHO HE3ABUCUMbI, MO COCMABIEHHbIN ON HUX

onpedenumens Bponckoeo e pagen Hynio HUu 6 0OHOU MOYKe paccmMampugaemo2o UHmepaad.
Teopema. /{11 moeo, umobwl cucmema peweHutl TUHEUH020 0OHOPOOHO20 OUP@epeHyuarbHo2o
VDABHEHUS ¥,y , ... ¥, OBLIA PYHOAMEHMATLHOU HEODXOOUMO U OOCAMOYHO, YMOObl COCMABNEHHLU 0I5

HUX onpeodenumensb Bponckozo 6vin He pageH HyTio.
Teopema. Eciu y, ,y,,.. v, - QyHOamenmanvHas cucmema peuwtenuti Ha uumepeane (a, b), mo

obwee peuwieHue JIUHEUHO20 O0OHOPOOHO20 OUphePeHYUATIbHO2O VYPABHEHUS ABNAEMCsa  JTUHEUHOU
KomMOuHayuetl Smux pewtenuti. y = C,y, + C,y, +.. + C y , rae C; —TI0CTOSHHBIE KOAPUIIHECHTHI.

5. JIuneiinble auddepeHuHaIbHbIE YPABHEHHS € NOCTOSHHBIMHM KO3(puUHMeHTaMH (HAa Nmpumepe
YPABHECHHMI BTOPOro mnopsiika). XapaKTepuCTHYeCKOe ypaBHeHHe M (QyHIaMeHTAaJbHasi CHCTeMa

pelIeHuil 0/THOPOHOI0 YPABHEHHHI.

Pemenne auddepennuanbHoro ypaBHeHus Buga y' " +a,y" " + .. +a,y =0 WIH, KOpPodYe, L(y)=0

OyJeM MCKaTh B BUjle y = ¢, T11e k = const.

TK. y' =ke"™; y =k, .y =k"e"™, TO LEe™y=e" (k" +a k""" +. +a,)

Ilpu >mom MHO2OUNIEH F(k)=k" +a k"' +. +a, HAZLIBACMCA XAPAKMEPUCMUUECKUM MHO204IEHOM
oughghepenyuanvrozo ypasHenus.

Jlnst Toro, 9roObl (GYHKOUST y = ¢ SBISUIACh pEIICHHEM HCXOAHOTO IuddepeHnaIbHoro
ypaBHEHUS, HEOOXOAMMO U OCTATOYHO, YTOOBI L(e™) = 0; T.e. ¢ F (k) = 0.

TK. €¥ #0, To F(k)= 0 -9TO ypaBHCHHE HA3HIBACTCS XAPAKTEPHCTHUECKHM YPABHEHHEM.

Kak wu nro0oe anrebOpanueckoe ypaBHEHHE CTENEHH 71, XapaKTEPUCTHUECKOE YpaBHEHHE

k" +a k""" +..+a, =0 wumeer n kopHed. KakIoMy KOPHIO XapaKTepUCTHYECKOrO ypaBHEHHS k;

COOTBETCTBYET pelieHue 1uddepeHnalIbHOr0 ypaBHEHHU .

B 3aBucumoctu 0T KO3(PPUIMEHTOB k XapaKTEpUCTHUECKOE YpaBHEHHE MOXET UMETb JHO0 7
Pa3NIUYHBIX JIEHCTBUTEIBHBIX KOPHEH, 100 Cpean NeHCTBUTENbHBIX KOPHEH MOTYT ObITh KpaTHbIE KOPHH,
MOTYT OBITh KOMIUIEKCHO — COTIPSKEHHBIE KOPHH, KaK pa3jIMyHbIe, TAaK U KPaTHBIE.

He Oynem mnonpoOGHO paccmaTpuBaTh KaXIblid ciydail, a cdopMmynupyeM ofIiee MpaBUIIOo
HAXOXICHHUS PEUICHHUS JIMHEHHOTO OJHOPOAHOTO MU(GEpEeHIINATBFHOTO YPaBHEHUS C TMOCTOSTHHBIMA
KO3 PHUIHEHTaAMH.

1) CocraBnsieM XxapakTepUCTHUECKOE YpaBHEHHE U HaXOUM €0 KOPHHU.
2) Haxonuwm yacTHble pemeHus JuQPpepeHInaIbHOr0 ypaBHEHHs, TPUYEeM:
a) KaX/IOMY JeiiCTBHTEIEHOMY KOPHIO COOTBETCTBYET peliieHue ¢
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0) KaXIOMy JCHCTBUTEILHOMY KOPHIO KpPAaTHOCTH 71 CTAaBUTCS B COOTBETCTBUE /M PEILCHHIA:

kx kx m=1_kx
e x e

e ; xe

B) KaXJI0M mape KOMIUIEKCHO — COTPSIKEHHBIX KOPHEH o + if XapaKTEpPUCTUYECKOTO ypaBHEHUE CTABUTCS

B COOTBETCTBHE JIBA PEIICHUS: e cos px U e” sin Px.
r) KaXIOW Mmape m — KPaTHBIX KOMIUICKCHO — COMNPSDKEHHBIX KOPHEH o + i XapaKTePUCTHUECKOTO
ax ax m-1 _ax
YpaBHEHHUS CTABUTCS B COOTBETCTBUE 2/m peleHui: ¢ 5 P¥. xe  cosPx. .. x? e cos pr,
e“ sin Bx, xe ™ sin Bx, ..x" 'e™ sin Bx.

3) CocraBiisieM JUHEUHYIO KOMOMHAINIO HAWIEHHBIX PEIICHUI.

Ota nuHelHas KOMOWHAIMSA U OyAeT SBIATHCS OOIIMM PELICHHEM HCXOJHOTO JHUHEWHOIO OJHOPOJHOTO
Qg QepeHIHaTbHOTO YpaBHEHUS ¢ TOCTOSTHHBIMU K03 puiineHTamu.

6. IlocTpoeHne YacTHOrO pelIeHUs] HEOJHOPOJAHOI0 YPAaBHEHHSI ¢ MPaBOil YACThI0 CHENUAIBLHOIO
BH/Ia METO0M HeollpeeJIeHHbIX KO3(p(PUIIHEeHTOB.

OIIP: JIHIIY 2 nop. ¢ nocmosHubiMu __KO3@)-Mu _ HA3bIBAETCS ypaBHCHHE BHJA: (8)

x

y'+ py'+qy = P (x)e'", 20e P, (x)-MHOTOUYJICH, CTCTICHH N, p ¥ q— JEHUCTBUT. YUCIIA.

O6mwee pemenne nannoro JIHAY unmyr B Buze: |y = y, + v, |, 2de y, — oOliee pelIeHHe COOTB-TO
JIOAY, y,-4gactHoe pemenue ucxogHoro JIHIY.

Jljis OTBICKaHUS y, MOJIb3YIOTCS CIEIYIOIIUM [TPaBUIIOM:

l)ecnu y # k, u y # k, (T.€. HE ABISAETCSI KOPHEM XapaKTEPUCTUY. YPABHEHUsA), TO y. = O, (x)e’ ', THe
0 (x)- MHOTOWJIEH CTEIICHH N C HEONpeaelnEHHbIMU K03 punmenramu.

2)ecnu y =k, u y # k, (T.€. COBIAAAET C OJJHUM U3 KOPHEU XapaKTEPUCTUY. YPABHEHHUSI), TO
y.=x-0,(x)e""

3)ecmu y = k, u y = k,(T.e. KODHU PaBHBI M PaBHBI y ), TO ¥, = x -0, (x)e’"
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2. METOIUYECKHUE YKA3ZAHUA
1O MPOBEJEHUIO MPAKTUYECKHWX 3AHATUI
2.1 lIpakTuyeckoe 3ausaTue Nel (2 yaca).
Tema: «UucnoBbie MHOkecTBa. Ynci10Bble QyHKIMHU. DleMeHTApHbIe (pyHKIMI)
2.1.1 3axanue ajs1 padboThi:

1. leiicTBUTENBHBIE YHCIIA, UX CBOMCTBA. DJIEMEHTHI aJreOpbl MHOYKECTB.
2. OkpectHOCTh TOUKU. OrpaHrueHHbIC MHOXKECTBA. O003HAYCHHUS TSI CYMM M IIPOU3BEIACHHIM.
3. Yucnoseie Qynkuuu. CrnocoObl 3amanus ¢GyHKwid. OOIacTh ONpEeNIeHUsT U MHOXKECTBO 3HAYCHUI
bynaknun. ['paduk GyHKIHH.
4. XapakTepuCTUKU (PYHKIUNA: YETHOCTh U HEUETHOCTD, NEPUOTUIHOCTh, MOHOTOHHOCTbD, OTPaHUYEHHOCTb.
5. Cnoxknast u oOpaTHast QyHKIHH.
6. CrenenHasi, mokasaresbHasi ¥ Jorapudmudeckas byHkuuu. Tpuronomerpuueckue GyHKIUU 1 00paTHbIC K
HUM.
7. CBOICTBa OCHOBHBIX JIEMEHTAPHBIX (DYHKITHIA.

2.1.2 Kparkoe onucanue nNpoBOJAMMOro 3aHATHS:

1. [lelicTBUTeIbHBIE YUCJIA, HX CBOHCTBA. DJIeMEHTBI AJre0pbl MHOKECTB.
ITpoBecTy yCTHBIN OIPOC TEOPETUUECKOTO MaTepHara.
1. 1300pa3uth mapsl MHOYKECTB HA YUCIIOBOU MPSMOU M 3aIHCaTh, KAKOE M3 HUX SBJISICTCS
MOJIMHOXECTBOM JIPyroro:

1) A={3;4;5; ...}, B={5;6;7 ...};

2) A=(-00; 3], B=(-00;6];

3) A=(-2; 5], B=[0; 4);

4) A=[2; 6), B={2; 3; 4; 5};

5) A=(-o0;4), B=[0; 1];

6) A=[2; ), B=[3; 6).
2. Ilycts nansl mHOKecTBa A, B, C. Haitnute ANB, ANC, BNC, AUB, AUC, BUC, eciu:

1) A={2; 3; 8; 9}, B={16; 18; 20}, C=N;

2) A=N, B={-2; -1, 0; 1; 2}, C={3; 5; 7};

3) A={3;4;5; ...}, B=N, C={-1;0; 1; 2};

4) A={21; 22; ...; 26}, B={3; 5}, C=N;
3. Typuctuueckas ¢pupma npojaia NyTeBOK B CAaHATOPUHU B TPU pa3a MEHbINE, YEM B MAHCHUOHATHI, HO Ha
88 myreBoKk Oojble, yeM Ha TypOas3bl. CKOJIBKO BCEro npojana (gupmMa MyTeBOK, €CIM B MAHCHOHATHI
npoaaHo Ha 312 myTeBok 0oJbllle, YeM B CaHATOPUH.
4. Haiioure muist kaxx1oi Tpoliku MHOkecTB A, B, C pesynbrars! onepanuu: 1) AN(BUC); 2)AUBNC);
3)(AUB)NC; 4)(ANC)U(ANB); 5) (AUC)NB; 6) (ANB)UC, ecrnu:

a) A={2; 3; 4}, B={3; 6}, C=N;

0) A=N, B=Z, C={-1; 0; 1};

B) A={1;3;5; ...}, B={2;4;6; ...}, C=N;

r) A=Z, B=N, C={3;6;09; ...};
2. OkpecTHOCTB TOYKH. OrpaHn4eHHbIe MHOKecTBA. O003HAYEeHNS AJIsl CyMM M IIPOM3BEICHHU .
[IpoBecTn yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.

3. YucaoBsblie pynknun. Cnocodbl 3ananus Gpynkmnuii. O061acTh onpeaejeHusi ¥ MHOKECTBO 3HAYEHUI
¢pynxuuu. I'padguk pynkuuu.

[IpoBecT yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

1. Haiitu o0Gmacte onpeaeneHus CleAyomux QyHKIIHIA:

1 A9 —
a) y =6 - x + ;6)y:7\/3—x2;B)y=log5(4fxz);r)y=L

Xx+5 In( 4+ x)

2. Haitnmure E(y)Za)y=4cos{£—xj+sin(7r+x);6)y=x2—6x+5.
2
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3. Hns dyHKIMU £ (x) = z npu 0 < x <7 HAATH f(-2), £(0), f(5), f£(8). Iloctpouts rpadux

byHKIIH.

4. XapakTepucTHKH (YHKIHUII: YeTHOCTL H HEYETHOCTb, IEPHOJAMYHOCTb, MOHOTOHHOCTbD,
OTPAaHUYEHHOCTb.

[IpoBecTH yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaa.

HccnenoBath PyHKIHUIO HA Y4ETHOCTH (HEUETHOCTS ), IEPUOAUIHOCTh, MOHOTOHHOCTH, OTPAHUYCHHOCTH!

. . 2 5
a) f(x)= 256) f(x)=x"cos x3B) f(x) = Vox—x3T) f(x)=lg .
X X —
R 1+ x 25 +1
n) y = x sin x e)y=nh K) y o= x—
1-x T -1

5. Cnoxuasi m oOpaTHasi QyHKIIHM.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.

o 1 = 2 ' = Ex
1. Haittu ynxumo obparayto s Y =X +2 Y .

2. [Moctpouts rpaduku GyHKIUH U yKa3aTh UX CBOMCTBA!
a) y=3vx;6) y=|x+2

6. Crenennasi, mokasarejbHasi u jJorapupmudeckas GpyHkuuu. TpuroHomerpuyeckue (pyHKUMH U
o0paTHbIe K HUM.

IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOTO MaTepHraa.

1. Haiiti o6nacte onpeaeneHus cleayomux QyHKIHi:

a) y=x —6x+5 0) y =25 — x> +lg(sin x) B)y=1Ig(2"" —4) F)y=\/;+1n(2x—5)

1
,Z[)y:—+3x+2
Ig(1-x)

2. Haiitn MHOXecTBO 3HaUeHUN QYHKIMM y = 2sin x — 5 a) IOCTPOEHUEM, 0) UCIONIb3Ysl OTPAaHUYEHHOCTb
GYHKIHU y = sin x.

;B) y =sin 0,5x .

3. Haiiaute E(y) nByms cmocobaMu: y = 4 cos (1— x} +sin (7 + x)
2

7. CBolicTBa OCHOBHBIX 3JIeMeHTAPHBIX (PyHKIUIA.
IIpoBecTu yCTHBINM OIPOC TEOPETUUECKOTO MaTepHaa.

IToctpouTts rpaduku GyHKIMN U yKa3aTh UX CBOMCTBA: a) y = 3x ;0) y = |x +2|;B) y =sin 0,5x .

2.1.3 Pe3yabTaThbl U BHIBO/bI:

Ha naHHOM 3aHATUYM CTYJEHTAMM U3Y4YEHBl OCHOBHBIE ONIPEIEIIEHUS U MOHATUSA 10 TeMe «HUuclIoBbIe
MHOKecTBa. YucnoBble (QyHKUMU. DiIeMeHTapHble (DyHKIMU», MPUOOpETeHbl YMEHUs (HOpMYIHpOBaTh U
JI0Ka3bIBaTh OCHOBHBIE Pe3yJbTaThl MO TeMe «HucioBble MHOKECTBA. UnCIOBbIe (PYHKIMU. DIeMEHTapHbIE
¢byHKIMM», cHOpMUPOBAaHBl HABBIKM pEIICHHWS TUIOBBIX 3aJad C I[PUMEHEHHEM H3y4yaeMoro
TEOPETUYECKOr0 MaTepraa.

2.2 lIpakTuyeckoe 3ansaTue Ne2 (2 yaca).
Tema: «IIpenen nocaenoBareabHocTu. Ipenen pynkuun. HempepbIBHOCTH (PYyHKIHN
2.2.1 3apanue a5 padoThI:
1. Yucnossie mocnenoatenbHocTH. CriocoObl 3aanus mnocieaoBarensbHocteld.  [Iporpeccun. ®opmyna
CJIO’KHBIX MPOLIEHTOB.
2. beckoneyHo Masbie 1 0ECKOHEYHO OOJBIINE MOCIE0BATEIBHOCTH, NX CBOMCcTBA. CBOWCTBA MPEIETIOB,
CBsI3aHHBIC C apU(DMETUUECKUMHU JICHCTBHUIMHU.
3. PaznuuHbie TUMOBI TMPENENOB: OJHOCTOPOHHUE NpEAENbl, Mpeaeibl B OECKOHEUHOCTH, OECKOHEUHBIC
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npenensl. CpaBHEHHE 0€CKOHEYHO MaBIX ()YHKIIUN: IKBUBAJICHTHBIC ()YHKITHH.

4. llepBblii 1 BTOPOH 3amMeyaTebHbIC peaeibl. Popmyra HENPEPbIBHBIX MPOIIEHTOB.

5. HenpepbiBHOCTh (pyHKIMIM B TOYke. HempephIBHOCTH CYyMMBI, Pa3HOCTH, MPOW3BEACHHS M YaCTHOTO
HeTNpepbIBHBIX (QyHKIMA. HenmpeprsIBHOCTH CIIOXKHOM 1 00paTHOM (yHKIMH. HenmpephIBHOCTH 37IEMEHTapHBIX
¢ynkmuii. Teopema 0 COXpaHEHMM 3HaKa HEMpPepbIBHOM (QyHKIMUA. Touku pasppiBa (QYHKIMH, HUX
KJaccuuKaIusi.

2.2.2 KpaTrkoe onvcaHue NpOBOJAMMOIO 3aHATHS:
1. Yuciaospie mnocijaenoBatreJbHocTH. CHoco0bl 3aJaHMs I0CJIeI0BaATEJILHOCTEI. IIporpeccuu.
dopmyJia CJI0KHBIX IPOLEHTOB.
[IpoBecTH yCTHBIN OMPOC TEOPETUUECKOTO MaTepHuaa.
1. ITo oO1eMy uieHy MOCIE0BaTEIbHOCTA HAMMUCATD MSITh MEPBBIX WICHOB:

- 1
8) a, = = D5y, -1

n- +1 3n+5
2. HaiiTu o, nus nocienoBaTelIbHOCTH, 3alaHHOM PEKYPPEHTHBIM COOTHOIIEHUEM:

'El)alx+1 =a,+2 W a, :3;6) a, ,=a,-a,  Ha =1,a,=2.
6 . (_l)n+l X nz .
3.a)lna x, = ———— Halu x,;0) And x, = ————— HaWTH x,
Bn-1)n n-+1

Lo 2 (3 4 5 .
4. a) 1 - = —=1., —1I|, —| ,. 3anucatb ¢(opMyny OOIIEro uieHa 4YHUCIOBOI

305 g 3°07) L) s
I0CJIEI0BATENBHOCTH.

5. B nepBoMm psay kuHo3ana 30 MecT, a B K&KIOM CIIEAYIONIeM Ha 2 MecTa OOJbIlIe, YeM B MPEAbLAYIIEM.
CKOJIBKO MECT B Sy C HOMEpOM 71?

6. bpurana mansapoB kpacut 3a60p mmHON 240 METPOB, €KETHEBHO YBEJIMYNBasi HOPMY ITOKPAKH HA OJTHO
U TO K€ YnCII0 MeTpoB. M3BeCcTHO, UTO 3a MEepBHIN U MOCIEIHUN IeHb B CyMMe Opuraja rnokpacuia 60 mer-
poB 3a06opa. Onpeaenure, CKOJIbLKO JHEH Opuraaa MaspoB Kpacuia Bech 3a00p.

7. Hatitu npuObuis ot 30 000 pyOsed MmoioKEeHHBIX Ha Aerno3uT Ha 3 ronxa nmoxa 10% romoBbIX, €CIIHM B
KOHIIE Ka)K/IOT'0 I'0J1a MIPOILICHTHI JOOABIISIIUCH K JICTIO3UTHOMY BKJIATY.

8. Haiitu npubbuib ot 30 000 pyOsieil monoeHHbIX Ha JAeno3uT Ha 3 roja nox 10% romoBbIX, eciiu B
KOHIIE KaX/I0T0 To/ia MPOLEHTHI JOOABISUIUCH K IETIO3UTHOMY BKIIATy.

9. Bximamguuk nonoxwun Ha aeno3ut 1000 py6reit Ha cpok 2 roga moxa 15 % romoBeix. BeISICHUTE, B KaKOM
cllydae HapalleHHas cymMma OyaeT Oomblie: eciu OydeT MPOUCXOAUTh BHYTPUTOJOBOE HAUMCICHHE WM
HeT? (BHyTpurooBoe HauKCI€HUE MPUHSATH 32 €XKEMECIYHOE)

2. beckoHeuHO MaJjble W 0ECKOHEYHO 0O0JIbIIME IMOCJAeI0BaTeJbLHOCTH, X cBoilicTBa. CBolicTBa
npeaesioB, CBSI3aHHbIE ¢ ApU(PMETHYECKUMHU Nl CTBUSIMM.

[IpoBecTu yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaa.

BBI'—II/ICJ'II/ITI) npenenm YUCIIOBBIX HOCHGHOB&TGHBHOCTeﬁ
B -m'+B+n)’  B-n)+2-n' o GB-n'-2-n'
1. lim . o 2. lim ; T 3. ]me 7 ]
e (3-n) —(3+n) e (1-n) —(1+n) e (1-n) —(1+n)

im nz\/5n2+4\/9n8+1 - \/n—1+\/n2+1
o n)m. 'st\/3n3+3+4\/n5

6. lim n(\/ i1 - o). 7.0im n(y/n(n—2) —An’=3).

n— o n— o

3. Paziu4Hble THNBI NPEAEJIOB: OAHOCTOPOHHHE Npeaeibl, Npeaeabl B 0eCKOHEYHOCTH, 0eCKOHEYHbIe
npeneJibl. CpaBHeHUe 0eCKOHEYHO MAJIbIX (PYHKIMI: IKBUBaJleHTHbIE (PYHKIMH.

[IpoBecTH yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.

BbruucnuTh npenensl, UCHoJb3ys SKBUBAJIEHTHbIE OECKOHEYHO Majible (PyHKIIHU:
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sin 5x sin( x — 3)

1) im ———— 6) lim S
>0 gretg 2 x o3 xT —-5x+6
In( 1+ 3x) o osin( x + 2)
2) lim —— 7) lim —_—
=0 gin 2x =2 xT 4+ 8
e’ -1 . cos 3x — cos x
3) lim 8) im ————
x>0 tg3x x>0 2x'
1-cos 6x
4) lim ————
x—> 0 4x
arcsin 2 x
5) im ——
=0 tgdx

4. IlepBblii 1 BTOPOI 3aMevyaTeibHbIE Npeaesbl. @opmysia HenpepbIBHbIX MPOLEHTOB.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.

sin 5x

1. Beruucauts ipenensl GyHKIUH: 1) lim

tg3x -sin 4x . l—cos5x sin 3x + sin 7x
2) oy EIXIAX gy TERIE gy, SIS T
x>0 4x x>0 %’ x>0 2x o1 2x

8x x+3 x

2. BeruuciauTh: a) lim (1 + EW ;0) lim (1+ 9x)% ; B) lim (x * 5) ;T) lim (1 + %\ .

x| x ) 0 el x+1) x> 4ol x"+6)
3. Kpenut B pazmepe Ha 100 ThiC. AOMIapOB MOTY4YeH CpOKOM Ha 3 roaa noj 8% roaoBeix. OnpeaenuThb
CYMMY MOJJIEKAIIET0 BO3BPATY B KOHIIE CPOKA KPEIAUTA, €CIIU MPOLEHTHI OyyT HAYUCIATHCS:
a) OJIMH pa3 B TOJI; 0) eXeqHEBHO; B) HEIIPEPHIBHO.
4. Cuna pocra 6aHkoBcKoro Bkjaaaa 0=0,03. HaliTu cymMmy Ha cuere 4epe3 2 roja, €Cid IepBOHaYaIbHas
cymma BkJaga cocrasisier 9000 pyo.
5. HenpepbiBHOCTH pyHKIUMH B TOUKe. HenpepbIBHOCTH CyMMBbI, PA3HOCTH, IPOM3BEAeHUSA U YACTHOIO
HenpepbIBHbIX (QyHKuMid. HenpepbIiBHOCTH C/10:KHOM W oOpatHoii ¢(yHkuun. HenpepbiBHOCTH
3jeMeHTapHbIX ¢(yHkuuid. Teopema o coxpaHeHuu 3HaKa HenpepbiBHOM (pyHkuuu. Touku paspbiBa
(pyHKuMHU, NX KIaccupuKaus.
[IpoBecTH yCTHBIN OIIPOC TEOPETUYECKOI0 MaTepuaa.

[x” +1 npu x <1
1. UccnenoBaTh Ha HEMPEPHIBHOCTh (YHKIIUU U MOCTPOUTH UX TpaduKu: a) f(x) = ! ; 0)
(x+1 npu x>1
2
x +1 npu x <1
[x% +1 npu x <1 J P
f(x) =4 ;B) f(x) =1 |
(x=1 npu x>1 { npu x > 1
x -1
1
2. UccnenoBaTh Ha HEMIPEPBIBHOCTh QYHKIUIO f(x) =3 "' +1 BTOYKAaX x, =1 U x, = —1.
[cos x npu x<0
3. Ilpu KakoM 3HAYEHUU a f(x) = { HeInpepbIBHA B TOUKE x, = 0 ?
la(x—=1) npu x>0
x+ 2 |sin x|
4. CKOJbKO TOYEK paspbiBa (M KAaKoro ponaa) umeer QyHKuus: a) y=—————; 0)y = ?
x  +8x+12 sin x

[Toctpouts rpadux GyHKIUH.

2.2.3 Pe3yabTaThl U BHIBO/IbI:

Ha nanHOM 3aHATHM CTylE€HTaMM M3yueHbl OCHOBHBIE OIpEAETCHUs U MOHATHS 1o Teme «lIpenen
nocnenoBarenbHocTd.  [lpemen  dyukiuu.  HenpepbBHOCTH — QyHKIMH», MPUOOPETEHBI  YMEHHUSA
(dbopmMynHMpoBaTh W JJOKa3bIBaTh OCHOBHbIE pe3ynbTaThl Mo Teme «lIpemen mocnenosatenbHocTH. [lpenen
¢bynkiun. HempepbBHOCTh (DYHKIUI», CHOPMUPOBAHBI HABBIKM PEIICHUS TUTIOBBIX 3aad C MIPUMEHEHHEM
M3Y4aeMOr0 TEOPETUYECKOTO MaTepHuaia 1 MPUMEHATh MAaTEMaTHUECKUE METOBI I PEILIEHHS] SKOHOMUYECKIX
3a/1ay.



2.3 lIpakTuyeckoe 3ansaTue Ne3 (2 yaca).
Tema: «IIpousBognasi GyHKIuM»

2.3.1 3axanue ajs padboThi:
1. IIpousBoanas pyunkuuu. Juddepenmpyemocts u auddepenHpan GyHKIHM.
2. [IpaBuna auddepeHpoBanms CyMMbl, pa3HOCTH, POU3BECHNUS U YACTHOTO JBYX (DYHKIM, CIIOKHOMN U
oOpaTHON (PYHKITHIA.
3. [Ipon3BOIHBIE OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITHIA.
4. 'eOMeTpUYECKUI CMBICIT TPOU3BOTHOM. Y paBHEHUE KacaTelIbHOM K rpaduKy QpyHKIUH.
5. l'eomeTpudeckuii cmbich muddepernuana Gyakmuu. [Ipumenenne nuddepeHumana B mpuOIMHKSHHBIX
BBIYHCIICHHUSIX.

2.3.2 Kparkoe onucanue npoBoAMMOro 3aHATHUS:
1. lIpousBoanas pynkuuu. Inddepenuupyemocts u 1updepeHunan GyHKIum.
IIpoBecTu yCTHBINM OIIPOC TEOPETHUECKOTO MaTepHaa.
1. Yto MOXHO cKa3aTh 0 JUPPEPEHIIMPYEMOCTH CYMMBI f (x) + g(x) B TOUKE x = x, , €CJIH B 9TOH TOUKE:

a) byukusa f(x) nuddepenuupyema, a GyHKIUA g (x) HeauddepeHuupyema;

06) o0e pyHKIUHU f(x) U g(x) HenuphepeHITUPYEMEI.

2. llycts ¢yHKuuA f(x) aupdepeHuupyemMa B TOUKE x, U  f(x,)# 0, a QYHKIHA g (x)
HemudpdepeHuupyema B 3TOM Touke. Jloka3arb, 4YTO MPOM3BEACHHE  f(x)g(x)  SBISETCS
Henup pepeHInpyeMbIM B TOUKE X,

2. IlpaBuwia nuddepeHUNPOBAHUA CYMMBbI, Pa3HOCTH, NMPOU3BEJEHMS M YACTHOr0 ABYX (YHKIIUIA,
CJIOKHOM M 00paTHOM (QyHKUMI.

[IpoBecTu yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaa.

3. IIpou3BoaHbIE OCHOBHBIX 3J1eMEHTAPHBIX (PYyHKIMIA.

[IpoBecTu yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaa.

. 2x -7 1 5 )
1. HaiiTi MpoM3BOAHYIO: &) y = ;0) y=x' - —+6-Nx" +sin 4;B) y=—-Vx' +37;
3 12 x b

In x

r)y:(x3+2)~sinx;,£[)y= .
x—4

2. Haiinure 7'(1) + 3 /(1) g QyHKIUU f(x) = 3x + 4) - \/;
3. Haiigure 3HaYeHUE MPOU3BOAHON QYHKIUH [ (x) - _* ~%  Brouke x, = 2009
x> +4x+16

4. Tlpum xakux 3HaYCHUIX X QYHKIUSA f(x) = V1 - 2x” + x He nudpdepeHuupyema?
xi-2
2

5. Tlpomuddepenunposars pyHkuuu: a) » = UEEY ;6) 77 3Sin(3x+5); ) riir) YOS ¥

y=ln(x4_4x).e) y:102x73
N .

6. HaiiTu mpou3BOgHYIO OT (QYHKIMHM W YHNPOCTUTH MOJIYYEHHOE BBIPAKEHHE: a)X -sin x+cos x—8: §)

x 3 )
. B x-arctg ———In(x" +9)
X -arcsin x + lfx'~B) 3 2
b

3 X

tg cos x 2

2 c
o — x 1
7. Haiiti npousBonuyio: a) 2 (5-x ); 0) 3;8)37 ;r)cos 3T,y 08T
4. I'eoMeTpr4ecKkHii CMbIC]I IPOU3BOIHOM. Y paBHEeHHE KACATeJbHOM K rpadpuKy QyHKIHH.
[IpoBecTH yCTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

1. KacarenbHas k rpa¢uky QyHKIMH y = f(x) B TOUKE C aOCIIHCCOM x, 00pa3zyeT ¢ OTpULATETbHBIM

HarpaBJieHHEeM ocH abcimcce yron 45 °. Haiiaure f'(x,) .
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2. CocTaBuTh ypaBHEHUE KacaTeNbHOM K TpaguKy GyHKIHUU [ (x) = B TOYKE €r'0 IIEPECEUCHHUs C

x+2
ocblo opanHat. CaenaTh pUCYHOK.
5. T'eomerpuueckuii cmbica aupdepenunana QyHKIUM. Ilpumenenue nauddepenuunana B
NPUOJINKEHHBIX BHIYHCICHUAX.
[IpoBecT ycTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

3
9 arctg 2x
1. Beruuciauts dy , ecnu: a) y:(—z—‘*\/;\ ; 0) y=——0; B) y=Inx-1tg5x.
(x ) 1+ 4x

2. HaiiTu npuOmmkeHHOE 3HaueHME (QYHKLIHUH f(x)=+x +7 IPUA x =3,02, HCXOAS H3 €€ TOYHOIO
3HAYEHMS IIPU x = 3.
3. Tlonp3ysack UPUOIMKEHHBIM PABEHCTBOM [ (x) =~ f(x,)+ f'(x)(x — x,), BBIYACIUTH HPUOIMKEHHO

YKa3aHHbIC BCIIMYUHBI:
a)cos61°;0) tg44”;B) ;1) 7,76 ; 1) arctg1,05; €) arcsin 0,54 .

2.3.3 Pe3yabTarhl U BHIBOJBI:

Ha nanHOM 3aHSTUM CTyJA€HTaMH HM3Y4Y€Hbl  OCHOBHBIC ONPEICIICHUS U TOHATHS IO TeMe
«IIpousBonHas QpyHKIUN», TPUOOPETEHBl YMEeHUS (HOPMYIUPOBATh M JOKA3bIBaTh OCHOBHBIE PE3yJbTaThl
o teme «[IpomsBogHas GyHKIHM», cHOPMUPOBAHBI HABBIKH PEIICHUS TUIIOBBIX 337a4 C MPUMCHEHHEM
M3Yy4aeMOr0 TEOPETHUECKOro MaTepuraa.

2.4 Ilpaktudeckoe 3ansaTue Ned (2 gyaca).
Tema: «llpeaenbHble BeJMYHMHbI B 3KOHoMuKe. IlpaBuino Jlonmurans A8 pacKpbITHS
HeoIpeaeIeHHOCTEeN»

2.4.1 3ananue a5 padboThi:
1. IlpenenbHbIe BETUYMHBI B 9KOHOMHUKE. DIIACTUYHOCTD (DYHKIIUH, €€ CBOWCTBA U TEOMETPUUECKUIN CMBICTL.
2. 3ajaya 0 pacnpezeneHuy HaJloroBoro OpeMeHH.
3. IlpousBoanbie U quhepeHIHAIBI BRICIIAX TTOPSIIKOB.
4. I1paBuno Jlomurans [uist pacKphITHSI HEONPEAEICHHOCTEH.

2.4.2 KpaTkoe onucaHue NpoOBOAMMOI0 3aHATHSA:
1. lIpenesbHble BeJTHYHMHBI B IKOHOMHUKE. JJIaCTHYHOCTH (PyHKIMH, ee CBOMCTBA M reoMeTPpHYeCKUI
CMBICJIL.
IIpoBecTu yCTHBIN OIIPOC TEOPETUUECKOTO MaTepHaa.
1. O6veM mponykuuu u (YCi. €11.) IieXa B TeueHrue pabovero JHs MpeaCcTaBiIseT PyHKIUIO
u=—t -5 +75t+425 ,vae t—Bpems (4.). HaiiTu mpou3BoUTENbHOCT Tpyaa Yepe3 2 9 Hocie
Hayasa paboTHI.
2. 3aBUCUMOCTb MEXly U3€pKKaMU IPOU3BOACTBA Y (JI€H. €/1.) U 00bEMOM BBIITYCKAEMOW MPOTYyKIIUU
x (exn.) BeIpaxkaetcss pyHKIMEH y =10 x — 0,04 x” . ONpeneauTh CPeHUE U TPEIETbHbIEC H3CPKKU MPU
o0beMe MPOTYKIMH, PABHOM 5 €.
3. @yHKIMH CIIpoca ¢ U MPEIJIOKEHUS § OT LEHBI p BBIPAXKAIOTCS COOTBETCTBEHHO YPAaBHEHUSMU
gq=7-p U s=p+1. HallTu: a) paBHOBECHYIO IIeHYy; 0) DIaCTUYHOCTH CIPOCa U MPEITIOKESHUS TSt
9TOM LIEHBI; B) U3MEHEHHE 10X0/a (B %) MpU YBETUYEHUHU LIeHbl HA 5% OT paBHOBECHOI.
2. 3ajgaua o pacnpeejIeHUH HAJIOTOBOr0 OpeMeHH.
[IpoBecTn yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.
Kpussle crpoca Ha MarHUTO(OHBI U MPEATOKEHUS] MAarHUTO()OHOB
MMEIOT JIMHEHHBIH BHI M 3amaHbl popMyTamm: Ml i 1 b B, rie P usmepsiercst B
nominapax, Q —B ThIcAYax IITYK.
[IpaBUTENHCTBO BBEJIO aKIIM3, PAaBHBIN MATH J0JJIapaM 3a KayKIblid IPOJaHHBIA MarHUTO(OH.
a) Onpezaenure CyMMy Hajora, KOTopyto co0epér HaJloropas ciryxoa.

«Qnextpuk» Mapku A-2000

MbI
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0) Beranciute HamoroBoe Opems OKYIaTeNIeH.

B) Brrunciure Hanorosoe Opems Mpo1aBIIOB.

r) Haligure gncteie 001IecTBEHHBIE TOTEPH.

3. IllpousBoanbie U AP depeHnaIbI BHICIIUX MOPAIKOB.

IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.

1. Haiiti mpon3BoHYIO TPETHEro MOPAIKa OT PYHKLIUU y = In( x + 6)

15) 2009 )

2. Borauciuts: a) y ) ecan y = e (x+4); 0) »' , €CIIN y = cos X .

2 —4x

3. [TpoBepuTh, ABISETCA JIM PELICHUEM YPABHEHUS y” + 2y  — 8y = 0 QYHKUUSA y = e + 9e

4. IIpaBuio JlonuraJjs 1151 pACKPbITHS Heolpe/1eJIeHHOCTei.
IIpoBecTu yCTHBIM OIIPOC TEOPETHUECKOTO MAaTEpHaIa.
Haiitu npenens ¢ nomousro npaswia Jlonurais:

x

e —1

1) lim
x>0 X

2) lm ————

=01+ x)

In x
3) im xIn x = lim

x>0 x> 0+ /
x

x'-3xt 42

4) lim . .
=l x" —4x" +3

2.4.3 Pe3yabTaThl U BHIBO/bI:

Ha naHHOM 3aHSITHM CTY/JCHTAMH HW3YY€Hbl  OCHOBHBIC OIPEICIICHHS W TOHATUS 10 TeMe
«[IpenenvHbie BeMWMUWMHBI B dKOHOMHUKe. [lpaBmino Jlomwrams misi pacKphITUS HEONPENSIICHHOCTE,
npUoOpETeHbl YMEHUS (OPMYIMPOBATh W JOKA3bIBaTh OCHOBHBIC pe3ysbTaThl 1Mo TeMme «lIpenenbHbie
BEJIMYMHBI B SKOHOMHKe. [IpaBumio JlomuTans JUis pacKphITHSA HEOMNPEICICHHOCTSH» W MPUMEHSTh
MaTeMaTHIECKUE METOJIbI VIS PEIICHUS] SKOHOMHYSCKUX 33/1ad, c(hOPMUPOBAHBI HABBIKM PEIICHUS THUITOBBIX
3aja4 ¢ MPUMEHEHHEM M3Y4aeMOr0 TEOPETHYECKOTO MaTepuayia M HaBBIKM NPHUMEHCHHUS COBPEMEHHOTO
MaTeMaTUIEeCKOTO HHCTPYMEHTAPUS JUIS PEIICHNS] SKOHOMUYIECKHUX 3a/1ad.

2.5 llpakTuyeckoe 3ansaTue Ne5 (2 yaca).
Tema: «MAcciaenopanue GpyHKUuN»

2.5.1 3apanue nas padoThI:
1. Ilpu3Hak MOHOTOHHOCTH (DYHKIIMM Ha UHTEpBAJIE.
2. JlocTaTouHble YCIIOBHS JIOKAJIBHOTO 3KCTPEMYMA.
3. OTpIcKkaHKMe HauOOJIBIIET0 U HAMMEHBILIEr0 3HAYCHUHN (PYHKIIUN Ha OTpPE3KE.

2.5.2 KpaTkoe onucaHue NpoBOAMMOI0 3aHATHSA:
1. Ilpu3Hak MOHOTOHHOCTH (P)YHKIIMHM HA MHTEPBAaJIe.
[IpoBecT yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.

1. UccnemoBaTh GYHKIHIO y = —x° + 6x° — 4 W IOCTPOHTH €€ rpaduk.
1

2. Tocrpouts rpaduk GyHkiuu: a) y = ———;0) y = e

b
x +1
3. Ha mapaGosnie HaliTH TOUKY, HAUMEHEE YJAIICHHYIO OT IPSAMOM y = 2x — 4 .

2. JlocTaTO4HbIE YCJIOBHS JTIOKAIBHOI0 IKCTPEMyMa.
[IpoBecTn yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.

Tpe6yeTc;1 BBITOPOAUTL HNPAMOYT'OJIBHOC HaCT6I/IH_IC IUIOIIAABI0 1 xm ‘un pasacuTe €ro Ha JBa

NPSIMOYTOJIbHBIX ydacTka. Kakoil HaumMeHbIel JUIMHBI 3200 MPU TOM MOXKET MOTY4YUTHCS?
3. OTbickaHMe HAU0O0/ILIIET0 U HAUMEHbIIEr0 3Ha4eHU i QYHKIMHU HA OTPe3Ke.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHuaa.
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aiiTH HAnOOJTbIIICe M HAUMEHbIIICE 3HAYCHUSI DYHKIIMU HA OTPE3KE y = 2x” + In x e
H 0 YH 2x" + In 1,e’

2.5.3 Pe3yabTarhl U BHIBOJBI:

Ha naHHOM 3aHSTUM CTyJA€HTaMH M3Y4Y€Hbl  OCHOBHBIC ONPEICIICHUS U TMOHATHS IO TEMeE
«HccnenoBanue GyHKIU», npuoOpeTeHbl yMeHUsT POpMYIUpPOBaTh U JIOKA3bIBaTh OCHOBHBIE PE3yJIbTaThl
o Teme «MccnenoBanue (GyHKIUN», cPOPMUPOBAHBI HABBIKMA PEIICHUS THIOBBIX 3a7a4 C MPUMEHEHUEM
M3Y4aeMOr0 TEOPETHUECKOro MaTepuania.

2.6 IlpakTuyeckoe 3ansaTue Ne6 (2 yaca).
Tema: «MccaenoBanue GpyHKIMD)
2.6.1 3aganue a1 padoThI:
1. Bemyxkobie (BorHyThie) hyHKIMU. JlocTaTodHbIe YCIIOBHS BBITYKIOCTH (YHKIMU. HeoOxoauMmbIii 1
JOCTaTOYHBIN MPU3HAKY TOUYKHU Ieperuoa.
2. AcumnrToTsl rpaduka GyHKITUH.
3. ITonHoe uccnenoBanue (pyHKIUH U IOCTPOCHHE ee TpaduKa.

2.6.2 KpaTkoe onucaHue NpoBOJAMMOIo0 3aHATHSA:
1. BoinykJible (BoruyThie) pynkuuu. JJoctarounbie ycaoBus BoinmykiaocTu pynkuun. Heooxoaumbiii u
JAOCTATOUYHBbII MPU3HAKY TOYKHU Neperuda.
[IpoBecTH ycTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

Haiiti mpoMeXyTKH BBIITYKJIOCTH / BOTHYTOCTH, TOUKH Tiepernda GpyHKImii
2

2x . X
Dy = - 2 y=x-e )y =
1+ x In x

2. AcumnTorsl rpaguka QyHKIUH.
IIpoBecTu yCTHBINM OIIPOC TEOPETUUECKOTO MaTepHaIa.

Haiitu acumntoTsl rpadukoB QyHKIUI:
5

3-4x 3x 2x In x »
Dy==—2" y=—"  3y="r  dy-x
2+ 5x 16 — x x 41
2
2x 3/ 3 2
S)y = 6)y =N27Tx +5x
x+1

3. IlostHOE HccnenoBanne (pyHKIMH M IOCTPOeHHe ee rpaduka.

[IpoBecT yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.

BbInonHuTh NonHoOe nccnenoBaHie QyHKIMA U OCTPOUTH TPaPUKH.
e’ —e " 1\/7

l)y=2x2+]nx 2) y=—7"7 3y y=e
e +e

2.6.3 Pe3yabTaThl M BHIBOIBI:

Ha nanHOM 3aHSTUM CTyI€HTaMH HM3Y4Y€Hbl  OCHOBHBIC OTMPEICIICHUS U TIOHATHS TI0 TeMe
«HccnenoBanue (yHKIUI», TproOpeTeHbl yMEHUsT POPMYITUPOBATH U JI0KA3bIBATh OCHOBHBIE PE3yNbTaThI
o teme «MccnenoBanne QyHkIui», chOpMUPOBAHBI HABBIKU PEIICHUS] TUIIOBBIX 33Jlad ¢ MPUMEHEHUEM
M3y4aeMOro TEOPETUYECKOr0 MaTepuaia.

2.7 llpakTuyeckoe 3ausaTue Ne7 (2 yaca).
Tema: «Heonpenesennblii nHTerpaJjg. OnpeneeHHbId HHTErPaDy
2.7.1 3apanue pJis1 padoThI:
1. IlepBooOpa3Hast u HeonpeneneHHbIN nHTerpai. Tabnuia HeonpeeIeHHBIX HHTErPaJIOB.
2. Cpo#cTBa HEONPEAECICHHOTO HMHTErpajga.  3aMeHa IEPEeMEHHOM B HEONpEACEHHOM HHTErpae,
MHTErPUPOBAHHUE 10 YACTSIM.
3. MHTerprupoBanue paloHaIbHBIX (QYHKIUI.
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4. 3ajaua 0 BHIYMCIICHUH IIOMIA N KpUBOIMHEHHOM Tpanewu. @opmyna HeioTona-JleliOnuma.

5. 3aMeHa nepeMEeHHON B ONPEACICHHOM UHTETpajie, MHTErPUPOBAHUE TIO YACTSM.

6. 'eomeTpuuecKre NpUIIOKEHNS OIIPEAETIEHHOIO MHTErpaia: BBIYUCIEHUE TUIOLIA 1 KPUBOJIMHENHOM
Tpanenyu 1 o0beMa Tena BpallleHusl.

2.7.2 Kparkoe onucanue nNpoBoAMMOro 3aHATHUS:
1. IlepBooOpa3Has u HeonpeaeJeHHbIH HHTerpaJ. Tabauna HeonpeaeIeHHBIX HHTETPAJIOB.
IIpoBecTu yCTHBINM OIIPOC TEOPETHUECKOTO MaTepHaa.
1. JUis GyHKIMU £ (x) = cos x HAWTH Ty MepBOOOPa3HYIO, KOTOPas MPOXOIUT Yepe3 TOUKY (0; 3) .
2. CocTaBuTh ypaBHEHHE KPHBOH, MPOXOASAIICH dYepe3 TOUKY (-2;8), €CIH YrJOBOH KOA(P(UIMEHT
KacaTeJIbHOMU B JIFOOON TOUKE KACAaHUS x PABEH 2x — 4 .

0
3. Ha wueprexe wu3o0paxeH rpaduxk CKOpOCTH Tena
YpaBHEHUE JBUKEHMS, €CIIM TEJIO 3a IIEPBBIC 2 ¢ MPOLLIO MyTh, PABHBIN 10 u .

Haiitu mo rpaduky

2. CpoiicTBa HeompeIeIeHHOI0 HHTerpajia. 3aMeHa NepeMEHHOH B HeONpeleIeHHOM HHTerpale,
HHTErPUPOBAHME 110 YACTHAM.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOTO MaTepHraa.

l.HaﬁTH:Isdx;jdi; jdx; jx”dx; Ix”dx; jl—ﬁdz; I%/;dx; jl—dz; J ¢
4 z 4t

3/
X - X

dx .

2. Beruncnurs: a (2x—i V;de;(s [7x6—i—1—]dx.
G R |

-5x

xdx
3. Boruucnuth uHTErpa: a) _[(Sx—l)7dx ;0) [e"dx ;B) [7—.
Vx®+1

4. BerunciauTs: a) Iarccrgxdx ; 0) I(éx +1)-sin Lo ; B) J'e" sin 2 xdx .
3

5. BeraucnauTs: a) J'e“ cos xdx ; 0) je*ﬁdx ; B) I Xdi ;T) '[ln =
cos  x 5\/;

3. UaTerpupoBanue panMoHaJbHBIX (PyHKIMIA.

[IpoBecT yCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

Haiitu HeonpeneieHHbIE UHTETPAIIbI:

4 dx dx 12 dx
o) [—:6) | 1B | .
x+7 x —11 4x+9
8dx 8 dx Sdx
2. a ;0) [———;B) [———.
)Ix3 )I(x+9)3 )Jx2—4x+4
(4x + 5)dx (2 — x)dx 7 dx
3. a) [ 16) [— 1B) [— .
x —-8x+17 x +4x+20 x —-2x+5
(4x + 41)dx (6x + 23)dx (x° =57 x + 157 )dx
4. a ;0 ;B .
)Ix2+3x—4 )'[ )I

2 2
x +6x+9 X" =-9x+ 20
4. 3agaua 0 BBIYMC/ICHUH IIOIIAIN KPUBOJIMHelHoM Tpanenun. @opmyiaa Herorona-Jleiidnnna.
[IpoBecTn yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

3 2 4
d.
1. Beruncauts: a) J3x2dx ; 0) j%;B) I(x2 +3)dx .
4+ x

2 0 1
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2. BerancnauTh onpeeseHHbIE MHTETPAIIBL: a) j (l—s}z’x ; 0) I (2x —4)3x+2)dx

0,5 X -1

3. Haiitu: a) f\/i 6)Tfsm( —(po}dt B)I\/2x+1dx

4. HaiiTu: a)f3x &

;0) | —=—:3)

J. l+Inx I o V4 —

5. 3ameHa nepeMeHHOMH B ONpeleIeHHOM HHTerpaJie, HHTErpUPOBAaHHUE 110 YACTAM.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOTO MaTepHraa.

T

6 0,25
1. BeraucauTs onpeneneHHbld HHTErpall: a) J x cos 3xdx ; 0) J arctg 4 xdx .

0

\/_dx ; 0) Itg xdx B)J' il

2. BeruncnuTh 3HaUCHHUE HHTETpaJIa; a) I
x +2x + 2

6. I'eomeTpryeckue NPUIIOKEHHS ONPeeIeHHOT0 MHTerpajia: BbIYMc/IeHUe IVI0OIAAN KPUBOJINHEeHHOMI

Tpaneuuu M 00beMa TeJia BpalleHusl.

IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.

I. HaiiTi miomaas minockoii Gurypsl, orpaHuuYeHHON JTUHHUSIMHU:

a)y=ex,y:0, x=-2, x=1,; 6)y=x2—4, y=0,x=-3;

2

B) y=-x"+4x+6,y=6-x; T)y=hx,y=Ih"x.
2. Haiitu 06bem Tena, 00pa3oBaHHOTO BpalleHHEM BOKPYT OCH Ox (DUTYpBI, OTPAaHMYCHHON JIMHUSIMA
xy =4,x=1,x=4,y=0.

2 2
o X Y
3. Haiitn 00bem TCIa, 06p830BaHH01"0 BpAIICHUEM BOKPYT OCH Oy OJJUIHIICa —+ — = 1.

25 16

2.7.3 Pe3yabTaThl U BHIBO/bI:

Ha pmaHHOM 3aHATHU CTYICHTaMH HW3Y4YeHBl  OCHOBHBIC OMpPEICNEHUS M TMOHATHUS IO TeMe
«Heomnpenenennpnii  uHTErpat. ONpeneNieHHbId WHTErpay, MPHOOPETEHBI YMEHHS (GOpPMYyIUpOBATh U
JI0Ka3bIBaTh OCHOBHBIE pe3yibTaThl Mo Teme «Heompenenenusiii mHTerpan. OmnpeneneHHbI WHTErpam),
c(OPMHPOBAHBI HABBIKM PEIICHUS THUIOBBIX 3aJad C TPUMEHEHHUEM M3y4aeMOro TEOPETHIECKOTO
MaTepuana.

2.8 lIpakTuyeckoe 3ansaTue Ne§ (2 yaca).
Tema: «DYHKIHMH HECKOJIBLKHX NepeMeHHbIX. YacTHbIe NMPOU3BOAHbIE. JKCTPeMYM (QyHKIMHU
HECKOJIBKHUX IepeMeHHbIX»

2.8.1 3aganue a5 padoThI:
1. ®@yHKIIMM HECKOJIBKUX IMepeMeHHbIX. [loBepxHOCTH (JTMHUU) ypOBHS (YHKIMH. DiieMeHTapHble (HYHKIUU
HECKOJIBKUX MepeMeHHbIX. [Ipenen u HenmpepbIBHOCT (DYHKIIMH HECKOJIbKUX NTEPEMEHHBIX.
2. YactHble npou3BOJHbIE, MU hepeHIpyeMoCTh, AuddepeHIman GyHKIMA HECKOIbKUX EPEMEHHBIX.
3. JlokanbHbIN IKCTpeMyM (DYHKIIMM HECKOJIBKHX NepeMeHHbIX. HeoOxoaumoe ycioBue nepBoro mopsiika.
JlocTaTtouHble yCI0BHUS CYIIECTBOBaHMS JOKAILHOIO SKCTPEMYyMa.

2.8.2 KpaTkoe onucanue NpoBOAMMOI0 3aHATHSA:
1. ®dyHkuuM HecKOJAbKHMX HNepeMeHHbIX. IloBepxHOCTH (IMHMU) YPOBHSA (PYHKUHMH. DJIeMEHTApPHbIE
(yHKIMM HeCKOJbKUX NepeMeHHbIX. [lpenen u HenmpepbIBHOCTL (PYHKIMH HECKOJIBKHX MePeMEeHHbIX.
[IpoBecTn yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
1. CocraBuTh TaOMUIly 3HAYCHWH (YHKIUU z = 2x -3y +1, JaBasg HE3aBUCHMBIM TIEPEMEHHBIM

3HA4YCHUA OT 0 [0 3 YCpEe3 CAMHUILY.
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2. Haiitu 3HadeHuss QyHKIUK: @) v = ™ "7 Opu x = y= — U z = -7 ;0) z =y ' +x’ B TOUKaAX

| N

M (2;2); M ,(1;2); M (2:1).

1
3. Haiitu o6macty onpeseneHns GyHKIUN JBYX MEPEMEHHBIX: a) z = —— ; 0)z = In( y* — 4x + 8) ;
3y —x
In x /
B)Zzﬁ;r)22ﬂx+y+ﬂx— ;H)Z= x—\/;.
_xloy
4. ITocTpouTh TUHUK YPOBHEH W TPHUMEPHOE U300PaKEHHUE MOBEPXHOCTEH M1l YHKIIUHA IBYX
MEePEMEHHBIX.
2 2

a)Z:x_+y_ 6)z:x+y2

36 16
2. YacrHble npousBoaHble, audpdepenuupyemoctb, auddepennuan (QGyHKIUM HECKOJIbKHX
nepeMeHHbIX.

[IpoBecTu yCTHBIN OIPOC TEOPETUUECKOTO MaTepHaIa.
1. HaiiTi yacTHble Tpou3BOHbIE (YHKIIUH IBYX IIEPEMEHHBIX

2xz+y5

1)z=x'v 2)Z:sin 4 3)2267

x+y

2. HaiiTu yacTHbie 1 OTHBINA AuQdepeHnnanbl JaHHbIX QYHKIUH.

o X
3. Haiitn 3Hayenne nonHoro mupdepenimana GyHKIMU z = ———— TpU x =2, y =1, Ax =001,
Ay = 0,03 .

.Y
4. Boruncnuth NpHONMKEHHO HW3MEHEHHE (YHKLIMHU z = arcsin — TPU U3MEHEHMH x OT x, =5 JIO
X

x2:4,5 "y OTy1:3 I[0y2:3,3.
3. JlokajabHbIi 3KCTpeMyM (QYHKUMH HeCKOJbKHMX NepeMeHHbIX. Heo0xonummoe yciioBue mnepBoro
nopsaka. /locraroyHbie yCJI0BUSA CYyLIECTBOBAHUA JIOKAJIBHOI0 IKCTpeMyMa.
[IpoBecT yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.
HccnenoBaTh Ha 3KCTpeMyM (PYHKIUU:
a) z=—4+6x—x2—xy —yZ;

6)z=x2—xy+y2+8x—4y+15;

B)z 2x2—14xy+y2+2x—9y+1.

2.8.3 Pe3yabTaThl M BHIBO/BI:

Ha nanHOM 3aHATHM CTyJIEHTaMH U3Y4Y€HBI OCHOBHBIE OIPEAETCHUS U MOHATHS 10 TeMe « DyHKIN
HECKOJIbKUX TepeMeHHbIX. YacTHble MPOU3BOAHBIE. DKCTpeMyM (YHKIIMH HECKOJIBKUX TEPEMEHHBIX»,
npuoOpeTeHbl yMeHusi (HopMyIupoBaTh W JOKa3bIBaTh OCHOBHBIC pPE3YylbTaThl 1O TeMe «DyHKIHMH
HECKOJIbKUX TEepeMeHHbIX. YacTHble MPOU3BOAHBIE. DKCTpeMyM (YHKIIMH HECKOJIBKUX MEPEMEHHBIX»,

Cq)OpMHPOBaHLI HaBbIKW PCIICHUA THUIIOBBIX 3aJa4 C MNPUMCHCHHEM H3Yy4YaCMOro TCOPECTHYCCKOIO
Marcpurajia.

2.9 lIpakTuyeckoe 3ansaTue Ne9 (2 yaca).
Tema: «¥YcJI0OBHBIH IKCTPeMYM (PYHKIIUM HECKOJIbKHUX NepeMeHHbIX. [Ipou3BoaHasi 10 HANIPaBJICHUIO,
TPAAUEHT)
2.9.1 3apanue pJis1 padoThI:
1. YcnoBHBIN IKCTpeMyM (DYHKIIUU HECKOIBKUX MEPEMEHHBIX.
2. Meton uckimoyeHus nepeMeHHbIx. Meroa Muoxkutenei Jlarpanxka.

45



3. Haxoxnenue rino0anbHBIX IKCTpeMyMOB I depeHIupyeMoil (GyHKIMM Ha 3aMKHYTOM OIpPaHHYEHHOM
MHOKECTBE.
4. Ilpon3BoaHas 10 HAIIPABJIEHUIO, TpagueHT. CBOICTBa IpaIuEeHTA.
2.9.2 Kparkoe onucanue npoBoAMMOro 3aHATHUS:

1. YcaoBHbIH IKCcTpeMyM (PYHKIHHM HECKOJIbKHUX NepeMeHHbIX.
[IpoBecTu yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaIa.
1) Haiiti ycnoBHBIN 3KCTpeMyM QYHKIUH Z(X,y)=X+3y Ipu YCIOBUU x2+y2=10.
2) Haiitu ycioBHsIi skcTpeMyM GyHKIMH z(X,y)=3y +4x°—Xy 1pu yciuosun x-+y=0.
2. Meroa uckio4yeHns nepeMmeHHbIX. Meroa Muoxureseit Jlarpanska.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.
A) Haifru ycnoBHblit 9kcTpeMyM GyHKIMHE z(X,y)=3y -+4X°—Xy IIpH yCIOBHH X-+y=0 (METOLOM MHOXHUTEIICH
Jlarpanxa).
b) Haiitu HanbonbIiee u HAUMEHbIIIEE 3HAYCHUS QYHKIIUA Z=5Xy—4, €CIIU TIEPEMEHHBIE X U Y
TOJIOXKUTEIBHBI 1 YIOBICTBOPSIOT YPABHEHHIO CBSI3H X-/8+y*/2—1=0. (MeTonoM MHOXHTeNeH Jlarparska).
3. Haxo:xneHue rj100ajibHbIX 3KCTPeMyMOB 1 depeHumnpyemoii GyHKIIUM HA 3aMKHYTOM
OrpaHUYEeHHOM MHOKeCTBe.
[IpoBecTu yCTHBIN OIIPOC TEOPETUUECKOTO MaTepHaIa.

1. Haiitu wHaumeHblice W HauOoOJblIee 3HAYCHHS (QYHKIMH z= -2y -6x+x +xy +2 B
IPSIMOYTOJIBHUKE 1 < x < 3,1< y < 4.

2. HaiiTn HanMeHbIIee 1 HauboJIbIIee 3HAaYeHUS (PYHKITUH:

@) z=4xy + x -y’ -5 BTPEYroJbHUKE, OTPAHUYECHHOM Ox , Oy , y = 2 — x .

0) z=-2xy +x  +4x—4y+7 BOOJACTH, OTPAHUYEHHON y = —x° — 4x U Ox
4. IIpon3BoaHasi Mo HANPAaBJIEHU IO, IPpajueHT. CBOIiCTBA rPajuenHTa.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
1. Haiith npon3BOaHYI0O (YHKIMM u = xy° +z —xyz B TOYKE M (1;1;2) B HalpaBJCHHH,

O6p33y10H_ICM C OCAIMH KOOpOHWHAT YI'JIbI COOTBETCTBCHHO 60 0 , 45 0 , 60 0

2. Haiitn npousBoaHyro (GYHKIUU u = arctgxyy B TOYKE M (1;1) B HaIpaBICHUU OHCCEKTPHUCHI
MIEPBOr0 KOOPJAUHATHOTO YyIJIa.

3. Haiiti grad z B TOYKE M (2;1),€CIHHU z = /4 + x + y .

4. KakoBo HaIlrpaBJICHUC HanOOJIBIIEr0 W3MEHECHUS @)YHKIII/II/I @ (x;y;z)=xsin z— ycos z B TOYKEC
M(0;0;0)?

3
3. HaiiTh TOUKH, B KOTOPBIX MOYJIb IPAJMEnTa z = (x” + y’ )2 paBeH 2 .

2.9.3 Pe3yabTaThl M BHIBO/BI:

Ha nanHOM 3aHSTUM CTYyJI€HTaMH HM3Y4Y€Hbl  OCHOBHBIC OMPEICIICHUS U TOHATHS TI0 TeMe
«YCNOBHBIN AKCTpeMyM (YHKIIMH HECKOJBKHX MepeMeHHbIX. [Ipon3BoHasi MO HampaBlIEHUIO, TPAIUEHT»,
npuoOpeTeHbl yMeHusl (HOpMyIUpoBaTh M JOKA3bIBaThb OCHOBHBIC PE3YJAbTAaThl MO TeMe «Y CIOBHBIN
KCTpeMyM (YHKIIUM HECKOJNBKHUX TMepeMeHHBIX. [Ipou3BogHass 1O HAmpaBiCHUIO, TPaJAUEHT»,
chOpMUPOBAHbl HABBIKM PEIICHUS THUIOBBIX 3a7a4 C MPUMEHEHHEM H3y4aeMOT0 TEOPETUYECKOTO
Marepuana.

2.10 IIpakTnyeckoe 3ansiTue Nel( (2 yaca).
Tema: «Uucaossblie psigbl. CTeneHHbIe psigb)
2.10.1 3apanue nis padoThI:
1. Yucnossle psaasl. CX0AUMOCTh U cymMMa psiia. HeoOXoMuMBlIi Mpu3HaK CXOUMOCTH.
2. YucnoBeie psAbl C MOJOKUTEIbHBIMA WICHAMHU: KPUTEPUUA CXOIMMOCTH. JloCTaTO4YHBIE TpPU3HAKHU
CXOAMMOCTH: TIEPBBIN U BTOPOU MpHU3HAKU cpaBHEeHHUsI, pu3Hak [Janambepa u Komm B penenbHol dhopme,
MHTErpAJIbHBIN ITpu3HaK Komm.
3. 3uakouepenytomuecs psaapl.  IlpusHak JleitOnuna. Onenka octaTka psga. AOCOIIOTHO CXOASIIUECS
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PAIBI M UX CBOKMCTBA. Y CJIOBHO CXOJSIIMECS PALIBI.
4. Crenennsbie psanbl. Teopema AGens. O06macTh, HHTEPBAI U PAANYC CXOJIUMOCTH CTEMIEHHOTO Psija.
5. CBolicTBa CTENEHHOTI'O psi/ia HA UHTEPBAJIE CXOUMOCTH.

2.10.2 KpaTkoe onucaHnue NpoBOMMOro 3aHATHS:
1. Yucaosbie psiabl. CxogumocTb 1 cymMma psiga. Heo0xoaumblil IpU3HaK ¢CX0AMMOCTH.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOTO MaTepHraa.
1. Ilo 3agaHHOMY 00LIEMY YJICHY psifia HAIIMCATh ISTh IEPBBIX WICHOB Psjia:

2

n

a) a, = ;0)a, = —.
2n+ 5 n
2. Haiitu dopmyny mist o01Iero wieHa psaa:
1 3 5 7 4 9 16 25
) —+ —+—+—+..; O)l+—+—+—+—+.
2 2 2 2 2 6 24 120

2 (3 (4 (s
B) —+(—W +(—) +(—w + ...
3 \7) (1) \15)
3. HaliTu yacTMUHYIO CyMMY MEPBbIX YETHIPEX YICHOB psha U CyMMY psja:

1 1 1 1
a)1+8+27 +..; 0) —+ + + + ..
1-2 23 3-4 4.5

4. Haiitu cymmy psija: a) i fl W ; 0) > ( )

n=1 k 5 ) n=0 k 4
5. HpOBepI/m,, BBITNOJIHAETCS I HEOOXOAUMOE YCIOBHE CXOJIMMOCTH Psijia:
2
a) 0)
z 2n + 1 z L Sn + 3

B) 0.6+ 0,51 + 0,501 +..+[0,5+0,1"]+
2. YucoBble pAAbI € MOJT0KATEIbHBIMH YIEHAMM: KPUTEPUH CX0AUMOCTH. JlocTaToOuHbIe NPU3HAKHU
CXOJMMOCTH: NePBbI U BTOPOH NMPU3HAKM cpaBHeHMs, npu3Hak Jdanamobepa n Komm B npenenbHoii
(¢opme, unTerpanbHblil npusHak Komm.
[IpoBecT ycTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
1. UccnenoBath Ha CXOJIUMOCTD psm:

2

A) —+ —+ —+ —+ .. 0 _
U +1+ );l(Zn—l)Z

r
2 5 8 11 )z,/ +2n

2. C nomorklo npusHaka Jlanambepa nccineoBaTh Ha CXOAUMOCTD PSIIbL:
- e’ “ 10"
;B) Y .
n=1 n '
3. C nomousto npusHaka Komu uccnenoBarh Ha CXOAUMOCTD PSIJIbL:
2 3 4
3 4
)% 10 T 2] L[] L[]
i M \s) (7) \(9)

4. C MMOMOIIIBbIO UHTCTPAJIIBHOTO an/I3Ha1<a HCCJIICA0BATh HA CXOAUMOCTD PAJbI:

a)zn—3,6)z\/_ B)z\/_

3. 3Hakoudepenywuecs psabl. Ipusnak JleiiOnnna. Ounenka ocratka psiia. AOCOJIOTHO
CxXoasimuecsd psaabl 1 UX cBOlicTBAa. YCJIOBHO cxoasAamumecs psaabl.
[IpoBecTu ycTHBIN OMPOC TEOPETUYECKOTO MaTepHraa.

o 1
1. Tlo mpusnaky JleiOHMIIa HCCIeIOBATh CXOIUMOCTD psifa - - = + = - + ..
1" +1 27 +1 37 +1 47 +1
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1 1 1 1 1
2. HcenenoBarb CXOMUMOCTD psijid 1 - —— —+ — - — - ——+
2 2 2° 2 2
3. Hccnenosath Ha a6COJIIOTHyIO u yCJIOBHyIO CXOJUMOCTh cneny}omne pSIBL:

n+l

- . (S )
a)y (- ;0) 1 - 3 B)
2 TETERCVEST
4. I/ICCJ'IGI[OBaTB CXOAUMOCTD 3HAKOIIEPEMCHHBIX PAA0B U YCTAHOBUTH XapaKTEP CXOAUMOCTH

1 4 7 10 1 7 13 19 25 31
(abcontoTHas, yCJIOBHAs): ) —— —+ —— —+ ...; 0) — + -ttt ——
2 5 8 11 10 10° 100° 10° 107 10

1 1 1 1 1
B) - —+———+———+..
35 7 9 11

4. Ctenennble psaabl. Teopema Abessi. O0J1acTh, MHHTEPBAJ U PAAMYC CXOAMMOCTH CTENEHHOT0 psijia.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.
0 5 n x n .
1. Hamicats nepBble TpU WieHa psaa Y, — 7 , HAlTU UHTEPBal CXOJUMOCTH P M MCCIIEI0BATH
3" +1
n=1

€ro CXOJAUMOCTDb Ha KOHIIaX MHTCPBAJIA.

2. HaiiTu uHTEepBad CXOJUMOCTU CTEIEHHOTO psijia M HCCIENOBaTh CXOJUMOCTh psa Ha KOHIIAX
uHTepBana. Haiitu cymmy psga npu x = —1.

v \/_6)2 \/_ R

5. CBoiicTBa CTENEHHOI0 psAa HaA HHTEpBaJ€¢ CXOAUMOCTH.
HpOBeCTI/I YCTHBIﬁ OIIPpOC TCOPETUUCCKOI'O MaTcpuajia.

2.10.3 Pe3ysbTaThl M BHIBOABI:

Ha nanHOM 3aHSATHHM CTyIEHTaMU U3y4€HBI OCHOBHBIC OMPEICIICHUSI U MTOHATHS 0 TeMe «YHciioBbIe
psabl. CTeneHHbIe PSAAbD, IPUOOpPETeHbl YMeHUs (POPMYIHPOBATh U 0Ka3bIBATh OCHOBHBIE PE3YJbTAThI MO
teme «YucnoBeie psael. CTENeHHBIC pPsAAbD, CHOPMUPOBAHBI HABBIKM PEMICHUS THUIOBBIX 3alad C
MPUMEHEHHEM U3Y4aeMOT0 TEOPETUUECKOT0 MaTepuana.

2.11 IlpakTuuyeckoe 3ausitue Nell (2 yaca).
Tema: «luddepeHunanbHbIe YpAaBHEHU
2.11.1 3apanue aJst padoThI:
1. O6bIkHOBEHHBIE MU PepeHIInanbHble YPaBHEHUS # -TO MOPSAIKA, OCHOBHBIE TTOHATHSL.
2. Hexotopsle Tunsl 1uddepeHmaibHbIX YpaBHEHUN IEPBOT0 NOPsAIKa. YpPaBHEHUS € pa3esstoluMucs
nepeMeHHbIMU. JIMHEelHbIe ypaBHEHUA. Y paBHEeHUs bepHyun.
3. Jluneiinbie auddepeHManbHble YpaBHEHUS 7 -TO TOpsiKa.  leopeMa O CyIIeCTBOBAaHUU U
€IMHCTBEHHOCTH perieHus. OTHOPOJHbIE U HEOJHOPOAHbIE JTHHEHHbIE AU depeHLnanbHble ypaBHEHHUS.

4. Teopema 00 oOmieM pemeHUH JHMHEHHOTO HEOJHOPOJHOro ypaBHeHus. [IpocTpaHcTBO pemieHui
JMHEWHOTO OJHOPOJHOIO YpaBHEHUs, (PyHIaMeHTalbHas cucrema pemeHuid. Onpenenurens BpoHckoro
cucTeMbl perieHni. Teopema 06 00111eM peleHuH JIMHEHHOTO0 OAHOPOJHOTO YPaBHEHHUS.

5. Jluneiinsle auddepeHnMaIbHbE YPaBHEHUS C TOCTOSHHBIMH KOd(pdHIMeHTaMH (Ha mpumepe
YpaBHEHUN BTOPOTO TMOPsIIKA). XapaKTEPUCTHIECKOE ypaBHEHHE U (yHIaMEHTAIbHAsI CHCTEMa pelieHui
OJTHOPOJIHOTO YpaBHEHHUS.

6. IlocTpoeHre YaCTHOTO peNIeHUs] HEOJHOPOIAHOTO YPABHEHHUS C MPaBOM YacThIO CHEIHMAIbHOTO BHUA
METOIOM HEONpeAeTIeHHbIX K03(hPUIueHToB.

2.11.2 Kpatkoe onucaHnue NpoBOIMMOI0 3aHATHSA:
1. O0bIkHOBeHHBIE MU (epeHIIHATBHbIC YPABHEHUS /1 -T'0 IOPSAAKA, OCHOBHbIE IIOHATHS.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.

Omnpenenuth mopstaok IAY:a) y"+2x° -y = 37;0) y"=5xp" = y-y'.
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2. Hexoropble THNBI IM(pPepeHIUATBHBIX YPABHEHHH MEepBOro MNOpsiAKa. YpaBHeHHUsl C
pa3aejsiioIUMUCH epeMeHHbIMU. JInHeliHbIe ypaBHeHusl. YpaBHeHust bepHyin.
[IpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MAaTEpUAIIA.

3
1) U3BectHO, uTO (QYHKUUS y(x) YIOOBIETBOpseT MuddepeHnaTIbHOMY YpPaBHEHUIO y' = Yy H
2+ x

y(-3)=5. Haiitu y(1).

2) CkopocTh pacrajga paaus MPONOPLHMOHAIbHA KOJUYECTBY pajusi B JaHHBII MOMEHT BpPEMEHHU.
Boeruucnuts, yepes ckoabko Jiet ot 100 r pagust octanercs 65 r, eciu nepuo noyrypacnaaa pases 1600
JIeT.

3) Boaa B OTKpBITOM pe3epByape CHauaja MMela Temmeparypy 70 °C , depe3 10 MHHYT Temmeparypa

BOJIbI CTajla 65" C , TeMIepaTypa OKpy»XKaroliei pesepByap cpenbl 15 °C . OnpeneanuTb TeMIepaTypy
BOABI B pe3epByape uepe3 30 MHHYT OT HadadbHOro MoMmeHTa. (CKOpOCTh OXJIaKIEHHUS BOJbI
MPOMOPIMOHANIbHA PA3HOCTH TEMIIEPATypP BOJBI B pe3epByape U B OKPYXKAIOIIEH ero cpeje).

xt =2 y !
1. Omnpenenuts NOPSIOK OJHOPOTHOCTA QYHKIUHU f (x;y) = ————

3
X

2. Pemmts quddepeHnmanbable ypaBHEHHS IEPBOTO MOPSIKA
2 2
x +y 1
a) xy' = y++/x +y ;0) yi=— ; B) (I—Lszx +(y2 +—\7dy =0.
2x L x") L x

,6) xy'=xe?+y;B) y' =
X -y 4y — x

X+ y

-3x°
3. Pemuts: @) y' = SAnEL A

4. Pemmithb: @) xy'+ y = 2x°y?, 0) y'+ yetgx = y?sin xcos x .

3
5. Petuth 3agaay Komn: a) xy' — 2y = x*+/y, y(1)=1;0) y'=——=y3", y = -4,x,=1.
X
3. JIuneiinbie nuddepennuajbHble YpaBHeHUs1 n -ro nopsiika. Teopema 0 CylmiecTBOBAHMH U
eIMHCTBEHHOCTH pemieHusi. OJAHOPOAHBbIE W HEOJAHOPOAHbIE JIMHelHble AU(depeHunaIbHbIe
YPaBHEHUS.

IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
4. Teopema 00 o0mieM pelieHMH JHHEHHOr0 HEOAHOPOAHOro ypaBHeHus. IIpocTpancTBO pemenui
JIMHEHHOI0 OJHOPOAHOI0 YpaBHeHHMs, (yHIaAMeHTalbHAas cuUcTeMa pemenuid. Onpeneaunrennb
Bponckoro cucremsl pemenuii. Teopema 00 00mem pemieHny JIMHEHHOT0 OTHOPOAHOI0 YPABHEHHS.
[IpoBecTH yCTHBIN ONPOC TEOPETUYECKOIO MaTepuaa.
l. Oyakmun y = x* W y = x' yIOBIETBOPAIOT HeKoTopoMy JIY BTOporo mopsiaka. Y6eauThesi, 4To
oHu o6pazytoT @CP u cocTaBUTh €ro ypaBHEHHE.
2. OYHKIUH y=x, y=x © y=e YyIOBICTBOPSIIOT HekoTopoMmy JIV Tperhero mopsika.
Yo6eautnces, uro onn o0pa3yroT @CP u cocTaBUTh €r0 ypaBHEHHUE.
S. JIuneiinbie qu(depeHInATbHbIC YPABHEHHA ¢ NMOCTOSAHHBIMH Ko3(Qduumentamu (Ha nmpumepe
YPABHEHHUII BTOPOro mnopsiaka). XapakTepucTHYeCKoe ypaBHeHHe M (PYHAAMEHTAJIbHasi CHCTeMa
peleHnii OJHOPOAHOI0 YPABHEHHUH.
[IpoBecT yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
Pemmts JIOAY BTOpOro nopsaxa:
1. y"+5y" =6y =0. 2.9y"—6y'+y =0

3. y"+4y' +13y=0. 4, y"+9y"'=0

6. IlocTpoeHre 4aCTHOrO pelIeHHS] HEOJAHOPOJHOI0 YPABHEHHS € NPABOl YacThI0 CHELHMAJIBHOIO
BH/Ia METOOM HeolpeIeeHHbIX KO3I(PPUIHEHTOB.
[IpoBecTn yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
1. 3amucats cTpykTtypy wactHoro pemenus JIH/IY mo Bugy QyHKIUM f(x): y"+4y = f(x); a)

f(x)=4x"+1; 0) f(x)=10e "cos 2x;B) f(x)=x-sin x.
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2. Pemuts JIV:a)y" - y' -6y = (2x—1)e$x; 0) y"—2y'—8y =12 sin 2x — 36 cos 2x.

2.11.3 Pe3yJabTaThl ¥ BBIBO/JBI:

Ha naHHOM 3aHATHM CTyJE€HTaMHM HU3y4Y€Hbl  OCHOBHBIC ONPENENEHUs U MOHATUS 10 TeMe
«Iuddepennmanpuple ypaBHEHUs», NPHOOPETECHbI yMEHHs (OPMYIHpPOBAaTh U JIOKa3blBaTh OCHOBHBIC
pe3ynbTatel no TeMe «JluddepeHunanbable ypaBHEHUsS», CHOPMUPOBAHbI HABBIKM PEIIEHUS THIIOBBIX
3aJa4 ¢ MPUMEHEHHEM U3y4aeMOro TEOPETHIECKOTO MaTepuaia.
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