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1. KoHCIEeKT JIeKIuii

1. 1 JIeknus Nel (2 yaca)
Tema: «Marpuubi»

1.1.1 BonpochI j1eKIuM:

1. Buabl maTpuu.

2. JleficTBHSI HAl MATPULIAMH.

1.1.2 KpaTtkoe copep:xkaHue BONPOCOB:

1 Buabl maTpu.

Matpuueii Ha3pIBalOT TaOJIUILy, COCTOSIIYIO M3 N CTPOK U M CTOJOIOB. DIEMEHTaMU MATPHUIIBI
MOTYT OBITh YHCJIA WJIK UHBIE MAaTEMATHUYECKHE OOBEKTHI.

1 -5 . .
A= |4 3 B= sina sin g o= C; C,
11 cos o cos B Cyy C,,

[MocneqHsiss MaTpHIIa UMEET JIBE CTPOKH U J[Ba CTOJIOIA, CIeI0BaTENILHO, e€ pasmep (2x2).
Cij - aneMeHT Matpuibl C, CTOSAIINHN B 1-01 CTPOKE U J-OM CTOJIOIIE.
Ecim 4mciio cTpoK MaTpHIlbl paBHO YKCIY CTOJIOIOB, TO Takas Marpuiia

Ha3BIBACTCS KBAAPATHOIA.

JIBe MaTpHIlbl OJMHAKOBOIO pa3Mepa Has3bIBAlOTCS PaBHBIMHU (4=B), eCiiM paBHBI MX DJIEMEHTBHI,
CTOSIIINE HA COOTBETCTBYIOIIMX MECTAX.

Martpuiia, Bce 3JIeMEHTBI KOTOPOW paBHbI HYJIIO, Ha3bIBACTCS HYJIEBOIA.

KBajsparHast MaTpHiia Ha3bIBAE€TCSI MMHUYHOM, €CITH OHA UMEET BHI:

1000
1 0 0
0100
E=|0 1 0 WA =
0010
0 0 1
3x3 0 0 01 ™

BepxneTpeyronbHOM Ha3bIBAETCS MATpHIlA Y KOTOPOM BCE AJEMEHTHI HWKE TJIABHOW JUAroHaIu
PaBHBI HYJIIO.

2 JleiicTBUSI HA/I MATPHIIAMH.

C MarpuiiaMd MOKHO TPOU3BOJUTH OMEPAlUM CIOXKEHHUS (BBIUUTAHUS), YMHOXKEHHS HAa YHCIIO,
YMHOXEHHSI MaTPUIIBI HA MaTPHILy, TPAHCIIOHUPOBAHUS, HAXOXKACHUS MAaTPUIlbl, 0OpaTHOW AaHHOM. J{ms
WJUTFOCTpAIMK OTlepanuid OyaeM paccMaTpuBaTh MaTpHIbl pasmepa (3x3), eciau 3apaHee HE OTOBOpPEH

IPYrou pasmep.
CymMmoii (pa3HOCTBIO) JBYX MaTpUIl A ¥ B Ha3bIBACTCS MATPHIIA, OMIPEeiieMasi PABCHCTBOM:
all a12 a13 bll b12 b13 all * bll a12 T b12 a13 * b13
aZl a'22 a23 t b21 b22 b23 = aZl T bZl a‘22 T b22 a23 * b23
a‘31 a32 a33 3x3 b3l b32 b33 3x3 aSl T b31 a32 * b32 a‘33 T b33
IIpousBenennemM uyncjia m Ha MaTpuly A Ha3bIBA€TCS MaTPHUILIA, ONpeiesisieMas pABEHCTBOM:
a11 a12 a‘13 mail ma12 ma13
me | a, a A3 |T| M3y  May, Ma,
a‘3l a32 a'33 ma31 ma32 ma’33

IIpousBenenue n1Byx MaTpun A 1 B 06003Ha4aeTcsi CHMBOJIOM A B U onpeenseTcs paBeHCTBOM:



3 3 3
dagby  Dagb,  Dabg
= =1 =1
all a12 al3 bll b12 b13
AB=|a,, a, Ay | ®

3
2 |=| 2Biby Diagby,
i ]

o D, ba 3
2asby D agby,
j=1 j=1 j=L
T.e. 9JIEMEHT MATPHIbl - MPOU3BEICHHS CTOSIIUIA B i-0if cTpoke W K -M cTonbIle, paBeH Cymme
NPOM3BEICHUH JIEMEHTOB 1-0¥ cTpOoKHM MaTpHibl 4 u K-ro crondia MaTpuist B.
OTtcroa BBITEKAET OIPaHUYEHHUE Ha Pa3MEpPHOCTb MaTpull 4 W B: 4HUCIO 3JEMEHTOB B CTPOKE
MaTpHLbl 4 JOJKHO PaBHATHCS YUCITY DJICMEHTOB B CTOJIOIE MATPHIIBI B, 4TOOBI JIJIsl KXKIOTO dJIeMEHTa I-
il CTPOKM MaTpUIl A HAIIEJICS MapHBIA JIEMEHT U3 K-ro cTosdna B.

IIpumep. Haitnure npousBeneHre MaTpuL, €CIIM 3TO BO3ZMOXKHO!

o T
N
[
N
N
(ox
1

a3l a32 a33

1 23
1 23
A= ; B={0 2 0
012
2 21

Tak Kak 4uclo CTOJOIOB MaTpULIB A COBMAAAET C YHCIOM CTPOK MaTpHIbI B, CleqoBaTenbHO, UX
MOJKHO IEPEMHOXHUTH. UTOOBI TOJIYIUTh 3JIEMEHT €11 IPOU3BEIICHUS, YMHOXKUM IEPBYIO CTPOKY MATPHIIBI
A Ha nepBblif cronben Matpuisl B. Jlanee, yMHOXas MEPBYIO CTPOKY A Ha BTOpOH cTonOel B, moaydyum
C12, YMHOasl TIEPBYIO CTPOKY A Ha TPETU cToN0eI B, MOIyYHM C13.

B pesynbrate nonyunrcs marpuia C, cocTosmias u3 AByX CTPOK U TPEX CTOIOIIOB:

7 12 6
C=

4 6 2)*

[Io oTHOIIEHUIO K TIPOU3BEIACHUIO JIBYX MAaTpPHI] MEPEMECTUTEIbHBIN 3aKOH, BOOOIE TOBOps, HE
BBINOJIHACTCS: AB He paBHO BA.



1.2. Jlexuus Ne 2 (2 yaca)
Tema: «Onpeneanresb MATPULIBDY

1.2.1. Bonpocsbl jieKum:

1. OnpenesnTe/in BTOPOro NOPs/IKA.

2. Crioco0bl BHIYMCJIEHUS ONPeIeIUTeNIs TPeThero nopsaKa.
3. MuHopsbl, anredpandyeckue gonosanenns. Teopema Jlamnaca.

1.2.2.. KpaTkoe coiep:kaHue BOIPOCOB
1. Onpeneaurtenu BTOPOro nopsijaKa.

Kax ot KkBagpaTHO# MaTpule A COOTBETCTBYET YKCIIO — ONpe/leJuTe b JaHHoi Matpuisl A (det 4).

AZ(a“ %, j S A= G A —OIpEACIIUTEb BTOPOrO MOPSAIKA.
a21 a22 a‘21 a22
B bl 1 bl 2 b13 N bl 1 b12 bl 3
= = —OIPEIENNUTENb TPETHETO MOPSAKA
b21 b22 b23 b21 b22 b23 p A p p A
b31 b32 b33 b31 b32 b33
dopmyiia A BBIYUCICHUS ONPEEIUTENs BTOPOro NOpsiKa:
_[d Q|
A= =ay ®ay, —8,%ay, )
8 8y

CaoiicTBa onpenenuTesiei:

1. OmpenenuTens HE M3MEHSETCS, €CIM €r0 CTPOKH MOMEHSATh MECTaMH C COOTBETCTBYIOIIMMH
CTOJIOLIaMHU,

2. llpu mnepecTaHOBKM JABYX CTPOK (MJIU CTOJOIIOB) ONpPENEIUTENb H3MEHUT 3HaK Ha
IIPOTUBOIOJIOKHBIN, COXpaHss a0COIIOTHYIO BEIUYHHY.

3. Onpenenurens ¢ AByMsl OJIMHAKOBBIMHU CPOKaMH (CTOJIOIIaMK ) PaBEH HYIIIO.

4. OOmMii MHOXWTENIb BCEX JJIEMEHTOB CTPOKM MM CTOJOIA MOXHO BBIHECTH 3a 3HaK
OTIPEICIIUTEIIS; €CITU BCE HIIEMEHTHI KaKOW-TO CTPOKH MJIH cToJ01a paBHBI 0, TO M onpeaenuTess paseH 0.

5. Ecimm Kk »nemMeHTaM KakoH-nmuOO CTpoku (uiau  cTtosibua) (ompeaenuTens NpuOABUTH
COOTBETCTBYIOIIME 3JEMEHTHI JIPYrol CTPOKW (CTONOIA), YMHOKEHHBIE HA OJHO M TOXE YHUCIO, TO
OIIpEeJIeNIUTENb HE U3MEHUTCSL.

2 Cnoco0bl BEIYMCJIEHHS ONpeaeTuTe sl TPeThero MmopsjaKa.

PaccmoTpum Teneps MaTpuily pazMepa (3 X 3), To ecTh UMy 3

CTpOKH U 3 cTonbna

all a12 a13
a21 a22 a23
aSl a32 a33

Eé OIIPCACIIUTCIICM (TpeTBeFO nop;uu(a) Ha3bIBAKOT 4YUCJIO, 0003HaYaeMa CUMBOJIOM

a; a; A
A=la, ay, Ays
a; Ay Ag;

H OIIpEaACIAEMOC paBEHCTBOM

A= 8,185,835 + 81,8y3a3, + 8,385,835, — A138,,83; — A1,8,,833 — 8;8,383, (2)

YroObl 3aIIOMHHUTB, KaKH€ IPOU3BEACHHUS B IIPABOM YaCTH paBEeHCTBA (2) OepyTcsi CO 3HAKOM «+», a
KaKHe CO 3HaAKOM «—», IIOJIE3HO MCITIOJIB30BAaH CIICAYIOIICC ITPaBUJIO TPCYTOJIbHHUKOB!

+

OTO0 MpaBUIIO MO3BOJISET JIETKO 3anucaTh GopmMyiy (2) U BEIYUCIUTD JaHHBIN ONPEAETUTENb.



Bce cBoiicTBa onpenenuTesied BTOPOro Mopsiika OCTAIOTC CIPABEIIMBBIMU IS OIPEACIUTENEH
TPETHErO MOPSAKA U JOKA3bIBAIOTCS TAK 7K€ HEMOCPEACTBEHHOM POBEPKOM.

3. MuHopBbI1, anredpanyeckue qonojHenuns. Teopema Jlanuaca.

Jlis BBIYUMCIICHUS ONpeNenuTeNeil TI000ro mnopsjaka UIMPOKO MPUMEHSETCS TeopeMa Pa3ioxKeHHs
OIIpEAEIUTEINA 110 JIEMEHTaM CTpoKH (crosbua). Ilepen Tem kak paccMOTpETh TEOPEMY, BBEAEM MOHATHS
MUHOpA U alreOpandecKkoro A0MOJHEHHUSI.

Munopom Mjj HEKOTOPOro 3JI€MEHTa Q;; OIpENeIUTeNsl HAa3bIBACTCS ONPECINTEIb, MOJTy4aeMBbIi

W3 JJaHHOTO BBhIUEpKUBaHUEM | cTpoku u | ctonbia Tak MUHOpP, COOTBETCTBYIOIIMI 3JIEMEHTY dj2 €CTh
OTIPEICTTUTEINb:
M=

aZl a'22
a31 a'32

OH nonmy4aeTtcs, €CJi BBIYEPKHYTh TIEPBYIO CTPOKY M BTOPOU CTOJOEII.

Ananoruyso M1z MOJIyYUTCS BHIYCPKHBAHKEM ITEPBOM CTPOKH M TPETHETO CTOJIOIIA.

AnreGpanvecKuM JIONMOJHEHHEM Ajj JJIEMEHTa @jj ONPEICIUTENsl Ha3bIBaCTCS MHUHOP 3TOTO
s7eMeHTa, yMHOkeHHbIH Ha (— 1), riue p=i+j.

Hampumep, eciu 37€MEHT aj; HAXOMUTCS HA MEPECEUCHUH MEPBOTO CTOJIONA U BTOPOI CTPOKH, TO

11 Hero p=1+2=3 u anre6pan4ecKuM JOIOTHEHUEM SIBIIACTCS
a a
_ 3 |21 22|
Ap=(—1) =- (@, ®a5;—ay;°3y)
3 Ay

Teopema o pasJio:xxennu onpeneaurens (Teopema Jlannaca):
Onpenenurens paBeH CyMME TIPOM3BEIICHUN SJIEMEHTOB JIIOOOro crojbma (CTpOoKM) Ha
COOTBETCTBYIOIIIME UM alreOpanuecKkue JOMOIHEHuUs, T. €.

n
A= ail'A‘il + a'iZ'A‘iZ +..+ ainAin = ZaisAis
s=1
(pasnoxenue 1o 3aeMenTtam 1-i ctpoku; 1=1;2;..,;n);
n
A=ay A +a, Ay o+ ay Ay =D agh
s=1

(paznoskeHue 1Mo IEMEHTaM j-To cTonbia; j=1;2;...;n);
Hampumep, pasnoeHue ONpeAeNuTeNss TPEThero MOpsAKa IO DJIEMEHTaM IIePBOH CTPOKH
3aMUChIBACTCS TaK:

all alz al3 _
A=la, a, a23_311°A11+a12'A21+3-13+A13
a31 a32 a33

3HaueHue TCOPEMBI PA3JIOKCHUA COCTOUT B TOM, UYTO TIO3BOJISACT CBCCTH BBIYHCIICHHC
onpeﬂenHTeneﬁ N-TO MOpsAAKa K BEIYUCIICHUIO onpenenHTeneﬁ (n'l)'FO ImopsJaKa.



1.3. Jleknus Ne 3 (2 yaca)
Tema: «O0paTHass MaTpUIa»

1.3.1. Bonpocsbl jiekum:
1. HaxoxxneHue 00paTHOI MATPHIIBI € IOMOIIBIO 3JIEMEHTAPHBIX NPe0OpPa3oBaHMIl.
2. [IlpuMeHeHMe onpeaeuTe el 1l HAX0KIeHUsA 00paTHO MAaTPHUILbI.

1.3.2.. KpaTkoe cojep:kaHue BONPOCOB
1 Haxoxk1eHue 06paTHOii MATPHUIIBI € IOMOIIBIO 3JIeMEHTAPHBIX PE0GPa30BaAHUIA.
OnemenmapHviMu npeobpazosanusmy HaJl CTPOKaMH MaTpPHUIIbI Ha3bIBAIOTCS TaKHUEe MPEoOpa3oBaHMs, IS
KOTOPBIX BO3MOYKHBI CJICAYIOIINE ACHCTBHS (HAX CTPOKAMH MaTpHI):
1) mepectaHOBKa CTPOK;
2) BBIYCPKUBAHKE HYJICBOH CTPOKH (€CIIM OHA MMEETCsl);
3) yMHOXeHUe 000l CTPOKH Ha YUCIIO0, OTIIMYHOE OT 0;
4) npubaBiICHUE K OAHON U3 CTPOK JPYTrOil CTPOKH, YMHOKEHHOM Ha JF000€ YHCIIO0, OTIHYHOE OT 0.

. 2 2 3
[pumep: Haiitu oOpaTHyr0 MaTpuIly Ui MaTPHIIBI Acl1 10 C IIOMOUIBIO 3JIEMEHTAPHBIX
-1 2 1

npeoOpa3oBaHMiA.

Pemenue: Jlis Toro, yToObl MONYYUTh OOPATHYIO MAaTPUILy C HOMOILBIO 3JIEMEHTApHBIX NMpeoOpazoBaHUN
HY)KHO NpPUIIMCAaTh K JAaHHOW MAaTpUIIE 4Yepe3 BEPTUKAJIbHYIO uUepTy (ClieBa WM CHpaBa) €AUHUYHYIO
MaTpully TOM ke pa3MepHocTH. Jlajee C IOMOIIBIO 3JEMEHTapHBIX IMpeoOpa3oBaHUN HajJ CTPOKAMHU
«cnBoeHHOI» MaTpullbl (A\E) npuBoaum marpuily A (JIEBYIO MOJIOBUHY) K €IMHUYHON MaTpHIle, TOT/Ia Ha

MeCTe MPUITHCAHHOM eIMHIYHON MATPHUIIB] , OKaXeTcs obpatHas A ™.
2 2 3100 1 -1 00 1 0) (1 -100 1 0) (1 -100 1 0

(A/JE)={ 1 -1 00 1 O|=|2 2 31 0 0|=|0 4 31 -2 ol=l0 1 10 1 1]|=

-1 2 10 0 1) (-1 2 10 0 1/ (0 1 10 1 1) (0 4 31 -2 0O
10 1/0 2 1 10 11 -4 -3 1001 -4 -3 1 -4 -3
01 10 1 1 |=/0 101 -5 -3|=[01 01 -5 -3 =>A'=|1 -5 -3
00 +1-1 +6 +4) |0 0 1-1 6 4 00 1-1 6 4 -1 6 4

2 IlpuMeHeHnue onpeaeanTeIei A1 HAX0KIEHUs 00pPaTHOH MATPHIIbI.
OOpatHOIl MaTpulell IO OTHOLICHHUIO K JIaHHOW Ha3bIBAeTCsl MAaTpHIa, KOTOpas OyAy4d YMHOKEHHOM Ha

JAHHYIO MaTpPHUIy KaK CJIeBa, TaK U CIpaBa JaeT eAUHUYHYIO MaTpHILy. ‘ A-AT=A"A=E

TEOPEMA (o cywecmsosanuu u edurncmeennocmu obpamuot mampuyst). Jis KBagpaTHON MaTpHIIbI

a; A, - A,
A= &y, 8y, .. a, |, ompeaenuTenb KoTopoil ornudyeH oT Hynsa (A(A)=0), cymectByer oOparHas
a, a, .. a,
A Ay Ay
vatpuma A™, mpuuem enmmctsemnat. |- 1 | A2 Ae o Awl (%) e A- amrebpamueckue
AA) | s
A Ao A
JIOTIOJIHEHUS JIJISA DTIEMEHTOB &,; MAaTPHIbI A, i=1.n, j=1.n

Anecopumm HAX0XHCOCHUSL O6DCZI1’IH01/7 mampuyvl.

1) maxomum A(A), ecmn maTpuma A HeBeIpoxkaeHHas, T.e. A(A) # 0, To Matpuma A~ cymiecTByer.
2) naxomum A A - anreOpauyecKue TOTIONHEHNS JUIS DJIEMEHTOB  &;; MaTpHUIbL A.

3) coctaBnsem A mo popmyne (*).

4) BeimonasieM poBepky AAT = ATA=E



[Ipumep: Haiitn o6paTHYIO MaTpHILy sl MATPULIBI

Pemenune: A(A)=-9=0

2, ko,
A“_l o= A= 1 9~
B a9,
A, = 0 2~ Azz—o 5=
82 r
As=ly 4|7 o1
3 -4 2
a 1
At=_il_s 2 1
9
3 -1 -4
nposepra. AA™T =E

A'A=E

1 2
A=|3 2
01

N P O




1.4. Jlexuus Ne 4 (2 yaca)
Tema: «Panr maTpuubD

1.4.1. Bonpocsbl JieKIum:

1. IlpuBeneHne MAaTpUUbI K CTYNIEHYATOMY BH]Y.
2. Panr MaTpuubl

3. Pemuenne MmaTpuuHbIX ypaBHeHuii Buga AX = B.

1.4.2.. KpaTkoe coJep:kaHue BONPOCOB

1. IlpuBeieHUe MATPHULBI K CTYIEHYATOMY BH]LY.

Omnpenenenue. Matpunia Ha3pIBaeTCs CTYIIEHYATON, €CIIM BBIMOIHEHBI CIIEAYIONINE YCIOBUS:

- MIOCTIe HYJIEBOM CTPOKHU UAYT TOJBKO HYJIEBBIE CTPOKH;

- OIOPHBII TEMEHT B KaXI0H MOCIEAYIOIIeH CTPOKe PaclojIokKeH MpaBee, YeM B PeIbIIyILIeH.

IIpumep cTyneH4aToOn MaTpULIBL:
4

g
3
5
0

[ e Y e e Y G
o0 9O — @
[ e R e

i

Teopema. JIrobast MaTpuIia MOXKET OBITh IPUBE/IEHA K CTYIIEHYATON MaTpuUlle IPY IOMOIIH 3J€MEHTAPHBIX
peoOpa3oBaHuil IEPBOrO U BTOPOT'O TUIIOB.
[Tpumep. IlpuBectu MaTpunly A K CTyII€HYaTOMY BUAY IPY MOMOLIH 3JIEMEHTAPHBIX NMpeoOpa3zoBaHUIl

IIEPBOro U BTOpPOro THUIIOB.
101 2

221
Als 2 2
020

10 1 23=2) (-3) 101 2 1 32 1001 2
0| 02 -1 -4|(-1) (-1
7 “ oz -1 -4
020 3 020 3

10

oz -1 -4 oz
DDDEI:I oo 17T
oo 7 ooaoan

a

2

3

Pemenue. 1yt anemenTapHbIx mpeoOpa3zoBanuii Oy/1eM UCTIOIb30BaTh 0003HAYCHUS, IPUBEACHHBIC BHIIIIE.
1

7021

A=l3 2 2 -

DTO ecTh CTYNEHYaThIi BUA MaTpULIbl A .

Omnpenenenue. Ecnu y cTynneH4aToi MaTpUIbl BCE ONTOPHBIE AJIEMEHTHI PaBHbBI €IMHUIIE, MO OTIOPHBIMU
2JIEMEHTaMU CTOST HYJIH, TO MaTpULa UMEET CTyIIeHUYaThIi BuA [aycca.

ITpumep. IlpuBectn MaTpuily A K cTyneH4aroMy Buy ['aycca mpu moMoIu 3eMeHTapHbIX
peoOpa3oBaHUN CTPOK.

02 3

021

A=|1 2 3

2 11

32 1
Pemenue:

023 12 3 12 3Y-2) (-3)

02 1 211 21 1| 123 LR
A123] |0 2 3| -=[3 2 1 - 0_35[1] O

—-|0 -4 -8 |-—|—= |0 1 2 —

701 1 021:| 0 2 1 02 11N o oa
3 2 1 392 1 023 02 3 07 2
1 2 3 12 3 5 3

01 203 2) (-2) |01 2(@3) N 019
_:»0—3—5:J—‘ — |0 0 1 —_lo0 o 1

0 2 1 oo -3 00

0o 2 3 oo 00

2 Panr maTpuusl

Kak OpUT0 CKa3aHO BBIIIIE, MUHOPOM MAaTpPHIIBI MTOPSIKA S HA3BIBACTCS ONPEIEIIUTENb MAaTPHUIIHI,
00pa30BaHHOMN M3 3JIEMEHTOB MCXOAHOM MaTPHUIIbl, HAXOAIINXCS Ha IEPECEUEHUH KaKuX - JIN00
BBIOpAHHBIX S CTPOK U S CTOJIOLIOB.



Omnpenenenue. B marpuiie mopsigka mxn MHHOP MOPSIIKA I' HAa3bIBAeTCS 0A3MCHBIM, €CITH OH HE
paBeH HyJII0, a BCE MHUHOpHI Hopsaka +1 u Bbllle paBHBI HYJIO, WIK HE CYLIECTBYIOT BOBCE, T.€. I
COBIIAJIa€T C MEHBILINM M3 YHCEI M WIU N.

CronOupl M CTPOKM MAaTpPUIBl, HAa KOTOPHIX CTOMT OAa3HCHBIA MUHOpP, TaKXKE HAa3bIBAIOTCS
0a3MCHBIMH.

B marpuiie MoXeT OBITh HECKOJBKO PA3IMYHBIX Oa3MCHBIX MHHOPOB, WMEIOMIMX OJMHAKOBBIN
MOPSIOK.

Onpenenenue. Ilopsnok 0a3uMcHOr0O MHHOpa MaTPULBI HA3bIBACTCS PAHIOM MaTpUIBl U
obo3Hauaercs Rg A.

OueHb BaXHBIM CBOWCTBOM 3JIEMEHTApHBIX MPEOOpa30oBaHUN MAaTpPHIl SBISIETCS TO, YTO OHU HE
U3MEHSIIOT PAHT MaTPHIIbI.

Onpenenenue. Matpuiibl, HOJTYYSHHBIEC B PE3yJIbTaTe FIIEMEHTAPHOTO PeoOpa3oBaHus,
HA3bIBAIOTCS IKBUBAJIEHTHBIMH.

Hazno otMeTuTh, 4TO paBHBIE MATPHILIBI 1 IBUBAJIEHTHbIE MATPHUIIBI - TOHATHUS COBEPLICHHO
pa3jyHEbIe.

Teopema. Haubonvuiee yucio 1uHelHo He3a8UCUMbIX CIOIOY08 8 Mampuye pasHo YUCLY TUHEUHO
He3a8UCUMBIX CIMPOK.

T.K. a7eMeHTapHble NpPeoOpa3oBaHUs HE H3MEHSIIOT PAaHI MaTPHIbIl, TO MOXXHO CYIIECTBEHHO
YIIPOCTUTH MPOLIECC HAXOXKICHUSI paHTa MATPHIIBL.

[pumep. OrnpenenuTs paHT MaTPULIbL.

1 000 5

1 000 5 1 5 15

~ ~ , =11-10=120= RgA =2
00000 [200011)(21J 2 11
20 0 0 11
[Ipumep: OnpenenuTs paHT MaTPULIBIL.
TS S N T i T Sy
1 35 1 3
1 35 1 3 5 135
[Tpumep. OnpenenuTs paHT MaTPUIIBL.
1 21 3 4
1 21 3 411 2
~ , —4-6=-—2-0=>Rg=2.

34268(34268}34 -
1 21 3 4

Ecnu ¢ moMompio 31eMeHTapHbIX IpeoOpa3oBaHUil He yAaeTcsi HalTH MaTpHUIly, SKBUBAJEHTHYIO
HCXOJHOM, HO MEHBIIEro pasMepa, TO HaXOXICHUE pPaHIra MaTpHIbl CIEAyeT HAa4MHATh C BBIYUCIICHUS
MHUHOPOB HaWBBICHIETO BO3MOXKHOTO INOPsIKA. B BBIIEIPUBENEHHOM NPUMEPE — 3TO MUHOPBI NOpsaka 3.
Ecnu xoTs OBl 0IMH M3 HUX HE PaBEH HYJIIO, TO PAHT MaTPULIbl paBEH MOPSAKY TOTO MUHOPA.

3. Peruenne MmaTpu4HbIX ypaBHeHui Buga AX = B.
Matpuusslii METOJ NPUMEHUM K PEIICHUI0 CHUCTEM YPABHEHWH, I'JI€ YUCJIO YPABHEHUN PaBHO YHCIY
HEU3BECTHBIX.
Merton ynoOeH Aiisi peleHusi CUCTEM HEBBICOKOTO MOPSIKa.
Meron 0CHOBaH Ha IPUMEHEHUU CBOMCTB YMHOKEHHS MATPHII.
[lycTh nana cucrema ypaBHEHMII:
a, x, +a,x, +..+a,x, =b
Ay X +AyoX, +..4ay,X, = b,

a,X, +a,x,+..+a,x, =b

nn“vn n

ay A e 4y, b, X,
CoctaBum matpuniel: A= |a, a, .. a,, |; B=|b|; X=1y
a, a a b X

n2 nn n n
Cucremy ypaBHEeHUN MOXKHO 3amucath: A-X = B.
Cnenaem cienytomiee mpeoOpa3oBaHUE: ALAX=ALB,

10



k. AYA=E,10 EX=A"B X=A'B

JUis mpuMeHeHHs JaHHOTO METO/a HeO0OXOAMMO HaXOAWTh OOpaTHYIO MATPHILY, YTO MOXKET OBbITh
CBSI3aHO C BBIYMCIIUTEIBHBIMU TPYIHOCTSIMH IIPU PELICHUH CUCTEM BBICOKOTO MOPSIIKA.

IIpumep. Pemmts cucremy ypaBHEHUN:

S5x—y—z=0
x+2y+3z=14
4x+3y+2z=16
X 0 5 -1 -1
X_y’B_ AT 2
z 16 4 3 2

Haiizem o6patayro MaTpuiy A

A=detA=p ;1 ;l 5(4-9) + 1(2-12) - 1(3-8) =-25-10 +5 =-30.
1 =
4 3 2
My =2 3 =-5; My = -1 -l =1, Mg =" 71 =1
3 2 302 3
M12: ! 3:_10, M22: > _1—14’ M32: - =16;
4 2 4 2
1 2 - 5 -1
Mz = = -5; Moz = ~1_yq Ms3z = =11
4 3 4 3 2
al=2: al=a al=ae 1o
30 30 30 16 30 3
L 10 L 14 L 16, A= 1 7 8|
2 0’ 2307 2307 315 15
L5 L 19 L 11 L
a}l 25’ a32 25’ a33 2_30’ 6 30 30
CrnemaeM mpoBepKy:
s> 1 1
) 5 -1 -1\ 30 30 30 25+10-5 5+14-19 5-16+11
AAl= 10 14 16 | 1 =E.
1 2 3|-— —-— =— |= 5-20+15 1-28+57 1+32-33
30 30 30 30
4 3 2 5 19 11 20—-30+10 4-42+38 4+48-22
30 30 30
Haxonum marpuny X.
x . 1t 13(0 1,,14.16
X=| |=A1B=|6 30 30| =/ 6 30 30 .
y B A S el U PO O A
z 3 15 15 16 3715 15|
1 1 1,,206 176 | \3
6 30 30 6 30 30

Wroro pemenns cucremsl: X =1,y =2;z = 3.
HecmoTpst Ha orpaHnMueHUs] BO3MOXKHOCTH MPUMEHEHUs JaHHOTO METOJIa M CIOYKHOCTh BBIYMCICHUN MpU

OONBIIUX 3HAYEHUSAX KOI(DDHUIIMEHTOB, a TaKKE CHUCTEM BBICOKOTO TOPSIKA, METOJI MOXKET OBITH JIETKO
peanu3oBaH Ha DBM.
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1.5. Jlekuus Ne 5 (2 yaca)

Tema: «CucreMbl JIUHEHHBIX aJredpandecKux ypaBHeHUin»

1.5.1. Bonpocs! J1eknuu:

1. MaTpuyHas 3alIMCh CHCTEM JIMHEHHBIX ajiredpandeckuX ypaBHeHHId.

2. PemieHue cucTeM JMHEHHBIX ajiredpandeckux ypaBHeHuii meroaom I'aycea.

1.5.2. Kpatkoe coaep:kaHue BOIPOCOB

1 MaTpuyHas 3anMch CUCTEM JIMHEHHBIX ajiredpandeckuxX ypaBHeHHId.

Cucmemoii n AUHEUHbIX _VpasHeHuti C M Heu38eCmHblMU Ha3pIBaeTCI CHCTEMa BHJA
A X +a,X +..+a,X, =b
Ay Xy 8y Xy + o+ Ay X, =D,

2n"*n

(1), tne a; €R - xoodduumuenter npu HemspecTHbIX, b; € R-cBoGOMHBIE

A X 8% F o+ 8, X, =D,
WIEHBI, X;- HEM3BECTHBIE, I=1...m, j=1...n.

Pewenuem cucteMbl Ha3bIBaeTCs Takas COBOKyNMHOCTh umcen (X =K, X, =K,,...,X, =K,), koropas

n
oOpamatot gannyio CJIY B cucteMy BEpHBIX PaBEHCTB (TOXKIECTB).
CJIY Ha3wIBaeTCsl cogmecmHol, €CIM OHAa UMEET XOTs Obl OJIHO PEIICHHE U Heco8MeCmHOU, €CTi OHA He
HMMEET PEIICHUH.
CoBmectnas CJIY HasbiBaeTcs onpedeneHHou, eClii OHa UMEET OJHO PEIICHUE U HeonpedeieHHouU, €Clu
OHa uMeeT 0oJiee OJTHOTO PEIICHHUS.
ItoT MCTOJ NPUMCHUM AJId CUCTCM N JMHEUHEBIX ypaBHeHI/If/'I C N HEU3BECTHBLIMU.

a; X, +a,X, +..+8,X, =b;

Ay, X, +8,X, ...+ 8, X, =D,
Ay X, +a,X, +..+a,X, =b,

Bgenem B pacCMOTPCHUEC MaTPHULbI:

CIRE: P T X, b,
a, a, .. a X
A= 21 22 2n X _ 2 B _ H
anl a”2 an” nxn X" nxl b” nx1
A, X+ QX+t . +a, X b1
a, X+ a, X+ .. +a, -X b
A' X — 21 1 22 2 2n n — 2
QX+ By Xt e A X ) b, o

= | A-X =B | Ha OCHOBAaHUU onpeneneHI/Iﬁ MIPOU3BCACHUS U PABCHCTBA MATPHUII.

A- X = B-maTpudHOe ypaBHEHHE, KOTOpoe 1mo3BosisieT 3anucats CJIY (1) B MaTpudHOM BHJIE.
Uro6k! HaliTH X, yMHOKHM PAaBEHCTBO C 00eHMX CTOPOH creBa Ha A

A'.A-X=A".B

E-X=A"-B

X=A"B

[Tonyunnu pemenne CJIY (1) B MaTpuuHoOii popme.
X, +2X, +3X; =2
HpI/IMeQZ X =X, + X3 = 0

X +3X, =X =—2
1 2 3 X, 2
Bseznem B paccMOTpeHHE MaTPULLBI: A=l1 -1 1 X =| x B—
= = x, =
1 3 -1 X, -2

12



Ar Ao A 1 2 3 Aj=-2  A,=11  A;=5

At L Ar Ao e Ay AA=1l -1 1|=14 A,=2 A,=—4 A,=2
A(A) .......... 1 3 _ A13: A23:_1 A33:—3
A, Ay A
. -2 11 5
A’l:ﬂ 2 -4 2
4 -1 -3
-2 11 5 2 14\ (-1
-1
x=AB=115 _4 2|]o|= o |- :1—
14 14 2|
4 -1 -3)|-2 14 1 x) (1

Ortser: (-1;0;1)
2. Pemienne cucTeM JMHEHHBIX ajdredpanyeckux ypaBHeHuii Mmeroaom I'aycca.

X +a,X, +..+a,X, =h
Pacemorpum CIIY | 8% + 8%, +...+ 85X, =b, (1)

Ay X + 8%, + .+ 8y X, =Dy,
Meron laycca (MeTon MOCIEIOBATENLHOIO HMCKIIOUEHUS IEPEMEHHBIX) 3aKJII0YaeTCsl B TOM, 4YTO C
MOMOIIBIO AJIEMEHTApPHBIX MPeoOpa3oBaHUi CUCTEMBI MepexoauM K paBHocuibHON CJIY ctynmeHuaroro
WIK TPEYTroJbHOIO BHUZA, U3 KOTOPOW MOCJENI0BAaTEIbHO HAXOIAT BCE MepeMeHHble. K ajieMeHTapHbIM
peoOpa3oBaHUAM OTHOCST: MEPECTaHOBKA ypaBHEHUH, BHIYCPKUBAHHE U3 CHCTEMbI BEPHOTO PaBEHCTBA,
YMHOXXEHHE 00eWX dYacTeld OJHOrO YpaBHEHUST Ha OJHO M TO ke uucio#(0 u  npubaBieHHE K
COOTBETCTBYIOLIUM O0EUM YacTsAM JAPYroro ypaBHEHHUS.

Hcnone3ys meron I'aycca u sneMeHTapHble ImpeoOpazoBaHus, Mbl paboTaeM ¢ KodduUIMEeHTaMH MHpU
HEM3BECTHBIX M CBOOONHBIMH uieHaMHu. [lo3TOMy ymOOHO BBINHCHIBATH DPACHIMPEHHYIO MAaTpUILY,
cooTBeTcTByOIIY0 naHHoM CJIY u mpuBoAMTH 3Ty Marpully K CTyleHyaToMy Buay. Mcnonb3yro
HalJEHHYIO MaTPUILly 3alIUCaTh CUCTEMY CTYIIEHYaTOro BUJIa, PELIMB KOTOPYIO, HailneM pemenue CJIIY.

X+2y+5z=-9
[Ipumep: Pemmuts CJIY metomom Naycca

X—y+3z2=2
3Xx—6y—z=25
1 2 5-9)(-D-3) (1 2 51-9 1 2 5|-9
1 -1 3|2 |4 =0 -3 -2|11|(-4)=|0 -3 -211
3 -6 -225 J 0 -12 -16/52) J 0 0 -838
X+2y+5z2=-9 X=2
-3y-2z=11 y=-3
-8z=8 z=-1

Ortsert: (2;-3;-1)

JocTomHcTBOM Merona l'aycca 1O CpaBHEHHMIO C JPYTMMH B TOM, YTO OH IO3BOJISET OJHO3HAYHO
yCTaHOBUTh COBMECTHA CHCTEMa HIIM HET, a B CIy4ae COBMECTHOCTH, HalTH e€ pelieHue (€IUMHCTBEHHOE
U OECKOHEYHOE MHOXKECTBO).
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1.6. Jekmus Ne 6 (2 yaca)
Tema: «CucremMbl n JIMHEHHBIX aJire0panyecKuX ypaBHeHHUH C # HEU3BECTHBIMMI

1.6.1. Bonpocwbl jiekum:
1. Teopema Kponekepa-Kanesin.
2. lIpaBuso Kpamepa u metoxa I'aycca.

1.6.2. KpaTkoe cojep:kaHue BONPOCOB
1. Teopema Kponekepa-Kanesin.
TEOPEMA KPOHEKEPA-KATIEJIJIN (xputepuii copmectHocTr CJIY): Jlns Toro, 4toObl cucteMa M
JUHEWHBIX ypaBHEHUU ¢ N HewsBecTHbIMH (1) OblIa COBMECTHOH (MMena pelieHue) HEoOXOAUuMO U
JOCTaTOYHO, YTOOBI PaHT OCHOBHOM MaTpuIlbl (2) ObLI paBeH paHTy pacHIMPEHHOI MaTpulsl (3).
T.e., ecou rangA = rangB, To cuctema HecOBMeCTHa
eciu rangA=rangB=r, To cucrema coBMeCTHa, IPUUYEM:
1) ecnu r=n (N-YUCIIO HEU3BECTHBIX ), TO CUCTEMA UMEET CIUHCTBEHHOE PEIICHHE.
2) ecau r<n, To CUCTeMa UMEeT OECUMCIICHHOEC MHOYXECTBO PEIlICHHUE, 3aBUCAIIMX OT (N-I) mapameTpos.
X+2y+z+t=5

ITpumep: y+z+t=3
X+Yy =2

CocTaBuM pacIIMPEHHYIO MATPUILY:

121 15[ (1 2 1 1|5 12115 12

T.x. =1#0 - MHHOp BTOPOTO IMOPSIJIKA,

B={0 1 1 13| | =/0 1 1 1/3[1=(0 1 1 13 01

110 024 0 -1 -1 -1-3)+4 (0 O O Q0

e A b

To rangA=2 u rangB=2 r=2 = cucrema coBMecTHa
n=4 (x,y,zt) n>, n-r=4-2=2 = cucrema UMeeT OCCUUCICHHOE MHOKECTBO PELICHHI, 3aBUCAIINX
OT JIBYX TapaMeTpPOB.

12115 X+2y+z+t=5 X=2-y o (2-v;Y;2;,3—y—12)- obmiee perieHne (3aBUCUT
0 1 1 13 y+z+t=3 t=3-y-z

OT JIBYX MapaMeTpoB — Y H Z).

OtBet: (2—V;Y;2;3—-y—12)

2. IlpaBuio Kpamepa u meroa I'aycca.

PaccmoTpuM cucTeMy IByX JTUHEHHBIX YPABHEHHUH C ABYMsI HEU3BECTHBIMMU:

{311)(1 +apX, =b |>< A {aila?lxl +8,,8,,X, =ba,,
Ay %, + X, = b, |>< a, 8,8y, %, + a,3,,%, = h,a;,
a11b2 — b1321
a18y, — 8158y
{allxl +a,X, =b, |>< 2Py {auazle +a,8,,%, =ba,
1% +8,,X, = b, |>< a5, 1,8, % + &,3,%, = by,

) (a12a21 - auazz)xz = b1a21 - bzau

X, =

(_) (auazz - a123-21)X1 = bla22 - b2a12

X, = 30 b3y,
a11a22 - a12a21
3aMeTuM: A = B Gl a,,,, — a,,8,, - [IaBHbli onpeaenutens CIIY (A #0)
a21 a'22
A = El P = bla21 — aizb2 u A, = S sl = aﬂb2 — bla21 - BcrmoMorareneable onpeaenurenu CJIYV
2 21 a'21 2
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- hopmyavt Kpamepa

TEOPEMA KPAMEPA: Cucrema N JIMHEHHBIX YpaBHEHUW C N HEU3BECTHBIMHU, OMPEACIUTEIb

Kotopoii A # 0 HMeeT peleHue u Ipu 3TOM EMHCTBEHHOE, ONPENEIeMoe 1o popmynam | X; = e
(*),rme A; (j =1..n)-onpenenutens, NOMyJaeMbIii U3 OMPENETUTENA CHCTEMBI A 3aMEHOH j-TO cTONOIA
CTOJIOIIOM CBOOOTHBIX YJICHOB.
3ameuanue: 1) Ecmu A # 0, to cucrema (1) mMeeT eIMHCTBEHHOE PEIICHHE, KOTOPOE OMPEICIIIETCs 110
dbopmynam (*).

2) Ecnu A =0 m XoTs Obl OJIMH U3 BCIIOMOTATEIbHBIX OMpeAeuTeed A i * 0, To cucrema
(1) HEe uMeeT pereHui.

3) Ecom A=0 u A; =0, to cucrema 1160 MMEET MHOXKECTBO PEUICHUH, MO0 He HMEET
pemieHuid. Hy>HbI JOMONMHUTEIbHBIC UCCIIEOBAHMUS.

X, +2X, +3X%, =2

HUpumep: Pewnts CJIY mo popmynam Kpamepa | x —x, + X, =0

X +3X, =X, =2

123 A#0 = cucreMa UMeeT eIUHCTBEHHOE penieHue
A=l -1 =14
1 3 -

2 2 3 1 2 1 2 2
A=|0 -1 1|=-14 A=l 0 1}=0 A,=1 -1 0|=14
2 3 - 1 -2 - 1 3 -2

ot
A -1
A
—_— =0
y A .,
ST
A

Ortsert: (-1;0;1)
B otnuune ot matpuuyHoro merosaa u Metona Kpamepa, meron I'aycca MoxeT ObITh IPUMEHEH K CUCTEMaM
JUHEHHBIX YpaBHEHUH C POU3BOJIBHBIM YHCIOM YpaBHEHHUH 1 HeU3BeCTHBIX. CyTh METO/1a 3aKJII0YaeTCs B
[IOCJIEI0BATEILHOM UCKIIIOUEHUH HEU3BECTHBIX.

PaccmoTpuM cucreMy JIMHEMHBIX ypaBHEHUI:

a,\x, +a;,x, +..+a,x, =b,
Ay X, +ayx, +...+a, x, =b,
a,x +a,,x,+..+a,x =b,
Paznenum 06e yactu 1-ro ypaBHeHus Ha aj; # 0, 3aTem:
1) yMHOXXHMM Ha a1 ¥ BBIYTEM U3 BTOPOTO YPaBHEHUS
2) yMHOXHUM Ha a31 U BEIYTEM U3 TPETHETO YPaBHEHUS
A T.I.
[Tonyuunm:

X, +d,x, +..+d, x, =d,
dx, +dyx, +...+d, x, =d .
22Xy T dp3X; 2 >, rmedy=ayfay, j=2 3 ..., n+l.
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dij = ajj— aildlj i=2 3 ...,n; j=23, ..,ntl
Jlasiee MOBTOPsIEM 3TH 7K€ JEHCTBUS IJIs1 BTOPOTO YPABHEHMS CHCTEMBI, TIOTOM — JUIsl TPETHETO U T.A.
IIpumep. Pemnts cucremMy TMHENHBIX ypaBHEHUN MeTonoM ['aycca.

2x,+x,—x; =5
X, —2x, +3x; =-3
Tx,+x, —x; =10
CocTaBUM pacIIMPEHHYIO MaTPHILy CUCTEMBI.
2 1 -1 5 1 -2 3 -3y (1 -2 3 -3 1 -2 3 -3
A*=|1 -2 3 -3|(~/2 1 -1 5 |~/0 5 -7 11|~0 5 =7 11
7 1 -1 10 7 1 -1 10 0 15 -22 31) {0 0 -1 -2

Takum 06pa3oM, HCXOHAS CUCTEMA MOXKET OBbITh IPEACTABIICHA B BUJE:
X, —2x, +3x; =-3

S5x, =Tx, =11 , OTKyJla IofTydaeM: X3z = 2; X = 5; X3 = 1.
—X;=-2
[Ipumep. Pemuth cucremy meroaom ['aycca.
Sx-y—-z=0
x+2y+3z=14

4x+3y+2z=16

CocTaBuM pacIIMPEHHYIO MATPHUILYy CUCTEMBI.
5 -1 -1 O 1 2 3 14) (1 2 3 14 1 2 3 14

1 2 3 14|~|/4 3 2 16|~/0 -5 —-10 —-40|~|0 -5 —-10 -40
4 3 2 16 5 -1 -1 0 0 -11 -16 -70 0 O 6 18
Taxum 00pa3oM, UCXOHAs CCTeMa MOXKET ObITh IIPEJCTAaBICHA B BUE:
x+2y+3z=14
-5y —10z =40 , otkyna nosnyyaem: z=3;y=2;X=1.
6z =18

[ToyueHHBIH OTBET COBIAAAET C OTBETOM, ITOJYYEHHBIM JUI JaHHOM cucteMsl MeTogoM Kpamepa u
MaTPUYHBIM METOJOM.
JU1 caMOCTOSTENILHOTO PELICHUS:
X, +x,—x;+x, =4
2x, —x, +3x; —2x, =1
Omeem: {1, 2, 3, 4}.
X, —Xx;+2x,=6

3, —x,+x;,—x, =0
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1.7. Jleknus Ne 7 (2 4aca)
Tema: «BekTopHas anredpa»

1.7.1. Bonpocwbl JieKIum:

1. Apudmernyeckue BeKTOPHI U JIHHEIHbIE ONEPAIIUH HAI HUMH.

2. Bekropnoe npocrpancreo R". T'eomerpuyeckuii CMBICI NPOCTPAHCTB R® u R® Jluneiinbie
NMPOCTPaHCTBA 001ero Buaa. JinneiiHasi 3aBHCMMOCTH CHCTEMbI BEKTOPOB U €€ FeOMeTPUYeCKHii CMBICIIL.
3. basuc m pa3sMepHOCTH JIMHeHOro mnpocrpaHcTBa. KoopamHarbl BeKTOpa B JaHHOM Oa3uce.
IIpeoOpa3oBaHue KOOPAMHAT BEKTOPOB TMpu 3ameHe Oa3uca. [loampocrpaHcTBa JIMHEIHOTO
NMPOCTPAHCTBA.

1.7.2. KpaTkoe coaep:kaHue BOIPOCOB
1. Apudmernyeckune BEKTOPbI U JJHHEHHbIE ONepaluy HAl HUMHU.
ApudMeTHIeCKIM BEKTOPOM Ha3bIBACTCS YIIOPSIOUYCHHAS! COBOKYITHOCTh N YUCEIL.
603Ha"aeTCs X = (X1, X2, +vy Xn);
9ucia X1, X, ..., Xn HA3bIBAIOTCS KOMITIOHEHTAMHU apu(PMETHYECKOTO BEKTOPA.
Jlnia apuMeTHUeCKUX BEKTOPOB ONpeAeNeHbl TMHEHHbBIE ONEePalui — CI0XKEHHE apu(PMETHIECKIX
BEKTOPOB M YMHOXCHHE BEKTOPa HA YHCIIO:
g mo0bIX X = (x1, X2, ..., xn), y = (y1, y2, ..., yn) 1 1:0000r0 4KCIa 0 CIPABEJIUBO:
X+y=(x1+yl, x2 +y2, ..., xn+ yn); ox = (ax1, 0x2, ..., axn).
MHoecTBO apu(pMETHIECKHX BEKTOPOB, AJI1 KOTOPBIX OIPE/IeICHBI ONepaIii CI0KEHUS M YMHOKEHUS
Ha YHCJI0 HA3BIBACTCS MPOCTPAHCTBOM apU(PMETHUSCKUX BEKTOPOB Rn.
Bextop 0 = (0, 0, ..., 0) Ha3bIBaeTCs HYJIEBBIM BEKTOpOM Rn,
a BeKTop —X = (—x1, —x2, ..., —Xn) — NpPOTUBOIIOJIOKHBIM BEKTOPOM JIJIsl BEKTOpa X B Rn.
J111a 1100BIX BEKTOPOB X, Y ¥ Z U3 Rn 1 mr00bIX ymcen o u § cipaBeivBo:
l.x +y=x+Yy, cCllo)X€HUE KOMMYTaTUBHO;
. X+ (y+2z)=(X+ y)t+ z, cllo)XKeHHE aCCOLUATUBHO;
X tT0=x;
X+ (—x)=0;
. 0(X +y) =0ox + oy, yYMHOXXCHHE Ha YHCIIO TUCTPUOYTUBHO OTHOCHTEIHHO CIIOKCHHSI BEKTOPOB;
. a(Bx) = (af)x, yMHOXKEHHE HA YHCIIO ACCOIIMATUBHO;
7. (o + B)x = ax + PX , yMHO)KEHHE BEKTOPA HA YHCIIO JUCTPUOYTUBHO OTHOCUTEIHHO CIIOKCHHS YUCEIL.
8. I'x=x.
[Tpumepom mpocTpaHCcTBa apu(PMETHICCKIX BEKTOPOB Rn, n = 2, ABISETCS MPOCTPAHCTBO TEOMETPHUICCKHX
paZinycoB-BEKTOPOB Ha MJIOCKOCTH, 3alMCAHHBIX B KOOPJUHATHON dopme:
a=al-i+a2-j=(al,a2),b=bl-i+b2-j=(bl, b2),
a+b=(al+bl, a2+ b2), oa=(cal, aa2).
MHO0eCTBO KBaJPATHBIX MATPHUI] Pa3MEPHOCTH 2, C ONIPEACICHHBIMHA TSI HUX ONIEPAIASIMHA CIIOXKCHHS 1
YMHOXEHHS Ha YHCII0, MOKHO PacCMaTpHUBaTh Kak MPOCTPAHCTBO apu(MeTHIECKIX BEeKTOpoB Rn, n = 4.
JIeliCTBUTENBHO.
Ao [ﬂn a3 ] B (‘-’911 b2 ] A+H z[an thy et ] A [05"111 Ctoayg ]
@31 A1 by b @z oy axp tip gy Cap
C nmpyroii cTOpOHBI,
a=lay.a3, agam ) b=y B, by by ),
at+h={ayy +8y .03+, an by, an +in)
coa= (o ayy, 0 g, tagy, Goag )
MHoxecTBO Mn MHOTOUJIEHOB CTETICHU HE BBIIIE N , C ONPEISICHHBIME JIJISl HUX OTEpaIisIMH CIIOKEHUS U
YMHOKEHUS Ha YUCJI0, MOXKHO pacCMaTpUBaTh KakK MPOCTPAHCTBO apu(PMETHIECKUX BEKTOPOB Rn+1.

AN L AW
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Pt =ag+ai+atl +. . +a,e” eM, =fag.a.aq,. a3, Ry,
O, (6) =hy +2t+bytt + +B M e M, < (i b by B ER,,,

B +0, 6 =(ag +2g ) +{a +8 e +{ag +2207% +. +{a, +82, )" e M, =
(EID +f:[|,|:11 +b1,ﬂ2 +b2,...,ﬂn +bn}ERn+l=

2 bl
TleiicTauTenbHO, & Ful) = C-ag + o at+aayt’ +. 4o gyt eM, <o ap e, cag,. aa,)eR

BekrTop a=(all, al2, a21, a22) — BekTop u3 R4.

2. Bekrtopuoe mpocrpanctBo R”. T'eomerpuyeckuii CMBICA HPOCTPAHCTB R* m R®. Jluneiinbie
NMpocTpaHcTBa 00mero Bujaa. JInHeiiHasi 3aBMCUMOCTH CUCTEMbI BEKTOPOB H €e FeOMeTPHYeCKHil CMBbICII.
BekrtopoMm pa3mMepHOCTM N Ha3bIBA€TCS YIMOPSAOYCHHBIH HA0Op M3 N JEHCTBUTEIBHBIX 4YHcel. byaem

3aIUCHIBATL BEKTOp B BUae ~ - Cr¥rro®) ppe % G=LaM o wooniunatel Bektopa. PasmepHOCTS

BEKTOpAa OIPENEIACTCS YHUCIOM €ro KOOPAMHAT U SABJIACTCA €ro OTIMYUTEIIBHON XapaKTEPUCTUKOM.
BekTops! paBHBIL, €CJIM OHU OJHOM Pa3MEPHOCTH U UMEIOT PaBHBIE COOTBETCTBYIOLIME KOOpAUHATHI: (2,3,5)

=(2,3,5). Hynb-sextop ” = (0,0,...,0) He cnemyeT myTaTh ¢ YUCIOM HYIIb.
N-MepHOE BekTopHOE IpocTpaHcTBO R ompenensercss kak MHOKECTBO BCEX N-MEPHBIX BEKTOPOB, IS
KOTOPBIX OIIPEIEICHBI OTIepallii YMHOKEHHS Ha JICHCTBUTEIBHBIC YHCIIA U CIIOKECHHE.
Ieomerpudecknii cMbica mpocrpanctB R? m R®  MHOXeCTBO BCeX N-MepHBIX apH(pMETHYECKHX
BEKTOPOB, B KOTOPBIX BBEIEHBI OINEPALUU: CIOKEHHE BEKTOPOB M YMHOXCHHE Ha YHCJIO HAa3bIBACTCS
apumeTuyecKuM Nn-MEepHBIM MIPOCTPAHCTBOM (RM.
['eomeTpryecknuii CMBICT UMEIOT JIMIIb IIPOCTPAHCTBA R, R% R3 . s R! - o510 npsmMasi, Ui R? -
IJIOCKOCTH, TUIS R® — TpeXMepHOe MIPOCTPAHCTBO.
[Ipu n>3 npoctpancto R" npencrapisercs QuiIb YUCTO MATEMATUYECKUM U HE PealbHbIM 00BEKTOM.
JIuHeliHbIEe MPOCTPAHCTBA 00IIEro BHIA IMinbe0epToOBO MPOCTPAHCTBO — 00OOIICHUE CBKIUIO0BA
MIPOCTPAHCTBA, JIOITyCKaloliee O0eckoHeuHyto pasmepHocTh. HasBano B yects JlaBuna ['uns6epra.
['une6epToBO MPOCTPAHCTBO €CTh 0AHAXOBO MPOCTPAHCTBO, HOPMaA KOTOPOTO MOPOK/I€HA TTOIOKUTEIHHO
OTIpeIeIEHHBIM CKAISPHBIM TPOU3BEICHUEM.
JluHeiiHas 3aBHCUMOCTH CHCTEeMbI BEKTOPOB U ee reoMeTpuyeckuii cmbici  Bektop B HaswiBaercs
JTUHEWHON KOMOHMHAaIMen BeKTopoB A1, Ay, . . ., Ay, BEKTOPHOTO TIpocTpaHcTBa Rn, ecnu oH paBeH cymme
MPOM3BEICHUN ITUX BEKTOPOB HAa MPOU3BOJIbHBIC IEHCTBUTENbHbIE YKcha: B = a1A; + oAy + . . .+ apAy,
TIE COlp, O, . . . Op — JIFOOBIE AEHCTBUTENLHBIE YHCIIA.
Bekroper Aj, Az, . . ., Ay Ha3BIBAIOTCS JUHEHHO 3aBUCHUMBIMH, €CJIM CYIIECTBYET Takas JIMHEWHas
KoMOMHamst oA + oAz + . . .+ onAp = 0, IpH He paBHBIX HYIIO OJHOBpeMeHHo ai (i=1, 2, ... n), T.e.
o +0; +.+a #0

Ecmm xe a1A; + oAz + .. .+ onA, = 0 BemosHsgeTcst Todbko mpu Beex o = 0 (1 =1, 2, .. . n), TO
BEKTOPHI HA3bIBAIOTCS JIMHEWHO HE3aBUCHUMBIMU.

CoiicTBa:
1. Ecnu cpenu BexkTopoB Al (1= 1, 2, . .. n) €CTh HYJIEBOU BEKTOP, TO 3TU BEKTOPHI JIMHEHHO 3aBUCHUMBI.

2. Ecim k cucreme IHMHEWHO 3aBHCHMbIX BCKTOPOB I[O63.BI/ITB OIWH HWJIN HECKOJIBKO BCKTOPOB, TO
IMOJIYy4C€HHaA CUCTEMA TOKEC 6YI[€T JIMHEITHO 3aBHCHMa.
3. Cucrema BCKTOPOB JIMHEMHO 3aBHCHMAa TOTAa U TOJIBKO TOrJa, Koraa OJuH U3 BEKTOPOB PACKIAAbIBACTCA
B J'II/IHeI\/'IHYIO KOM6I/IHaI_[I/IIO OCTAJIbHBIX BEKTOPOB.

FGOMeTpI/I‘IeCKI/Iﬁ CMBICJ JIMHEHHON 3aBUCHMOCTH BCKTOPOB OYCBUJACH IUIA CIYy4acB JABYMCPHBIX
BCKTOPOB HaA INIOCKOCTU U TPEXMEPHBIX BEKTOPOB B MPOCTPAHCTBE: B ClIydac JBYX BCKTOPOB, KOrjga OAWH

—

BEKTOp BBIpAXKaeTCsl 4epe3 APYrou: b =A4a , T.€. 9TU BEKTOPHI KOJJTMHEAPHBI WJIM, YTO TO K€ CaMoe€,
OHM HaXOJATCS Ha MapaJlICIbHBIX IPSIMBIX.
4. JIroOble 2 KOJNITMHEAPHBIX BEKTOpa JIMHEHHO 3aBUCHUMBI M, HA00OPOT, JIFOObIe 2 JIMHEWHO 3aBUCUMBIC

BEKTOpHI KoyutnHeapHsl: blld < b = 1a
B mpocTpaHCTBEHHOM Ciiydae JIMHEHHOW 3aBHCHMOCTH TPEX BEKTOPOB OHH MapalUIeNIbHBI OHOM
IUIOCKOCTH, T.€. KOMIUIAHAPHBI.
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http://ru.wikipedia.org/wiki/%D0%95%D0%B2%D0%BA%D0%BB%D0%B8%D0%B4%D0%BE%D0%B2%D0%BE_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
http://ru.wikipedia.org/wiki/%D0%95%D0%B2%D0%BA%D0%BB%D0%B8%D0%B4%D0%BE%D0%B2%D0%BE_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
http://ru.wikipedia.org/wiki/%D0%A0%D0%B0%D0%B7%D0%BC%D0%B5%D1%80%D0%BD%D0%BE%D1%81%D1%82%D1%8C_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%B0
http://ru.wikipedia.org/wiki/%D0%93%D0%B8%D0%BB%D1%8C%D0%B1%D0%B5%D1%80%D1%82,_%D0%94%D0%B0%D0%B2%D0%B8%D0%B4
http://ru.wikipedia.org/wiki/%D0%91%D0%B0%D0%BD%D0%B0%D1%85%D0%BE%D0%B2%D0%BE_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
http://ru.wikipedia.org/wiki/%D0%9D%D0%BE%D1%80%D0%BC%D0%B0_%28%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0%29
http://ru.wikipedia.org/wiki/%D0%A1%D0%BA%D0%B0%D0%BB%D1%8F%D1%80%D0%BD%D0%BE%D0%B5_%D0%BF%D1%80%D0%BE%D0%B8%D0%B7%D0%B2%D0%B5%D0%B4%D0%B5%D0%BD%D0%B8%D0%B5

5. JIroOGple 3 KOMIUTaHAPHBIX BEKTOpa JMHEHHO 3aBUCHMBI U, Ha00OpOT, JMOObIe 3 JTUHEWHO 3aBUCUMBIE
BEKTOPBI KOMIUIAHAPHBI.

T.e., JOCTAaTOYHO «IIOANPABUTH» COOTBETCTBYIOIIMMHU COMHOXXMUTENISMU JUTMHBI 3THX BEKTOPOB, YTOOBI
OJIMH U3 HUX CTaJl CYMMOMH JIByX ApPYrHX (BBIpaXKaJiCsi Uepe3 HUX).

B npoctpanctee Rn mo6ast cuctema, copepikalias m BEKTOpOB, JMHEHHO 3aBUCHMa ITPH M > n.

3. basuc m pasMepHOCTh JHMHeliHOrO mnpocrpaHcTBa. KoopauHathl BekTOpa B JaHHOM Oa3smce.
IIpeoOpa3oBanue KOOPAMHAT BEeKTOPOB mpH 3ameHe Oa3uca. IlognmpocrpancTBa JIMHEHHOIO
NPOCTPAHCTBA.

I'oBopsT, 4TO 37€MEHT (BEKTOp) X JIMHEWHOIO IPOCTPAHCTBA L JIMHEHHO BBIPAXKAETCSI Uepe3 JIEMEHTHI

(BekTOphl) ©lr 27 =+ Sn € L ecny ero MOXKHO NPEACTaBUTH B BUJE JIMHEHHOH KOMOMHAIIMH 3THUX
AJIEMEHTOB, T.€. IPEACTABUTH B BUJIE ** = 1 €1 + @2 €2 + -+ Hn En

Ecam nro6oil BEKTOpP CHUCTEMBI Sl S2s e ekBeKTopOB JUHEHHOTO MpocTpaHcTBa L jauHElHO

BBIPAXKAETCSI U€PE3 OCTAIbHBIE BEKTOPBI CUCTEMBI, TO CUCTEMA BEKTOPOB HA3bIBAECTCS JIMHEWHO 3aBUCUMOI.
Cucrema BEKTOPOB, KOTOpasi HE SIBJISETCS JIMHEHHO 3aBUCUMOM, HA3bIBACTCA JIMHEWHO HE3aBUCUMOM.

CripaBeUIMBO CIIEYIONIECE YTBEPIKICHHUE: Cucrema ©t+ %2+ =+ SxBEKTOPOB JIMHEHHOT'O MPOCTPAHCTBA
L nuHeliHO He3aBHCHMA TOTJa M TOJILKO TOTJA, KOTJIa U3 paBeHCTBa 1 €1 * &2 €2 + -+ fn En = 0 cienayer
PaBEHCTBO HYJIIO BeeX Kod(pduuuentos 1 = O @z =0 .y on =0,

Ecnu B nuHeiiHoM mpocTpaHcTBe L cymiecTByeT nuHeifHO HesaBMCHMAas CHCTeMa U3 N BEKTOPOB, a
nobast cuctema M3 (N+1)-ro BekTOpa JMHEHHO 3aBUCHMA, TO HHCIO N Ha3biBAeTC PA3MEPHOCTDHIO
npocrpanctBa L u oGosmauaerca 1M (L) B srom ciyuae mpocTpaHcTBO L Ha3bIBAIOT N-MEpHBIM
JIMHEHHBIM HPOCTPAHCTBOM MM N-MEPHBIM BEKTOPHBIM MPOCTPAHCTBOM.

JIrobGast ymopsiioueHHass JIMHEWHO He3aBHCUMas CHCTeMa N BEKTOpoB S1¢ €2Z¢ - EnjyHEHHOTO
npoctpanctBa L oOpasyer ©0a3mc mpocTpaHcTBa M J1000ii BekTop XEL eamHCTBEHHBIM 00pa3zoMm
BBIPXKACTCSI Yepe3 BEKTOPHI Oaszmca; * = #¥1 =1 + ¥2 &2 + w4 Hn Sn

Yucna *1r ¥2r =+ ¥» Ha3plBAIOT KOOPJMHATaMH BEKTOpa X B Oasuce 1+ 2+ = Sny 0003HAYAIOT
¥= (%1, %, - ¥)_ Jlpu sTOM A8 MIOOBIX JABYX IPOHM3BOJBHBIX BEKTOPOB N-MEPHOIO JMHEWHOTO
npocTpaHcTBa ¥ = (X1 ¥z, = ¥n) ¥V = (¥1, ¥2/ ~/ ¥aly 1poM3BOIBHOIO YHCIA O CIPABE/JIUBO:

H+y = [(H1+V1, ¥z +¥2, oy Hn+¥n) pp 0¥ = [0Hy, ¥z, ., OHp]
OTO O3HauyaeT, uYTO BCE N-MEpHbIE JIMHEHHBIE MPOCTPAHCTBA ‘“‘yCTPOEHBI” OJMHAKOBO - Kak

npoctpanctBo R" BEKTOPOB-CTONOIOB W3 N JEHCTBUTENBHBIX YMCEN, T.€. 4TO BCE OHHM HM30MOP(HEI
npocrpanctsy R".

Jluneitaple mpocTpaHcTBa X W Y HA3bIBAIOTCS M30MOPQHBIMHU, €CIH MEXKIY UX DJIEMEHTaMH MOKHO
YCTaHOBUTH TaKO€ B3aMMHO OJIHO3HAYHOE COOTBETCTBHUE, YTO €CiiM BekTopaM X u X’ u3 X COOTBETCTBYIOT

T ' T
BEKTOPBI Yu ¥ ws Y, 10 BEKTOpPY ** * COOTBETCTBYET BEKTOP ¥+¥ oy IpU JOOOM 0O BEKTOPY

s XCOOTBeTCTByeT BekTOp ¥ € ¥,

N30MOp(u3M N-MEpHBIX TMHEHHBIX TPOCTPAHCTB NPOoCTpaHcTBY R" 03HAYAET, YTO COOTHOIMIEHUS MEKITY
3JIEMEHTaMU N-MEPHOI0 JIMHEMHOI0 IIPOCTPAHCTBA U ONlEpallii ¢ HUMH MOKHO M3y4aTh KaK COOTHOILECHUS

MCXKAY BCKTOpaMu H3 Rn H onepanguu ¢ HUMHU U YTO BCAKOC YTBCPIKACHHUEC OTHOCHUTCIHBHO BCKTOPOB U3
I

CIIpaBCAJIUBO IJIA COOTBETCTBYIOIIUX 3JICMCHTOB JIF000T0 N-MEpHOTO JIMHEHHOTO IMPOCTPAHCTBA.

Hanpumep, 10Ka3aHO, YTO CHCTEMA BEKTOPOB ©ts €2 = €a p3 R
S 12 S1n
ey = | T2 ey = | 522 e, = | 52n
Sn1 /| €nz /..., Snn
n
obpaszyer 6a3uc B R Torga M TOJNBKO TOIZA, KOTJAa OTJIMYEH OT HYJsSl ONpEAEIUTENb MaTpPUIlbl, CO
croibnamu €1+ 2. - En:
S11 ©12 . ©S1n
deth = 231 222 .. BInp £ 0
Snl Spl o Snn
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Jlnst BeKTOpoB 1+ =2+ -+ =ny3 L 370 03HA4aeT, YTo OHM 00pa3yroT 6a3uc B L Torma m TOJBKO TOTHA,

Koraga OTJIMYEH OT HYJIA onpe/:[eJmTenb ManI/IHBI, CTOJ'I6I_[aMI/I KOTOpOﬁ SABIAOTCA KOMIIOHCHTHI BeKTOPOB
2], 22, ey En

Vnop;moquHa;I Inapa AByX HCHYJIEBBIX, HC KOJUIMHCAPHBIX BEKTOPOB o6pa3yeT b6a3uc Ha IJIO0CKOCTH.

@

C (a;b) - Gasnc. Ae . #0, B0

Erb
— E,- J_ Ez

. (e e,) - opmozonanvrblii 6azuc.

g ‘T‘ = ‘T‘ =1, ";J-u"- , (T ]) - opmonopmuposanusiii 6azuc. (IIJACK Ha miockocTH)

OIIP: VYmnopsmoueHHas cucteMa TPEX HEHYJEBBIX, HE KOKOMILJIOHAPHBIX BEKTOPOB 00pasyloT Oasuc B
IIPOCTPAHCTBE.

E.'J—Ez J— EE_ o

(e,; e,;€,) - OPTOrOHAJIbHBIN Oa3UC B IPOCTPAHCTBE.

‘T‘ = ‘—f‘ = ‘ E‘ =1, ililt , (i? ],E) - OPTOHOPMUPOBAHHBIN 0a3KC B IPOCTPAHCTBE.

(ILACK B npocTpaHCTBE)
N — MepHbiM 6ekmopom Ha3bIBACTCS YHNOPSJOYCHHAs COBOKYIIHOCTH N JIEHCTBUTEIBHBIX YHCED,

-

3aIUChIBAEMBIX B BUIE & = (X;X,;...;X,), TA€ X; - i-as KOOpAMHATA BEKTOpa a.
[TonsiTHE N — MEPHOTO BEKTOpa IIMPOKO MCIOIB3YeTCs B SKOHOMHKE. Hampumep, HeKOTOpwIii HabOp

TOBapOB MOXHO OxapaKTepI/BOBaTL BeKTOpOM X = (Xl’ Xz;...; Xn), a COOTBGTCTBYIOH.[I/IG IICHbI — BeKTOpOM
Y=Y Yori Vo)

CyMMa, pa3HOCTh, YMHOKEHHE BEKTOpPA HA YHMCIIO BBOASATCS aHAJIOTUYHO.
Csoticmea onepayuii:

1) ;(+)7 = )7+5(> - IEPEMECTHTEIILHOE CBOMCTBO

2) (;( + 9) +Z=x+ (;/ + E) - cOYeTaTeNIbHOE CBOMCTBO

3) a-(BX)=a fX, a feR

4) a(;( + 9) — ax+ a;/ - TUCTpUOYTUBHOE CBOWCTBO

5) (a+ f)X=ax+ fx

6) 3 6 =(0,0,...0) Takoit, uTo ;(+6 = ;( , oV ;

7) nsa YV X 3 —x- IPOTHBOMOJIOXHBIN BEKTOP TaKOU, U4TO X+ (—;) =0

8) 1-x=x, gma V X.

MHOXeCTBO BEKTOPOB C JICHCTBUTEIILHBIMUA KOOPIMHATAMH, B KOTOPOM OIIPE/ICIICHBI OTICPAIIMU CIIOXKCHUS
U YMHOXXCHHSI Ha YHCJIO, YIOBJIETBOPSIONIME IPHUBEICHHBIM BBIIIE BOCHBMH CBOWCTBAM, Ha3bIBAETCS
6EKMOPHLIM NPOCMPAHCIBOM.

- - —

Bektop b HasweiBaercs aumeinou kombunayuell BEKTOPOB ai,az,...,d, , €CIH €0 MOXHO MPEICTABUTH B

BUJIC BZﬂigi+22;2+...+ﬁha,rne Ay A, € R
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BCKTOpBI ai, az,...,a Ha3BIBAIOTCI  JIUHEUHO 3a6Uucumvimu, €CIIM CYIICCTBYIOT TaKHUE€ 4YHUCIIA

n

A, A0 A, € R, cpen KOTOpBIX XOTsS Obl OHO OTJIMYHO OT HyJIsl, YTO Aa+Aa,+..+4,a,=0. B

OPOTHBHOM Clly4a€, BEKTOPBI ai,dz,...,d, HA3bIBAOTCA JAUHEUHO He3a68UCUMbBIMU.

Pasmepnocms nipocTpaHcTBa — 3TO MaKCUMAJIBHOE YHMCIIO COJEPKALIMXCS B HEM JIMHEMHO HE3aBUCHMBbIX
BEKTOPOB.
COBOKYIMHOCTH N JIMHEWHO HE3aBUCHMBIX BEKTOPOB N — MEPHOTO MIPOCTPAHCTBA HA3BIBACTCS OA3UCOM.

[Mpumep: Jlokazath, 4TO BEKTOPHI by = (310), b. = -1, E = (—3;5;—6) obOpazyror 6a3uc.

Tpu nuHENHHO HE3aBHCHUMBIX BEKTOpPA TPEXMEPHOTO MPOCTpaHcTBa 00pas3ytoT 6asuc. IlpoBepum, SBiIAIOTCS
JIM JTaHHbIE BEKTOPbI IMHEHHO HE3aBUCHUMbIMH.

T.e. %E + /izbﬁ2 + ﬂgb:=6 TOJIBKO TOTJa, Korjga Bee uucna A4, A4,, A4, =0.
A4 LL0) + 4, (LT + 4,(=3,5-6) = (0:0:0)
Atdp=34=0 |4 =0
A=A4,+54,=0 A, = 0 Bexropa 5;bjb: - JMH. He3aBMC. U 00pa3yroT 0a3suc 3-MepHOro
A, —64,=0 A, =0

IIPOCTPAHCTBA.
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1.8. Jlekuus Ne 8 (2 yaca)
Tema: «KEBKJIHI0BO POCTPAHCTBO»

1.8.1. Bonpocwbl jiekum:

1. CxajsipHoe npou3BeieHne BeKTopoB B R".

2. EBKJINI0BO TPOCTPAHCTBO. [[JIMHBI BEKTOPOB H YIoJI MEKIy BeKTopamu B R”.

3. OpTOroHAJBLHbIH M OPTOHOPMHPOBaHHLI Ga3zuckl B R". KoopauHarsl BeKTOpa B OPTOrOHAILHOM

0asmuce

1.8.2. Kpartkoe conep:kaHue BOIpoCcoOB
1. CxajsipHoe npousBeneHne BeKTopos B R”.
CkaJsipHbIM TIPOU3BEJIeHNEM BEKTOPOB d U b Ha3BIBaeTCS HCIIO, paBHOE MPOM3BEACHUIO JUIMH ITHX
CTOPOH Ha KOCHUHYC yIJIa MEXKIY HUMU.
i-b =lallb lcosp

CBOMCTBA CKAJIIPHOTO MPOU3BEICHUS
1) a-a=lal%
2) G-b =0,ecnm dLb wm G=0wm b =0.
3) a-b=b-a;
4) a(b+c)=ab+ad-c;

5) (ma)-b =a-(mb)=m(a-b);
Ecnu paccmarpusars BekTops! a(x,,y,,z,); b(x,,»,,z,)B JeKapTOBO MPIMOYTOJIbHOMN cucTeMe
KOOPJUHAT, TO

a-b =XaXp+ YaYo + ZaZp;
I/ICHOJ'IBBySI l'IOJ'IleeHHBIe paBeHCTBa, nonyqaeM (1)OpMy'J'Iy JJIS1 BBIYUCIICHU S yrna Mex(z[y BeKTopaMI/IZ

xaxb +yayb + ZaZb

CosQ =

]-|b
Hpuwmep. Haiim (5@ +35)(2d - b ), ecma [d|=2, |p|=3, alb.

10-a-5d-5+6a-b -3 b =10fa ~3fp| =40-27=13,

v a-a=f =4, b-b=[p| =9. a-b=0.

[Mpumep. Haiitu yron Mexmy BEeKTOpaMu d U b ,ecnu d =1 +2] + 3k,

b=6i +4] -2k .
Te. a=(1,23), b=(64-2)
i-b=6+8-6=8:
RN |~ 36+16+4 - 56.
cosgp = = 8 =i=z; (p:arccosz.
MJ% 214414 14 7 7
[Tpumep. Haiitu  ckanspHoe mnpowsBenenue (3a - 2b )-(5a - 66 ), ecmu

d| =4, [p|=6, @b=7/3,
15G-d-18a-b-10d-b +12b -b =15’ —28|ﬁ|‘5‘cos§+12‘5‘2 =15-16—28-4~6%+
+12-36 =240 — 336 + 432 = 672 — 336 = 336.

[pumep. Haiiti yron Mexy BEKTOpaMH d U b , €CIH d = 3;+4]+5/€,
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b=4i +5j -3k .

Te. d=(3,4,5), b=(45,-3)

G-b=12+20-15=17":

ld =9 +16+25 =/50; \g\zm:@.

17 17 17

m:%; (p:arccos5.

Hpumep. ITpyu KakoM M BEKTOPBI G = mi + ] 1 b=30 -37 — 4k NEPIEHANKYIISAPHBIL.
i=(m,1,0); b=(3,-3 -4)
a-b=3m-3=0, =>m=1.

cosQ =

Ipumep. HaifTu CcKamspHOe NPOU3BEACHHE BEKTOPOB 2d+3b+4¢ u 5d+6b+7¢, ecin
al =1, [p|=2, |¢]=3, aw?:zwz:z%a:%.
(2G+3b +4¢)(5a+6b+7¢)=10d-a+12a-b+14d-¢ +15G-b +18b -b +21b -¢ +
+20C-G+24b-¢+28¢-¢=10d-a+27a-b+34G-¢+45b-¢+18b-b +28¢-¢ =10 +
+27 +51 + 135 + 72 + 252 = 547.

2. EBKJINI0BO MPOCTPAHCTRO. [lJIMHBI BEKTOPOB H YIoJI MeXIy BekTopamu B R”.
BcnomMHuM, kak B OOBIMHOM TPEXMEPHOM IPOCTPAHCTBE Mbl BBIUMCISAIM CKaJsIPHOE IPOU3BEICHUE

a= (QI: 0y, aﬂ) b= (51, P2y Fa)
BEKTOpOB. EciaM  KOOpOMHATHI ~ BEKTOPOB u ObLIM  3aJaHbl B

OPTOHOPMHPOBAaHHOM 0asuce, TO CKauspHOe TpousBeaeHue (a,b) BbuUcIsUIOCH 1O  (opmylie

ab = &1;31 + G:zﬁz + Q:],Jj‘:j- o o
AHaJornyHoi (1)OpMYJIOI/I MOJKHO 3a4aTb U CKaJIAPpHOC NMPOU3BCACHNC B n-MepHOM

MIPOCTPAHCTBE. [Iyctp L - BemiecTBEHHOE N-MEpPHOE MPOCTPAHCTBO, B KOTOpOM 3anaH 0Oasuc. Torma
BEKTOPHI a u b us3 L 3a/1a10TCs CBOMMU KOOpPIMHATAMH:
ga=aone1+ s +...+ Qnep, b=pGie1+ Fez+...+ Fncn.

CKaJ'IprHOC IMPOU3BCACHUC  BCKTOPOB, 0003HayaeTcss OHO OOBIYHO , 3a1acTCsd (I)OpMYHOﬁ

[:ﬂ,b) = r:zl,l'_‘?;l +azﬁz+... + aﬂﬁﬂ
B ommnune ot O6BILIHOIO TPEXMEPHOI'0 IMPOCTPAHCTBA, I'’Jl€ € IIOMOLILIO
b

TPAHCIIOPTUPA U JIMHEWKU MOKHO H3MEPUTH YroJl MEXIy BEKTOpaMHM M JUIMHY BEKTOpa, B N-MEPHOM
IIPOCTPAHCTBE HHU YIOJd MEXAY BEKTOpAaMH, HHU JUIMHY BEKTOpa HW3MEPUTh HEBO3MOXHO. Ilo3Tomy
OPTOHOPMHMPOBAHHBIM B TL-MEPHOM IIPOCTPAHCTBE HAa3bIBAa€TCd TOT 0a3uC, B KOTOPOM CKaJsIpHOE

a J'ljl
B2
o= CTZ g= :
‘}"ﬂ ﬁﬁ
MPOU3BCACHUC BBIYUCIIACTCA 110 (bopMyne . Ecmm , - KOOpAWHATHBLIC CTOJIONBI
(a,b) = a' 3.

BEKTOpPOB @ ¥ b, TO CKaIsIpHOE TPOM3BEICHUE MOXKHO 3a11aTh (hopMymoin

BemecTBeHHOE TMHEIHOE MPOCTPAHCTBO, B KOTOPOM 3aJaHO CKAJIIPHOE NPOU3BEACHHUE HA3bIBACTCS
€BKJIM/I0BBIM NPOCTPAHCTBOM
B TpexmepHOM NpocTpaHCTBE MOYJIb BEKTOPA PaBEH KOPHIO KBAJPAaTHOMY U3 CKAJISPHOIO MPOU3BEICHUS

|ﬂ| = \." a-a
BCKTOpPAa Ha 0665[ . B CBKIIMJOBOM IIPOCTPAHCTBC MOJAYJIb BCKTOpAa OMNPCACIIUM AHAJIOTMYHO
_ 2 2
|'I|=\‘/@j |a|— of +a;+...+al.

TO €CTh

B TpexmepHOM MNpOCTpaHCTBE C MOMONIbIO CKAJISPHOIO MPOU3BEICHUS OMPEACITSICA Yrol MEXIy

BEKTOpaMH. B €BKJIMI0BOM NMPOCTPAHCTBE TOXKE MOXKHO ONPEIENIUTh yrojl Mexay Bekropamu. Ho yron B

7L -MEPHOM IPOCTPAHCTBE HE MMEET CYIIECTBEHHOI'O 3HAUYEHMS, KPOME OJHOro ciydas. B TpexmepHOM

MPOCTPAHCTBE JIBa BEKTOpPAa OPTOrOHAIbHBI TOTAA U TOJIBKO TOTJA, KOTJa MX CKaJspHOE IPOU3BEJICHHE
PaBHO HYIIIO.

JlBa BeKTOpa €BKJIHMJ0BAa IPOCTPAHCTBA HA3bIBAIOTCS OPTOTOHAJIBHBIMH , €CIHM HX CKaJspHOE
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MIPOU3BEACHUE PABHO HYIIIO.
3. OpTOroHAJLHLIH M OPTOHOPMHPOBAHHLI 6asuckl B R”. KoopauHarsl BeKTOpa B OPTOrOHAJILHOM
0asuce
XeE b=,
Bektop HA3bIBAETCSI HOPMUPOBAHHBIM WJIM €IUHUYHBIM, €CIIH

X210,
Eciu TO COOTBETCTBYIOIIMMH 3TOMY BEKTOPY HOPMUPOBAHHBIMH BEKTOpPaMH OyayT

Xo = xAx|, K= ~x/|x|.

BekTopsl X ¥ y NPOCTPAHCTBA CO CKAJSIPHBIM IPOU3BEICHUEM L Ha3bIBarOTCA OPTOrOHAIBHBIMHU, €CIIU
rly
(x,y)=0. B aToM ciyuae mumryt
IIpouecc oproronanusauuu I'pama--IlIMuaTa MO3BOJIAET MPEBPATUTDH JTUHEWHO HE3aBHCHUMYIO CHCTEMY
BEKTOPOB B OPTOHOPMHPOBAaHHYIO. BBl yXe BCTpeyaluCh C HUM B Kypce JHMHEWHOW anreOpbl. ITo

00CTOSITENTLCTBO MO3BOJISIET HAM Cpa3y NeperTH K (opMaIbHOMY H3JI0KEHHUIO CYTH JIeja.
T, Tay ey Tpye e . N
Teopema. Ecom = 777 - CueTHas CUCTeMa JIMHEHHO HEe3aBUCHUMBIX BEKTOPOB B JIMHEHHOM

IIPOCTPAHCTBE CO CKAJIAPHBIM IIPOU3BECACHUEM L, TO HOBBIC ITOCJICAOBATCIBHOCTU O6J'I3I[aIOT CICAYIOIUMHA

CBOWCTBAMU:

g T4 PR o
1) CHUCTCMa T T OpPTOHOPMHPOBAHA, T. €. JIFO0BIE JABa €€ BCKTOpa OPTOroHaJIbHbl U KAXKIbIN

BEKTOpP MMEET EJUHUYHYIO JUINHY;

nekN . 21328y ey Zn .. .
2) nis mo6oro NuHEWHas 000J0YKa BEKTOPOB  COBNAIAET C JIMHEWHOW 00OJIOUKOM

Ty Lyy .-, Tp
BEKTOPOB .

OpTOroHAIBLHbIE JONOJTHEHHs MOANPOCTpaHeTB  IlycTh L - eBKINIOBO (YHHTapHOE) HPOCTPAHCTBO,
nommpoctpanctBo M T L. Bektop A €L HaspiBaeTcss OpPTOrOHANBHBIM K NOANPOCTPAHCTBY
McCL ecam gnascex £ €3 (£.7)=0

MHOXeCTBO BceX BEKTOPOB <1 OPTOTOHANBHBIX K moanpocTpaHctBy M Ha3piBaeTcst OpTOroHAIBLHBIM

L
JOIMOJTHCHHUEM MI/I o0o3HayaeTcs M .

Ouesnano, M- sBusercs mOANMPOCTPAHCTBOM MpPOCTPAHCTBA L, mpuueM I pasMEpHOCTH

M, prt

MOATIPOCTPAHCTB u pPa3sMEPHOCTDb IMPOCTPAHCTBA L CBs3aHbI COOTHOIICHHUEM

dim(M*)+ dim() = dim(L)

21.8,...

. -
HetictButensHo, BhIOEpEM 0as3uc *“% mommpocrpancrea # | nomonmmmm ero no Gasmca L,

E=ila e, . . .0,.801.. .8 .
12 ertan ">. OproronanusupyeM [aHHbIA 6asuc MeromoM I'pamma-IlImusira,

D W< . i A

MoJIy4nm

,
"> - 6asmc npocTpancTea L,

Ly = <JL+1=C'},+2=---an}

MOJIY4YnUM:

L = 0.0y, L O
1 ={0.0 o - 6asuc moxmpoctpanctBa M

- 0a3uc TMOAMPOCTPAHCTBA
L
OPTOrOHAIBHOTO JomoHeHns H
T'OBOpAT, YTO IPOCTPAHCTBO L sIBIsETCS MPAMOIl OPTOrOHANBHON CYMMOIl CBOMX HOIIPOCTPAHCTB

My MY L=Me®M*
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1.9 JIekuus Ne 9 (2 yaca)
Tema: « MHOroO4wJIeHBI H KOMIIJIEKCHBIE YHCJIA)

1.9.1. Bonpocwbl jiekum:

1. OcHoBHbBIE OHATHS, CBA3AHHBbIE ¢ MHOTOwIeHaMu. Cxema ['opHepa u kopHu MHoro4wieHoB. Teopema
be3y. Paziio:keHne npaBuJiLHOM JPO0OH HA CYMMY JIEMEHTAPHBIX APooeii.

2. KommiekcHble yucia u JeiicTBusi Hajg HuMH. ['eomeTpuueckasi HHTepHpeTanus KOMILJIEKCHBIX
yucea. MoayJb ¥ apryMeHT KOMILIEKCHOI0 YHCJIa.

3. Asaredpauueckasi 1 TPUTOHOMeTPHYeCKas (JOPMBbI 3aNIUCH KOMILIEKCHBIX Yncesl. KopHu n-oii cTeneHu
U3 KOMILJIEKCHOT0 YHcJia. @opMyJIMPOBKA OCHOBHOI TeopeMbl AJIredpbl.

1.9.2. Kpatkoe coaep:kaHue BOIPOCOB
1. OcHOBHbBIE MOHSATHSI, CBA3aHHBbIE ¢ MHOTOWIeHaMHU. Cxema ['opHepa U kopHu MHoro4ieHoB. Teopema
Be3y. Pa3noxenne npaBuiIbHOI ApoOH HA CyMMY 3JIeMEHTAPHBIX Apooeii.
Cxema ['OpHepa - anropuTM BBIYHCICHHUS 3HAYCHUS] MHOTOYICHA, 3alIMCAHHOTO B BHJIE CYMMBI MOHOMOB,
IIpY 33JaHHOM 3HA4YCHUHU NepeMeHHOW. Meron I'opHepa 1mo3BoJsseT HaWTH KOPHUM MHOIOYIEHA, a TaKXKe
BBIUYHCIUTh IIPOM3BOJHBIE IOJIMHOMA B 3ajaHHOM Touke. Cxema I['opHepa Takke sABIAETCA NPOCTHIM
QJITOPUTMOM JUIsl IEJIEHNs MHOTO4JIeHa Ha OMHOM BHJA X — C.

3anan mHorouwieH P(x): .
P(x) =ap+ arz aox® +azx® + ...+ a,z", a; € R

[Tycth TpeOyeTcss BRIYMCIUTE 3HAYCHHUE JAHHOTO MHOTOUYICHA MPH (PUKCUPOBAHHOM 3HaueHUU X = XO0.
[IpeacraBum MHOrOwIeH P(X) B ciaeayroiem BUae:

P(z)=a9 +z(a; +x(ag + - - - z(ap—1 + apx) .. .))

Omnpeeum CIIEAYIOINIYIO OCIEA0BATEIbHOCTE:

bh=a, by1=a,1+bx  bi=a+bpr  by=ay+ bz
Hckomoe 3nHauenue P(xg) = by.
Hcnonp30Banne cXeMBI FODHeDa JJIA ACJICHUA MHOI'OYJICHA HA OHHOM

agr™ + a7t

)

[Ipu neneHun MHOTOWIEHA +t a1 Fa, Ha X — C MOJIy4aeTcsi MHOTOYJIEH
n—1 n—2
box + bix + -+ b+ bﬂ—lc OCTaTKOM by,.

[Ipu 5TOoM KOXPPUUIMEHTH Pe3yabTHPYIOLIET0 MHOIOWIEHA YAOBIETBOPSIOT  PEKYPPEHTHBIM
COOTHOILLIEHUSIM:
bo = dy, by = ax + chy;.

TakuMm ke 00pa3oM MOKHO ONpPEAENUTh KpPaTHOCTh KOpHS (MCHOJb30BaTh cxemy ['opHepa 1uisi HOBOTrO
nojguHoMma). Tak ke cXxeMy MOXHO HCHOJIb30BaTh JJISi HaXOXKICHUS KOB(%)(i)I/H_[I/IeHTOB IIPU  Pa3JIOKEHNUU
[IOJIMHOMA I10 CTEIEHSM X - C: P(I) = Ao+ A4 (I - C) + *'12(3: - C) +--t *{H(I - C)n

Teopema Be3y yTBepikIaeT, 4TO OCTaTOK OT JielieHns1 MHorowieHa P(X) Ha nBy4ieH X — a paBeH P(a).

[Ipenmnonaraercs, 4To KO3PHUIUEHTH MHOTOUYIEHA COJIEPKAaTCs B HEKOTOPOM KOMMYTATHBHOM KOJIbLIE
C eMHMIIEH (HanmpuMep, B M0JI€ BEIIECTBEHHBIX WM KOMILIEKCHBIX yHcen). CiaencTBUs:

e UYucno a sBisieTcs KOpHeM MHOrowieHa P(X) Toraa u ToJIbKO Tora, Koraa P(X) aenurcst 6e3 ocTaTka
Ha JBYWIeH X — a (0TCI0/1a, B YaCTHOCTH, CJIEAYET, YTO MHOXKECTBO KOpHel MHOorowieHa P(X)
TOX/IECTBEHHO MHOKECTBY KOPHEH COOTBETCTRYOMIEero ypaBHeHus P(X) = 0).

o CBOOOJHBIN WIEH MHOTOYJICHA JACTUTCS Ha JII0O0H 1eNblii KOpeHb MHOTOWIEHA C LEJIBIMU
koa¢dunrenTamu (eciu crapinii KodQpGUIMEHT paBeH 1, To Bce palliOHAIbHbIE KOPHU SIBIISIFOTCS
U LIEJIBIMH ).

e IlycTh 0. — 1enblit KOpEeHb MPUBEACHHOTO MHOTOWIeHa A(X) ¢ nenbiMu Koadduuuentamu. Toraa
st siro6oro 1enoro k uucio A(k) nenurcs Ha a-K.

Knaccuueckum mnpumepoM NpHMEHEHUsT MeToJla HEOoNpeAeaEHHBIX KO3(QQUIMEHTOB SBISETCS
pas3oXeHUEe TMPaBWIBHOW palMOHAJIBHONH JpoOM B KOMIUIEKCHOM WM BeEUIECTBEHHOW 0O0NacTH Ha
3JIeMEHTapHbIE IPOOu.

ITycth p(z) 1 q(z) — MHOTOWIEHBI C KOMIUIEKCHBIMU K03 uiimenTaMu, npuyéM CTerneHb MHOTOYJIeHa
p(z) MeHblIlle CTeTIeHH MHOTowIeHa q(z), KodpGUIUEHT MpHU CTaplIeM WwieHe MHOrowieHa q(z) paseH 1, zi
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tE {1: it JE':}— KOpHHU MHOT'OWICHA q(z) c KPaTHOCTSIMU ai, CJIEI0BATEIILHO,
g(z) = (z — z21)"(z — 22)"%..(2 — z,)™*
CDyHKuHﬂ p /q HpC,I[CTaBI/IMa, U IIPUTOM €IMHCTBEHHBIM 00pa30M, B BHJI€ CYMMBI 3JIEMEHTapHBIX IpoOei
e BN
rae Ajj — HEM3BECTHBIE II0KA KOMIUIEKCHBIE YUCIIA (MX YMCIO PaBHO CTENEHH q). Jjisi uxX oThICKaHMs 00€
YaCcTH paBEHCTBA NPUBOJAT K 00IieMy 3HameHareno. Ilocie ero orOpacbiBaHUs U IPUBEACHUS B MpaBod
YaCcTH TMOAOOHBIX WICHOB MOJYYaeTCsi PaBEHCTBO, KOTOPOE CBOAUTCS K CHUCTEME JIMHEHHBIX ypaBHEHHH
OTHOCHTEIIBHO Ajj.
[Tpumeuanue. Haxox/ieHHEe HEM3BECTHBIX MOXHO YIPOCTUTH, €CIH ((Z) UMEET HEKpaTHbIe KOPHU Zj.
ITocne yMHOXEHUS Ha Z — Zj TOCJIEJHEr0 PAaBEHCTBA U MOJACTAHOBKH Z = Zj HENOCPEACTBEHHO NOJIy4YaeM
4= (zj)
Tz — )
3HAa4YEeHHE COOTBETCTBYIOUIETO KO PHUIIMEHTA tsﬁj
OcHoBHast Teopema aireOpbl YTBEpXKIA€T, 4TO BCAKHUH OTquHLIﬁ OT KOHCTaHThl MHOTOWIEH C
KOMILIEKCHBIMU K03()(DUITMEHTaMU UMEET 110 KpaifHei Mepe OJJMH KOPEHb B MOJIe KOMIUIEKCHBIX YHCE.
OKBHUBaJIeHTHass (OPMYIUPOBKA TEOPEMbl CIEAYIOIIasi: I0Ji€ KOMIUIEKCHBIX 4YMCEeN alnredpandyecku
3aMKHYTO.
HemenieHHBIM ClieICTBUEM M3 TEOPEMBI SBISETCA TO, YTO JIFOOOH MHOTOWIEH CTENEHH N Haj MOJeM
KOMIUIEKCHBIX YMCEJI UMEET B HEM POBHO N KOPHEH, C y4ETOM KPaTHOCTH KOPHEH.
2. KommuiekcHble 4mMcia M JeiicTBHA Hal HUMM. ['eomerpuyeckasi MHTepHpeTalusi KOMILIEKCHBIX
yucesa. MoayJib 4 apryMeHT KOMIUIEKCHOT0 YHCJIa.
Onpenenenne. KoMmiekcHBIM 4YHMCJIOM 7 Ha3bIBaeTCsl BbIpaxkeHue z=a+ib, rne a u b -
JCHCTBUTENBHBIC YUCIA, | — MHUMAsl €IUHUIIA, KOTOPAst OMPEICIISAETCS COOTHOIICHHEM:
iP=-1, i=+-1L
[Ipy 5TOM 4YMCIIO & Ha3bIBAeTCs JEHCTBUTENIBHOI 4YacThI0 uncia Z (a
yacteio (b = Im z).
Ecin a =Re z =0, o umcio z Oyaer yncto MHAMBIM, ecid b = Im z = 0, To ymcio zZ Oymer
JNENCTBUTEIIbHBIM.
Onpenenenue. Yncna z =a+ib u zZ = a —ib Ha3bIBaIOTCS KOMIIJIEKCHO — CONPSZKEHHBIMM.
Onpenenenune. /[Ba KOMIIIEKCHBIX uncna z, =a, +ib, U z, = a, +ib, Ha3bIBAIOTCS PaBHBIMH, €CIIU
COOTBETCTBEHHO PaBHBI UX ACUCTBUTEIbHbIE U MHUMBIE YaCTHU:
a, =a,, b, =b,;
Omnpenenenue. KowmmiekcHOe dYHCIO paBHO HYJIO, €CITH COOTBETCTBEHHO pPAaBHBI HYIO
NeWcTBUTENbHAs U MHUMAasl 4acTH.

Re 2), a b- munmoii

a=b=0.

[ToHsITHE KOMIUIEKCHOTO YHCJIa UMEET TEOMETPUUECKOE NCTOJIKOBaHNE. MHOKECTBO KOMITJIEKCHBIX
qucelNl SIBISIETCS DPACIIUPEHUEM MHOXKECTBA JEHMCTBUTENBHBIX YHMCEN 3a CYET BKIIIOUEHUS MHOXECTBa
MHHUMBIX 4ucesl. KoMIuleKcHble unciia BKIIIOYAIOT B ce0si BCe MHOXKECTBA YHUCEN, KOTOPbIE H3ydalHuCh
panee. Tak HaTypaibHblE, L€Nble, PallMOHANbHbBIE, UPPAL[MOHATIbHBIC, IEHCTBUTENIbHbIE YHCTa SBISIOTCS,
BOOOIIE TOBOPSI, YACTHBIMU CITy4asiMH KOMIUIEKCHBIX YHCEll.

Ecnu moboe neficTBUTENbHOE YUCIIO MOXKET ObITh T€OMETPUUECKU MPECTABICHO B BUJIE TOUKH Ha
YUCJIOBOW MpPSAMOM, TO KOMIUIEKCHOE YHCJIO IPEACTaBISAETCS TOYKOM Ha IUIOCKOCTH, KOOpAMHATAMU
KOTOpOH OynyT COOTBETCTBEHHO IEMCTBUTENbHAs M MHHMas 4acTU KOMIUIEKCHOro yucia. Ilpu stom
TOPU30HTANIbHAS OCh OYJIET SABIATHCS JEHCTBUTENLHONW YHCIOBOM OChIO, @ BEPTHUKAIbHAS - MHUMOM OCBIO.

y
A(a, b)
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http://ru.wikipedia.org/w/index.php?title=%D0%AD%D0%BB%D0%B5%D0%BC%D0%B5%D0%BD%D1%82%D0%B0%D1%80%D0%BD%D0%B0%D1%8F_%D0%B4%D1%80%D0%BE%D0%B1%D1%8C&action=edit&redlink=1
http://ru.wikipedia.org/wiki/%D0%A1%D0%B8%D1%81%D1%82%D0%B5%D0%BC%D0%B0_%D0%BB%D0%B8%D0%BD%D0%B5%D0%B9%D0%BD%D1%8B%D1%85_%D0%B0%D0%BB%D0%B3%D0%B5%D0%B1%D1%80%D0%B0%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B8%D1%85_%D1%83%D1%80%D0%B0%D0%B2%D0%BD%D0%B5%D0%BD%D0%B8%D0%B9
http://ru.wikipedia.org/wiki/%D0%90%D0%BB%D0%B3%D0%B5%D0%B1%D1%80%D0%B0%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B8_%D0%B7%D0%B0%D0%BC%D0%BA%D0%BD%D1%83%D1%82%D0%BE%D0%B5_%D0%BF%D0%BE%D0%BB%D0%B5
http://ru.wikipedia.org/wiki/%D0%90%D0%BB%D0%B3%D0%B5%D0%B1%D1%80%D0%B0%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B8_%D0%B7%D0%B0%D0%BC%D0%BA%D0%BD%D1%83%D1%82%D0%BE%D0%B5_%D0%BF%D0%BE%D0%BB%D0%B5

108 b

C moMoIIpI0 0I00HOTO Te€OMETPUIECKOTO MPEICTABICHHS MOXKHO MIPEICTABIAThH YMCIIA B TAaK Ha3bIBAEMOM
TPUTOHOMETPHUYECKOH dopMe.

3. Auredpauueckasi M TPUroHOMeTpHYecKasi opMbI 3aNUCH KOMILIEKCHBIX uncell. KopHu n-oii crenenu
U3 KOMILJIEKCHOT0 YHcJia. @opMyJIMPOBKA OCHOBHOI TeopeMbl AJIredpbl.
W3 reomerpuueckux cooOpakeHHl BHIIHO, YTO a =rcos@, b=rsin@. Torga KOMIUIEKCHOE YHCIO
MOYKHO TIPEJICTaBUTh B BUJIE: z=a+ib=rcose+irsing=r(cose+ising)
Takas popma 3amucu Ha3bIBAETCS TPUTOHOMETPHYECKOH (POPMOii 3anmucH KOMILJIEKCHOT0 YHCJa.

[Ipu sTOoM BenuuMHa I Ha3bIBACTCS MOAYJIeM KOMIUIEKCHOTO 4YHCIa, a Yrojl HakjioHa ¢ -
apryMeHTOM KOMIIJIEKCHOTO YHUCIIA.

r:‘z

5 e=dArgz.
W3 reoMeTpUYIECKUX COOOPaKEHNI BUTHO: r=la+ib|=va®*+b*; ¢=Argz=arcyg 2;
a

O‘-IGBI/II[HO, 4YTO KOMIUICKCHO — COIIPSA’KCHHBIC YHUCJIa UMCIOT OJJMHAKOBBIC MOAYJIMW U IIPOTHUBOIIOJIOKHBIC
ApPTYMCHTBI.

‘z‘ = ‘2; Argz =—ArgZ.

JlelicTBUSA ¢ KOMILJIEKCHBIMU YU CJIAMHU.

OcHOBHBIE IEHCTBHA ¢ KOMIUIEKCHBIMU YHCJIAMU BBITEKAIOT U3 IEHCTBUI C MHOTOWICHAMH.
1) Cno:xeHue 1 BbIYMTAHHE.

z=2z *z,=(a,+ib))t(a, +ib,)=(a, ta,)+i(b, £b,)
2) YMHOKeHHe.
z=z,z, =(a, +ib,)(a, +ib,) = a,a, +ia,b, +ib,a, +i’bb,
z=127, =(aja, —bb,) +i(ab, +ba,)
B tpuronomerpuueckoit popme:
z = 2,2, =11, (Cos(@, +@,) +isin(@, +¢,))
C cinydae KOMIUIEKCHO — CONPSKEHHBIX YUCEN:

Z=(a+iba—ib)=a’ +b* =" =[7".

3) Menenue.
z, a, +ib, ;
z=—= — =X+1iy
z, a,+ib,
L (a, +ib)(a, —ib)) _(a,a, +bb,)+i(a,b —ab,) O +bb, +ia2bl —a,b,
(a, +ib,)(a, —ib,) a; +b; a; +b; a; +b;

B TpuronomeTpudeckoii popme: = ? = :fl(cos((pl —¢,)+isin(@, —9,))
2 2

4) Bo3BeeHHE B CTENEHbD.

W3 onepanuy yMHOKEHHSI KOMITJICKCHBIX YHCEN CISAYET, U4TO
2% = zz = r*(cos 2¢ + i sin 2¢)

B ob6mem cirydae momyauM:  z" =" (cos n@ +isin n), rIe N — meaoe MoJIOKUTEITLHOE THCIIO.

OTO BhIpaKEHUE Ha3bIBaeTcs popmy.ioii Myaspa.

dopmyiny MyaBpa MOXKHO KCIIOJIb30BaTh JIJIsl HAXOXKICHUS TPUTOHOMETPUYECKHX (DYHKIIMN
JIBOMHOTO, TPOMHOTO U T.J. YIJIOB.

[pumep. Haiiti popmyist Sin2¢ u COS2¢.
PaccmoTpuM HEKOTOpPOE KOMIUIEKCHOE YHUCTIO z = 7/(COS (p + i Sin ).

Torza ¢ oJIHO¥H CTOPOHBI z° = 1> (cos’ @ + 2i cos psin @ —sin” @) .
ITo hopmyne Myagpa: z*> = r>(cos 2¢ +isin 2¢)
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[IpupaBHUBAs, HOTYyIHM €OS 2 + i sin 2¢ = cos’ ¢ —sin’ ¢ + 2i cos Psin ¢
T.K. ABa KOMIUJIEKCHBIX YMCJIA PaBHBI, €CJIM PAaBHbBI UX JCUCTBUTEIbHBIE U MHUMbIE YaCTH, TO
cos 2¢p = cos’ @ —sin’ @
sin 2¢ = 2sin @ cos ¢
[Tonyunnm usBecTHbIe (HOPMYIIBI IBOWHOTO yTIa.
5) U3BJIeueHne KOPHS U3 KOMILJIEKCHOTO YHCJIA.
8z = 2/r(cos @ +isin@) = p(cos Y +isiny)

Bo3Bojs B cTeneHb, HoayyuMm:

p" (cos ny +isin ny) = r(cos @ + i sin @)
Orcrona: p=</;; ny = @+ 2mk; keZ.

— +2nk .. @o+2mk
2z = 2/r(cos p+isin@) = W[cos(‘[)ﬂsm(p
n n
Takum 06pa3om, KOpeHb N — OM CTEMEHU U3 KOMIUIEKCHOTO YKCIia UMEET N pa3IMuHbIX 3HAYCHUH.
[TokazarenpHas popMa KOMIUIEKCHOT'O YHCIIA.

PaccmoTpuM nokazaTenbHyI0 QYHKIUIO w=e"; z=Xx+1iy.

MO3KHO TOKa3aTh, 9YT0 (PYHKIIUS W MOKET OBITH 3allicaHa B BHJIE:
w=e"" =e"(cos y +isin y)

JlaHHOE paBEHCTBO HA3bIBACTCS ypaBHeHHeM Jiijiepa.  Jln1s  KOMIUIGKCHBIX — YHCEl  OYAyT
CIIpaBEeJTUBBI CICTYIOLINE CBOMCTBA!
1) v =e%e™:
2) o _ e :

o

3) (¢&°)" =¢™; rAe M — LeNoe YUCIIO.

Ecau B ypaBHeHum Diliepa Mokaszarellb CTENECHH MPUHATH 33 YUCTO MHHMOE 4Hciao (x=0), To
noxy4daeM: e” =cosy+isiny

JI1 KOMIIJIEKCHO — COTIPSKEHHOI'0 YMCIIa MOJIYyYaeM: e = cos y —isin y
N3 5TuX NBYX ypaBHEHUH MOTy4aeM:

eV +e™”

cosy =

siny =
Y

Otumu  popMynamMH TMOJB3YIOTCA S HAaXOXAEHUS 3HAYEHUH CTeleHed TPUTOHOMETPUYECKUX
(GyHKIUH yepe3 QyHKIMN KPATHBIX YTJIOB.

Ecnu npenctaBuTh KOMIUIEKCHOE YHCIIO B TPUTOHOMETPHUECKOH hopme:

z =r(cos@+isinQ)
¥ Bocronb3yemcs GpopMystoi Diinepa: e’ = cos @ +isin @
z=re"*
[Tony4eHHOE PaBEHCTBO U €CTh MOKa3aTeJabHast (pOPMa KOMIJIEKCHOT0 YHCJIA.
PaccMoTpuM HECKOJIBKO PUMEPOB JIEHCTBUN C KOMIUIEKCHBIMU YHCIIaMH.

7. . .
[Tpumep. JlaHbl 1Ba KOMIUIEKCHBIX 4UCia z, =1 — Ez, z, =—7—2i. TpeOyercs a) HaliTH 3HaYeHUE

BEIpakeHHs (|_7; | B anrebpandeckoii Gpopme, 6) s ynMcaa z = 2—2+/3i naiitn TPUTOHOMETPUUYECKYIO
2

-7-2i

¢bopmy, HalTH 7%, naittn KOPHH ypaBHeHHs W’ +z = 0.
a) Od4eBUIHO, CIIPaBEIIMBO CIIEAYIOLIee MPeoOpa3oBaHue:
-4
7

1= _( 2-7i )4_(_14_4,-]4_16(—7—2,-]“
—-7-2i —14—-4 2-17i 2-Ti

Jlanee npon3BOANM JIeIeHHE ABYX KOMIUIEKCHBIX YHCEll:
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—7-2 (-T-20)Q2+7) —14-49i—4i+14 53
2-7i  (2-T)Q2+Ti) 4+49 53
TlonyuaeM 3HaYeHHe 3a1aHHOTO BhIpaxerns: 16(-i)* = 16i* =16.

0) Yucno z=2— 2/3i IIPEACTABUM B BUJIE z = r(COS (p +isin @), rae
r:‘z‘zw/4+12=4; (pzarctgé:arctg(—\/g):—600
a
Tornma z = 4(cos 60° —isin 60°).
Jlnst HaxoskeHnst z°° Bocmuib3yemcs Gopmystoit Myaspa.
2" =4*°(cos1200° —isin1200°) = 4*°(cos(3-2n +120°) —isin(3- 2w +120°)) =

=4%(cos120° —isin120°) = —420@ + ‘fzJ

Ecmu w +2=0,T10 w=3z

— 0 — 0
zfzi/?(cos‘“;“k+isin(p+32“kJ=i/Z[cos 60 3+2nk+isin 60 3+21tk} iz
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1.10. Jlexmust Ne 10 (2 yaca)
Tema: «/InHeiiHbIe Mpeodpa3oBaHUs U KBAJAPATUYHbIE (DOPMBD)

1.10.1. Bonpocsl JieKIuH:

1. Jluneiinbie mpeodpa3oBanus npocrpancrea R”. Jluneiinbie oneparopel. Slipo u o0pa3 JuHEHOro
oneparopa. MaTpuia JUHEeiHOTr0 oneparopa.

2. CoOcTBeHHbIe 3HAYeHUS] M  COOCTBEHHbIe BEKTOPbI JIMHeHHBIX omepaTopoB. CodcTBeHHBbIE
3HAYeHHUs KBAAPATHBIX MATPHLL..

3. KBagpatuunsble (opmbl, UX MaTpulbl B AaHHOM Oa3uce. IlpuBenenue xkBagpaTtu4yHoi ¢Gopmbl K
HOpMaJIbHOMY Buay MetoaoM Jlarpan:ka. IIpuBenenne kBagpaTtnyHoii GopMbl K KAHOHUYECKOMY BHIY
NPU MOMOIIM OPTOrOHAJIBHOIO NMPeo0pa3oBaHUsA. 3AaKOH HMHePUMH KBaApaTU4HbIX (popm. Kpurepmii
CuibBecTpa 3HAKOOIPe/leJIeHHOCTH KBAIPATHYHOM (pOpMBI

1.10.2. KpaTkoe coaep:kaHue BOIPOCOB
1. Jluneiinbie npeo6pazoBanus npocrpancrsa R”. JIuneiinpie oneparopol. Slapo u o6pa3 JuHEHHOro
oneparopa. MaTpuua JuHeHOro oneparopa.

Omneparop R, JNEUCTBYIOINK B JIMHEWHBIX ITPOCTPAHCTBAX %+ ¥ yaspiBaetes HHEHHBIM OIIEpPaTOpPOM,

A(u+v):ﬁ(u]+ﬁ[vjnﬁmuj:cx?—t[uj u, vex

eciIn IUISA JTFOOBIX A Ui 1r000ro

qucjia “ .

Ecan IIpOCTPaHCTBA XI/I YCOBI'IB.,HEIIOT., TO T'OBOPAT, YTO OIICpaTOp HeﬁCTByeT B IIPOCTPAHCTBEC X B
HaHBHeﬁmeM OI'paHUYHUMCA PaACCMOTPCHUCM JIMHEUHBIX OIICPaTopoOB, ﬂeﬁCTBYIOHIHX B JIMHEHHOM

MIPOCTPAHCTBE =

PaccmoTpuM nuHEHHBIN oniepaTtop R, JNEUCTBYIOINKA B KOHEUHOMEPHOM JIMHEMHOM IPOCTPaHCTBE

Jlokazano, 4ro o6pa3 Im (A) JIMHEHHOrO omepaTopa  JMHEHHOE IPOCTPAHCTBO. PasmepHOCTH 0Opasa

JTUHEWHOTO oreparopa Ha3BIBACTCS paHrom oreparopa, obo3HavaeTcs
Eg (A) =r =dim (Im (RA))

Slnpom JTMHEHHOro ONMepaTopa Ha3bIBAETCSI MHOXECTBO JIEMEHTOB U3 X, 00pa3oM KOTOPBIX SBISETCS
HYyNeBO#l aneMeHT. Sapo omepatopa 0003HAYAIOT Rer (A) . Ker (B) ={xeX: A(x)= ﬂ}.
Slapo nuHEHHOrO omepaTopa  JIMHEHOEe MPOCTPAHCTBO; Pa3MEPHOCTH sAjapa JMHEHHOro omeparopa
Def (A).d =Def (A) =dim (Ker (A))
Jlns nuHeHoro omeparopa, JEHCTBYIOLIETO B N-MEPHOM JIMHEWHOM IMPOCTPAHCTBE X, CIIpaBeIMBBI
CJIe1YIOLUE YTBEPKICHHUS:

- CyMMa paHra u aedekrta ornepaTopa paBHO pa3MEPHOCTH MPOCTPAHCTBA, B KOTOPOM JICCTBYET OINEpaTop:
Def (A) + Rg (a) = n.
)

Ha3bIBaeTCs 1epexTom omeparopa, 0003HaYaETCS

- paHT onepaTopa paBeH PaHTy ero MaTPUIIbL;

- SJIpO OTepaTopa COBIAJACT C MHOKECTBOM PEIICHHUN JTHHEHHON OJHOPOTHOW CHCTEMBI C MaTpHUIlei A,

pa3MepHOCTh MPOCTPAHCTBA PEIICHUN ITOW CUCTEMBI paBHa AedeKTy omeparopa, a ee QpyHIaMEHTaIbHAs

CHCTEMa PeIIeHn 00pa3yeT 0asucC B sApe ONepaTopa;

- CTOJIOIBI, BXOIAIINE B 0a3UCHBIN MUHOP MaTpPHIIBI OrlepaTopa 00pa3yroT 6as3uc B obpase omnepaTtopa.
ChopmynupoBaHHBIC YTBEPXKICHUS ITO3BOJISIOT ONMHUCATh CTPYKTYypy oOpa3a ® sapa JMHEHHOTO

orepaTopa, 3aJaHHOTO MaTpHIIeW, HCIONB3Ys S3BIK MATPUYHBIX TMpeoOpa3zoBaHUil U oOIIeH Teopun

JINHEMHBIX CUCTEM.

di11 417 ... dip
I = dzi 4z ... dip
Marpuna, 8nl 8nz - 8mn’  CTONOIAMH KOTOPOM SIBJISIIOTCS KOOPAWHATHI 00pa3oB 0Oa3MCHBIX

BEKTOPOB, Ha3bIBAETCS] MAaTPHUIeil JIMHEHHOIr0 onepaTopa B 33JaHHOM Oa3uce.
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2. CoOcTBeHHbIE 3HAYeHHS] U COOCTBEHHBbIE BEKTOPBI JIHMHEHHBIX omepaTopoB. CoO0CTBeHHBbIE
3HAYECHHUS KBAAPATHBIX MATPHIL..
ITyctb A- IMHENHBIN onepaTop, AEHCTBYIOIIMM B TMHEHHOM IIPOCTPAHCTBE.

Yucno A Ha3bIBACTCS COOCTBEHHBIM 3HAUEHUEM, a HEHYJIEBOW BEKTOP X -COOTBETCTBYIOIIUM
COOCTBEHHBIM  BEKTOpPOM  JMHEHHOro omepaTtopa A, €ClIM OHM CBA3aHBl MEXAYy COO0O#

cooTHOMeHnem + % = A X

[Tycts A- MaTpuIia oneparopa B HEKOTOpOM Oasuce.
CoOcCTBeHHBIC 3HAYCHMS OIEpPaTOpa M COOTBETCTBYIOIIME KM COOCTBEHHBIC BEKTOPHI CBSI3aHBI

(A- AE) x=0 E—

COOTHOLICHHUEM , TAC CAMHUYHagd MaTrpuia, a 0 _HYHCBOﬁ DJICMCHT

pPOCTPAHCTBA % 910 03Hauaer, 4TO COGCTBEHHDII BEKTOP OIlepaTopa sBIISETCS HEHYJIEBbIM pelleHHEM
JMHEHHON OJHOPOJHON CHCTEMEI (A-AE) x=0
corma det (A-AE) =0

CnenoBaTenbHO, COOCTBEHHBIE 3HAYEHUs JIMHEHHOIO ONEpaTopa MOTYT OBITh BBIYMCIEHBI KaK KOPHH
ypasers AT (A= AE) = 0
OJIHOPOJIHBIX CHCTEM.

VpaBHeHue det (A- AE) =0
det (R- AE) —

, KOTOpPOC CYHICCTBYET TOraa M TOJBKO TOI'lJa,

, a COOCTBCHHEIC BCKTOpPbI - KaK PpCHICHHUA COOTBCTCTBYIOIIUX

Ha3bIBACTCSl XapaKTEPUCTUUYECKUM YpaBHEHUEM oreparopa, a

MHOI'OYJIEH XapaKTepUCTHYECKUM MHOTOYJICHOM OIlepaTopa.
Jnst  cOOCTBEHHBIX 3HAUYEHHH M COOCTBEHHBIX BEKTOPOB JIMHEHHOTO OIEpaTropa CHpPaBEIJIUBBI
CIIENYIOINE YTBEPKIACHHUSA:
- MHOTOWIEH OIepaTopa, JICWCTBYIOIIET0 B N-MEPHOM JIMHEMHOM IPOCTPAHCTBE  SIBIISIETCS
A

MHOI'OYWIEHOM N-# CTENEHU OTHOCUTENBHO ~

- TUHEHHBIN orepaTop, NSHCTBYIOMNN B N-MEPHOM JTMHEHHOM IIPOCTPAHCTBE UMEET He 0oJiee N pa3IMIHbIX
COOCTBEHHBIX 3HAYCHMIA;

-COOCTBEHHbIE BEKTOPbI, OTBEYAOIINE PA3INYHBIM COOCTBEHHBIM 3HAUEHUSM, JIMHEHHO HE3aBUCHUMBI;

-€CJIM JIMHEWHBIN OIEepaTop, AEUCTBYIOIIMM B N-MEPHOM JIMHEHHOM MIPOCTPAHCTBE X, UMEET N pa3InyHbIX

COOCTBEHHBIX 3HAUYEHUI, TO COOCTBEHHBIE BEKTOPHI omepaTopa o0pa3yroT 6a3uc B MPOCTPAHCTBE X; 3TOT
0a3rc Ha3BIBAIOT COOCTBEHHBIM 0a3MCOM ONEPATOPa;

-MaTpulla omepaTopa B 0a3uce U3 €ro COOCTBEHHBIX BEKTOPOB HMEET JHaroHalbHyI (opMmy ¢
COOCTBEHHBIMH 3HAUYECHUSIMHA HaA AraroHalin.

[Tycte mana matpuma A. UYucnmo A Ha3bIBaeTCs cOOCMBEHHbIM 3HAYeHUeM MATPUIBI A, ecin

BBITIOJTHSIETCS] PABEHCTBO | A(A-AE)=0 |

— -

Bektop X =(X;Xy;..;X,), X#0 Ha3bIBACTCS COOCMBEHHbIM __6€eKIMOPOM, COOTBETCTBYIOIIUM

X

COOCTBEHHOMY 3HAYCHHIO A, €CITU (A—JE). X2 | _ 0

X

n

1 4

[pumep: Haiitu cobcTBEHHbIE 3HAUE€HUSI U COOCTBEHHBIE BEKTOPHI MATPHUIIBI A = 9 1

Pemenwme: 1) A(A—AE) =0

14y (10 1-4 4
Y =0
(o 146 )

9 1-4
A, =-5, A, =7 - cOOCTBEHHbIEC 3HAUCHHS MaTPULBI A.

2) X = (%;%); 4=-5

=0 (1-2)*-36=0
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1-4 4 \x) (0) 6 4 x1_0:> 6x1+4x2=O:> X, =C
9 1-a)x) (0) 9 6)\x,) (0 9x, +6x, =0 X, = —1,5¢

—

X, = (¢;—1,5c), VC#0 - coOCTBEHHBII BEKTOP, COOTBETCTBYIOIINI COOCTBEHHOMY 3HaYeHHIO A, = —5.

X = (%) A =7

-6 4\ X 0 - 6%, +4x,=0 X;=d
= _|= =
9 -6)Xx, 0 9%, —6x, =0 X, =15d

—

X, = (d;1,5d), Vd # 0- cobcTBEeHHBIH BEKTOp, COOTBETCTBYIOIINH COOCTBEHHOMY 3HaueHUI0 A, = 7.
PaccmoTpum Mozaens MeXayHapOJHON TOProBiau (MoJiesib 0OMEHA) B BHIE MATEMaTHYECKOW MOJIEITH.
ITycts uMeeM N cTpad - S, S,, ...,S, , HAIIMOHAJIBHBIN 10XO0 KQXKJI0W U3 KOTOPBIX PaBEH X, Xy, ..., X, .

1 n o’
OGo3Ha4ynm yepes @ ;

Ha MOKYIIKY TOBAapOB y CTpaHbl S, .

, i1=1..n; j=1..n 100 HAMOHAIHHOI'O J0X0Ja, KOTOPBIA CTpaHa S ; TpaTuT

ByneM CUHuTaTh, 4YTO BECH HaHI/IOHaJ'II)HHﬁ J0XO0 TPpAaTUTCA Ha 3aKYIIKy TOBApPOB 100 BHYTPHU CTpPAHBbI, 100

Ha UMITOPT U3 JPYTUX CTpPaH, T.€. Zai ;=1 (j=1.n).
i1

&y 8, . @y
a21 a22 aZn Y Y
MaT nia = Ha3bIBACTCA CMPYKMYPHOU Mampuuyeu mop2o6Jilu.
p A
anl a‘n2 " a‘nn

O6oznaunM yepe3 pP; (i =1..n) BBIpydYKy OT BHYTPEHHEH M BHEIIHEI TOPrOBIM JUIS CTPAHbl S, , TOrIa

Pi = X + 8%, + o 8 Xy,
OueBHIHO, YTO BBIPYYKAa OT TOPrOBJIM KaKJOW CTpaHbl JAODKHA ObITh HE MEHbIIE €€ HAalMOHAJILHOTO
noxona, T.e. P, =X . Ho P, >X - HEBO3MOXHBIN ciay4ail, T.K. BCE CTPaHbl HE MOTYT OJHOBPEMEHHO

HOJTy4aTh IPUObLIb, I0O3TOMY YCIOBHUE [ = X; IpPUMET BUI P, = X; .

BBezneM BeKTOp HAIMOHATBHBIX TOXOJO0B CTPAHBL X = (X} X,;...; X,,) , TIOJIyYHM MaTPUIHOE ypaBHEHHUE
Xl

A-X=X,rtme y_|%

X

n

T.e. 3amaua cBenach K OTHICKAHUIO COOCTBEHHOI'O BEKTOpa MaTpullbl A, OTBEYAIOLIEro COOCTBEHHOMY
3Ha4yeHuto A =1.

[Tpumep: CrpyKTypHas MaTpHIa TOPTOBIM TpeX cTpaH S, S,, S, MMeeT BuA
A =

WRWIRWR
NRN[RPM R
O N|RN|F

Haiitu HanimoHabHBIE TOXOIBI 17151 COATAaHCUPOBAHHON TOPTOBIIH.

Pemenne: Haiinem coOCTBEHHBIN BEKTOP X, COOTBETCTBYIOIIUI COOCTBEHHOMY 3HaueHHWIo A =1.

2 1 1 -
(A-E)X =0 3 a4 2 |rx, o x=15¢ - meron 'aycca. T.e. X = (1,5¢C;2cC;C)
5 3 3 |x|7°] X
1 1 X3 o :
3 a *

Takum o0pa3zoM, cOalaHCHPOBAHHOCTH TOPTOBIHM TPEX CTpPaH JAOCTUTAETCS MPU BEKTOPE HAIMOHAIBHBIX

- 3
noxonoB X = (1,5¢;2cC;C), T.e. MpH COOTHOIICHUN HAIIMOHAJBHBIX JOXOJ0B CTPaH E 221 wm 3:4:2.

32



3. KBagpaTtuunsble (popmbl, UX MaTpulbl B AaHHOM Oa3uce. IIpuBenenue KBagpaTu4yHoii ¢GopmMblI K
HOpMaJIbHOMY BHUAY MeToaoM Jlarpan:ka. IlpuBenenue kBaapatudHo GopMbl K KAHOHUYECKOMY BHIY
NpH MOMOIIM OPTOrOHAJBLHOIO Npeodpa3oBaHMsA. 3aKOH MHEPUUH KBAApAaTH4YHBIX (opm. Kpurepmii
CuiibBecTpa 3HAKOONPeAeIeHHOCTH KBAAPATUYHOM (opMbI

, KBampatnunas ¢opma — (yHKIHS Ha BEKTOPHOM TPOCTPAHCTBE 3a/iaBaeMasi OJHOPOJHBIM
KBaJ[paTHBIM MHOTOWICHOM OT KOOPIUHAT.
ITycts L ecTh BEeKTOpHOE MPOCTpaHCTBO Haj mojieM K u {ere2,.. . n} Gasuc s L.

Oynaknus Q u3 L B K Ha3pIBaeTcst kBaapaTuuHON GOpMOM eCiti €€ MOXKHO TPE/ICTABUTh B BUJIE
mn
Qx) = ) ayziz;
ij=1

T =€) + Ta€a + -+ Tpep = Ziﬂifs
rae = a ajj -oaueMenTsl nojs K.

Marpuny (ajj) Ha3bIBalOT MaTPULIEH KBaJAPaTUUHON (GOPMBI B TaHHOM Oa3Hce.
B cnydae ecnu xapakrepuctuka nois K He paBHa 2, MOKHO CYHTATh, YTO MAaTPHIIA KBAIPATUIHON (POPMBI
CUMMETPHUYHA, TO €CTb ajj = ajj.

HopmaneHbIM BHIOM KBaJpaTUYHOH (OPMBI HA3BIBACTCS TAKOW KAHOHWYECKUH BUJA, B KOTOPOM
K03()UIMENTHI TIPU KBapaTax HEM3BECTHBIX (HE CUMTAst HYJIEBBIX) paBHbl £1,

Mertopn Jlarpanxka — MeTOJ] IPUBEACHUS KBaAPATHIYHON (POPMBI K KAHOHUYECKOMY BHJY, YKa3aHHBIH
B 1759 rony Jlarpanxem.

JlaHHBI METOX COCTOMT B IIOCICAOBATENEHOM BBICNCHUM B KBAAPATHYHOH (DOpPME IOIMHBIX

PIPILEL

kBazparos. [lyctp i=1i=1 €CTb JJaHHas KBajpaTtuyHas popma. Bo3MoxHBI Ba ciyyas:

1. xots 661 0AMH U3 KOA(PPHUIMEHTOB ajj IPU KBaJgpaTax OTIMYeH oT Hynsd. He Hapymas oOmHoCTH,
6ynem cumrtath @17 0 (3TOro Bcerma MOXHO JOOUTBCS COOTBETCTBYIOLIEH MepeHyMeparueil
MepEMEHHBIX );

2. Bce kooaddumuents i = 0,1 =1,2,..,7 1o ects xodpuIMenT %) 7 J, OTAMUHBIL OT HyNS (11
OTpeIeIEHHOCTH IycTh Oymet @12 7 D).

B nepBom ciyuae npeoOpa3yem KBaapaTHUHYIO (HOpMY CIEIYIOLUIMM 00pa3oM:

flay, xg, oy ) = (a.u:r,f + 2a1221 T2 + ... + 201,717,) + fi1(T2, Tz, ey Tp) =

= —(ap +a19T9+ ... 41,7, ) ——(a1pTo+ ... 401, ) 2+ f1( T2, Ta, .., T,) == Ly% + fol@g, T3, 0y )

1 1 11 , TJIe
U1 = a2+ Aty + .+ 01T 3 gepes J: 2(%2, 3, ... n) 0GO3HAYCHBI BCE OCTANBHBIC ClAraEMBIC.
falza, .., ) MpeJCTaBIsAeT co00M KBagpaTHUHYI0 (GopMy OT n-1 mepeMeHHBIX 22:%3; - n. C Hel
MOCTYMAOT aHanoquanlwa(}6pa30M Y TaK Jajee.

3amernm, uro *' 207,

Bropoii ciydaii 3aMeH0# IepeMeHHBIX 1 = Y1 + Y2, T2 = Y1 — Y2, T3 = Y3, -, Tn = Yn CBOJAUTCA K TIEPBOMY.

KBanpatuunas popma Ha3bIBaeTCs KAHOHUYECKON (MMeeT KaHOHUYECKUH BU]), €CIH KO3 (HUIIUEHTHI

a. = O i 1 o
U npu I+ J , TO €CTh, CCJIM MaTpHlla KBaAPATUIHOU (bOpMLI AuaroHajbHasd U CJIICA0BATCIBbHO

n
(0 = a X +a,X> +..+a, X = Z:l:a“xf
Y
rJe He Bce KO PUIIHEHTHI % PaBHBI HYJIIO.
CymiecTByeT OpPTOrOHAIBHOE IPeoOpa3soBaHHE N-MEPHOTO E€BKIIMIOBA MPOCTPAHCTBA, MPUBOIAIIEE
KBQ/IPATHYHYIO (OPMY K KAHOHHYECKOMY BHUILY.
ANTOpUTM NIPUBEJICHUS KBAJPATHIHON ()OPMBI K KAHOHUYECKOMY BHIY COCTOUT B CIIEIYIOIIEM:
-HaxXoaum CO6CTBCHHBIC 3HAYCHUS ManI/II_UJI KBaIIpaTH‘-IHOﬁ (I)OpMLI 1 3aIIUChIBACM eé KaHOHI/I“IeCKI/Iﬁ
BUJ B BHUJIE CYMMBI KBaJpaToB, KOA(PQUIMEHTAMH TPU KOTOPHIX SIBISTIOTCS COOCTBEHHBIE 3HAYCHUSI
ManI/I]_IBI;
-eClId HYKHO yKa3aTh BHJ IPeoOpa3oBaHMs, TO HAXOJWM COOCTBEHHBIE BEKTOPHI MAaTPHIIBL,
HopMpreM HUX, U 3aIIMChIBACM ManI/II_Iy HCpCXO,Z[a OT UCXOOHOTO OpTOHOpMHpOBaHHOFO 63.3PIC3. K 6331/Icy,
COCTaBHeHHOMy n3 Haﬁ}leHHBIX CO6CTBeHHBIX BeKTOpOB.
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3aKkoH MHepUUH KBaApaTH4YHBIX ¢opMm. IIpuBoas kBagpaTHuHyl0 (GopMy K CyMMe KBaJpaTOB:

Az, 7 = Y agmx; => @ (7)),
-1 il BOOIIIE TOBOPS, Oy/1eM MoTydaTh pa3anuHble K03()(OUIUEHTHI IPH KBaIpaTax.

Opnako, cHpaBeyiMBa ClEIylOIlas TeopemMa, KOTOopas HOCUT Ha3BaHME '3aKOH MHEPLUU
KBaJpaTUYHbIX GopM".

Teopema. Eciu xBagpatuunas ¢gopma 4*.#) mpuBOAWTCS K CyMME KBaJpaTOB B JBYX Pa3IHMYHBIX
0a3ucax, TO YMCIO WIEHOB C IMOJIOKUTEIbHBIMU KO3(PPHULIHUEHTAMU U YUCIIO YJICHOB C OTPULATEIbHBIMU
KO3 punreHTaMu B 000UX CIy4asx OHU U T€ Ke.

Teopema (xputepuit CunbBectpa). s Toro uroObl KBagpaTudHas Gopma F(X)  Geuma
MIOJIOKUTEIIBHO ONPECIEHHON, HEOOXOAMMO M JIOCTaTOYHO 4YTOOBI BCE YIJIOBBIE MHUHOPBI MaTpPHILIbI
KBaJIpaTUIHON (HOPMBI OBUITH TTOJIOKHUTEIBHBI,TO €CTh, YTOOBI

A, >0,A, >0,..,A, >0.

AL Ay, A

3nech N -yTJI0BbIE MUHOPBI MaTPUIIbI KBAJAPATUYHON (OPMBIL.

CaencrBue. Jlns Toro 4YroObl KBajgpatuyHas ¢opma F (%) Obula OTPULIATENLHO OIpPENeIEHHON,
HEOO0XOAMMO M JIOCTATOYHO, YTOOBl 3HAKM YIJIOBBIX MHUHOPOB MAaTpHLbl KBaApaTUYHOM (OpPMBI

. A <0,A, >0,A,<0,...,(-1)"A, >0.
4epe0BAITUCH CIISAYIOMNUM 00pa3oMm:
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1.11. Jleknus Ne 11 (2 yaca)
Tema: «IIpsimasi ¥ IVIOCKOCTb)»

1.11.1. Bonpocsl JieKIUK:

1. Mpamasi ¥ TUNEPIVIOCKOCTL B H-MEPHOM TMPOCTPAHCTBE. YTOJ MEXKIYy T'HMIEPHI0CKOCTIMH.
PaccTosinne OT TOYKH 10 THNEPILIOCKOCTH.

2. [Ipsimasi HA TJIOCKOCTH M B IPOCTPAHCTBeE.

3. [L1ockocTh B TPEXMEPHOM MPOCTPAHCTRBE.

1.11.2. KpaTkoe coiepkaHue BOIPOCOB
1. IlpaMasi ¥ TUNEPIVIOCKOCTL B H-MEPHOM IPOCTPAHCTBE. YTOJ MEXKIYy T'HMIEepPII0CKOCTIMM.
PaccTosinue 0T TOYKH 10 THNEPIIOCKOCTH.

ITycTh B N-MEpHOM MPOCTpPaHCTBE daHa Touka A ( aj ap, ..., ap) ¥ HEHYJIEeBOH BeKTOp Up=( az, ay, ...,
an). DTUMH JaHHBIMU OTIPEJICIIEHO MHOKECTBO ', coCTOSIIIee U3 BCeX TOUYeK M, ABISIOIIMXCS KOHIEBBIMH
TOYKaMH BCEBO3MOHBIX BEKTOPOB BHUA lyo, T/ie t- MPOU3BOJIBLHOE YUCIIO M3 TOJIS K, IPHUIOKEHHBIX K TOUKE
A. Tak, omnpeneneHHOe MHOXKECTBO T HasbIBaeTCs npsAMOlL, TIPOXOIAIICH uepe3 TOUKY A B MPOCTPAHCTBE
R" u umeromeit (uan HecyIllel Ha cebe) HanpaBISIOMUNA BEKTOP Uo,

B N-MmepHOM NpOCTpaHCTBE CYIIECTBYIOT MOANPOCTPAHCTBA BceX pasmepHocter k < N, wacro
HA3BIBAEMbBIC 2UNEPNIOCKOCHAMU WIH K-TIIOCKOCTIMH, e kK — pa3MepHOCTh MOANPOCTpaHCcTBa. TepMuH
«TUTEPIIOCKOCTh» HCIIOJIB3YeTCS TaKXKe B Y3KOM CMBICIE i OOO3HAYCHHS TOIIPOCTPAHCTBA
pasmepHoctd N-1 (kopazmepHoctr 1). OmHOMEpPHOE MOANPOCTPAHCTBO I10 AHAJOTHU C OOBIYHOMU
reOMETpHEH HA3bIBACTCS MPSIMOM, ABYMEPHOE TOIPOCTPAHCTBO — TUIOCKOCTHIO. Ha3BaHME «ILTOCKOCTHY
MOTYEPKUBACT TOT (PaKT, YTO OOBEKT HAXOJUTCS BHYTPH MPOCTPAHCTBA OOJIBIIEH Pa3MEPHOCTH, TO €CTh
SIBIIICTCS TIOJIPOCTpaHCTBOM. Hampumep, B 4-pocTpaHCTBE OOBIYHOE TPEXMEPHOE MPOCTPAHCTBO
SIBJISIETCS 3-INIOCKOCTBIO.

2. IIpsiMast Ha IJIOCKOCTH M B IPOCTPAHCTBeE.
Kak u3BecTHO, 1100ast TOUKa Ha IUIOCKOCTH OIPENeNsieTCsl IByMsl KOOpAMHATaMU B KaKoi- JIn0Oo cucreme
KoopanHaT. CuCTeMbl KOOPJMHAT MOT'YT OBITh Pa3JIMYHBIMU B 3aBUCUMOCTH OT BbIOOpa 6a3uca u Havyaia
KOOPJIHMHAT.
Onpenesienne. YpaBHeHHeM JIMHUM Ha3biBaeTCsi cooTHotieHue Y = f(X) Mexay koopauHaTamu
TOYEK, COCTABJISIFOLIUX 3TY JIMHUIO.
OTmeTuM, 4TO ypaBHEHHE JIMHMM MOXKET OBITh BBIPAXKEHO MapaMeTpUYEeCKUM CIIOCOO0M, TO €CTh
Ka)kJ1asi KOOpAMHATa Ka) /101 TOUYKHU BBIPAKAETCSA YEPE3 HEKOTOPHIN HE3aBUCUMBIN napaMerp t.
XapakTepHbII IPUMEP — TPAEKTOPUS JABHKYILEHCSA TOUKU. B 3TOM ciyyae poib nmapamerpa Urpaet
BpeMsl.
Omnpenenenue. Jlro6as npsimas Ha MIOCKOCTH MOKET OBITh 33/1aHa YPaBHEHUEM IIEPBOT0 MOPSIKa
Ax+By+C=0,
IIpUYEM INOCTOSIHHBIE A, B He paBHBI HYJII0 OJHOBPEMEHHO, T.€. A? + B? # 0. D10 YpaBHEHUE IIEPBOTO
MOPsAJIKAa HAa3bIBAIOT 00LMM ypPaBHeHHEM MPSIMOii.
B 3aBucumocTH OT 3Ha4eHMI MOCTOSHHBIX A,B 1 C BO3MOKHBI CIEAYIONIME YAaCTHBIE CIIyYau:
=0, A # 0, B#0— npsimast npoxoauT depe3 Hadaio KOOpIuHAT
0,B#0,C=0{By+ C =0} npsamas mapamienabaa ocu Ox
0, A#0,C=0{Ax+ C =0} — npsmas napayuiensta ocu Oy
- B=C=0, A #0—npamas coBnanaer ¢ ocsio Oy
- A=C=0,B=#0-npsamas coBmagaet ¢ ocbto OX
VYpaBHeHHE MPAMON MOXKET OBITh PEJCTABICHO B PA3IMYHOM BHUJIE B 3aBUCUMOCTHU OT KaKUX — JINOO
3aJIaHHBIX HadyaJIbHBIX YCIOBHH.
Onpenenenue. B nexkapToBoil nMpsMOYrojabHOW cucTeMe KOOpAMHAT BEKTOP ¢ KOMIIOHEHTaMH (A,
B) nepnenaukynsipen npsmoii , 3a1anHol ypaBHeHuem Ax + By + C = 0.
[Tpumep. Haiitu ypaBHeHHe npsiMoid, mpoxosiien yepe3 Touky A(1, 2) nepneHauKyIsIpHO BEKTOPY
n(3,-1).

C
- A
B
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CocraBum npu A = 3 u B = -1 ypaBnHenue npsimoii: 3x —y + C = 0. [lnsa Haxoxaenus kodpdunuenta C
MOJICTaBUM B MOJTyYEHHOE BBIPAKEHUE KOOPAUHATHI 3aIaHHOM TOUKH A.
[Momygaem: 3 — 2 + C = 0, cnegoBarensHO C = -1.
Hroro: nckomoe ypapaenue: 3x —y—1=0.

[Tycts B mpocTpaHcTBe 3aaanbl ABe Touku Mi(X1, Y1, Z1) u Ma(X2, Y2, Z7), TOTIa ypaBHEHHE MTPSIMOIA,
MIPOXOJSIICH Yepe3 9TH TOUKU:

X=X Y=V  Z—Z
Xo=X% =W 2%
Eciu kakoii- mM60 M3 3HaMEHATENEH paBeH HYIIO, CIEAYyeT IPUPABHATH HYJIO COOTBETCTBYIOIIUH

YUCIHUTCIIb.
Ha mrockocTr 3anmmucaHHoOe BBIIIE YpaBHCHHC HpHMOﬁ YIpomacTcs:

Yo~ N
Yy—=—n"= (x—x,)
Xy =X
€CJIM X1 # X2 U X = X1, €CIIUX] = X2.
Vo= W _ .
JIpobb ——— = K Ha3bIBaeTCs YIJA0BBIM KO3 (PUIIHEHTOM MPSIMOii.
X, —X
2 1

[Tpumep. Haiitu ypaBHeHue npsiMoi, npoxoasiei uepe3 Touku A(1, 2) u B(3, 4).
ITpuMeHss 3anMcaHHYIO BbIlIE (GOPMYITy, IOTyYaeM:

4-2
-2= x—1
y 57 * D
y—2=x-1
x—y+1=0
Ecnu oOmmee ypapHenue npsamoit Ax + By + C = 0 npuBecTy K BUIY: ) = _% x_%
u 0603Haunth _ A _ k: _C_ b, me. y=kx+b, TO TOJYYEHHOE YPABHEHUE HA3BIBACTCS YpPaBHEHHEM

B

NPSIMOii ¢ Yri1oBbIM ko3¢ dunmenTom K.

Omnpenesenue. Kaxapiii HeHyneBoi BeKTOp d (0, 02), KOMIIOHEHTBI KOTOPOTO YAOBIETBOPSIOT
ycaoBuio Aoy + Bay = 0 Ha3bIBaeTCs HaNpaBIISIFOIUM BEKTOPOM MPSIMON
Ax+By+C=0.

[Mpumep. Haiitu ypaBHeHHe TpsMoii ¢ HampaBisiommM BekTopoM d (1, -1) u npoxomsiiei yepes
touky A(1, 2).

YpaBHeHHEe HCKOMOU mpsiMoit OymeM uckath B Buae: AX + By + C = 0. B cooTrBercTBUU C
orpejiesieHueM, Ko3(pPpUIUEHTHI T0JIKHbI YIOBIETBOPATh YCIOBHIM:

1.A+(-1)B=0,Te. A=B.

Torna ypaBaenue npsimoit umeet Bua: AX + Ay+C =0, mm X +y + C/A=0.

npu X = 1, y =2 nonygaem C/A = -3, T.e. uckomoe ypaBaenue: x +y-3 =0

Ecnmn B oOmem ypaBHenuum mnpsmod Ax + By + C = 0 C # 0, 710, pazgenuB Ha —C,

nojyaum: _ 4, B wm X, V_,rne ,_ € ,_C
a b A B

['eomeTpuueckuii cMbIci KO3()PUIHUEHTOB B TOM, 4TO KOI(PPHUIMEHT a SBISETCS KOOPAMHATOU
TOYKH MEPECeUeHuUs MpsMoii ¢ ocbio OX, a b — KoopIuHATOM TOUKH TIepecedeHus npsiMoii ¢ ockio Oy.

[Tpumep. 3agano obuiee ypaBHeHHe npsaMoit x — y + 1 = 0. Haiitu ypaBHeHue 3Toil mpsiMoil B
OTpe3Kax.

C=1,_%+%:1, a=-1, b=1

s camocrosTenbHoro pemeHusi: CocTaBUTh YpaBHEHUS MPAMBIX, MPOXOAAIINX dyepe3 TouKy M(-
3, -4) 1 napaJuIebHBIX ocsM KoopauHaT. Oteer: { X +3=0; y+4=0}.

Omnpenenenue. Eciu 3amanbl qBe npsMbie Y = KiX + b1, Y = koX + Dy, To ocTpsiii yron mexmy

STUMHU MPSMBIMH OyJIET ONPEAETIATHCS KaK |k k]
1+ kk,

X —

JIBe mipsiMble napasuienbHbl, eciiu Ky = Kj.
JIBe mpsiMble IepHeHIUKYIIApHBL, eciu Ky = -1/Ka.
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Teopema. Ilpsavvie Ax + By + C = 0 u Aix + Byy + C1 = 0 napannienvhsi, K020a nponopyuoHaIbHsl
koaghuyuenmor Ay = AA, B1 = AB. Ecau ewe u C1 = AC, mo npsmvie cosnaoarom.

Koopaunatel TOYKM mepeceyeHHs] OBYX MPAMBIX HaXOISATCS KaK pEIIeHHe CHCTEMBI ABYX
YPaBHEHUU.

Omnpenenenue. [Ipsavas, npoxoasimas yepe3 Touky Mi(X1, y1) U NEpPIEHIUKYIIpHAS K MPSIMOU y =

1
kx + b mpexcrasisercs ypaBHEHHEM: Yy — ), = X (x—x,)

Teopema. Eciu 3adana mouka M(xo, yo), mo paccmosinue 0o npimou Ax + By + C =0
onpeoensemcs Kaxk _lAx + By + .
Jat+ B
OOue ypaBHEeHHS OPSIMOM B TPOCTPAHCTBE. VYpaBHEeHHE MPSMON MOXKET OBITh PACCMOTPEHO Kak
ypaBHEHUE JIMHHUH [IEPECeUEHUs IBYX IJIOCKOCTEH.
Kak Ob110 pacCMOTPEHO BBIIIE, IUIOCKOCTh B BEKTOPHOM (JOPME MOXKET OBITh 33/1aHa YpaBHEHUEM:

N -7+D=0, rue

N - HOpMaJlb IJIOCKOCTH; 7 - PaANYC- BEKTOP IMPOU3BOJIBHON TOYKHU IUIOCKOCTH.

ITycte B mpoctpaHcTBe 3a1aHbl jaBe miockoctu: N,-7+ Dy = 0 u N, -7+ D, = 0, BekTopsl
HOpMaJM UMEIOT KoopauHatel: n (A1, B1, C1), N, (A2, By, Cy); 7 (X, Y, 2).

Toraa obuue ypaBHEHUS NPSAMOI B BEKTOpHOI opme: (N .7+p, =0

{Fz -F+D,=0
OO0me ypaBHEHHS MPSIMOI B KOOPAMHATHOH (popme: {AIX +By+Cz+D =0
A, x+B,y+Cyz+D, =0

[TpakTHyeckast 3a1a4a 4aCTO COCTOUT B MPUBEICHUH YPaBHEHUI MPSMBIX B 00ILIEM BUJE K
KaHOHHYECKOMY BUTY.

s 5TOr0 HaJ10 HATH NPOU3BOJIBHYIO TOUKY NMPAMOM U yKciIa m, N, p.

[Tpu 3TOM HampaBIAIOLUN BEKTOP MPSMOIl MOXET ObITh HailIeH Kak BEKTOPHOE IPOU3BE/IECHUE
BEKTOPOB HOPMaJIH K 33JJaHHBIM IIOCKOCTSIM.

i ik
SN o / -.'Bl Cl -:Al Cl ”Al Bl s = 7
S=N,xN,=|4 B, C/|=i —J =im+ jn+kp.
A B C BZ C2 AZ CZ AZ BZ
2 2 2

IIpumep. HaiiTn kaHOHMYECKOE YpaBHEHHE, €CIIM NpsMasi 3aJ1aHa B BUJIE:
2x—-y+3z-1=0
Sx+4y—-z-7=0
Jl1s Hax oK AeHMsI IPOU3BOJIBHOM TOUKH NPAMOM, IPUMEM €€ KoopauHaTy X = 0, a 3aTeM N0ACTaBUM
9TO 3HAYCHUE B 33JIaHHYIO CUCTEMY YPaBHEHUM.
y=3z-1 y=3z-1 y=3z-1 y:2’T.e' A(0, 2, 1).
4y—-z-7=0 |12z-4-z-7=0 |z=1 z=1
HaxonuM KOMIIOHEHTBI HAIIPaBJIAIOLIEr0 BEKTOPA MPSMOM.

B C| -1 3 A, C 2 3 A B |2 -1
m= = =-11 n=- =— =17, p= = =13.
B, C, 4 -1 4, C, 5 -1 4, B, |5 4
Torma kKaHOHWYECKHE YpaBHEHHUS MPSIMON
x _y-2 z-1

o7 13
IIpumep. [IpuBECTHM K KAHOHMYECKOMY BHUY YPAaBHEHHUE NPSAMON, 3aJaHHOE B BUJIE:
2x+3y—-16z-7=0
3x+y-17z=0
s HaxoxIeHus MPOU3BOJIBHOM TOYKU IMPSAMOM, SBISAIOLICHCS JMHHUEN NEpPECcEeYEeHUs YKa3aHHBIX
BbIIIE TTOCKOCTEH, mpuMmeM Z = (). Torga:
2x+3y—-16z-7=0 :
;o y=-3x"
3x+y—-17z=0
2X—-9x—-7=0;
x=-1y=3;
[Monygaem: A(-1; 3; 0).
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Jj k
3 -16
1

Hanpasistomuii BEKTOp npsiMoii: i

=35/ 14 -7k

S=nxn,=2
31 -17
I/IToro:x—H=y—_3:i; x_+1=y—3:£;
-35 -14 -7 5 2 1

3. ILl1ockocTh B TpPEXMEPHOM MPOCTPAHCTBE.

TEOPEMA: VpaBHenune Ax+By+Cz=0,rae 4, B u C — HEKOTOpbIE IEHCTBUTEIIbHbIE yuCia (He
oOparmiarorcst oqHOBpeMeHHO B ), 3a/1aeT B IPOCTPAHCTBE MOBEPXHOCTb.

OOpatHoe yTBep)KIeHHE ToXKe BepHO: JIt00yt0 MOBEPXHOCTh B MIPOCTPAHCTBE MOXHO 337aTh YpaBHEHUEM
Buna Ax+By+Cz=0.

—

Hanpasnaowum eexmopom P TILUIOCKOCTH HA3bIBACTCA BEKTOD, JIeXKaAIIMA B ATOM INIOCKOCTH WU B

IJIOCKOCTH, apAJUIEIbHON €.

e

Sg—

3ameuanne: MoOKHO JOKa3aTb, 4YTO HaHpaBJ’IHIOH_[I/Iﬁ BEKTOP UMECT KOOPAUHATEI _p’: (-B; A0)

TEOPEMA:  Jlns Toro, 4YTOOBI BEKTOD p=(c;f;7) ObUI HaNpaBIAOIIMM JJIS IUIOCKOCTH
AX+ By +Cz =0, He00X0MMO U JOCTATOYHO, YTOOBI BBINOIHAIOCH PABEHCTBO Ag + BB +Cy =0

PacnonoxeHue miockocTu YcioBue OO1uiee ypaBHEHHE TUIOCKOCTH
1) [TpoxoauT Yepe3 HavaIo KOOPUHAT. D=0 Ax+By+Cz=0

2) 7| OX A=0 By+Cz+D=0

3) z| OY B=0 Ax+Cz+D=0

4) = | 0z C=0 Ax+By+D=0

5) = mpoxoaut yepe3 ocb OX A=0;, D=0 By+Cz=0

6) 7 npoxoaut uepe3 ocb OV B=0;, D=0 Ax+Cz=0

7) = npoxoaut yepe3 ocb OZ C=0, D=0 Ax+By =0

8) | mmockoctn XOV A=0; B=0 Cz+D=0 (z=h)
9) || mmockoctn YOZ B=0;, C=0 Ax+D=0  (x=h)
10) 7 | mmockoctn XOZ A=0; C=0 By+D=0 (y=h)
11) 7 coBmamaer ¢ mIOCKocThi0 XOVY A=0; B=0; D=0 Cz=0, z=0

12) 7 coBmamaer ¢ wiockocteio YOZ B=0; C=0; D=0 Ax =0, x=0

13) 7 coBmamaer ¢ miockocThio XOZ A=0;, C=0;, D=0 By =0, y=0

1) Touka O(0;0)e 7 = A-0+B-0+C-0+D=0= D=0
2) 7| OX = i:(1;0;0)||7z = A:1+B-0+C-0=0= A=0

z
Sy q opezomur gepes ok OX = O00 0 er = D=0
=00 s = A=0

(=]
=

Z

AN

)
T

A T || IMIOCKOCTH AW = E=(1;[|;[|)||;7 = A=10

F=@Lm)s = 8=0

X / 4
9 z=XOY = i=@00)|z = A=0, j=(010)|r = B=0, O(0;0)c,= p-0

BGKTOp N Ha3BIBACTCA HOPMANbHbIM 86€KIMOPOM TIOCKOCTH, €CIIM OH NEePICHANKYISIPEH 3TOM IIIOCKOCTH.
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O‘-ICBI/II[HO, YTO Kaxaasa IINIOCKOCTb HMECT 6quHCHCHHOC MHOXCCTBO HOPMAJIBHBIX BCKTOPOB,
napanneanblx MEXIy COOOM.

TEOPEMA: Ecnu miockocTb 7 3anaHa oOmuM ypaBHeHueM Ax+By+Cz+D =0, 10 Bekrop
n=(ABC) ‘ SIBJISIETCS] HOPMAJIbHBIM BEKTOPOM IJIOCKOCTHU 7T .

Paccmorpum IIJICK u B Heill Touky M, (X,;Y,:Z,) U n=(A;B;C). CoctaBuM ypaBHEHHUE IJIOCKOCTH,
IIPOXOAAIIECH Yepe3 JaHHYI0 TOUKY C JaHHBIM HOPMaJIbHBIM BEKTOPOM.

Bospmem rommy M0 x,p:2) € 1. Pacenorprma sextop MM = (x - 28 — ¥ 2 - 2

Tx MMer = n| MM = MMM n=0

B ——
==l

3anuieM B KOOPAMHATHOM dopme: | A(X—X,) +B(y—Y,) +C(z-2,) =0 |

CocTaBuM ypaBHEHHE INIOCKOCTH, poxoasiieii yepe3 Touku M, (X; ¥, Z), M,(X,;Y,:Z,), Ma(Xs; Vs 25),

Bo3bmMeM Ha miockocTu pou3BoibHYyI0 Touky M (X;Y; ). Iloctpoum BekTopel MM, M;M,, M,M,

Torma X KOOPANHATbI MlM (X_Xl;y_yl;z_zl)’ MlMZ(XZ_Xl;yZ_yl;ZZ_Zl)’ MlMS(XB_Xl;yS_yl;ZS‘_Zl)
BOCHOJIIBYCMCSI IIPU3HAKOM KOMIUIAaHAPHOCTH BEKTOPOB, IMOJTYUHNM:

X=X Ymho 1o - YpaBHEHHUE IUIOCKOCTH, IPOXOIAIIEH Yepe3 TP JTaHHbIE TOUKH.
X=X Yo=Y Z,—-2|=0
X Ys % 53—

Ycii0oBHE NapasieJIbHOCTH U NePHeHANKYJISIPHOCTH IIOCKOCTei

N, = HX KOOPAWHATBI IIPOITOPIHOHAIbHBI.

- - B C
Eemn n,=(A:BiC) U n,=(AiB,C,), 10 %:B_l:c_l

e ecn 7 | 7, < n | n= n-n=0= AA+BB,+CC,=0

e ccn 7|7, < H;

PaccTrosinne OT TOUKH 10 MJIOCKOCTH
Paccrosaue ot toukn M (X,;Y,iZ,) A0 IUIOCKOCTH 7. AX+By+Cz+ D=0 omnpeaensercs 1o

dbopmyre:

g :\Axo+By0+Czo+D |

JR+Bec |
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1.12. JIexuust Ne 12 (2 yaca)
Tema: «KpuBbie BTOPOro nopsiika»

1.12.1. Bonpocsl JieKIUK:

1. Knaccuukanus KpUBBIX BTOPOro Mopsiika. JJUIMIC, runepdoia U mapadoJia, UX CBOICTBAa U
KAHOHHYEeCKHE YPABHEHHSI.

2. [IpuBeneHue 00111ero ypaBHEHUs KPUBOH BTOPOro MOPSIAKA K KAHOHUYECKOMY BH]IY.

1.12.2. KpaTkoe coaep:kaHue BONPOCOB
1. Kinaccupukanuss KpMBBIX BTOPOro MOpsiAKa. JJJIMIC, rHnepdosa U nmapadosa, X CBOiCTBa M
KAHOHHYECKHEe YPABHEHHUsI.

KpI/IBbIe BTOpOro ImopdaakKa - 3TO JIMHUM Ha INIOCKOCTHU, KOOPAWHATBI TOYCK KOTOPBLIX CBA3AHbLI
YpaBHEHUSMH BTOPOHM CTEIICHW OTHOCHTEIIBHO X My B JICKapTOBOW CHCTEME KoopauHAT. Paccmotpum
CJIEYIOIINE BUJIbI KPUBBIX BTOPOTO MOPSI/IKA: OKPY>KHOCTb, JUIUIIC, TUIepOoIIa 1 mapadonia.

OKpY>XHOCTB - 3TO COBOKYITHOCTh TOYEK Ha IUIOCKOCTH, PABHOYIAJICHHBIX OT OJHOW (PUKCHPOBaHHOM
ToukM (1eHTpa). PaccrosHue OT TOYKM, JNeXameld Ha OKPYXHOCTH, JI0 LIEHTpa HAa3bIBACTCS PaJilyCcOM

OKPY’KHOCTH.
y 4

Yo |.

; #

o
Kanonunueckoe YpPaBHCHHC OKPY’KHOCTU nUMECT BH:

(X=%,)° +(y—Y,)° =R?, 20e M(X,,Y,)-LUeHTp Okpyx)HOCTH, R —paauyc.

3.2. Dnnumc.

DJIIMIICOM HAa3bIBACTCS TEOMETPUYECKOE MECTO TOYEK, /Ui KOTOPBIX CyMMa DPAcCTOSIHHM 10 ABYX
(PMKCUPOBAHHBIX TOYEK IUIOCKOCTH, Ha3bIBaEMbIX (POKYCaMH, €CTh NOCTOSHHAS BEJIMYMHA, OOJbINAs, YeM
paccTosiHe MEKTY (DOKyCaMH.

[TocTosIHHYIO CyMMY pacCTOSHMH MPOU3BOJILHOW TOYKM AJUIMICA 70 (POKYCOB MPUMATO 00O3HAuYaTh
gyepe3 2a. @okycel ammnca obozHawator OykBamu F u F,, paccrosiHme mexay Humu - uyepes 2c. Ilo

OIPEAETICHHUIO JIHIIca 2a > 2¢ WK a > C.

»
»

Yol

O Xn
Hannast ¢purypa oOnagaer 1ByMsl OCSIMM CUMMETPHUH U LIEHTPOM CUMMETPHHL.
Ecmu ¢okycsl (F, u F,) pacnonoxeHHble Ha mpsMol, mapamienbHoil ocu OX, TO KaHOHMYECKOEe
ypaBHEHHUE IUIATICA UIMEET BHT:
2 2
(X — Xo) (y B yo)
2 + 2
a b
3neck Touka A(X,;Y,)- LeHTp amumnca, a u b- Gonmbluas U Masas moiayocH suimnca. DoKycsl dummca

=1

Fl u F2 PacCIioIOXKCHbI B TOYKaX, YAAJICHHBIX HA PACCTOSAHUA C = +/ a2 — b2 OT LCHTpaA SJUIUIICA. OrtHomeHye

C
— HAa3bIBAETCs HKCLIEHTPUCUTETOM 3JIIMIICa U 0003HAYAETCA & .
a

3.3. T'unep6omna.
I'unep6os10ii Ha3pIBaETCS TEOMETPHUUECKOE MECTO TOYEK, ISl KOTOPBIX Pa3HOCTh PACCTOSIHUUN A0 ABYX
(1)I/IKCI/Ip0BaHHI)IX TOYCK IINIOCKOCTH, Ha3bIBACMBIX C];)OKycaMI/I, €CTb ITIOCTOAHHAsA BCIMYMHA, YKa3aHHAsA Pa3sHOCTb
Oepercst 0 a0COTIOTHOMY 3Hau€HHUIO W 0003HauaeTcs 0ObIYHO uepe3 2a. Dokychl rumepOosbpl 0003HAYAIOT
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oyksamu F, u F, paccrosHue mexnay HuMu - yepe3 2c. [lo onpenenenuto runepooms! 2a < 2¢ wm a < c.

JanHas ¢urypa taxxke oOnagaer IByMsl OCAMU CUMMeTpuM M 1eHTpoM. Ecmu dokyce F u F,
pacronoxkeHsl Ha ocu OX, TO ee KAHOHUYECKOE YPaBHEHUE NMEET BUJI
(X_ Xo)2 _ (y_ YO)2
a’ b?
3nech Touka A(X,; Y, ) - IeHTp runepOoisl, @ u b - neficTBUTEIbHAS 1 MHIMAS TIOJIYOCh.

=1

[psimble Y = +— X SABISIOTCS aCUMITTOTAMH THIIEPOOIIBL.
a

3.4. Ilapabona.

ITapa0oJioii Ha3bIBaeTCS TEOMETPUYECKOE MECTO TOYEK, JJIS KaXJO0M W3 KOTOPBIX PACcCTOSIHUE J0
HEKOTOpOW (DUKCHPOBAHHOW TOYKH IUIOCKOCTH, Ha3biBaeMOW (DOKYCOM, PaBHO PACCTOSHUIO JO HEKOTOPOH
(UKCUPOBAHHOM MPSAMOM, HA3bIBAEMOI AUPEKTPHUCOH.

®doxkyc napabdbosl 0603HavaeTcs OykBoi F, paccrosiaue ot Gokyca 10 TUPEKTPUCHI - OYKBO# p. Uuncio
P Ha3bIBAeTCs MapaMeTpoM Mapadoib.

Odurypa obnamaer ocbto cummMerpun. Eciim qupektpuca mapabossl neprenaukyisipaa Ox (Ox - och
CUMMETPHH), TO YpaBHEHHE MapaboIIbl UIMEET BUI:

(Y—Y,)* =2p(X—X,), The p - paccTosHHe OT (oKyca 10 JAMPEKTPHCHI, TOUKa (Xo; Yo) - BEpIIMHA
napaloIbl.

P

YPaBHeHI/Ie JUPEKTPHUCHL: X = XO - E .

)
2
Ecmmu Oy - OCb CUMMCTpPHHU, TO YPAaBHCHUC napa60m>1 HUMCCT  BU/:

Dokyc B TOUKE F(X0 + P yoj.

(X=%,)? =2p(Y—Y,) . YpaBHEeHHE TUpPEKTPHCH: Y = Y, —g . DoKyC B TOUKe F(XO; Yo + gj

Hapationa
2. IIpuBeneHue o01Iero ypaBHeHUs1 KPUBOM BTOPOIro MOPSIAKA K KAHOHHYECKOMY BHY.
> v al 1 al 2
PaccmoTpum HekoTOpoe JInHeiiHoe npeodpa3zoBanue A ¢ matpulei 4 =
a, a
12 22
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3TO CUMMETpHUYECKOE MPeoOpa3oBaHNe MOKHO 3aMUCcaTh B BUE:
Y1 = auXy + aXe
Y2 = apXy + axXz
IJ€ y1 U Yo — KOOpAUHATHI BeKTOpa AX B 0asuce e, e, .
OueBHIHO, YTO KBaIpaTHYHAas (hopMa MOXKET OBITh 3aIMCaHa B BUAE
(D(Xj_, Xz) =X1y1 T X2y2.
Kak BuiHO, T€OMETPUYECKHI CMBICI YMCIIOBOTO 3HA4YCHUS KBaapaTuyHou (opmbl @ B TOUKe C
KOOpJAMHATAMH X1 U X2 — CKJIIPHOE ITpoU3BeAeHNE X - AX = D.
Ecnu B34Th ApYyroil OpTOHOPMUPOBAHHBIN 0a3KC HA IUIOCKOCTH, TO B HEM KBajapaTtudHas ¢popma O
OyzeT BBITTISIETh MHAYE, XOTS €€ YMCIOBOE 3HAUYECHUE B KAXKJIOW T€OMETPUYECKON TOUYKE U HE M3MEHUTCS.
Ecnu naiiti Takoil 6a3uc, B KOTOpOM KBajpaTudHas ¢popma He OyIeT coxepaTh KOOPAMHAT B IEPBOM
CTENEHH, a TOJbKO KOOPIMHATHI B KBaapaTe, TO KBaJApPAaTUYHYIO (OpMy MOXXHO OyAeT MPHBECTH K
KaHOHUYECKOMY BHIY.
Ecnu B kauecTBe 6a3uca B3sTh COBOKYITHOCTh COOCTBEHHBIX BEKTOPOB JITHEHHOTO NMPEOOpa30BaHHUs,
TO B 3TOM 0a3nce MaTpHIa JMHEHHOTo MPeoOpa3oBaHusl HMEET BUI:

A0
0 A

HpI/I nepexoae K HOBOMy 6a31/1cy OT ICPEMCHHLIX X1 U X2 MBI IICPEXOANM K IICPCMCHHBIM Xll n x; .

A =

Torna:
D =xy; + X, 0,
Vi =apx) +agx,
Yy = ai,X| +anXx;

Torma y, =Ax,, vy, =24,x).

Buipasenue | D(x],x,) = A,(x])> +A,(x})* Ha3biBaeTci KAHOHMYECKMM BHMIOM KBaJpaTHYHON

(dbopMBI. AHATOTHYHO MOXHO MPHUBECTH K KAHOHMYECKOMY BHJY KBaApaTHUHYIO (GOpMy C OOJIBIINM
YHCJIOM IIEPEMEHHBIX.

Teopus kKBagpaTHUHBIX (OPM HUCHOIB3YETCS IS MPUBEACHUS K KAaHOHUYECKOMY BUAY YpPaBHEHUH
KPUBBIX U TIOBEPXHOCTEH BTOPOr0 MOPSIKA.

[pumep. [IpuBecTH K KAHOHNYECKOMY BHJy YPaBHEHHE BTOPOTO TOPSIKA:
17x% + 12xy + 8y — 20 = 0.

17 6
Koadpdummenter a13 =17, ajp=6, apn=8. A= 6 8
17-4 6
CocTaBUM XapaKTEPUCTUIECKOE ypaBHEHHE: 81 =0

(17-2)(8-1)-36=0
136 -8L- 171 +2%2-36=0
A%2-250+100=0
7\,1:5, 7\,2:20.

12 r2

Uroro: 5(x')* +20(y")* —20 = 0; XT + yT =1 - KaHOHMYECKOE YpaBHEHHUE IJUIHTICA.

[Tpumep. Mcnonb3yst Teopuio KBaJpaTHUHBIX (GOpPM, IPUBECTH K KAHOHUYECKOMY BUAY ypaBHEHHE

JIMHHUUA BTOpOTO I'IOp}II[Ka. CXCMaTI/I‘{HO I/1306pa3I/ITL rpa(bmc.
5x% +243xp 4332 —6=0

Pemenne: CocTaBUM XapaKTepUCTUYECKOE YPAaBHEHHE KBaApaTUIHOH (GopMbI Sx° + 2\/§xy +3y%:
upu a,, =5,a,, :\/g,azz =3.
a.,—A a —

" 2| P-4 3 =15-31-5A+4*-3=22-81+12=0

ap, a,, —A \/5 3—-4
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PemmuB 310 ypaBHEHUE, MOTYyYUM A1 = 2, A = 6.
Haiinem koopauHaThl COOCTBEHHBIX BEKTOPOB:

{(a11 —/ll)m1 +a,n, =0 {f&m1 +\/§n1 =0

nonarasg My = 1, moayuum N;= — NE)
a12m1+(a22_11)”1 =0 \/gml—i-nl =0

{(a“ —/’tz)m2 +a,,n, =0 {—mz +\/§n2 =0

nojarast My = 1, moyyum Ny =
J3m, =3n, =0

1
V3

a;,m, +(a22 -4 2)”2 =0

Cob6cTBeHHbIe BeKTOPBI: i, (1; — V3 ) u,(l; L)

V3
_ o2
i |=V1+3=2;  |i,|= 1+§=E

HaXOI[I/IM KOOpAUHAThl CAMHUYHBIX BEKTOPOB HOBOI'O Oasmca.

o (1.3} (31
T2 2 R R

NmeeMm cnenyrolee ypaBHEHUE TMHUA B HOBOM CUCTEME KOOPAMHAT:
2(x")’ +6(y")° =6
KaHOHI/IIIeCKOC ypaBHeHI/Ie JIUHHUU B HOBOf/i CUCTCMC KOOp,I[I/IHaT 6yI[eT HMCTh BU:.

CONC

(\/5)2 2-12

-2

[Tpumep. Mcnonb3yst Teopuio KBaJpaTUUHBIX (HOpPM, MPUBECTU K KAaHOHUYECKOMY BUIy YpaBHEHHE

JIMHUK BTOPOTO Nopsiika. CxeMaTHuHO N300pa3uTh rpaduk.
5x% +4J6xy +79> =22 =0

Pemenne: CocTaBUM XapaKTEPUCTHYECKOE YPaBHEHHE KBAJApaTHUHOU GopMbl S5x’ +4\/gxy +7y%:

npu a,, =5,a,, :2\/€,a22 =17.
5-2 2J6
26 7-4

PemuB 5T0 ypaBHeHue, momydnm A = 1, A, = 11.
Haiinem koopauHaThl COOCTBEHHBIX BEKTOPOB:

{(a11 —/”Ll)m1 +a,n, =0 {21111 +\/gn1 =0 2

nojaras m; = 1, monyyum N;= ——
a,,m, +(a22_/11)”1 =0 \/gml +3n, =0

J6

a,—4A ap |

=35-7A-5A+A°-24=27-124+11=0

a, a,, —A
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{(a11 —ﬂbz)m2 +a,n, =0 —3m, +\/gn2 =0
x/gm2—2n2 =0

2
CoOcTBeHHbIE BEKTOPHI: i, (1; — \/;) u,(1; \/g)

_ [ 2 5 _ 3 5
|M1|: 1+§:\/;, |l/l2|: 1+E:\/;

HaXOI[I/IM KOOpAUHAThl CAMHUYHBIX BEKTOPOB HOBOI'O basuca.

I/IMeeM cnez[ylomee ypaBHeHI/Ie JIMHUHU B HOBOI71 CUCTEMCEC KOOpI[I/IHaT:
(x)* +11(y")* =22
KaHOHI/I‘-IeCKOG ypaBHeHI/Ie JIUHHUU B HOBOI71 CHUCTCMC KOOpIII/IHaT 6y):[eT HNMCTHh BHU.
"2 "2
X
(x") N 0" _ 1

3
nosarast My = 1, monyyum Ny = —
a;,m, +(azz _/12)’12 =0 \/g

2] (2]

[Mpumep. Mcronb3yst TeOpHI0 KBaJAPATHYHBIX (OPM, MPUBECTH K KAHOHWUYECKOMY BUIY ypaBHEHHUE
JUHUH BTOPOTo nopsaka. CxeMaTuyHoO n300pa3uTh rpaduxk.
4xy +3y*+16 =0
Koaddunmentsr: 811 = 0; a2 =2; axp=3.

XapakTepucTUIECKOE YPaBHEHUE: 0-4 3 3/1‘ =31+ -4=0
Kopuu: A =-1, Ay =4.
Hnst Aq = -1 Huadp =4
l-m +2n, =0 —4m, +2n, =0
{27711 +4n, =0 {Zm2 -n,=0
m;=1; n;=-0,5; m,=1;, n,=2;
u, = (1;-0,5) u, =(1;2)
|- |5
2
— u 2. — u, 1 2

| Fuy 12
el_u:1 (_sa_ﬁ) ez_u—z- (\/g,\/g)

X Y

16 4

Homyuaem: —x'> +4y'* =—16; =1 -KaHOHMYECKOEe YpaBHEHHUE TUIepOOIIbI.
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1.13. Jlexmust Ne 13 (2 yaca)
Tema: «IloBepXHOCTH BTOPOIro MOPSAIKA»

1.13.1. Bonpocel JieKIuu:

1. Kiuaccupukanusi mnoBepxHOCTel BTOPOro mopsiAka. JJJIMICOMIBI, mapadojouabl H
runepoo/0uabl, UX KAHOHUYECKHE YPABHEHHUSI.

2. Beinykible MHO:KecTBa B mpocrpancrBe R”. IMosympocTpaHcTBa, BHINYKJIbIE MHOTOIPaHHBIE
o0siacTu. CucTeMbl JTUHEHHBIX HEPABEHCTB M UX F€OMETPUYECKHA CMBICJI.

1.13.2. KpaTkoe coaepsxkaHue BONPOCOB
1. Kuaccupukanusi mOBEePXHOCTel BTOPOro MNOpsAAKA. DIUIMICOUABI, NapadoJouabl u
runepoo0/I0nabl, HX KAHOHUYECKHe YPaBHEHUsI.

IloBepXHOCTH B IPOCTPAHCTBE, KAK MIPABUIIO, MOXKHO pacCMaTpUBAaTh KaK TEOMETPUYECKOE MECTO
TOYEK, YAOBJIECTBOPSIOUINX KAKOMY-JINOO yCIOBHIO.

HpﬂMOYl"OJ'IBHaH CUCTEMA KOOpAWHAT Q.I}’E B IIPOCTPAaHCTBE MO3BOJISACT YCTAHOBHUTH B3aUMHO

OJIHO3HAYHOE COOTBETCTBHE MEK/y TOUYKAMH IIPOCTPAHCTBA U TpOKaMu ducen -~ , ¥ u = - ux

koopauHaTamMu. CBOHCTBO, 00111e€ BCEM TOUYKaM IIOBEPXHOCTH, MOXKHO 3allUcaTh B BUJI€ YPaBHEHUS,
CBSI3bIBAIOILETO KOOPJMHATHI BCEX TOYEK ITOBEPXHOCTH.
YpaBHeHueM JaHHOH NOBEPXHOCTH B IPSMOYIOJbHOM CHCTEME KOOpPIMHAT OxvZ yaspisaetes Takoe

’ :
Flx,y,z|=0 - .
ypaBHeHue |~/ ¢ Tpems mepeMeHHBIME -, ¥ 1 | KOTOPOMY YIOBIETBOPSIOT KOOPAMHATH KAXkKIO0H

TOYKH, JIEXKAallled Ha IOBEPXHOCTH, M HE YIOBIETBOPSIOT KOOPAMHATHI TOYEK, HE JIEKAIIMX HA 3TOH
noBepxHocTd. [lepemennbie ', ¥ u £ B ypaBHEHHH MOBEPXHOCTH HA3bIBAIOTCS TEKYHIMMH KOOPAMHATAME
TOYEK ITOBEPXHOCTHU.

IloBepxHOCTH BTOPOro IOpPsAKA — 3TO IOBEPXHOCTH, YPAaBHEHHs KOTOPBIX B IPSMOYTOJIbHOU
CUCTEME KOOPIAMHAT SABJIAIOTCSA YPABHEHUAMU BTOPOTO IOPSAAKA.

[IuIMHAPUYECKUMH [OBEPXHOCTSIMU HA3bIBAIOTCS IIOBEPXHOCTH, OOpa30BaHHbIE JIMHUSAMU,

napajuieNbHBIMU KaKoi- 1100 GUKCUPOBAHHOMN MPSMOIA.

x? 2 o

— + = = 1 - QJUINNTHICCKUN LUIHH/IP
a b
2yt TUIEepOOTUYECKUIN IUTHMHIP.

o

x? = 2py — mapaGoTHYECKHi IIATHH/IP.

[ToBepXHOCTh, ONKChIBACMasi HEKOTOPO# JIMHUEH, Bpalalouieiics BOKPYTr HEMOABMKHON NpsiMoii d,
Ha3bIBACTCS IOBEPXHOCTHIO BPAIIICHHUS C OChIO BpaiieHus d.

Ecnn ypaBHEHHE TOBEPXHOCTHU B MIPSIMOYTOJIbHON CUCTEME KOOPAWHAT UMEET BUJL: FO<+y% 2) =0,
TO 3Ta MOBEPXHOCTh — MOBEPXHOCTh BpallleHUsl ¢ ochbio BpaiieHuss OZ. AHaJIOTUYHO: F(X2 + 7%, y) =0 -
MIOBEPXHOCTh BpalleHUs ¢ ochlo BpameHus Oy, FZ2+y% x) =0 — IIOBEPXHOCTh BpAIICHUS C OCBIO
Bpaienus Ox.

o
©

2 2 2
X Y [ Z  _ | -DJUIMICOM] BpalleHHs
a 2 C 2
2 2 2
X *+¥Y Z  _ | - OJHOIOJOCTHBIA TUIIEPOOIONT BPAIICHHUS
a 2 c 2
x> +y? z? .
2 =2 % =1 - IBYNOJOCTHBIA rUIEPOOIOKI BPAILEHHS
a c
x 2 4+ y 2

— D~ - MapaboJyou] BpaICHUS
y 24
O}IHaKO, Hepqu/ICHeHHBIe BBIIIIC HOBerHOCTI/I ABIAIOTCA BCCTO JHUIINb YaCTHBIMH CHy‘IaHMI/I

MOBEPXHOCTEH BTOPOTO MOPSIIKA OOIIETr0 BHJIa, HEKOTOPBIE THUITBI KOTOPBIX PACCMOTPEHBI HIKE:
. 2 2 2 2
Cdepa: (x-a) +(y-b) +(z-c) =r

2 2 2

TpexoCHBIN IUTUIICOUT: x2 =+ =
a b c
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OIHOTIOIOCTHBIN TUTIEPOOTIONI:

X2
a’ b? c?
x? vy z
2 + 2 2
b c

[V 2 2
OIIMITHYECKHT TapaboIona: ¥ Y _ 5. Lje 50,450

q

2

JIBynonocTHBIN TUnepOoIoua:

Q

p
['nnepOonunueckuii mapabosons: X rYo o 5

r a
. 2 2 2
Konyc BTOporo nopsiaka: X2 + |)o/2 _ 22 -0
a C
2. Boinykiable MHO:kecTBa B npocrpancrBe R”. IMosympocTpaHcTBa, BBINYKJIbIE MHOrOrpaHHbIE

o0actu. CucreMbl JHHEHHBIX HEPABCHCTB U UX FCOMeTpI/I‘leCKI/Iﬁ CMBICJI.

MuoxectBo RE R™ HaspBaeTCs BBITYKIBIM, €CIIH:
ar+ (1l—a)ye D Vz,y<c D;a e [0,1],

T.e. BMecTe ¢ MOOBIMHU JIByMSI CBOUMH TOYKAaMHU OHO COJAEPIKUT U BECh OTPE30K, COSAUHSIOUINMA ITH
TOYKH.
K npocreiimmm cBONCTBaM BBIITYKJIBIX MHOXKECTB OTHOCATCSL:

1. Ecnu D, i€, - HekoTopbIe BBITYKIIbIe MHOKecTBa U3 R", To ux nepeceuenne D = (-, D,
> ier~i
€CIIM OHO HEIYCTOE, TAKIKE SIBJISCTCS BBITYKIBIM MHOXKECTBOM.
2. Iyctes Dj, i€ 1,M - mexoropsie BBIMyKIble MHOXecTBa M3 R, a a;, i€ 1,MM — moGrie
m m
D= Z oD ={zeR": 2= Z ax', ' e D)
yucia. Torma MHOXECTBO = i=1 SIBJISIETCS BBITYKJIBIM.
{zhm CD,a >0, 37" oy =1, mal+ . apr™ e D.
3. Ecmu D — BRITYKIJIOE MHOXECTBO, , TO
[TorynmpocTpaHCTBO, OrPaHHYEHHOE THUIIEPIUIOCKOCTRIO 0 — JTO TeoMeTpudeckas ¢urypa B

IIPOCTPAHCTBE, AJI1 KOTOPOU BBIIIOJIHAETCS CIEAYIOLIEE:
1. Dra ¢urypa BKiIrO4aeT B ce0st IIIOCKOCTD (L, HO HE CBOAMTCS K HEM.
2. Jloboit OTpe30K, OrpaHUYEHHBIH TPOU3BOJBHBIMU TOYKaMH 3ToM ¢urypsl A u B, He
MIPUHAJUIEKAIUMH 0, HE UMEET MEPECEUEHNUN € IIIIOCKOCTBIO 0.
3. JIrobolt oTpe30K, OrpaHMYEHHBI NPOU3BOIBHBIMU TOYKaMU 3Toi ¢urypsl A u B, rme A
IIPUHAJUIEKHAT 0, a B — HeT, uMeeT nepecedeHne ¢ MI0CKOCTBIO O.

Beimykiast 06:1acTh Ha MIOCKOCTH — YacTh IJIOCKOCTH, 00JIa/1atomias TeM CBOMCTBOM, YTO OTPE3OK,
COEUHSIONMI J1Be ee JIIoOble TOYKM, COACPKUTCS B HEll HenukoMm . Yepes Kaxayr TOUKY €€ TpaHULlbl
MO>KHO IIPOBECTH OMOPHYIO MPSIMYIO, KOTOpasi HE PacCeKaeT 3Ty 00JIacTb.

OTHU NOHATHSI IEPEHOCATCS C IBYMEPHOTO IPOCTpaHCTBa (TNIOCKOCTH) Ha MHOToMepHoe. Hamp., ponb
OIIOPHOM MNPAMON IO OTHOIICHUI0 K N-MEPHOMY BBIIYKJIIOMY MHOIOTPAaHHHUKY B HEM HIPAET OIOpPHAsd
TUIEPIUIOCKOCTb.

K BBIIYKJIBIM MHOYKECTBAM OTHOCSITCSI BCE N-MEPHOE IPOCTPAHCTBO R, WM MHOXKECTBO TOYEK
(X1...Xn) B N-MEPHOM MPOCTPAHCTBE, YAOBICTBOPSIONIMX YCIOBHUIO: ajX; + @Xp + ... + aXn = b, wim r-
OKPECTHOCTb JI000H n-mMepHON Touku U Jp. [lepecedeHune BBIMYKIIBIX MHOMECTB SIBJISIETCS BBIMYKJIBIM
MHOECTBOM.

BbImykiiple MHOTOTPaHHUKH U BBINTYKJIbIE MHOTOTPAaHHBIE KOHYCHI IPUHAMIEKAT K YUCTy Haubosee
paclpoOCTPAaHEHHBIX  MOHATHM  MAaTEMaTUYEeCKOM  HSKOHOMUKM. B JMHEHWHOM HW  BBINYKJIOM
POrpaMMUPOBAHUHM  HCIOJB3YIOTCS  O0S3aTENIbHO  BBIMYKJIBIE OOJIACTH  M3MEHEHHs] IEepEeMEHHbIX
(momycTUMBIE MHOXECTBa IO TEOPETUKO-MHOXKECTBEHHOW TEPMHHOJIOTMHM, MHOTOIPAaHHUKH — TIO
re€OMETPHUYECKON) U BBIMYKJIbIC 1I€JIeBbIE (PYHKIIUH.

CucremMbl JIMHEHHBIX HEPaBEeHCTB M MX reoMerpuyeckuii cmbicia: IlycTte nmaHa cucrema
HEPABEHCTB C JIBYMsI HEU3BECTHBIMU X U Y.

aix+by+c;>0, ><
X +by+C2>0, :
amX+bmy+c>0. ;

P P
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[lepBoe HeEpaBEHCTBO CHCTEMBI OIpEAENseT Ha KOOpAWHATHOM IuiockocTd X0y HEKOTOPYIO
nonymiockocts [11, Bropoe — monymiockocts [12 u T.n. Ecniu mapa yucen X, y yIOBJIETBOPSIET BCEM
HEPaBEHCTBAM CHUCTEMbI, TO COOTBETCTBYIOIIAasg Touka M(X, y) MPUHAUIEKUT BCEM MOJYIUIOCKOCTSIM
I11,112,....ITm omHOBpeMeHHO. [[pyrumu cioBaMu, TOYka M MPUHAUICKUT MepecedeHuto (00Iei yacTm)
YKa3aHHBIX NOJYyIJIOCKOCTel. JIerko BUIETh, YTO MEpeceueHne KOHEUHOIo YHMCIa IOJYIIIOCKOCTEN €CTh
HEKOTOpasi MHOTOYTOJIbHAs 00J1aCTh.

[Ipumep. Bmons koHTypa o00nacTy HW300paXeHBI IITPUXH, HUAYyIIHME BHYTPh obOmactu. OHH

OAHOBPEMCHHO YKa3bIBAKlOT, C KaKou CTOpPOHBI OT HaHHOﬁ HpHMOI;'I JICXXUT COOTBETCTBYHOIAA
MOJIYIINIOCKOCTb, TO K€ CaMO€ YKAa3aHO U C TIOMOIIBIO CTPECJIOK.
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1.14. Jlekuus Ne 14 (2 yaca)
Tema: «IIpoayKTHBHOCTH HEOTPULIATEIbHBIX MATPHUID)

1.14.1. Bonpocsl JIeKINH:

1. CoOcTBEeHHBbIE 3HAYEHUS] U COOCTBEHHbIE BEKTOPbI HEOTPHIATEIbHBIX MATPHLI.
2. Teopema ®dpodenuyca-Ileppona. Uncsao u BekTop ®podennyca, ux cBoicTBAa.
3. IIponyKTUBHOCTH HEOTPULATEIbHBIX MATPHIL.

1.14.2. KpaTkoe coaep:kaHue BONPOCOB
1. CoGcTBeHHbIE 3HAYEHHUS 1 COOCTBEHHbIE BEKTOPbI HEOTPHLATEIbLHBIX MATPHL.
Onpenenenune: Ilycte L — 3amanHoe N- MepHOe JmHeNHOe mpocTpaHcTBo. HenyneBoii Bektop X €L
Ha3bIBACTCSI COOCTBEHHBIM BEKTOPOM JIMHEHHOro mpeoOpa3oBaHusi A, €Clii CYIIECTBYET TaKOe YUCIIO A,
YTO BBIIIOJHSETCS paBeHCTBO: AX = AX .

[Ipu sTOM 4YHMCIIO A Ha3pIBaeTCd COOCTBEHHBIM 3HAaYeHHEM (XapaKTEePUCTHYECKHM YHCJIOM)
JMHEHHOro mpeoOpa3oBaHus A, COOTBETCTBYIOLIETO BEKTOPY X .

Onpenenenue: Ecnm ymHeliHOEe mpeoOpazoBaHue A B HEKOTOpPOM Oasuce e, e, ,...,e, HMEET
a4y e 4y, o o
matputy A = |, , . |, TO COOCTBCHHBIC 3HAYCHHS JIMHCHHOTO NMPEOOPA3OBAHMS A MOKHO HAUTH
Ay Gy ey,
KaK KOPHU A1, A2, ... ,An YPaBHEHUS:
a, — A a4y, a,,
a ay,,—A a
21 22 2n :0
a, a, .. a,—A

OTO ypaBHEHHE HAa3bIBACTCA XAPAKTePUCTHYECKMM YPaBHEHHEM, a €ro JieBas 4YacTb-
XapPAKTEePUCTHYECKUM MHOI04JIEHOM JIMHEHHOr0 Ipeo0pa3oBaHus A.

CnenyeTr OTMETUTD, YTO XapaKTEPUCTUUECKUII MHOTOUIEH JIMHEWHOTO IPeoOpa3oBaHus HE 3aBUCUT
oT BbIOOpa Oa3uca.

PaccmoTtpuMm yactHbil cayuail. Ilycte A — HekoTopoe JMHEHHOE IMpeoOpa3oBaHUE IIOCKOCTH,

MaTpuiia KOTOpOro paBHa (“11 “IZJ. Torna mpeoOpa3zoBanue A MOXKET ObITh 33/1aHO (OPMYJIaMHU:
ay Ay

(“11 “12} [xl]: (xf]; {xf =dX T Y, g gekoTOpOM basuce e_l,e_2 .
y Ayp)\X, X, Xy =0y X; +ayX,
Ecnu npeobpasoBanue A UMeeT COOCTBEHHBIM BEKTOP ¢ COOCTBEHHBIM 3HAUEHUEM A, TO A X = AX .
{xl' =Ax; =a,,x, +a,,x, WIN {(an —A)x, +a,x, =0
Xy =A%, =dyx, +a,,X, ayx, +(a,, —A)x, =0
T.K. cOOCTBEHHBIN BEKTOP X HEHYJIEBOM, TO X1 U X2 HE PABHBI HYJIIO OJHOBpeMEHHO. T.K. JaHHAas
CUCTEMa OJHOPOAHA, TO HJIA TOTIO, 4TOOBI OHA HMEJa HCTPUBHAJILHOC PCHICHUC, ONPCACTIUTECIIb CUCTCMbI
JOJI’KEH OLITH paBC€H HYIIIO. B MMPOTUBHOM CJIy4dac IO IpaBUITY KpaMepa CUCTEMAa NUMECT €ANHCTBCHHOC
PEIICHUC — HYJIEBOC, YTO HEBO3MOXKHO.

a, -4 a,

A= =(a,, = )ay, - ) —aya, = z (@), +ay)A+(a,,a, —a,,a,)

a,, a,,

[TonydeHHOE  ypaBHEHHE  SIBISETCS  XapaKTePHUCTHYECKHM  YPaBHeHHWEM  JIMHEHHOTo
npeodpa3zoBanus A.

Takum 00pa3oM, MOKHO HAWTH COOCTBEHHBIN BEKTOp X (X1, X2) JIMHEHHOrO mpeoOpa3oBaHus A ¢
COOCTBEHHBIM 3HAYEHUEM A, TJI€ A - KOPEHb XapaKTEPHUCTUUECKOTO YPABHEHUS, a X1 M X2 — KOPHU CHCTEMBI
ypaBHEHMH IpU MOJCTaHOBKE B HEEe 3HAYCHHUS A.

[ToHATHO, YTO €clM XapaKTepUCTHYECKOE YpaBHEHHE HE WMEET [EHCTBHUTEIBHBIX KOPHEH, TO
JTMHEeHoe mpeoOpa3oBaHue A HE UMeEET COOCTBEHHBIX BEKTOPOB.

Crnenyer OTMETUTH, UYTO €CIM X - COOCTBEHHBIM BEKTOp IpeoOpa3oBaHus A, TO U 000N BEKTOP
€My KOJJTHHEAPHBIN — TOKEe COOCTBEHHBIHN C TEM K€ CAMbIM COOCTBEHHBIM 3HAYCHUEM A.
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HevictBurensHo, A(kx) =kAx = kAx = A(kx). Ecnu ydectb, 4TO BEKTOPBI UMEIOT OJHO HAYajo, TO
3TH BEKTOPHI 00pa3yIOT TaK Ha3blBaeMOE COOCTBEHHOE HANpaBJieHHe UM COOCTBEHHYIO MPSIMYIO.
T.K. XapaKkTEepUCTUYECKOE YPABHEHHE MOXKET MUMETh J[BA PA3IMUYHBIX JICHCTBUTEIHHBIX KOPHS Aj H
A2, TO B 3TOM cllyyae MpU TOJCTAHOBKE MX B CHCTEMY YPaBHEHHH IMOJy4YUM OCCKOHEYHOE KOJIMYECTBO
pemenuii.  (T.x. ypaBHEHHsI JMHEHHO 3aBHUCHUMBI). OTO MHOXXECTBO PEIICHUH OIpeaessieT IBe
co0CTBeHHbIE NIPAMBIE.
Ecnu xapaktepuctuiyeckoe ypaBHEHHE MMEET J[Ba PaBHBIX KOpPHSA A1 = Ay = A, TO JIMOO MMeeTcs
JUIIb OJIHA COOCTBEHHAs MpsiMasi, JIN0O0, €cliv MPHU MOJCTAHOBKE B CHCTEMY OHa MPEBpaIIaeTCs B CUCTEMY
0-x,+0-x,=0
BUJIA! . DTa cucrteMa yIOBJIETBOPSET JIIOOBIM 3HAUEHHUSM X; U Xp. Toraa Bce BEKTOPHI
0-x,+0-x,=0
OyayT COOCTBEHHBIMH, M TaKO€ MPeoOpa3oBaHuE HA3bIBACTCS MPeodpa3oBaHUEeM MOJ00M.
[Tpumep. HaiiTi xapakTepuCcTHUYECKUE YMCIa U COOCTBEHHBIEC BEKTOPHI JIMHEHHOTO TIPeoOpa3oBaHus
c Marpuueii A = (5 4}.
2 3
3amnuiieM JTMHERHOE MpeoOpa3oBaHKe B BUJIE: 0 =2, = 5% +4x,
xy = Ax, =2x, +3x,
CocraBUM XapaKTepUCTUIECKOE YPAaBHEHHE!
5-24

=(5-2)B-1)-8=15-31-54+4-8=0
2 3-2

A2- 8L+7=0;
KopHu xapakTepucTHuecKkoro ypaBHeHus:: A1 = 7; Ap = 1;
Tl KODHSI M=T: {(5—7)x1 +4x, =0 {— 2x, +4x, =0
2x,+(B3-7)x, =0 |2x,—4x,=0
W3 cuctembl momydaercs 3aBUCUMOCTB: X; — 2Xp = 0. CoOCTBEHHBIE BEKTOpHI Jii TEPBOTO KOPHS
XapaKTePUCTHUYECKOTO ypaBHEeHUs uMetoT kKoopauuatel: (t; 0,5t) rae t- mapamerp.
I[_]'I;{ KOPHA 7\’2 =1: {(5—1))6I +4x,=0 {4)(] +4x,=0
2x,+3-Dx, =0 |2x,+2x, =0
W3 cucrempl momydaercss 3aBUCUMOCTB: X3 + Xz = 0. CoOCTBEHHBIE BEKTOPHI AJisi BTOPOTO KOPHS
XapaKTEPUCTHUECKOTO ypaBHEHUS UMEIOT KoopauHaThl: (1; -t) rae t- mapamerp.
[TomyueHHbIe COOCTBEHHBIE BEKTOPHI MOKHO 3aIlMCaTh B BUJIE:
U, =1e, +05¢,); 1, =1(e, —e,).
[Tpumep. HaiiTu xapakTepucTU4ecKe Ynucia U COOCTBEHHbBIE BEKTOPHI JIMHEHHOTO TIPpeoOpa3oBaHus

¢ Matpuuei A = (6 —4)
4 -2

x5 = Ax, =4x, —2x, 4x, -2+ A)x, =0

CocraBuM XapakTEepUCTHUYCCKOEC YpaBHCHHE!
r—z -4

3anmiuem IHHEHHOE IpeobpasoBanue B Brxe: M1 = A% = 6% — 4%, {(6—/1)?61 —4x, =0

‘=—®—zx2+zw46=—U—6z+ZA+Az+m=0
4 -2-2
2 .
A - AN +4=0;
KopHE XapaKTepuCTHIECKOTO YpaBHEHUS: A1 = Ay = 2;
[Tomygaem: [(6-2)x, —4x, =0
4x, —4x, =0

W3 cucremsl momydaercs 3aBUCHUMOCTh: X1 — Xz = (0. CoOCTBEHHBIE BEKTOPHI i IEPBOTO KOPHS
XapaKTEPUCTHUECKOTO YPaBHEHUS UMEIOT KoopauHaTel: (1; t) rae t- mapamerp.

CoOCTBEHHBII BEKTOP MOXKHO 3amucaThb: u = (e, +e,)t.

PaccmoTpum apyroit yactHbii ciyyail. Eciin X - coOCTBEHHBIN BEKTOP JIMHEHHOTO MpeoOpazoBaHUs
A, 3aJaHHOTO B TPEXMEPHOM JIMHEHHOM IPOCTPAHCTBE, & X1, X2, X3 — KOMIIOHEHTBHI ATOTO BEKTOpa B

—_—

HEKOTOpOM Oasuce e, e,,e;, TO  x =Ax; x,=Av,; x,=Ax,, TA€ A - COOCTBEHHOE 3HAYEHHE

(xapakTepucTU4ecKoe Yucio) mpeodpazoBanus A.
Ecnu matpuna nuHeiHoro npeobpa3zoBaHus A UMeEeT BU:
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ay 4 A TO Ax; = ayx, +a,,x, +apx,
b
A=|ay a, ay AXy =@y, + apX, +ayx;
a3, Q3 Qs AXy = ay,X, + a3, + 3%,
L lan -4 ap a;
XapakTeprCTUYECKOE yPaBHEHHE:
ay a, =4 ay, |=0
a3 asy a;—A4

PackpsIB onpenenuTens, NOTyYUM KyOM4eckoe ypaBHEHHE OTHOCHTENBHO A. JltoGoe kyOmueckoe
ypaBHEHHE C IeHCTBUTEIbHBIMU KOAPPHUIIMEHTAMU UMEET JINOO0 OJUH, JTUO0 TPU AEHCTBUTEIbHBIX KOPHS.
Torna moGoe nuHeNHOe NpeoOpa3oBaHUME B TPEXMEPHOM IPOCTPAHCTBE UMEET COOCTBEHHBIE
BEKTODBI.
[Tpumep. HaiiTu XxapakTepuCTHUECKUE YNCIIa U COOCTBEHHBIE BEKTOPHI JMHEHHOTO MPeoOpa3oBaHus
113
15 1)
311

CocTaBuM XapakTepUCTUYECKOE YpaBHEHUE:

A, MaTpuIia JJMHEHHOTO MpeoOpa3oBaHus A =

xi=Ax;=1-x,+1-x,+3-x, -1 1 3
xy=kx,=1-x,+5-x,+1-x, 1 5-4 11]=0
x=A;=3x+1-x,+1-x, 3 1 1-4

(L-A(G-2)A-2)-1)-(1-1-3)+3(1-15+31)=0
(L1-2)(5-5L-A+A%-1)+2+A-42+91L=0
(1-2)(4-61+2%)+101L-40=0
4-60+22-4n+6)2-23+100-40=0
AP+7A2-36=0
A3+ 902-202-36=0
AP +2)+ 902 —4) =0
(A+2)(-A2+91-18)=0
CoOcTBeHHBIE 3HAUEHUS: A1 =-2; Ao=3; A3=6;
A+2)x, +x, +3x, =0

1 | =-2: X, +7x,+x,=0
) n M X +7x,+x,=0 l P
3x,+x, +3x,=0
3x,+x, +3x, =0
Ecau npunsts X1 =1, 10 |70, +x,=-1 = x,=0; X3=-1,
p
X, +3x, =3

CoOCTBEHHBIE BEKTOPBL: 4 = (¢ —e.)-1.
—2x,+x, +3x; =0

2) st Ao = 3:

X, +2x,+x,=0
X, +2x,+x,=0

3x,+x, =2x;, =0
3x,+x,—2x;, =0

Ecmu npunats x3 = 1, 10 [2%+%=-1 = x,=-1; X3=1;
X, —2x;,=-3

CoOCTBEHHBIE BEKTOPBL: 4, = (¢, —¢, +e¢,) 1.

) duahg=6: | nFnt3n=0 o
X, =X, +x;,=0 ’
3x, +x, =5x;, =0
3x, +x, =5x;, =0 ’
Ecimu mpunsite X3 =1, 10 [-5+x=-1 = Xx,=2; Xz=1;
X, =5x;=-3
CoOCTBEHHBIE BEKTOPHI: u, =(e +2e,+e;)-t.

[Tpumep. Haiitu xapakTepucTHuecKue yucia 1 COOCTBEHHbIE BEKTOPBI JIMHEHHOTO MPpeoOpa3oBaHus
5 -3 -2 -4
A, MaTpuua IMHEHHOro IpeobpasoBaust A= | 5, | 5

1 12
CocraBum XapaKTECPUCTUYCCKOC YPAaBHCHHC.
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-3-1 -2 -4
2 1-4 2 =0
1 1 2-1
B+)(Q-MNC2-N)-2)+24-20-2)-42-1+1)=0
“B+A)@2-A-20+A2-2)+2(2-2)0)-4(1+1) =0
B+ AM)(A2-3L) +4-40-4-40=0
BAZ+ 9L -3+ 30%-80=0

A +A=0
M=0; 22=1; As=-1
—3x,—2x, —4x, =0
Hnsi Ay =0 2x, +x,+2x, =0 {2x1+x2:—2x3
X, +x, =-2x;

X +x, +2x;,=0
Ecimm npunste x3 = 1, monydaem  x1 =0, Xp = -2
CoOCTBEHHBIE BEKTOPBI u, =(0-¢,—2-e,+1-e,)t, e t—mapamerp.

2. Teopema ®podennyca-Ileppona. Yucino u Bekrop ®podeHunyca, ux CBOiCTBA.
Teopema ®pobennyca-Ileppona: IIyctb A — xBagpaTHas MaTpuua, CO CTPOTO IMOJOKUTEIbHBIMU
BEIIECTBEHHBIMU 3JIEMEHTAMH, TOTJa CIIPABEAJIUBEI YTBEPIKICHUS:
1) wauboJblee 10 MOAYJII0 COOCTBEHHOE YUCIIO SBJISCTCS BEIIECTBEHHBIM U CTPOTO MOJI0KUTESIBHBIM;
2) 3TO COOCTBEHHOE 3HAUCHHUE SIBJISICTCS MMPOCTHIM KOPHEM XapaKTEPUCTUISCKOTO MHOTOUICHA;
3) COOTBETCTBYIOIIUI COOCTBEHHOI BEKTOP UMEET CTPOTO MOJIOKUTEIBHBIC KOOPIUHATHI;
4) coOCTBEHHOE 3HAYCHHUE YIOBICTBOPSET HEPABCHCTBAM.
min Z a;; ST < m?xz ;.
J

i

i
Yuciao u BekTop ®podenuyca, ux cBoiictBa. CoOCTBEHHBIM BEKTOPOM MATPHUIIbI A Ha3bIBaeTCsS TaKOH

HEHyJIeBOil BeKTOp * = R” , UTO Ax =Ax , TIe A- HEKOTOPBIN CKaJsp, HA3bIBAEMbIi COOCTBEHHBIM
YHCJIOM MaTPHIbl A , COOTBETCTBYIOIIMM COOCTBEHHOMY BEKTOPY X. HeoTpuiiaTenbHblil cOOCTBEHHBII
BEKTOP HEOTPHULIATEIHHON HEPa3NOKUMOM MaTpHIlbl A Ha3piBaeTcs BeKTopoM PpobeHnyca MaTpuIlsl A |, a
COOTBETCTBYIOIIIEE €My COOCTBEHHOE UMCIIO - yuciaoM DOpoOeHnyca MaTpHIl A.
Hepaznoxumass matpuiia A Ha3bIBaeTCs YCTOWYMBOM, €ClM NS JHOOOr0 X TMOCIEI0BaTEIbHOCTh
A=12l4
,

-k " k
{A x}( =l cXOIUTCS, TIE A" k-ag cremens MAaTPUIIbI R‘A- yucio Opodennyca st MaTPUILBL A.

\IW ] .
A
[MpenenbHOM TOYKOM ITOM MOCIEIOBATENLHOCTH MPU -+ 20y x 20gpngerca BEKTOP [ ”x“‘” , TIe

* = XA gexrop dpobennyca IS MaTpHIBL A .

3. HpO}IyKTI/IBHOCTI) HEOTPULATEC/JIbHBIX MaTpPHUIl.

, ynosuerBopsitomas yciosuro djj < 0; mpu Bcex 1 # j,

Onpeodenenue 1. Matpua D = "dij"ijzlﬂ

Ha3BIBAETCS MPOAYKTUBHOIM, ecu cymecteyer X == () takoi, uro Dx = 0.

Onpedenenue 2. Marpuna D = "di ;" , ynosuerBopsitommas yciosuto djj < 0; mpu Bcex 1 # j,

ij=1n
HA3bIBAETCA NPUOBLILHOM, eciu cymectyer P = () rakoii, uto DTP = 0.

Teopema 1. Tlycts marpuua yposierBopsier yciouro djj < 0 mpu Becex 1 # j. Torma cieayromue
YTBEPKJICHHS DKBUBAJICHTHBI:

1. cymectsyer X = 0 rtakoit, uro DX > 0 (pogyKTHBHOCTB);
2. s moboro @ = 0 cymecryer X = 0 Takoit, uro DX=d ;

3. MOCJICA0BATCIILHBIC ITIABHBIC MUHOPBI MAaTPHUIIbL D IIOJIOXKUTCIIbHBI,
4. Bce I1aBHEIC MHHOPBI MaTpPHUIIbL D IOJIOKHUTCIIBHBI,

o

cymectsyer P = 0 rakoit uto DTp > 0 (npubsuisrOCTS);
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6. mmamoborod = 0 cymectyer P = 0 Taxoit, uro DTP=T ;

7. ToOcCienoBaTeIbHbIC TTIaBHbIC MHH(1)_pI>1 MaTpuIsl D' MON0KHUTEIBHBIE;

8. Bce riIaBHbIE MUHOPBI MAaTPUIIBI D' MOJIOKUTETBHBL

9. warpuna D HeoTpunarenbHo ooparuma, T.€. cymectsyer D-1> 0.
Teopema 2. Ilyctb A - HeoTpUIIaTEIbHAS KBaJpaTHas MaTtpuiia. Toraa:

k+1
1. Ecmu marpuna (pE - A) HeoTpuuatensHo obpatuma, 1o p > 0 u psag k=0 CXOJUTCS U €ro CyMMa
paBHa (pE - A)-1.

Ak
k+1

2. Ecnu psig k=0 cxoautces u p > 0, To marpuna (pE - A) HeoTpunaTensHo oOpaTuma.
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1.15. Jleknus Ne 15 (2 yaca)
Tema: «Moaeab MHOTOOTpac/ieBoii IKOHOMUKHU JIeOHThEBa)

1.15.1. Bonpocsl JieKIuu:

1. Moaenb MHOrooTpacjieBoi 3koHOMUKH JleoHTHEBA.

2. lIpoaykTuBHbIe MOe M JIeoHTHeBA.

3. PaznimuHble KpUTEPUH NPOAYKTUBHOCTH Moaesn JIeoHTheBA.

1.15.2. KpaTkoe coaep:kaHue BONPOCOB
1. Moaenb MHOrooTpacjieBoi 3koHOMUKH JIeoHTHEBA.
PaccmoTpum Moens MeXIyHapOAHOM TOPTOBIHU (MOJ1e]h 0OMEHA) B BHJIE MATEMAaTHYECKOW MOIEITH.

[Tycts umeeM N ctpal - S, S,, ...,S, , HAMOHAIBHBIN 10X0J KaXKI0H U3 KOTOPBIX PaBEH X, Xy, ..., X, -

O6o3naunm uepes &; , i=1..Nn; j=1..n 1010 HAMOHANBLHOIO JIOXO/A, KOTOPBIM CTpaHa S; TPATHT

Ha MOKYIIKY TOBAapOB y CTpaHbl S, .

ByneM CUHUTaTh, 4YTO BECH HaHI/IOHaJ'II)HHﬁ J0XO0 TPpAaTUTCA Ha 3aKYIIKy TOBApOB 100 BHYTPHU CTpPAaHbI, 100

Ha UMITOPT U3 IPYTUX CTpPaH, T.€. Zai ;=1 (j=1.n).
i=1
8; &, .. &,

a a Loooa o .
21 T22 20 | Ha3bIBACTCS CHMPYKMYPHOU MAmMpuueu mopaosiu.

Marpuna A =

a, a, .. a

nn

O6oznaunM yepe3 pP; (i =1..n) BBIpydYKy OT BHYTPEHHEH U BHEIIHEI TOPrOBIM JUIS CTPAHbl S, , TOraa

Pi =X +3,% +...+a X, .
O4eBUIHO, YTO BBIPYYKA OT TOPTOBJIM KaXKIOW CTpaHbl JOJKHA OBITb HE MEHbIIE €€ HAIMOHAIBHOTO
noxona, T.e. P, =X . Ho P, > X - HEBO3MOXHBII ciay4ail, T.K. BCE CTPaHbl HE MOTYT OJHOBPEMEHHO

NOJIy4aTh NpUOBLIb, IOITOMY YCJIOBUE [, = X, TPUMET BUA P, = X; .

BBezneM BeKTOp HAIMOHATBHBIX 0XOJO0B CTPAHBL X = (X} X,;...; X,,) , TIOJIyYHM MaTPUIHOE ypaBHEHUE
Xl

A-X=X,rtme y_|%

X

n
T.e. 3amauya cBelach K OTBICKAHHIO COOCTBEHHOTO BEKTOpPAa MATPHIBl A, OTBEUYAIOIIEr0 COOCTBEHHOMY
3HayeHuro A =1.

ITpumep: CTpyKTypHast MaTpHIa TOPTOBIM TpeX cTpaH S, S,, S, MMeeT BuA

WrRWFRW|F
NRENIRPAPR
O N|FN]|P

Haiitu HanimoHambHBIE TOXOIbI 17151 COATAaHCUPOBAHHON TOPTOBIIH.

Pemenne: Haiinem coOCTBEHHBIN BEKTOP X, COOTBETCTBYIOIIUI COOCTBEHHOMY 3HaueHHI0 A =1.

_2 1 1 x, =1,5¢
3 4 2
(A—E)X =0 11 ;‘ B 8 X, = 2C - wmeron Taycca. Tee.
3 2 2 2 -
1o S =) Lo A
3 4

X = (@,5¢c;2c;c)
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Takum 00pazom, cOaNaHCUPOBAHHOCTh TOPTOBIM TPEX CTPaH JOCTUTAETCS MPHU BEKTOPE HALMOHAIBHBIX

- 3
noxonoB X = (1,5C;2c;C), T.e. IPH COOTHOIIICHUH HAIIMOHAIBHBIX JIOXOJI0B CTPaH E 221 wm 3:4:2.

[lenp OanaHCOBOro aHainu3a — OTBETUTh HA BOIIPOC, BO3HUKAIOUIUMN B MAaKpPOIKOHOMHUKE U
CBSI3aHHBIN C 3(()EKTUBHOCTHIO BEACHHMSI MHOTOOTPACIEBOTO XO3AHUCTBA: KaKUM JOJDKEH OBITh 00bEeM
MPOU3BOJICTBA KAXKJIOW M3 OTpacieil, 4ToObl YIOBJIETBOPUTH BCE MOTPEOHOCTH B MPOAYKIHH STOU
orpaciu. [Ipu 3TOM Kaxknaas oTpaciib BBICTYNAET, C OJHOM CTOPOHBI, KaK MPOU3BOJAUTENH HEKOTOPOI
OPOAYKIMH, a C JPYrod — KakK IMOTpeOWTeNb MPOAYKIUH M CBOCH, M MPOU3BEIECHHOW APYTHMMHU
oTpaciaMu. Martemarnyeckasi MoJielb JIeOHTbeBa MO3BOJISIET aHATM3UPOBATH CBSI3b MEXK1Y OTPACIISIMHU.

3aoaua. B tabnuiie npuBeACHBI TaHHBIC 00 UCIIOJIE30BAHUN CTOMMOCTHOTO OajlaHca 3a OTYCTHBIN
MEePUOJ, YCII. IeH. e]l.:

[ToTrpebnenune Koneunsrit BanoBsrii
Ne n/mt Otpacib
Q1 Q2 IPOJYKT IPOJYKT
1 Q1 3 8 89 100
2 Q2 5 7 88 100
Tpebyercs:

1) cocTaBHUTH MaTPUILY NMPSIMBIX 3aTPAT U IPOBEPHUTH €€ POYKTUBHOCTB;

2) BBIYUCIHTH 00BEMbI KOHEYHOTO MPOIYKTA MPH YBEIMUYCHUN BAJOBOIO BBIMYCKAa KAXIOH OTpaciu
coorBeTcTBeHHO Ha 100% 1 50%;

3) BbrunciuTh HEOOXOAWMBIA 00BEM BaJOBOTO BBIMYCKA KaXIOW OTpAaciH, €CJIH KOHEYHOE
notpebienne otpaciu Qi yBenuuuth B K =1 pa3s, a orpaciu Q, — Ha 10%.

3 8 89 100
x| s} )
Pewenue: 1. BeneM B pacCMOTPEHUE MATPHILY 5 7 uBekropel %8 100
W, (03 008
X “loos o0p7)

ay =

CocraBuM MaTpully IpsIMBIX 3aTpatr A, yYUThIBasi, UTO €€ JIEMEHTbI J
Jlerko BUIETH, YTO CyMMa JIEMEHTOB CTOJIONOB (CTPOK) 4 MeHbIIe equHUIBI. ClIeI0BaTeIbHO, B CHITY
BTOPOTO KPUTEPHs IPOAYKTUBHOCTH (MaTpHIIa MPOIYKTUBHA, €CIIM MAKCUMYM CYMM JJIEMEHTOB €€
CTOJIOIIOB HE IPEBOCXOAUT €IMHUIIBI) MaTpulia A MPOTYKTUBHA.

. —_ — —_ + —_

2. VpaBHeHHe THHEIHOTO MeKOTPACIEBOTo GaTaHca HMEET BU: ~ Ay
ITpu yBennueHnu BajgoBOTro Bbiycka orpacieid Qi u Q2 coorBercTBeHHO Ha 100% 1 50% nomxyunm
200]

' l1s0

'x“ —
HOBBII BEKTOP BaJIOBOT'O BBITYCKa [
BekTop motpeGnenus 17 cOOTBETCTBYIONIMIA BEKTOPY 1 HaiieM U3 ypaBHEHHs GaTaHca:

B _ (097 -008)200 182

¥ = (E - A)xl = =

-0,05 093 Jl150) [1205)

N3menenus 00beMOB KOHEUHOTO mpotykTa Q1 Ha 182 — 89 = 93 en. mmm 104,5%, Q, —Ha 129,5 — 98 =
41,5 en. na 47,2%.

3. Koneunoe notpedienne orpaciu Q; ocraercs 6e3 m3mMeHeHusl, a orpaciu Q, craHer
paBHbIM [loTyduM HOBBIN BEKTOP MOTPEOICHHUSI

. _[89
Jf‘z—%B .

" % "
HoBrrit BekTOp BasoBOro BBITYCKa 2 paiimem us3 ypaBHEHUs OalaHca
. 1.
A = (E _A) Yo

097 -008
E-A= ; Onpedenumeny |E -4 =08981.
-005 093
I:E'— A:l_l N 0,8981[U93 0,08] B [1,03 0,09]
OO6parHas MaTpHIa 005 057] 1006 108

- [1,03 0,09] [89 ] [100,38] 3 0,09]
Az = . = . )
Orxyna 006 108) |98] |10988)6 108
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BanoBslii mpoaykT oTpacieir Heooxoaumo yBenunuuth Q1 Ha 0,38%, Q2 — Ha 9,88%.

2. IlponykTuBHbIe MOaeH JleoHTHEBA.
TEOPEMA Ecnu 115 MaTpHIBI A ¢ HEOTPULATEIbHBIMH SIEMEHTAMH U HEKOTOPOro BeKTopa * ¢

HEOTPHLATEIbHBIME KOMIIOHEHTAMH ypaBHeHue & — A€ + ¥ (16.:6) pveer

peuieHre ¢ ¢ HEOTpPHUIATEIbHBIMU KOMIIOHEHTaMH, TO MaTpulia A MPOJTyKTHUBHA.
WNubiMu cioBaMu, JOCTATOYHO YCTAHOBUTH HATMYHUE TTOJIOKUTEILHOTO pelieHus cucteMbl (16.6) XoTs Obl

JUISL OJTHOTO TIOJIOXKHTEIBLHOTO BEKTOpa * , 4ToOBI MaTpHIia A GblIa IIPOAyKTHBHOIL. [Tepenmimem cuctemMy

(16.6) c ucnonp3oBaHueM eAMHUYHON MaTpulbl E B BUze (B - A)z =4. (16.7)
Ecmu cymectByer obparHas marpuna (E - A)-1, To cymiecTByeT U €IMHCTBEHHOE PEIIeHNE YPaBHEHUS
(16.7): i=(E-A)71y. (16.8)

Martpuna (E — A)-1 Ha3piBaeTCs MaTpuIlel MOHBIX 3aTpart.

Cy1iecTByeT HECKOJIBKO KPUTEPHUEB IIPOYKTUBHOCTH MaTpuilbl A. [IpuBenem aBa U3 HUX.

[TepBrbIit KpuTEpHil MPOAYKTUBHOCTH. Matpuiia A MpoayKTUBHA TOT/Ia M TOJIBKO Toraa, korjaa marpuina (E
- A)-1 cyiiecTByeT u €€ 3JE€MEHTbl HEOTPULIATEIbHBI.

Bropoit kputepuit npoaykTUBHOCTH. MaTpuiia A ¢ HEOTPHUILIATEILHBIMU AJIEMEHTAMH MPOIYKTUBHA, €CITU

n
Eaij £
CyMMa 3JIEMCHTOB 110 .HIO6OMy €C CTOH6Hy (CTpOKe) HC IMPCBOCXOAUT CAMHHUILIBI: =1

IIpUYEM XOTs Obl JJIsl OJHOTO CTOJIONA (CTPOKH) ATa CyMMa CTPOTO MEHBIIE €TUHUIIBI.

Paccmotpum npumMenenue mozenn JIeOHThEBa Ha HECTIOKHBIX IIPUMEpPAX.

[Tpumep 1. B Tabxn. 16.4 npuBeneHsl TaHHBIE 110 OaJlaHCY 32 HEKOTOPBIN TIEPHO]] BPEMEHH MEXKTY TSTHIO
OTpACIsIMU IPOMBILIIEHHOCTH. HaliTH BEKTOPBI KOHEYHOTO MOTPEOICHHSI U BAJIOBOT'O BBIITYCKA, a TAKXKe
MaTpuIly K03()GUIIMEHTOB MPSAMBIX 3aTpPaT U ONPEIEIIUTh, SBISETCS JIM OHA TIPOYKTUBHOM B COOTBETCTBUU
C IIPUBEJCHHBIMU BBIILIE KPUTEPUAMH.

Tabanua 16.4
N Morpetnenne Konewnsot | Banosoi
TR Orpacan MPONYKT BHIITY CKy
| 1] 2 ERERE: MEH. &1
! 1§ Crankocrpoenwe | 15 12 24 23 16 10 100
t 2 | DuepreTura w 3 35 15 7 30 100
3 | ManmnocTpoense | 10 5 10 10 10 5 50
1 | ApromobuIbHAS 05 10 5 5 15 ol
NPOMBILUICHROCTE |
5 | Hobuua u 7 15 15 10 3 | 50 100
nepepalboTri |
YLACBOAOPOADE . ’ |

Pemrenue. B nanHO# TabuIle MPUBEICHBI COCTABIISIONINE OajaHCa B COOTBETCTBHH C COOTHOLICHUSIMHU
(16.2): Xij — mepBbIe TATH CTOJOIOB, yi — IIECTOH CTONOEI, Xi — mocaeauuit cronoer (i,j = 1, 2, 3, 4, 5).
CornacHo dhopmynam (16.3) u (16.4), umeem

¢ 100 10
100 30
g=| 50|, g=| 5|,
50 15
100 50

0,15 0,12 048 0,46 0,16
0,10 0,03 0,70 0,30 0,07
A= 010 005 0,20 0,20 0,10
0,10 0,05 0,20 0,10 0,05
0,07 0,15 0,30 0,20 0,03

Bce aneMeHThI MaTpuLbl A TTOJIOKUTENBHBI, OJTHAKO HETPYIHO BUJETh, YTO UX CYMMA B TPETHEM U
YEeTBEPTOM CTOJIONAX OoJbile enuHuUIbl. Clie10BaTeIbHO, YCIOBHUS BTOPOTO KPUTEPHUS MPOIYKTUBHOCTH HE
cOOJTIOIGHBI 1 MaTpHIla A He SIBJISETCS MPOTYKTUBHOM. DKOHOMUYECKas MPUYMHA STOU
HEMPOJyKTUBHOCTH 3aKIIIOYAETCsl B TOM, YTO BHYTpEHHee oTpebiieHue oTpacieil 3 u 4 CIuIKoM BEJIHKO B
COOTHOIIEHUH C UX BAJIOBBIMH BBIITYCKaMHU.
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[Tpumep 2. Tabmn. 16.5 cogepkut ganHbIe 6angaHca Tpex oTpaciei MPOMBIIIIICHHOCTH 32 HEKOTOPBIH
nepuoj BpeMeHu. TpedyeTcst HaiiTh 00beM BaJIOBOTO BBIITYCKa Ka)/10T0 BUJA MPOAYKIIUH, €CITU KOHEUHOE
MoTpedIIeHNe TI0 OTPACIIAM YBEIMYUTH COOTBETCTBEHHO /10 60, 70 1 30 yCIOBHBIX IEHEKHBIX SMHHII.

Tabnuoa 16.5

No Orpace Norpetnenne | Komewmat | Bamonoi |

n/n 1 | 2 | 3 MPOLYET BRITIYCE |

1 Hofeqa u nepepaborka | & 35 20 40 100 l

FrASBOOOPONOE ‘
DHepreTHKA 10 10 20 60 100

3 | Mamuroctpoenne 20 10 10 10 50 |

Pemenne. Beimumiem BeKTOPHI BAJIOBOTO BBIITYCKAa M KOHEYHOTO MOTPeOIeHHUS U MaTpuny KoddduimenTon
npsMbIx 3atpat. Cornacuo gopmynam (16.3) u (16.4), umeem

100 40

Z= ( mo), 7= (Gﬂ),
50 10
0,05 0,35 0,40

A= (o,m 0,10 0,40 )
0,20 0,10 0,20

Martpuna A ynoBiaeTBOpsieT 000MM KPUTEPHUSIM MPOAYKTUBHOCTH. B cilyyae 3a/laHHOTO YBEITUYCHHS
KOHEYHOT'O OTPEOICHUS HOBBII BEKTOP KOHEUHOTO MPOAYKTa OyAeT UMETh BUJ

60
- (m ) | (163)
30

Tpebyercs HaliTH HOBBIM BEKTOP BaJOBOr'O BhIMYCKa + *, yOBIETBOPSIOMINI COOTHOILIEHHUM OajlaHca B
MIPENII0JIOKEHNUH, UTO MaTpulia A He u3MeHsercs. B Takom ciayyae KoMnoHeHTH X1, X2, X3 HEeU3BECTHOTO
BeKTOpa * * HaXOIATCS M3 CHCTEMbI YPaBHCHHIA, KOTOpas coryiacHo (16.4) uMeeT B TaHHOM CTydae BUJI

z; = 0,05z, + 0,35z2 + 04x; + 60,
g = 01z, + 0,1z + 0,4:1':3 + ?[]l
ry = 02y + 01z + 0,223 =+ 30,

B MaTpuuHoii popme 3Ta crcteMa BBITISAUT CISIYIOIINM 00pa3oM: 2. = AZ + i, (16.10)

m  (E- A2 =1, (16.11)
0,95 =035 =040
(E—A)=|( -0,0 0,90 =0,40
rae matpuna (E — A) umeer Bua gl L
Pemenue cuctemsl MuHeHbIX ypaBHeHuit (16.11) npu 3aganHoM BekTope npasoii yactH (16.9) (nanpumep,
MeTozom ['aycca) aeT HOBBIH BEKTOp * * KaK pellleHHe CHCTeMbI ypaBHeHuil 6ananca (16.10):
152,6
i, = | 1358
92,5
Taxum 06pa3oM, A7 TOrO YTOOBI 00ECTIEUUTh 3aJJaHHOE YBETUUYEHUE KOMIIOHEHT BEKTOPa KOHEYHOT'O
MIPOJYKTa, HEOOXOUMO YBEIMUUTH COOTBETCTBYIOIIME BAJIOBBIE BHITYCKU: 100bIYY U MEpepabOTKy
yIJ1€BOJIOPOI0B Ha 52,2%, ypoBeHb dHEpreTuku — Ha 35,8% U BBINMYCK MPOIYKIIMM MAIIUHOCTPOEHUS —
Ha 85% 1o cpaBHEHHIO C UCXOJHBIMU BETMYMHAMHU, YKa3aHHBIMU B Ta0JI.

3. PazimyHble KpUTEPUH NPOAYKTUBHOCTH MoAesH JIeoHTHeBA.

Teopema. (kputepuii NPOAYKTUBHOCTH). Mampuya A20 NPOOYKMUGHA MO020d U MOJIbKO

S=(E-A)"!

moeoa, K020a Mampuya cywjecmeyem u A61Aemcs HeOmpuyameabHOU.
v = . o]
DKOHOMUYECKUW CMBIC 3JIEMEHTOB MaTpPHIIbI 8 = (og ) 3aKITIOYAeTCS B CICAYIOMIEM: DIEMEHT - i
B B
PaBeH KONMYECTBY MPOAYKIHH, KOTOPOE TOJDKEH BBITYCTHTh OOBEKT ¢, ISl TOFO YTOOBI 00BEKT ~ & MOT

() S .
BBITYCTUTD OJIHY eHHHITy KOHEUHOI! IPOIYKIUH (4 HE MOJTHOTO BITYCKa). B CBA3M ¢ 3THM 31eMeHTHI * i
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HOCAT Ha3BaHNEK0I(P(PUUHEHTOB MOJHBIX 3aTPAT, a MaTpUIa S — MATPHIbI KO3 (PUIHEHTOB MOJHBIX
3aTpar.

[IpuBeneM emie OAWH AOCTATOYHBIA MPU3HAK TPOAYKTUBHOCTH Monenu JleoHTheBa, Hamboiee
yIOOHBIA 11 TPOBEPKH MNPOAYKTUBHOCTH MATPHUIIBI MEXKOTpPAcieBOro OajaHca B HATypajbHO-
CTOMMOCTHOH (hopMe.

a -
Teopema Ecmu mampuya A = ( b ) HeompuyamenvbHa, CyMma INeMeHmMO8 Kadcoou CMmpoKu
He bonbue eOuHuYbl U X0Mms Obl 01 OOHOU CMPOKU CMPO20 MeHbue eOuHuybl, mo moodeisb Jleonmvesa,
onpeoensemas mampuyeti A, npooyKmueHa.

b
Takum 06pa3oM, MaTpuna A NpoayKTHBHA, ecimd ¥ 2 0 misg mobwix i, j= 1, 2, ..., n, /= (i=
»
; Zaini <l
1,2, ...,N) 1 cyuecTByeT HOMep © Takoii, uro =

S ..
OueBHIHO, 4TO KOIDDUIMEHTH ¥ MONHBIX 3aTPaT BCETIA MEHBIIE, & MOTYT OBITh U CYIIECTBEHHO
@y
Oosbllle  COOTBETCTBYHOILMX  KO3(duuueHToB IpsIMBIX ~ 3aTpaT,  IIOCKOJbKY,  BO-IIEPBBIX,
KO3 PHUIIIEHTHI YKa3bIBAalOT HE TOJIbKO HEMOCPEICTBEHHbIE IIOCTaBKM MPOAYKIMH OOBbeKTa ~ #
00BEKTy *+ , HO U MOCTAaBKU NPOAYKLHU OObEKTa ~ ! IpyruM oOBEKTaM, JUIsl TOTO 4TOObI MOCIIETHUE B
CBOIO Ouepe]h MOTJIH MOCTAaBUTh 00BEKTy ~ TpebyeMoe KOMMYECTBO MX IPOAYKIUHU, H BO-BTODHIX, HPH
BBIYUCIICHUH KO3 PUIIMeHTOB OepeTcsi OTHOLIEHUE CyMMbl IOCTaBOK MPOAYKLUUU OObEKTa ~* BCEM
F

00BbEKTaM K BEJIMYHMHE KOHEUYHOH NpoaAyKIUHU 00BeKTa J , 4 OTa BCJIMYMHA MCHbBLIIC ITOJIHOI'O BBIITYCKa

MPOIYKIIMH O00BEKTa J
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1.16. Jlexmust Ne 16 (2 yaca)
Tema: «3aga4u JIUHEIHOT0 MPOrPAMMMPOBAHUS)

1.16.1. Bonpocsl JieKIuM:

1. Ilpumepnl 3KOHOMHMKO-MATEMATHYECKHX MoOJesell, NPUBOASAINMX K 3aJa4aM  JIMHEHHOro
NPOrpaMMHPOBAHMS.

2. CranapTHasi 1 KaHOHHYecKas (popMbl 3anucH 32124 JIMHEITHOT0 IPOrpaMMHUPOBaHMSA.

3. T'eomerpuueckasi MHTepPHpeTAalMsl 3a4a4¥ JIMHEHHOr0 TMPOrpaMMHUPOBAHUSL B CJydae JBYX
nepeMeHHbIX. I'padguyecknii Mmero peuieHus.

4. Pemienne 3a1a4y JIMHEITHOT0 MPOrPAMMHUPOBAaHNUA METO0M Ilepedopa BepIINH.

1.16.2. KpaTkoe cojepkaHue BOIPOCOB

1. TIpumepnbl IKOHOMHMKO-MATEMATHYECKHMX Mojejiell, NPUBOMSIIMX K 3ajayaM JIMHEHOro
NPOrPaMMHUPOBAHUS.

Jluneunoe npocpammupoganue- 3TO MareMaTH4yecKass IUCLMIUIMHA, U3ydarollas METOJAbl HAaXO0XICHUS
HanOOJIBIIETO0 WM HAUMEHBINEro 3HAYCHUH JMHEHHOW (DYHKIMM HECKOJIBKHMX NepeMeHHbIX. [Ipu sTom
MEPEeMEHHbIE JOJKHBI YIOBJIETBOPATh KOHEYHOMY YHCIY YPaBHEHHM WM HEPABEHCTB U ObITh
HEOTPULATEIIbHBIMH.

A X tapX, +o.taX, :bl
ITycte umeem CJIYV () cucTeMy OrpaHMYEHHH |8,% +8,%, +..+8,%, =b, , TIe x >0(i=1.n) ( Il )-

amlxl + a'mZXZ ot amnxn = bm

YCIIOBHME HEOTPULATEAbHOCTH
u nuHeiinyto Gynkuuro (1)- f =X +C,X, +...4+C, X, -LeaeBas QyHKIHsL.

HyxHo naiiTu Takoe HeoTpuuarensHoe pemerue CJIIY (I), mpu xotopom ¢yukims f npuHuMana Obl
HaMMEHbIIIEe 3HAaUCHHE.
Bcesxoe neorpunarensHoe pemenne CJIY (l) naspiBaercs gonyctumbiM. Pemienue, npu KOTOpOM LienieBast
GyHKIUS TPUHUMAaET MUHUMAaJIbHOE 3HAUCHUE HA3bIBACTCS _ONTHMAIbHBIM PELICHUEM.

2. CrangapTHasi M KaHOHHYecKasi GopMbI 3aNIHCH 32124 JTMHEIHOr0 NPOrPpaMMHPOBAHMS.
Ilepsas cmandapmuas ¢hopma 3a0a9v THHSHHOTO MPOTPAMMHUPOBAHUS UMEET BH/T

o X togr ook, = max

ap tapr toata,x, S b,

Xy F gk et X, S Ay,

oy Xp T By Xy Fon i, X, Sh

2zl x20 L ox 20
Bsenem Bektopa
[ [ x, &
#=7z=["]2- K
Cﬂ -xx bﬂ
a TaK’KC BCKTOpa
ey
i
4=1.
agl i=1n
Y MaTpuily
Ay e O
A= 220 oy ety
[ 290 v S N
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3aMeTM, 4To KoMOuHanus 1% e TN ecTp He yTO MHOE, KaK CKaNsApHOE MIPOU3BENEHUE BEKTOPOB &

u % . [TooTOMy B BEKTOpPHOI (popMe 3ajaua NpUMET BH
(C,X) = max
xlﬁl + Jr:;;'!}!+...+;r,¢;ﬂ‘w ih
720
Bmopas cmanoapmuas ¢popma 3anaum TMHEHHOTO TPOTPAMMHUPOBAHUS UMEET BUJT
[T +c:2x2+...+c,¢xk = min
Xy YAkt tax, 2 b,
Xy ¥Ryttt X, 28y,
1 Xy T Gpp Xy T Tl X, 2 8,
Bzl xpzl g ox 20
B BexTopHO# (hopme 3Ta 3a1aya UMEET BUJT
(F,5)= min
xlﬁl +x2%+...+xxﬁx > b
720
Kanonnyeckoit ¢popmoii 3a1aun TMHEHHOTO POTPaMMHUPOBAHMSI HA3bIBACTCS 33/1a4a BUIA
ok togx, oo X, = min
dpfy Tkt tay X, =
= bg,

Xyt Tty X,

oy X F BppXy FonnFi, X, = By,

20 oz 20 L ox, 20
B BekTopHO# opMe 3Ta 3a7a4a UMEET BH]T
(£, %)= min
xljl.l + xgﬁg +...+xmjl; = 5
20

T
ox e ot 2]

Bo Bcex aTux 3amavax GyHKIHIO * HA3bIBAIOT LeNeBOH (pyHKuMeil. Bexrop & ~ 11605

N r
Ha3BIBAIOT BEKTOPOM KOI(PPHUIIMEHTOB JTUHEHHOM (HOPMBI, BEKTOP b=l by by BEKTOPOM OTPaHUYCHHIA.
Marpuity A=la] yaspBaror marpuieit koaddureHToB.
Ipasuna npusedenust 3a0au TUHEUHO20 NPOPAMMUPOSAHUS K CIAHOAPMHOU U KAHOHUYECKOU Gopmam
1. IlpeBpamienre max B min 1 Ha000POT.
- + +..+ i
Ecnu neneBast GyHKIUS B 3a7a4e IMHEWHOTO IPOrPaMMHUPOBAHHMS 3aJjaHa B BHae 171~ “2t2 7 "0 = min

TO, yMHOKas €€ Ha (- 1), nmpuBeneM e€é K BULY (Cepm * (mep)m ¥onH (o) 1= max

MIPUBOMT K CMEHE MiN Ha MaX. AHaJOTHYHO MOYKHO 3aMEHHTH Max Ha min.

2. CMeHa 3HaKa HepaBEHCTBA.

3. [IpeBparnieHue paBeHCTBA B CUCTEMY HEPABEHCTB.

4. TlpeBpalieHue HEpaBEHCTB B PABEHCTBA.

5. OrpanuveHusi Ha HEOTPUIIATEILHOCTh TIEPEMEHHBIX.

3. Teomerpuyeckass HMHTEpPHIpeTAlMs 334a4¥ JIMHEHHOI0 NPOrpaMMHPOBAaHHMS B CJIy4ae [BYX
nepeMeHHbIX. I'padguyeckuii Mmero peuieHus.

[Tycte umeem (l) cucremy orpaHuyeHWit |%** auy+% = 00 . muHeitnyto ¢ynkumo () z=cx+c,y u
a X+a,y+h, 2

,TaK KaK CMeHa 3HaKa

aX+a,,y+b, >0
sz,yzO(m)
HyxHo HaliTH MUHUMaNIbHOE 3HaUeHHEe QYHKIUU Z.

C,X+C,Y = f1-Ha IIOCKOCTH NpsiMasi, Ha3bIBaeMasi npsamas ypoers. CHCTeMa OrpaHHYeHUI Ha IIOCKOCTH-
MHOTOrpaHHasi 00J1acTh.
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Bynem MeHsTh 3HaUeHHE ¢, IpsiMasi OyeT IBUraThCsl apaluielbHO IpsMoil CX+C,y =1,

Ecim yBenmumBath c: 1) gerkenne mo %4 (He mepecekas oGnacTh)=> GIMKHAS TOUKa A-MaX, TaabHsIs
Touka F-min

-
2) IBUKEHHUE TI0 / = OmmKHAA TOuka A-MIN, JaabHsag Touka F-max.
Ecnu ymenbiate ¢: 1) IBHKEHHE 110 *K —  Gmoxasst Touxa A-min, ganeHss Touka F-max

»
2) NBU>KEHHE 10 / = OIKHAA TOUKa A-Max, JaabHsad Touka F-min

[pumep: Ilycts cucrema orpanndeHuii umeet Bug (1) ;(_ y2+1260> 0 M z==-x-y+1,x=>0,y=>0(II)
X+2y—62

-3x-y+92>0
Hantu: z.,, U Z,,

Pemenne:

NP
1) c=0: -x-y+1=0
2) yBenuuuM c: c=1: y=-x

[Tpu yBenu4eHUH ¢ mpsiMas ypOBHSI ABMIKETCS BHU3 —> L, Oyzder B Touke A, Z.;, - B Touke C

Zoin (2,3)=-2-3+1=-4 u I, (2;0)=-2-0+1=-1
4. Peienne 3a1a4m JIMHEIHOT0 IPOrPAMMHUPOBAHKS METOI0M Iepedopa BepIlH.

B ocHOBEe CHUMIUIEKCHOTO METOJ1a JIEXKHT Mepedop BEPIIMH MHOTOIpAaHHUKA O0JIACTH JOMYCTUMBIX
perieHut ¢ yuérom nsmeHeHui Gyukiuu nenu. To ecTh pu nepexojie OT OJHOM BEpIIMHE K IPYroi HAJO,
4TO0ObI (PYHKIMS L€ MpUHUMaNa Jyyinee (WM He Xy[liee) 3Ha4YeHue, YeM Ha IpeabayieM mare. Tem
caMbIM YHCJIIO ITepeOrpaeMbIX BEPILINH COKPAIIAETCs, 1 ONTUMYM HaXOIUTCs ObICTpee.

Jnis pemeHus 3agad CUMIUIEKCHBIM METO/OM HaJ0 OCBOUTH TPU OCHOBHBIX JIEMEHTA: CHOCO0
OTpesieNICHUs] MEePBOHAYAIBHOIO JOMYCTUMOIO Oa3MCHOTO pEIIEHHUs, MpaBWIO MNEpexoja K JydllemMy
PELICHUI0, KPUTEPHUH MPOBEPKH ONTUMATIBHOCTH HAMJIECHHOTO PELICHUS

Kpome Toro, /s peuieHus 3aJaud CUMIUIEKCHBIM METOJIOM, OHa JOJKHA OBITh MpEJCTaBlIEHA B
KaHOHHMYeCcKOH (hopMme (Bce HepaBeHCTBA JOJUKHBI OBITh 3aMEHEHbl ypaBHeHHsMHM). s 3Toro, eciau B
HEpaBEHCTBE CTOUT 3HaK =" umm "=", HaJo BBECTU MOMOJHUTEIbHYIO MEPEMEHHYIO B JIEBYIO YacTh

n_n

YPAaBHEHUSA, CO 3HAKOM
HEPaBEHCTBA.
OcoOsle ciyyan, KOTOpble HEOOX0AMMO YUUTHIBATh IPU MOMCKE ONTUMYMa B CUMILJIEKCHOM 3a/1ay4e.
Heeouncmeennocms onmumanvhozo pewenusi (arbmepramusHulii onmumym). OHa TOsBIsETCH,
KOIJla Mocjie BhIpaXeHUsI (YHKIIMM 4Yepe3 HEOCHOBHbIE MEPEMEHHBIE O/IHAa U3 MEPEMEHHBIX CTaHOBHUTCS
HYJIEBOM, a Jpyras yJIOBJIETBOPSET YCIOBHIO ONTUMAIBLHOCTH. TO €CTh ONTMMYM HalACH, HO MOXKHO
MEHSTh HYJIEBYIO IEPEMEHHYI0, XOTS yaydlleHus: GQyHKIUHU 3TO He AacT. ['padudecku 3To mpencTaBiseTcs
KaK COBIMAJICHHE JIMHUHU (PYHKIUH C JIMHUEH MHOTOTpaHHUKA 00JIaCTH JOIMYCTHUMBIX PELICHUH.
Buvipooicoennoe 6aszucnoe pewenue. IDTO KOTJa OJIHA M3 OCHOBHBIX INEPEMEHHBIX paBHA HYIIO.
[Tocne Takoro peuieHus cieayrolee, MOXKeT He YIy4YIIUTh (QYHKIHIO, a JIUIIL CMEHUTh HAa0Op OCHOBHBIX
nepeMeHHbIX. B Takux cimyyasx (XOTs KpaiHe peaKo) BO3MOXHO 3al[UKINBaHKEe, TO €CTh epedop OJHUX U
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TEX e PELICHUN.
Omcymcmeue KoHeuHo20 onmumyma. ITO KOTAa Ha OYEPEIHOM IIare peleHns BCe TPaHmIIbl POCTa
paBHBI OECKOHEYHOCTH WIM MUHYC O€CKOHEYHOCTH. I'paduyecku 3TO BBITIAAUT, KAK OTCYTCTBHE KAKOE-TO

CTOPOHBI MHOTOIPaHHHMKA 00JIACTH JOMYCTUMBIX PEIICHUN ¥ (QYHKIIUSA MOXKET JBUTAaThCS B 3Ty CTOPOHY JI0
OECKOHEYHOCTH.
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1.17. Jlekuus Ne 17 (2 yaca)
Tema: «CuMILIeKc-MeTOo/1 pelleHusi 3a/1a4 JUHEHHOr0 MporpaMMUPOBAHUS»

1.17.1. Bonpocsl JieKIUU:

1. Aroput™ CHMILIEKC-MeETO/IA.

2. Haxo:xneHue HCXOHOTO0 JOIyCTUMOr0 0a3uca.
3. MeToa MCKyCcCTBEHHOI0 0a3uca.

1.17.2. KpaTkoe cojepkaHue BOIPOCOB
1. AIropuT™M cUMILIEKC-MeTOa.
Tenepr mpuBeném maru aiaroputMa. Ha kaxaom mare Mbl OyleM MEHSTh MHOXECTBA MPOCTBIX H
HEMPOCTHIX BeKTOpOB (mBuratecsi mo péOpam), W MaTpuna OyIeT HMEeTh CJICIYIOIIUN BHI:
1 cEB1A- c};B_l] Z B {c"};B_lb]
0 B1A B-1 | B
rae cg — KO3(PQHUIMEHTH BEKTOpa C COOTBETCTBYIOLIHE

MIPOCTHIM NIEPEMEHHBIM (IIEPEMEHHBIM Xs COOTBETCTBYIOT (), B — cTONOIBI , COOTBETCTBYIOMINE TPOCTHIM
nepeMeHHbIM. MaTpuily, 00pa3oBaHHYIO OCTaBIIMMUCS cToiOmaMu o6o3Haunm D. [loyemy marpumna Oyzaer
MMETh TaKOW BUJI IOSICHUM B OMHMCAHUU IIaroB aJlfOPUTMA.
Ilepswiit wae.

Bribupaem HauanbHOe nonmyctuMoe 3HaueHue. Ha mepBom mare B — enquHuyHasi MaTpuiia, Tak Kak
MIPOCTBIMH ITEPEMEHHBIMH SBIISIOTCS XS. CB — HyIIEeBOIi BEKTOp 1O TEM K€ IPUIHHAM.
Bmopoii wae

IToxaxkeM, 4TO B BBIpaKCHUU (Cj.i;B_lA —c )z (%B_l)ms TOJIBKO HEMPOCTHIE NTEPEMEHHBIE UMEIOT
HEHYJIEBOH KOX(pHUIHMEHT. 3aMeTHM, YTO U3 BBIpAXEHUS Ax+Xs=b MpOCTBIE NMEpEeMEHHBIE OJHO3HAYHO
BBIPXKAIOTCS Yepe3 HEMPOCThIe, TAK KaK YUCIIO MPOCTHIX MEPEMEHHBIX paBHO 4McIy ypaBHeHui. [IycTh X '
— TmpocThle, a X" — HENpOCThle MEepPEeMEHHbIE Ha JaHHOW HTepaluu. YpaBHEHHE Ax+Xs=b MOXKHO
nepenucarh, kKak By '+Dy "=b. YMmuHOXHUM ero Ha B U cnepa: x' + B~ lDX" =B 'b. Takum 00pazoM MbI
BHIPA3HIIN TIPOCTHIC TIEPEMEHHBIC Yepe3 HEmpoCThie, U B BhlpaxkeHnn B 'Ay + B ~ 'Xs, sxBuBaneHTHOMY
JICBOW YaCTH PaBEHCTBA, BCE MPOCTHIE TIEPEMEHHBIE UMEIOT eIMHUYHbIE Kod(uimentsl. [losTomy, ecnu

pHGABHTH K PaBEHCTBY Z — C'y = 0 PaBEHCTBO cpB~ Az A CBB_I-TS TO B IIOJIyYEHHOM DPAaBEHCTBE BCE
IIPOCThIE TEpPEMEHHbIEe OyIyT HWMEeTh HyJIeBOM Ko3(dduuueHT — Bce MpOCTBIC MEPEMEHHbIC BUAA X
COKpATsITCs, a MPOCTHIE IEPEMEHHBIE BU/Ia Xs HE BOMAYT B BEIpaKEHHUE € BB,

Bri6epem pedpo, no kotopomy Mbl OyzaeM nepememniarbes. [I0CKonbKy Mbl XOTUM MaKCHMHU3HPOBATh
Z, TO He06xozu/IMo B PaTL NepeMeHHyl0, KoTopas Oyner Oojee BCeX YMEHbIIATh BBIpaKEHHUE
(EBA— M)z + (GB D,

s aToro BblOEpeM MEPEMEHHYI0, KOTOpas HMeeT HauOOJBIIMA IO MOIYIIO OTpHUIATEIbHbIH
koa¢pdunment. Ecnum Takux NEpeMEHHBIX HET, TO €CTh Bce KOA((UIMEHTH 3TOr0 BbIPAXKECHUS
HEOTPULIATENIbHBI, TO MbI NMPHUIUIM B UICKOMYIO BEPIIMHY U HAlIM ONTHUMajbHOE pelieHue. B mpoTuBHOM
clyyae HayHEM YBEIMYMBATh 3Ty HENPOCTYI0 IEPEMEHHYI, TO €CThb IepeMeIlarbcs 10
COOTBETCTBYIOILIEMY €l peOpy. DTy MepeMEeHHYIO0 Ha30BEM BXOISIICH.

Tpemuu wae

Tenepbs HEOOXOIMMO MOHATH, KaKask MPOCTast epeMeHHas IepBOil 0OpaTUTCS B HOJb 110 MEPE YBEITUUEHUS
[B-1AB~1] [ﬂ =B '

BXOJALIEHN epeMEHHOMU. J{J11 3TOro JOCTaTOYHO PACCMOTPETh CUCTEMY: Ts

IIpu (uUKCHPOBAHHBIX 3HAYEHUSAX HEMPOCTHIX MEPEMEHHBIX CHCTEMa OJHO3HAYHO pa3pelrnma
OTHOCHTEIIFHO TPOCTHIX, MOITOMY MBI MOXEM OIpPEIeNIuTh, Kakas M3 MPOCTHIX MEPEMEHHBIX MEpBOM
JOCTUTHET HYJs TNpPHU YBEIMYEHUH BXOMSNICH. DTy NepeMEeHHYI0 Haz0BeM BbIXOZsmiell. OTo Oyxaer
O3HayaTh, YTO MBI HATOJKHYJIMCh Ha HOBYIO BepHIMHY. Tenepb BXOASAINIYIO M BBIXOJAIIYIO TIEPEMEHHYIO
MIOMEHSIEM MeCTaMH — BXOJIasi «BOMAET» B MPOCTYIO, a BBIXOJIIAS U3 HUX «BBIMJET» B HEMPOCTHIE.
Teneps nepenumemM MaTpuily B u BEKTOp Cg B COOTBETCTBHH C HOBBIMHA HA0OpaMH MPOCTHIX W HEMPOCTHIX
MEPEMEHHBIX, TIOCJIEe Yero BepHEMCS KO BTOPOMY miary. X"

[TocKONMBKY YHCIIO BEPIIMH KOHEYHO, TO ITOPUTM OJHAXIbI 3akoHUMTCS. HaiinmeHHas BepmmHa
OyZeT SBJIATHCS ONTHUMAJIBHBIM PEIICHUEM.
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2. Haxo:kaeHne MCXO0QHOI0 0IyCTUMOT0 6a3uca.

CuMiiekc-MeTo]] pealnu3yeT YHNOPSJOUYEHHBIM IpOLEcC, MPU KOTOPOM, HadyMHAs C HEKOTOPOH
HCXOJHOM JIONyCTUMOM YIJIOBOM TOYKH, OCYIIECTBIIAIOTCS MOCIEAOBATENIbHBIE MEPEXOAbl OT OJHOMN
JOMyCTUMOMN SKCTPEeMaIbHOM TOUKH K JPYroii, IOKa He Oy/JeT HaiiieHa TOYKa ONTUMAJIbHOTO PELICHHUS.

O6o3nauuMm: N— obOmee konumvecTBo mepemMeHHbIX B 3JIII, mpeacTtaBieHHOW B KaHOHMYECKOU
dopme; N - KomMYECTBO HMCXOIHBIX IEPEMEHHBIX; M - KONMYECTBO OrpaHMYEHHMi, o
N=n-+n,

- KOJIMYECTBO

JOTOJHUTEBHBIX IEPEMEHHBIX, TOTa

Kaxas BepmmHa MHOrorpaHHuka peureHuii umeer M - HenyneBbix mepemenubix u (N -m) -
HYJICBBIX ITEPEMEHHBIX.

HenyneBble nepeMeHHbIC Ha3bIBAIOTCS 0a3MCHBIMU, HYJIEBBIC IIEPEMEHHbIE — HE0a3NCHBIMH.

Jis monrydeHHs pelieHus COCTaBIISIETCS HA4ajdbHBIA JOMYCTHUMBINH 0a3Huc, B KOTOPOM Oa3HCHBIC
NepeMeHHbIE JOJDKHBI OBITh TPENICTAaBICHBI B BUJAE CIUHUYHBIX OPT. DTO O3HAYAeT, YTO yPAaBHEHHS,
MPECTABIAIONINE JAHHYIO BEpPIINHY JODKHBI BKIIIOUATh KaXKIYI0 Oa3UCHYIO IEPEMEHHYIO TOJIBKO B OJTHOU
CTpOKE ¢ K03 PUIIUEHTOM, paBHBIM 1.

[Tpu BBIOOpE HAYATBLHOTO JOMYCTUMOIO Oa3uca JJsl COCTaBJICHUS CHUMIUICKC-TAONUIBI HAa TIEPBOM

mare CT(0) ucxoausie *'*: mepeMeHHble NMPUPABHUBAIOTCA K HYJIIO M SABISAKOTCS HEOA3MCHBIMH, CPEIU

BBEJIEHHBIX JOIMOJIHUTEILHBIX MNEPEMCHHBIX BLI6I/IpaIOTCH INEPEMCHHBIC C KOB(i)(i)HL[I/ICHTaMI/I PaBHBIMHA

Xg1X4: %5 g paBeHcTBax (2) - (4) sBast0TCS 0a3MCHBIMH U B L. CTPOKY BXOJSAT C

enunuie. Ilepemennble
KodpunmenTamu, paBHbIMH 0.
3. MeToa MCKycCTBEHHOI0 0a3uca.

MeToa MCKYCCTBEHHOTO 0a3mca UCTIONb3YeTCs Ul HaXOXKICHHUS JOMyCTUMOTO 0a3MCHOTO PeIICHHS
3aJjaud JIMHEMHOro MpOrpaMMHUpPOBaHMs, KOTJa B YCIOBUHU MPHCYTCTBYIOT OTPaHUYEHHUs THUIIA PAaBEHCTB.
Paccmotpum 3amaay: max {F(x)=) ciXi[Y ajixi=bj, ]=1,m; Xi>0}.

B orpanuyeHus u B (yHKUMIO LEJIU BBOAAT TAK Ha3bIBAEMblE «UCKYCCTBEHHBIE IEPEMEHHBIE» R;
caemyromuM oopazom: Y a;X+Rj=bj, j=1,m;F(x)=) ciXi-MY R;

IIpu BBEeIeHUH UCKYCCTBEHHBIX IEPEMEHHBIX B METO/1€ UCKYCCTBEHHOI'0 0a3znca B QYHKIUIO LIeTH UM
MPUIKCHIBAETCS TOCTATOYHO OOJBIION KOA(pGUIUMEHT M, KOTOpBI MMeeT cMbICI IuTpada 3a BBEICHUE
HCKYCCTBEHHBIX NE€pEeMEHHBIX. B ciyyae MUHUMHU3AIMM MCKYCCTBEHHBIE MEpEeMEHHbIE MPUOABISIOTCS K
¢byHKIMHM nenu ¢ koddduurentom M. BeneHne HCKyCCTBEHHBIX MEPEMEHHBIX JOIYCTUMO B TOM ClIydae,
€CIIU B MPOLIECCe PELIeHU 3aJJaul OHU MOCJIEA0BaTeNIbHO 00paIatoTCs B HYJb.

Cummnekc-Tabnauma, KOTopash COCTaBJISIE€TCd B IPOLECCe  PEIIeHUs, HCMHOJIb3ys  METOJ]
HCKYCCTBEHHOT0 0a3uca, Ha3bIBaeTcs pacuMpeHHoi. OHa OTIMYaeTcss OT OOBIYHOM T€M, UTO COJIEPIKUT JIBE
CTPOKH 1Jis1 DYHKIIMH IIeNIU: OfHA — JJIs cocTaBisronieit F = ) ciXj, , a apyras — st cocrapisitonieit M ) Rj.

ITpumep 1. Haittu makcumym Qynkumu F(x) = -X1 + 2X2 - X3 Ipu OrpaHUYEHUSIX:

2X1+3Xo+X3=3,

X1+3X3=2,

X1>0, x2>0, x3>0 .

[IpumMeHnM MeTOJ MCKyCcCTBEHHOro 0Oaszuca. BBelnem MCKyCCTBEHHBIE MEpEMEHHBbIE B OrpaHHUYCHUS
3aJ1a4uu

2X1+3Xo+ X3+ Ry =3;

X1 +3X3+R,=2;

Oyukius nemn F(x)-M Y Rj= -X; + 2X3 - X3 - M(R1+Ry).

Bripazum cymmy R; + R, u3 cuctemsl orpanndenuii: R + Ry =5 - 3X; - 3X; - 4X3, Torna F(x) = -X; +
2X5 - X3 - M(5 - 3X1 - 3Xs - 4X3) .

IIpn cocraBieHun nepBoil cumIiekc-Tabmunpl (Tabn. 1) Oyaem mnojaraTte, 4YTO HUCXOAHBIE
MEPEMEHHBIE X1, X2 , X3 ABISIOTCS HEOA3UCHBIMHU, a BBEJICHHbIE HCKYCCTBEHHBIE MIEPEMEHHBIE — 0a3UCHBIMH.
B 3agauax MmakcuMuzanuu 3HaK Ko3(QUIMEHTOB Mpu HeOa3ucHbIX nepeMeHHbIXx B F- u M-crpokax
U3MEHSETCd Ha MPOTHBOIOJIOKHBIA. 3HAK IIOCTOSSHHOW BEJIWYMHBI B M-CTpOKE HE HU3MEHSETCH.
OnTuMuzanus MpoBOAUTCS CHavasia mo M-ctpoke. Beibop Beaymumx cTondia u CTpOKH, BCE CHMIUICKCHBIC
npeoOpa3oBaHus MPU HCIIOJIB30BAaHUHM METOJ]a UCKYCCTBEHHOTO 0a3uca OCYIIECTBISIOTCS KaK B OOBIYHOM
CUMILIEKC-METO/IE.
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Tabnruma

BazHcurle | CBoOoIHEIE HebazucHee
nepeMen- YIEHED nepeMeHHEE
HEIC N X2 A3
R 3 2 3 1
R: 2 1 | o |(3)
F 0 1 -2 1
M -5 -3 -3 -4

MakcumanbHBI 110 a0CONIOTHOMY 3HAUEHHUIO OTpHUIATENbHBIA Kod(hduimeHnt (-4) ompeaenser
BEAyIIMH CTONOEI] M TEepeMEeHHYI0 X3, KoTopas mepeiner B 0Oazuc. MHHUMabHOE CHUMILIEKCHOE
oTHoIIeHHE (2/3) COOTBETCTBYET BTOPOH CTPOKE TAOJHIIBI, CIIEIOBATEIbHO, IEpeMEHHast Ry TomkHaA OBITh
u3 O6aszuca UCKiIoYeHa. Beaymuii s1eMeHT 00BeieH KOHTYPOM.

Tatbnuma 2

bazacuue | Ceobomame HebazHcHEIE
TIepEMEH- TIEHE IepeMeHHEIe
HEIE X1 Xz
R 113 53 @}
X3 2/3 1/3 0
F =213 2/3 -2
M =13 -5/3 -3

Tadbaouoma 3

Bazncunle | CRodogusle | HebazHcHEIE
mepeMen- TIEHED nmepeMeHHEE
HEIE X
T3 79 5/0
X3 23 1/3
F 89 16/0
M 0 0

B Mmerozne nckyccTBEeHHOTo 0a3uca MCKYCCTBEHHBIE MEpEeMEHHbIC, UCKIIOUEHHbIE U3 0a3uca, B HETO
OoJbllle HE BO3BPAILAIOTCS, MOITOMY CTOJOLBI AJIIEMEHTOB TAaKUX IEPEMEHHBIX Omyckatorcs. Tabm. 2.
cokpatuiach Ha 1 ctonben. OcymiecTBiss mepecyeT 3TOM TabNIuIbl, MepexoauM K Tabi. 3., B KOTOpOi
ctpoka M oOnynunace, ee MoxHO YyOparh. I[locime wuckmoueHus wu3 0a3uca BCEX MCKYCCTBEHHBIX
MIEPEeMEHHBIX TIOJy4aeM JOIMYCTUMOe 0a3lCHOE pelIeHne UCXOAHON 3a7aud, KOTOPOEe B pacCMaTpUBaEMOM
MMpUMEPC ABIACTCA ONITUMAJIbBHBIM!

x1=0; x2=7/9; Fax=8/9.

Ecan IIpu YCTPAHCHUU M'CTpOKI/I peHICHUC HE ABJIACTCA ONITUMAJIBHBIM, TO IIpOLEAYPa OIITUMHU3AIIUN
IpoaOJIKACTCA W  BBIMMOJIHACTCA OOBLIYHEIM CHMIIIICKC-ME€TOAOM. PaCCMOTpI/IM npumMep, B KOTOPOM

IIPUCYTCTBYIOT OTPAaHUYEHHUS BCEX THUIIOB:<,=,>
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1.18. Jlekuust Ne 18 (2 yaca)
Tema: « TpancnopTHas 3aga4da»

1.18.1. Bonpocsl JieKnuu:
1. TpancnopTHasi 3a1a4a.

1.18.2. KpaTkoe coiepkaHue BOIPOCOB

1. TpancnoprHas 3agaya.

Tpancnopmubimy_3a0auyamuy  Ha3bIBAIOT 33Ja4d JUISL ONPEJCICHHsS] ONTUMAJIbHOTO IUIAaHA IEPEBO30K
I'py30B OT JAHHBIX IIYHKTOB OTIIPABJICHUS B 3aJaHHBIC ITYHKTbI HOTpe6HeHHH.

IlycTs B p TIyHKTaX OTIPABICHUS HMEETCSI COOTBETCTBEHHO d1, d2, ..., d, OJHOPOAHOTrO rpy3a. Ilycts
3TOT Ipy3 HYXKHO mepeBe3tu ( mnorpedurensMm. Kaxngomy u3 morpebureneit HyxHo by by ..., by .
M3BecTHO Cjj— CTOMMOCTb IIEPEBO30K M3 I-T0 ITyHKTA OTIIpaBleHHs |-My morpedurento. Hamo cocraButh
TaKOM IJIaH NePEeBO3KH, IPH KOTOPOM CyMMapHasi CTOMMOCTb NIEPEBO3KU Oy1eT MUHUMAIIbHOM.

P q o o
Ecnn zai - ij , TO TPAHCIIOPTHAA 3aJa4a Ha3bIBACTCSA TPAHCIIOPTHOMU 3ada4YCH _3dKPblmo20 muna , B
i=1 j=1

NPOTUBHOM CIIydae- _ OmMKpbimo20 mund. 3aaady OTKPHITOTO THIIA MOXHO CBECTH K 3a/lau€ 3aKpPBITOIO
THUMA, 100aBUB (DUKTHBHBIN OTIPABHUTEIb, T.€. CTPOKY B PACIPEICIUTESIBHYIO TAOHILY.

Y 100HO COCTABIIATH PacIPEACTUTEIILHYIO TaOTHITY:

OO603HaYMM:  X; j- KOJMYECTBO IPy3a, KOTOPHIH HaJ0 IEPEeBEe3TH U3 i-T0 IyHKTA OTHPABICHHS |-My
OTPEOUTEITIO.

bj b, b, bj bq
a4
ai Cut Cp ... Clj Clq
X1 X12 Xij Xig
ar Cox Cox» | ... Czj Czq
Xa1 X22 Xj X2
ai Cit Cio | ... Cij Ciq
Xi1 Xio Xij Xiq
Xp1 Xp2 Xoj Xoq
CocTaBUM MaTeMaTHYECKYIO MOJIEITb.
Xyg + Xgo + i+ X =4
X21—i—X22—f—...—|—X20| = a,
Xy + X + + X, = a,
J - (I) cucrema orpaHuYeHuil -Bcero ToBapa BbIBe3aH (1-3 ypaBH),
Xiq + Xog + oo+ Xy = by
Xy + Xoo + . +xp2=b2
Xiq + Xogq + e+ X = bq

BCEro TOBapa MoJyuyeHo MoTpeOuT.(4-6 ypasH.)
x. >0, i=1.p, j=1.q (I)

1] —

(H1) f =0c X, +CpXpp e+ Cp Xy +oo +Cy X5+ +C o X -TIETIEBAS DYHKIIHS.

Metoa ceBepo-3amaHoOro yrja
[pumep: Byaem 3anoiHsATh pacrnpeneuTeIbHYIO TaOIHIly, HAYHHAS C BEPXHEro JIEBOr0o yria (MeTox
CEBEPO-3aIaHOro yIJIa)
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b.
a J 80 50 60 20 50
40 5 9 10 14
40
120 10 9 6 5
40 50 30
60 7 6 4 12
30 20 10
40 6 11 5 4
40

260=260- 3agaua 3aKpBITOrO THIIA.

Xi1s X35 Xop1 Xo31 Xags Xag 1 Xg5s X45~  OasucHble mepemennbie (8 mryk). Bce ocrambHbie  cBOOOAHBIE

[IEpEMEHHBIE.
P=4, g=5. Yucno 6a3ucHbIX nepeMeHHbIX = P+q-1=8
X, =40, X,; =40, X,, =50, X,; =30 X33 =30, X;, = 20, X;5 =10, X, =40
f =X, +CyyXoq + pXo0 + CygXos + CasXag + CayXgy + CocXas + CusXys =5-40+10-40+7-50+9-30+6-30+4-20 +
+12-10+4-40=1760
B Metone ceBepo-3amasHOrO yrija, €clid OKaKeTCs IpPU paclpeiesieHUH Ipy3a, 4TO OAHOBPEMEHHO U
CTpOKa M cTos0ell OyyT 3aKphIThl, TO CABUTAsACh BIPABO IO CTPOKE WM CTOJOLY 3anoiHseM kietky 0. B
OTJINYUC OT HE 3allOJIHACMBIX KIICTOK, 3HAYCHUC STOM HepeMeHHOﬁ SIBJIsIETCST 0a3KMCHBIM HVJIéM u eé
BKJIIOYAIOT B Oa3MCHbIE IEPEMEHHBIE.

Hcnonb3yst MeTOA CeBEpO-3amaJHOro YIiia, MoJy4yaeM 3HAu€HUE JMHEWHOW (DYHKIHMH B OOJBIIUHCTBE
Clly4yaeB HAMHOTO 00JIbllIe, YeM ONTHMAJIbLHOE PELICHHE.

Metoa norenuuanoB Ilycte umeem Ai, Az,..., A, TYHKTOB oTOpaBienuss u Bi, By ,..., B, TyHKTOB
noTpedIeHus. Cjj — CTOUMOCTb 11epeBo30k U3 A; B Bj. TpeOyercs cocTaBUTh Takol IJIaH NEPEBO3KH, IIPU
KOTOpPOM CyMMapHasi CTOMMOCTb IE€PEBO30K OyneT MUHUMaidbHOU. B kaxnom nyHkre A1, Az ,..., An ai

rpy3a, Hy)XHO 1ocTaButh Dj—B B1, B2,..., B, (i=1..m, j=I...n)
ITycTs HeckonBKO pemeHuil HaliieHo. Bee nepeMeHHble pasaenarcs Ha Oa3sUCHBIE Xk | M CBOOOIHBIE Xp

¢ Dbyznem paccmarpuBarh BemumuuHbl ¢; (i =1..m) - noTeHumman i-co myHKTa ormpasieHus. Kaxaomy

¢; COIIOCTAaBUM ﬁj - IOTCHIUAJI ITYHKTAa HA3HAYCHU .

JIns Ga3uCHBIX TMEpPEeMEHHBIX Xy | Oyzaem momarate o + f =C,, (1) . I3 cucteMsl 3THUX ypaBHEHUi

OIpEeJENnM KaKoe-HUOYIb KOHKPETHOE pemenue (o, al,....al, B, f2,..., 5°) -

Haiinem (2) o8+ 40 =c|, -Kocsennas cmoumocmep. JUisi Kaxuoi CBOOOJHON HEU3BECTHOI COCTAaBHM

KOCBEHHYIO CTOMMOCTb  C,, — C:)q =5,,(3)-

Beipaszum nuHeiHyto GyHKINIO Yepe3 CBOOOAHbIE TEpEMEHHbIE!
f= chl Xy =S . BMecTo 6a3uCHBIX IEPEMEHHBIX Xk| IMOJCTaBUM KOHKPETHbIEC 3HAUEHMUS, IOTyIUM S.

Bripasum f uepes cBoGonHBIE TEPEMEHHBIE:
f = Zququ +S,Tae Xpq— CBOOOJHBIE IEPEMEHHBIE.

1) Ecim Bce S, 2 0, To nMHelHYI0 QYHKIMIO yMEHBUIMTE HENB3sS M MO3TOMY JTaHHOE 0a3HCHOE PENIeHHe

OyZeT ONTHMAalbHBIM PEIICHUEM.
2) Ecimm cymectByer S, <0, To mnepeiineM k HoBomy 6asucHomy pemenuo. OnHy CcBOGOIHYIO

TNIEPEMEHHYIO TIEpeBe/ieM B OasvCHbIE, ONHY- B cBoOomHble. Ecim S, <0, To mepepacnpenenum rpys B

KJIETKY Xpgq, HO T.K. KOJIHUYECTBO Ipy3a JOKHO OBITH IIOCTOSIHHBIM IO CTPOKaM U CTOJ0LaM, To, 100aBUB
B KJIETKY Xp q , MBI JOJDKHBI yOpaTb Ipy3 M3 HEKOTOPOro 0a3MCHOro mnepeMeHHoOro. T.e. B 0a3sMCHBIX
KJeTKax OyaeM NpuOaBIsATb U BBIYUTATh KOJHMUECTBO IPy3a, KOTOPOE Mbl OTHPABHIH B KIETKY Xp g, YTOOBI
COXpaHHTh OamaHCc rpysa. Torma mepeMeHHas X, q Hepeiiler B Oa3sdCHbIE, a OJHA U3 Oa3UCHBIX
MepeMeHHbIX (KIeTKa, oOpatuBiascs B 0) mepeiiier B CBOOOIHBIC TIEpEMEHHBIE.
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Ilpumep:
bj
ai 40 60 80 60

60 1 2 3 4
80 4 3 2 0
100 0 2 2 1
[Tycth pacnpenenuiu Tak:
40 | 20
40 | 40

40 | 60

f=1.40+2-20+3-40+2-40+2-40+1-60 =420 (=5)

X1 X2 Xo10 Xops Xa30 Xgg - 0a3uCHBIC TIEPEMECHHBIC

a1+ﬁ12011:1

aq+f,=0,=2

a+f=Cp=3

Qy+ Py =Cpy=2

Q3+ fy=Cy=2

ay+ =0 =1

A=0
B =1
a,=2
B=0
o, =2

ﬂzl:_l

Vpasuenuii 6, nepeMeHHbIX 7. JIt060i nepeMeHHoM nmpuaaaum aoboe 3Havenue. Ilycts o =1

OrnpeziesieHne MOTEHIMAIOB YI00HO MTPOBOJIUTH B TaOIHIIE:

i B B | B | B
MNEEERERE!

o, ’ ,
1 (1 |2 |1 |0
a, | ,
2 |2 312 |1
2%

k] l

s |23 |2 |1

o; 1 ﬂj 3aroJHuIM caMu. CTOMMOCTD B KJIETKE JOJIDKHa OBITh paBHa CyMMC B CTPOKE «; U CTOJ'I6I.I€ ﬂj

Cpq . 01\3 =+ = 1" - CUHATaeM, IJie OCTaJIUCh CBOOOIHBIE KIIETKA

¢, =a, +f,=0" BHECEM UX B TaOJIHUILy CO IUTPUXaMU
Cr=0, + 5 =2'
Co=0, +f, =1
Cyu=a; + =2
Co=ay+f,=3
Spq - - KOOQGUINEHTDI B IMHEHHOM (HOpME TP CBOOOIHBIX MEPEMEHHBIX.
Si3 = C13_C23 =3-1=2
S14:(:14_01\4 =4-0'=4
521=021_C;1=4_2\ =2
Sp4 =Coq — 0;4 =0-1'=-1
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531:C31_C;1:0_2\:_2
S32:032_(:;,2:2_3\:_1

= f = 2%, + 4%, + 2%y — X, — 2%y, — X5, +420 Koo duuueHT npu x3; OTpUIATENbHBIN, IO3TOMY MOXKHO

YMEHBIIUTh 3HA4YECHUE JIMHEMHOM byHKINH,
IIepepacpeeNIUB IPy3 B KIIETKY X31,
1 0a3. pem.
40-4 | 20+ 4
40-4 |40+ 1
A 40-14 | 60

[TomecTHB rpy3 B KIIETKY X31, CTPOMM JIOMaHYIO, COCTOSIIIYIO M3 3BEHBEB, 00X0/1s1 0a3MCHBIC KICTKH (HE
00s13aTenbHO BCE) T.0., 4TOOBI OanaHc rpy3a coxpaHwics. [JlaHHas 3aMKHyTas JOMaHas Ha3bIBacTCS
UUKIIOM nepecuema.

YunrhiBasi, 4TO BCE 3HAYCHUS X, >0, MojaraeM A =40, Toraa

2 0a3. pell.
0 |60
0) 80
40 0 60

Cpasy 3 6asuchble nepemenHble oopatmiuck B 0. [Iycte xz2 cBOOOAHAs MepeMeHHasi, TOra X11 U X33 -
6a3ucHble HynH. Torna f =420-2-40 =340

OHpeI[eJ'II/IM INOTCHIHAJIBI AJIs1 HOBBIX 0a3uCHBIX IICPCMCHHBIX.

0O | 1]2 |1

Y Y

1 |1 (2 |3 |2

Y ¥y ¥y

0 |0 1 12 |1

0 |0 |1 2 |1

Ctpoky «; u cTonben f; 3amoHUIN CaMH, COCTABHIIM KOCBEHHBIE NIEPEMEHHbIE (CO IITPUXAMH)
Si3 =GCi3 _C1\3 =3-3'=0
S14:014_01\4 =4-2'=2
321:C21_C;1:4_0\ =4
S22 =Cp _ng =3-1=2
Sp4 =Cpq — C;4 =0-1'=-1
Sy =Cgp —Cy,=2-1'=1
CocTaBuM HOBYIO TMHEHHYIO QYHKIHUIO  f =0 X+ 2X, +4X,; + 2X,, — Xp, + X5, +340.
Koaddutment npu x4 oTpUnaTenbHbINA

0 60
0 [80-4 A
40 0+4 60- 4
3 6a3. pe. A =60
0 |60
20 60
40 60 0)

X34 TIepelia B CBOOOAHbBIE TepeMeHHbIe f =340—60 = 280
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‘lo | 1]2 o
Q;
1 |1 |2 [3 |71
0o |01 ]2]0
o [0 |1 [2]0

Si3 =Ci3 — 1\3 =3-3=0

Si4=Cyy _C1\4 =4-1=3

521=021_C;1=4_0\ =4

S22 =Cyp _Céz =3-1'=2

S3p = Csy _C;2 =2-1'=1

S34 = Cy4 _0;4 =1-0'=1
Bce k03¢ huimeHTsI MonoXuTenbHbIe, TO HaliieHHOE 0a3UCHOE pelieHre 3 ONTUMAIIBHOE.
Oreer: f;, =280 mpu X, =0, X,=X,, =X%;3=60, X,;=20, x5 =40



2. METOINYECKHUE YKA3AHUA
IO MPOBEJIEHUIO IPAKTUYECKHNX 3AHSATHM
2.1 IlpakTuuyeckoe 3ansitue Nel (2 gyaca).
Tema: «MaTpuub»
2.1.1 3apanue 1J1s1 padoThI:
1. BxoaHO# KOHTPOJIb.
2. Buapl Marpuil.
3. lelicTBUs HaJ MaTpULIAMH.

2.1.2 KpaTkoe onucaHue MpoBOMMOI0 3aHSITHS:
1. IIpoBecT BXOIHOI KOHTPOJIb.

[IpuMepHBIi BapuaHT BXOAHOTO KOHTPOJIS
1. Beruuciaurs: 2% : (11 —g] + (E +§j -117

2 5) (4 6) 19
1,25+1
4

2. Haiitu a, eciin 4
600 0,4-45

3. U3 paBenctBa (x —a)(y —b) = x BbIpasurs X.
4. Peruth HepaBeHcTBO: X’ (1+3X) <0.

2 (1 ’
5. IIpeoOpazoBarsb: (—ga‘lbsczj :(—gazbcsj .

-2*.27-5°.(25")%? +12°
2—1
7. OnpeneiauTh 3HaK COS(Ig 600).
8. IToctpouts rpaduk y = —ctgx .
2. Buabl MaTpuil.

IIpuBecTH npuUMEpPbl OCHOBHBIX BHIOB MaTpull (ycTHO). IIpoBecTH YCTHBI ONpOC TEOPETUYECKOTO
MaTepHaia.

3. JeiicTBus HAJ MATPUIIAMH.

6. Beruncnurs:

1 -2 -1
1. Jlana matpuna po—| 3 5 _2 |.3anucars:
6 -1 -4

a) CyMMY 3JIEMEHTOB, CTOSIIIIMX Ha TJIaBHOM JMaroHasy;
0) MpoOU3BEICHHE PIIEMEHTOB, CTOSIIUX HA TOOOYHON TUArOHAIIH;
B) QJIEMEHTBI a4, Ay, d3p;

I') TPAaHCTIOHUPOBAHHYIO MaTpPHUILY.

1 2 S5 —
2. ansl MmaTpulpl A = (O _3} uB= (9 4) . Haiitu:

a)A+B; 6) B—A; B)-3B; 1)A-B; 1) B-A; e) A°.

35 -6 2 8 -5
3. laubl 1Be MATPHUBL 4 _|, 4 3| H 5 _ .

-3 -1 0
-3 1 1 4 5 -3
Haiitu: A+ B; A—-B; 34-2B; A-B;, B-A4; A>—B?, (A4-B)A4+B).
2 8
3 5 -6
4. Jlanbl nBe MaTtpuiibl A = s 4 3l B=|-3 -1|.Haiitu B- A.
4 5
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4
5. lansbl 1Be MaTpuipl A = (—5 1 3), B =| -6 |. Haiitu npoussenenue A-B u B- A.

-2
6. Ilpoeputsb pasenctso: (A-B)-C=A-(B-C); ecmn:
59
59 7 3 4
A= , B=]0 3|, C= :
0 3 -2 -1 0
02

2.1.3 Pe3yJbTaThbl M BHIBOABI:

Ha nanHOM 3aHSTUM CTyJI€HTaMH HM3Y4Y€Hbl  OCHOBHBIC ONPEICIICHUS U TMOHATHS 1O TeMe
«Martpuiipl», MPUOOPETEHBI yMEHUS (POPMYIHPOBATH M JIOKA3bIBaTh OCHOBHBIE pE3YJIbTaThl IO TEMeE
«Matpuiiel»y, chHOPMUPOBAHBI HABBIKM PEIICHUS THUIOBBIX 3aJad C MPUMEHEHUEM H3y4aeMOro
TEOPETHYECKOT0 MaTepHala.
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2.2 llpakTuueckoe 3ansitue Ne2 (2 gaca).
Tema: «Onpeneanresb MATPULIBDY
2.2.1 3aganue nJs1 padoThI:
1. OnpeaenuTenu BTOPOTo MOpsaKa.
2. CiocoObI BBIYUCIICHUS OTPEACTUTENS TPETHETO MOPSIKA.
3. MuHopsl, anredpandeckue aonoiaHeHus. Teopema Jlamnaca.

2.2.2 KpaTkoe onucaHue MPoOBOMMOI0 3aHSITHS:
1. Onpenenurenn BTOPOro nopsiaka.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
1. BeluucauTh onpenenurens:

12 5 -7 Sina cos«a 4 3
2) ; 0) ; B) o ;
31 -2 3 —Ccosa  Sina 6 —8
. 1 -4
2. Haiitn o, ecnu: a) =0;0) =24.
a 10 -

2. Cnnoco0bl BLIYHMCJIEHHS onpenejIuTe s TPEThEro nopsiaka.

HpOBeCTI/I YCTHBIﬁ OIIPpOC TCOPETUUCCKOI'O MaTcpuajia.

1)

X

et 3e*

e

3x

1. BEIYHCAHUTD ONPENENUTENN TI0 IPABUITY TPEYTOIbHUKA U TIPUITHCHIBAHHEM CTOJIOIOB:

2 3 1 1 2 3
a)|4 2 -1|;06)|5 6 4|.
3 5 2 8 7 0
x> 4 9 3 -2 1
2. Haiitu x,ecm:a) | x 2 3|=0;0)(1 x -2/<1.
1 11 -1 2 -1
1 0 4 2 2 4 -1 2 1
3. Beruncnuts: a) -3 ; 0) 23l ; B) !
0 5 -3 2 5 1 4 1
1 -7 0 6 1 2 0 3 1

3. MuHopbl, anredpanyeckue gonoaHenus. Teopema Jlannaca.

[IpoBecT yCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.
3 -2 3

1. Jna ompenmemutens |6 5 12| wHaiiTu: a) MHHOpBI

-1 0 2

JononHeHus A;,; A,;; A;,; B) 3HAUCHUE ONPENEIUTEN.

-2 5
-1 7
3 3
2 3
M23’

~ b b ©

M,,, M,; 0)anrebpandyeckue

2. Bpruuciuts OIPCACIIUTCIN I10 HpaBUly TpPCYroJIbHHUKA, HNPUIIMCBIBAHUEM CTOJ'I6I_IOB U 1I0 TCOpEMC

2 3 1 1 2 3
Jlamnaca: a) (4 2 -1{; 6) |5 6 4.
3 5 2 8 70

2.2.3 Pe3ybTaThl U BHIBOJBI:

Ha pmaHHOM 3aHATUM CTyAEHTAaMM HM3Y4E€Hbl  OCHOBHBIC OIPEHCIICHHUA U IOHATHSA II0 TeMe
«Omnpenenurenb MaTPULbD», TPUOOPETEHBl YMEHUS (OPMYIUPOBATH U JI0KA3bIBaTh OCHOBHBIE PE3YyJIbTaThI
no teme «OnpeaenuTenb MaTpUIb», chOpMUPOBAaHBI HABBIKU PELICHHUs THIOBBIX 3a7ad ¢ NMPUMEHEHUEM

HU3Yy4acMOTro TCOPETUUCCKOro MaTtepuala.

73



2.3 llpakTuueckoe 3ansitue Ne3 (2 yaca).
Tema: «O0paTHass MaTpUIa»
2.1.1 3aganue nJs1 padoThI:
1. HaxoxaeHue oOpaTHOM MaTpHIIbI ¢ IOMOILBIO AJIEMEHTAPHBIX IPe0Opa30BaHUM.
2. IlpumeHeHne onpeaenuTeneii s HaX0KIeHUS 00paTHOW MaTPHIIBI.

2.1.2 KpaTkoe onucaHue NPOBOAMMOIO 3aHATHS:
1. HaxoxneHue 00paTHOIT MAaTPHIIBI ¢ IOMOIIBIO JIEMEHTAPHBIX MPeodpa3oBaHMii.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.

. . -1 .
1. Haiizure ¢ NOMOLIBIO BJIEMEHTAPHBIX MNpeoOpazoBanuii  obpatHyro Matpuiy A ~, K HaHHOI

marpune A
a) (1 2 2);0) 2 5 7
A= 1 -2 A=|6 3 4
-2 1 5 -2 -3

A 4 1
2. Ilpu kakux 3HaueHusix A marpuna A He umeer oOpatHou 1) Azl2 5 1]

0 2 1

2. [IpumeHeHne onpeaenTesiei 11 HAX0KIeHUs 00PaTHON MAaTPULIbI.
IIpoBecTu yCTHBINM OIIPOC TEOPETUUECKOTO MaTepHaa.
Onpenenutb, UMEET JIU MaTpulia OOpaTHYIO, U €CJIM UMEET, TO BBIUUCIUTD €€:

4 -8 -5 . 1 2 -3
Q) a_|_4 7 -1 I
3 5 1 1 -1 1

2.1.3 Pe3yabTaThl M BHIBO/IBI:

Ha nanHoM 3aHsTUU CTyACHTaMU U3Y4EHBI OCHOBHBIEC ONPEICICHUS U MOHATHUS 110 TeMe «O0paTHas
MaTpulla», MPHOOpPETeHbl yMeHHs (OpMyITUPOBaTh W JOKa3blBaTh OCHOBHBIE pPE3yNbTaThl IO TEMe
«O0parHast MaTpuIa», cGOPMUPOBAHbI HABBIKM PEIICHHS TUIIOBBIX 3a]ad C MPUMEHEHHEM H3y4aeMoro
TEOPETHUYECKOr0 MaTepuala.
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2.4 MlpakTuueckoe 3ansitue Ned (2 gaca).
Tema: «Panr maTpuubD
2.4.1 3aganue nJs1 padoThI:
1. [IpuBeieHre MaTPULIBI K CTYIIEHYaTOMY BUTY.
2. Panr marpuibl
3. Pemienue MaTpuuHbIX ypaBHeHUH Buaa AX = B.

2.4.2 Kpatkoe onucaHue MPOBOAMMOI0 3aHATHS
1. IlpuBeneHne MAaTpPUUbI K CTYNIEHYATOMY BH]Y.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
IIpuBecTr MaTpuIly K CTYIIEHYaTOMY BUAY:

1 0 -1 -4 30 -11
Da=| 2 5 -1 0[;®a-| T2 713
4 o 3 o —2 4 -2 1
35 3 4

2. Panr MaTpuubl
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
1. Haiitu panr MaTpuiibl METOJIOM 3JIEMEHTAPHBIX MPEe0Opa30BaHUMN €CIIU:

2111
1 2 -1 1 -3 1 1 3 -7 1 1311
Vazls 1 16 1 O 211 6 -4l By gy
1 -1 -1 4 -3 -1 2 -1 -10 5 11165

2 -1 2 5 -4 L2034

1111

2. Haiitu paHr MaTpuIlbl METOJIOM OKaHMIISIONIMX MUHOPOB U yKa3aTh OJIUH U3 0a3MCHBIX MUHOPOB:
2 1 -5 1 8 -3

A=|3 -2 3 -1 3 O0
0 -1 4 2 -2 5

a) ; 0)

1 33 4
A=0 0 1 2
2 61 -2

3. Peruenne MmaTpu4HbIX ypaBHeHni Buga AX = B.
[IpoBecTn yCTHBIN ONPOC TEOPETUYECKOTO MaTepHaa.
Pemnte MaTpuuHble ypaBHEHUS:

a) (-1 1) (-2 -1); 6) (L 3) w_(1 1)
13 -4) |3 4 12 11
B) (2 -1)_(13); (3 1), (1 3)_(3 3)
4 -2 6 2 21 12 2 2
2.4.3 Pe3ybTaThl U BHIBOJBI:
Ha nanHOM 3aHSATHM CTyJI€HTaMU H3YYEHBl OCHOBHBIE ONPEACICHMs U MOHATUA IO Teme «PaHr
MaTpULIBD, IPHOOPETEHbl YMEHUs (OPMYJIMPOBAaTh M JOKa3bIBaThb OCHOBHBIE PE3YJIbTaThl MO TeMe «PaHr

MaTpulbD», C(I)OpMI/IpOBaHLI HAaBBbIKM  PCIICHHUA THUIOBBIX 3ada4 C TMNPUMCHCHHECM HU3Yy4acMOI'O
TECOPETUYCCKOTO MaTCpHraiia.
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2.5 lpakTuueckoe 3ansitue Ne5 (2 gaca).
Tema: «Cucrembl JIMHEHHBIX AJreOpandecKux ypaBHeHU D
2.5.1 3aganue nJs padoThl:
1. MarpuyHas 3anuCh CHUCTEM JIMHEHWHBIX anreOpanyecKux ypaBHEHUN W MaTPUYHBIN CHOCOO perieHus
CUCTEMBEI.
2. CucTteMbl JIMHEHHBIX OJTHOPOJHBIX YPABHECHUU.
3. Pemmenue cucreM TMHEHHBIX anreOpandecKux ypaBHEHHH MeToioM ["aycca.
2.5.2 KpaTkoe onucaHue mMpoBOAMMOI0 3aHATHS .
1. MarpuuyHasi 3anuch CHCTeM JIMHEHHBIX aJIre0pauvecKuX ypaBHeHHIl W MATPHYHBIH CIOCOO
pelIeHusi CHCTEMBI.
[TpoBecTu yCTHBIM OMPOC TEOPETUYECKOTO MaTepHaIa.

4x+y-3z=9 2x+3y+2=12
1. Peumrs CJIY mMaTpuyHbiM METOZOM: @) | yoz=2 ) o yy+ .
8x+3y—-6z=12 3Xx+2y+2=8

2. Nwmerotcst Tpu 6aHKa, KQXIbIH U3 KOTOPHIX HAYHMCISAET BKIAIUUKY ONPEICICHHBIN Tog0BoH % (CBOM
TS Kakoro 0anka). Bxkinamguuk umeer cymmy pasmepom 6000 nen. en. B Hagane roga % Bkiaga oH
nosioxkunl B 1 6aHk, % - BKiana BO 2 6aHK W OCTaBIIYIOCS — B OaHK 3 ¥ K KOHILY TO/Ia CyMMa 3TUX
BKJIaJIOB Bo3pociia 10 7250 aeH. en. Eciu Obl mepBOHAYANBHO % BKJIAJa OH IMOJOXWI B OaHK 1, % - B
0aHk 2 u % Bkimajga - B 0aHK 3, TO K KOHILYy rojla cyMMa BkJaga coctaBmiia 0b1 7200 aen. en. Ecnu 661 %
BKJIaJ]a OH NOJIOKUJ B OaHk 1, % - B 6aHKk 2 1 % BKJIajaa — B O0aHK 3, TO cyMMa BKJIa/I0B B KOHIIE I0/1a

coctaBuiia Obl BHOBB 7250 nen. en. Kakoii % BelmutaunBaeT Kakablii OaHK?
2. CucreMbl JIMHEHHBIX OJTHOPOAHBIX YPABHEHHUIA.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.
Bormpocsl 1151 camonpoBepKu

Kakas cucrema JIMHEHHBIX ypaBHEHUHN Ha3bIBAa€TCs ONPEACICHHOMN?
Kakas cucrema JIMHEHHBIX ypaBHEHUIN Ha3bIBA€TCS HECOBMECTHOM ?
Kakas cucrema JINHEHHBIX ypaBHEHUI HA3bIBACTCS HEONPEACIECHHON?
Yto Ha3pIBaeTCA PELICHUEM CHUCTEMBI JIMHENHBIX YPABHEHU?

Kakas cucrema JIMHEHHBIX ypaBHEHUN Ha3bIBA€TCS OHOPOJHON?
Kakas cucreMa JIMHEHHBIX ypaBHEHUI Ha3bIBACTCS HEOJAHOPOIHON?

CKOJIBKO pelIeHN UMEET HEOIIPEIETICHHAsl CUCTEMA JIMHENHBIX YPAaBHEHUN?
Haiitu oOmee wu 4yacTHOe pelIeHWE CHUCTEMbl JIMHEHHBIX  OJHOPOAHBIX  ypaBHEHUM: a)
X1 — Xp —2X%3+ 3%, =0, X + 2%, +4X5 — 3%, =0,

~No Ol h WN B

X +2Xy — 4x, =0, > 3%y +5Xy +6X3 —4X, =0,
2% + Xp +2%X3— X4 =0, 4%, +5Xy —2X3 + 3%, =0,
X1 —4X, + X3 +10%, =0. 3%y +8X, +24%5 —19x, =0.

3. PemeHue cucreM JUHEHHBIX ajiredpanveckux ypaBHeHuii meroaom IMaycca.
[IpoBecTH yCTHBIN OMPOC TEOPETUUECKOTO MaTEpHaa.

P CITy r ) 3x-2y+4z=21 3X+2y—62+3t=6 AX—Ty—22=0
€IINTh MeroaoM ["aycca: a 3x+4y—27 =9 8x+dy 137+t =24 B) 23y 47-6 T)
2x—-y-z=10 2X+Yy-3z+t=5 X4y +27=2
12X+ 6y —-192+t=236
X—y+22=3 —6X+10y -2z +t=—7 2xty+z+t+p=7
3x—y+3z=13 N) |24x-43y+57-7t=13 e) |XT2Y+ZHtEp=9
X+y+22+t+p=38
__ —8x+15y—-z+3t=-1
oxty-4z=-23 X+y+z+2t+p=5

4x-Ty+z2-1t=3
X+y+z+t+2p=7

2.5.3 Pe3yabTaThl U BHIBOJBI:

Ha nanHOM 3aHATHM CTyAE€HTaMU M3y4€Hbl OCHOBHBIE ONPEAEICHUS U NOHATHUS 10 TeMe «CucTtembl
JMHEWHBIX anreOpandyecKuX ypaBHEHHUiD», IpUoOpeTeHbl YMEHHsI (GOpPMYIUPOBATh U JOKa3bIBaTh OCHOBHbBIE
pe3yabTaThl o TeMe «CHUCTeMBI IMHEHHBIX alreOpandecKuX ypaBHEHH», c(hOpMUPOBaHbI HABBIKU PEIICHUS
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TUIOBBIX 3aa4 C MTPUMCHCHUCM MH3YYACMOI'O TCOPCTHUYCCKOIO MaTCpuala W HABBIKKM IMPUMCHCHUA
COBPEMCHHOI'O MaTCMAaTHYCCKOIr0 MHCTPYMEHTApPHA I PEHICHUA SKOHOMUYCCKUX 3a1a4.
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2.6 llpakTuueckoe 3ansitue Ne6 (2 gaca).
Tema: «CucremMbl n JIMHEHHBIX ajire0panyecKuX ypaBHEeHHUH C # HEU3BECTHBIMMI

2.6.1 3ananue 1J1s1 padoThI:
1. Teopema Kponekepa-Kanenau.
2. [IpaBmiio Kpamepa u merox ["aycca.

2.6.2 KpaTkoe onucaHue MpoBOAMMOT0 3aHATHS .
1. Teopema Kponekepa-Kanesin.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

2X—y+3z=9,

VlcerenoBath CHCTEMY TMHEHHBIX yDaBHCHHH: [5y 1 2x, =1 a) {3X—5y+z=-4, 0)

—9%; +10X, +3X3 + 7X, =7,
7X1 + 5X2 - 4X3 - 6X4 :3,

2. IlpaBuio Kpamepa u meroa I'aycca.
[IpoBecTH yCcTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
Pemnte cucremy imHeHHBIX ypaBHEeHHH 0 popmynam Kpamepa u metonom ["aycca:
) X1 + 2X5 + 3X3 + 4%, =30,
X +1y —2z =10,
a) Ix—y+ 2iz =20,

iXx+3iy—(1+1i)z=30.

 6) — Xq + 2X, —3X3 +4X, =10,
Xo = Xg+ Xg4= 3,

2.6.3 Pe3ybTaThl M BBIBOJIBI:

Ha nanHOM 3aHATHM CTyJE€HTaMH U3YYEHBbl OCHOBHBIE OIIPENEIICHUS U MOHATHA 110 TeMe «CHcTeMBl
n JIMHEWHBIX anreOpandyeckux YpaBHEHHMH C 7 HEU3BECTHBIMU», IPUOOPETEHBI YMEHHS (OpPMYIUpPOBATH U
JI0Ka3bIBaTh OCHOBHBIE pe3yNbTaThl M0 TeMe «CHCTeMbl 7 JIMHEHHBIX anredpanyecKux YpaBHEHUI C n
HEU3BECTHBIMI», C(OPMUPOBAaHBl HABBIKA PELICHHS TUIIOBBIX 33Ja4 C IPUMEHEHHEM H3y4yaeMoro

TEOPCTUYICCKOTO MaTCpHraJia.
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2.7 llpakTuueckoe 3ansitue Ne7 (2 gaca).
Tema: «BekTopHas anredpa»
2.7.1 3aganue nJs1 padoThI:
1. ApudmMeTrueckue BEKTOPHI U JIMHEHHBIE ONIepAIlIK HAl HUMHU.

o 2 3 o
2. Bekroproe npocrpanctBo R”. I'eomerpuyeckuii cmbici mpocrpancte R u R®. JIuHeliHble TPOCTpaHCTBA
o6mero Buja. JInHeliHast 3aBUCUMOCTb CHCTEMbI BEKTOPOB U €€ T€OMETPUUECKUN CMBICIL.

3. basuc um pasMepHOCTh IJIMHEHHOro TmpocTpaHcTBa. KoopauHAaTel BeKTOopa B JaHHOM Oaswmce.
[IpeobpazoBanue KOOpAUHAT BEKTOPOB Ipu 3aMeHe Oazuca. [lonnpocTpancTBa JIMHEHHOTO TPOCTPAHCTBA.

2.7.2 KpaTkoe onucaHue NPOBOJMMOIO 3aHATHS .
1. Apudmernyeckue BeKTOPHI U JHHEHbIE ONlePALIMH HA/I HUMH.
[TpoBecTn yCTHBIN OIIPOC TEOPETUUYECKOIO MaTepHaa.

1. U300pa3uTh MpOM3BOJILHO BekTOpa @, b u ¢ . [locTpOUTh BEKTOpHI K = (Z; +c)-5—-4c¢ —3b-15G u
= (6—36)-2+46—3,56+2(é—§5) .

2. B tpeyronsuuke ABC D u E — cepenunsl ctopon AB u BC cooTBeTCTBEHHO. BBIpa3uTh BEKTOPHI

—_— e — — —

AC, BE, AE, EA, CD uepes Bexropst AB,BC .
3. B A ABC cropona AB pa3nencHa Toukoii M B otHomenuu 4:3, cumras oT Touku A. Haiitu

R —

paszinoxenue sektopa CM 1o BekTopam a = CAub=AB.
4. 3anmcars Bextopa (L —1; 2), b(0;1; —5), €(~8; 9; 0) B OPTOHOPMHUPOBAHHOM Ga3Hce.

5. HaiiTu mpoekinuy BEKTOpa d Ha OCH KOOPJIWHAT, €CIM a - AB +ﬁ, A(0;0;1), B(3,2;1), C(4;6;5) un
D(6;3).

2. Bekropnoe npocrpancreo R". T'eomerpuyeckuii CMbICI NPOCTPAHCTB R> u R® Jluueiinbie
NMpOoCTPaHCTBA 00111ero Bujaa. JInHeiiHast 3aBUCMMOCTD CHCTEMbI BEKTOPOB U €€ FeOMeTPHYecKHuii CMbIC/I.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.

IIycts X = (X, X,, X3) . SIBISAIOTCS M IMHEHHBIMY ClIeyIoLINe IPeoOpa3oBaHus:
AX = (6X; —5X, —4X4,—3X;, — 2X, — X3, X, + 2X;),

1. Bx = (6-5x%, —4X;,3X, —2X, — X3, X, +2),
CX = (X5,3X, — 2X, — X3, X, +2X5).

1) Haiitn kakoii-HHOy b 6a3Kc M pa3sMEPHOCTh MOANpOcTpaHcTBa L mpoctpancTBa R,, ecnmu L 3amaHo
ypaBHEHUEM X, —2X, + X; =0.

2) JlokazaThb, 4TO BCE CAMMETPHUYCCKHE MATPHUIBI TPETHETO MOPSIKa 00pa3yroT THHEHHOE
MOJIIPOCTPAHCTBO BCEX KBAJPAaTHBIX MaTpHUIl TpeThero nopsaka. Halitu 6asuc u pa3sMepHOCTb 3TOTO
HOJIIPOCTPAHCTBA.

3. ba3uc m pa3MepHOCTh JIMHeiiHOro mnpocrpancTtBa. KoopamHatbl BeKTOpa B JaHHOM 0Oasuce.
IIpeoOpazoBanue KOOPAMHAT BEKTOPOB NpH 3amMeHe Oa3uca. IlognpocrpaHcTBa JIMHEHHOIO
NMPOCTPAHCTBA.

IIpoBecTH yCTHBIN ONPOC TEOPETUIECKOTO MaTEpHAIA.

1) Haiitu kakoif-HuOyb 0a3uc U pa3MepHOCTb NOANPOCTpaHCTBa L mpoctpancTBa R;, ecnu L 3agaHo

ypaBHEHHEM X; —2X, + X; = 0.
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3) [lokazaTh, 4TO BCE CUMMETPUYECKHE MaTPHUILBI TPETHETO MOPSIKa 00pa3yroT JTNHEHHOE
MOAMNPOCTPAHCTBO BCEX KBAAPATHBIX MATPHI] TpeThero nopsaka. Halitu 6a3uc u pa3MepHOCTb 3TOTO

MoANpOCTPaHCTBA.

4) Haiiti koopauHatsl MHorounena P, (X) = a, +a,X+a,x* +a,x° B 6asuce 1, (x—1),(x-1)?,(x—1)°.

-1 0 1
5) JIuneiinslii onepatop A B Oasuce (e;,e,,e;) umeer marpuny | 2 1 —2| Haiitu marpumy sToro
1 1 2

ke oreparopa B 0asuce (€,,e, +€,,e, +e, +e;).

2.7.3 Pe3yJbTaThl U BHIBOABI:

Ha panmHOM 3aHATHM CTyJEHTaAMH H3y4Y€HBI  OCHOBHBIC OIPEICIICHUS W TMOHATHS IO TEeMe
«BekTopHas anredpa», mpuoOpeTeHbl YMEeHUsT (OpMYIHpPOBATh M JOKA3bIBaTh OCHOBHBIC PE3yJIbTATHI IO
TemMe «BektopHas anreOpa», chOPMUPOBAHBI HABBIKM PEIICHHS THUIOBBIX 3aJad C IPUMCHEHHEM
M3y4aeMOro TEOPETUIECKOT0 MaTepuaia.
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2.8 llpakTuueckoe 3ansitue Ne8 (2 yaca).
Tema: «EBKJIMI0BO IPOCTPAHCTBO»
2.8.1 3aganue nJs padoThI:
1. CkansipHOE IpOU3BEIEHUE BEKTOPOB B R,
2. EBxkimoBo npoctpanctBo. HepasenctBo Komm-BynsikoBckoro. JIMHBI BEKTOPOB M YTOJI MEXKTY BEKTOpaMU
BR"
3. OproroHabHBIA ¥ OPTOHOPMUPOBaHHbINA Gazucel B R”. KoopauHAThl BEKTOpa B OPTOrOHAILHOM Gasuce.
IIponecc oproronanuzanuu. OpTOroHaNbHbIE JOMOJIHEHHS OAIPOCTPAHCTB.

2.8.2 KpaTkoe onucaHue NpoOBOAMMOI0 3aHATHS .
1. CxajsipHoe npousBeneHne BeKTopos B R”.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

1. PaccmarpuBaeTcsi €BKJIMAOBO MPOCTPAHCTBO HEMPEPHIBHBIX (YHKIUI X(t) y(t) Z(t), ... Ha

1
orpeske [—1,1]. Cxansproe npoussemenue ompeneneHo paseHctBoM (X, Y)= IX'[
-1

Haiitn yron mexny BeKTopamu X=3t2 -1, y=3t —5t3,
2. Ussectno, uto a.lb; (a C)—— (b C)—— \a\ ‘b‘=5, ‘C‘=8. Bbrunciuts:  a)

(3a—2b)- (b +3c); 6) (b+2a)-(a— 3c); s) (a+b+c)*; 1 (a+2b-3c)
2. EBKJ]HI[OBO MPOCTPAHCTBO. HepaBeHCTBO KOHII/I'ByHHKOBCKOFO. I[J'H/IHI)I BEKTOPOB M YIoJl MEKIY

BekTopamu B R".
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.

1. 3amaHo nHMHEHHOE NPOCTPAHCTBO v" npu N=4. Onpenenuts KOCHHYC YIiia MEXKLY BEKTOPAMH
=(4122)ny=(133-9).

2. SIBnsieTCs 1M JTMHEWHO 3aBUCHMOMN CHCTEMa BEKTOPOB: 1) (i T k); 2) a uw b, a=2i+3j;
b=7+k;3)a=2i+4]j —K,b=—i-3],c=2i+2j—2k.

3. SIBmsercs nM JMHEWHBIM TPOCTPAHCTBOM MHOXKECTBO CHCTEM YETHIPEX JEHCTBHTENBHBIX YHCEIN
(% %;0;0),  (Y1;¥2:0;0), (24;25;0;0), e X, Xp» V1, Yo, Z3, Zy -  BCEBO3MOKHBIE
nerictBuTenbHble yrcaa? CloKeHHE JJIEMEHTOB M YMHOXKEHHE Ha JICHCTBHTENBHOE YHCIIO OIpEeNICHBI
OOBIUHO.

3. OproroHajbHbIii U OPpTOHOPMHUpOBaHHbIH 6a3uchl B R". KoopauHaThl BeKTOpa B OPTOrOHAJIBLHOM

0asuce. Hpouecc OpTOroHaJM3aluu. OpTOFOHaJ'lI)HbIe AOINOJIHEHUSA MMOANMPOCTPAHCTB.
HpOBeCTI/I yCTHBII/I OHpOC TGOPCTI/I‘ICCKOFO MaTrepuraia.

—_— —_—

1. OOpa3yroT U BEKTOpPHI al, a2 a3 0asuc? Ecnm 00pa3yroT, TO HalTH KOOPJMHATBI BEKTOpa 8, B

Gasnce @y, 8y, 85 & (-2,10), 3, (3-L1), a5 (2;0;-1), a, (L1 1).

2. 3a1aHo eBKIMI0BO MpocTpancTBo npu N = 6. [IpoBepuTs cripaBemMBOCTE TeopeMsl [Indaropa ms
OPTOTOHAIBHBIX BEKTOPOB X = (l; 0; 2; 0; 2; 0) uy= (0; 6; 0; 3; 0; 2).

3. B eBKJIMJ0BOM NPOCTPAHCTBE HENPEPHIBHBIX (PYHKINI paccMaTpUBAIOTCS J1BA BEKTOPA:

x=t% + 1l y= At? +1. Haiity sHavenne A , IpU KOTOPOM BEKTOpPbI X U Y OpPTOTrOHAJIBHBI HA OTPE3KE

[0, 1], ¥ mPOBEPUTH CIIPaBEUTMBOCTH TeopeMbl [Tudaropa ist STUX BEKTOPOB.

2.8.3 Pe3ybTaThl M BBIBOJIBI:

Ha naHHOM 3aHSTHM CTYJCHTaMU U3yUYeHBI OCHOBHBIC ONPEIEIICHHS U MOHATHS 10 TeMe EBKINI0BO
MPOCTPAHCTBOY», MPHOOPETEHBI yMEHHsI (OPMYIMPOBATh M JAO0Ka3bIBaTh OCHOBHBIC PE3YJIBTATHI MO TEME
EBKITHIOBO TIPOCTPaHCTBO», CHOPMUPOBAHBI HABBIKK PEIICHHUS THITOBBIX 33/1a4 C IPUMEHEHUEM U3Y4aeMOT0
TEOPETHYECKOTO MaTepHara.
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2.9 lIpakTuueckoe 3ansitue Ne9 (2 yaca).
Tema: « MHOro4wieHbl 1 KOMILIEKCHbBIEC YHCJIa»
2.9.1 3aganue nJs1 padoThI:
1. OcHoBHBIE OHATHS, CBSI3aHHBIE ¢ MHOTOWIeHaMu. Cxema ['opHepa u kopau mHorousieHoB. Teopema be3y.
2. HOJI mHorounenoB u anroputM EBkiua.
3. PaznioxkeHue mpaBUIIbHOM APOOH HA CYMMY JIEMEHTApHBIX JPOOEH.
4. KoMmruiekcHble 4Mciaa U JCUCTBHUS HaJ HUMH. ['eomeTpuueckass MHTEpIpETalys KOMIUIEKCHBIX YHCEIL.
Monyinb 1 apryMeHT KOMIUIEKCHOT'O YHCTIa.
5. AureOpanueckasi U TPUTOHOMETpUYECKass OPMBI 3aMMUCH KOMILUICKCHBIX uncen. KopHu n-0il creneHu u3
KOMITJIEKCHOTO Yrclia. POpMyTHpOBKa OCHOBHOM TEOPEMBI AITeOpBI.

2.9.2 KpaTkoe onucaHue NpoBOIMMOro0 3aHATHA:
1. OcHOBHbBIE MOHSATHSI, CBA3aHHBbIE ¢ MHOTOWIeHaMHU. Cxema ['opHepa U kopHu MHoro4wieHoB. Teopema
besy.

IIpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MaTEpHUaa.

Pa3noxnTh Ha TUHEHMHBIC MHOXKUATEIIN CJICAYIOUC MHOTOYWICHBI:

1.f(x) =x3+x

2.F(x) =x" +3x%- 4
2. HO/I mHorowienos u ajroputm EBkimaa.

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.

BreinonHuTh AelieHre MHOTOYJICHOB

6x° +13x* — 3% —TX®> +6x+ 2 X ) 3) 6x* +x° +6x+1

2x° +x° -1 X“+1 2X° +3X+ 2
3. Pa3jioskeHre NPaBUIBLHOM IPO0OH HA CyMMY 3JIeMEHTAPHBIX Apo0eii.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.

a) MPeICTaBUTh CIEAYIOIINE APoOU B BUJIE CYMMBI MPOCTEUIINX (He onpenessist KodhPHUIHeHTOB)

10x* +6x° —2x+4 4x° +6x-3 2x° —x+5 12x° +5x° —6x
x> (x—2)%(x+1) (X=D)(x+3)*(x* + x+1) X(x +10)(x —4)? (x=3)*(x+2)(x* +4)
0) Paznoxxute cnenyromue Apodu Ha CyMMY MPOCTEUIINX U onpeaenuTs ko3ddumuentsr A,B,C.
2+3x 3x* —-8x—3 X’ —4 3x+1 x* —3x+1 4x—8

X(X+2) X(X=1)(x+3) X (X +1) X(x-1)° (X+2)(x* +x+1) X*(x* +4)
4. KommiekcHble 4yucaa M jeiictBus Hag HumH. ['eomMeTpmyeckasi MHTepnpeTanus KOMILUIEKCHBIX
yucesa. MoayJib 1 apryMeHT KOMILIEKCHOI0 YHCJIA.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHaa.
1. JlaHpl KOMIUIEKCHBIE Uncna z; =3+5i, z, =—4-3i, z, =7—i. Beruncnure:

) 5+505; 6)(5-7)22; B 22 )
Z Z3
2. Cnenyrolye KOMIUIEKCHBIE YMCIIa H300pa3uTh BEKTOPAMH, OIIPEIEIUTD UX MOAYJIH U apTyMEHThI
a)z,=3, z,=-4, 2,=2i, z,=-6i;
6) 2, =7-7i, z,=1++3i, z,=-3J2-3V2i, z,=—/3+i.
5. Aare0pauueckasi ¥ TPUrOHOMeTpHYecKas (opMblI 3aNucH KOMILIEKCHBIX Yucesl. KopHu n-oii crenenu

13 KOMILIEKCHOT0 YHcJia. @PopMyJIMPOBKA OCHOBHOM TeOpeMbl aIredpbl.
IIpoBecTH yCTHBIN ONPOC TEOPETUIECKOTO MaTEpHAIA.

1. Beruucuts: a) (=1+i)"; 6) (—\/é +0)%;B) ¥—64 ;1) Y1+i.
2. 3anmcarh B TPUTOHOMETPHUECKOH opme Z = —5i

Zy+Z,

2.9.3 Pe3yabTaThl M BHIBOJIBI:

Ha naHHOM 3aHSTHHM CTYJACHTAMH H3YYC€HbI  OCHOBHBIC ONPEACICHUS U TIOHATHS IO TEME
«MHOrowIeHbl U KOMIUIEKCHBIE YHCIIa», PUOOpETeHbl yMeHHs (HOPMYIMPOBATh M JOKA3bIBATH OCHOBHBIC
pe3yabTaThl IO TeMe «MHOTOWIEHbI M KOMIUIEKCHBIC UKCIIa», CHOPMUPOBAHBI HABBIKU PEIICHHS THITOBBIX
3a7a4 ¢ MPUMEHEHHEM H3y4aeMOr0 TEOPETHUECKOTO MaTepHraIa.
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2.10 IIpakTuyeckoe 3ansaTue NelO (2 gaca).
Tema: «/IuneiiHble MpeodpPa30BaHUA U KBaJApaTU4YHbIe GOPMbI»

2.10.1 3apanue aJis1 paGoThI:
1. Jluneiinele mpeobpaszoBanus mpocrpaHctBa R”. Jluneiinbie omepaTopbl. SIapo u o0pa3 JIHHEHHOIO
oneparopa. Marpuua JMHEHHOr 0 oIepaTopa.
2. CoOcTBeHHbIE 3HAYEHUS U COOCTBEHHBIE BEKTOPHI JUHEHHBIX omepaTopoB. CoOCTBEHHbIE 3HAUYCHUS
KBaJIpaTHBIX MATPHIL..
3. Ksamparuunblie ¢opmbl, ux Marpuubl B JaHHOM Oasuce. [IpuBeneHue kBagpaTU4HOU (opMBI K
HOpMabHOMY BHIy MeTozioM Jlarpamxka. [IpuBenenue kBaapatudHoi (HOpMBI K KAHOHHUYECKOMY BUAY TPU
MOMOIIIM OPTOTOHAJIBHOTO MPeoOpa3oBaHus. 3aKOH MHEpUUHU KBaapaTuuHbiX (opm. Kpurepuit CunmbBectpa
3HAKOOMPE/ICIIEHHOCTH KBAIPATUUYHON (POPMBI

2.10.2 KpaTkoe onucanue NpoBOAUMOI0 3aHSITHSI
1. Jluneiinbie mpeodpa3oBanus npocrpancrea R”. Jluneiinbie oneparopel. Slnpo u o0pa3 JuHEHHOro
oneparopa. MaTpuia JUHeiiHOTr0 oneparopa.

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

[Tycte X = (X, X,, X3) . SIBIAIOTCA I TMHEHHBIMHU CIEAYIOLIME TPe0Opa30OBaHMUS:

AX = (BX, —5X, — 4X5,—3X, —2X, — X3, X, + 2X3), AX = (5%, —4X, — 3X3,2%, — X,, X, + 2),
1. Bx =(6—-5x, —4X;,3%, —2X, — X3, X, +2), 2. Bx = (5% —4X, —3%;,0,X; +2X,),
CxX = (X5,3X, — 2X, — X3, X, + 2X5). CX = (5%, — 4%, — 3X5, 2% — Xy, Xy + 2X;).

2. CoOcTBeHHbIe 3HAYeHHs] U  COOCTBeHHbIe BEKTOPbI JIHMHEHHBIX omepaTopoB. CoO0cTBeHHbIE
3HAYEeHMs KBAAPATHBIX MATPHIL..

[TpoBecTu yCTHBIN OIPOC TEOPETUUYECKOTO MaTepHaa.
1. Haiitu coOcTBEHHbIE 3HAUEHUSI U COOCTBEHHBIE BEKTOPHI MAaTPHUIIBI.

4 -2 -1 2 -1 0
-1 3 -1 -1 2 0}
1 -2 2 1 -11

2.JIuneitHoe TmpeoOpa3oBaHWE B TMPOCTPAHCTBE R® nepeBoauT BekTop Buma (a,b,C) B Bekrtop
(c,a+4b+c,a). 3Bamucath MaTpuily O3TOro TmpeoOpa3oBaHHs B KaHOHMYeCKOM Oasuce. Haiitu
COOCTBEHHbBIE 3HAYEHUS 33JaHHOT0 IPE0Opa30BaHUs.

3. KBagpaTtuunsble (opmbl, UX MaTpuubl B AaHHOM Oa3uce. IIpuBenenue kBagpaTtu4Hoi ¢Gopmbl K
HOpMaJIbHOMY BHAY MeToaoM Jlarpanxka. Ilpusenenne kBaapaTuyHoi (pOpMbI K KAHOHHYECKOMY BHY
NPH MOMOIIM OPTOrOHAJLHOrO Npeodpa3oBaHMsA. 3aKOH MHEPUUH KBAApaTH4YHbIX (¢opm. Kpurepnii
CunbBecTpa 3HAKOOIpe/ieJIeHHOCTH KBAIPATHYHOM (pOpMBbI

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

1. IlpuBectu kBagpaTuyHy0 POpMYy K KAHOHUYECKOMY BUY METOJIOM Jlarpanxa.

X+ AX, X, + A%, Xy + AX, X, +4XS, AX2 + A%, X, +8X X, — 3XC +4XZ.

2. TlpuBecTH KBaApaTHYHYO HOPMY K KAHOHHUECKOMY BHJIy OPTOTOHATIBHBIM [IPE0OpPa3OBaHUEM.
2 2 2 2 2
AX5 —3X5 —AX, X, — 4% X5 +8X, X, AX2 + 4X2 4+ X2 — 2%, %, + 24/3%,X,.

2.10.3 Pe3yabTaThl U BHIBO/JbI:

Ha maHHOM 3aHSATHU CTYJCHTAMH H3y9YCHBI OCHOBHBIC ONPEICIICHHS U TTOHATHS TI0 TeMe «JInHeHHbIe
npeoOpa3oBaHuss M KBaJpaTuuHble (opMbD», TpUOOpeTeHbl yMeHUs (GOpMyIUpOBaTh U JOKa3bIBAaTh
OCHOBHBIC pe3yJIbTaThl 0 TeMe «JInHelHbIe mpeoOpa3oBaHus W KBaJApaTHUHBIE (GOpMBD, CHOPMUPOBAHBI
HABBIKH PEIIEHUs TUTOBBIX 33/1a4 ¢ MPUMEHEHHEM U3Y4aeMOT0 TEOPETUYECKOTO MaTepHalla.
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2.11 IpakTuyeckoe 3ansaTHe Nell (2 gaca).
Tema: «IIpsimasi ¥ IVIOCKOCTb)»
2.11.1 3apanue aJis1 paGoThI:
1. [IpsiMast ¥ TUNEPIUIOCKOCTh B #-MEPHOM MPOCTPAHCTBE. YTOJ MEXIy TUIIEPILIOCKOCTAMHU. PaccTosiHue ot
TOYKH JI0 TUTIEPILIOCKOCTH.
2. [Ipsimast Ha MJIOCKOCTH U B ipocTpaHcTBe. [IpsiMasi, 0Tpe3oK, Jyd B #-MEPHOM MPOCTPAHCTBE.
3. IT10CKOCTh B TPEXMEPHOM MPOCTPAHCTBE.

2.11.2 KpaTkoe onucanue NpoBOIUMOI0 3aHATHS
1. Ilpamasi M TIUIEPIVIOCKOCTL B H-MEPHOM IPOCTPAHCTBE. YIoJ MeXIy TI'HMIepIJIOCKOCTSIMM.
PaccTrosiHMe OT TOYKH 10 THIIEPIIOCKOCTH.

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.
1. Haiitu yros Mexny mIOCKOCTSIMH.

1)x-3y+5=0, 2x-y+5z-16=0. 2). x—-3y+z-1=0, x+z-1=0.

2. Haiitu paccrosiHEEe OT TOUYKU M 10 IUNIOCKOCTH, NIPoXoJsiieit uepes Touku M,,M,, M,
M,(-34,-7), M,(15-4), M,(-5-20), M,(-12,7,-1).

2. [Ipsimasi HAa UIOCKOCTH U B pocTpancrie. [Ipsimasi, 0Tpe3ok, J1y4 B #-MEPHOM NPOCTPAHCTBE.
[TpoBecTu yCTHBIN OIIPOC TEOPETUYECKOTO MaTepHaIa.
1. CocraBuTh ypaBHEHHE IPAMOii, mpoxoaduiei yepe3 Touku: a) A(31) u B(54); 6) ABL u C(35);
B) A(3) u D(-4).
2. Croponsl AB, BCu AC tpeyronbauka ABC 3alaHbl COOTBETCTBEHHO YPABHCHHSIMHU
4x+3y—-5=0,x-3y+10=0, x—2=0. Onpenenuts KOOPAUHATHI €TO BEPIIHH.
Xx—2 y-3 z+1

3. Haiitu TOUKy nepeceueHust MpsIMOi U TUIOCKOCTH 1 1= 1 X+2y+3z-14=0.

3. ILltockocTh B TpEXMEPHOM MPOCTPAHCTBE.

[TpoBecTr yCTHBIN OIPOC TEOPETHUUECKOTO MaTepHrala.
Hanbl koopaunatel Touek A(5,54), B(,—-14), C(3,51), D(5;8,—1). CocTraBuTh ypaBHEHHUS:
1) mnockoct ABC; 2) npsimoit AB;  3) npsimoit DM, neprnienaukynsipHoii k miockocta ABC; 4)
npsmoii  CN, mapaiensHOl nipsiMoii AB;  5) MIOCKOCTH, TPOXOIsIIel yepe3 Touky D
MEPIEHIUKYIIAPHO K NPsIMOl 4AB. BeIunucinuTh:
6) cunyc yria mexay npsimoir AD u mtockocteto ABC; 7) KOCHHYC yria MEXIy KOOpAUHATHON
II0CKOCTRI0 Oxy U mnockocThio ABC.

2.11.3 Pe3yabTaThl U BHIBOJbI:

Ha nanHOM 3aHSITHH CTYJICHTaMU W3YYCHBI OCHOBHBIC OIPEIEICHUS U TIOHATHS 110 TeMe «IIpsimast u
TJIOCKOCTBY, MPHOOpPETeHbl yMeHHS (OpPMYIHpPOBaTH W JOKa3bIBaTh OCHOBHBIE pPE3yNbTaThl MO TeMe
«[IpsiMast ¥ TUTOCKOCTBY, CHOPMHUPOBAHBI HABBIKM PEIICHUS THUIIOBBIX 33]1a4 ¢ MPUMEHEHUEM H3y9aeMOTO
TEOPETUYECKOT0 MaTepHana.
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2.12 TlpakTuyeckoe 3ansaTHe Nel2 (2 yaca).
Tema: «KpuBbie BTOPOro nopsiika»
2.1.1 3aganue nJs1 padoThI:
1. Knaccudukauus KpuBBIX BTOPOTro TMOpsAKa. OIJIUIC, runepOoina M mapabona, UX CBOWCTBA U
KaHOHUYECKHUE YPABHCHHUS.

2. [IpuBenenue oOIIEr0 ypaBHEHUSI KPUBOM BTOPOTO MOPSAKA K KAHOHUYECKOMY BUITY.

2.12.2 KpaTkoe onucanmne NpoBOAUMOIo 3aHSITHSI .
1. Knaccuukanusa KpUBBIX BTOPOro Mopsiika. JJUIMIC, runepfoia U mapadoJia, UX CBOICTBAa U
KAHOHHYECKHE YPABHEHHU .

[TpoBecTu yCTHBIN OIPOC TEOPETUYECKOTO MaTepHaIa.
1. CocTtaBbTe ypaBHEHHE OKPYKHOCTHU, KOHIIBI AHAMETpa KOTOPOil UMeroT koopauHaTtel A(—4;5) u B(8;9).

\9)

. CocTaBbTe ypaBHEHHE TPAMOIi, MPOXOAIIEH uepes IeHTPhl OKpyxkHoCcTei: X° +Yy° —8x—4y+11=0u
X*+y>+4x+12y+4=0.

3. CocraBbTe ypaBHEHUE IIIUIICA, €CIIU OH MPOXoAUT dyepe3 Touku A(4; 0) u B(2; 3) . Haiitu Gonburyto u

MaJIyIo TIOJIyOCH, PACCTOSIHUE MEXIY POKYyCcaMH U SKCLUEHTPHCUTET JJUTHIICA.

4. CocraBpTe ypaBHEHHE OIUIMIICA, OAMH U3 (OKYCOB KOTOPOTO HAXOAWUTCS B TOYKE (\/5;0), a
AKCIICHTPUCUTET PaBEH 3

5. Haiitn koopmuHaThl (POKYCOB, paCCTOSIHME MEXKIY HHMH, JUTHHBI JEHCTBUTEIHLHOM W MHUMOW OCEH,

2 2
y
SKCIHCHTPUCHUTCT T'UlIC 60.]1]) —_— = 1
P P 14 2

6. CocTtaBuTh ypaBHEHUE THUNEPOOIBI, €CIU UIMHA JEUCTBUTEIBHOM MOJMYyOoCH paBHA 8, W rumepbdosa
MPOXOJUT Yepe3 TOUKY (— 10;—3).

~

. Janer ypaBHeHus acumnror y=+2x u Touka M (5;8), nexamas Ha runepOone. CocTaBUThH ee
ypaBHEHHE.
8. Haiitu koopuHaThl (hoKyca 1 ypaBHEHHE AUPEKTPHCHI A mapabomsl y = 0,5x .

. CocTaBuTh ypaBHEeHHE Mapaboiibl, eciu ee okyc Haxomutcs B Touke: a) F(5;0); 6) F(0; —3).
2 2

y

. . o X
10. HaiiTu xoopauHaThl TOYEK IMEpEecedeHuss KPUBOM BTOPOro MOpsiaKa M TMPsMOM: a) E+E=1 "

Ne)

x+3y—21=0;6) 16x—y* =0 u 2x—y+2=0. Cuenars uepTex.
2. IlpuBeneHue o01ero ypaBHeHNs1 KPHBOii BTOPOT0 MOPSIAKA K KAHOHUYECKOMY BHY.

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHaa.
Onpenenuts TUN JUHWM, UX OCHOBHBIE DJIEMEHTHI U CIEIATh PUCYHOK.

a) x> +y?+8x—-3y+3% =0 6) 4x2 +9y? —36=0
6) 25x* —4y* —100=0 2) —9x* +16y* =144
0) y* =8x e) y> -8y +4x+8=0

2.12.3 Pe3yabTaThl M BHIBO/BI:

Ha nanHOM 3aHSATHM CTYAEHTaMM M3y4€Hbl OCHOBHBIE ONpenesieHus U MoHATHA 1o Teme «Kpusbie
BTOPOTO TIOPSI/IKa», MPUOOPETEHBI YMEHUsT (POPMYIIMPOBATh U JIOKA3bIBATH OCHOBHBIE PE3YJIBTATHI MO TEME
«KpuBble BTOpOro mopsjka», cHOPMHUPOBAHBI HABBIKM pEIIEHHS THUIIOBBIX 3a/Jad C NPUMEHEHHEM
M3y4aeMoro TEOPETUIECKOTO MaTepraa.
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2.13 IlpakTuyeckoe 3ansaTHe Nel3 (2 yaca).
Tema: «IloBepXHOCTH BTOPOIro MOPSAIKA»
2.13.1 3apanue 1J1s1 paGoThI:
1. Knaccudukanusi moBepxXHOCTEH BTOPOro MOPsAKa. DIJUIMIICOMAbI, MapadoIoNabl U TUMIEPOOIONIbI, UX
KaHOHUYECKHUE YPABHCHHUS.

2. Beimykibie MHOXecTBa B TipoctpancTtBe R”. TlomympocTpaHcTBa, BHITYKIBIE MHOTOIPaHHBIE OOJIACTH.
Cucrembl TMHEHHBIX HEPABEHCTB U UX T€OMETPUUYCCKUN CMBICII.

3. YIi10BBIE TOUKH BBIMYKIIBIX MHOTOIPaHHBIX obyacTeil. Beimykias 060mouka ciucteMsl Touek B R”.

2.13.2 KpaTkoe onucanue NpoBOUMOro 3aHITHS .
1. Kuaccupuxkanmusi NOBEPXHOCTEel BTOPOro MOPAAKA. DJUIMICOMABI, Mapadojiouabl H
runepo0JI0uabl, UX KAHOHMYECKUE YPABHEHHUSI.

[TpoBecTu yCTHBIN OIPOC TEOPETUYECKOTO MaTepHaIa.

1. Onpenenure BUJI MOBEPXHOCTH X2 + 2y2 +32% —6X+ 4y — -127-13=0.

2. IlpuBenuTe YypaBHEHHME MOBEPXHOCTH 9x% + 4y2 ~127% —18x— —24y+482-3=0 «

KaHOHUYECKOMY BUIY.

3. IlpuBemuTe ypaBHEHHE MOBEPXHOCTH X2 + 5y2 +722+ 2XYy +6X2+ +2yz—-2X+6y+22=0 x
KaHOHMYECKOMY BHJly M M300paszuTe rpaduK M0Iy4eHHON OBEPXHOCTH BTOPOTO MOPA/IKA.

X2 + y2 +7° —12x—-6y+37=0.
4. OnpenenuTe KOOPIAUHATHI IIEHTPA U pagnyc cepbl
5. OHpe,Z[eJ'II/ITe KaHOHUYCCKOC YPABHCHHUEC ITOBEPXHOCTU BTOPOTO IMOPSAAKA

4x% + 9y2 +182% —8x + 18y — 722 + 49 =0, u uzo6pasute rpaduk 1MoTyIeHHON NOBEPXHOCTH.
6. OnpesieuTe KAHOHUYIECKOE yPABHEHUE IOBEPXHOCTH BTOPOTo IOPAIKA

5x2 + 4y2 +32% + OXy +8%xz +7yz+7X+6Yy+52+2 =0, u uzobpasure rpadux MOTyICHHON

IIOBEPXHOCTH.
2. Beinmykiabie MHO:xecTBa B mpocrpancrBe R". IMosynmpocTpaHcTBa, BBINYKJIbIE MHOrOrpaHHbIE
o0s1acTu. CucTeMbl JIMHE{HBIX HEPABEHCTB M MX FeOMeTPUYeCKHIl CMBICJI.

IIpoBecTH YCTHBIN ONPOC TEOPETUIECKOTO MaTEpHaa.
1. JlaiiTe onpenenenue BHITYKIONH 000JI0YKH MHOXKeCTBa Touek. ITyctb M — Bbimykiast 060104Ka TOUeK
A(7; -3), B(9; -3), C(7; -1), D(8,8; —3), E(8,2; —2,2), F(7; —1,6). Haiimute orpaHndeHUs B BUJIE
HEpPaBEHCTB, KOTOPbIE 3a/1al0T MHOXKeCTBO M.
3. YIioBbI€ TOUYKH BBIMYKJIBIX MHOTOTPAHHBIX 00/1acTeil. Boimykiiast 060J109Ka cucTeMbl Touek B R”.

HpOBeCTI/I yCTHLIﬁ OIIpoC TCOPETUICCKOI'0 MaTepuaja.

2.13.3 Pe3yabTaThl U BHIBOJbI:

Ha panmHOM 3aHATHM CTyJEHTAaMH H3y4eHBI  OCHOBHBIC OIPEICIICHUS W TOHATHS II0 TEeMe
«IToBepXHOCTH BTOPOTO TMOPSIKA», MPHUOOPETEHBI YMEHHS (HOPMYIHpPOBATh M JOKA3bIBaTh OCHOBHBIC
pe3ynbTaThl o TeMe «[IoBepXHOCTH BTOPOTO MOPSIKa», CPOPMHUPOBAHBI HABBIKK PEIICHUS THIIOBBIX 33]1a4
C MPUMEHEHUEM H3y4aeMOro TEOPETHIECKOT0 MaTepuarna.
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2.14 TlpakTuyeckoe 3ansaTHe Neld (2 gaca).
Tema: «IIpoAyKTHBHOCTH HEOTPHIATEIBHBIX MATPHID)

2.14.1 3apnanue nas padoThI:
1.. CoOcTBEHHBIE 3HAUEHHS U COOCTBEHHBIE BEKTOPHI HEOTPULIATENIBHBIX MATPHLL.
2. Teopema dpobennyca-Ileppona. Yucno u Bekrop OPpobOeHnyca, UX CBONCTBA.
3. IIpogyKTHBHOCTb HEOTPULIATENBHBIX MATPHILL.

2.14.2 KpaTkoe onucanue NpoBOAUMOIo 3aHITHSI:

1.. CoGcTBeHHDBIC 3HAYEHHUS M COOCTBEHHbIE BEKTOPbI HEOTPULIATEIbHBIX MATPHL.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

Haiiti co6cTBeHHbIE 3HAUEHUS U COOCTBEHHBIE BEKTOPHI MATPHUIIBI

5 4 4
2 1 2|
2 0 3

2. Teopema ®dpodenuyca-Ileppona. Uncsao u BekTop ®podennyca, ux cBoicTBA.
IIpoBecTH YCTHBIN ONPOC TEOPETUIECKOTO MaTEpHaa.

6 4 7
Haiitu uncno u Bekrop ®pobenuyca Mmatpubl 4 —| 8 4 5§
395

3. IIpoAyKTMBHOCTH HEOTPHIATEIbHBIX MATPHULI.
[TpoBecTr yCTHBIN OIPOC TEOPETUUECKOTO MaTepHaa.
1. BeisicHuTh, IpOAYKTUBHA JIU MaTpuua A:

02 03 0 0l 09 04
)a=l01 0 03 2) A=|05 05 05
06 05 07 03 11 03
120
2. BoisicuuTh, ipu Kakux 3HaueHusx k>0 matpunia o—,|2 1 0| Oyder npoayKTHBHA
769

2.14.3 Pe3yabTaThl U BHIBO/JbI:

Ha panHOM 3aHATHM CTyJEHTAaMH W3y4eHBI  OCHOBHBIC OIPEICIICHUS W TOHATHS II0 TEeMe
«IIpoayKTHBHOCTh HEOTPHUIATENHHBIX MAaTPHID», MPHOOpPETeHb yMeHHUs (OpMyIUpOBaTh M JI0Ka3bIBATh
OCHOBHBIC PE3yJbTaThl MO TeMe «IIpOTyKTHBHOCTh HEOTPHUIATEILHBIX MATPHID, CHOPMHPOBAHBI HABBIKA
pEIIeHNs TUTIOBBIX 33/1a4 C MPUMEHEHHEM M3y4aeMOro TEOPETHUECKOT0 MaTepurana.
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2.15 IlpakTuyeckoe 3ansaTue Nelb (2 gaca).
Tema: «Mopgejsb MHOT00TPAC/I€BOIl IKOHOMUKH JIeOHTHEBA)
2.15.1 3apanue a5 paGoThI:

1. Monens MHOTOOTpacCIeBOM YKOHOMUKH JIeOHThEBA.
2. IlponyxTuBHbBIE MOJENH JIEOHTHEBA.
3. PaznuHbIe KpUTepHU MPOAYKTUBHOCTH MOAEN JIeOHTheBa.

2.15.2 KpaTkoe onucanue NpoBOAUMOIo0 3aHSITHSI

1. Moaeab MHOrooTpacjieBoi 3k0oHOMUKH JIeoHTHEBA.
IIpoBecT yCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
2. lIpoaykTuBHbIe MOe M JIeoHTHeBA.
IIpoBecTH yCTHBIN OIPOC TEOPETUYECKOIO MaTepHraa.
B TaGnuie npuBeaeHBI JaHHBIE 00 UCIIOJIB30BAaHUH CTOMMOCTHOTO OajaHca 3a OTUYETHBIN NEPHO/I, YCII.

JI€H. €]1.:
No /a1 Otpacis [Torpebiienue Koneunsrit Banosbrit
Q: Q2 MPOAYKT MPOAYKT
1 Q1 3 8 89 100
2 Q> 5 7 88 100
Tpebyercs:

1) cocTaBUTH MaTPHILY MPSIMBIX 3aTPaT U IPOBEPHUTH €€ MPOTYKTUBHOCTb;

2) BBIYUCIUTH 00BEMbI KOHEYHOT'O TMPOJYKTA HPU YBEIHMUYCHUN BaJOBOIO BBITYCKAa KaXOH OTpaciu
cootBeTcTBeHHO Ha 100% 1 50%;

3) BbuuciuTh HEOOXOAMMBIA 00BEM BaJOBOTO BBIYCKA KaXIOW OTpPACIH, €CIH KOHEYHOE
notpebaenue otpaciau Qi yBeauuuth B K =1 pas, a otpaciu Q, — na 10%.
3. PazinuHble KpuTepuH NPOAYKTUBHOCTH MoesiM JIeoHTheBa.
[IpoBecTu yCTHBIN OMPOC TEOPETUUECKOTO MaTepHaa.
B ta6i1. 16.4 npuBeneHbl JaHHBIE 110 OalaHCy 3a HEKOTOPBIN NEPHO BpEMEHN MEKY MATHIO OTPACIISIMU
MIPOMBIIIJICHHOCTH. HaliTH BEKTOPBI KOHEUHOTO MOTPEOJICHUS U BAJIOBOTO BBIITYCKA, a TAK)KE MaTPUILY
KOX(QPHUIIMEHTOB MPSMBIX 3aTPaT U ONPENIEINUT, ABISETCS JIM OHA IPOJAYKTUBHON B COOTBETCTBHU C
MIPUBEICHHBIMU BBIIIE KPUTEPUSIMH.

TaGauua 16.4

N Torpetaenme Konewni | Banosoi
n/n Orpacas OPONYKT | BRIDYCK,
| 12 ERERE: neH. en.
! 1§ Crankocrpoenwe | 15 12 24 23 16 10 100
t 2 | DuepreTuka w 3 35 15 7 30 100
3 | ManmnocTpoense | 10 5 10 10 10 5 50
1 | AsroMobMIbHAS 05 10 5 5 15 50 |
NPOMBILUICHROCTE |
5 | Hobura n 7 15 15 10 3| 80 100
nepepalboTri
YLACBOAOPOADE | |

2.15.3 Pe3yabTaThl M BHIBO/IBI:

Ha nanHOM 3aHATHM CTYJE€HTaMU U3y4YEHbl OCHOBHBIC OIPEACIICHUS U MOHATUA IO TeMe «Moxeib
MHOTOOTPACIIEBOM JOKOHOMHUKH JICOHTbEBa», HEOOXOAWMBIC IS PEIICHUS SKOHOMHYECKHX 3ajad,
npuoOpeTeHbl yMEHUs (OpPMyJIHMpOBaTh W JIOKa3blBaTh OCHOBHBIE pe3ynbTaThl Mo Teme «Mogenb
MHOTOOTpac/ieBOM 3KOHOMHUKU JICOHThEBa» W MPUMEHSATh METOAbl JMHEWHOW anreOphl UIsl pelIeHus
HKOHOMHUYECKUX 33/1a4y, c(hOPMHUPOBAHBI HABBIKM PEIICHUS THUIOBBIX 33Jau C MPUMEHEHHEM H3Y4aeMOro
TEOPETUYECKOr0 MaTepHaa.
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2.16 IpakTuyeckoe 3ansaTHe Nel6 (2 yaca).
Tema: «3agaum JUHEHHOr0 MPOrPAMMHUPOBAHMSD)
2.16.1 3apanmue 1J1s1 paGoThI:
1. IIpumepbl 5KOHOMUKO-MaTEMAaTHUECKUX MOJIEIIEH, TPUBOAIIMX K 3aja4aM JIMHEHHOT0 IPOrpaMMUPOBAHHSI.
2. CrangapTHasi 1 KaHOHHYECKast )OpMBI 3aIMCH 3314 JIMHEWHOTO IPOr PaMMHUPOBAHHS.
3. T'eomerpuyeckas MHTEpIpeTanUs 3aJa4d JMHEMHOIO MPOrpaMMHUPOBAaHMs B CIIy4ae IBYX II€PEMEHHBIX.
I'padmueckuii METOA pereHus.
4. Perienune 3a1auul TMHEHHOTO IPOrpaMMHUPOBAHUS METOZIOM Tiepebopa BEPILMH.
2.16.2 KpaTkoe onucanue poBOIUMOI0 3aHATHS .
1. Ilpumepnl 3KOHOMHMKO-MATEMATHYECKHX MoJesell, NPUBOAAINMX K 3aJa4aM JIMHEHHOro
NPOrPaMMHUPOBAHUS.
IIpoBecTH YCTHBIN OIPOC TEOPETUYECKOTO MaTepHUaa.
CocTaBUTh 9KOHOMHMKO-MAaTEMaTUYECKYIO MOJIEIb 3aja4l 00 ONTHMAJbLHOM HCII0/1b30BAaHUH PeCypcoB
JI1st M3roTOBIICHMS ABYX BUOB IPOAYKIUHU HUCIIOIB3YETCS YEThIpE BUIA pecypcos: Be By, B3, Ba.
3anacsl pecypcoB, 3aTpayMBAEMbIX Ha U3TOTOBJICHHE €AMHUIIbI IPOIYKIIMH, IPUBEAEHBI B Ta0. 1.

Bun 3anac Hucno enHUL pECYpCOB, 3aTPavyMBaEMbIX Ha
pecypca pecypca  |M3roTOBJIEHUE €AUHULBI POAYKIIMHI
ITepBbIii BUI Bropoii Bug npoaykuuu
B 18 1 3
B, 16 2 1
B; 5 - 1
B4 21 3 -

Ha npou3BoacTBO euHUIBI NPOAYKLIHUU 1-ro ¥ 2-ro BUAA UCHOJB3YETCS Pa3IMYHOE KOJIUYECTBO
pecypcoB. Tak, Ha IPOU3BOACTBO €JUHULBI NMPOAYKIHMH |-r0 BHIA UCIIOJIB3YETCS TOJBKO OJHA €IMHHULA
pecypca B1 a Ha Mpou3BOACTBO €UHUIIBI MPOAYKIIMU 2-TO BUA UCHOJb3yeTcs 3 eAUHULBI pecypca By Ha
IIPOM3BOJICTBO €AMHHULIBI IPOAYKIMU 1-ro BUAA UCNONb3YETCs 2 eAuHULBI pecypca By, a Ha mpou3BoACTBO
€IMHULIBI IPOAYKIMHU 2-T0 BHJAa UCHOJb3yeTcs 1 eqununa pecypca By, B TO e BpeMs Ha MPOU3BOJICTBO
npoaykuuu 1-ro Buja pecypc Bz BooOlie He UCmonb3yeTcs, a Ha IPOU3BOJCTBO NMPOAYKIUU 2-TO BUAA HE
UCIIONB3YeTCs pecypce Ba.

BeIpyuka, nosnyyaemasi IpeanpusaTUeM OT MPOAAKH €IUHULBI IPOAYKIIMHU IIEPBOrO U BTOPOrO BHUJA,
COCTAaBJISIET COOTBETCTBEHHO 2 U 3 pyous.

Heo6xonuMo cOCTaBUTh TaKOM IUIaH MPOM3BOJCTBA MPOAYKIMM MEPBOTO M BTOPOrO BHJA, HpPHU
KOTOPOM BBIpY4YKa MPEANPUATHS OT €€ pean3aluu OyaeT MaKCUMaJIbHOM.

2. CtanaapTHasi 1 KaHOHHYecKas (opMbl 3anucH 32124 JIMHEITHOT0 MPOrpaMMHUPOBaHMS.

HpOBeCTI/I yCTHBIﬁ OIIpoOC TCOPETUICCKOI'0 MaTepuaja.
[TpuBecTH kK KAHOHMYECKOMY BHAY OOLIYIO 3aJa4dy JIMHEHHOTO TPOrpaMMHUPOBAHHUS

X+ X, + %X, <7,
2X, =X, + X3 23,
X, — X, +9X; =16,
X =0,
L(X) =X, + X, —X; = max
3. FCOMeTpl/l‘leCKaﬂ HHTEpIHpETAlA  3aa9u JUHEHHOr 0 NNporpaMMupoBaHusi B CjIydae [IBYyX
nepeMeHHbIX. I'padguyecknii Mmeroj peueHus.

IIpoBecTH yCTHBIN ONPOC TEOPETUIECKOTO MaTEpHAIA.
1. Pemuth rpaduaeckuM criocoOOM CIIEIYIONTYIO 33/1a4y JUHEHHOTO MTPOTrPaMMHUPOBAHMUS:
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2x+4y >30,

z=X-3y—>min; | 7x-3y<37,
Sx-Ty=>-27,

x20,y20.

2. Pemuth rpaduyeckuM Crioco00M CIEAYIONIYIO 3a1auy (Bboloop onmumaibHo20 payuona NUMaHus).
JleTckasi MOJIOYHAsI KyXHsI B CYTOYHBIN PAIlMOH MATAHUS JIJISl OJTHOTO TPEXMECSIHOT0 peOeHKa BKIIFOYAST
JIBa MPOJyKTa nuTaHus: cmechb Ne 5 u B-puc, npudem cmecu Ne 5 10JKHO BOMTH B THEBHOM pallMioH HE
6onee 400 r. Ctoumocts 100 T cmecu Ne 5 cocrasmsier 0,7 py6., B-puca — 0,9 py6. Conepxanue
nuTaTenbHbIX BenlecTB B 100 T mpoaykTa, MUHUMAIbHBIE HOPMBI TOTPEOSIeHUs yKa3aHbl B Tabmule 3.
OnpenenuTh ONTUMAIBHBIA PAIIMOH MTUTAHUS, CTOUMOCTHh KOTOPOTO Oy/IeT HAUMEHBIIICH.

4. Pemienue 3a1a4m JJUHEHHOT0 NPOrPAMMHUPOBAHMS METOIOM Iepedopa BepIIMH.

IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.

Pemnth npeapayIiyto 3afauy memooom nepebopa epuitim

2.16.3 Pe3yabTaThbl H BHIBO/bI:

Ha nanHOM 3aHSTHM CTYICHTaMU M3y4Y€HBbl OCHOBHBIC OIPEIECIICHUS U MOHATHS MO TeMe «3agayuu
JUHEHHOTr0 MPOrpaMMHUPOBAHUS», MPUOOPETEHBl yMeHUs GOpMyIUpPOBaTh M JIOKA3bIBaTh OCHOBHBIC
PE3yNIBTAThI IO TEME «3aa4uu JIMHESHHOTO MPOrPaMMHUPOBAHUST», C(HOPMUPOBAHBI HABBIKH PEIIICHHS THITOBBIX
3a/la4 ¢ MPUMEHEHHUEM U3y4aeMOro TEOPETUYECKOT0 MaTepHara.
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2.17 IlpakTuyeckoe 3ansaTHe Nel7 (2 gaca).

Tema: «Cumiiekc-MeTo/ peleHus 3a1a4 JUHEHHOr0 MPOrpaMMHpPOBAHUSD)
2.1.1 3aganue nJs1 padoThI:

1. Anroput™m cUMILIEKC-METOA.

2. HaxokJIeHHe UCXO/IHOTO JIOIYCTUMOTro 0as3uca.

3. Meron uckyccTBEHHOTO Oasuca.

2.17.2 KpaTkoe onucanue NpoBOIUMOro0 3aHsSITUS
1. AnropuT™ cuMILIeKC-MeTOA.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTepHUaa.
1. PemnTs 3amadyy JMHEWHOTIO IPOrPaMMHUPOBAHMS HAa MHUHHUMYM, €CIM HadajbHas CUMILIEKC-

x(1 00 1 -3 5

tabiuia uMeer caenyromumii sug: X,|0 1 0 -3 10 4
x»0 0 1 -3 10 12
z{0 0 0 3 5 -9

2. CocraButh cumiviekc-tabmuny g 3agaund. Ha AOOT «banrekc» i BbITYCKa IJISIHLIEBOM
TKaHHW, TKaHu «TypucT» M KypTOUHOM TKaHM HCIIOJIb3YIOTCS TKAlKHME€ CTAaHKU JBYX THIIOB: CTaHKHU
TMJpaBIMYECKUe M CTaHKM TKankue OecuenHouHble (kopotko: CI' m  CTB) c¢ pasznuuHOU
IIPOU3BOJIUTENIBHOCTBIO. JIJI1 U3rOTOBJIEHUS YKa3aHHBIX BHUJIOB TKAHU MCIIOJIb3YIOTCSI HUTH U KPAaCUTEIH.
Pecypcbl BpemMeHM paboThl CTaHKOB, HHUTEHl W Kpacuteneil orpanuyeHbl. B Tabmuue 13 yka3aHbl
€KEMECSIUHBIE PECYpChl BPEMEHH DPAa0OTHI CTAHKOB B THICAYaX CTAHKO-4acOB, HUTEH M KpacHTelel B
KWJIOTpamMMax, IPOU3BOJUTEIBHOCTh CTAHKOB B METpax Ha 4ac, HOPMbI pacxofa HUTEH M KpacuTelen B
KUJIOTpaMMax Ha ThICAYYy METPOB KaXKI0Tro BUJa TKaHU M IieHa 1 M TkaHu. TpeOyercs opraHu3oBath
BBIITYCK MPOTYKIIMH TaK, YTOOBI eKeMecsSuHas BRIPYUKa IPEANPUATHS Obljla MAKCUMAIbHOM.

2. HaxoxeHne MCX0HOI0 I0IYCTUMOT0 0a3uca.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOTO MaTEpHUaa.
Haiitu ncxonmHbli qomycTumMsblii 0asuc chopMyTupoBaHHOMN BBIILIE 331a4H.
3. MeToa MCKycCTBEHHOT0 0a3uca.
ITpoBecT yCTHBIN OIIPOC TEOPETUUYECKOTO MaTEpHaIa.
Pemnth chopmynrpoBaHHyIO BbIIIE 3a]ja4y METOJIOM UCKYCCTBEHHOT0 Oasuca.

2.17.3 Pe3yJabTaThl M BHIBO/BI:

Ha naHHOM 3aHATUM CTYIEHTAMH H3Y4YEHBl  OCHOBHBIE OIPEICIECHUS M IMOHATUSA IIO TEME
«CHUMIUIEKC-METO/I PEUIeHUsl 3a/ad JIMHEHHOTro IpOorpaMMUpPOBaHMS», HEOOXOAMMBbIE MJIsi PpEeLICHUs
HKOHOMUYECKHX 3ajlay, MpUoOpeTeHbl YyMEeHUs: (OpMYIMPOBATH U JIOKA3blBaTh OCHOBHBIE PE3YJbTATHI IO
Teme «CHMITIEKC-METO | pelIeHUs] 3a7ay JIMHEHHOro NpOrpaMMHUpPOBAHUS» M HPUMEHSTHh JJIS PELICHUS
HSKOHOMUYECKUX 3371ay, C()OPMHUPOBAHBI HABBIKM PEIICHUS THUIOBBIX 3ajad C MPUMEHEHHEM H3Yy4aeMoro
TEOPETUYECKOI0 MaTepHaa.
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2.18 IlpakTuyeckoe 3ansaTHe Nel8 (2 uaca).
Tema: «TpancnoprHas 3agaqa»
2.18.1 3apanue aJis1 paGoThI:
1. TlonsiTue 0 B3aMMHO-/IBOMCTBEHHBIX 3a/1a4aX JITHEHHOT0 porpaMMupoBaHusi. OCHOBHBIE TEOPEMBI
JIBOMCTBEHHOCTH. J[BOMCTBEHHOCTh B SKOHOMUKO-MaTEMATUUECKUX MOECIISIX.
2. TpancniopTHas 3a/1aya.

2.18.2 KpaTkoe onucanue NpoBOIUMOro0 3aHsSITHS
1. IlonsiTHe 0 B3aMMHO-IBOICTBEHHBIX 331a4aX JUHEIHOr0 MporpaMMupoBaHusi. OCHOBHbIE TeOPeMbI
JABOWCTBEHHOCTH. /[BOIICTBEHHOCTH B 3KOHOMHUKO-MATEMATHYECKHX MO/IEJIsIX.

[IpoBecTH yCTHBIN OMPOC TEOPETUIECKOTO MaTepHaa.

1. Hcnonb3ys  JBOHMCTBEHHOCTb, HAaWTH  pEUICHHE  CIEAYIOIEH  3aJayu  JIMHEHHOIO

nporpammupoBanus: z =6y, +133y, —41y; — mn ; 4y, + 7y, —11p3 220,

1120,y,20,y3 20.
2. Ucxonnas 3amaya  Z(X)=2%;+3X, >max ,

X +3X, <18,

2%+ X, <16,

3% <21,

MMEET ONTUMANIbHOE pereHne X “=(6;4;0;0; 1 3) u 3HaUCHUE 1eNIeBON QpyHKImMH Z (X *):24—%x3 —%x4 ,

JUISE KOTOpOil max Z(X*)=24. CocTaBUTh ABOWCTBEHHYIO 3314y U HAaWTH €€ ONTHUMAaJIbHOE PEIlIeHuE,
1[eeBYI0 (DYHKIHIO ONTUMAILHOTO PEUICHHS i €€ MUHUMYM.

2. TpancnoprHas 3axaya.
ITpoBecT yCTHBIN OIPOC TEOPETUUYECKOTO MAaTEpHaIa.

ABTOTPaHCIIOPTHOE MPEANPHUATHE MOJIYUNIIO 3aKa3 HA YKOMIUIEKTOBAHHUE TPEX CTPOSIIUXCS OOBEKTOB
CTpolMaTepuaiamu, IpoM3BOJAMMBIMU Ha JBYX 3aBoAax. Ha mepBoM 3aBojie MOATrOTOBIIEHO K OTIpaBke 120
T cTpoiimMaTepuanos, Ha BTopoM — 180 1. Ha mepBbIit 00beKT HEOOX0AUMO AOCTaBUTH 70 T CTPOUTEIIBHBIX
MaTepuaioB. Bropoii u TpeTuii 00bekThl HykaarTcs B nonydeHun 140 u 90 T ykazaHHOTo MaTepuana.

Ma e"81253aa0
TPUILICHU HO.
PHICH {5 5 o) 331

a) 10XO/ OT MEePEeBO3KH OJAHON TOHHBI CTPOMMATEPHANIOB C KaXKJIOTO 3aBOJA K KaXKJIOMY CTPOSLIEMYCS
00BEKTY;

0) CTOMMOCTB MEPEBO3KH OJIHON TOHHBI CTPOMMATEPUAIOB € KaXI0T0 3aBOJia K KaX/I0My CTPOSLIEMYCs
O0OBEKTY.

CocTaBUTh ONTHMAJIBHBIN TUIAH IIEPEBO3OK,

a) MAaKCUMM3UPYIOLIUHI T0XO0;

0) MUHUMU3UPYIOLIUN CTOUMOCTb.

2.18.3 Pe3yabTaThl M BHIBO/IBI:

Ha pmaHHOM 3aHATUM CTyJE€HTaMM HM3Y4E€Hbl  OCHOBHBIC OIPEHCIICHHUS U IOHATHSA II0 TeMe
«TpancnioptHast 3amaya», HEOOXOAMMBIE Ui PEHICHHS SKOHOMHUYECKHUX 3a/ad, MPUOOPETEeHbl yMEHUs
(dbopMynHMpoBaTh U OKa3bIBaTh OCHOBHBIE PE3yibTaThl MO TeMe «TpaHcropTHas 3amada», chopMUpOBaHBI
HAaBBIKM PEIICHHs TUIOBBIX 33J1a4 C IPUMEHEHHEM H3y4aeMOro TEOPETHUECKOT0 MaTepHaIa.
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