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1. KoHCIIEKT JIeKImii

1. 1 JIekuus Nel (2 yaca)

Tema: «Matpuubl. Onpeaenurenb maTpunbl. O0paTtHas maTpuna. CucremMbl JTHHEHHBIX
ajireOpanyecKux ypaBHeHHiD»

1.1.1 Bonpocsbl JieKum:

1. Buasl matpuu. [leiicTBUS HAX MATPUIIAMH.

2. Onpenenuresnu BTOPOro nopsiaka. Crnoco0bl BbIYMCJIEHHUS ONPeAeJUTeIs TPEThero nopsjaKa.

3. Pemennme marpuyHbIX ypaBHenuii Buaa AX = B. MarpuyHas 3anuch CHCTeM JIMHEHHBIX
ajre0panvecKux ypaBHeHHUH.

4. PemieHue cucTeM JIMHEHHBIX ajiredpanyeckux ypasHenuit meroaom I"aycca.

1.1.2 KpaTtkoe cogep:xkaHue BOPOCOB:

1 Buabl maTpuu. [leiicTBus Hag MATPUIIAMH.

Marpuueil Ha3bIBalOT TAOIHILY, COCTOAIILYIO M3 N CTPOK U M CTOJOIOB. DJIIEMEHTAMH MaTpPHUIIBI
MOTYT GBITB Yquciia UJn MHbBIC MAaTEMAaTUYCCKUC O6’beKTBI.

1 -5 , ,
sina sin c c
A= |4 3 B= B C= 1 12
|1 cosa cos B Cy Cy

[TocnenHsist MaTpuila UMEET JIBE CTPOKH U JBa CTOJIOIA, ClieIoBaTENbHO, €€ pasmep (2x2).
cij- aneMeHT MaTpulsl C, CTOSIIUH B i-0i CTPOKE U j-OM CTOJIOIIE.
Ecnm yuciao cTpok Marpuilbl paBHO YHCIY CTOJIOIOB, TO Takas MaTpHUIla

Ha3bIBACTCS KBAIPATHOM.

JIBe MaTpuilbl OJMHAKOBOTO pa3Mepa Ha3bIBAIOTCS PaBHBIMM (A=B), eClli paBHBI UX AJIEMEHTHI,
CTOMAIIMEC HA COOTBCTCTBYIOH_II/IX MECTax.

Marpuiia, Bce 371€MEHTbI KOTOPOM PaBHBI HYJIIO, HA3bIBAECTCS HYJIEBOM.

KBangparnas maTtpuiia Ha3bIBa€TCsl € AMHUYHOM, €CTTU OHA UMEET BUJ:

1 0 0O
1 0 0
0100
E=|0 1 0 AIn =
0010
0 0 1
3x3 0 0 01

4x4

BepxHeTpeyroibHON Ha3bIBa€TCsl MAaTpuila y KOTOPOM BCE AJIEMEHTHl HWKE TJIaBHOW JHAroHAIN
paBHEL HYIIIO.

C maTpunaMu MOXHO MPOU3BOAMTH OIEpAIMM CIOXKEHHs (BBIYUTAHUS), YMHOXKEHUS Ha YHCIIO,

YMHOXKEHUSI MaTpPUIbl HA MaTpPUIly, TPAHCIIOHUPOBAHUS, HAXOXKACHUS MaTpUIlbl, 0OpaTHOM naHHOW. Jlms

WUTIOCTpAllMKM onepauuii OyaeM paccMaTpuBaTh MaTpullbl pazmepa (3x3), eciu 3apaHee HE OrOBOPEH

JIpPYrou pasmep.
Cymmoii (pa3HOCTBIO) NBYX MaTpull 4 ¥ B Ha3pIBae€TCs MaTpUIIA, OTpeesieMast paBEHCTBOM:
a4y ag b, b, by, a,tb, a,xb, a;tb,
ay Ay ay T b, by by, =|aytby a,tb, ay=*b,
a; 4y Qs by, by by 3 \da1 tby  ayp by, ay by

3x3
HpOH?-BeIIeHPleM YUcCJia m HA MaTpUlly A Ha3pIBaeTCa Marpuna, onpeaciaiceMas paBCHCTBOM:

a, 4ap a; ma,  ma,, Ma;
me | a, a, yy || mMay,  May, My,
as, as as; mas, mas,  mds,

IIpousBenenune a1Byx MaTpuil A u B 0603Ha4aeTcss CHMBOJIOM A B 1 onpeenseTcs paBeHCTBOM:



3 3 3
Zal./bﬂ Zaubn Zal./bﬂ
J=1 J=1 Jj=1
b
3 3 3
AB=|a, a, Ay, | @by by by |= Za2jb_/1 Za2jbj2 Za2jbj3
b Jj=1 Jj=1 J=1

3 3 3
Z ay;b;, Z ay;b;, Z a3;b ;s
= = =

T.€. 3JIEMEHT MAaTPHIIbl - MPOU3BEICHUS CTOALIUI B i-OM CTpoke U k -M cToslIe, paBeH CymMMe
MPOU3BEICHUI 3JIEMEHTOB i-Oi CTPOKH MaTpHULBI A U k-T0 cTOIOLA MaTpHLIBI B.

Otcrofa BBITEKAET OTPAHMYEHUE HA Pa3MEPHOCTh MATpUIl A W B: YHUCIO 3JEMEHTOB B CTPOKE
MaTpUIbl A JOJKHO PaBHATHCS YHCITY SJIEMEHTOB B CTOJIOLE MAaTPUIIBl B, YTOOBI U1l KaXKI0TO 3JIEMEHTA i-
W CTPOKHU MaTpPHIIbl A HAIIEJNICS MapHBIN 3JIEMEHT U3 k-r0 cTo01a B.

[lo oTHOMIEHUIO K MPOM3BEACHUIO JABYX MAaTpHI] IEPEMECTHTEIbHBIN 3aKOH, BOOOIIE TOBOpPS, HE
BBINOJIHAETCS: AB He paBHO BA.

2. Onpeaenureau BTOPOro nopsaka. Criocodbl BbIYHCICHUS ONPedeUTe/Isl TPeThero nopsiaKa.

Kax 1ot kBagpaTHOI MaTpule A COOTBETCTBYET YKCIIO — ONpedeuTeb JaHHOH Matpuibl A (det A).

a a

A:( 11 IZJ_)A:
a,, a,,

B bll b12 b13 A bll blZ bl3

— = —OIT JIUTCIIb TPCTHECTO I1 SIIKaA
by by by | 2T, b, b, CUPCACIHICLL TPCTHETO HOPIA

a a
1 12| —ompeennTeNb BTOPOTO MOPSIAKA.

a) ap

b}l b32 b33 b3l b32 b33
dopmyia 11 BEIYUCIICHUS ONPEICITUTENS BTOPOTO MOPSIIKA:
a a
BT 2|
A= ) %Ay —ap 04y (1)
a) dy

CgoiicTBa onpenenuTesiei:

1. Onpenenurens HE U3MEHSETCA, €CJIM €r0 CTPOKH MOMEHSITh MECTAMH C COOTBETCTBYIOIIMMH
CTOJIOLIaMH,

2. Ilpu mepecTaHOBKM JABYX CTPOK (WJIM CTOJIOIIOB) OIpeAeNIuTeNlb M3MEHHT 3HaK Ha
MIPOTUBOMOJIOKHBIH, COXpaHssl a0COTIOTHYIO BEIUYUHY.

3. Onpenenurens ¢ IByMS OJUHAKOBBIMH CPOKaMH (CTOIOIIAMH) PaBEH HYIIIO.

4. OOmuii MHOXHTEIIb BCEX OJJIEMEHTOB CTPOKM WM CTOJOIIA MOXHO BBIHECTH 3a 3HAK
OTIPEACTUTEIIS; €CITH BCE PJIEMEHTHI KAKOH-TO CTPOKH WK CToNOMA paBHEI 0, TO 1 onpeenutens paseH 0.

5. Ecmm k »nemeHTaM KakoW-muOo CTpoku (WM cToyiOna) (ompenenuTens MpuOaBHTH
COOTBETCTBYIOIINE DJIEMEHTBI JAPYrol CTPOKH (CTOJNOIA), YMHOKEHHBIE Ha OJHO M TOXE YHUCIO, TO
OTIpEeICTTUTENb HE U3MEHUTCS.

Paccmotpum Teneps MaTpuiry pazmepa (3 x 3), To eCTh IMEIOIIYIO 3 CTPOKH U 3 cToy0na

ap ap a;
a, dp Qs
asz, a3 Az

E€ onpenenurenem (TpeThero mopsiika) Ha3bIBAIOT YHCII0, 0003HaYaeMa CHMBOJIOM

ay  ap ajs
A=la, ay ay
a3 4y as

U OIIPENEIISIEMOE PABEHCTBOM

A=,y 055 + 10505, + G305, 05y — 13050y — A0y 033 — Ay dpdy,  (2)

UToObI 3alIOMHUTb, KaKHE MPOU3BEICHHS B MPABOM YacTH paBeHCTBA (2) OepyTcsl CO 3HAKOM «+», a
KaKH€e CO 3HAKOM «—», [T0JIE3HO UCII0JIb30BaH CIIEAYIOIIee IPABUIIO TPEYTOJbHUKOB:



+

3T0 MpaBUIIO O3BOJISIET JIETKO 3anucaTh GopMyiy (2) ¥ BEIUMCINTD TaHHBIN ONPEIeTUTENb.
Bce cBolictBa ompeaenuTeneil BTOPOTrO MOPsAIKa OCTAIOTCS CHPABEIJIMBBIMHU ISl ONpPEAEIIUTENeH
TPETHErO MOPSAKA U JOKA3bIBAIOTCS TaK K€ HEMOCPEACTBEHHON TPOBEPKOM.
3. PemieHne MATpUYHBIX ypaBHeHuid Buaa AX = B. MarpuuHas 3anuchb CHUCTeM JIMHEHHBIX
ajre0panvecKux ypaBHeHHUH.
MarpuuHblii METOJ NPUMEHHUM K PEIICHHI0 CHCTEM YPaBHEHUH, T€ YHUCIO YPAaBHEHUW PAaBHO YHUCITY
HEU3BECTHBIX.
Meton ynoOeH At peieHusl CUCTEM HEBBICOKOTO MOPSIKa.
Meroa 0CHOBaH Ha MPUMEHEHUU CBOMCTB YMHOKEHUSI MaTPHII.
[TycTh nana cucrema ypaBHEHHUI:
a, X, +a,x, +..+a,x, =b
Ay X, +ApX, +...4+a,,x, =b,

a,Xx, +a,x, +..+a,x, =b,

nn’n

all a12 aln bl .xl
CocraBuMm mMatpunbl: A =|a, a, .. a, |; B=|b,|; X=|x
a, a a b X

Cucremy ypaBHeHUM MOXHO 3anucaTth: A-X = B.
Cnenaem cienyromiee mpeoOpa3oBaHue: ATAX=A"B,
Tx. ALA=E,t0 EX=A"B X=A"B

Jlyis mpuMeHeHUsT JAaHHOTO METOoJla He0OXO0IMMO HAXOJUTh OOpaTHYIO MATPHILy, YTO MOXKET OBbIThH
CBSI3aHO C BBIYMCIUTENBHBIMU TPYIHOCTSIMH MPU PELICHUH CUCTEM BBICOKOTO TOPSAKA.
Hecmotpst Ha orpaHnueHus BOZMOXHOCTH MPUMEHEHUS! JAHHOTO METOJIa U CIO0XHOCTh BBIYMCICHUN TpU
OONBITUX 3HAYCHUSAX KOX(D(DHUIIMEHTOB, a TaKKE CHUCTEM BBICOKOTO IMOPSAKA, METOJ MOXET OBITh JIETKO
peanu3oBaH Ha DBM.
4. PemieHue cUCTeM JIMHEHHBIX ajiredpanyeckux ypasHenuit meroaom I"aycca.

a, X, +a,x, +..+a,x, =b

Paccmotpum CIIY | @yX, +aynX, +...+ a,,x, =b, (1)

a,x, +a, x,+..+a,x =b

Meton l'aycca (MeTOn MOCIIENOBATEIBLHOTO MCKIIOYEHMS] IEPEMEHHBIX) 3aKIOYacTcs B TOM, 4YTO C
MTOMOIIIBIO AJIEMEHTAPHBIX MPEOoOpPa30BaHUM CUCTEMBI TepexoauM K paBHocmibHOU CJIY cTymeHdaroro
WIM TPEYTroJbHOIO BUIA, U3 KOTOPOW IOCIENOBAaTENbHO HAXOAAT BCE NepeMeHHble. K aneMeHTapHbIM
peoOpa3oBaHUSIM OTHOCST: MEPECTAHOBKA YPaBHEHUM, BBIYEPKUBAHUE U3 CHUCTEMbI BEPHOT'O PaBEHCTBA,
YMHOXKEHHE O00eMX dacTeil OJHOro ypaBHEHHMS Ha OJHO M TO ke uucio=(0 u mpubaBieHHe K
COOTBETCTBYIOIIUM 00EUM YaCTSAM APYTroro ypaBHEHUSI.

Hcnonb3ys meron I'aycca m snemMeHTapHble mpeoOpa3zoBaHus, Mbl paboTaeM ¢ Kod(hduULIUEHTaMU TpU
HEM3BECTHBIX M CBOOONHBIMH uieHaMHu. [lo3ToMy ym0OHO BBINKCHIBATh PACHIMPEHHYIO MAaTpPHUILY,
cootrBeTcTByIOIyt0 naHHo CJIY u mpuBOAUTH 3Ty MaTpully K CTyleHYaroMmy Buay. Hcmosb3yro
HalJEHHYIO MaTPHUIly 3alIMCaTh CUCTEMY CTYIIEHUATOro BUa, PELINB KOTOPY0, HaiiaeM pemenue CJIY.

X+2y+5z=-9
[Ipumep: Pemuts CJIY merogom ["aycca

X—-y+3z=2
3x-6y—-z=25
1 2 5]-9\=D3) (1 2 59 1 2 5/|-9
1 -1 3124 =0 -3 =211 |(4=|0 -3 =211

3 -6 -2/25 M| 0 —12 -16/52) 0 0 -8§38



x+2y+5z=-9 X
-3y-2z=11 y=-3

-8z=8
Otser: (2;-3;-1)
JloctonHCcTBOM MeTona ['aycca mo CpaBHEHHIO C APYTMMH B TOM, YTO OH TO3BOJISIET OJHO3HAYHO
YCTaHOBUTH COBMECTHA CHCTEMa WJIM HET, a B CIly4yae COBMECTHOCTH, HAWTU €€ pelleHue (eINHCTBEHHOE

I OCCKOHEYHOE MHOXKECTBO).



1.2. Jleknus Ne 2 (2 gaca)
Tema: «BekropHas anredopa. EBKJIMI0B0O NPOCTPAHCTBO. MHOr04ieHbl M KOMILJIEKCHbIE YHCJIA)

1.2.1. Bonpocsl JieKum:

1. Apudmernyeckue BeKTOPHI M JIMHEHbIE ONePAIlUN HAJl HUMH.

2. BekrtopHoe mnpocrpanctBo R". Teomerpuueckmii CMBICI NPOCTPAHCTB R’ u R. Jluneiinbie
NMPOCTPAHCTBAa 001Iero Buaa. JIuHeiiHasi 3aBUCMMOCTb CHCTEMbI BEKTOPOB M ee reOMeTPUYeCKHii CMbICII.
3. basuc m pasmepHOCTH JIMHeHOro mnpocrpaHcTBa. KoopamHatbl BeKTOpa B JaHHOM Oasuce.
IIpeoOpa3oBanue KOOpPAMHAT BEKTOPOB mNpH 3aMeHe Oa3uca. IloanmpocTrpaHcTBa JIMHEHHOrO
npocrpancTBa. CkajsipHoe MPou3BeIeHne BEKTOPoB B R".

4. EBKJINI0BO MPOCTPAHCTBO. IMHBI BEKTOPOB H YIoJI MEXTy BeKTopamu B R".

5. OpTOroHAJLHBIH M OPTOHOPMHPOBAHHLI 0asuckl B R". KoopaMHAThLl BEKTOPa B OPTOrOHAJLHOM
0asuce.

6. OcHOBHbIE NOHSATHS, CBSI3aHHbIEe ¢ MHOrOWIeHaMu. Cxema I'opHepa n KopHu MHOro4/1eHOB. Teopema
Be3y. Pa3noxenne npaBuiIbHOI ApoOH HA CyMMY 3JIeMEHTAPHBIX Apooeii.

7. KoMmIulekcHbIe 4YuCJIa M JeiicTBUS HAA HUMH. ['eomMeTrpmueckasi MHTepnpeTanusi KOMILIEKCHBIX
ynces. Moayab 4 apryMeHT KOMILIEKCHOTO YHCJIA.

8. Auredpauyeckasi 1 TpUroHoMeTpu4yecKkasi Gopmbl 3aNIUCH KOMILIEKCHBIX uncesl. KopHu n-oii crenenu
U3 KOMILJIEKCHOT0 Yncia. @opMyJIMPOBKAa OCHOBHOI TeopeMbl AJIredpbl.

1.2.2.. Kpatkoe coaep:xkaHue BOIIPOCOB

1. ApudmeTuyeckne BEKTOPHI U JTUHEIHHbIE ONepanui HAJl HUMU.

ApudpmMeTHUecKUM BEKTOPOM HA3bIBAETCS YIOPSAI0UEHHAs! COBOKYITHOCTD N YUCEIL.

0o3Havaercs X = (X1, X2, ..., Xn);

qucna Xi, X2, ..., Xn Ha3bIBaIOTCSI KOMIIOHEHTaAMH apU(pMETHUECKOTI0 BEKTOPA.

Jiis apuMeTHUECKUX BEKTOPOB ONPEACIICHbI TMHEHHBIE ONEePAlH — CIOXKEHHE apu(PMETHISCKIX
BEKTOPOB U YMHOXEHHE BEKTOpa Ha YHUCIIO:

TUTSL TFOOBIX X = (X1, X2, .., Xn), Y = (Y1, Y2, ---, ¥n) ¥ JTFOOOTO YKCIA O CIIPABEINBO:

X +y=(X1ty, X2 +ty2, oy Xt Yn); 0X = (0X], 0X2, ..., 0Xp).

MHO0kecTBO apu(hMETHIECKIX BEKTOPOB, I KOTOPBIX OMPEAEICHBI OTICPAIIUU CII0KECHUS U YMHOKCHHUS
Ha YMCJI0 HA3bIBAETCS MPOCTPAHCTBOM apHU(PMETHUECKUX BEKTOpOoB Rn.

Bexktop 6 = (0, 0, ..., 0) Ha3pIBaeTCs HYJIEBBIM BEKTOPOM Rn,

a BEKTOP —X = (—X1,- X2, ...,- Xn) — [IPOTHUBOMOJIOKHBIM BEKTOPOM JIsI BEKTOpa X B Rn.

Jlnst 10OBIX BEKTOPOB X, Y M Z U3 Rn 1 m00BIX uncen o U B cCrpaBeanBo:

I.x+y=x+Yy, cno)XkeHne KOMMYTaTUBHO;

. X+ (y+2z)=(X+y)+ z, ClIO)XKEHHE aCCOLIUATUBHO;

X +0=x;

X+ (—x)=6;

.o(X +y) =o0x + oy, yMHOKEHHE Ha YUCJIO JUCTPUOYTUBHO OTHOCUTEIHHO CIIOKEHHUSI BEKTOPOB;

. o Bx) = (af)x, yMHOKEHHUE HA YUCIIO ACCOIIUATHBHO;

. (a+ B)x = ox + Bx , yMHOXXEHHE BEKTOpa HA YHCIIO AUCTPUOYTUBHO OTHOCUTEIHHO CIIOKCHUS YHCEIL.
8. 1'x=x.

[Tpumepom npocTpaHCcTBa apu(hMETHIECKUX BEKTOPOB Rn, n = 2, ABNIs€TCS MPOCTPAHCTBO T€OMETPUIECKUX
PaZnycoB-BEKTOPOB Ha MJIOCKOCTH, 3alICAHHBIX B KOOpAUHATHOU (opMe:
a=a;ri+tayj=(a;,a),b=b'i+by j=(by,by),

a+b=(at+b;,atby), aa=(0a;, aay).

MHO0k€eCTBO KBaJpaTHBIX MATPHUIl PA3MEPHOCTH 2, C OTPEICIICHHBIMH ISl HUX ONEPAIMSIMH CIIOKEHUS 1
YMHOKEHUS Ha YUCIIO0, MOXHO pacCMaTpUBaTh Kak MPOCTPAHCTBO apu(PMeTHUUECKUX BEKTOpoB Rn, n = 4.
JlercTBUTENbHO.

[y ﬂuJ B= ["3211 By
CHE bay by,
C npyroii CTOpOHHI,

AN L kAW

3

A

ap + iy + bys (i L@y
,A+E:[“ b1 e HJ’['AZI 11 12]_

az +iy axn +in \CEdg) Coagg,



MHoxecTBO Mn MHOTOUWIEHOB CTENEHU HE BBIILE N , C ONPEICIEHHBIMU JIJIsl HUX ONEepalUsIMU CII0KEHUS U
YMHOXKEHUS Ha YHCII0, MOXKHO PacCMaTPUBATh KaK MPOCTPAHCTBO apu(PMETUYECKHX BEKTOPOB Rn+1.

-— E J-l' bl -
wlfd=ag talta T+ Fayt” eM, —lag . ay.a3,..48,

O () = by +Byi+byt* + +b M e M, =

L .

r w o v
&

E v+, ={ap +og ) +lay o0 +{a +3 1+ +fa, +b, P e M, =
IS LR tu urs Ll § LF 4 A F L ¥l F I
f. . S Lo " y L Y —Ta
[_CJD '|'U|:|,C£1_ "’5‘1_ ,ﬂiz 1‘&'2,... ,C&n 'P.UH__U: n!,_+1,
- i . - . . ] - ) —
~ - S E) = Cl-n OO0 ol H O gt L G ki e WL, = IO g, Oy, O NN & A 4 = K
JlelicTBUTENBHO. & '/ 0 1 2 n n = \&ag,%a 2 ® G J€ Ryl

Bexrop a = (a1, a12, @21, a22) — BeKTOp U3 R4.

" i K g i
2. BekrtopHoe mpocrpaHcTBO R°. T'eomerpuyeckmii CMBbIC] NPOCTPAHCTB u R. JluHeitHble
NMpocTpaHcTBa o0mero Bujaa. JInHeiiHasi 3aBMCUMOCTH CHCTEMbI BEKTOPOB H €€ FeOMeTPHYeCKHil CMbICII.
BekTopoM pasMepHOCTH n Ha3bIBaeTCs YIOPSAOYCHHBIM HAOOp M3 n JEHCTBHUTENBHBIX 4YHcel. bymem

3aIMCHIBATE BEKTOP B BHge * - Cv¥=o%) e %o G =& woopmmmarer BexTopa. PasmepHOCTD

BEKTOpa OIpPENENIAETCS YUCIOM €ro KOOPAMHAT U SBISIETCS €ro OTIMYMTEIbHON XapaKTepUCTUKOM.
BekTops! paBHBIL, €CIM OHU OJHON Pa3MEPHOCTH M UMEIOT paBHbIE COOTBETCTBYIOIIME KOOPAMUHATHL: (2,3,5)

=(2,3,5). Hymb-Bextop U =(0,0,...,0) He ciieqyer myrarh ¢ YHCIOM HYIIb.
N-MepHOE BEKTOPHOE MPOCTPAHCTBO R" ompeessercss Kak MHOXKECTBO BCEX N-MEPHBIX BEKTOPOB, IS
KOTOPBIX ONPEACIICHBI ONIEpallui YMHOKEHNUS Ha ICHCTBUTENIbHBIC YACTIA U CII0KCHHUE.
I'eomeTpuyeckuil CMbIC]I NPOCTPAHCTB R> u R’ MuoxecTBo Bcex N-MEPHBIX apU(PMeTHIECKUX
BEKTOPOB, B KOTOPBIX BBEICHBI OIECpALMM: CIOKEHHWE BEKTOPOB M YMHOJKEHHE Ha YHUCIIO HA3bIBACTCSA
apu(pMETHIECKUM N-MEPHBIM IIPOCTPAHCTBOM (RY).
['eomeTpuyeckuii CMbICT UMEIOT JIMIb MPOCTPAHCTBA R', R>, R3 . lna R' — a10 npsaMasi, st R? -
IIJIOCKOCTB, JUISL R’ — TPEXMEPHOE IIPOCTPAHCTBO.
[Tpu n>3 mpoctparcTBo R" mpeicTaBiIseTCs JMIIb YUCTO MATEMATHIECKUM M HE PEalbHBIM 00BEKTOM.
JInHeiiHble NMPOCTpPaHCTBA 00LIero BHAA IMute6epToBo MpOCTpaHCTBO — 0000IIEHHE EBKIMI0BA
MPOCTPAHCTBA, JOMyCKalolee OECKOHEYHYIO0 pa3MepHocTh. Ha3zBano B yects JlaBuma ['uns0epra.
I'uns6epToBO MPOCTPAHCTBO €CTh OaHAXOBO MPOCTPAHCTBO, HOPMA KOTOPOTO MOPOXKACHA IMOJI0KUTEIBHO
OIIPEACIEHHBIM CKAIIPHBIM IIPOU3BEICHUEM.
JInHelHas 3aBHCHMOCTb CHCTEMBI BEKTOPOB H ee reoMerpuyeckuii cMbici  Bekrop B HasbiBaercs
JUHEWHON KOMOMHAIMen BeKTopoB Ay, Ay, . . ., A, BEKTOPHOTO IIpocTpaHcTBa Rn, ecnu oH paBeH cymMme
MPOU3BEICHUN ITUX BEKTOPOB HA MPOU3BOJIbHBIEC ACUCTBUTENBHBIC UKcia: B = ojA; + apAr + .. .+ 0,A,,
rze o, 0, . . . Oy — JIOOBIE IEHICTBUTENBHBIE YHCTIA.

Bektoper Ay, Ay, . . ., Ay Ha3bIBaIOTCS JMHEWHO 3aBUCHUMBIMH, €CIIH CYIIECTBYET TakKas JMHEWHas
koMOmHammst oij A + oA, + . . .+ oA, = 0, Ipu HE paBHBIX HYIIO OAHOBpeMeHHo oi (1= 1, 2, ... n), T.c.
of +0§+..+a] #0

Ecmm xe oA + oAy + .. .+ 0,A, = 0 BemosHseTcst Toibko mpu Bcex o = 0 (1 =1, 2, ... n), TO
BEKTOPHI HA3bIBAIOTCS JINHEWHO HE3aBUCHMBIMHU.

CBolicTBa:

1. Ecu cpenu BexkTopoB Ai (1= 1, 2, . .. n) €CTh HYJIEBOM BEKTOP, TO 3TH BEKTOPHI JIMHEHHO 3aBUCHUMBI.

2. Ecnmu x cucreMe IMHEHHO 3aBUCHMBIX BEKTOPOB MO0ABUTh OJWH HJIM HECKOJIBKO BEKTOPOB, TO
IIOJTy4YEeHHAas cUcTeMa Toe OyeT IMHEHHO 3aBHCHMa.
3. CucreMa BEKTOPOB JIMHEMHO 3aBUCHMA TOTJa U TOJIBKO TOTJa, KOTAa OAWH U3 BEKTOPOB PacKIIaJAbIBAETCs
B JIMHEHHYI0 KOMOMHAIINIO OCTAJIbHBIX BEKTOPOB.

I'eoMeTpryecKuil CMBICI JIMHEWHOW 3aBUCHUMOCTH BEKTOPOB OYEBHUACH U CIIy4aeB JBYMEPHBIX
BEKTOPOB Ha INIOCKOCTH M TPEXMEPHBIX BEKTOPOB B IIPOCTPAHCTBE: B CIIydae ABYX BEKTOPOB, KOI'Za OJIUH

—

BEKTOpP BBIpakaeTcs yepes3 APYyroi: b = Aa , T.€. 9TH BEKTOPbI KOJJIMHEAPHBI WM, YTO TO K€ CaMoe,
OHH HaXOJISITCS Ha MapalyIeIbHBIX MPSIMBIX.



4. JIroOble 2 KOJJIMHEAPHBIX BEKTOpA JUHEWHO 3aBHCHUMBI M, HA00OPOT, JOObIE 2 JTUHEHHO 3aBHCHMBIC

BEKTOPBI KoJUTHHeapHbl: blld <>b = Ad

B mnpocTpaHCTBEHHOM ciydae JIMHEWHOW 3aBUCUMOCTH TpPEX BEKTOPOB OHU IMapajulebHBI OJHOMN
IJIOCKOCTH, T.€. KOMIUIAHAPHBI.
5. JIroOble 3 KOMITTaHAPHBIX BEKTOpA JIMHEWHO 3aBUCUMBI M, HA00OpOT, JIO0ObIE 3 JTMHEHHO 3aBUCHUMBIE
BEKTOPbI KOMIIJIAHAPHBI.

T.e., 1OCTaTOYHO «ITOANPABUTE» COOTBETCTBYIOIIMMH COMHOMXHUTENSMU JJIUHBI ATHUX BEKTOPOB, YTOOBI
OJIUH U3 HUX CTaJl CyMMOM JIBYX JIpYTUX (BBIpaXkajcs 4epe3 HUX).

B npoctpancte Rn nmrobas cuctema, comeprkaiias m BEKTOPOB, JIMHEHHO 3aBUCHMA TTPH M > n.
3. basuc m pasMepHOCTH JIMHeHOro mnpocrpaHcTBa. KoopaumHatbl BeKTOpa B JaHHOM Oasuce.
IIpeoOpa3oBanne KOOPAMHAT BEKTOPOB mNpu 3amMeHe 0a3uca. IlognmpocTpaHcTBa JIMHEHHOIO
npocrpancTa. CKajsipHOe Npou3BeIeHne BEKTOPOB B R".
I'oBopsT, 4TO 37€MEHT (BEKTOp) X JIMHEWHOTO MPOCTPAHCTBA L JMHEHHO BbIpa)kaeTcs uyepe3 3JIEMEHTHI
(BexToppl) S1r Zzr = ©nS L ecny ero MokHO HpeacTaBUTh B BHUJIE NMHEHHONW KOMOMHAIMM 3THX
AJIEMEHTOB, T.€. IPEACTABUTH B BUJIEC ** = #1 €1 * @2 €2 + -+ fn Ex

Ecian mr060ii BekTop cucreMsl - 17 SZ¢ v SKpexropoB IMHEHHOro mpocrpaHcta L mHeiiHO

BBIPAYXKAETCS YEPE3 OCTAIBHBIE BEKTOPHI CUCTEMBI, TO CUCTEMA BEKTOPOB HA3bIBACTCS JIMHEWHO 3aBUCUMOM.
Cucrema BEKTOPOB, KOTOpasi HE SIBJISETCS JIMHEHHO 3aBUCUMOM, HA3bIBAECTCS JTMHEHHO HE3aBUCUMOM.

CnopaBeqmuBo cieayoomiee yrBepxaeHue:  Cucrema ©ir €z¢ - €kBEKTOPOB JIMHEHHOIO MPOCTPAHCTBA
L nuneiHO He3aBHCHMA TOT/Ia U TOJBKO TOTJA, KOTJA U3 paBeHCTBa @1 €1 + &2 €2 + .-+ Oy &n = 0cne/:[yeT
PaBEHCTBO HYJIIO BCex Kodpduuuentop *1 = 0v 2z =0, vy on =0

Ecnu B nuHENHHOM mpoCTpaHCTBE L CyllecTByeT JIMHEMHO HE3aBUCHMMas CUCTEMa U3 N BEKTOPOB, a
mobas cucremMa w3 (n+1)-ro BeKkTOpa JWHEWHO 3aBHCHMa, TO YHCIO N HA3bIBACTCS Pa3MEPHOCTHIO

npocrpancrBa L u o6o3nauaercs 1™ (L) B sroM crmydae mpocTpaHCTBO L Ha3bIBAaIOT N-MEpPHBIM
JIMHEAHBIM IPOCTPAHCTBOM HJIH N-MEPHBIM BEKTOPHBIM MIPOCTPAHCTBOM.

Jlrobass ymopsijoueHHass JMHEWHO HE3aBUCHUMas CUCTEMa N BEKTOPOB =1 2/ -+ SnjguHEHHOTrO
nmpoctpancTBa L oOpasyer 0a3uc mpocTpaHcTBa U 000 BekTop XEL eaumHCTBEHHBIM 00pazoM
BBIPAKAETCS UepPe3 BEKTOPHI Oa3uca; * = ¥1 €1 + #2 =Sz + .+ Hn En

Yucma ¥ir 2+ -+ *n Ha3pIBAOT KOOPAMHATAMH BEKTOpa X B Oasmce =1+ SZ¢ -+ Snpy 0003HAYAIOT
¥=1(x1, %2, « ¥a)  Jlpu 3TOM i MHOOBIX JBYX MPOHW3BOJBHBIX BEKTOPOB N-MEPHOTO JIMHEHHOTO
npocTpancTBa ¥ = [ ¥1/ ¥z, - ¥a) ¥ = (V1. ¥2, - ¥n)y mpou3BOMBHOTO YMCIA 0O CIPABEIIUBO:

H+y = (®1+¥1, H2+¥2, «y Hn+¥n) p 00X = [0H], 0¥z, ., OHp]
OTO O03HAYaeT, YTO BCE N-MEpPHBbIE JIMHEHHBIE MPOCTPAHCTBA ‘yCTPOEHBI” OAMHAKOBO - Kak

npoCcTpaHcTBO R" BEKTOPOB-CTOJNOIOB M3 N JACHCTBUTENBHBIX YHCEN, T.€. YTO BCE OHU W3OMOPQHBI
npocTpancTBy R".

Jluneiinple mpocTpaHcTBa X M Y HAa3bIBAIOTCS HM30MOPGHBIMHU, €CIH MEXKIY HUX DJIEMEHTaMH MOKHO
YCTaHOBHUThH TaKO€ B3aUMHO OJIHO3HAYHOE COOTBETCTBHUE, UTO €CJIM BEeKTOpaM X U X’ U3 X COOTBETCTBYIOT

T T
BEKTOPHI Yu ¥ mwmyY, 10 BEKTOPY ** *' COOTBETCTBYET BEKTOD ¥Y+¥ gy MIpH JIFOOOM 0. BEKTOPY

BRERS XCOOTBGTCTByeT BekTop * Y € ¥,

N30Mopdu3M n-MepHBIX JIMHEHHBIX TIPOCTPAHCTB MPOCTPAHCTBY R 03HAYAET, YTO COOTHOIICHUS MEXKTY
3JIEMEHTaMU N-MEPHOTO JINHEHHOT'O IPOCTPAHCTBA U ONEpallii ¢ HUMU MOKHO U3y4aTh KaK COOTHOILLICHUS

MeXIy Bekropamu w3 R" W omeparuu ¢ HUMH W 9TO BCSKOE YTBEPIKIECHHE OTHOCHTEIBHO BEKTOPOB U3
I

CIIpaBCAJIMBO Ui COOTBCTCTBYIOIUX 3JICMCHTOB 711000r0 n-MCPHOTO JIMHEMHOTr 0 MMpOCTPAHCTBA.

Hampumep, 10Ka3aHo, 9TO CHCTEMA BEKTOPOB €1+ €27 = €n p3 R
c11 e1z €1n
ey = | T2t ey = | 522 e, = | ©2n
Snl , Snz ceny Snn

b

oOpaszyer Gasuc B R" Torja W TOJBKO TOrJa, KOrAa OTIMYEH OT HYJs ONPENETHTENh MATpPHUIIBL, CO
croibnamu i 2+ - En;



291 212 ... 21 p

detn = | €21 €22 = €In| .4
Snl Snl - Snn
Jlnst BeKTOpoB 1+ €2+ -+ ©ny3 L 9T0 03HAuUaeT, 4To OHU 00pa3yroT 6a3uc B L Toraa u TONbKO TOrna,

Koraa OTJIWYCH OT HYJIA ONPCACIINTCIIbL MaTpULbI, CTOJ'I6I_[aMI/I KOTOpOﬁ SABJIAIOTCA KOMIIOHCHTEI BEKTOPOB
S1y S2¢ sy Ep

VYnopsimoueHHas napa AByX HEHYJIEBBIX, HE KOJUTMHEAPHBIX BEKTOPOB 00pa3yeT Oa3uc Ha MIOCKOCTH.

1

(a;b) - Gasuc. affb, ##0, B0

E,T_)_
5l

—_—

"z , (e e,)- opmozonanvuviil bazuc.
: T—)
J ‘ i ‘ = ‘ j‘ =1, "*J-u" , (i; J) - opmonopmuposannwiti 6azuc. (IIJJCK Ha mmockocTH)

OIIP: VYmopsgoueHHas cUCTeMa TPEX HEHYJEBBIX, HE KOKOMIUIOHAPHBIX BEKTOPOB 00pa3zyrloT Oasuc B
MIPOCTPAHCTBE.

glz | & -

(e;; e,;€;) - OPTOrOHANBHBIN Oa3UC B IPOCTPAHCTBE.

i|= ‘ Jj ‘ = ‘ k‘ =1, LJ-J Lk , (i; j,k)- oproHOpMHpOBaHHBIN OA3UC B MPOCTPAHCTBE.
(ITCK B mpocTpaHCTBE)
n_— MepHbIM 8eKmopoM Ha3bIBaeTCi YIOPSIOYCHHAs COBOKYMHOCTh N JCHCTBUTENBHBIX YHUCEI,

—

3aIMCHIBAEMBIX B BUJIE a = (X;;X,;...;X,), TI€ X; - i-asd KOOPAMHATA BEKTOpa a .

[TonssTHE n — MEpPHOTO BEKTOpa IITMPOKO HCIOJIB3YeTCs B dSKOHOMHKE. Hampumep, HEKOTOpHIi HabOP
TOBapOB MOXHO oxapaKTepnsoBaTL BeKTOpOM X = (xl;xz;...;xn) , a COOTBGTCTByIOH.[I/IC IICHBI — BCKTOpOM
Y=sYases V).

CyMmMa, pa3HOCTh, YMHOKEHHUE BEKTOPA HA YUCIIO BBOJSATCSA aHAJTIOTUYHO.
Cesoticmea onepayuil.

—_ — -

1) x+y= ;+ X - IIEPEMECTUTEIBHOE CBOMCTBO

2) (; + ;) bz=x+ (;/ + ;) - COYETaTeIbHOE CBOKWCTBO

3) a-(fx)=afx, a, fer

4) o (; + ;) —ax+ a; - TUCTPUOYTUBHOE CBOMCTBO

5) (a+f)x=ax+ fx

6) 4 6 =(0,0,...0) Takoi, 4TO ;+6 = ; , gV ;

7) Hua V ;c 3 —;c - IPOTUBOIOJIOKHBIA BEKTOP TAKOM, 4TO ;c+ (—;c) = 6

8 l-x=x, mma Vx.

MHO0KeCTBO BEKTOPOB C JICHCTBUTECILHBIMH KOOPJAMHATAMH, B KOTOPOM OIPEICICHBI ONICPAllN  CIIOKEHUS
U yYMHOXCHHS Ha YHCJIO, YIOBJICTBOPSIONIME IPUBEICHHBIM BBHINIE BOCBMH CBOMCTBaM, Ha3bIBAeTCS
BEKMOPHLIM NPOCMPAHCINEOM.

10
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Bekrop b HasbIBaeTcs aunelinou komoOunayuel BEKTOPOB di,ds,...,d, , €CIIH €r0 MOKHO IPEICTaBUTh B

Bune b=Aa +Aa,+..+4a, ,tne A,A,,..,4 €R.

- - —

BexTops! ai,az,...,a, HA3bIBAIOTCSA JUHEUHO 3A6UCUMbIMU,  €CIM CYILECTBYIOT TaKHE YHCIa
AsAyses A, € R, cpeI KOTOPBIX XOTS ObI OJHO OTJIMYHO OT HYJISI, YTO Aa+Aa,+..+4a,=0. B

- - —_—

IIPOTUBHOM ClIy4dac, BEKTOPbI di,dz2,...,4, HA3bIBAIOTCS AUHEUHO He3a8UCUMBIMUL.

Pasmepnocms pocTpaHCcTBa — 3TO MaKCUMAJIbHOE YHMCIIO COJEPIKALIUXCS B HEM JIMHEHHO HE3aBUCHUMBIX
BEKTOPOB.
COBOKYIHOCTb N JINHEHHO HE3aBUCHUMBIX BEKTOPOB N — MEPHOI'0 IPOCTPAHCTBA HA3bIBAETCS 0A3UCOM.

CkajasipHbIM NPOHM3BedeHNEM BEKTOPOB d M b Ha3bIBACTCS YUCIO, PABHOE MPOM3BEICHUIO JUTUH THX
CTOPOH Ha KOCUHYC yIJIa MEXJy HUMH.

a-b =|Zz||l;|cosq)
CBOiiCTBA CKAIAPHOTO IPOU3BEICHUS:
) g-a=lal%
2) G-b =0,ecntu aLb v a=0wum b =0.
3) a-b=b-a;
4) G(b+c)=a-b+a-c;

5) (ma)b =d-(mb)=m(a-b);
Ecnu paccmatpuBath BekTopsl a(x,,y,,z,); b(x,,y,,z,)B JeKapTOBOH MPSIMOYroJIbHON CUCTEME
KOOPIUHAT, TO

a-b =X,Xp T Ya)b + Z4Zp,
Hcnone3ys moydeHHbIe PABEHCTBA, TOy4aeM (GOpMYITy IUIsk BBIYUCIIEHHS YTIIIa MEX/Y BEKTOPAMHU:

XX ¥V, Yy TZ2,2,

ag
4. EBKJIMI0BO POCTPAHCTBO. JIIMHBLI BEKTOPOB M YroJl Me;KIy BeKTopamu B R”.

BCHOMHI/IM, KaKk B OOBIYHOM TPEXMCPHOM TMPOCTPAHCTBE MbI BBIYHUCIAINA CKAJIAPHOC IMPOU3BCACHUC

a=(o, 0505 b=, 8 3)
BEKTOpOB. Ecim  KOOpAMHATBI ~ BEKTOPOB 51 OblTM  3a7aHbl B

OPTOHOPMHpOBaHHOM 0Oa3mce, TO CKalsipHOe TmpousBeAeHue (a,b) BeuUCHIIOCH 1O  Gdopmyle

ab = oGt + a3 + 0. . .
AHATOTHYHOHN (HOPMYIIO MOXKHO 33JaTh M CKAIIPHOE MPOU3BEICHHE B N-MEPHOM

cosp=

MPOCTPAHCTBE. [Tyctp L - BelecTBEHHOE N-MEPHOE MPOCTPAHCTBO, B KOTOpPOM 3aaaH Oasuc. Torma
BEKTOPBI a u b u3 L 3a1al0TCs CBOHUMH KOOPJMHATAMU:
= aiey +azes+ ...+ e, b= e+ Fea t ...+ Fren.

CkaliipHOE€ TPOW3BEICHHE BEKTOPOB, 00O3HAYaeTcss OHO OOBMHO , 3amaercsa  (opMyIIoi

[:.3, b:} — ot oz — . o
B ornnume ot O6BIqHOFO TPEXMCPHOTO IMPOCTpaHCTBA, I'I€ C IIOMOIIBLIO

TPAHCIIOPTUPA U JIMHEWKH MOXKHO H3MEPHUTh YIrOJ MEXKIY BEKTOpaMU U JJIMHY BEKTOPa, B N-MEPHOM
IIPOCTPAHCTBE HM YIrOJd MEXAY BEKTOpPaMH, HU JUIMHY BEKTOpa HU3MEPHUTh HEBO3MOXHO. IloaTomy
OPTOHOPMHMPOBAHHBIM B Th-MEPHOM IIPOCTPAHCTBE HAa3bIBAaeTCsl TOT 0a3uc, B KOTOPOM CKaJSIpHOE

=51 !31
a o]
a=| | =]
(4 Y Jl‘{u
IIPOU3BCIACHUE BBIYUCIIACTCA II0 q)opMyne . Ecmmu , - KOOPpAHWHATHBIC CTOJIOLIBI
[r{,h} = nTj'?_

BEKTOPOB @M b, TO CKaJISIPHOE MPOM3BEACHUE MOXKHO 3a/1aTh (popmyoit
BemecTBeHHOE TMHEITHOE NMPOCTPAHCTBO, B KOTOPOM 3aJlaHO CKAJSIPHOE MPOM3BEJIECHUE Ha3blBaeTCA
€BKJIMA0BbIM IPOCTPAHCTBOM
B TpexmepHOM npocTpaHCTBE MOJyJIb BEKTOPa paBEH KOPHIO KBAIPaTHOMY U3 CKaJIAPHOTO IPOU3BENEHUS
11



|a]| =+/a a
BCKTOpa Ha CCG}I . B CBKIIMJOBOM IIPOCTPAHCTBC MOAYJIb BCKTOpa OIIPCACIUM aHAJIOTUYIHO

ol = /G2,
TO €CTh
B TpexmepHOM MNpOCTpaHCTBE C MOMOIIBIO CKAISPHOTO MPOU3BEICHUS OIMPEACISIICS YOl MEXIy
BEKTOpaMH. B €BKJIMIOBOM MPOCTPAHCTBE TOXKE MOMXKHO OMPEAEIUTH YroJ Mexay Bekropamu. Ho yron B
7.-MEPHOM MPOCTPAHCTBE HE MMEET CYIIECTBEHHOTO 3HAYEHHs, KpOME OJHOro ciydas. B TpexmepHoM
MIPOCTPAHCTBE [1Ba BEKTOpPAa OPTOrOHAJIBHBI TOTJA M TOJBKO TOrJa, KOTJa MX CKAIIPHOE MPOU3BEACHUE
PaBHO HYIIIO.
JIBa BeKTOpa €BKJIMAOBAa IPOCTPAHCTBA HA3bIBAIOTCS OPTOTOHAIBHBIMH , €CIH HX CKaJspHOE
MIPOU3BEACHUE PABHO HYIIIO.
5. OpTOroHAJLHBIH M OPTOHOPMHPOBAHHLI 0asuckl B R". KoopaMHATBLI BEKTOPa B OPTOrOHAJBLHOM
0asuce.

+ ot .. T

el bt

dha

E e ¥ 24,
Bexkrop Ha3bIBACTCS. HOPMUPOBAHHBIM WM €IUHUYHBIM, €CIIH

x= 0,
Ecan TO COOTBETCTBYIOIIUMHM 3TOMY BEKTOPY HOPMHPOBAHHBIMH BEKTOPpAMH 6yI[yT

=3, F=-%/H
BeKTOopsl X M y MPOCTPAaHCTBA CO CKAIIPHBIM MPOU3BENCHUEM L Ha3pIBarOTCS OPTOrOHAIBHBIMHU, €CIIH
zly
(x,y)=0. B aTOoM cinyuae mumryt
IIpouecc oproronanusanuu ['pama--IlIMuara no3BosiseT NpeBpaTUTh JIMHEWHO HE3aBUCHUMYIO CHUCTEMY
BEKTOPOB B OPTOHOPMMPOBAaHHYI. BBl yXe BCTpedanuch C HUM B Kypce JMHEHHOW anreOpbl. OTo

00CTOSTENECTBO MO3BOJISIET HAM Cpa3y MepeiTH K (OpMaIbHOMY M3JI0KEHHUIO CYTH JeTa.
L1y Ty 3 Ty - o o
Teopema. Ecom = ' 77T - CYETHas CHUCTEMA JIMHEWHO HE3aBHCHMBIX BEKTOPOB B JIMHEHHOM

MIPOCTPAHCTBE CO CKAJISPHBIM MPOU3BEACHNEM L, TO HOBBIE MTOCIIEIOBATEILHOCTH 00JIaIal0T CIICIYIOIUMU
CBOWCTBAMU:

S - T4 - o
1) cucrema 7 OPTOHOPMHPOBaHa, T. €. JIIOOBIC JIBa €€ BEKTOPA OPTOTOHAIBHBI U KaKIbIi
BEKTOP UMEET SAMHUYHYIO JITUHY;
ne N < P T o o o
2) st mro0oro JTuHENHas 000JI0YKa BEKTOPOB COBHAMAET C JUHEWHON O0O0I0UYKON
:r:l 7 mﬁ F B | :r'.“
BEKTOPOB

OpToronajbHbie 10NOJTHEHUS] MOANPOCTPAHCTB Hycts L - eBKmMm0BO (YHUTApHOE) IIPOCTPAHCTBO,

noanpocrpanctBo M C L. Bekrop & €L HaspiBaeTcs OpPTOrOHANILHBIM K  NOJNPOCTPAHCTBY
X,5=0

M CL, ecmn musseex £ €M (4.7 .

MHOeCTBO BCEX BEKTOPOB ~L OPTOTOHANBHBIX K MOATMPOCTpaHcTBY M Ha3pIBaeTcs OPTOrOHAJbLHBLIM

L
JAOIMOJTHECHHUEM MI/I o0o3HayaeTcs A .

O‘ICBI/I)IHO, MJ' ABJCTCA  IMMOAIPOCTPAHCTBOM  IIPOCTPAHCTBA L, IMpuiYcMm  JJId PasMCPHOCTH

M, art

MOANIPOCTPAHCTB U pa3MEpHOCTh  MPOCTPAHCTBA L cpazampl  cooTHOmEHHEM

dim (M) + dim(M) = dim(Z)

81,84 ,..

o -
HCI/ICTBI/ITCHBHO, BBI6€p€M basuc Tk MoAIpoOCTpaHCTBa M, JOIIOJIHUM €TI0 0 basuca L,

E = {?1,?2,...,?&,@&_‘_1,..

By ) 5
MOJIy4YUM . Oproronanusupyem naHHbli 6a3uc Meronom ['pamma-IlIMunra,

T = AL PR o PR o S U o
{ 1:%2 LERES ">-6asnc IIPOCTPAHCTBA L

Z3 = {Thts Tz Oy )

MMOJIyYHUM:

L =io.a,,., O
1= {000, ) - Gasuc moxmmpocTpancTa M

- 0a3uc mOANpOCTpaHCTBA
L
OpTOrOHANLHOTO fomonHenus M.
TOBOpPAT, 4TO MPOCTPAHCTBO <L sABJIAETCSA NPAMOIl OPTOrOHANBLHON CYMMOH CBOMX IOAIPOCTPAHCTB

MI/I MJ-;L=M@MJ-
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6. OcHOBHbIE MOHATHS, CBAI3aHHBbIE ¢ MHOTOWIeHaMu. Cxema I'opHepa u kopHu MHOro41eHOB. Teopema
be3y. Paziio:keHne npaBu/iLHOM JP0o0OH HA CYMMY JIeMEHTAPHBIX APo0eii.
Cxema ['OpHepa - aJIrOPUTM BBIYMCICHHS 3HAYCHUS MHOTOYJICHA, 3alIMCAHHOTO B BHJIE CYMMbI MOHOMOB,
IpH 33aJJaHHOM 3Ha4YeHUH nepeMeHHoi. Meron ['opHepa Mmo3BosieT HATH KOPHM MHOTOYJICHA, a TaKkKe
BBIYMCIIUTH TPOU3BOJHBIE MOJMHOMA B 3amaHHOM Touke. Cxema [‘opHepa Takxke SBISETCS MPOCTHIM
QJITOPUTMOM JUISL ISICHHS MHOTO4JIeHa Ha OMHOM BHJa X — C.

3agan MHOTOWIeH P(X):
P(z) = ap + a1z aox” + azx® + ... +a,2", a; € R

[Tycth TpeOyeTcs BHIYMCIUTH 3HAYCHHE JAaHHOTO MHOTOYJICHA NMPU (PUKCUPOBAHHOM 3HaueHUU X = XO0.
Hpe,D;CTaBI/IM MHorouieH P(x) B CJIC,HyIOH.[CM BHJIE:

P(z)=ap +x(ar +z(az + - - - x(an-1+ @) ...)),

Omnpenenum CIeIYIOIYIO MOCISI0BATSIbHOCTb:

bh=a, bp1=a,1+bx  bi=a+bpxr  by=ay+bx
Hckomoe 3nauenue P(xg) = by.
Hcnonb30Banue cxeMbl [opHepa Juis ieieHns MHOTOWIeHa Ha OHHOM

3

T n—1
Mpu nenenun Muorouwrena 0+ +ar + @1+ Qngg x - ¢ MI0JIy4aeTCsl MHOT'OUWIEH
n—1 n—2
box + bix ot b + bﬂ—lc OCTaTKOM by,.

IIpy »ToM  KO>()QUIMEHTH PE3YALTUPYIOLIET0 MHOTOYIECHA  yAOBICTBOPSAIOT  PEKYPPEHTHBIM
COOTHOULICHUSAM:
b = ag, bx = ax + cby1.

TakuMm xe 06pa3oM MOKHO ONPEAETUTh KPATHOCTh KOPHS (MCIONB30BaTh cXxeMy ['OpHEpa JUIsi HOBOTO
HOHI/IHOMa). Tak xe CXEMY MOKHO HCIHOJIb30BAaTb IJIs1 HAXOXJICHUS Koag)(bI/IHI/ICHTOB IIpu pa3jI0KCHUH

MOJIMHOMA II0 CTEIEHSIM X - C: (I) - '10 + '11 (I - C) + '12(3: - C) +---+ A (I - C)n

Teopema Bbe3y yTBep:knaeT, 4To OCTaTOK OT JI€JI€HHUsI MHOTOWIeHa P(x) Ha IBy4YIEeH X — a paBeH P(a).

[Tpenmonaraercs, 4To KO3PPUIUEHTH MHOTOUYIEHA COJIEP/KAaTCS B HEKOTOPOM KOMMYTATHBHOM KOJIbIIE
C eIMHUIIEH (HampuUMep, B MOJI€ BEIIECTBEHHBIX MJIM KOMIUIEKCHBIX uncen). ClencTBus:

e Uucrno a sBAsSeTCS KOpHEM MHOTOUIEHa p(x) TOT/Aa U TOJIBKO TOT1a, KOTaa p(x) nenurcs 6e3 octaTka
Ha JBY4WIEH X — a (OTCI0JIa, B YaCTHOCTH, CIEAYET, YTO MHOKECTBO KOpHEH MHOTouIeHa P(x)
TOXKJIECTBEHHO MHO>KECTBY KOPHEH COOTBETCTBYIOIIEro ypaBHeHus P(x) = 0).

e (CBoOOAHBIN YIeH MHOTOUJICHA ACIIUTCS HA JII0OOOH eIl KOPEHbh MHOTOUWICHA C LIETTBIMU
koa¢dunmenTamu (ecinu crapiuii KoaQpGUIUEHT paBeH 1, TO Bce pallMOHAIbHBIE KOPHU SIBIISIFOTCS
Y LIECJIBIMH ).

e IlycTh 0. — 1enblit KOpeHb MPUBEACHHOTO MHOToWwIeHa A(X) ¢ nensiMu kodddunuentamu. Torna
qutst moooro menoro k uyucino A(k) nenurcs Ha o-k.

Knaccuueckum mnpumepoM TNpUMEHEHHUS MeToJa HeoNpeAeaEHHBIX KOd(P(GUIUEHTOB SBISETCS
pa3joKeHUe NPAaBWIBHOM palMOHAIBbHOM JApoOM B KOMILJIEKCHOM WM BEUIECTBEHHOM 00JacTH Ha
AJIeMEHTapHbIe APOOH.

[Tyctb p(z) 1 q(z) — MHOTOWICHBI C KOMIIEKCHBIME KO3 (pHIIMeHTaMu, MPUYEM CTETICHh MHOTOYJICHA
p(z) MeHbIIE CTEIICHH MHOTOWICHA ((Z), KOO(QQHUIUCHT IIPH CTapIIeM WICHEe MHOTOWICHA ((Z) paBeH 1, zi

1 E {]‘ k}— KOPHHU MHOT'O4JICHA q(Z) C KpaTHOCTAMU (Xl, CJICAOBATCIbHO,
o]’ g O
(z):(z—zl)iz—z) oz =z )
CDyHKI_II/IH p / q mpeacTaBuMa, U TIPUTOM €AMHCTBEHHBIM 00pa30oM, B BUJIC CYMMBI JJIEMEHTapHBIX APOOeii
koo _1

=22 o

i=1j3=1

rae Ai,j — HEU3BECTHBIE IT0KAa KOMIUIEKCHBIE YMCIIA (MX YMCIO PaBHO cTeneHu q). s ux orbickaHus obe

YacTH paBEHCTBA NPUBOJAAT K o0lieMy 3HameHarento. [locie ero orOpacsiBaHUs U MPUBEICHUS B IPaBOH

4acTU NMOAOOHBIX YJICHOB IOJIYYaeTCs PaBEHCTBO, KOTOPOE CBOJIUTCSA K CHCTEME JIMHEWHBIX ypaBHEHMH
OTHOCHTEIIBHO Ajj.

[Tpumeuanue. Haxox/ieHHEe HEM3BECTHBIX MOXHO YHNPOCTHTB, €CIH ((Z) MMEET HEKpaTHble KOPHHU Zj.

ITocne yMHOXEHUS Ha Z — Zj TOCIEJHEr0 PaBEeHCTBA U MOACTAHOBKH Z = Zj HENOCPEACTBEHHO MOJIydaeM

(z — za)J
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3HAa4YEeHHE COOTBETCTBYIOLIETO KOA(PPHIIHEeHTa iF#] .
OcHoBHasi TeopeMa ajireOpbpl YTBEP)KIAAET, YTO BCAKUM OTJIMYHBIA OT KOHCTAaHTHl MHOI'OWIEH C
KOMIIIEKCHBIMU K03()(DUIIMEHTaMU UMEET 110 KpaifHel Mepe OJJUH KOPEHb B M0JI€ KOMIUIEKCHBIX YHCEI.
OKBHUBaJIeHTHAs: (OPMYIHUPOBKA TEOPEMBI CIIEAYIOIIAs: MOJI€ KOMIUICKCHBIX YHCEN ajareOpandecKu
3aMKHYTO.
HemenneHHBIM ClIeICTBUEM U3 TEOPEMBI SBJISETCS TO, YTO JIFOOOH MHOTOWIEH CTENEHU N Haj IOJIEM
KOMIIIEKCHBIX YHCEl UMEET B HEM POBHO N KOpHEH, ¢ y4€TOM KpaTHOCTH KOPHEH.
7. KommiekcHble 4ncja M JedicTBUSl HaJg HUMH. ['eomerpuueckasi MHTepnpeTanus KOMILICKCHBIX
yuces. MoayJib 1 apryMeHT KOMILIEKCHOT0 YHCJIa.
Omnpenenenne. KoMmmiekcHBIM 4YHMCIOM 7 Ha3blBacTCd BBIpaXeHWe z=a+ib, tne a u b —
JeWCTBUTENbHBIC YNCIIA, | — MHUMAs €IUHHIIA, KOTOPasi OIPEJesieTCsl COOTHOLICHUEM:
i*=-1, i=A-1L
[Ipu 3TOM umClIO @ Ha3bIBaeTCs AEHCTBUTENbHON 4YacThlO uMcia z (@ = Re z), a b- MHUMOH
yactblo (b = Im z).
Ecin a =Re z =0, TO 4yncio z OyAeT YUCTO MHMUMBIM, eciu b = Im z = (), To uucio z Oyxer
JeHCTBUTEIIbHBIM.
Onpenenenue. Yucna z =a+ib u z = a —ib Ha3pIBaIOTCS KOMILJIEKCHO — CONPS:KEHHBIMMU.

Omnpenenenne. /IBa KOMIUIEKCHBIX YMcna z, = a, +ib, ¥ z, = a, +ib, Ha3bIBAlOTCA PaBHBIMU, €CITH

COOTBETCTBCHHO PaBHBI X JEHCTBUTEIbHBIC H MHUMBIC YaCTH:
a, =a,; b, =b,;
Omnpenenenne. KoMmiuleKCHOE 4YHCIIO pPaBHO HYNIO, €CJIM COOTBETCTBEHHO pAaBHbI HYJIIO
NIEVCTBUTENbHAS 1 MHUMAs YaCTH.

a=b=0.

[ToHsTHE KOMILIEKCHOTO YMC/Ia MMEET T€OMETPUUECKOE UCTOJIKOBAHUE. MHOKECTBO KOMILIEKCHBIX
YUCCII ABIISICTCA paCH_II/IpCHI/ICM MHO>KECTBA HCﬁCTBHTCHBHBIX YHUCCJI 3a CUCT BKJIKHUYCHHUSIA MHOXCCTBaA
MHHMMBIX 4ncell. KOMIUIEKCHBIE YMClIa BKIKOYAIOT B Ce0s BCE MHOMKECTBA YKMCEN, KOTOPHIE M3YyYajHCh
panee. Tak HaTypallbHbIE, LIEJIbIE, PAUOHAIbHBIC, UPPALUOHAIbHBIC, NCUCTBUTEIBHBIC YHUCIIA SIBISIOTCS,
BOOOIIIE TOBOPSI, YACTHBIMU CIY4asiMH KOMILJIEKCHBIX YMCEIL.

ECJII/I JIIO6OC HCﬁCTBHTCHBHOC YHUCJIO MOXKET 6BITB FCOMCTpI/ILICCKI/I HpCHCTaBHeHO B BUJI€ TOYKHU HaA
YHCIIOBOM MPAMOM, TO KOMIUIEKCHOE YHMCJIO MPEACTABISAETCS TOYKONM Ha IUIOCKOCTH, KOOPIMHATAMU
KOTOpOW OyAyT COOTBETCTBEHHO [EHCTBUTENIbHAS M MHUMAas 4YacTU KOMIUIEKCHOTrO uucia. Ilpu stom
rOPU30HTANIbHASL OCh OYIET ABJIATHCH JEHCTBUTEILHON YUCIOBOM OCHIO, a BEPTUKAIbHAS - MHUMOM OCBIO.

y

A(a, b)

C nomouibIo 10100HOT0 FreOMETPUUECKOIO MTPEICTABICHHUS MOXKHO IIPEICTABIIATh YNCIIA B TAK HAa3bIBAEMOM
TPUTOHOMETPHUECKOH (hopMe.

8. Auredpamueckasi ¥ TPUTOHOMeTpHYecKast (JOPMBI 3aNMCH KOMILIEKCHBIX Yncesl. KopHu n-oi crenenn
U3 KOMILIEKCHOI0 YucJjia. PopMyJIMPOBKA OCHOBHOM TeopeMbl alredpbl.

W3 reomerpuueckux cooOpakeHUM BHUIHO, 4TO a =rcos@; b=rsin@. Torga KOMIUIEKCHOE 4YHCIIO
MO’KHO IIPEICTABUTH B BUJIE: z=a+ib=rcos@+irsing = r(cos@+isin @)

Taxas ¢popma 3anucu Ha3pIBa€TCS TPUTOHOMETPHYECKOH (POPMOI 3alIMCH KOMILJIEKCHOTO YHCJIa.
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HpI/I 3TOM BCJIIMYMHA 7 HA3bIBACTCA MOAYJEM KOMINICKCHOIO 4YHCiIa, a Yrojl HakKJIoOHa ¢ -
APryMmeHTOM KOMIIJICKCHOI'O YHCJia.

;o 9=drgz.

r= ‘z
N b

W3 reoMeTpUUECKUX COOOpaKEHUI BUIHO: r=la+ib|=~Na*+b*; ¢=Argz=arctg—;
a

O4eBUHO, YTO KOMILJIEKCHO — COMPSIKEHHBIE YHCIIAa UMEIOT OJIMHAKOBBIE MOAYJIH U MPOTHBOMOJIOKHbBIC
apryMEeHTHI.

|z| = |2; Argz=—-Argz.
JleficTBHS ¢ KOMIIJIEKCHBIMU YU CIIAMHU.
OcHOBHBIE ICUCTBUS C KOMILJIEKCHBIMU YUCIaMH BBITEKAIOT U3 ACHCTBUN ¢ MHOTOWICHAMH.
1) CnoxeHnue u BbIYUTAHUE.
z=z tz,=(a, +ib)*(a, +ib,)=(a, ta,)+i(b, £b,)

2) YMHoOxeHHe.

z=zz, =(a, +ib,)(a, +ib,) = a,a, +ia,b, +ib,a, +i’bb,
z =2z, =(a,a, =bb,) +i(a,b, + ba,)
B tpuronomerpuueckoit popme:
z =12z, = 11, (Cos(@; + ¢,) +isin(@, +9,))
C ciyuae KOMIUIEKCHO — CONPSDKEHHBIX YUCEL:

Z=(a+ib)a—ib)=a*+b* = =|2|".

3) Henenue.
z, a, +ib .
= —= —_— =X+ ly
z, a,+ib,
S (a, +ib)(a, —ib)) _(a,a, +bb)) +i(a,b —ab,) L4, +bb, +ia2b1 —a,b,
(a, +ib,)(a, —ib,) a; +b; a; +b; a; +b;

B tpuronomerpuueckoit hopme: ;= 21 = L (cos(p, — ¢,) +isin(, —¢,))
Z, n

4) Bo3BejJeHuUE B CTENEHb.

W3 onepanuu yMHOKEHHSI KOMIUIEKCHBIX YUCET CIIEYET, YTO
2% = zz = r*(cos 2¢ + isin 2¢)

B obmem cniydae nomyuuMm: z" =r" (cosn@+isin nQ), Tae n — 1eJI0e MOJI0XKUTEIHLHOE YHUCIIO.

OT0 BhIpakeHUE Ha3bIBacTcs opmyJioii Myaspa.

®opmyny MyaBpa MOXXHO HCIOJIb30BaTh [JJIsl HAXOXJACHUS TPUTOHOMETPHUYECKHX (DYHKIMN
JBOMHOTO, TPOMHOTO U T.J. YIJIOB.

5) U3BJieyeHHe KOPHS U3 KOMIUIEKCHOTO YMCJIA.

8z = 1/r(cos@+isin@) = p(cosy +isiny)
Bo3Boas B cTenens, norydnm:
p"(cosnmy +isinny) = r(cos @+ isin @)

Orcropa: pzw; ny = @+ 2nk; keZ.
— +2nk . . @+2nk
iz = 2r(cos@+isin@) = Afr cos 2T i 9T
n n
Taxum o0pa3om, KOpeHb 77 — O CTENEHU U3 KOMIUIEKCHOTO YKcia UMEET 7 Pa3IMYHbIX 3HAYCHUH.
IToka3zarenbHas GopMa KOMIIEKCHOTO YUCIIA.

PaccMOTpHM NOKa3aTenbuylo GYHKIMIO W =e";  z=x+iy.
MoO’HO MOKa3aTh, 4TO QYHKIUS W MOXKET OBITh 3aIlICaHa B BUJIE:
w=e"" =e"(cos y +isin y)
JlaHHOE paBEeHCTBO HA3bIBACTCA ypaBHeHHeM Jiiepa.  J[1g  KOMIIEKCHBIX — 4Hcel  OYAyT
CIIPaBEUINBEI CIIEAYIOLIME CBOWCTBA!

1) ez|+zz :ezlezz;
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2
2) ezw’zz :i’
e”
3) (¢)" =¢™; THOe m — LeJ0e YUCIIO.
Ecnu B ypaBHeHMHM Diiiepa mokasareib CTENEHH MNPUHATH 3a YUCTO MHUMoe uucio (x=0), To
nojyyaeM: e” =cosy+isiny
JI7151 KOMIUJIEKCHO — CONPSKEHHOTO YHCIIA ITOJIY9aeM: e » = cos y —isin y
N3 3TuX nBYX ypaBHEHUH MOIYy4aeM:
EL'V + 67“1
2

cosy=

sin y =
Y 2i

Otumu  HopMyllaMy TONB3YIOTCS JJII HAXOXICHUS 3HAYCHUH CTEMEHEH TPUTOHOMETPUICCKUX
byHKuud yepe3 pyHKIUH KPaTHBIX YIIIOB.
Ecnu mpencTaBuTh KOMILUIEKCHOE YHCIIO B TPHTOHOMETPHUYECKOH Gopme:
z=r(cos@+isinQ)
1 Bocnonb3yemcst popmyloit Diinepa: e'® = cos @ +isin @
z=re"
[TosrydeHHOE paBEHCTBO U €CTh MOKAa3aTe/bHasi (JOPMa KOMILJIEKCHOT0 YHCJIA.
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1.3. Jleknus Ne 3 (2 yaca)
Tema: «Ilpsimasi u muockoctb. Kpusbie BToporo nopsiaka. IloBepxHocTu BTOpOro mopsiaKa

1.3.1. Bonpocsl Jieknum:

1. IIpsiMast Ha JIOCKOCTH M B IPOCTPAHCTBeE.

2. IllnockocTh B TPEXMEPHOM MPOCTPAHCTBE.

3. Knaccupukanusi KpUBBIX BTOPOro NMOpsiika. JJUIMIIC, runmepdosia U mapadoJsa, HX CBOWCTBA U
KAHOHMYeCKHEe YPABHEHHUS.

4. Kuaaccupukanusi TNOBEPXHOCTEH BTOPOro MOPSAAKA. DJUIMICOMABI, MNapadoouabl H
runepo0/I0nabl, UX KAHOHHYECKHe YPABHEHHUS.

1.3.2. KpaTkoe coaep:kaHue BONPOCOB
1. [IpsiMast HA MVIOCKOCTH ¥ B IPOCTPAHCTBeE.
Kak u3BecTHO, 1100ast TOUKa Ha MJIIOCKOCTH OIIpeesieTcs ABYMs KOOpAMHATaMU B KaKoi- IN0OO cucteme
KoopauHaT. CHCTeMbI KOOPIMHAT MOTYT ObITh pa3IMYHBIMU B 3aBUCHUMOCTH OT BbIOOpa Oa3uca u Hadaja
KOOpJMHAT.
Omnpesnenenne. YpaBHeHHeM JIMHMM Ha3bIBaeTCsl COOTHOLIEHUE y = f(X) MexXIy KOOpAMHATAMU
TOYEK, COCTABIIAIOIIUX 3Ty JIUHUIO.
OTMeTHM, 4TO ypaBHEHHE JIMHUU MOXET OBITh BBIPAKEHO MapaMeTPUUYECKHUM CIIOCOOOM, TO €CTh
KaXkJlasi KOOpJAMHATa KaX/I0W TOUKH BBIPAKAETCSA Yepe3 HEKOTOPhI HE3aBUCUMBIN TapameTp .
XapakTepHbIi pUMEp — TPACKTOpHUs ABUXKYIIEHCcS TOYKU. B 3TOM ciydae posips nmapamerpa Urpaer
BpeMsL.
Omnpenenenue. JIro6as npsimas Ha MIIOCKOCTH MOKET OBITh 3a7laHa YpaBHEHHEM MEPBOTO MOPSAIKA
Ax+By+C=0,
IpUYeM MOCTOSIHEBIE A, B He paBHBI HyTIO OHOBpeMeHHO, T.e. A> + B? # 0. D10 ypaBHEHHE TEPBOrO
MOPsIIKA HA3bIBAIOT OOIIMM YPaBHEHHEM MPSIMOii.
B 3aBucumocTtu ot 3HaueHui nocToaHHbIX A,B 1 C BO3MOXHBI ClIe1yIOIINE YACTHBIE CIyYau:
- C=0,A#0,B#0—npsamas npoXoJuT yepe3 Hayauo KOOpAUHAT
- A=0,B#0,C#0 { By + C=0}- npsamas napamienpsa ocu Ox
- B=0,A#0,C#0 { Ax + C =0} — npsmas napauienbHa ocu Oy
- B=C=0, A#0-npamas coBnaaaer ¢ ocbto Oy
- A=C=0,B#0-npsamas coBnanaer ¢ ocsio Ox
VYpaBHEHHE MPSAMON MOXKET ObITh IIPEJCTABIEHO B PA3JIMYHOM BUJE B 3aBUCUMOCTHU OT KaKUX — JIN0O
3a/IaHHBIX HAYaJIbHBIX YCIOBHI.
Omnpenenenne. B nexapToBoil npsMOYyrojapHOM cHUCTEME KOOPAMHAT BEKTOP C KOMIIOHEHTaMH (A,
B) nepnenaukynsapen npsmoii , 3aianHoi ypaBaeHueM Ax + By + C = 0.

Ecnu o6miee ypaBnenne npsmoit Ax + By + C = 0 npusecTu K Buty: = _g x _%
u obosmaumts _ A _ k: _C_ b; me. y=hkc+h> TO TIOIYYEHHOE YPAaBHEHHE HA3bIBACTCS YpaBHEHHEM

B B
NPAMOM € YIJIOBBIM KO3(ppuuueHToM K.

Omnpenesenne. Kaxapiii HeHyneBoi BeKTOp d (0, 0), KOMIIOHEHTHl KOTOPOTO YJOBJIETBOPSIOT
ycioBuio Aay + Ba, = 0 HazbIBaeTCsl HANPaBISIIOIIMM BEKTOPOM MPSMOM

Ax+By+C=0.
Ecnu B oOmem ypaBuenuu mnpsimod Ax + By + C = 0 C # 0, T10, pazmenuB Ha —C,
nomyunm: _ 4, B _ywmm XY _yre . €, C
c cC a b A B

I'eomerpuueckuil cmbicia KO3()pPUIMEHTOB B TOM, YTO KO3((UUMEHT a SBIAETCS KOOPAMHATOM
TOUKHU IepeceueHust MpsiMoii ¢ ocbto OX, a b — KOOPAMHATON TOUKM IepeceueHust npsiMoi ¢ ocbio Oy.
Omnpenenenne. Ecnu 3ananbl e npsamele y = kix + by, y = kox + by, To ocTphlil yron mexay

3TUMHU HpSIMBIMI/I 6y,HeT OHpeI[CJISITBCSI KaK p ky =k |.
1+ k,k,

JIBe npsiMble napaiienbHbl, eciau ky = ko.
JIBe mpsiMbIe MepIICHIUKYISApHBI, ecau k; = -1/ko.
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Teopema. Ilpsmsie Ax + By + C =0 u A;x + B;y + C; = 0 napannenvusl, koc0a nponopyuoHaIbHul
kosgppuyuenmor A; = AA, B; = AB. Ecau ewe u C; = AC, mo npsmwvie cosnaoaiom.

KoopauHatel TOYKM MepeceyeHus MBYX MPAMBIX HAXOJATCS KaK peIIeHHe CHCTEMbI JBYX
YPaBHEHHH.

Omnpenenenune. [Ipsmas, npoxoasimas yepe3 ToUky M (X, yi) ¥ NEPHEHAUKYISIpHAs K MPAMON y =

1
kx + b npencrasnsercs ypaBHeHUeM: y —y, = ——(x—X,)

k
Teopema. Ecnu 3adana mouxa M(xg, yy), mo paccmosnue 0o npawou Ax + By + C =0
onpeoensiemcs KaKk - |x, + By, +C|.
Va4t + B>
OOurre ypaBHEHHS IPSIMOI B TPOCTPAHCTBE. VYpaBHEeHUE MNPSIMONH MOXKET OBITh PACCMOTPEHO Kak
YpaBHECHHE JTMHHUH [IEPECCUCHUS ABYX ILIOCKOCTEH.
Kak ObI0 pacCMOTPEHO BHIIIIE, TUIOCKOCTh B BEKTOPHON JOpME MOXKET OBITh 3a/1aHa YPaBHECHHEM:

]\7-17+D=0,rz[e

N - HOpMaJIb ITIJIOCKOCTH; V- paaunyc- BEKTOp HpOHSBOJ’ILHOﬁ TOYKH IIJIOCKOCTH.

ITycte B mpoctpaHcTBe 3aaaHbl aBe muiockoctu: N, -7+ Dy = 0 u N, -7+ D, = 0, BekTOpHI

HOpMaJu UMEIOT KoopauHatsl: N, (A, By, C1), N, (A, By, Co); 7 (X, y, 2).

Torpa obuue ypaBHEHHS NpSIMOI B BEKTOPHOI popme: (N .7+D, =0

{E F4D,=0
OO6mue ypaBHEHHsI IPSIMOW B KOOpAMHATHOU popme: {AIHBI,V +Cz+D =0
A, x+B,y+C,z+D, =0

[TpakTryeckas 3a1a4a 4acTO COCTOUT B MPUBEICHUHN YPaBHEHHM MPSAMBIX B O0IIEM BUJIE K
KaHOHUYECKOMY BHY.

Jlns 3TOrO0 HAaJ10 HAMTH NPOU3BOJIBHYIO TOUKY MPAMOW U YUCiIa m, n, p.

[Ipn 3TOM HampaBiAOIUN BEKTOP HPSIMOM MOKET OBITh HalJIEH KaK BEKTOPHOE MPOU3BEICHUE
BEKTOPOB HOPMAaJIU K 3aJJaHHBIM IUIOCKOCTSIM.

i ik
S o / B G| L4 C| 4 B - < 7
S=N,xN,=|4, B, C/|=i -J =im+ jn+kp.
A B C BZ CZ AZ CZ AZ BZ
2 2 2

2. Ill1ockocTh B TPEXMEPHOM MPOCTPAHCTBE.
TEOPEMA: VpaBuenue Ax+By+Cz=0,tne A4, B u C — HeKOoTOpble AeWcCTBUTEIbHBIC UKca (HE

oOpamatorcs ofHOBpeMeHHO B (), 3a1aeT B IPOCTPAHCTBE TOBEPXHOCTb.
OO6parHoe yTBepkIeHue Toxe BepHO: J[I00YyI0 MOBEPXHOCTH B MPOCTPAHCTBE MOXHO 33JaTh YpaBHECHUEM
Buga Ax+By+Cz=0.

—_

Hanpasnsiowum eexmopom P IUIOCKOCTU HAa3bIBACTCA BECKTOP, ne;xalunﬁ B 9TOM IIOCKOCTU WIIM B

IUIOCKOCTH, TapaJlJIEIbHOM €H.

B

S

3ameuanue: MOXHO A0Ka3aTh, YTO HAIIPABJISAIOIIUN BEKTOP UMEET KOOPIAUHATHI

P =(~B; 40)
TEOPEMA: Jlist  Toro, 4YTOOBI BEKTOP ; =(a;f;y) OBIT HaNPaBISIIONIUM IS TIOCKOCTH
Ax + By + Cz = 0, He00X0IMMO H JOCTaTOYHO, YTOOBI BBINOJIHSAIOCH PABEHCTBO Aq + B +Cy =0
Pacrniono)xeHne miocKocTH Ycnosue OO61iee ypaBHEHHUE MIIOCKOCTH
1) I[TpoxoauT uepe3 Hauaa0 KOOpJAUHAT. D=0 Ax+By+Cz=0
2) 7| ox A=0 By+Cz+D=0
3) 7| oY B=0 Ax+Cz+D=0
4 z|oz C=0 Ax+By+D =0
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5) = npoxoaut uepe3 ocb OX A=0; D=0 By+Cz=0

6) 7 mpoxoaut yepe3 ocb OY B=0; D=0 Ax+Cz=0

7) = mpoxoaut uepe3 ocb OZ C=0; D=0 Ax+ By =0

8) 7 | mmockoctn XOY A=0; B=0 Cz+D=0 (z=h)
9) 7 | mmockoctn YOZ B=0;, C=0 Ax+D=0  (x=h)
10) 7 | mmockoctn XOZ 4=0; C=0 By+D=0 (y=h)
11) 7z coBmamaer ¢ mmockocthio XOVY A=0; B=0;, D=0 Cz =0, z=0

12) # coBmagaet ¢ miockocteio YOZ B=0, C=0; D=0 Ax =0, x=0

13) # coBmagaet ¢ miockocteio XOZ A=0; C=0; D=0 By =0, y=0

1) Touka O(0;0)e 7 = A-0+B-0+C-0+D=0= D=0

) r|ox = i=(00)|7 = A4-1+B-0+C-0=0= A=0

Sy o5 opoomT gepes ook 0¥ = 000N esr = D=0
i=(L0n s = A=0

2

L1

)
I

aox || mrocEoeTH X0V = E=(1-’|:|-,|:|)"ﬂ = A=10

F=@Lr = 8 =0

i ¥
¥ 4

9 7=X0Y = i=(00)|z = 4=0, j=@10)|z = B=0, O0:0)cr= p-o

BekTop n Ha3bIBaeTCA HOPMANbHbIM 8eKIMOPOM TIIOCKOCTH, €CIIN OH MEPIEHIUKYISIPEH ITOH MIOCKOCTH.
OueBHIHO, 4YTO KaxkJas IUIOCKOCTh HMMeeT OECUMCICHHOE MHOXKECTBO HOPMAJBHBIX BEKTOPOB,
HapajuIeIbHBIX MEXY COOOH.

, I
AN

TEOPEMA: Ecnu miockocTh 7 3agaHa oOmuM ypaBHeHHMeM Ax+ By+Cz+ D =0, TO BeKTop

‘ 1= (4:B;C) ‘ SBIIIETCA HOPMaJIbHBIM BEKTOPOM IIJIOCKOCTH 7T .

Paccmorpum ITIJICK u B Helt Touky M (x,;¥,52,) u n=(4;B;C). CoctaBuUM ypaBHEHUE ILUIOCKOCTH,
IIPOXOALIEH Yyepe3 TaHHYIO TOUKY C JAHHBIM HOPMaJIbHBIM BEKTOPOM.

In Bospmem rommy MU x,pi2) € 7. PacenoTprma sextop MM = (x - 28 — ¥ 2 - 2

T.K. MMes = n| MM = MM n=0

3anuiieM B KOOpJIWHATHOH (opme: ‘ A(x—x)+B(y—y,)+C(z—2,)=0 ‘

CocTaBuM ypaBHEHHE INIOCKOCTH, NTpoxosmielt yepes Touku M, (x;;1,52), M,(x,;3552,), M5(X5515525),

Bo3bMeM Ha MII0CKOCTHU NIPOU3BOJIBHYIO TOUKY M (x;y;z). [loctpoum BekTOpel M M, M,M,, MM,

_ .

Torma  mx KoOpaMHATHI MM (x=x;y=yiz=2), M\M,(x, = X3, = 1132, = 2), MM (x5 = X5y = 1323 — 7))
Bocmosb3yemest Mpu3HaKOM KOMILUIAHAPHOCTH BEKTOPOB, MOTYYHM:

L I A - YPaBHEHHE INIOCKOCTH, IPOXOAIIEN Yepe3 TPU JaHHBIE TOUKHU.
Xo=X Va=» Z,—z|=0

X=X Vs=V  Z37%

YcoBue napanjieJbHOCTH U NePHeHAUKYISIPHOCTH II0CKOCTel
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—

¢ CUIM 7, || T, < n| n, = HXKOOPJAWHATHI IPOIIOPIHOHATIBHBI.

- - A B C
Ecmu n, =(4;;B;C,)) u n,=(4,;B,;C,), 10 —L=—"=—1

1 (1 1 1 2 2 2 2) A2 32 C2
e com oz | o m | m= non=0= Ad+BB,+CC,=0

PaccrosiHue OT TOYKH 10 INIOCKOCTH
Paccrosane ot toukm M (x,;),52Z,) A0 ILIOCKOCTH nw:Ax+By+Cz+ D =0 onpenensercsa 1o

dbopmyre:

|Ax, + By, + Cz, + D ||

NA*+B* +C? ‘

3. Knaccupukanusi KpUBBIX BTOPOro NMOpsiika. JJUIMIIC, runepdosa U mapadoJsa, HX CBOMCTBA U
KAHOHMYeCKHEe YPABHEHHUS.

KpI/IBBIe BTOpPOro IMmopdaaKa - 3TO JIMHAUKM Ha INIOCKOCTH, KOOPAWHATBI TOYCK KOTOPBIX CBA3aHBI
YPaBHEHMSIMH BTOPOW CTENEHUM OTHOCUTENIBHO X M Yy B JEKapTOBOM cucTeMe KoopauHar. Paccmorpum
CJIEAYIOLIME BUbI KPUBBIX BTOPOTO MOPSIIKA: OKPYKHOCTb, JJUIUIIC, runepOoa u napadoa.

OKpY>XHOCTb - 3TO COBOKYIHOCTb TOYEK Ha IIOCKOCTH, PaBHOYJAJICHHBIX OT OHOM (PUKCHPOBAaHHOM

Touku (ueHTpa). PaccrosiHue OT TOUKM, JeXKallell Ha OKPYKHOCTH, /10 LIEHTpa HAa3bIBACTCS PaJIlyCoOM
OKPY>KHOCTH.

d

¥ ¢

Yo |..

; #

O
Kanonunueckoe ypaBHEHHE OKPY)KHOCTH uMeeT BUJI:
2 2 2
(x=x,)"+(y=y,)" =R", 20e M(x,,y,)-1eHTp OKpyXHOCTH, R —paguyc.
DJUIMIICOM HAa3bIBACTCS TEOMETPUYECKOE MECTO TOYEK, JUIsi KOTOPBIX CyMMa PacCTOSIHHN /0 JBYX

(DUKCHPOBAaHHBIX TOYEK IUIOCKOCTH, HA3bIBa€MbIX (DOKYyCaMH, €CTh IOCTOSHHAs BEJIMYMHA, OOJbINasi, YeM
paccTosHue MEXIy (POKyCaMH.

[TocTostHHYI0O CyMMY pacCTOSTHUN MPOU3BOJIBHOM TOYKHU 3JUIMICA 10 (POKYCOB MPUMATO 0003HAUATh
yepe3 2a. Dokychl umnca obo3HavaroT OykBamu F) u F,, paccrosHue Mexnay HuMH - yepe3 2c. Ilo
OTpeAESICHUIO AUIUICa 2a > 2¢ Win a > C.

»

Yo fanns

"

0
Hannas durypa obnagaer JByMsl OCIMU CI/IMMeTpI,:InI/I Y LICHTPOM CUMMETpPHHU.
Ecmu ¢okycsl (F, u F,) pacnonoxkeHHble Ha IpsAMOH, mapamienbHoil ocu OX, TO KaHOHMYECKOE
YpaBHEHUE JUIUIICA UMEET BUJI
(x_xo)2 4 (y_yo)2
a’ b’

3neck Touka A(x,;Y,)- LUEHIp UIUICa, @ u b - Oonblas U Manas NoIyocH >yumica. DoKychl ILIUIICA

=1

F, u F, pacronoeHbl B TOUKaX, yJIAICHHBIX Ha PACCTOSHUM ¢ =+/a’ —b” oT uentpa sumrca. OTHONIEHHE

C
— Ha3bIBACTCA SKCHCHTPHUCUTCTOM 3JIJIUIICA U 00o3Hayaercs ¢ .
a

Fl/mepﬁo.ﬂoifl Ha3bIBACTCA I'COMECTPHYCCKOC MCCTO TOYCK, MJIA KOTOPBLIX PAa3HOCTb paCCTOHHI/Iﬁ J0 ABYyX
q)HKCI/IpOBaHHBIX TOYCK IINIOCKOCTH, HAa3bIBACMBIX q)OKycaMI/I, CCTb NIOCTOsAAHHAs BCIIMYMHA, YKa3aHHAA Pa3sHOCTb
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Oepercst 0 a0COIIOTHOMY 3HAuU€HHUIO U 0003HauaeTcs 0ObIYHO uepe3 2a. Pokychl runepoosbl 0003HaYa0T
OykBamu F| u F, paccrosiHue MexIy HUMH - yepe3 2c. [lo ompenenenuro runepoomsl 2a < 2¢ wm a < .

HanHas ¢urypa Takke o0nagaeT AByMs OCAMU CUMMETpUM U UeHTpoM. Ecim ¢okycel F|, u F,
pacrosioxkeHsl Ha ocu Ox, TO €€ KaHOHNYECKOE YPaBHEHUE UMEET BUJL
(x_xo)2 _ (y_y0)2
a’ b’
3neck Touka A(x,; y,)- LEHTp runepoonsl, a u b - AeHCTBUTENIbHAS U MHMMasi OITYOCh.

=1

HpHMBIC y= +—X SBISTIOTCS aCUMITOTaMU FI/II'Iep6OJ'IBI.
a

ITapa0oJioii Ha3bIBacTCA I€OMETPUYECKOE MECTO TOYEK, ISl KaXIOM W3 KOTOPBIX PACCTOSHUE IO
HEKOTOpOH (PUKCUPOBAHHOM TOYKM IIOCKOCTH, Ha3blBaeMOM (DOKYCOM, PaBHO PACCTOSHUIO 1O HEKOTOpOM
(bUKCHPOBAHHOM NPSIMOH, Ha3bIBAEMOH JTUPEKTPHUCOH.

®doxkyc napabdosisl 06o3Hauaercst OykBoil F, paccrosiHue ot ¢okyca 10 JUpeKTpucsl - OykBoit p. Yucio
P Ha3bIBAeTCs MapaMeTPOM MapaboIIbl.

@urypa obnanaer ocbto cumMmMmerpun. Eciu nupekrpuca napadons! nepnenaukyssipHa Ox (Ox - ocb
CUMMETPHH), TO ypaBHEHHE N1apadOoJIbl UMEET BUL

2

(y=y,)" =2p(x—x,), TAC P - paccTosiHUE OT (HOKyca NO AUPEKTPHUCHI, TOUKA (Xo; Yo) - BEPIIMHA
apadoJIbL.

p

VYpaBHEHHUE JUPEKTPUCHL: X = X, 5

p.
DoKyc B TOUKE F(x0 + E,yo .
Ecnu Oy - ocb cummeTpuu, TO ypaBHEHUE — 1apaboibl  MMEET  BU:

(x—x,)> =2p(y—y,) . YpaBHEHHE IUPEKTPUCHL: ¥ = ¥, —g. @dokyc B TOUKE F[xo;y0 + gj

Hapationa

4. Kuaaccupukanusi TNOBEPXHOCTEH BTOPOro MOPSAAKA. DJUIMICOMIABI, mNapadojouabl H
runep00JI0uAbl, X KAHOHUYeCKHe YPaBHEHM.

IToBepXHOCTB B IPOCTPAHCTBE, KAK IIPaBUIIO, MOXHO pacCCMaTpPUBaTh KaK FEOMETPUUECKOE MECTO
TOUEK, YAOBJIETBOPAIOLINX KAKOMY-JINOO YCIOBUIO.
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TpsiMoyronbHas cuctema Koopauaat VI B IpOCTpaHCTBE MO3BONIET YCTAHOBUTD B3aHMHO
OJITHO3HAYHOE COOTBETCTBHE MEX/y TOYKAMHU IPOCTPAHCTBA U Tporikamu yucen -, ¥ u £ - ux
koopauHatamu. CBOICTBO, 00IIee BCEM TOYKAM ITOBEPXHOCTH, MOYKHO 3alMCaTh B BUJC yPaBHEHHUSI,
CBSI3BIBAIOIIETO KOOPANHATHI BCEX TOUCK MOBEPXHOCTH.

YpaBHeHHeM JAHHOI ITOBEPXHOCTH B IPSAMOYTONBHON cucTeme Koopamuar OWZnaswiBaercs Takoe

el . _l_ A
| Al |5V

Ea - o
ypaBHEHHUE | ¢ Tpems epeMeHHbIME <, ¥ 1 <, KOTOPOMY yJOBJIETBOPSIIOT KOOPIUHATHI KAXKIOMH
TOYKH, JeXKallel Ha MOBEPXHOCTH, M HE YIOBICTBOPSIOT KOOPAMHATHI TOYEK, HE JIEKALIMX HA ITOH
noBepxHocTu. [lepemennbie -, ¥ u £ B ypaBHEHHU MOBEPXHOCTH HA3bIBAIOTCS TEKYIIUMH KOOPAHUHATAMH

TOYCK IMOBCPXHOCTH.

HOBCpXHOCTI/I BTOPOTO IOpsAlKa — 3TO IMOBCPXHOCTHU, YPABHCHHUSA KOTOPLIX B HpHMOYFOHLHOﬁ
CUCTCMC KOOPAWHAT ABJIAKOTCA YPABHCHUAMU BTOPOI'O MOPAAKA.

[MuIMHAPUYSCKMMH IOBEPXHOCTSIMUA  HAa3bIBAIOTCS IMOBCPXHOCTH, 06p330BaHHI>I€ JINHUAMU,

HapajuleIbHBIMU KaKoi- 1100 GUKCUPOBAHHOMN NMPSAMO.
2 2

X o
—+ Y > = 1 - JJUIMNTHYICCKUH LHIHHP

a b

¥ y* - TUNEPOOINYECKUN IUTUHD.

PR

2

X° = 2py — napabonuuecKuil HUIMHID.

[ToBepXHOCTD, ONMKMCHIBaEMasi HEKOTOPOU JTMHUEH, Bpallalomelicss BOKPYT HEMOABMKHOM TIPSIMOH d,
Ha3bIBAETCS IOBEPXHOCTHIO BPALLIEHUS C OCBIO BpallleHUs d.

Ecii ypaBHEHHE TOBEPXHOCTH B IPAMOYTONBHOMN CHCTEMe KOOpAMHAT umeeT B F(x> + y2, z) =0,
TO 3Ta MOBEPXHOCTb — IMOBEPXHOCTh BpallleHUsl ¢ OCblo BpalieHus Oz. AHaJIOTrMYHO: F(x> + 72, y)=0 -
OBEPXHOCTb Bparenns ¢ ockio Bpamtenns Oy, F(z2 + y%, X) = 0 — MOBEPXHOCTh BPAIICHHS C OCHIO
BpaiueHus Ox.

2 2
% + £ = 1 - DIUIMICOMJ BPALICHHSI

a c
2 2 2
Y *t Y Z  _ | -OZHONOJOCTHBIN rUIEpPOOIOU T BPAIIECHHS
a 2 C 2
¥+ yz 72 .
== - == -1 - ABYHNOJOCTHbI 'UIIEPOOIOH BPALCHHSL
c
x? + y?
2 T F _ 2, -mapaboyiou] BpalieHuUs
p

OI[HaKO, MEPCUUCIICHHBIC BbIIMIC MOBCPXHOCTU ABJIAKOTCA BCCro JIMIIb YAaCTHBIMU ClIydasdiMU
HOBCpXHOCTCﬁ BTOPOT'O IMOpsAJaKa 06[1161"0 BHUa, HCKOTOPbBIC THUIIbI KOTOPbIX PACCMOTPCHBI HUKC!

Coepa: (—a) Hy-b Hz— =

2 2 2
X y z

TpexoCHBIN AITUIICONU; —+ —+ — =1
a b c
X 2 2 z 2
OHOMNOMIOCTHBIN TUTIEPOOTION: — + Y — - =1
a b c
o x?2 2 72
JIBymonocTHeli runepbogon: >, Y 2
a’ b? ¢’
2 2
o .
OIIMNTHYCCKHiT MapaboIoun: X | Y _ 5. .50 550,450
P 4
o 2 2
I'mnepOonnyeckuii napadomona: X~ _ YV~ _ 5
p q
Kowuyc Broporo mopsiaka: *°  v° z° _
a? b? c?
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1.4. JIekuus Ne 4 (2 yaca)
Tema: «1IpogyKTHBHOCTH HEOTPULIATEILHBIX MATPHL. Moaeab MHOI00TPac/1eBOi IKOHOMUKH
JleonThEBA»

1.4.1. Bonpocsl JieKum:

1. CoOcTBeHHbIE 3HAYCHHSA U COOCTBEHHbIE BEeKTOPbI HEOTPHULATEIbHBIX MAaTPHII.
2. IIpoayKTHBHOCTH HEOTPUIIATEIbLHBIX MATPHIL.

3. MopeJsib MHOT0OTpAac/1eBOi IKOHOMHUKH JIeoHTHEBA.

4. llpoaykTuBHbIE MOJeU JIeOHTHEBA.

5. Pa3iiuuHble KpUTEPUH MPOXYKTUBHOCTH Mojiesin JIeoHTheBA.

1.4.2. KpaTkoe coaep:kaHue BONPOCOB
1. CoOcTBeHHbIE 3HAYCHHSA U COOCTBEHHbIE BEeKTOPbI HEOTPHLATEIbHBIX MAaTPHII.
Onpenenenune: Ilycte L — 3amanHoe n- mepHoe nmHelHOe mpocTpaHcTBo. HenyneBoii Bektop x € L
Ha3bIBAETCSI COOCTBEHHBIM BEKTOPOM JIMHEIHOrO npeoOpa3oBaHusi A, €ClIM CYIIECTBYET TaKO€ YMCIIO A,
YTO BBITIOJHSIETCS PaBEHCTBO: A X = Ax .

IIpu 3TOM 4YMcIO A Ha3bIBAE€TCs COOCTBEHHBIM 3HaYe€HHeM (XapaKTepHCTHYECKHMM YHCJI0M)
JMHEHHOro mpeoOpa3oBaHus A, COOTBETCTBYIOIIEIO BEKTOPY X .

Omnpenenenne: Ecnu nmueiiHoe mpeoOpazoBanue A B HEKOTOpoMm Oasuce e, ,e, ,...,€, HMEeT
ay  ap a, o o
marpuuy A = |, , . |, TO COOCTBCHHbIC 3HAYEHNs JIMHEHHOrO NMpeoObpasoBaHus A MOXKHO HaiTH
a, a4, a,,
KaK KOPHU Aj, A2, ... ,Aq YPAaBHEHUS:
a, -4 ap, a,
a a,, —A a
21 22 2n — 0
a, a,, e a,, = A

OTO ypaBHEHHE HAa3bIBAECTCS XAPAKTEPHUCTHYECKUM YpaBHEHHMeM, a €ro JieBas 4acTb-
XapaKTePUCTHYEeCKHM MHOI04J1eHOM JMHEHHOro npeodpazoBanus A.

Crnenyer OTMETUTh, YTO XapaKTEPUCTUYECKUI MHOTOWIEH JUHEHHOro Npeodpa3oBaHMs HE 3aBUCHUT
oT BbIOOpa Oa3zuca.

PaccmoTpum uacTHbli caywaid. Ilycte A — HekoTopoe JMHeHHoe IpeoOpa3oBaHUE IIIOCKOCTH,

MaTrpuila KOTOPOro paBHa (au @, ] Torma nmpeoGpasoBanue A MOXeT ObITH 3a1aH0 (OpMyIaMu:
ay 4y

(an alZ] (xl j _ [xfj; {xf =4,X, T4, g gexoropoM Gasuce e, e, .
Gy Ay )\ X, X Xy =y X, +ayX,
Ecnu npeoOpa3oBanue A nMeeT COOCTBEHHBIN BEKTOpP C COOCTBEHHBIM 3Ha4€HHEM A, TO AX = AX .
{x; =Ax, = ayx, +apx, WIN {(an —A)x;+apx, =0
Xy = A, =ayx, +ayx, Ay Xy +(ay —A)x, =0
T.k. cOOCTBEHHBII BEKTOP X HEHYJIEBOH, TO X; U X2 HE PAaBHbI HYJIIO OAHOBpeMEeHHO. T.K. AaHHad
CHUCTEMa OJHOPOJIHA, TO JJISl TOr0, YTOObI OHAa MMe€Ja HETPUBMUAIBHOE PEIICHHUE, ONPEAEIUTEIb CUCTEMbI
JOJKeH ObITh paBeH Hy/r0. B mporuBHOM cityuae mo mpaBuiny Kpamepa cucrtema umeer eIMHCTBEHHOE
pellIeHne — HYJIEBOE, UTO HEBO3MOXKHO.

a, -4 a, 2
=(ay —Way, —A)—ana, =4 —(ay, +ay)d+(a,ay, —apay)

a Ay
[lonyyeHHOoe  ypaBHEHHE  SBISETCS  XAPAKTEPUCTHYECKMM  YPaBHEHHEM  JIMHEHHOro
npeodpazoBaHus A.
Takum 00pa3zom, MOXKHO HalTH COOCTBEHHBIN BEKTOp X (X, X2) JIMHEHHOro npeoOpazoBaHus A c
COOCTBEHHBIM 3HAUYEHUEM A, I7I€ A - KOPEHb XapaKTEPUCTUUECKOTO YPABHEHMUS], @ X| U X2 — KOPHU CUCTEMBbI
YpaBHEHUH IIPU MOJCTAHOBKE B HEE 3HAUECHUSI A.
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[loHATHO, 4YTO eciu XapaKTEPUCTHUYECKOE YPaBHEHHE HE HMMEET JCUCTBUTEIBHBIX KOPHEH, TO
JTUHEeWHOoe peodpa3oBaHue A He UMeeT COOCTBEHHBIX BEKTOPOB.
Crnenyer OTMETHTh, YTO €CJIM X - COOCTBEHHBIH BEKTOp MpeoOpa3oBaHus A, TO U JII0OOOH BEKTOP
€My KOJUJTMHEAPHBIN — TOKEe COOCTBEHHBIHN C TEM K€ CAMbIM COOCTBEHHBIM 3HAYCHUEM A.
HevictButenbHo, A(kx) = kAx = kAx = A(kx). Ecnu ydecTb, 4TO BEKTOpPbI UMEIOT OJHO HA4aJio, TO
3TH BEKTOPBI 00Pa3yIOT TaK Ha3bIBAEMOE COOCTBEHHOE HANPABJIEHUE WU COOCTBEHHYIO MPSMYIO.
T.K. XapakTepUCTUUYECKOE YPAaBHEHHE MOXKET UMETh JBA PA3IUYHBIX JEHCTBUTEIBHBIX KOPHS A| H
A2, TO B 3TOM CJIy4ae INPHU IMOACTAHOBKE HUX B CHUCTEMY YPaBHEHHUU IMOJIYYHMM OCCKOHEYHOE KOJUYECTBO
pelIeHHUi. (T.x. ypaBHEHUWs JIMHEWHO 3aBUCHMBbI). ODTO MHOXECTBO pEUICHUW OIpeAeysieT IBE
coOCTBEeHHbIE NIPSIMBbIeE.
Ecnu xapakTepucTHYEeCKOEe ypaBHEHUE MMEET JIBa PABHBIX KOPHSA A = A, = A, TO JMOO UMeeTcs
JUIIb OJJHA COOCTBEHHAs MpsiMas, MO0, €CIU MPH MOACTAHOBKE B CHCTEMY OHA MPEBPAIIACTCS B CUCTEMY
0-x,+0-x, =0
BUJIA: . DTa cucTtemMa yAOBJIETBOPSET JIIOOBIM 3HAYCHHSAM X| W Xp. Tormga Bce BEKTOPBI
0-x,+0-x, =0
OyayT cCOOCTBEHHBIMHU, U TAKOE IIPE0Opa30BaHNEe Ha3bIBacTCs MPeodpa3oBaHueM MOJ00HA.
Paccmotpum apyroit yactHeli cayyail. Eciu X - cOOCTBEHHBIN BEKTOP JMHEHHOIO TpeoOpa3oBaHus
A, 3aJJaHHOTO B TPEXMEPHOM JIMHEHHOM MPOCTPAHCTBE, a X, X2, X3 — KOMIIOHEHTHI 3TOT0 BEKTOpa B

—_— — —

HEKOTOpOM 0Oasuce e, e,,e;, TO  x =Jx; x,=Ax,; x,=A, THAE A - COOCTBEHHOE 3HAYCHHE
(XapakTepucTUUECKOe YUCIIO0) TpeoOpa3oBaHus A.
Ecmu marpuna nuHeidHoro npeodpasoBanus A UMEeT BUIL:
a a

a Ax, =a,x, +a,x, +a;,x,

1 24 o
A=|ay ay, ay Axy =@y X + Ay X, + a5,
a3 4y Ay AXy = a3 X, + Ay X, +dyX,
. |9 -4 ap a
XapakTepucTHYeCKoe ypaBHEHHUE:
ay ay -4 a, |=0
ay, as ay =4

PackpeIB ompeznenuTenb, TOTydYuM KyOndeckoe ypaBHEHUE OTHOCUTENbHO A. JIroboe kyOuueckoe
YpaBHEHHUE C AEHCTBUTEIbHBIMU KOAPPUIIMEHTAMU UMEET JINOO OAMH, JTUOO0 TPU IEHCTBUTEIBHBIX KOPHSL.
2. IIpoayKTHBHOCTH HEOTPUIIATEIbHBIX MATPHIL.

Onpeoenenue 1. Marpuna D = "dl- j" , ynosierBopstomas yciosuro d;j < 0; mpu Bcex 1 # j,

Lj=1mn
Ha3bIBAETCS POAYKTHBHOM, ecin cymectByer X == () rakoi, uro Dx = 0.

, ynosuerBopsomas ycnosuio dij < 0; mpu Bcex 1 # j,

Onpedenenue 2. Marpuna D = ||d1'f"1'f=1n

Ha3bIBaeTCS MPUOBUILHOM, ecin cymectsyer P = 0 takoit, uto DTp = 0.

Teopema 1. Tlycte marpuua ynosuersopsier ycinouio di < 0 mpm Beex 1 # j. Torma cuenyrompme
YTBEPKICHUS SKBUBAJICHTHBI:

1. cymecrsyer X = 0 Takoit, uro Dx > 0 (mpomykruBHOCTE);

st mo6oro @ = 0 cymecrsyer ¥ = 0 Takoit, uro D= ;

MMOCJICJOBATCIIbHBIC I'NITABHBIC MUHOPBI MATPHUIIbI D IMOJIOKHUTCJIbHEI,
BCC INIaBHBIC MUHOPBI MAaTPUIIBI D ITOJIOXKUTCIIbHBI,

cymectayer P = 0 takoit uro DT > O (npubbuIbHOCTE);

anst moGoro 7T = () cymectsyer P = () Takoit, uro DTH=TT ;

T0CTIE/[0BATE bHbIC [IABHBIC MHHOPHI MATPUIIBI D' 110710XKHUTETbHBIC;
BCE IVTABHBIC MHHOPBI MATPHIIBI D' [ON0KUTEIBHEL;

MaTtpuna D HeoTpunarensHo oOpatuma, T.€. cymectsyer D-1 > 0.
Teopema 2. Ilyctb A - HeoTpuLaTenbHas KBaJgpaTHas MaTpuua. Toraa:

Wy kv

k+1
1. Ecam MaTpuna (pE - A) HCOTpUIATCIIbHO 06paTI/IMa, TO p >0un paa w=0 CXOOUTCA U €ro Cymma
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paBHa (pE - A)-1.

2. Ecnu psag k=o’ cxoautes u p > 0, To marpuna (pE - A) HeoTpuaTenbHO oOpaTuMa.

3. Moaejab MHOT0OTpac/ieBoii IKOHOMHUKHU JIeoHTheBa.
Paccmotpum Moaens MexayHapoIHONW TOProBIU (MOAETs OOMEHA) B BHJIe MAaTEMAaTUYECKOI MOJIEIH.
ITycts nmMeeM n ctpaH - S, S,, ...,S, , HAIMOHAIBHBIM JOXOX KaXA0M U3 KOTOPBIX PaBEH X, X,, ..., X, .

n

O06o3HauuM uepe3 q, ; » i=l.n; j=1..n p0m0 HAMOHAIBHOTO J0XO/A, KOTOPHIA CTpaHa S , TpaTuT
Ha [OKYIIKY TOBAapOB y CTpaHbl ;.
Bynem cunTaTh, 4TO BECh HallMOHAJIBHBIN T0XO/] TPATUTCS HA 3aKYIIKY TOBAPOB JINOO BHYTPHU CTPAHBI, TUOO

Ha UMIIOPT U3 APYTUX CTpPaH, T.€. Zaij =1 (j=1..n).
i=1

a, a, .. q

n

ay, Gy .. a

ManI/II_Ia A= " | HA3BIBACTCSI CMPYKMYDHOU MAMPUUEl mop2osiu.

a, a, .. a

nl nn

OO0o3HauuMm uepe3 p, (i =1..n) BBIPYYKY OT BHYTPEHHEH U BHEIIHEN TOProBIM s CTpaHbl S, TOraa
Dy = agx, +a,x, +...+a,x,.

OueBHIHO, UTO BBIPYYKAa OT TOPrOBJIM KaXXJIO0M CTpaHbl JOJDKHA ObITh HE MEHbIIE €€ HAllMOHAJIBHOIO
noxona, T.e. p, =x,. Ho p, >x, - HEBO3MOXHBIM Cilly4ai, T.K. BCE€ CTpaHbl HE MOI'YT OJAHOBPEMEHHO

HOJIy4aTh NPUOBLIb, IO3TOMY YCJIOBUE p, = X, NPUMET BUI p, = X, .

BBe/ieM BEKTOp HALMOHAIBHBIX JOXO/0B CTPAHbl X = (X;;X,;...;X, ), IOJY4HM MaTpUYHOE ypaBHECHUE
X

A-X =X, roe X = X3

X

n
T.e. 3amaua cBenach K OTHICKAHHIO COOCTBEHHOTO BEKTOPAa MAaTpHUIlbI A, OTBEYAIOMIETO COOCTBEHHOMY
3Ha4YeHuto A=1.
4. IlpoaykTuBHbIe MOJeU JIeOHTHEBA.

TEOPEMA Ecnu 1715 MaTpuiisl A ¢ HEOTPULIATENLHBIME SIEMEHTAME U HEKOTOPOTO BEKTOpa * ¢

HEOTPHIATEIbHBIMIA KOMITOHEHTAMH YpaBHEHHE & AZ + . (16.6) pveer

pemcHuc x C HCOTpULATCIIbHBIMU KOMIIOHCHTAMH, TO MaTpulia A MNPOAYKTHUBHA.
NHbIMU CJIOBaMHu, 1OCTATOYHO YCTAHOBUTDb HAJIMYHC ITOJIOKUTCIIbHOIO pCHICHUS CHCTCMbI (166) XOTS OBI

AJIs1 OJHOT'O ITOJIOKUTCIIbHOT'O BEKTOpA ° , 9TOOBI mMaTrpuia A Oputa HpO,Z[YKTHBHOﬁ. HCpCHI/IIHCM CUCTEMY

(16.6) c UCIIONB30BaHUEM €MHMYHOM MaTpulbl E B Bujie (E—A)z=9. (16.7)
Ecnu cymectByet oOpaTtnas matpuna (E - A)-1, To cyliecTByeT u eTIMHCTBEHHOE PEIICHUE YPAaBHEHHS

(16.7): Z=(E-A)7. (16.8)

Martpuna (E — A)-1 Ha3bIiBaeTCs MaTpullel MOTHBIX 3aTpart.

Cy1ecTByeT HECKOIBKO KPUTEPUEB IPOAYKTUBHOCTH MaTpuilbl A. IIpuBenem Ba U3 HUX.

[TepBbiit KpuTEpU TPOAYKTUBHOCTH. MaTpuiia A mpoAyKTUBHA TOTJAa U TOJIBKO TOraa, koraa Marpuna (E
- A)-1 cyuiecTByeT u €€ 3JeMEHTbl HEOTPULATEIbHBI.

Bropoii kpuTepuii NpoAyKTUBHOCTH. Matpuna A ¢ HEOTpULIATEIbHBIMU JIEMEHTAMH NPOJYKTUBHA, €CIIU

ajj £ 1,
CyMMa 3JIEMEHTOB 10 JII0OOMY €€ CTOJIOIY (CTPOKE) HE MPEBOCXOAUT €AUHULIBL: -1
MPUYEM XOTs ObI ISl OJJHOTO CTOJNIOIA (CTPOKH) 3Ta CyMMa CTPOTO MEHBIIE €AMHUIIBI.
5. Pa3iiuuHble KpUTEPUH MPOXYKTUBHOCTH Mojiesin JIeoHTheBA.
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Teopema. (kpurepuii TPOAYKTUBHOCTH). Mampuya A20 NPOOYKMUBHA Mmo20d U MOJbKO

S=(E-A)"!

H’ZOZ()CZ, Ko20a mampuya cyuyecmeyent U Ae6islemcs Heompuuameﬂbﬁoﬁ.

. € —1{5.) &
OKOHOMUYECKHUH CMEBICII DJIEMECHTOB MaTpUulbl \Ik J 3aKJIFOYAETCS B cleayrouiem: 3JICMCHT ik
£ E
paBeH KOJIMYECTBY MPOAYKIIHH, KOTOPOE JOJIKEH BBITYCTUTh OOBEKT ~E, JIJISt TOTO YTOOBI OOBEKT & mor

BBIIIYCTUTh OJIHY €IMHUIlY KOHEUHOM IPOAYKLHHU (2 HE MOJIHOTO BBIITYCKa). B CBSI3U ¢ 9TUM 371€MEHTHI Sik
HOCSIT Ha3BaHUEKOI(P(PUIHMEHTOB MOJHBIX 3aTPAT, a MaTpHULa S — MATPHIbI KO3 (PUIHEHTOB MOJHbIX
3aTpar.

[IpuBeneM emie OAMH AOCTATOYHBIM NPU3HAK HPOAYKTUBHOCTHM Moaenu JleoHTbeBa, Hamboiee
yIOOHBIH [ TNPOBEPKH MNPOJYKTUBHOCTUM MATPULBI MEXOTpPAcleBOro OajlaHCa B HATypalbHO-
CTOMMOCTHOH (hopme.

f:ll.- ..
Teopema Ecmu mampuya A = (¥ ) neompuyamensua, cymma snemenmos Kaxicool cmpoxi
He 0onbue eOuHuYbl U Xoms Obl 0151 OOHOU CMPOKU CMPO20 MeHbule eOUHUYbl, Mo moodeiv Jleonmovesa,
onpeodensiemasn mampuyeti A, npoOyKmusHa.

.
i [v] =
)

[Ta
j—t

a I
Takum oOpa3zoM, MaTpuIiia A IPOJyKTUBHA, €CIU Y30 s mobbIx i, j=1,2,...,n,
s
LT |
I_ _L-'UTDJ Sd
1,2, ..., n) u cyuecTByeT Homep ' U Takoif, uto 4!
Sj
OueBuIHO, YTO KO3 PULIUEHTHI IIOJIHBIX 3aTpaT BCETJa MEHbIIIE, @ MOT'YT OBITh U CYLLIECTBEHHO
%
0oJbIllE  COOTBETCTBYIOIIMX KO3 (ULUEHTOB IOpsIMBIX ~ 3aTpaT,  IOCKOJbKY,  BO-IIEPBBIX,
%ij 5
KO3 PHULIHEHTHI yKa3bplBalOT HE TOJBKO HEMOCPEICTBEHHbIE IIOCTAaBKU MNPOAYKLIHMU OOBEKTa
J F
00BeKTy +, HO M MOCTAaBKU INPOAYKLHMHU OOBEKTa ! IPYruM OOBEKTaM, JUIsl TOTO 4TOOBI MOCIETHUE B
CBOIO OuYepeslb MOTIIM MOCTaBUTh OOBEKTY ~ Tpefyemoe KOJHYECTBO MX MPOAYKIMH, H BO-BTOPHIX, TIPH
BBIUUCIICHUH KO3()PULNEHTOB Oepercss OTHOLIEHHWE CYMMBbI MOCTAaBOK MPOJAYKLUU OOBEKTa ~! BCeM

00BbEKTaM K BEJIHMYMHE KOHEUHOH NpOoAYKIHH o0BeKTa "’r, a 9Ta BCJIIMYMHA MCHLLIC ITOJIHOT'O BBLIITYCKa

i
MPOAYKIIMH OOBEKTa
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2. METOIUYECKHUE YKA3ZAHUA
O MPOBEJEHUIO MPAKTUYECKHNX 3AHATUI
2.1 lIpakTuyeckoe 3ausaTue Nel (2 yaca).
Tema: «Matpuubl. Onpeaenurenb MaTpuubl. CHCTeMBbI JIMHEHHBIX AIre0pandecKux ypaBHEeHUD»
2.1.1 3axanue ais padboThi:
1. leiicTBus1 HAQ MaTPpULAMH.
2. Onpenenurenu BTOPOro nopsiaka. Crioco0bl BHIYMCJIEHHUS ONPeAeJUTe/Is TPEThero nopsjaKa.
3. MarpuyHasi 3alUCh CHCTeM JIMHEHHBIX ajredOpamyecKMX YPaBHeHHH W MaTPHYHBIH CIOCO0
pelIeHusl CHCTeMBbI.
4. PemieHue cucTeM JIMHEHHBIX ajiredpanyeckux ypasHenuit meroaom I"aycca.

2.1.2 Kparkoe onucanue nNpoBOJAMMOro 3aHATHSA:
1. leiicTBus1 HAQ MaTPpULAMMH.
1 -2 -1
1. Mana MmaTpunma 4_| 3 5 _2|. 3anucars:
6 -1 -4
a) CyMMY 2JIEMEHTOB, CTOSILIIMX Ha [JIaBHOW JUaroHalu;
0) mpou3BeICHNE IIEMEHTOB, CTOSIIIUX HAa MOOOYHOMN AMaroHamu;
B) DJIEMEHTBL a5, Uy, Uy

') TPAaHCIIOHUPOBAHHYIO MAaTPUILY.

0-3 9
a)A+B; 6) B—A; B)-3B; 1)A-B; n)B-A4,; e) A°.

3 5 -6 2 8 =5
3. Jlaubl 1Be MATPHLBL 4 _|5 4 3|H p_[_3 _|

-3 1 1 4 5 =3
Haiitu: A+ B; A—B; 34—-2B; A-B; B-A4; A>—B*; (A-B)A4+B).
2. Onpenenurenu BTOPOro nopsiaka. Crnoco0bl BbIYMCJIEHHUS ONPeAeJUTe/Is TPEThero nopsaKa.

IIpoBecTH yCTHBIN OIIPOC TEOPETUYECKOI0 MaTepuaa.
1. BBIYMCIUTB ONIPENETUTEND!

12 5 -7 4 3 e’ e
a) ; 0)
31 -2 3 6 —8 et 33
2. BBIYHCITUTE ONPeIeTUTEINN 110 MIPaBUITY TPEYTOJIbHUKA U MTPUITUCHIBAHUEM CTOJIOIOB:
2 3 1 1 2 3

1 2 5 -1
2. Jlansl maTpunpl 4 = uB= 4] Haiitu:

X 3x

sinad  cosa

; B) ; ; 1)

—cosa sina

a)|4 2 —1|;06)|5 6 4].
35 2 8 7 0
3 -2 3
3. Jna ompenenurens | 6 5 12| mHaiitu: a) mumHopel M,,, M,, M, ; 0)anredpanueckue
-1 0 2

nononHenus A,; Ay ; A, ; B) 3HAYCHUE ONPENEIUTENS.

4. Bpryucnuth OIIPCACIIUTCIIN 110 IPAaBHIIY TPCYrOJIbHHKA, HIPUIINCBIBAHUCM CTOJ'IGHOB Hu 110 TCOpEMC

2 3 1 1 2 3
Jlanmaca: a) (4 2 —1}; 6) |5 6 4.
35 2 8 7 0

3. MarpuyHasi 3alUCh CHCTeM JIMHEHHBIX ajredpamyecKMX YPaBHEHHH M MaTPHYHBIH CIOCO0
peLIeHus] CHCTEMBI.
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[IpoBecT yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaIa.

4x+y-3z=9 2x+3y+z=12

. y+z=

1. Pemnts CJIY MaTpu4HBIM METOZIOM: )] . yoz=22 ) 2%ty 432216
8x+3y—-6z=12 3x+2y+z=8

2. Hwmerotcs Tpu OaHKa, KayKIbIH U3 KOTOPBIX HAUUCIISIET BKIAJUMKY ONPEAEIIEHHBIN rof1oBoi % (cBoii
U1 Kakoro 6anka). Bkinaguuk umeer cymmy pazmepom 6000 nes. en. B Hagane roga )4 Bkiaza oH
moyoxkuia B 1 6aHk, ), - BKIaga Bo 2 OaHK W OCTaBIIYIOCS — B 0aHK 3 ¥ K KOHIIY ToZla CyMMa 3THX
BKJIa/10B Bo3pocina 10 7250 nen. ex. Ecnm Obl nepBoHauanbHO ) BKJIaJa OH MOJIOKWI B OaHK 1, % - B
Oank 2 m ), BKkJama - B 0aHK 3, TO K KOHITy TojJla cymMMa BKJana coctaBuia 061 7200 nen. en. Ecnm Ob1 Y
BKJIa/1a OH MOJIOXKMJI B Oank 1, % - B OaHk 2 M ) BKiIajga — B 0aHK 3, TO CyMMa BKJIQJIOB B KOHIIE TO/1a
cocTaBuia Ol BHOBE 7250 neH. en. Kakoii % BeImIayuBaeT Kaxkaplii OaHK?

4. Pemienne cucreM JMHEHHBIX ajJredpanyecKux ypapHeHmii meroaom I'aycca.
IIpoBecTH YCTHBIN ONPOC TEOPETUYECKOIO MaTepHaa.
3x-2y+4z=21 I SV S
Pewnrs CJIY meronom Naycca: a) 4 0) 4x=Ty-22=0
3x+4y-2z=9 2x-3y—4z=6

2x-y—-z=10 2x—4y+2z=2

2.1.3 Pe3yabTaThl M BHIBO/BI:

Ha naHHOM 3aHSATHM CTYAECHTAaMH U3Y4€Hbl OCHOBHBIE OIPE/IEIECHUS U OHATUSA 110 TeMe «MaTpuIsl.
Omnpenenurens Matpuipl. CuCTEMbl JIMHEWHBIX anreOpauueckuX YpaBHEHHI», NpUOOPETEHbl yMEHUs
(dbopMynMpoBaTh M JOKa3bIBaTh OCHOBHBIE pe3yJbTaThl 1O TeMe «Marpuubl. OnpenenuTesns MaTpHIbL.
Cucrembl JMHEHHBIX anreOpandeckux ypaBHEHHD», c(HOpPMHpPOBAHBI HABBIKM PELICHHUS THUIIOBBIX 3a/1a4 C
IPUMEHEHHEM U3y4aeMOro TEOPETHUECKOro MaTepuaia.
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2.2 llpakTuyeckoe 3anaTue Ne2 (2 yaca).
Tema: «/InHeiiHbIe MPeoOpPa30BaHUA M KBaJApaTUYHbIe GOPMBID»

2.2.1 3aganue a5 padoThI:
1. Jluneiinbie npeo6pazoBanust npocrpancrea R”. Jluneiinbie oneparopbl. SInpo u o6pa3 JUHEHHOro
oneparopa. MaTpuua JTUHEHHOI0 oneparopa.
2. CoOcTBeHHbIe 3HAYeHMS] U COOCTBEHHbIE BEKTOPbI JHMHEHHBLIX omnepaTopoB. CoOCTBeHHbIE
3HAYEeHMS KBAAPATHBIX MATPHIL..
3. KBagparnunbie ¢opMbl, X MATpuUbI B J1aHHOM Oa3uce. IlpuBeneHue kBaapaTruyHol ¢Gopmbl K
HOpMaJIbHOMY BHAY MeToaoM Jlarpamxka. IlpuBenenne kBaapaTu4Hoi (pOpMbI K KAHOHHYECKOMY BHIY
NPH MOMOIIM OPTOrOHAJLHOIO NMpeodpa3oBaHMA. 3aKOH MHEPUUH KBAAPATH4YHBIX (opm. Kpurepmii
CuiibBecTpa 3HAKOONPeAeIeHHOCTH KBAAPATUYHON (hopMbI

2.2.2 KpaTkoe onucaHue NPOBOANMOI0 3aHATHSA:
1. JIuneiinbie npeo6pazoBanust npocrpancrsa R”. Jluneiinbie oneparopbl. SIapo u o6pa3 JuHEHHOro
oneparopa. MaTpuua JTUHEeHHOr0 oneparopa.

[IpoBecTH yCTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.
ITycts x = (x,,x,,x;). SBIAIOTCA 1M JTMHEHHBIMU CIEyIOLIUE TPEOOpa30BaHUSL:

Ax = (6x, —5x, —4x,,-3x, —2x, —x;,x, +2X;), Ax = (5x; — 4x, = 3x;,2x, — X,, X, +2),
1. Bx =(6-5x, —4x;,3x, —2x, — x;,X, +2), 2. Bx=(5x, —4x, —3x,,0,x; +2x,),
Cx = (x7,3x, = 2x, —X3,x, +2X;,). Cx = (5x, —4x, =30;,2x, — X,, X, +2X;).

2. CoOcTBeHHbIe 3HAYeHMS] U COOCTBEHHbIE BEKTOPbI JHMHEHHBLIX omnepaTopoB. CoOCTBeHHbIE
3HAYEeHMUS KBAAPATHBIX MATPHIL.

[TpoBecTu yCTHBIN OPOC TEOPETUYECKOTO MaTepHaa.
1. HaliTu coGcTBeHHBIE 3HAaUEHUS U COOCTBEHHBIE BEKTOPHI MAaTPUIIBI.

4 -2 -1 2 -10
-1 3 -1} -1 2 0}
1 -2 2 I -1 1

. 3

2.JIuneitHoe mnpeoOpa3zoBanue B ImpocTpaHcTBe R™ mnepeBoauT BekTop BHAa (a,b,c) B BEKTOp
(c,a+4b+c,a). 3anucaTh MaTpUIly I3TOro TMpeoOpa3oBaHUs B KaHOHWYECKOM Oasuce. Haiitu
COOCTBEHHBIE 3HAYEHUS 33JaHHOTO TPE0Opa3OBaHUS.

3. KBagpaTnunble ¢opMbl, X MATpUUbI B J1aHHOM Oa3uce. IlpuBeneHue kBaapaTuyHoi ¢Gopmbl K
HOpMaJIbHOMY BHAY MeToaoM Jlarpamxka. IlpuBenenne kBaapaTu4Hoi (pOpMBbI K KAHOHHYECKOMY BHY
NpU MOMOIIM OPTOrOHAJIBHOIO NMpeo0pa3oBaHusl. 3aKOH HMHePUMH KBaApaTU4HbIX (popm. Kpurepmii
CuibBecTpa 3HAKOOIPeeJICHHOCTH KBAIPATHYHON (pOPMBI

[IpoBecTH yCTHBIN ONPOC TEOPETUYECKOTO MaTepHraa.

1. IlpuBecTu KBagpaTH4HyO GOpMY K KAHOHHYECKOMY BHAY MeTo1oM Jlarpamxa.

x; +4x,x, +4x,x;, +4x,x; +4x5. 4x] +4x,x, +8x,x, —3x +4x;.

2. IlpuBecTr KBaIpaTHIHYIO POPMY K KAHOHUYECKOMY BHAY OPTOTOHAJIBHBIM MPEOOPa3OBAaHHEM.
2 2 2 2 2
4x; —3x; —4x,x, —4x,x; +8x,x;. Ax; +4x; +x; —2xx, + 2\/§x2x3.

2.2.3 Pe3yabTaThl M BHIBO/BI:

Ha naHHOM 3aHSATHM CTyJE€HTaMH H3YYCHBl  OCHOBHBIC OIPEACICHUS W TIOHATHUS IO TEME
«JIuneiinpie TpeoOpa3oBaHUS W KBAJpaTHUYHBIC (OPMBEDY, MPHOOPETEHBI YMEHUS (OPMYIHUPOBATH U
JIOKa3bIBaTh OCHOBHBIE pE3yJbTaThl MO Teme «JImHeiHbIe TpeoOpa3oBaHMs W KBaJIpaTHUHBIC (OPMED),
chOpMUPOBAHbl HABBIKM PEIICHUS THUIIOBBIX 3a7a4 C NPUMEHEHHEM H3y4aeMOI'o TEOPETHYECKOTO
Marepuana.

29



2.3 [IpakTuyeckoe 3ausaTue Ne3 (2 yaca).

Tema: «3agaun JTUHEHHOI0 MPOrPaMMHPOBAHMSD

2.1.1 3axanue s padboThi:

1. IIpumepsl

NPOrpaMMHUPOBAHUSL.

2. CranpapTHasi 1 KaHOHHYecKas (popMbl 3anucH 32124 JIMHEITHOT0 IPOrpaMMHUPOBaHMSA.

3KOHOMHUKO-MAaTEMATHYECCKUX

MoJeJIel, TNPHUBOAALIMX

3aJa4yaM  JIMHEHHOro

3. T'eomerpuueckasi MHTepHpeTaldsl 3a4a4d JIMHEHHOr0 MNPOrpaMMHUPOBAHUSL B CJy4yae [BYX

nepeMeHHbIX. I'padguyecknii Mmeros peueHus.
4. Pemienue 3a1a4m JJUHEHHOT0 NPOrPAMMHUPOBAHMS METOIOM Nepedopa BepIIMH.

2.1.2 Kparkoe onucanue nNpoBOJAMMOro 3aHATHSA:

1. Ilpumepsl

NMPOrpaMMHPOBAHMS.
[IpoBecT yCTHBIN ONMPOC TEOPETUUECKOTO MaTepHaIa.
CocTaBUTh 3KOHOMHKO-MATEMAaTHYECKYI0 MOJIEIb 33/1a4l 00 ONITHMAJIBLHOM HCI0JIb30BAHNH PECYpPCOB
JI1st M3roToBIIEHUS ABYX BUAOB IPOAYKIMU UCIIOIb3YETCs YeThIpe BUAa pecypcoB: B Bo, B3, Ba.

3amachl pecypcoB, 3aTpaulBaeMbIX Ha U3TOTOBJIEHUE €IUHUIBI NPOAYKIIMH, IPUBEAEHBI B Ta0M. 1.

3KOHOMHUKO-MAaTEMATHYECCKUX

MoJeJIel, TNPHUBOAALIMX

Bun 3amnac Uuciio enHUL pecypcoB, 3aTPaunBACMBbIX Ha
pecypca pecypca  |M3rOTOBJIICHHE €AWHMIIBI IPOAYKLIIUN
[TepBslii BUI Bropoii Bug npoaykuuu
B 18 1 3
B, 16 2 1
B3 5 - 1
By 21 3 -

3aga4yaM  JIMHEHHOro

Ha npousBoacTBO enuHUIBI TPOAYKIMH 1-ro ¥ 2-ro BUAA UCIHOJB3YETCS Pa3iIMYHOE KOJIMYECTBO
pecypcoB. Tak, Ha MPOU3BOACTBO E€AMHUIIBI MPOJYKIUHU 1-ro BUIa HCIOJB3YETCS TOJBKO OJHA €JUHHIIA
pecypca B a Ha MpouU3BOACTBO €IUHUIIBI IPOAYKLIHUU 2-TO BHJAa UCNONb3yeTcs 3 eAUHULBI pecypca By Ha
IIPOU3BOJICTBO €AMHULIBI IPOAYKIMH 1-ro BUAA UCIONb3YeTCs 2 eAUHULBI pecypca By, a Ha mpou3BOACTBO
€IMHULIBI POAYKLUHU 2-r0 BHJAa UCHONB3yeTcs 1 equHuna pecypca B,, B TO e BpeMs Ha MPOU3BOJCTBO
npoaykuuu 1-ro Buga pecypc Bz BooOle He Ucnoab3yeTcs, a Ha IPOU3BOACTBO MPOIYKIUU 2-T0 BUJA HE
ucnosib3yercs pecype By.

Beipyuka, mosyuaemas OpeAnpusATHEM OT NPOJAKU €JUHMIIBI IPOAYKIIUH [IEPBOT0 U BTOPOTO BUJA,
COCTaBJISI€T COOTBETCTBEHHO 2 U 3 pyOuIs.

Heo6xonnMo coCTaBUTh Takoil IUIaH MPOM3BOACTBA MPOAYKLMHU MEPBOrO M BTOPOro BHIA, IPU

KOTOPOM BBIpY4YKa MPEIIPUATHS OT €€ peanu3anuu Oy1eT MaKCUMalbHOI.

2. CranpapTHasi 1 KaHOHU4YecKasi GopMbl 3aIIUCH 32/1a4 JIMHEHHOI0 IPOrPAMMUPOBAHUS.

[IpoBecT yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaIa.
HpI/IBeCTI/I K KAHOHUYCCKOMY BUIY 06H1y10 3agavy JIMHEHHOrO nmporpaMMupOBaHuA

X +x,+x; <7,

2x, —x, +x; 23,

X, —x, +9x, =16,

x, 20,

L(X)=x +x,—x; &> max

3. Teomerpuyeckasi HMHTepHNpeTaAlHs 334a4¥ JHHEHHOI0 MNPOrpaMMHPOBAHHMS B CJIy4ae
nepemMeHHbIX. ['paduyeckuii MeTo pelieHusl.

[IpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaIa.

1. Pemminth rpaduyeckum criocoOOM CIEAYyIONTYI0 3aauy JMHEHHOTO TPOTPaMMHUPOBAHUS:

IBYX
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2x+4y =30,

z=x-3y—>min; | 7x-3y <37,
Sx=Ty=>-27,

x>0,y=>0.

2. Pemmuth rpaduueckuM criocoOoM Cleayronyro 3anaqy (Bsioop onmumaivHoeo payuona numanus).
JleTckasi MOJIOYHAs! KyXHsI B CYyTOYHBIN PalliOH MUTAHUS JJII OTHOTO TPEXMECSYHOTO peOCHKA BKITIOYAET
7IBa MpOoAyKTa nuTaHus: cMech Ne 5 u B-puc, npuyem cmecu Ne 5 10KHO BOWTH B JHEBHOW palloOH HE
6onee 400 r. Croumocts 100 r cmecu Ne 5 cocraBmuser 0,7 py6., B-puca — 0,9 py6. Conepxanue
nuTaTenbHbIX BemecTB B 100 T mpoaykTa, MUHUMAaIbHBIE HOPMBI TOTpeOsieHUs yKa3aHbl B TabnuIe 3.
OnpenenuTh ONTHMAIBHBIA PAIIOH TUTAHHS, CTOUMOCTh KOTOPOTO OyJIeT HAMMEHBIIEH.
4. Pemienue 3a1a4m JJUHEHHOT0 NPOrPAaMMHMPOBAHMS METOIOM Nepedopa BepIIMH.

[IpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaIa.

PemuTe npeapaynyto 3a1auy memooom nepebopa eepuium

2.1.3 Pe3yabTarhl U BHIBOJBI:

Ha nanHoM 3aHSTHM CTyIE€HTaMHU M3Y4YE€HBl OCHOBHBIC OMpPENEICHHS U MOHITHUS MO TeMe «3agauu
JUHEWHOTO TPOTPaMMHUPOBAHMsDY, TPHOOPETEHBI yMEHHS (OPMYyIUpOBaTh W JIOKa3bIBaTh OCHOBHBIC
PE3YIBTATHI IO TEME «3aa4u¥l JIMHEHHOTO MTPOrPaMMHUPOBAHUSD, C(HOPMUPOBAHBI HABBIKH PEIICHHS THITOBBIX
3a/1a4 ¢ MPUMEHEHUEM U3Y9aeMOT0 TEOPETUUECKOT0 MaTepuraa.
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2.4 llpakTuyeckoe 3anaTue Ned (2 yaca).

Tema: «Cumiiiekc-MeTo] pelieHus 33124 JUHEHHOr0 NPpOrpaMMHPOBaHUSD)
2.4.1 3ananue a5 padoThI:

1. AJIropuT™M CUMILJIEKC-METOA.

2. HaxoxeHne MCX0HOI0 I0MyCTUMOrO0 0a3uca.

3. MeToa HCKYCCTBEHHOr0 0a3uca.

2.4.2 Kparkoe onucanue nNpoBOJAUMOroO 3aHATHSA:
1. AIropuT™M CHMILIEKC-METOAA.
[IpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaa.
1. PemmuTh 3amady JMHEHHOTO MPOTrpaMMHUPOBAHUS HA MUHUMYM, €CJIM HadalbHas CHUMILIEKC-

x(1 00 1 -3 5

Tabmuna uMeer ciepyrommii Bua: x,|0 1 0 -3 10 4
x»0 0 1 -3 10 12
z\0 0 0 3 5 -9

2. CocraButh cumruiekc-tabnuny mias 3agaun. Ha AOOT «bantekc» A BbITyCKa TISHIIEBOU
TKaHW, TKaHu «TypucT» M KypTOUHON TKaHU HCIONB3YIOTCS TKAllKUE CTAaHKH [BYX THUIIOB: CTaHKU
TUpaBIMYECKUEe U CTaHKM TKaukue OecuenHounsle (xkopotko: CI' m  CTB) ¢ pasnuunoi
MIPOU3BOUTENBHOCTHIO. JIJI1 U3rOTOBJICHUS YKa3aHHBIX BUJOB TKAHU MCIIOJNB3YIOTCS HUTH U KPAaCUTEIH.
Pecypcel BpemeHu paOoOThl CTaHKOB, HUTEH M KpacuTene orpanudeHsl. B Ttabmuie 13 ykazansl
eKeMecsyHble pecypchl BpeMeHU pPadOThl CTAaHKOB B ThICAYaX CTAHKO-4acoB, HUTEH M Kpacutesieil B
KWJIOTpaMMax, MPOU3BOJAUTEILHOCT, CTAHKOB B METpPax Ha 4ac, HOPMBI pacxoja HUTEH U KpacHUTelel B
KWJIOTpaMMax Ha ThICAYY METpPOB KaXKJOro BHJA TKaHM M LeHa 1 M TkaHu. TpeOyercs opraHus3oBathb
BBIMTYCK MPOJIYKIIMH TaK, YTOOBI €KEMECAYHasl BRIpYUYKa MPEAIPUATHS OblJIa MAKCUMAJIbHOM.

2. HaxoskneHne HCXOHOT0 JOIyCTHMOrO 0a3uca.
[TpoBecTH yCTHBINM OIIPOC TEOPETHUYECKOTO MaTEpHaa.
Haiiti mcxomublil JOmycTUMBIiA 0a3uc chopMyITUpOBaHHON BBHIIIIE 331a4H.

3. MeToa HCKYCCTBEHHOI0 0a3uca.
[TpoBecTH yCTHBIN OMPOC TEOPETHUECKOTO MaTepHara.
Pemnte chopMynrpoBaHHYIO BBIIIE 33a4y METOIOM HCKYCCTBEHHOTO Oasmca.

2.4.3 Pe3yabTaThl U BHIBO/BI:

Ha naHHOM 3aHSATHM CTyJE€HTaMH H3YYCHBl  OCHOBHBIC OIPENCICHUS W TIOHATHUS IO TEME
«CUMIUIEKC-METO/T  pelIeHus]  3aJad  JIMHEWHOro  MPOrpaMMHUpPOBaHUS», NPUOOpPETEHBl  YMEHUS
dbopMynupoBaTh W JIOKa3bIBaTh OCHOBHBIE pe3yJabTaThl MO TeMe «CHUMIUIEKC-METON peIIeHUs 3ajad
JUHEWHOTO TPOTPaMMHPOBAHUD, CPOPMHPOBAHBI HABBIKM PEIICHUS THUIOBBIX 3a/ad C MPUMCHCHHEM
M3y4aeMOTO TEOPETHYECKOTO MaTepuajia ¥ HaBBIKM TPUMEHEHHUS COBPEMEHHOTO MaTeMaTHYEeCKOTO
WHCTPYMEHTAPHS [T PEIICHUsI S)KOHOMUYECKUX 3a/1ay.
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2.5 llpakTuyeckoe 3anaTue Ne5 (2 yaca).
Tema: «TpancnopTHas 3aga4a»
2.5.1 3aganue a5 padoThI:
1. IlonsiTHE 0 B3aUMHO-IBOCTBEHHbIX 32/1a4aX JMHEHHOI0 MporpaMMupoBanusi. OCHOBHbIE TeOpeMbl
ABOMCTBEHHOCTH. /[BOIICTBEHHOCTH B IKOHOMUKO-MATEMATHYECKHX MO/EJISIX.
2. TpancnoptHas 3aga4a.
2.5.2 KpaTkoe onucanue NPOBOAMMOI0 3aHATHSA:
1. IlonsiTHE 0 B3aMMHO-IBOVCTBEHHBIX 32/1a4aX JIMHEHHOr0 MporpaMMupoBanusi. OCHOBHbIE TeOpeMbl
ABOMCTBEHHOCTH. /[BOIICTBEHHOCTH B IKOHOMUKO-MATEMATHYECKHX MO/EJISIX.
[IpoBecTH yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaa.
1. Hcnonp3ys  OBONCTBEHHOCTb, HAWTH  pEIICHHE  CICAYIOIIEH  3aJadyd  JIMHEWHOIO

—lOyl +7y2 +3y3 > 1,

nporpammuposanus: z =6y, +133y, —41y; — min; 4y, + 7y —11y; > 20,

N ZoayZ 207y3 2 0.
2. Ucxomnas 3agaua  Z(X)=2x,+3x, >max ,

x;+3x,<18,

25+ x, <16,
> >
XZSS, X1 _0, Xy >0

3x <21,

UMEET ONTUMATBHOE peleHne X =(6;4;0; 0;1;3) v 3HaUCHUE 1eJIeBON PyHKINH Z(X *)=24—%x3 —%x4 ,

111 KOTOPO#l max Z(X")=24. CocTaBUTh IBOMCTBEHHYIO 3a7[ady U HAWTH €€ ONTUMAIHOE PELICHNE,
EJIEBYIO (DYHKITUIO ONITUMAJIBHOTO PEHICHUS M €€ MHHUMYM.

2. TpancnopTHas 3aga4a.
[IpoBecT yCTHBIN ONPOC TEOPETUUECKOTO MaTepHaIa.

ABTOTpaHCHOPTHOE NMPEANPUATHE MTOIYUHIIO 3aKa3 Ha YKOMIIJIEKTOBAaHUE TPEX CTPOSALINXCS 0ObEKTOB
CTpoilmMaTepuanaMy, IpOU3BOJUMBIMU Ha IBYX 3aBojax. Ha mepBoM 3aBojie moAroToBiIeHO K oTnpaske 120
T cTpoiiMaTepuanoB, Ha BTopoM — 180 T. Ha nepBsIit 00beKT HEOOX0AMMO JOCTaBUTH 70 T CTPOUTENBHBIX
MatepuanoB. Bropoii u Tpetuil 00bekTsl HyXkaaroTcs B noiaydeHuu 140 u 90 T ykazaHHOT0O Marepuaa.

8 12 5
379

a) 10X0J OT MEPEBO3KH OJHOW TOHHBI CTPOMMATEpHAIOB C Ka)JI0Tr0 3aBOJa K KaXKIAOMY CTPOSILIEMYCS
00BEKTY;

0) CTOMMOCTB NEPEBO3KH OJHON TOHHBI CTPOMMATEPHUAJIOB € KaXKIOI0 3aBOJIA K KaXKIOMY CTPOSIILIEMYCS
00BEKTY.

CocTaBUTh ONTUMANIBHBIN IJIaH IEPEBO30OK,

a) MaKCUMM3UPYIOIUI 10XO0;

0) MUHUMU3UPYIOLIUN CTOUMOCTb.

Marpuuen ( J 3a1aHO:

2.5.3 Pe3yabTaThbl M BHIBO/BI:

Ha maHHOM 3aHSATHU CTYACHTAMH H3YYCHBI  OCHOBHBIC ONpEACICHHS W TOHATHS IO TEeMe
«TpaHcniopTHas 3aada», IPUOOPETeHBI YMEHUS (GOPMYITUPOBATh U J0KAa3bIBATh OCHOBHBIC PE3yJIbTAaThI IO
teme «TpaHcropTHas 3amada», cHOpPMUPOBAHBI HABBIKM PEIICHUS THUIOBBIX 3a7ad C NPUMEHEHHEM
M3y4aeMOro TEOPETHUYECKOr0 MarepHuajia ¥ HaBBIKM TPUMEHEHHS COBPEMEHHOTO MaTeMaTHYECKOro
WHCTPYMEHTAPHS JIJTsI PEIICHHSI SKOHOMIUESCKUX 3a/1aY.
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