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1. OPTAHU3AIIUS CAMOCTOSTEJBbHOM PABOTBI

1.1 Opranu3anuOHHO-METOUYECKHE JaHHBIE TUCUUTLTAHBI

OO0wui 00bEM YaCOB IO BUAAM

No Haunmenosanue CaMOCTOSITEIbHOU pabOThHI
ILII. TEMBI CamocrosiTenpHOe [Tonroroska k
nzydeHue BonpocoB | 3aHsaTusM (I1k3)
(CUB)
1. DJIEMEHTHI JIMHCHHOW W BEKTOPHOU aareOphl 5 10
1.1 | DnemMeHThl TMHEHHOW anreOpbl 2,5 5
1.2 | DnemMeHTHI BEKTOPHOU aareOpsl 2,5 5
2. DNEeMEHTHI aHATUTUYECKONW T€OMETPUH Ha 5 10
IIJIOCKOCTH M B IPOCTPAHCTBE
2.1 | DneMeHThl aHATUTUYECKOW T€OMETPUH Ha 25 5
TJIOCKOCTH ’
2.2 | DneMeHThl aHATUTUYECKON T€OMETPHUH B 25 5
HPOCTPAHCTBE ’
3. (OCHOBBI MATEMaTUYECKOTO aHATIN3A 5 10
3.1 | Yucnosas nociea0BaTelbHOCTh, €€ NPEAET 2,5 5
3.2 DyHKIWMSA, €€ npeen 2,5 5
4. OCHOBBI MaTEMATUUYECKOT O aHAJIN3A 5 20
4.1 | duddepeHunanbHoe UCUUCIEHHUE, €ro 25 5
NPUIOKEHUS ’
4.2 OYHKIHS IBYX EPEMEHHBIX 2,5 15
5. OCHOBBI MaTEMaTHYECKOTO aHAIIN3a 5 10
5.1 | IlepBooOpa3nas U HeolpeIeNICHHBIH HHTErpall 1 4
5.2 | OnpeneneHHbII HHTETPAT 1 3
5.3 | HecoOcTBeHHBII HHTETpA 3 3
6. OCHOBBI MAaTEMaTHIECKOTO aHATTN3a 5 10
6.1 JuddepeHnnanbHble ypaBHEHUS 2,5 5
6.2 | duddepennmanbHbie ypaBHEHHSI BTOPOTO TIOPSIKA 2,5 5
7. OCHOBBI MAaTEMaTHYECKOTO aHAIIN3a 5 10
71 UwucnoBble psbl 2,5 5
7.2 | CreneHHbIC PsIbI 2,5 )
8. OCHOBBI TeopHHvBepOHTHOCTefI. DJIeMEHTBI 5 18
MaTeMaTHYECKON CTATHCTUKH
8.1 | Teopwus BeposITHOCTEH 2,5 6
8.2 | MaremaTnyeckas CTaTUCTUKA 2,5 12




2. METOANYECKHUE PEKOMEHJAIIMA ITO CAMOCTOATEJIBHOMY U3YYEHUIO
BOITPOCOB

2.1 DyieMeHThI JIMHEHHOH W BEKTOPHOI ajaredpbl

2.1.1 DeMeHTHI JTNHEHON aIredpsbl

[Tpu uzydeHnu Bonmpoca HEOOXOUMO OOPATHUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH:

1. CnocoObl BBIYHMCICHHS OIpEACIUTENICH: MO OIpenesieHuto, nmo Teopeme Jlammaca, MeToqOoM
3¢ PEKTUBHOTO MOHMIKEHUS TTOPSAKA.

2. cnionp30BaHUE CBOMCTB ONPEACTUTENEH Il YIPOILIECHUS UX BBIYUCIICHUS.

3. [elicTBUs Ha/l MaTpULIAMU, UX CBOMCTBA.

4. O6patHas Matpuria. Teopema o CyIIIeCTBOBAHUU U €TUHCTBEHHOCTH 0OpaTHON MaTpPHIIBI.

5. IlpuMeHeHHne MaTpull B MOJEIU 3KOHOMHYECKON TOProOBiM, MOJEIU JIEOHTbEBA MHOIOOTPACIIEBOU
SKOHOMHUKH.

6. Pemenue cucteMm JNHMHEHHBIX ypaBHEHUH: MAaTpHUUHBIA MeTOX pemieHus, mo ¢opmynam Kpawmepa,
MertoqoM ["aycca.

7. UccnenoBanue peLICHNs] CUCTEM.

8. OcoOEHHOCTH pEIICHUS OTHOPOIHBIX CUCTEM JTMHEHHBIX YpaBHEHUH.

2.1.2 D1eMeHTbI BEeKTOPHOMH aJredpbl

[Ipu uzydyeHnun Bonpoca HEOOXOUMO OOPATHUTh BHUMAHHUE Ha CIEAYIONNE OCOOCHHOCTH:

. JIeficTBHsI HaJl BEKTOPaMHU MOYKHO MPOBOAMTH B TEOMETPUUYECKON M KOOPAMHATHOU (opMme.

. [Ipu3HaKy KOJUIMHEAPHOCTH U KOMILJIAHAPHOCTH BEKTOPOB.

. CkasipHO€ ITPOU3BEAECHNUE BEKTOPOB, €TI0 MPUITIOKEHUS.

. [Ipoeknus BeKTOpa Ha OCh, €€ CBOMCTBA.

. BekTopHOE IpoCTpaHCcTBO BEKTOPOB. ba3zuc BEKTOPHOTO MPOCTPAHCTBA.

. Paznoxxenune BexTopa mo 6azucy. [lepexon k HOBoMy 6a3ucy.

. CoOcTBEeHHBIE BEKTOPHI U COOCTBEHHBIE 3HAYEHUSI MATPHIL.

. JIuneiinag moaens oOMeHa.
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2.2 JjieMeHThl AHAJIMTHYECKOI reOMeTPUH HA IUVIOCKOCTH M B IPOCTPAHCTBE

2.2.1 D1eMeHTHI AHAJIMTHYECKON reOMeTPHHU HA MJIOCKOCTH

[Tpu uzydyeHnun Bonpoca HEOOXOUMO OOPATHUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH:

1. YpaBHeHue mpsMOW JTMHUM HAa TUIOCKOCTH MOXKHO 337aTh PAa3IMYHBIMU CIIOCOOAaMU: C YTJIOBBIM
K02 (ppuIMeHTOM, POXOASIIeH Yepe3 NaHHYI0 TOUYKY C YIVIOBBIM KO3(PGHUIIMEHTOM, MPOXOIAIICH depes
JIBE JaHHBIE TOYKH, B OTpPE3KaX, MPOXOMSIIEH uepe3 MaHHYI0 TOUYKY C HOPMAIbHBIM BEKTOPOM,
MPOXOAIeH yepe3 TaHHYI0 TOUKY C HaIpaBIsSIONIUM BEKTOPOM.

2. @®opmyna HaXOXACHHUS yIiia MEXKIy ABYMS NPSIMBIMH TO3BOJSET CHOPMYIUPOBATH YCIOBHE
MapajuIeNbHOCTH U NEPIIEHANKYISIPHOCTH IPSIMBbIX.

3. OOuiee ypaBHEHHME MPSIMOM, €ro YacTHHIE CIy4ad MO3BOJSIOT YIPOCTUTH MOCTPOCHHE NPSMOW Ha
MJIOCKOCTH.

5. JIunum BTOPOTro mopsiaka: OKpYKHOCTb, SJUIMIIC, TUIepOoIIa, mapadoa.

6. PaccmMoTpeTh KaHOHMYECKHE YpaBHEHUS JIMHUN BTOPOTO MOPSAKA, IPOBECTH €ro UCCIIEIOBAHUE.

7. KpuBsle cripoca v MPeiI0KEHHUS.

8. [TayruHHas MOJETb PHIHKA.

2.2.2 JDeMeHThl aHAJIMTHYECKON reOMeTPHH B IPOCTPAHCTBE

[Tpu uzydeHnun Bonpoca HEOOXOIUMO OOPATHUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH:

1. Onpenenenue u crocoObl 33aHUs TNIOCKOCTH: 110 TPEM TOYKAM, C TOUYKOH 1 HOpMaJIbHBIM BEKTOPOM, B
OTpe3Kax.

2. OO0mee ypaBHEHUE TIOCKOCTH, €T0 YaCTHBIC CITYYaH.

3. YpaBHEHHE NPSIMON B IPOCTPAHCTBE, CITOCOOBI 33JaHUs MPSIMON: KAHOHMYECKOE YpaBHECHHE, Yepe3 B
TOYKH, C TOYKON ¥ HAMIPABJISIFOIIIMM BEKTOPOM.

4. IlnockocTh M mpsiMasi B MNPOCTpaHCTBE. B3anMmHOE pacmoyiokeHWe NpsSMOM W IIJIOCKOCTH B
IIPOCTPAHCTBE.
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.3 OCHOBBLI MATEMATHYECKOI0 aHAJIH3A
3.1 YUncsioBasi moc/ie10BaTeIbHOCTD, €e Mmpe/aeJ

[Tpu u3yueHnn Bompoca He0OX0AUMO 00pPaTUTh BHUMAHHUE HA CIIEAYIOIINE 0COOCHHOCTH:
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. OnpesienieHrie ¥ OCHOBHBIE TIOHATHS (YHKIIMHA OJHOM IMEPEMEHHOM.

. DneMeHTapHble PYHKINHU, UX TPAQUKH.

. Cnoxnas ¢pynkuus. O6patHas QyHKIHS.

. HexoTopsie (hyHKITMOHATEHBIE 3aBUCIMOCTH, HCIIOJIb3yeMbIE B SKOHOMHUKE.

. Kpusble cripoca u nipeqyioxxenus. PaBHoBecHas 1ieHa.

. [IpeobOpazoBanue rpaduxoB. MHTEpIOIMpOBaHHe PYHKITUH.

. [IoHsITHE YMCIOBOM MTOCHEAOBATENBLHOCTH. [Ipenen yncmoBoi Mmocae0BaTeIbHOCTH.
. OCHOBHEIE CBOMCTBA CXOISIINXCS MOCIEN0BATEILHOCTEN

. 3a1aua 0 HEMPEPHIBHOM HAYKMCIIEHUH MPOIIEHTOB.

3.2 ®yukuus, ee npeaesa

[Tpu n3yueHnn Bompoca He0OX0AUMO 00pPaTUTh BHUMAHUE HA CIIEAYIOIINE 0COOCHHOCTH:
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. I[Ipenen pyHkuu B TOYKE U Ha OECKOHEYHOCTH. TeopeMbl O nmpeenax HyHKIIHi.

. beckoneyHo maibie 1 O€CKOHEYHO OoJbIIHe QYHKINU.

. PackpeITHE HeonpeeneHHOCTe!.

. JIBa 3aMeyaTeNbHBIX Mpeena.

. DOKBUBaJIEHTHbIE OECKOHEUHO MaJible U UX UCIOJb30BaHUE IIPU BHIYUCIICHUH MIPE/IEIIOB.
. JIeBbIii 1 TpaBbIii IpeieIbl QYHKIIHUH.

. HempeprIBHOCTH GYHKIIMHU B TOUKE M Ha HHTEpPBAJE.

. Toukun paspeiBa. Kinaccugukaius Touek pa3pbiba.

. AcuMnTOTHI rpaduka GYHKINH: BEPTUKAIbHBIE, TOPU30HTATIbHbIE U HAKIIOHHBIE.

.4 OcHOBBI MAaTEMATHYECKOI'0 AHAJIN3A
4.1 InddepennuaibHoe HCUHUCTIEHUE, €r0 MPHIOKEHHSI

[Ipu uzydyeHnu Bonpoca HEOOXOIUMO OOPATHTh BHUMAHUE Ha CIEAYIOMNE OCOOCHHOCTH

R I I NE VR O VORI R

. IlpaBuna nuddepeHmpoBanms.

. uddepeHnnpoBanne CIOXKHONW U 00paTHON (DYyHKIUH.

. IudbdepennrpoBanre moka3aTeIbHO - CTENEHHOW (PYHKITUH.

. Ilpon3BoiHAst HEABHOW (DYHKIIMH.

. [Ipon3BOHBIE BBICIINX MOPSAKOB.

. Auddepennnan GyHKIUH, €Tr0 TEOMETPUICCKUI CMBICIL.

. [IpubnmxeHHbIe BRIYUCIICHUSI ¢ TOMOIIBI0 quddepennnana.

[Ipumenenne mudQepeHInaTbHOI0 HCUYUCIEHUS K HCCICAOBAHUIO (YHKIHU:

. [IpousBogHas GYHKINH, €€ TEOMETPUISCKUIN, MEXaHUIECKUI U SKOHOMUYECKUIN CMBICI.

IIPOMEXYTKH

MOHOTOHHOCTH, TOUYKH 3KCTPEMYyMa, IPOMEKYTKU BBITYKJIOCTH U BOTHYTOCTH, TOYKHU IIEperuoa.
10. OTpickaHre HAaMOOIBIIErO U HAUMEHBIIETO 3HAYCHUN (DYHKITUU Ha OTPE3Ke.

11. TTomHoe uccnenoBanue PyHKIUU, TOCTPOEHUE €€ rpadrKa Mo MyHKTaM HCCIICIOBAHUS.

12. IlpenenbHble MOKa3aTeau B MUKPOIKOHOMHUKE. DJIACTUYHOCTh 3KOHOMUYECKHUX IIOKAa3aTENIEH.

2

4.2 ®yHKIUA IBYX NepeMeHHbIX

[Tpu u3yueHnn Bompoca He0OX0AUMO 00OpPaTUTh BHUMAHUE HA CIIEAYIOIINE 0COOEHHOCTH:

1

. Haxoxnenue u nocrpoenue obnactu onpeaeneHus: GyHKIUHU IBYX [IE€PEMEHHbIX.

2. YactHble npousBoaHble W auddepeHnnansl GyHKIUH HECKONBKHUX IMEPEeMEHHBIX HAXOMATCS MIpU
(bUKCUPOBAHUM TEPEMEHHBIX, II0 KOTOPHIM He BeaeTcs Aud depeHnnpoBaHue.

3
4
5
6

. Ilpon3BoiHAs 110 HANIPABJICHUIO, TPAIUEHT, UX TEOMETPHUECKUI CMBICI.

. DKCTpeMyM (PyHKIIUU HECKOJIBKHUX ITEPEMEHHBIX.

. Ilpumenenne GpyHKIMHU IBYX IEPEMEHHBIX B 3KOHOMHUKe, (pyHkuus Kob6a-/lyrmacca.
. Makcumumnmsanus mpuoObLIH.

2.5 OCHOBBI MATEMATHYECKOI'0 AHAJIM3A
2.5.1 IlepBooOpa3Has 1 HeonpeAeJdeHHbIH HHTErPaJl
[Ipu uzydyeHnun Bonpoca HEOOXOUMO OOPATHUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH
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1. [TonaTue mepBooOpa3HOM U HEOMPEAEIECHHOTO HHTErPajia, OCHOBHBIC CBOMCTBA.

2. 3HaTh U YMETh MPUMEHSTH TAOIHUIY OCHOBHBIX HHTETPAJIOB.

3. 3HaTh U yMeThb NMPUMEHATh METOJbl UHTETPUPOBAHUS: HEMOCPEICTBEHHOE MHTETPUPOBAHKE, 3aMEeHa
MepEMEHHOMN, HTHTETPUPOBAHUE 11O YACTSIM.

4. OrmpezneneHne pamvoOHATBHOW (QYHKIIMK, BHUABI MPOCTEHIIUX pAIlMOHAIBHBIX Jpo0ed u HX
WHTETPUPOBAHUE.

5. Paznoxxenue panmoHabHOU (PYHKIIMK HA CyMMY MPOCTEHININX PAIMOHATBHBIX APOOCH.

2.5.2 OnpenesneHHblii HHTErpa

[Ipu uzydyeHnun Bompoca HEOOXOAUMO OOPATUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH

1. [TonaTHe onpenaeneHHOTo HHTErpalia, ero OCHOBHBIEC cBoicTBa. @opmyna HetoTona — JleiiOnuia.

2. 'eomeTpuuecKkuii ¥ 3JKOHOMUYECKHI CMBICII ONIPEEIEHHOI0 UHTErpasa.

3. [Imomane puryp Ha mmockoctu. HaxoxaeHne oobeMa Tena BpaiieHus.

4. MeToapl UHTETPUPOBAHUS B OMPEICTICHHOM UHTETpae.

2.5.3 HecoGcTBeHHBII HHTErpaI

[Tpu u3yyeHnn Borpoca HEOOXOIUMO 0OPATUTh BHUMAHKE Ha CIICIYIONHNE OCOOCHHOCTH:

1. ITonaTHe HECOOCTBEHHOTO HHTETpAIA.

2. HecoOcTBeHHBIE HHTETPAIBI IEPBOTO POIA.

3. HecoOGcTBEeHHBIE MHTETPATIBI IEPBOTO POJIA.

2.6 OCHOBBI MATEMATHYECKOI'0 AHAJIM3A

2.6.1 TuddepeHunanbubie ypaBHEHUsI

[Ipu uzydyeHnun Bonpoca HEOOXOIUMO OOPATHUTh BHUMAHHUE Ha CIEAYIONMNE OCOOCHHOCTH:

1. ITonsiTHe obmiero u yacTHOro pemeHus. Pemenne 3axaun Komm.

2. [lonsitue u croco6 pemienus quddepeHIHaTbHbIX YPaBHEHHH ¢ pa3AesiouMUCs IEPEMEHHBIMH.
3. Ilonstue u crnoco® peuieHus JTUHEHHBIX TudepeHINaTbHbBIX ypaBHEHUH, ypaBHeHUN bepHymmu
MetozioM bepryiu.

4. ITonsTHe U cOCO0 pelIeHus] OAHOPOAHBIX MU (HepeHIIHATBHBIX YPaBHEHHH.

5. [lonsatue u croco® penieHus pa3HOCTHBIX Au(depeHITnaIbHbIX YPaBHECHUH.

2.6.2 lud¢pepeHunaibHble ypaBHeHHs] BTOPOr0 MOPSIAKA

[Ipu uzydyeHnun Bonpoca HEOOXOIUMO OOPATHUTh BHUMAHUE Ha CIIEAYIONMNE OCOOCHHOCTH:

1. Onpenenenue u criocod peutenus JIOAY Broporo nopsaka.

2. Onpenenenre KOMIJIEKCHBIX YHUCEIL.

3. JleficTBHsI HaJ KOMIUIEKCHBIMU YMCIIaMU B ajredpandeckoit popme.

4. JleticTBHs HaJl KOMIUIEKCHBIMHM YHUCIIAMUA B TPUTOHOMETPUIECKOM opme.

5. Onpenenenue u cnocod pemenus JIHAY Broporo mopsiaka.

2.7 OCHOBBI MATEMATHYECKOI0 AHAJIH3A

2.7.1 YucoBblie psaabl

[Tpu u3yyeHnn Borpoca HEOOXOIUMO 0OpATUTh BHUMAHHE Ha CIICIYIONHNE OCOOCHHOCTH:
1. IToHsiTHE YKCIIOBOTO 3HAKOMOJIOKUTEIIBHOTO Psifia, CBOMCTBA PSIIOB.

2. [Ipu3Haku CXOUMOCTH 3HAKOIOJIOKUTEIHHBIX PSIOB.

5. DTanoHHBIE PSAbI.

6. [TonsaTue 3HaKOYEpEYIOLIErOCs Psa.

7. llpuznak JleitoHMIA.

8. AOGCONIOTHASA U YCIIOBHAs! CXOJUMOCTb.

2.7.2 Crenennbie paabl

[Tpu u3yyeHnn Borpoca HEOOXOIUMO 0OPATUTh BHUMAHKE Ha CIICIYIONHUE OCOOCHHOCTH:
1. ITonsiTue cTeneHHOrO psaa.

2. OnpeneneHue paanyca 1 HHTEpPBaia CXOAUMOCTU CTEIIEHHOTO Ps/Ia.

3. Onpenenenuie u cocod pasznoxeHus: GyHkui B psaa Tednopa u MakiopeHa.

4. [IpumeHeHne pSAA0B B MPUOIMKEHHBIX BEIYHCICHHUSIX.

2.8 OcHOBBI TEOPHH BEPOSATHOCTEM. DJIEMEHTHI MATEMATHYECKON CTATHCTHKH
2.8.1 Teopus BeposiTHOCTEIH



[Ipu uzydyeHnun Bonmpoca HEOOXOIUMO OOPATHUTh BHUMAHUE Ha CIEAYIONMNE OCOOCHHOCTH:

1. CymHOoCTb 1 yCI0BUS IPUMEHEHHS TEOPUN BEPOSTHOCTEN.

2. Kimaccrueckoe M CTaTUCTUYECKOE ONPEIETICHUS BEPOSITHOCTH.

3. TeopeMmsl CIIOKEHHSI U YMHOXKEHHS BEPOSITHOCTEN.

4. ®opmyna noiaHo# BeposiTHOocTH. Dopmyrna baiteca.

5. BeposTHOCTh COOBITHSI NPH TOBTOPHBIX HCHBITAaHHUSX: (opmyna bepHymnnu, nokanpHas Teopema
Jlammaca, uaterpaneHas Teopema Jlannaca, reopema [lyaccona.

6. HauBeposiTHeIIee YMCIIO0 HACTYIUICHUH COOBITHS IPY TTOBTOPEHUH UCTIBITAHUH.

7. IlonsiTue cy4ailHOM BEJIMYMHBI.

8. JluckpeTHble clly4alHble BEJIWYMHBL. 3aKOH pacHpeiesieHUus BEPOATHOCTEH IUCKPETHOW C.B.,
YHUCJIOBBIE XapPAKTEPUCTUKU JUCKPETHON CIIy4aliHOW BEJIMYUHBI.

9. HenpepbiBHblE ciydailHble BenuuuHbl. DyHKIUA pacnpeneneHuss U e€ cpoiicTBa. [lmoTHOCTH
pacupenesieHuss  BEPOSTHOCTU HEIPEPBIBHOM CIy4alHOM BeEIWYMHBL. YMCIIOBBIE XapaKTEPUCTUKHU
HEMPEPHIBHOM CITy4allHOW BEJIMYHMHBI.

10. Onpenenenne HOPMAJIBHOIO 3aKOHA PACIIPENEICHUS CITy4YallHOW BETMUYMHBI.

11. BepossTHOCTB MOMaiaHUsI HOPMAJIBLHO PACIPEECICHHOM C. B. B 3aJJaHHBI HHTEPBAJ.

12.ITpaBui1o «TpEX CUTM».

2.8.2 MaremaTn4ecKkasi CTAaTHCTHKA

[Tpu u3yueHnn Bompoca He0OX0AUMO 00pPATUTh BHUMAHHUE HA CIIEAYIOIINE 0COOEHHOCTH:

1. [ToHsiTHE BapuAIIMOHHBIX PS/IOB, X XapaKTEPUCTUKU U rpaduueckoe n3o0pakeHue.

2. IloHsATHE TeHEPAILHOW COBOKYITHOCTH U BHIOOPKH.

3. Onpenenenue u cnocod HaXOXKACHUS QYHKIIMH PaCIpEICIICHHUS.

4. YucnoBble XapaKTEPUCTUKU BAPUALIMOHHBIX PSIOB.

5. OcHOBBI TEOpHHM BBIOOPOYHOIO METOJA: CTATUCTUYECKOE OILICHHBAHHWE MapaMeTPOB, METO/IbI
HaXOXJACHUS OLICHOK.

6. IloHATHE TOYHOCTM OLIEHKH, HAJEKHOCTH, JIOBEPUTEIBHOIO HWHTEPBaNd, HEKOTOPBHIE BUIBI
JIOBEPUTENIBHBIX HHTEPBAJIOB.

7. IloHATHE CTaTUCTUYECKOW TUIIOTE3BI U 001Iast cXeMa €€ IPOBEPKH.

8. Tumnbl cTaTUCTUYECKUX KPUTEPUEB TPOBEPKU TMITOTES.

2. MeToauyeckne yKa3aHHUS MO BbINOJTHEHUIO
JIadopaTopHBIX padoT

2.1 JlaGopatopuas padora 1 (JIP-1): Onpeaeanresnn.
HpI/I IOoArOTOBKE K 3aHATHUIO HCOGXOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTLI:
1. Beruucienue onpeaenuTeneidi BTOporo U TPEThEro MopsiaKa 1Mo ONpeIeICHHUIO.
OmnpenenureneM BTOPOTO MOPSIKA HA3BIBACTCS YHCIIO, 0003HAYAEMOE CUMBOJIOM A (IenbTa)
A= hu Hﬂ'fz:
-
251 %nl p OIIpElEIsAeEMOE PABEHCTBOM A = a,, - a,, —a,, - a,,
4y Gy d4g

OHpC,Z[GHI/ITG.HGM TPETHETO NMOpAAKAa HA3bIBACTCA YUCIIO, 0003HaYaeMOe CUMBOJIOM A , A

=Gy Gy Ay
a; 4z Ay

ONPECISIEMOE PABEHCTBOM A =0+ Uy, Uyy + 0y " Uy Gy + 3 Gy Gy —(G3 - Gy * Gy + 0y Uy - Gy + 0y Gy - )

2. MuHop, anrebpandeckoe JTOTIOTHEHHE.
Munopom M j sieMeHTa a;; ONPENENUTENs HA3BIBACTCS ONMPECIUTENb, IIOTYICHHBIH U3 JTaHHOTO B

pe3yabTare BBIYEPKUBAHUS 1-OM CTPOKM H j-ro CTOJNOIA, HA TEPECEYCHUU KOTOPHIX HAXOIUTCS
DJIEMEHT 4,



AunreOpanuecKuM JOMOJIHEHHEM A [ JJIeMEHTa q, ; ONpeNenuTeNss Ha3bIBACTCA YUCIIO

‘ Aij :(_I)Hj'Mij ‘

3. Beruucnenue onpenenureneil no reopeme Jlamiaca.

TEOPEMA JIAIUVIACA (o pa3ioXeHHH ONpenesuTeIss 1O 3JeMEHTaM CTPOKH WM CTOJOIa):
Onpenenurens paBeH CyMMe MPOHW3BEICHUN OSJIEMEHTOB KakoW-TMO0 CTpoku (crtonbma) Ha
COOTBETCTBYIOIIUE AJIreOpanvdecKke JOMOTHEHHUS.

a a a
o Bl =ap Ay +ap A, +apdg
i Ml (g A+ ag, Ay + ayAyy)

B Vil V) 224722 234723

4 Gy Ay

4. Beruucnenue onpeaenuTenei MeToaoM 3(pPpeKTUBHOTO MOHMKEHHS MOPSAKA.

Meton 3¢ ¢deKTUBHOrO MOHMKEHHUS MOpAIKAa 3aKII0YaeTcs B HaKalUIMBaHWU HyJel B Kako-1mbo
cTpoke (cToyIOIe) ¢ MOMOIIBI0 6-T0 CBOIMCTBA ONpeneNuTeNeld M MOCIEeIyIOMEM BBIUMCIEHUN €ro 10

TeopeMe Jlamnaca.

2.2 JlaGopaTopHas padora 2 (JIP-2) IIpousBoanas pyHkumum.
HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:
1. 'eoMeTpuueckunii, MEXaHUYECKUH U SKOHOMUYECKHUI CMBICI POU3BOTHOM.
ITponsBonHONM (QyHKLIMU f(X) B TOYKE X, HA3bIBAETCS Ipe/esl OTHOLIEHUs MpUpalleHus (QyHKIUU B
9TOW TOYKE K IPUPAIICHUIO apryMEHTa, KOI/a mnpupaileHue aprymenta Ax — 0 (IIpu ycioBHH, 4TO
3TOT MPEJEN CYIHIECTBYET).
. A . X, +Ax)— f(x

f!(xo):hm y:hmf(o ) f(O)

Ax—0 Ax Ax—0 Ax
VYrnoBoil ko3¢ uIKeHT kacateabHOH K rpaduky GyHkuum y = f(Xx) B TOYKE X, PABEH 3HAYEHUIO

MPOU3BOIHON (DYHKIIMHU B 3TOH TOUKE. |k =f '(x0)|
[Tpon3Bo/Has OT MYTH IO BPEMEHU paBHA CKOPOCTHU MPH HEPABHOMEPHOM TIPSIMOJIMHEHHOM JIBI)KCHUH B

TAHHBI MOMEHT BPEMEHH ¢, . | v, =5'(t,) |

HpOI/I?)BOI[I/ITCJIBHOCTB Tpyda B MOMCHT BPEMCHU tO MOKHO OIIPCACIIMTL KaK MPEACIIbHOC 3HAYCHUC

CpeaHel MPOU3BOAUTENBHOCTH 3 MEPHOJ BPEMEHH OT f, 10 t,+At, mpu At —> 0, 1.e. z=u'(t,).
o AY
[TpousBonnas ' = 11m§ BBIpA)XAaeT TpeAebHbIE H3AECPKKH IPOU3BOJACTBA M XapaKTepU3yeT
Ax—0
MPUOIMHKEHHO TOMOTHUTENbHBIE 3aTPaThl HAa MPOU3BOACTBO €AMHUIIBI TONOTHUTEIBHON MPOTYKIUH.
OnactuyHOCThIO (GYyHKIMU E () Ha3bIBaeTcs Npeies OTHOCUTEIbHOIO NMpUpalleHus QyHKIMH Yy K
OTHOCHUTEJIbHOMY NPHUPAIICHUIO TepeMeHHOW X mpu Ax — 0:

. ([Ay Ax x.,. A X
E (y)=lim 22 :—hm—y:—-y'
Ax—0 y X y Ax—0 Ax y
DnIacTUYHOCTh (PYHKIMM IOKa3bIBa€T MPUOIMKEHHO, HAa CKOJIBKO IPOLIEHTOB M3MEHUTCS (QYHKIUS
v = f(x) npu u3MEeHEeHUHU He3aBUCUMOI nepeMeHHONH X Ha 1%.

2. IlpaBuna auddepeHnpoBaHUS.

| (f)+g(x)' = f'(x)+g' () |
| (f(0)-g(x) = f'(x)- g(0)+ f(x)-g' (%) |

’

[f(X)J _ S g0 - f(0)-g'(x)

g(x) g (x)

3. udbdepennupoBanne CI0KHON U 00paTHON (PYHKITUH.



Eciuy = f(t) u t=¢(x) - nupdepernuupyembie QyHKIUNA OT CBOUX apryMEHTOB, TO NPOU3BOAHAsS

CIIO)KHOW (DYHKIIMM CYIIECTBYET W paBHA INPOU3BOIAHON MaHHOW (DYHKIUH TO MPOMEKYTOUHOMY
apryMeHTy, YMHOKEHHOM Ha IIPOU3BOIHYIO IIPOMEKYTOYHOTO apryMEHTa 110 HE3aBUCUMOM IIEPEMEHHOU

x,1e. | y(x)= /1) ¢'(x)
Hns muddepenpyeMoil GyHKIMKU C TPOM3BOIHON, He paBHOU 0, Mpou3BoaHAs 0OpaTHOM (HyHKIMU
paBHa 00paTHOM BETWYHHE MPOU3BOIHON JaHHOU (DYHKITUH, T.€.

1
?'(y)
4. luddepenupoBanre Moka3zaTeIbHO - CTEIEHHON (YHKIIUH.

Ecm y = (U(x))"™, Torma

f'(x) =

) =v" mUvvutu

5. IlpousBoHast HEABHOW (DYHKIIHH.
Paccmotpum nuddepennupoBanve HesiBHOW QyHKINH, 3an1aHHOM B Buae F(x,y) = 0. [ HaxoxaeHUS

MPOU3BOIHON (DYHKIIMM Yy, 33JaHHOM HESBHO, HYXHO IpoauddepeHnupoBarb 00e 4acTH ypaBHEHUS,
paccMmarpuBasi y Kak (pyHKIIHIO OT X, a 3aT€M 3 IMOJYYeHHOT'0 YPaBHEHHUSI HAUTH NPOU3BOHYIO ).

6. [Ipou3BOIHBIC BBICIIUX MTOPSIKOB.

PaccmoTpum HekoTopyto yskiuio f(x) umycts Jf'(x) - mpou3BoAHAs IEPBOTO Mopsiaka. OYeBHIHO,
YTO OHA cama TMPEJACTaBIsICT HEKOTOPpYH  (QYHKIHMIO, 3aBHCAILIYI0 OT X. ECIu cymiecTByer
f"(x)=(f'(x))’, To oHa Ha3BIBaETCS MPOU3BOJHON BTOPOrO IMOPSIKA TAHHONW (YHKIHMH U T.I.
Ananormyno MoxHo paccmarpuBatk  f"(x), fY7(x), f"(x).. IlpomsBogHoii n-ro mopsAIKa

Ha3bIBACTCS MMPOU3BOIHAS OT MPOU3BOIHOMN (7-1)-ro mopsaka.
Bropas nmpousBoxnas mytu mo Bpemenu S"(z) = (S'(z)) =V'(tf) ecTh CKOPOCTh U3MEHEHHUSI CKOPOCTHU

WM YCKOpPeHHMe TOYKU B MOMEHT BPEMEHH t.

ja(t) =V'(6) = ")

2.3 Jlabopatopnas paoora 3 (JIP-3): IlepBooOpa3Hasi 1 HeonpeaeJeHHbI HHTErpaJl.

[Tpu mOATOTOBKE K 3aHSATHIO HEOOXOMMO O0paTHUTh BHUMAaHHE Ha CICTYIOINE MOMEHTBI:

1. HemocpeacTBeHHOE MHTETPHPOBAHUE.

Oyukust F'(x) Ha3pIBaeTCs mMepBooOpa3Hoi it pyHKIUU f(X) Ha HEKOTOPOM MPOMEKYTKe X, eCiH

JUTSL BCEX 3HAYEHHI X U3 9TOr0 MPOMEKYTKA BBITIOIHSAETCS paBeHCTBO F/(x)= f(X).
MHuoxecTBO mepBooOpasubix F(x)+ C, rae C=const, Ha3pIBaeTCS _HEOMPEACTEHHBIM HUHTETPAJIOM OT
¢bynkuun f(x) mo nepeMeHHo# X 1 0003HaYaeTC CUMBOJIOM:

[ fGydx=F(x)+C.
OCHOBHBIE CBOMCTBA HEOTIPEACIEHHOTO HHTETpasia:
D ([ £y = f(x) u d([ f@)dx) = f(x)dx
2) j dF(x) = F(x)+C

3) [k f()dx = k- [ f(x)dx
4) [(f(x)+ g(x)dx = [ f(x)dx £ [ g(x)dx

2. 3amMeHa nepeMeHHOM.
Yacto moxactaHoBka X=¢(f) (umn y'(x)=t) TO3BONAET TMEPEeHTH K HEMOCPEICTBEHHOMY
MHTErpUPOBAHUIO, TOTJA:

[ FG)dx= [ £(0))- # )t tne x = p(2), dx = p'(t)d
3. HTerpupoBaHue 1Mo 4acTsm.

Iudv = uv—jvdu .

Knaccel unTerpanoB, 6epyImxcs 1mo 4acTsiM:



IP(x) In axdx
ax aceR
I P(x)e “dx acRr IP(x) arcsin axdx Inax
I knace: IP (x)sin axdx u = P(x) I knace: jP(x) arccosaxdx ; u = qarcsinax,arccosax
I P(x)cosaxdx e"“dx I P(x)arctgaxdx arctgax,arcctgax
dv =< sin axdx J' P(x)arccigaxdx dv = P(x)dx

cosaxdx

2.4 JlabGoparopHas padora 4 (JIP-4): OcHOBBI TEOpUM BEPOATHOCTEN.

[Tpu mOATOTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMaHKE Ha CIEIYIOIHE MOMEHTBI:

1. CyniHOCTh ¥ yCIOBUS MPUMEHEHHS TEOPUHU BEPOSITHOCTEM.

MHorue sBiI€HUS B OKPYXKAIOIIEM HAC MHUPE HOCAT CIIy4alHbIM Xapakrep. Eciim HEKOTOpoe sBJICHHE
ITOBTOPSIETCSI MHOTOKPAaTHO, TO €r0 MOXHO ONHCAaTh C NOMOILIBI 4yucen. TB momoraer cocTtaBUTH
MaTeMaTUYeCKUEe MOJENIM OINUCAaHUs CiaydalHbIX sBiIeHWM. Ilpuuem npu mnocTpoeHuu MoneIu
YUUTBHIBAIOTCS  TJIaBHbIE, HamOoJee CYyHIECTBEHHbIe OCOOEHHOCTH HM3y4yaeMoro SIBJCHUS U
oTOpackIBalOTCsl BTopocTenennslie. K mpumepy, npu noadpackiBAaHUU MOHETHI CUMTAEM, YTO OHA MOXKET
yIacTh «OPJOM» WM «PEIIKONW» U HE MOXKET YIacTh peOpoM, He YUUTHIBaeM OKpy»karote cpenpl. [Ipu
IIOCAJIKE CEMSH, CUNTAEM, UTO BCE OHU OJMHAKOBBI M BBICAXKMBAOTCS IIPU OJIMHAKOBBIX YCIOBHUSX.

2. Kimaccrdeckoe M CTaTUCTUYECKOE OINpPEETICHUS] BEPOSITHOCTH.

Knaccudeckoe orpenenenne BepOsSTHOCTH: BeposTHOCTBIO COOBITHSI A Ha3bIBAa€TCS OTHOIICHUE YHCIIA
UCXOJIOB HUCHBITaHUS, OJaroNpUSATCTBYIOIIMX HACTYIJICHUIO COOBITUS A K OO0IeMy 4YHCIy
HECOBMECTHBIX, €TMHCTBEHHO BO3MOXKHBIX AJIEMEHTAPHBIX UCXOJIOB UCHBITAHUS, 00Pa3yIOIIUX MOTHYIO

TpymIy:
P4y ="
n

BeposiTHOCTH cOOBITHSI MOKET MpUHUMATH 3HadeHus oT 0 1o 1: 0 < P(A4) <1.

Cratuctudeckoe ornpeaeieHne BepoSITHOCTH: OTHOCUTENBHON YacTOTOM COOBITUST A  Ha3bIBAIOT
OTHOIIIEHWE 4YHUCJIa HCIBITAHUNA, B KOTOPBIX COOBITHE MOSIBUIOCH, K 00ILIeMy 4uClIy (akTHuecKu
MPOU3BEICHHBIX UCTIBITAHUMN:

W (4) :%.

3. TeopeMbl CIOKEHUSI 1 YMHOKEHUS BEPOSITHOCTEN.
CoOsiTue C, cocrosiiee B MOSABICHUH XOTS Obl OAHOTO M3 COOBITHI A min B Ha3pIBaeTCcst UX CyMMOMH
(C=A4A+B,umu C=A4AUB).
Coo6riTe C, cocTodIlee B COBMECTHOM ITOSBICHUH B TAaHHOM HCIBITAaHUH cOOBITHI A U B Ha3sIBaeTca
npousBeaeHneM ITux coObituii (C=A-B, wmu C=ANRB).
TEOPEMA: BeposITHOCTh TIOSIBJIICHUSI OJTHOTO M3 JIByX HECOBMECTHBIX COOBITHH, O0€3pa3IuvHO KaKoTo,
paBHA CyMMe BEpPOSATHOCTEH 3TUX COOBITHIA:
P(A+ B)=P(A)+ P(B).
TEOPEMA: BeposTHOCTh COBMECTHOTO HACTYIUICHHS JIBYX HE3aBHUCHMBIX COOBITHH, paBHA
MIPOU3BEICHUIO BEPOSTHOCTEN ATUX COOBITHIA:
P(A-B)=P(A)-P(B).
TEOPEMA: BepoATHOCTh NOSIBICHHUS OJHOTO W3 JIBYX COBMECTHBIX COOBITHH, 0€3pa3InYHO KaKoro,
paBHA CyMMe BEpOSATHOCTEH ITUX COOBITHI 0€3 BEPOATHOCTH X COBMECTHOTO MOSBICHHUS:
P(A+B)=P(A)+P(B)—P(A4-B).
TEOPEMA: BeposSTHOCTP COBMECTHOTO HACTYIUIEHHUS JIByX 3aBUCHUMBIX COOBITHA, paBHA
MPOU3BEICHUIO BEPOSTHOCTH OJHOTO W3 HUX HA YCIOBHYIO BEPOSITHOCTH JPYroro, BHIYMCICHHYIO B
MPEIIOJIOKEHNH, YTO TIEPBOE COOBITHE YKe MPOU30IILIO:
P(A-B)=P(A)-P,(B)=P(B)-Py(A).
4. ®opmyna noaHou BeposaTHocTH. PopMmyna baiieca.
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TEOPEMA: BepostHocTh coOBITHS A, KOTOPOE MOXET HACTYIUTH JIUIIh TPU YCIOBUU TOSBICHUS
OJTHOT'O U3 HECOBMECTHBIX coObITUil H, H>,..., H, paBHa cyMMe NMPOU3BEICHUN BEPOATHOCTEH KasKI0Tr0O
U3 3TUX COOBITHI Ha COOTBETCTBYIOIIYIO YCIOBHYIO BEPOSITHOCTH COOBITUS A

P(A)=P(H,)-P; (A)+P(H,) - P; (A)+...+ P(H,)- P, (4).

TEOPEMA: Ilycte coObiTHe 4 MOXET HACTYNUTh JHUIIb TPH YCIOBUH TIOSIBICHHUS OJIHOTO U3
HECOBMECTHBIX coOwbITuii H;, H,..., H, , TOrIa BEpOSTHOCTh COOBITUS H;, i=I...n, BEIYUCIECHHAS MPU
YCIIOBHH, UYTO COOBITHE A YK€ MPOU30ILI0, BEraucisercs o popmyne baiieca:
P(H,)- P, (4)
P 4 (H i) =
P(4)

3. METOAUYECKHUE PEKOMEHJALIHWHA 11O HIOAT'OTOBKE K 3AHATUAM

3.1 IIpakruueckoe 3ansatue 1 (I13-1): MaTpuubl.

[Tpu mOATOTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMaHKE Ha CIETYIOIHE MOMEHTBI:

1. JleiicTBUs HAJ MaTPULIAMH.

Cymmoli  (pa3HOCTBIO) JABYX MATpHUI] OJMHAKOBOW pa3MEpPHOCTH Ha3bIBA€TC MaTpulla TOW XKe
pasMEpHOCTH, 3JIEMEHTBl KOTOPOW PaBHbI CyMMe (pa3HOCTH) JIEMEHTOB, CTOSIIUX Ha OJMHAKOBBIX
MecCTax.

[IpousBeneHnneM MaTpuisl A Ha JIEHCTBUTENbHOE 4ucio k # (0 HaspiBaeTcs Marpuia B, xaxmblit
3JIEMEHT KOTOPOH MOJIy4eH YMHOXEHHEM Ka)KJIOTO JIEMEHTa UCXOIHOM MaTpUIbl A Ha 3TO YHCIO K.
IIpousBeneHueM MaTpuusl A4, ¥ Marpuusl B, HaszsiBaetcs Matpuna C, ., 9IEMEHTBI KOTOPOH ¢, ;

mxn 2
PaBHBI CYMMe€ TIPOU3BEJICHUI SJIEMEHTOB 1-OM CTPOKH MAaTPHUIlbI A W COOTBETCTBYIOIIUX AJIEMEHTOB j-
ro cTondima MaTpuibl B.

A, B C 4,4 =(a,,) i=l.m p=l.k

mxk — & mxn
B, =(,) j=l.n

mxk

k
Cijzz aip'bpj men:(cij)

Martpuipl MOXKHO MEPEMHOXKATh JIMIIb B TOM CIy4ae, KOT/a YUCIO CTOJIOLOB NMEepBOM MAaTpHIlbI PaBHO
YHUCILYy CTPOK BTOPOM MaTPHUILBI.

2. Haxoxnaenune oOpaTHOM MaTpPHUIIHL.

OOpatHoif MaTpuILeli 10 OTHOLICHUIO K JTAaHHOI Ha3bIBaeTCs MaTpuIla, KOTopas Oyy4l YMHOKEHHOH Ha
JAHHYIO MaTPHIly KaK CJI€Ba, TaK U CIIPaBa JAeT CANHUYHYIO MAaTPHILY.

A-A‘le“-A=E|

TEOPEMA (o cymecTBOBaHMU W €IUHCTBEHHOCTH OOpaTHOM MaTpuIlbl): J[Is KBagpaTHOW MaTPHIIBI
A4 onpenenuTens KOTopoi oTamden oT Hyas (A(A) #0), cymectByer obpaTHas matpuma A,

nxn >

npru4YeM CANHCTBCHHAS.

4, 4 nl
71=L 4, A, n2 |,
A(A) | coeee e
4, 4, 4,

rae A i anredpanvecKue JOTMOTHEHUS TS DJIEMEHTOB a;; MaTpHIBI A, i=1l.n,j=1.n

3.2 lIpaktuyeckoe 3ansaTue 2 (I13-2): Cucrembl JMHEHBIX YPABHEHUI.

[Ipu moAroToBKE K 3aHATUIO HEOOXOIUMO 0OpATUTh BHUMAHUE Ha CIIEAYIOIINE MOMEHTHI:
1. Pemenue cucteMsl B MAaTpUYHOM BHJIE.

DTOT METOJ MPUMEHUM JUISI CHCTEM N JIMHEHHBIX YPaBHEHHUI ¢ N HEU3BECTHBIMH.
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a,x, +a,x, +..+a,x, =b,
Ay X, +ApX, +...+a,,x, =b,
a,x, +a,x,+..+a,x, =b,

BBenem B paccMOTpeHHE MaTPHIIBI:

a, a, .. a, X b,
Ay Gy ... Gy, P

n2.oc a”” nxn x" nxl1 n/nxl

A- X = B -marpuyHOe ypaBHEHHE, KOTOPOE 1Mo3BoJjsieT 3anucarh CJIY B maTpuyHOM BUIE.
Yro6s! HaiiTH X, yMHOKHM PaBEHCTBO C 00€NX CTOPOH cieBaHa A~

A" 4-X=4"B

E-X=A4"B

X=A4"B

[Monyunnu pemenue CJIY B MmatpuuHoii popme.
2. Pemenne cucrems o popmynam Kpamepa.
Teopema Kpamepa: Cucrema n JHUHEHHBIX YpaBHEHUN C N HEU3BECTHBIMH, OMPEAEITUTETb KOTOPOMl

A

A

A #0 wuMmeeT pelieHHEe U TNPH ITOM EAMHCTBEHHOE, OmpenensemMoe mo Qopmyiaam , TIe

xj=

A, (j = l...n) -onpenenurenp, NOTyYaeMblii M3 ONPENENUTENsS CHCTEMbl A 3aMeHOM j-ro cronbua

CTOJIOIIOM CBOOOIHBIX YWIECHOB.
Ecim A #0,To cucrtema MMeeT €IMHCTBEHHOE pelIeHHEe, KOTOpOe OnpeAesseTcs no GopMyIaM.
Ecmt A =0 u xors Obl OMH U3 BCIIOMOTATENbHBIX ompeznenureneii A, # 0, To cucrema He UMeeT

peLICHHUIA.
Ecmn A=0 u A, =0, To cucrema 1100 MMEET MHOXECTBO PEUICHUH, NMOO HE MMEET PELICHUH.

Hy>XHbI TONOJHUTETBHBIE UCCIIETOBAHUS.

3. Pemenne cucremsl meron ['aycca. Panr matpuusl. MccnenoBanue pemenus cucteM. OIHOPOAHBIE
CUCTEMBI JINHEWHBIX YPABHECHU.

Meron ['aycca 3akmrodaeTcss B TOM, YTO C IOMOIIBIO DJEMEHTApPHBIX MPEOOpPa3OBAHUA CHCTEMBI
nepexoauM K paBHocwibHOM CJIY  cTyneH4atoro WM TpEyrojbHOTO BHJAA, M3 KOTOpPOH
MOCJIeI0BATENbHO HAXOST BCE IIEPEMEHHBIE.

Teopema Kponekepa-Kanemnu (kputepuii coBmectHoctu CJIY): Jlns Toro, utoObl cucteMa m
JUHEWHBIX YpaBHEHUWW C N HEW3BECTHHIMH OblJIa COBMECTHOM (MMeja perieHue) HeoOXOIUMO |
J0CTaTOYHO, YTOOBI PAHT OCHOBHOM MAaTPHIIBI OBUT PaBEH PaHTy PACHIUPEHHON MATPUIIBL.

Ecnu rangA=rangB=r, TO cucTteMa coBMEeCTHA, PUYEM:

1) ecnu r=n (n-4KCIO HEU3BECTHBIX ), TO CUCTEMA UMEET €AMHCTBEHHOE PEIICHUE.

2) ecnu r<n, TO CUCTEMa UMEET OECUMCIEHHOE MHOKECTBO peIlIeHNe, 3aBUCSIINX OT (N-T) mapameTpoB.
Ecnu rangA # rangB, To cuctemMa HeCOBMECTHa.

3.3 IIpakTuueckoe 3ansaTue 3 (I13-3): Bexkropsl.
HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:
1. [leticTBUsI HaJT BEKTOPAMH B T€OMETPUIECKON M KOOpAMHATHOU popme.

BexkTopoM Ha3bIBaeTCsl HANpaBJIEHHBI OTPE30K AB ¢ HadalbHOM Tauykoil A M KOHEUHOM Toukol B,
KOTOPBIH MOXKHO IepeMeIaTh napajjiebHO caMoMy cee.

CymMoli IBYX BEKTOPOB @ U b Ha3bIBaeTCS HOBBIM BEKTOP ¢, HAYajJo KOTOPOTO COBIAIAET C HA4aJIoOM
MEPBOrO CJIAraeMoOro BEKTOpa, a KOHEI[ — C KOHIIOM BTOPOTO, MPH YCIOBWHU, YTO HAa4yallo BEKTOpa b

JIC)KUT B KOHIIC BEKTOpa a .
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-

Pa3HOCTBIO BEKTOpPOB @ W b Ha3bIBaeTCS HOBBIM BEKTOP ¢, HAYajl0 KOTOPOTO JIGKHUT B KOHIIE
BBIUUTAEMOT'0 BEKTOpa b, a KOHEIl — B KOHIIE YMEHBILIAEMOT'0 BEKTOpa a , MPH yCIOBUH, YTO BEKTOPHI
a u b mMmeror oO1ee HAYAIIOo.

Koopaunaramu BEKTOpa @ HA3BIBAIOTCA KOOPAMHATHI KOHEYHOM TOYKH €ro pajnyc-BeKTopa.

JIJ1st BEKTOPOB a = (xl,yl,zl) u b= (x,;¥,52z,) NeHCTBUS B KOOPAUHATHON (OopMe UMEIOT BUJI:

c=a+b, TO c=(x1+x2;yl+y2;zl+zz)
d=a-b, T10 d=(x-x3)~2—2)
b=21-a, 0o b=(WAx351-y;4-2)

2. JInuna BekTOpa.

JlnvHa BeKTOpa HaXoqUTCA 1o (opmyie:

a =x*+’

a
Paccrosane mexnay aByms Toukamu A(x;;y,) u B(x,;y,) MOXHO HaXxOAWUTh Kak JJMHY BEKTOpa

—

NI al =

¥+ 4+

AB = (x, —x;;, —»,) . HoaTromy

A5 - ‘E‘ =5 = %)+ 0, —yl)z‘

3. CxansipHO€ MPOU3BEICHUE BEKTOPOB.

- - —

CkanspHbIM TIpOM3BENEHHEM  a-b JBYX BEKTOPOB a u b  Ha3pIBaeTCs 4YHMCIO , PaBHOE
IIPOU3BEICHUIO JUIMH 3TUX BEKTOPOB HAa KOCHHYC yIJla MEXKIY HUMU

- -

a-b=

—

a

-

b

-

-cos(;;A b)|.

CkansipHO€ MPOU3BEIEHUE IBYX BEKTOPOB PAaBHO CyMME MPOM3BEIEHUIN COOTBETCTBYIOUINX KOOPIUHAT
3TUX BEKTOPOB.

|a'b:x1'x2+y1'y2

4. ITpoekuus BEKTOpa Ha OCh, €€ CBOMCTBA.

Anrebpanueckoii npoekuuei (mpoekuueil) Bektopa AB Ha och / Ha3bIBAETCS MOJIOKUTEIBHOE YUCIIO,

—_—

coBIaaowmee ¢ LTHHO BekTopa A,B, , ecim Bextop 4%/ (onnnakoBo Hanpasiensl); oTpuLaTEnbHOE

o B f' Vi
41CJI0, COBIAJAIONIee ¢ IIMHON BeKTOpa A4 B, , ecin 4

[Ipoekuust BeKTOpa Ha OCh paBHA MPOW3BEICHUIO JJIUHBI 3TOTO BEKTOpPA HA KOCHHYC yria MEXIy
BEKTOPOM U OCBIO

; 0- ecnu AB NEepIeHANKYISpeH /.

‘Hp,A_é :|14_B]-cosgo

[Ipoekuust BekTOpa Ha HampaBieHHE IPYroro BEKTOpa paBHA OTHONICHHIO CKAISIPHOTO MPOU3BEICHUS
BEKTOPOB Ha JAJIMHY TOTO BEKTOPA, HA KOTOPBII OIyCcKaeTcs MPOEKIMs

3.4 IIpaktuueckoe 3ansaTue 4 (I13-4): BexkTopHoe NpOCTPAHCTBO BEKTOPOB.

HpI/I IIOATOTOBKE K 3aHATHUIO HCOGXOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:

1. Pa3noxeHue BeKTOpa 1o 6a3ucy.

YnopsiioueHHas rapa AByX HEHYJIEBBIX, HE KOJUTMHEAPHBIX BEKTOPOB 00pa3zyeT 0a3uc Ha IIOCKOCTH.
VYnopsimoueHHass cucTteMa TpEX HEHYNEBBIX, HE KOKOMIUIAHAPHBIX BEKTOPOB o0O0Opa3yloT 0Oa3uc B
MIPOCTPAHCTBE.
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MHOX€eCTBO BEKTOPOB C JCHCTBUTENBHBIMH KOOpJIWHATaMH, B KOTOPOM OIpeleeHbl ONepaluu
CIIOKEHUS W YMHOXEHUS Ha YHUCJIO0, YIOBJIETBOPSIOUIME IMPUBEICHHBIM BBIIIE€ BOCBMU CBONCTBaM,
Ha3bIBAETCSI BEKTOPHBIM IMPOCTPAHCTBOM.

Teopema: Ecmu BekTopa a u b oOpaszyror 6asuc, TO JF0O0H BEKTOp ¢, KOMIUIAHAPHBIA C BEKTOpPAMH
a u b, MoXxeT OBITh NIPECTaBJICH B BU/IE JIMHEHHOW KOMOMHAIIMN BEKTOPOB Oa3uca.
PaBeHctBO c=0aa + b o3Hayaer, 4TO ¢ pa3NOKEH MO Oa3UCHBIM BeKTOpaM a u b, mpudem

Kod(ppuImenTsl @ u [ - 9rciia, KOTOpbIe SABISIOTCS KOOpJMHATaAMH BEKTOpa ¢ B 06azuce (a;b).
2. Ilepexox k HOBOMY Oa3ucy.

B

ITycts B mpocTpancTBe R mmerotcs nBa Gaszuca: crapelii ai,a2,a4, W HOBBIA b, b,,b,

OnuH ¥ TOT e BEKTOp ¢ HMMEET pa3INuHble KOOPAWHATHI B pa3IMYHBIX Oa3ucax.

ITycts B cTapom Ga3uce ai,a2,a; BeKTop ¢ = (c;;¢,;c;). Halinem KoopauHATEl BeKTOpa ¢ B HOBOM

6asuce b,,b,,b; .

ITycth 171 =(b,;b,,3b,3) , l;; = (by;0,,3D,3), E; = (by;Dy,3b;;) . O0O3HAUMM HEU3BECTHBIE KOOPIUHATHI

BEKTOpa ¢ = (X;y;z) OTHOCUTENIbHO HOBOroO 0Oasuca b,,b,,b; .

- —_— — —

Paznoxxum BekTop ¢ 10 BekTopaMm 0Oasuca b,,b,,b; :

c=x-b +y-b,+z-b,

(c3¢35¢3) = x-(byy3Dyy3D13) + ¥ - (Dy13D1y3055) + 2+ (b33 b33 b33)
b x+b,y+b,z=c¢
b, x+b,y+b,,z=c, Pemas cucteMy Tpex ypaBHEHHUH C TpeMsl HEU3BECTHBIMH X, ), z , Haillem
byx+b,y+b,z=c,

HCKOMBIC KOOPpAUHATHI.
4. OTpIicKaHue COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX 3HAYCHUN MATpPHII.
Yucno A Ha3pIBaeTcsi COOCTBEHHBIM 3HAUEHHEM MATPUIIbl A, €CJIH BHITIOJHSAETCS] PAaBEHCTBO

| A(A-2E)=0 |

—_ -

Bekrop x=(x;x,;...5x,), x#0 Ha3bIBAETCS COOCTBEHHBIM BEKTOPOM, COOTBETCTBYIOIIUM
X

cOOCTBEHHOMY 3HAUCHUIO A , €CIU (A—AE)- _)-

X

n

3.5 IIpakruyeckoe 3ausatue S (II3-5): VYpaBHeHue npsiMoil JUHMH HA MJIOCKOCTH. Croco0bl
3a]aHuA NPAMOM.

[Ipu moAroTOBKE K 3aHATUIO HEOOXOIUMO 0OpAaTUTh BHUMAHUE HA CIIEAYIOIINE MOMEHTHI:

1. YpaBHeHHe npsMOii ¢ yriIoBBIM K03 hULimeHToM.

YrioBeiM KOdhduIEHTOM & mpsMoii [ Ha3BIBAa€TCsl TAHTEHC yrila HAKJIOHA MEXIAY HIpsIMON H
MIOJIOKUTETLHBIM HaIlpaBICHHEM OCH X.

v =kx+b - ypaBHeHUE NPAMOIA C YTTIOBBIM KO (HUITUEHTOM K.
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2. YpaBHEHHE NPSIMOM, TPOXOASAIICH Yepe3 JaHHYIO TOUKY C YTIIOBBIM KO3 OUITHESHTOM.

ITycts npsimast [ mpoxonmut uepe3 Touky M, (x;;,).

y—y,=k(x—x,) - ypaBHeHHEe NpSIMOH, Npoxoxaduled depe3 [OaHHYHd TOYKY C YIJIOBBIM
kod(purmeHTom.

3. YpaBHeHUe NpAMOU, TPOXOASIIEH yepe3 ABe JaHHbIE TOUKU.

ITycte M (x;y,) el n M,(x,;y,)el.

p=22"0 dbopmya yriaoBoro ko3¢GpGUIMEeHTa PSIMOH, TPOXOIAIIEH Yepe3 ABE TaHHBIC TOUKH.
Xy =X
X=X V=N > =
= - YpaBHEHHE NPSIMOH, TPOXOAAIICH Yepe3 IBe JaHHBIE TOUKH.
X, =X, V,—Y
2 1 2 1

4. YpaBHEeHME NIPAMON B OTpe3Kax.

A £
A moyka 4 (a0 £1

—— moyga B el <

ol

X y .
—+— =1- ypaBHEHHE NPSAMOI1 B OTpe3Kax.
a b
5. Yron Mexay AByMs NPSIMbIMHU.

L y=kx+b,
HaHo:

L: y=kx+b,

kz — kl
1g(p == —————- yroJl MeX1Y ABYMS MPSIMBIMHU.

1+ kK,
YoM Mexay IBYMs NPSAMBIMHA HA3bIBAETCS YroJI MOBOPOTA OJHOM MPSIMOU 10 OTHOLICHUIO K APYrOU
MPOTHUB XOJ1a YaCOBOM CTPEIKH.
6. YcioBue napamuieabHOCTU U NEPIEHANKYISIPHOCTH IPSIMBbIX.
Ecnu npsiMble napajuiesbHbl, TO UX YII0Bble K03 GULNUEHTHI paBHEL k, =k,
OOpatHoe yTBEp>KICHHE TOXKE CIIPABEINBO.
Ecnu npsiMble epneHIuKyIsIpHbL, TO IPOU3BEACHUE UX YITIOBBIX KOA(QGHUIMEHTOB paBHO -1. kk, = -1
Ecnu npsiMble NepneHAMKYJISPHBI, TO HX YIJIOBble KO3(PUIMEHTHl OOpaTHBI MO BEIUYMHE U
IIPOTUBOIOJIOKHBI 110 3HAKY.
OObpaTHOe yTBEpkKACHHUE TOKE CIPABETHBO.

3.6 IIpakruyeckoe 3ansitue 6 (I13-6): VYpaBHeHue NpPsAMOH JHUHHMH HA MJIOCKOCTH. Croco0bl
3a]aHuA NPAMOM.

[Ipu moAroTOBKE K 3aHATUIO HEOOXOIUMO 0OpATUTh BHUMAHUE Ha CIIEAYIOIINE MOMEHTHI:

1. Obuiee ypaBHEHHE IPSMOIA, €T0 YaCTHBIE CITyYau.

B ITICK mrobast mpsimas 3ajjaeTcsi ypaBHEHUEM MEPBOM CTENICHH | Ax+By+C=0|,rne 4#0 wnmm

B#0.

OOpatHOe yTBEepKIIEHUE TOXKE BEPHO, T.€. JAHHOE YpaBHEHHE MPH MPOU3BOJIBHBIX KO uImenTax 4, B
uC(A+0 wm B #0) onpenenser HekoTopyto mpsimyto B [TJICK.

YroObl HaliTW TOUKy mepecedeHHs] NpsAMBIX [ u [, HYXHO pelUTb CHUCTEMY, COCTABICHHYIO W3

YPaBHEHU ITHX MPSIMBIX.
L:|Ax+By+C =0
L:|4x+By+C,=0

2. PaccTosiHME OT TOYKH /10 IPSIMOIA.

BexTop n, nepneHIuKYISpHBIN K IpsAMOil /, HA3bIBA€TCSI HOPMaJbHBIM BEKTOPOM IpsIMON /.
[:Ax+By+C=0 = n=(4;B).
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|Ax0 +By,+C
VA + B

3. YpaBHeHHE NpsMOM, TPOXOAIIEH Yepe3 JaHHYIO TOUKY ¢ HOPMaJIbHBIM BEKTOPOM.

d(M ;1) = - paccrosHue OT Touku M (x,;¥,) mo npsmon [: Ax+By+C =0

n = (A4; B) - HopManbHbIN BEKTOp NpsiMOit U M (X,; y,) TPUHAATIEKUT NPSIMOH.
Torma A(x—x,)+ B(y — y,) =0- ypaBHEHHE NPIMOM, IPOXOAAIIEH YEPE3 TaHHYIO TOUYKY C HOPMaIbHBIM

BEKTOPOM.
4. YpaBHeHME NPAMOM, IPOXOIALIEH Uepe3 TaHHYIO TOUKY ¢ HaIPaBJIAIOLIUM BEKTOPOM.

p = (a; ) - HanpaBiAOUMN BEKTOp IpsAMoit U M (x,;y,) NPUHAMICKUT IPIMOU.
—ro _ VYo
a B

BEKTOPOM.

Torma - YpaBHEHHUE TPSAMOW, MPOXOIAIIECH Yepe3 JaHHYI0 TOUYKY C HaIpaBIISIIOIIAM

3.7 llpaktuueckoe 3ausatue 7 (I13-7): JIluHum BTOPOro nopsiaka.

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CJIEIYIOINE MOMEHTBI:

1. ITocTpoenue auHMUM BTOporo nopsaka. HaxoxeHue ux OCHOBHBIX 3JIEMEHTOB.

Oxpyx)HOCTBIO ¢ IIeHTpoM B Touke C u panunycoM R Ha3piBaeTcs MHOXKECTBO TOYEK IUIOCKOCTH M,
paBHOyZAaneHHBIX 0T Toukn C Ha pacctosHue R.

‘ (x—x) +(y=y,) =R ‘ - KAHOHMYECKOE YPABHEHUE OKPYKHOCTH C LEeHTpoM B Touke C(x,;y,) U

paguycoM R.
DJITMTICOM Ha3bIBAE€TCSI MHOKECTBO TOYEK IJIOCKOCTH, CyMMa PACCTOSIHUM OT KaXXJOW U3 KOTOPBIX JO
JBYX NaHHBIX TOYEK (HA3bIBaeMbIX (POKyCaMH) €CTh BEIMYMHA MOCTOSHHAsS, OOJNBINE YeM PACcCTOSHUE
Mexay (pokycamu.
2 2 S ——

X y 22

= +:5=1| - KAHOHHYECKOE YPAaBHCHHE dJLIMIICA, I | ¢* =a” —

a- b -
['amep6om0ii Ha3pIBAETCSI MHOKECTBO TOYEK MIIOCKOCTH, JJIsE KOTOPBIX MOAYJIb PA3HOCTH PACCTOSIHUHA OT
JBYX JaHHBIX TOYEK, HA3bIBaEMBIX (OKyCamMH, €CTh BEJIWYMHA IOCTOSHHAs, MEHBIIAs PAaCCTOSHUS
MEXTy (hOoKycamH.

¥y |

= - y_2 —1| - KAHOHUYECKOE YpaBHEHHE THIEPOONBL, Te | ¢” =a” +b ‘

a- b -
[TapabGomoii Ha3pIBa€TCI MHOXECTBO TOYEK IIJIOCKOCTH, PAaBHOYJAICHHBIX OT JAaHHOH TOYKH,
Ha3bIBaeMoOU (POKycOM, U JaHHOW MPSMOM, Ha3bIBAEMOMN JUPEKTPUCOM.

‘ Y =2px ‘ - KaHOHWYECKOE ypaBHEHHUE Mapaboiibl, TIe p — mapamerp, |F (%;O) - okye, |, __2P

r| -
JMPEKTPHCA.

2. CocTaBiieHHE YpaBHEHUM JIMHUNA BTOPOTO MOPSIKA 10 UX OCHOBHBIM AJIEMEHTAM.
DKCIEHTPUCUTETOM dJutuiica ( £ ) Ha3bIBAIOT OTHOIICHHE IJIMH TMONY (POKYCHOTO paccTosiHHS (C) K

. c
OombIelt monyocu (a). | € =— |, 0<e<l
a E—
DKCIEHTPUCUTETOM THUIIEpOONBI ( £ ) HA3BIBAIOT OTHOIICHHE JUTHH MOy (POKYCHOTO PAcCTOSHUS (C) K
NENUCTBUTENBHON ToJIyocH (a).
b

u | y=——x
a

- ACHUMIITOThI FI/IHep6OJ'IBI

b
y=—x
a

A (~a0), A,(a;0)— BEPUIMHBI TUIIEPOOIIBI
F(=¢c0), F,(c;0)— doxycsl rumepoost
PaznuyHble ciiydan pacroyioskeHus mapabosibl (BeTBH BBEPX, BHH3, BJIEBO, BIPABO, C BEPIIIMHON B TOUKE

(0,0) 1 co cMenIeHHOM BEPIIMHOM.
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3.8 IlpakTuyeckoe 3ansaTue 8 (I13-8): IlnockocTh M NpsiMasi B IPOCTPaHCTBeE.

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIEIYIOINE MOMEHTHI:

1. CrtocoObI 3a1aHus MIIOCKOCTU B IIPOCTPAHCTBE.

VpaBuenue Ax+ By+Cz+D=0,rne A, B, C u D— nHexotopsie neiictBurensubie uyucia (A, B, C He
oOpariarTcs 0qHOBpeMeHHO B 0), 331aeT B IPOCTPAHCTBE MIOCKOCTb.

OOpatHoe yTBep)KJIeHHE TOXke BepHO: JII00YyI0 MIIOCKOCTh B MPOCTPAHCTBE MOKHO 33JaTh ypaBHEHHEM
Buga Ax+By+Cz+D=0.

—

HampaBisomum BEKTOPOM  p IUIOCKOCTH Ha3bIBAE€TCS BEKTOp, JIEXKAIIUMM B ITOW IIJIOCKOCTH WIIH B
IIJIOCKOCTH, ITapajuIeIIbHOM €.

Bekrtop 7 Ha3blBaeTcd  HOPMAaIbHBIM BEKTOPOM IUIOCKOCTH, €CIM OH IEPIEHIUKYISPEH JTOU
IIJIOCKOCTH.

Ecmu miockocts 7 3ajaHa oOuwmM ypaBHeHHeM Ax+By+Cz+D =0, 1o BeKTOp |, _ (4 5.)

SIBJISIETCSI HOPMAJIBHBIM BEKTOPOM IJIOCKOCTH 77 .
‘ A(x=x)+B(y—y,)+C(z—2,)=0 ‘ - yYpaBHEHHME IUIOCKOCTH, MPOXOJSAIIEN Yepe3 HNaHHYK TOYKY C

AaHHBIM HOPpMAaJIbHBIM BEKTOPOM.

X=X Y= -z
X,—X, V,—Y, Z,—z |=0| - YpaBHCHHE IUIOCKOCTH, IPOXOISIICH Yepe3 TPH JaHHbIC TOUKH.
X=X Vi—W  ZTE

2. YpaBHEHME NIPSIMON B IIPOCTPAHCTBE.

Paccmotpum IIJICK u nBe mnockoctu: 7, : Ax+By+Cz+D, =0 n n,: A, x+B,y+C,z+D, =0.

l‘{ Ax+By+Cz+D=0

- o0miee ypaBHEHHE TIPSIMOI B TIPOCTPAHCTBE.

Ax+B,y+Cyz+D, =0

[TycTh nan HampaBisoUMii BeKTop p = (; F;7) || [ u Touka M (x,;,;2,), IpUHAATEKALIAS TIPIMOH.

X — X, - zZ—Z o
o Y7o _ 0 |- KAHOHUYECKOE YPaBHEHUE NIPSIMOM.

a B /4

X—=x, Y-y  z-z | . .
= = - YpaBHEHHE MPSAMOM, TPOXOAIIEH Yepe3 BE TOUKH.

X=X V=V T4
3. B3auMHOE€ pacnosoXeHrue NpsiMoil ¥ II0OCKOCTH B MPOCTPAHCTRBE.
VYcnoBue napaiiesIbHOCTH U MEPIEHUKYISIPHOCTH PSIMOM U TUIOCKOCTH.

- - - A B
;X% VTV 275 yo i Ax+By+Cz+D=0: Z-—-=.

a B y a p oy
YrioM @ Mexay npsMod | W MIIOCKOCTBIO 77 HA3BIBACTCS OCTPBIM Yroj MEXIy HpsSMor u e
MPOEKIMEN HA TNIOCKOCT.

aA+pB+yC
VA + B +C o> + P+ 7

sing =

3.9 IIpakTuueckoe 3ansatue 9 (I13-9): OyHkuus 0aHOI MepeMEeHHOM.

[Tpu mOATOTOBKE K 3aHATHIO HEOOXOIMMO OOpaTUTh BHUMAaHKE Ha CIEIYIOIHE MOMEHTBI:

1. OGnacTh onpeseneHust ¥ 00JacTh 3HaUYCHUN (DYHKITHH.

IIycte X u Y — HekoTOpble MHOXKECTBA. DyHKIMEN HA3BIBAETCS 3aBUCUMOCTD, 110 KOTOPOU KaKAOMY
X € X CTaBUTCS B COOTBETCTBHUE €AMHCTBEHHOE 3HAUeHHE )y €Y .

MHOXecTBO 3HAUEHUI X, MPH KOTOPHIX (DYHKIIHMS CYIIECTBYET, Ha3bIBAETCSl OOJIACTBIO ONPE/IEICHHUs

byHKIHIH.
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OOnacte onpeAeNeHuss HAXOMUTCS 10 COONIONECHHIO 3aKOHHOCTH BBIIIOJHEHHUS MAaTEeMaTHYeCKHX
omepanuii, BXoasammx B hopmyay f(x). IMeHHO: MOAKOpEeHHOE BhIpAKEHUE B KOPHE YETHOM CTEIICHH
HE OTpHIATE]IbHO, 3HaMeHaTenb ApoOM He paBeH (0, BBIpAXEHHWE IIOJ 3HAKOM Jorapudma —
MOJIOKUTETTBHO U T.1I.

2. DnemeHTapHbIe QYHKIIMH, UX TpaduKy.

Knaccudukanus pyHkuumii:

f(x)=C -nocrossanas Gpynkuus C = const

a

x“, a € R - creneHHas GyHKUIUA

X

a*, a>0 -mnoka3arenpHas QYHKIUSI

log,x, a>0,a#1 -norapupmuueckas GyHKIUsA
sin x, cos X, gx, ctgx - TPUTOHOMETPHUYECKUE (PYHKITHH
arcsin x, arccosx, arctgx, arcctgx - oOpaTHble TPUTOHOMETPpHUECKHE (HYHKITUN

3. UccnenoBanue Ha Y€THOCTh, HEYETHOCTH (DYHKITUH.
OyHknus y = f(x) Ha3bIBaeTCS YETHOH, €ClU JUIsl JIOOBIX 3HAYEHHWH apryMeHTa M3 o0JacTh e

OIpeJIeNIeHUs BBIIOJHETCS paBeHCTBO f(—x) = f(x).
OyHkua y = f(x) Ha3bpIBaeTCS HEYETHOW, €CJIM JUIs JIIOOBIX 3HAYCHHH apryMeHTa M3 o0jacTu e
OTIpeJIeJIEHUS BBIIOJHSETCS paBeHCTBO f(—x) = — f(x).

3.10 IIpakTuyeckoe 3ausaTue 10 (I13-10): YucaoBblie mociaea0BaTeIbHOCTH.

HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:

1. IToHsiTHE YUCIIOBOM MOCIIENOBATEILHOCTH.

Ecin kaxxaoMy HaTypaJbHOMY YHMCIy N CTaBUTCS B COOTBETCTBHE €IMHCTBEHHOE YHUCIO  X,, TO

3aHYMEPOBAaHHOE MHOXECTBO [JEUCTBUTEIBHBIX YHCEHI  X,X,,X;,...,X,,... ~HA3bIBAE€TCS YHUCIOBOMI
IIOCJICA0OBATCIIbHOCTBIO.

[TocnenoBaTenbHOCTh {xn} Ha3bIBA€TCsl OTPAHUYCHHOM, €CJIM CYHIECTBYIOT unucia A u B, takue, 4yto
BBITIOJIHAETCS HEpAaBeHCTBO A < x, < B.

2. [Ipenen yuciIOBOM MOCIEI0BATEIBHOCTH.

Yucno a Ha3BIBaeTCsA MMpeaAcIOM NMOCICAOBATCILHOCTH {xn}, €CJIN OJIs1 JIIO6OFO IIOJIOKUTECIIBbHOI'O 4YHuCJlia
& cyliecTByeT Takoil Homep N, 4To mpu Bcex n>N BBINOJHIETCS HEPABEHCTBO |xn - a| <g.

ITocnenoBaTenbHOCTb, UMEIOIAS IPEEI, HA3BIBAETCS CXOASILEHCS.
3anuceiBaerca: limx, =a wim x, »>a

n—>0
Ecnn npenen nocnenoBaTenbHOCTH HE CYIIECTBYET MIIM PABEH 00, TO IOCIEA0BATENBHOCTD HA3bIBAETCS
pacxoIsILEencs.

; N—> 0.
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Uwuco a Ha3pIBaeTCs MPEEIIOM TOCIIEeI0BATEILHOCTH {xn}, €CIIM I JTF000r0 ITOJIOKHUTEIHLHOTO YUCiIa
& cymecTByeT Takoil HoMmep N, HauumHas C KOTOPOIO BCE 3JIEMEHTHI IOCIENOBATEIBHOCTH X, C
HoMepamu n>N , MONMagyT B & - OKPECTHOCTh TOYKH a.

3. OCHOBHBIE CBOMCTBA CXOIIIINXCS IIOCIIENOBATEILHOCTEH.

- Eciut Bce niteMeHTHI OECKOHEYHO MaJION MOCIIEN0BATEILHOCTH {xn} pPaBHBI OIHOMY U TOMY K€ YHUCITY
c, To ¢c=0.

- Teopema o eaumHCTBEHHOCTH mpenena: CXomsamiascs MOCIEIOBATEILHOCT, UMEET TOJBKO OJIUH
npezel.

- Cxopsmascs mocie10BaTeIbHOCTh OTpaHuYEeHa.

- Cymma (pa3HOCTb) CXOJSUIMXCS IOCJIEA0BATENbHOCTEN {xn} u {yn} €CTh CXOJsmiasics

IIOCJIE0BATEIBHOCTD, MPEAET KOTOPOH paBeH cyMMe (Pa3HOCTH) MPEAETIOB MOCIEN0BATEIbHOCTEN {xn}

m )

- [IpousBeneHne CXOAAIMXCS MOCIEN0BATEIBHOCTEN {xn }H {yn} €CTh CXOJSIIasICs IOCIEA0BaTEeIbHOCTb,
Mpeaes KOTOPO paBeH MPOU3BEICHHIO MIPEIETIOB MOCIEN0BATEIbHOCTEN {xn} u {yn }

- YacTHOE IBYX CXOMSIIUXCS MOCIEN0BATEIBHOCTEN {xn }H {yn} €CTbh CXOJAIIAsACs MOCIeA0BaTEIbHOCTD,
npeaena KOTOPOM paBeH YaCTHOMY HPEAENOB MOCIEN0BATEIBLHOCTEN {xn} u {yn }, MpA YCJIOBUH, YTO

limy, #0.

n—>0

- Ecin lim x, = @, npuyeM HauKMHas ¢ HEKOTOPOI'O HOMEPA BBIMOIHAETCS HEpaBeHCTBO X, = b (x, < D),

n—»0
0 a>2b (a<lbh).
- [IpousBeneHne 6eCKOHEUHO MaON MOCIEI0BATENbHOCTH M OTPAaHUYCHHON MOCIIEIOBATEIBHOCTU I
4pciIa eCTh OECKOHEUHO Masast II0C/IeJOBAaTEeIbHOCThIO
- IIpousBenenne KOHEYHOTO YHCIA OECKOHEUHO MAJIbIX IIOCIEA0BATEILHOCTEN €CTh OECKOHEYHO Maast
TIOCIIeI0BATENHHOCTb.
- Eci lim x, = a, To mOCIIeI0BaTeNBHOCTH {2, }={x, — a}ecTh GeckoHeuHO Maas, T.¢. li_r)?o(xn —a)=0.

n—>0

3.11 IpakTnueckoe 3ansaTue 11 (I13-11): Ilpenen ¢pyHkuum.

[Ipu moAroTOBKE K 3aHATUIO HEOOXOIUMO 0OpATUTh BHUMAHUE Ha CIIEAYIOIINE MOMEHTHI:

1. Ilpenen ¢yHKUMH B TOYKE M Ha OECKOHEYHOCTH. beckoHeduHO Majble U OECKOHEYHO OoJbIIne
¢dbyakumun. Teopemsl 0 penenax QyHKITUH.

Uwucno A HaszwiBaeTcs nipenenoM GyHKIUH f(X) B TOUKe a (WM mpeaesnoM (GyHKITUU IpH X —> @ ), €CITN
g 000N  cxopsiiedicss K a TOCJelIOBaTeNbHOCTH 3HAUYEHUH apryMeHTa, OTJIMYHBIX OT a |
CTpeMsIIUXCA K a, COOTBETCTBYIOIIAs IOCIIEI0BATEIBHOCTh 3HAUCHU N (PYHKIIUU CXOTUTCA K YUCTY A.

Dix,tex
A=1lim f(x), ecau V{xn},neN: Q) x, #a = limf(x,)=4-

3)limx, =a

n—o0
Oyuknust  f(x) UMeeT B TOYKE a Mpeled TOTJa W TOJIbKO TOrJa, KOTJa B 3TOW TOYKE CYIIECTBYIOT

JeBBIH W TpaBBI Tpenensl, NMpPUUYEM OHM paBHB. B Takom ciydae mnpenen (QYHKIUU paBeH
OJTHOCTOPOHHUM IIPEEIIaM.
Ilycte ¢dynkmuun  f(x) uw  g(x) wumetor B Touke a mnpernensl A u B. Torma dyaknun

f)tex), f(x)-g(x) u J(x) (B+#0) HMMEIT B TOYKE a MPENENbl, PABHBIE, COOTBETCTBEHHO

A+B AB u 2.
B

[TocTosTHHBIN MHOKUTETH MOKHO BBIHECTH 3a 3HakK npeAena limC- f(x) = C-lim f(x).
xX—a xX—a

[Tpenen ot snemeHTapHON (HYHKIMH paBeH 3HAYEHUIO (QYHKIMH OT IIpefesia BEIPaKEHHS, CTOSILETO 1O/
3HAKOM (DYHKITUH.
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B wactHocTH, mpenmen cTemeHH JUISL  AJIEMEHTApHOW (YHKIIMM paBeH CTENeHH TIpejaena
lim f "(x) = (lim f(x))".

xX—a xX—a

2. PackpbITHEe HEONPEAEIEHHOCTEN.

3aqaCTon BBIUUCIICHUC TPCACIOB CBA3aHO C MNPOCTBIMU IMPUCMAMH: PA3JIOKCHUCM YUCIUTCIIA U
3HaMCHATCJII Ha MHOXUWUTCIH, ACICHUEM YHCIWUTEIA U 3HaAMEHATEIsd Ha CTCIICHb X W T.[. Mosxert

OKa3aThCsl, YTO MPH OTBICKAHUU TpeJena YaCTHOTO ABYX (YHKIIHI S IpH X —> a, YUCIIUTENb U
g(x)
3HaAMCHATCJIb CTpeMHTC}I K 0 HNIJIN YUCIUTCIb U 3HAMCHATCIIb CTpeM}ITC}I K 00, B TaKOM cnyqae

TOBOPSAT, YTO NpoOb MPH X —> @ TPEACTABISAET COOOW HEOMpEeNeIeHHOCTh BHIA (Oj 1503071 (Ooj, a
0 ©

HaXOXJCHHE TIpeiena poOH Ha3bIBAIOT PACKPBITHEM HEONPEIEICHHOCTH.

3. JIBa 3amMeyaTenbHbIX TIpeaena.

. . sinx .
Ipenen ¢ynaxuun 3% B touke x=0 cymecTByeT M paBeH eauHMie|lim—— =1 - nepsblii
x x—0 X
3aMevaTeIbHbIN Mpeied.
1Y . 1Y .
[lpenen ¢yHKIMM |1+ | NpU X —>© CyHeCTBYyeT U paBeH € | lim|1+—| =e| - BTOpOi
X X—>0 x

3aMeyaTeIbHbIN Mpeiedl.

lim(1 + a)i =e

a—0

1 o
O6o3HaUUM — = ¢, ABJISAETCSI OECKOHEYHO Maloi mpu x — o, T.e. a — 0. Torma
X

Yucno e sBusercs onHOW W3 (yHIAMEHTAIBHBIX BENMYMH B Maremaruke. [lokasarenbHas QyHKIHS
BUJA e” Ha3bIBAeTCid DKCIIOHEHTOH.

4. DKBUBaJCHTHBIE OECKOHEYHO MAJIbIe U WX MCIIOJIb30BAHKE MIPH BHIYMCICHUU TIPEICIIOB.

Ecmn ¢ynkuun «a(x) u B(x)onpeneneHsl B HeKOTOpoi okpectHocTH U, (a), SBIAIOTCS OECKOHEUHO

. a(x
MaJIbIMU B TOuke a, npudueM f(x) # 0 ana Vx € U, (a) 1 BBIIOIHIETCS HEPABEHCTBO hmﬁ =1

x—>a ,B(X)

a(x)u B(x) Ha3BIBAIOTCS SKBUBAJICHTHBIMUA MEXKIY CO00M 0€CKOHEUHO MaJIBIMU (DYHKITUSIMU B TOYKE a.

, TO

Tabnuia SKBUBAIEHTHBIX OECKOHEUHO MajbIX (mpu x — 0 ):

1) sinx~x 4) arctgx ~x 7)a* -1~ x-Ina
2
2) tgx ~x 5)1—cosx~% 8) In(l+x) ~ x
3) arcsinx ~ X 6) e’ —1~x N A+x) -1 ~k-x, k>0

5. JleBblii 1 mpaBbIi IpeeIbl GYHKIIHUH.
BBeneM moHsiTHE OJHOCTOPOHHUX MpPENENOB (YHKIMHM, KOTJa BCS IOCIEA0BATENbHOCTh 3HAUEHUN
apryMeHTa {xn}: X, —> a pacmojoXeHa cjeBa OT TOYKHM a (JIeBbI mpenen), 100 crpaBa OT Heé
(mpaBsii npezen). T.e. mubo x, < a, b0 x, > a npu Beex n. s npasoro (JieBoro) mnpezena GyHKIUU
WCIIOB3YETCSl CAMBOJIMYECKAs 3aUCh ll)m+ f(x)=4 (lim f(x)= A).

xoa N

a—

3.12 Ilpaktuueckoe 3ansaiTue 12 (I13-12): HenpepbiBHble (GyHKUUHM. ACHMOTOTHI rpaduka

(pyHknumn.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CJIEIYIOINE MOMEHTHI:
1. HenpepbIBHOCTH (DYHKIIMH B TOYKE M HA HHTEPBAJIE.

@ynkuusa f(x) Ha3bpIBAaeTCS HEMPEPHIBHOM B TOUKE X,, €CIM OHA YHOBIETBOPSET CIEAYIOMINM TPEM
ycnoBusiM: 1) f(x) ompenerneHa B Touke X, (T.e.cymecTByer f(x,))

2) cymiecTByeT KOHEUHBIH npeeln B Touke x, (lim f(x))
X—>Xq
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3) aTOT npeaen paBeH 3HaueHUIO GYHKIMH B Touke X, (lim f(x)= f(x,))

@ynkuus f(x) Ha3bIBAaeTCS HENPEPHIBHON B TOUKE X,, €CIU CYIIECTBYIOT KOHEYHbIE IIPEIEIIbl

¢ysakuu cipaBa lim f(x) u crneBa lim_ f(x) m lim f(x)= lim_ J(x)=f(x,).

Xorxg+
Oynknus f(x) Ha3pIBaeTCS HEMPEPHIBHOW Ha WHTepBajie (a;b), eclii OHa HENpepbhiBHA B KaXIOU
TOUYKE 3TOT0 MHTEpBaA.

2. Touku paspeiBa. Knaccuukamus Touek pa3pbiba.

Touka, B KOTOPOH HE BBINOJIHAETCS YCIOBHE HENPEPBIBHOCTH, HA3bIBAETCSI TOYKOM pPa3phIBa.

Touyka x, HasbpIBaeTCsAs TOYKOM paspeiBa | pona , ecau CyIIECTBYIOT KOHEYHBIE OJHOCTOPOHHHE

mpenensl  lim f(x) u lim f(x).
X—=>Xxo+ X—>Xo—
ITpu stom: 1) ecim lim f(x) = lim f(x), To Touka X, Ha3bIBA€TCsl YCTPaHUMBIM pa3pbiBoM |
X—=>Xo+ X=X~

pona.
2)ecn  lim f(x) # lim f(x), To - pa3pbiB CO CKAYKOM.
X—=>Xxo+ X—>Xg—

Touyka x, HasbIBaeTcs TOYKOM paspbiBa Il ponma , ecnu mo KpaiiHed Mepe OAMH U3 OJHOCTOPOHHHUX

MIPEJIENIOB HE CYIIECTBYET WIIM PaBeH =+ oo.

3. AcumnToThl rpaduka GyHKIMH: BEpTUKAIbHbIE, TOPU30HTAIbHbIE U HAKIIOHHBIE.

[IpsiMa nuHUS HA3BIBa€TCA ACHMIITOTOM NIt KpuBOM y = f(x), ecnu paccrossaue d oT Toukum M,
JIe)Kalled Ha KpUBOM 70 mpsMoM cTtpemuTcs K 0 mpu yaajieHud TOYKM M OT Hayajga KOOpAWHAT B
0ECKOHEYHOCTb.

[IpsmMast x = a Ha3bpIBaeTCsl BEPTUKAJIBHOW acUMNTOTON rpaduka GyHKmu y = f(x), ecnu xots Obl

OJTHO W3 MpeAeNbHBIX 3HadeHni lim f(x) umu lim f(x) paBHO +© wiH — .
x—a—

xX—>a+

Ecmm lim f(x)= A4, To npsimast y = A Ha3bIBAaeTCs TOPU3OHTAIBLHON acCUMNTOTON Tpaduka GyHKIIUN
X—>+00
(x—>—)

y=f(x) npu x - +0 (x > —0).

. X .
Ecnm cymectBytoT Takue uncna k u b, uro | k= lim EAC)) , | b= lim (f(x)—kx) |, TO mpsamas
o X (50)

vy =kx+b Ha3pIBaeTCI HAKJIOHHOW acUMNTOTOM Tpaduka QyHKIMH V= f(X) mpu x — +o0
(x > —o).

3.13 [IpakTuueckoe 3ansaTue 13 (I13-13): Aunddepennuan pyHkumuu.
HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:
1. Onpenenenune nuddepeHuana.

@ynxuus f(x) HazpiBaeTca AupepeHnupyeMoil B TOUKE X, , €CJIU €€ IpupaiieHue Ay B 9TOH Touke
MOKHO TPEACTaBUTH B BUAEC Ay = A-Ax+ a(Ax)- Ax, Tae A — HEKOTOpOE YKCIIO, HE 3aBHUCsIIEe OT Ax,
a(Ax) - 6eckoHeuHo manas mpu Ax — 0.

Hudpdepenunanom ¢yHKIuM f(Xx) B TOUKE X, Ha3bIBAETCS IJIaBHAs, JIMHEHHAs OTHOCHUTENBHO Ax
YacTh MOJHOTO NMPHUPAIIEHUS PYHKIUH.

dy=A4-Ax

VuaureiBast, uto 4 = f'(x,), uMeeM | dy = f'(x,) - Ax |

IMycts  f(x)=x, 1. y=x, Torma dx=(x) -Ax=1-Ax=Ax, Te. dx=Ax. Jubdepenuan
HE3aBUCUMOM NMEPEMEHHOMN PaBEH MPUPAIIECHUIO 3TOW MEPEMEHHOM.

| dy = f"(x;)-dx|

2. 'eomeTpuueckuii CMBICIL.
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Y y=(x)
flagagy—————-————-—-
ay
Flg)f ~— ===~

o
I I
1 |
Loax!

o] 5 My Hghax

Huddepenunan GyHKIMM paBeH 1O BeIUYHHE 0Tpe3Ky NQ, KOoraa apryMeHT X MOJIyYWI IpUpalieHue
Ax = MN .

T.o. muddepenunan GpyHKIMH paBeH NMpHUpAIEHUIO OpPJUHATHI KacaTenbHOW MS Kk rpaduky sToi
(byHKIMHU B TOUKE Xo. A nmpupamenue GyHkaun Ay = PN ecTb pupalleHle OpJUHATHI caMOi (yHKIIMU
f(x) B Touke X

3. [IpubnkeHHbIe BBIYUCICHHS C TIOMOIIBI0 quddepennmana.

Ay—dy =0

[Tpu 5TOM a0OCOMIOTHAS TOTPEIIHOCTh PaBHA |Ay — dy| .

[TpubnmxeHHbIe BRIYUCIICHUS C TOMOIIBI0 nuddepernuana yno0Ho mpoBOIUTE O GopmyIie:

S (3o +Ax) = (%) Ax + f(xo).

3.14 Ilpaktnueckoe 3ansaTHe 14 (II3-14): IlpumeHenue nuddepeHUINATBHOIO HCYHMCICHHA K
HUCCJIeI0BAHUI0 QYHKIIUM.

HpI/I IIOATOTOBKE K 3aHATHUIO HCOGXOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTHI:

1. Bo3pacranue u yosiBanue rpaduka GyHKIuu.

@OyHKIUSA HA3BIBACTCA BO3PACTAIOIIEH, €cy OONbIIeMY 3HAUEHUIO apryMEeHTa COOTBETCTBYET OoJbliiee
3Ha4YEeHHE (PYHKITUU.

@OyHKIUS Ha3bIBaeTCs yOBIBAIOIIEH, ecii OOJIbIIeMy 3HAUEHHUIO apryMEHTa COOTBETCTBYET MEHBIIIEe
3Ha4YEeHHE (PYHKITUU.

TEOPEMA (mpusznak MoHOTOHHOCTH): Ecmm ¢yHkmus y = f(x) muddepennupyema Ha MHTEpBaJIE

(a;b) wn BuyTpum uHTepBama f'(x)>0 [ f'(x)<0 ], To Tpaduk ¢yHkumM y = f(x) BO3pacTaeT
[yObiBaeT]| Ha uHTepBane (a;b).

@Oyukuus y = f(x) HMEeT MakCUMyM [MHHHUMYM] B TOYKE X, , €CIM CYLIECTBYET TaKas OKPECTHOCTh
TOYKH X, , YTO AJISI BCEX TOUYEK, OTIMYHBIX OT X, U INPHUHAAIEKALINX 3TOH OKPECTHOCTH, BBIIOIHSIETCS
HepaBeHCTBO f(x) < f(x,) [ f(x)> f(x,) ]

TEOPEMA (HeoO6xomuMoe ycioBue 3kcTpemyma): Ecim pyHkimst y = f(x) UMEeT IKCTPEMYM B TOUKE
X,, TO MPOU3BOAHASA (PYHKIIMU B 3TOM TOUKE PaBHA HYJIIO WJIH HE CYILECTBYET.

TEOPEMA (moctarounoe ycnoBue 3kctpemyma): Ilycts pynkmus y = f(x) auddepenunpyema Bo
BCEX TOYKAX CBOCH 001acTH OmpeleNeHHs, U TOUKa X, MPHHAAIEKHUT oOnacTu ompeneneHus. Ecnu
npousBofHas f'(x) NMpH Mepexone apryMeHTa CleBa HalpaBO 4Yepe3 KPUTHYECKYI0 TOUKY X, MEHSET
3HAK C «T» Ha «-», TO X, - TOYKA MAaKCUMyMa, €CIH C «-» Ha «+», TO X, - TOYKa MHUHHMyMa, a
€clIM MPOU3BOJHAS 3HAKA HE MEHSET, TO B TOUKE X, JKCTpeMyMa HeT.

2. OTpICKaHME HAauOOJIBIIETO U HAaUMEHBIIET0 3HAYeHUH (DYHKIIMU Ha OTPE3KeE.

Paccmotpum dyHKIu0 y = f(x) HENPEpHIBHYIO HA OTPE3KE [a;b].

[Tnan HaxOXJeHHsI HaWOOJBIIETO U HAUMEHBIIIETO 3HAUCHUN QyHKIMK y = f(X) Ha OTpe3ke [a;b]

- Haxomum obGnacts ompenenenust ¢yHkuuu. IlpoBepsiem, MpUHAUICKHUT U OTPE3OK [a;b] obnacTtu

onpeJIeIeHUs.
- Haxogum Touku skcTpemyMmMa (pYHKIHMH U BBIOMpaeM T€ M3 HHUX, KOTOpble MPHUHAJJIEKAT OTPE3KY

[a;B].
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- Haxonum 3Hauenust pyHkuuu Ha KoHIax otpeska ( f(a) u  f(b))wu 3HaueHHS QYHKIHMH B TOUKAX
HKCTpEeMyMa.

- BeiOupaeM u3 Bcex NOIy4YEeHHBIX 3HAUE€HUI HanboJiblee U HauMeHbIIIEe.

3. Beimykiiocts 1 BOrHYTOCTh rpaduka dpynkiun. Touka neperuoda.

I'padux nupdepenuupyemoit pyHKIIMN Ha3bIBACTCS BRITYKIIBIM [BOTHYTHIM| B uHTepBane (a;b), ecnu
OH PAacIIOJIOXKEH HIDKE [BbINIE] TF000H CBOEH KacaTeIbHOW B 9TOM WHTEPBAJIE.

TEOPEMA: Ecnu ¢pynkuust y = f(x) umMeeT BTOPYIO MPOU3BOIHYIO BO BCEX TOUKaX MHTepBana (a;b)

M €CITH BO BCEX TOYKax 3Toro mHTepBaia f"(x) > 0, To rpaduk GyHKIMH BOTHYTHIH B uHTEpBane (a;b),
ecmu ke f"(x) <0, 1o rpaduk HyHKIUU BHITYKIIBIA B HHTEepBaie (a;b).

TEOPEMA (umeobxoammoe ycioBue Touku mneperuda): Ilycts rpaduk dbyHkumm y = f(x) wumeer
neperu6 B Touke M, (x,;f(x,)), TO BTOpas MNPOU3BOAHAA B 3TOM TOYKE paBHA HYJI WIH HE

CYLIECTBYET.
TEOPEMA (nocrarouHoe ycnoBue Touku neperu6a): Ilycts x, - crannonapHas Touka. Eciu, mpoxons

4yepe3 CTallMOHAPHYI0 TOYKY, BTOpasi MPOU3BOAHAS MEHSIET 3HAK, TO Ipaduk GyHKIMU )y = f(x) HUMeeT
neperu6 B Touke M (x,; f(x,)).

3.15 Ilpakrnueckoe 3anstue 15 (I13-15): [Moanoe ucciaenoBanue GyHKUMH.
[Ipu moAroToBKE K 3aHATHIO HEOOXOIUMO 0OpAaTUTh BHUMAHUE HA CIIEAYIOIINE MOMEHTHI:
1. Aaroput™m uccienoBaHus QyHKITHH.

- Haiitu obnacts onpenenennst pynkunu D, .

- UccnenoBath GyHKIMIO HA HEIPEPHIBHOCTD, HAWTH TOUKH pa3pbiBa PYHKIHUU, OIPEACTUTH UX POJ.

- Haittu acumnroTs! rpaduka GyHKIHH.

- Ecnm Bo3MoOXHO, HailTH mepecedeHue rpaduka QyHKIIUU C OCsIMU KoopauHat. Eciam oTeickaHue
TOYEK MMepPECeUeHUs 3aTPYAHUTEIHHO, TO IOCMOTPETh KOOPAUHATHI 1O TpaduKy (MPUOIUZUTENHHO).

- UccnenoBath (hyHKIMIO Ha YETHOCTH / HEUETHOCT.

- OnpenenuTh HHTEPBATBI MOHOTOHHOCTH U TOYKH dKCTpeMyMa () yHKITUH.

- OnpenenuTh UHTEPBAJIbI BBITYKJIOCTH U BOTHYTOCTH, HalTH TOYKHU Neperuda rpadrka yHKINH.

- [locTpoenne o mMyHKTaM HccaenoBaHUsl (TIOCTpoeHUE rpaduKka MPUHATO HAYMHATH C MOCTPOCHUS
ACUMIITOT).

- OnpenenuTs MHOXKECTBO 3HaUeHUH QpyHKuMn E, .

2. Uccnenoanue ¢pyukuun. [loctpoenne rpaduka.
HccnenoBaTh GyHKIMIO ¥ TOCTPOUTH TPpaUKN HECKOIBKUX (YHKIIUHN TI0 JaHHOMY TUIaHY.

3.16 lIpakTuyeckoe 3ausaTue 16 (I13-16): dyHkuus AByX nepeMeHHbIX.

[Tpu moATOTOBKE K 3aHATUIO HEOOXOIUMO 0OpATUTh BHIMAHHE HA CIIEAYIOIINE MOMEHTHI:

1. O6nacTs onpeneneHus: GYHKIMH IBYX EPEMEHHBIX.

Oynknuen f aByx mepemMeHHBIX z = f(Xx,)) Ha3bIBae€TCs 3aBUCUMOCTH (3aKOH), IO KOTOPOH KaXKI0u
nape 3HaueHui (x,y) U3 HEKOTOpoi obmactu  D(X,)) COOTBETCTBYET €IMHCTBEHHOE 3HAYCHHE

ze k.

O6macte ompenenenust ¢GyHKuuH D reoMeTpuyeckw MPENCTaBIseT COOOW HEKOTOPYH YacTh
mwiockoctd  OXy, OTpaHUYCHHYIO JIMHUSMH, KOTOPhIE MOTYT NPHUHAJUICkKATh WIA HE TPHUHAIICKATH
aToi ob6nacTu. B mepBom citydae o6iacte D HaspiBaeTcs 3aMKHYTOM W o003Haudaercs D, BO BTOPOM
— OTKPBITOM.

2. YacTHbIE€ POU3BOIHBIE IEPBOTO U BTOPOTO MOPSIKA.
Ecnm mepemeHHOll X 1aTh HEKOTOpoe NpHpamieHne Ax, y OCTaBUTh IOCTOSIHHOW, TO (YHKIIUS

z= f(x,y) HOIy4UuT MNpHpaleHHe A z, Ha3bIBAEMOE 4YaCTHBIM IIpHpalieHueM (QyHKIUU Z 110
[IEPEMEHHOM X.

AHaJOTUYHO, €CTTU TIEpEMEHHAs Y TMOJydaeT mpupamieHne Ay, a X 0CTaeTCs MOCTOSIHHON, TO YaCTHBIM
npupanieHrneM (QyHKINUU Z 0 IEPEeMEHHOH Y:
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Ecnmu cymiecTByOT mpeaeis limA"Z—aZ—z’—f’(x ) u limAyZ—aZ—z’—f’(x ), TO OHHU
YHICCTBYIOT PG Ay o = S Ay, T T )

Ha3bIBAIOTCS YACTHBIMH MPOU3BOAHBIMHA QYHKIIMKU z = f(X,)) IO MEPEeMEHHBIM X 'Y COOTBETCTBEHHO.

3. Ionubrit quddepeHima.
Huddepennmnan ¢ynkuun z = f(x,y), HaWJEHHBIA NPU YCIOBUHU, YTO OJHA U3 HE3ABUCHUMBIX

MEPEMEHHBIX U3MEHSETCS, @ BTOpasi OCTAETCs IIOCTOSHHOW, Ha3bIBAETCS YaCTHBIM U depeHIaIoMm
dz=f(x,y)dx m dz=f (x,y)dy, tne dx=Ax u dy=Ay- NpOM3BOJNbHBLIE NPUPAIICHHS
HE3aBUCHMBIX IEPEMEHHBIX, Ha3bIBAEMbBIX UX MU PepeHIIHaTaMU.

[TonaeiM nipupamenremM GyHKIMU z = f(Xx,)) Ha3bIBaeTCsA Pa3HOCTh Az = f(x+ Ax,y+Ay)— f(x,y).
[TomueiM muddepennmanom ¢yHkMH z = f(x,y) Ha3bpIBaeTCsA TIJIaBHAs, JIMHEHHO 3aBHCALIAs OT
MpUpAIICHU HE3aBHUCHMBIX TEPEMEHHBIX Ax W Ay, 4YacTh IOJHOTO NpUpameHus (QYHKIUUA WU
obo3Hauaercs dz .

4. TIpousBoHas 1o HampaBiaeHuo. [ paguent.
[TpousBoanas ¢ynkumu z = f(x,)y) B Touke (x,,),) B HAIpaBICHHH BEKTOpa O IPEICTABISICT
co00¥ CKOPOCTh M3MEHEHHUS (PYHKITMU B JAHHOM HAMPABJICHUH U HAXOAUTCS 1O (hopmyIe:
f,;(xoayo) = [ (X, yp)cos +fy’(x0,y0)cosﬂ,
r7ie COSa, COS [ — HAMPABISIONIUE KOCUHYCBI BEKTOpa O .

I'panueHT ¢GyHKUMU B JaHHOM TOYKE — 3TO BEKTOp, KOTOPHIM YKa3bIBAaeT HaIlpaBlieHHE HauOoee
ObIcTporo Bo3pacTanus GyHKIHH. Ero koopauHaThI:

gradz(fx'(xo,yo);fy'(xoaJ’o))'

Benuunna rpaauenta | gradz| = \/ (fl(x0, ) +(f 2 (X405 Y ))> ompezenseT KPYTU3HY HaHOOJBIIEro

cKaTa WM MoJybeMa MOBEepXHOCTH z = f (X, V).

5. Heo6xomumoe 1 TOCTaTOYHOE YCIOBUS IKCTPEMyMa.
Ecmu mis dynkuuun z = f(x, y), OnpeneacHHON B HEKOTOPOH 00JacTH, B HEKOTOPOW OKPECTHOCTH

Touku M ,(x,,y,) BEpHO HEPABEHCTBO
S(x0,30) > f(x,y) [ f(x,20) < f(x, )],

TO Touka M ,(x,,y,) Ha3bIBaeTCA TOUKOW MaKCUMyMa [MUHUMYyMa].

Heobxomumoe ycioBue skcTpemMyma: e pyHkuust f (x, y) B To4ke (X,,),) UMEET IKCTPEMYM, TO B

JTOH TOYKE YaCTHBIE TPOU3BOIHBIE PABHBI HYIIO f/(X),1,) =0, f)(x,,¥,) =0 WK He CylIECTBYIOT.

Touku (X, Yo), B KOTOPHIX BBITOJIHSIETCSI HEOOXOAUMOE YCIOBHE, HA3bIBAIOTCS KPUTUYECKUMHU TOYKAMHU.

JlocTaTO4HOE YCIOBHE JKCTPEMyMa: IYCTh B OKPECTHOCTU KPUTUYECKOW Touku (x,,y,) (yHKuus

f(x,y) wuMeer HempepbIBHBIC YacCTHbIC MPOHM3BOJHBIC O BTOPOrO TOPSIKA BKJIFOYUTEIBHO.
" " " ~ 2

Obosmaunm [ (xq, o) =4, [, (X, 10) =B, f:(xg,y,) = C, naiinem A= AC—B".

1) Ecnmu A >0, To B Touke (x,,y,) ynkuust f(x,y) umeer skcTpeMyM, ecin A < 0 - MaKCUMyM, €CiTH
A >0 - MUHUMYM.

2)Ecnmn A <0, 1o B TOuKe (X,,y,) yHKimus f (X, y) He UMEET SKCTpeMyMa.

3) Ecmu A =0, BBIBOJI O HAIMYUHU SKCTPEMyMa CIeNIaTh HEIb3s.

6. ®ynxius Ko66a-/lyrnacca.
[IpousBoacTBennass ¢ynknus KoO6a-/[yrimaca onmuceiBaeT B3aMMOCBSI3h  BaJIOBOTO  BHYTPEHHETO
npoayKTa Y ¢ 00beMOM MPOU3BOJCTBEHHBIX (OHIOB (KanuTana) K 1 00beMOM 3aHATHIX B IIPOU3BOJICTBE
TPYAOBBIX peCcypcoB L:
Y=AK"*L
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3neck A — K09 QUIMEHT HEUTPAIBHOTO TEXHHYECKOTO POrPecca, o = £, (Y) =Y, Kn B=E,(Y)=Y, L
Y Y

— KO3 GUIIUEHTH AIMACTUYHOCTH BaJOBOIO BHYTPEHHErO MPOAYKTa IO KalUTaIbHBIM U TPYAOBHIM
3aTparam.

3.17 lIlpakTuyeckoe 3ausaTue 17 (I13-17): UnTerpupoBanue paumoHAJIbHbIX QYHKIUIA.
[Tpu mOATOTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMaHKE Ha CIETYIOINE MOMEHTBI:

1. Pa3noxeHne panmoHaIbHOM IpoOU HA TPOCTEHIITHE.

o)
P(x)
BUJIE TIPOU3BENICHUS JIMHEHHBIX M KBaJIPaTMUHBIX MHOXXHUTEJEH (OTMETHM, YTO JII0O0H MHOTOYJIEH C
JNEUCTBUTENBHBIME KOA(D(GUIIMEHTAMH MOXKET OBITh IPEJICTABICH B TAKOM BHJIE: P(x)=(x-a)"...(x-b)’(x*
+px + q)7‘...(x2 + rx + s)), To 3Ta IPOOHL MOKET OBITH pa3iOKeHA HA 3JIEMEHTAPHbIE MO CIEAYIOIEH
cxeme:

Ecimm R(x) = - MpaBWJIbHAs palMoHaNbHas ApoOb, 3HaMeHaTenb P(X) KOTOpoil mpejacraBieH B

O(x) 4, 4, A, B, B, B, M x+ N,
= + S — St =+
P(x) x—-a (x-a) (x—a) (x=b) (x-b) (x=b) x"+px+gq
M,x+ N, ; M,x+N, . R x+S, N R,x+S, L R x+S,
(x* + px+q)° (x* + px+q)* X Hrx+s (X7 +rx+s)’ (x* +rx+s)*

rae Ai, Bi, Mj, Ni, R, S; — HeKoTOpbI€ MOCTOSTHHBIE BEJIMUUHBI.

2. laTerpupoBaHue paliMOHAIbHBIX (DYHKITHIA.
[Ipy WHTErpUpOBAaHMM pALMOHAIBHBIX JApo0ei NpUOeraroT K pas3JIoKEHUIO0 MCXOAHOH npodu Ha
aneMeHTapHbie. g HaxoxaeHus BenuuuH A;, Bi, Mj, Nj, R, Si npuMeHs10T Tak Ha3bIBa€MbIid METOJ]
HEOMpeAeNeHHBIX KO3(PQPUIIMEHTOB, CYTh KOTOPOTO COCTOMT B TOM, YTO MJig TOTO, YTOOBI JBa
MHOTOUIeHa OBUIM TOXJAECTBEHHO paBHBI, HEOOXOJMMO U JIOCTATOYHO, YTOOBI OBUIM pPaBHBI
K03 (QUIIMEHTHI TPH OJAMHAKOBBIX CTEMEHSX X.

3.18 IlpakTuueckoe 3ansitue 18 (I13-18): OnpeneneHHbIi HHTErpaJl.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CJIEIYIOINE MOMEHTHI:
1. Beruncnenue onpeneneHHbIx HHTErpanoB. @opmyna Heiotona — Jlelioauna.

b b
dopmyna Herotona — Jleitbauma: .[ f(x)dx=F (x)| =Fb)-F(a).

OCHOBHBIE CBOMCTBA OMPEICIICHHOTO HHTErpaa:

1) [ A7 Cods = [ Fa 4 [ r0ods = rooas:
2) (i) £ fo(odx = [ fi(x)x + [ £, (x)elx ; 5)jfuwu=ffumu+jf@yh.

3) [ (e =0:

2. 'eomeTpuueckuii ¥ 3JKOHOMUYECKHI CMBICII ONIPEEIEHHOT0 UHTErpasa.

OnpeneneHHBI WHTETpaJl HAa OTPE3Ke TPENCTaBIAET COOOW TUIONIAAh KPUBOJIMHEHHON TparemnnH,
orpaHu4eHHON rpadukoM GpyHkuuHu f(X).

Ecmm ¢pynkius z = f (t) 3agaeT n3MEeHEHHE MPOU3BOIUTEILHOCTH HEKOTOPOTO ITPOU3BOACTBA C TCUCHUEM
BpeMEHHU t , TO OOBEM BBIMYIIEHHOW MPOAYKIMH U 3a MpoMexyTok BpemeHu [0,T] Haxomutcs mo

dbopmyire:
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U= f f@)dt .

Ecmu ¢yaxmus P = f(Q) XapakTepu3yeT 3aBHCUMOCTh MEXAy IEHOM eIuHMIBI ToBapa P u

KOJIMYECTBOM ToBapa QQ, TO MOTPEOUTENHCKUN U3THIIEK HAXOTUTCS 110 hopMyIie:
Q*
Cs = [ £(Q)d0-P*0*,
0

rre Q* - Konu4yecTBO ToBapa, KOTOPOe MpUoOpeTaeT MOKynaTeNnb 0 paBHOBECHOM 1ieHe P*.
N3numek npou3BoauTeNs:

o
PS=P*Q*~[ f(Q)d0.

3. MeTobpl MHTETPUPOBAHUS B ONIPEJICIICHHOM UHTETpaJe.
3ameHa NepeMEHHOM B ONPEEIICHHOM UHTETpaJie:

b B B
[ £Godx = flp@)p'()dt = Flp(0)]]| = Flp(B)]- Flp(a)] = F(b) - F(a),

rae f(x)-HenpepwiBHAs ¢yHKIHUS Ha OTpe3ke [a,b], mMmoacTaHOBKa:
MHTETPUPOBAHUS HAXOATCS U3 ycnoBuil: @(a)=a, ¢(B)=b.

x=(t), «HOBBIC»
b p b
HHTerpupoBaHue 10 4acTsIM: Iudv = uv| — _[vdu.

a a  q

3.19 lIpakTnueckoe 3ansatue 19 (I13-19): IlpnioxkeHus: onpeaeeHHOr0 HHTErpaJa.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CJIEIYIOINE MOMEHTHI:

1. [Tnomane ¢uryp Ha MIOCKOCTH.

peaeIbl

OmnpeneneHHbI WHTETpajd Ha OTPE3Ke MPEACTABIIeT COOON IUIOMAAb KPUBOJMHEWHOW TpameruH,

orpaHudeHHOU rpadukom QyHkiuu f(x).
YacrHble caydan:

’ ) i y=faix) Tt
y=fix) y=h o yhE - d .
| ﬁ | -5 I :Ti . "
I [ 1 L e A - Ll t— -
|:;||.:z B4 G'|<z € By i.'-'| a .5|~ x o
b c b b d
S=\[f0ax; S=[fGdx+[f,(0dx; S =[(f,(0) = f,(xDdx; S =[(0,(»)— 9, (»)dy

2. Haxoxnenune oObeMa Tena BpaleHus.

[Tycte ¢yaknus f(x) HempepslBHA Ha HEKOTOPOM OTpe3ke. Eciaum  COOTBETCTBYIOUIYIO

el

KPUBOJIMHEHHYIO Tpamneuuo Bpamarh Bokpyr ocu Ox win Oy, TO HOJy4yuM Tella BpaIeHMs, IS

KOTOPLIX MOKHO BBIYHCIIUTD IJIOIIAb IMTOBEPXHOCTU U 00BeEM.

Mo ocn Ox: § =2z [ fNI+ (/' (x)Pdv, V =z [(f(x)dx.
d d
Mo oot Oy: § =27 p(yWL+ (@' (W) dys ¥ = 7[(9(»)dy.

3.20 IIpakTuueckoe 3ansitue 20 (I13-20): HecoOcTBeHHbIE MHTErPAJIbI.
[Ipu moAroToBKE K 3aHATHIO HEOOXOIUMO 0OpATUTh BHUMAHUE HA CIIEAYIOIINE MOMEHTHI:
1. HecoOcTBEeHHBIE MHTETPAIBI TIEPBOTO POJIA.
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[Tycts pynkuums f(x) onpesnenena u HenmpepbIBHA Ha HHTEPBaJIE [a,00), TOT/Ia OHA HETIPEPhIBHA Ha JII0O0M
otpeske [a,b].
b
Ecnn cymiecTByeT KOHEUHBINM Mpezen ,{E{,}f f(x)dx, To ATOT Tpemen Ha3bIBAETCS HECOOCTBEHHBIM
a

b 0
uHTerpajgoM oT ¢yHkuuu f(x) Ha HHTEpBaje [a,o): }l)l_r)g .[ f (x)dx=J. f(x)dx. Ecnmu stOoT mpenen
a a
CYLIECTBYeT M KOHEYEH, TO TOBOPST, YTO HECOOCTBEHHBIH HHTErpai cxoamtcs. Ecim mpemen He
CYILECTBYET MM OECKOHEUYCH, TO HECOOCTBEHHBI HHTETPAJ PACXOANUTCA.

AHaNOTUYHO: j' f(x)dx = HILIEC j. f(x)dx n T f(x)dx = j. f(x)dx + T f(x)dx.

2. HecoOcTBeHHBIE HHTETPAIBI BTOPOTO POJIA.
Ecnu B Touke x = ¢ pyHKIMS MO0 HEONIPEACICHHA, TU00 pa3phIBHA, TO

jf(x)dx = bl_i)Icnjf(x)dx .

Ecnu B Touke x = a GyHKIMS TEPIUT pa3pbIB, TO .[ f(x)dx = blimo .[ f(x)dx .
a b
Ecnm ¢ynkius f(x) umeeT pa3psiB B TOUKE X = b Ha TPOMEXKYTKE [a,c], TO
c b c
[ fCo)de = [ f)dx+ [ f(x)x .
a a b

Takux TOYeK BHYTPH OTpe3Ka MOXKET ObITh HECKOJBKO.

3.21 llpakTuyeckoe 3ansitue 21 (I13-21): KommiekcHble yucia.
[Ipu moAroTOBKE K 3aHATHIO HEOOXOIUMO 0OpAaTUTh BHUMAHKE HA CIIEAYIOIINE MOMEHTHI:
1. Onpenenenne KOMIUIEKCHBIX YHCET.
Anrebpandeckas popmMa KOMIUIEKCHOTO YHCTIA:
z=x+yi,
r7ie X — JIeUCTBUTENbHAS YacTh, i — MHUMAs 4acTh, Y — KOO(PPUIIMEHT P MHUMOK YacTH, [ = J-1 -

MHHMasl eIMHAIA, KBaApaT MHAMOM €IMHHIIBI - OTPHUIATEIFHOE YHMCIO: i° = —1 .
2. [leiicTBus HaJl KOMIUIEKCHBIMU YHCIIAMH B anreOpandeckoit popme.

Juguncen z, =x,+y, i U z,=X,+y, 1.
Cymma (paszHocTh): z,*z, =(x, £ x,)+(y, £ y,)1i.
[Ipoussenenue: z, -z, = (x,x, =y, ¥,) +(x, ¥, +X,¥,) i.
[Tpon3sBeneHne KOMIIEKCHO CONPSDKEHHBIX YHCET €CTh CyMMa KBaJpaTOB AEHCTBUTENHHOIN 4YacTH M
k03 UIIeHTa MpY MHUMOM yacTH (x + yi )-(x — yi) = x* + 7.
Yacthoe: M7Vt =X TV | 50 26,
. 2 2 2 2
X, + Y,1 X, +y, X, +¥,

3. Tpuronomerpuueckas popma KOMIUIeKCHOTo yrcia. @opmyna Myaspa.
z =r(cos@+isin@),
rae r = |z| =+/x’ +y> - MOIy/1b KOMILIEKCHOTO 4YHCIa, ¢ =Argz- apryMeHT KOMIUIEKCHOTO YHCIIa,

rJIaBHOE 3HAUYEHUE, YJIOBJIETBOPSIOIIEE YCIOBUIO — 7 < @ < 7T .
4. JleticTBHs HaJl KOMIUIEKCHBIMH YHUCIIAMU B TPUTOHOMETPUIECKOH opme
z, =r(cos@, +ising,) U z, =r(cose, +ising,).
[Ipoussenenue: z, -z, = nr,(cos(p, +@,) +isin(e, + ¢, ))
.4 _h . .
Hacthoe: == (cos(p — ) +isin(p ~ ,))
2 2
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Bo3Be/leHNE B HATYPaIbHYIO cTeNeHb: Z =1 (cosn@+isinng).

Mﬂsmw), rae K npuHumaer 3Haudenus 0,1,2...(m-1),
n n

UsBneuenne kopHs: %z =4/r(cos

ne N.

3.22 lIpakTnueckoe 3ansaTue 22 (I13-22): /InpdepeHnuanbHble ypaBHEHHUS.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHHE Ha CJIEIYIOINE MOMEHTHI:
1. Muddepenunanbupie ypaBHEHUS C pa3ieICHHBIMU U Pa3IeNIAIONUMHICS IePEMEHHBIMH.
JuddepeHunanbHbpIM ypaBHEHHEM Ha3bIBA€TCsl YpaBHEHHE, CBS3bIBAIOIEE HE3aBUCHUMBIE TIEPEMEHHBIE,
ux (QyHKIMM U pou3BoHbIe (WK auddepeHnnans) 3Toi GyHKIIH.
O6mmM pemenneM nudPepeHINaTBPHOTO YpaBHEHUS Ha3bIBaeTCs Takas nuddepeHumupyeMas QyHKINS
y=0(x,C), KoTOpas NpHu NOJCTAaHOBKE B UCXOAHOE YpaBHEHHE BMECTO HEM3BECTHOH (yHKIMU oOparaer
ypaBHEHHE B TOXIECTBO.
Pemenue Buna y=@(x,Co) Ha3pIBaeTCs YaCTHBIM perieHreM auddepeHInaIbHOTO YPaBHEHHUS.
3amaueit Ko Ha3pIBaeTCsl HaXO0XKJIEHHUE JIIOOOTO YaCTHOTO pemeHus AuddepeHnnanbHoro ypaBHeHUs
Buza y=0(X,Cy), yIOBIETBOPSIONIETO HAYAIBHBIM YCIOBHAM Y(X0) = Yo.
Huddepenunansnoe ypaBHenue Buga: M, (x)N,(y)dx+M,(x)N,(y)dy =0, tone M, (x), M,(x) -
bynknuu ot X, N,(y), N,(¥) - ¢yHkumm oT y, Ha3blBaeTCsd YpPaBHEHHEM C pa3eisIOLIMMUCS
MEepPEMEHHBIMH.
Taxue ypaBHEHMsI pelaloTCsl pa3AeIeHUeM IEPEMEHHBIX U MOCIeIyIOeM HHTEIrPUPOBAHUU:
J' Nz(y)d _ _J' M, (x) dx

Ni(y) M, (x)
ITocne HaxoXkAE€HUS COOTBETCTBYIOIMX MHTErPAJIOB ModydaeTcs ol1ee pemenue auddepeHInalbHOro
YpaBHEHHs C Pa3AeISIOMUMUCS TepeMeHHbIMU. [locie HaX0XKIeHHsS COOTBETCTBYIOIIMX WHTETPajoB
noJry4yaercs oouee pemenue 1upGepeHaIbHOr0 YpaBHEHUS ¢ pa3AessSoIUMUCS IEPEMEHHBIMU.
2. Jluneitnsle nuddepeHuanbable ypaBHeHus. Y pasaenus bepuymim. Meron beprysm.
JlunelinplM  auddepeHInanbHBIM - ypaBHEHMEM 1-ro  MOpsika Has3blBaeTCsl ypaBHEHHE BHIA
y'+ p(x)y =q(x), tme p(x)u g(x)- GyHKIHH OT X WK OCTOSHHBIE YHCIIA.

VYpaBuenunem bepHyin HasbiBacTcs ypaBHeHue Buaa ' + p(x)y = g(x)y", rae p(x) u g(x) — byHKIMN

OT X, N —NnocTossHHoe yucno, n =0, n#1.
OnHUM U3 METOJIOB PEILICHHS TAKUX YpaBHEHUU aBisieTca meton bepryiuun.
Pemenue ypaBHenus umyt B Bume y =u(x)-v(x), rame u(x),v(x) - HeusBecTHble (YHKIHH OT X.

VuauteiBasi, 9t0 y =uv, y' =u'v+uv’, nepexoauM K CHCTeMe:
Vi+ p(x)v=0
uv=gq(x)
PemuB cucremy, HaxoauMm pyHKIMU ©(x), v(x) U olIiee penieHne ypaBHeHUS ) = u(x) - v(Xx).

3.23 lIpakTnueckoe 3ansaTue 23 (I13-23): /In¢ddepeHnuanbHble ypaBHEHHUS.

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CJIEIYIOINE MOMEHTHI:

1. JIuneitnble muddepeHnansable ypaBHeHus. Y paBHenus bepuymi. Meron beprym.

JlunelinplM  auddepeHInanbHBIM - ypaBHEHMEM 1-ro  MOpsiika Has3blBaeTCsl ypaBHEHHE BHIA
V'+ p(x)y =q(x), tme p(x)u g(x)- GyHKIHH OT X WK MOCTOSHHBIE YHCIIA.

VYpaBuenuem bepuyiin HasbiBacTcs ypaBHeHue Buaa ' + p(x)y = g(x)y", rae p(x) u g(x) — byHKIMNH

OT X, N —NnocTossHHoe yucno, n =0, n#1.
OnHUM U3 METOJIOB PEILICHHS TAKUX YpaBHEHUU aBisieTca meton bepHyun.
Pemenue ypaBHenus wumyt B Bume y =u(x)-v(x), rame u(x),v(x) - HeusBecTHble (YHKIHH OT X.

VuauteiBast, 9t0 y =uv, y' =u'v+uv’, nepexoauM K CHCTeMe:

28



v+ p(x)v=0

u'v=gq(x)
PemmuB cucremy, HaxonuMm GyHKIUU u(x), v(x) u ob1ee pereHne ypaBHeHus y = u(x) - v(x).
2. OnHoponuble AuddepeHnnanbHble ypaBHEHHS.
Juddepennnanproe ypaBuenue )’ = f(x;)) Ha3bIBaeTCsS OJHOPOIHBIM 1-To_TOpsaKa, €Ciau (YHKIUS
f(x;y) ynoBnerBopsier ycnoButo: f(tx,ty) = f(x,y), TAe t - MPOU3BOIBHBINA MapaMeTp.
Onuoponubie nuddepeHnnanbHbIe ypaBHEHHS PEIIAIOTCS OICTAHOBKOM:

ZZX,OTKyI[a yv=xz, y=zZx+zx'=zx+z,
x

rne z - Gyskous ot x. B pesynbrare MOACTAaHOBKM, MOJTYyY4aeM YpaBHEHHE C pasJeISIOLIMMHUCS
nepeMeHHbIMH z'x + z = f(x;zx) , pEIIUB KOTOPOE, JIelNaeM OOpaTHYIO MOJCTaHOBKY (BO3BpamiaeMcs K
$yHKIHA ).
3. Pa3HOCTHBIE ypaBHEHUS.
OOBIKHOBEHHBIM PA3HOCTHBIM YPABHEHUEM HA3bIBACTCS YpaBHEHHE, CBS3BIBAIOIIEE 3HAUYEHUS OJIHOTO
HE3aBUCHMOI'0 apryMeHTa X, ero (yHKIMM Yy ¥ DPAa3HOCTEH pa3IM4HBIX MOPSJIKOB ATOH (DYHKIMHU
DY, DZYX, D3YX,.... Takoe ypaBHEHHE MOXHO 3alUCATh B OOIIEM BHJE CIEAYIOIUM 00pa3oM:
j(x, Yy DY,, DY, D’Y,, D"Y,) =0,

KOTOpOE 10 (opMe aHATIOTHYHO TU(PepeHIINaTFHOMY YPAaBHEHHUIO.
[TopsiAKOM pPAa3HOCTHOIO YpAaBHEHUS HA3bIBAETCS MOPSIOK HAMBBICIIEH pa3HOCTH, BXOJALIEH B 3TO
ypaBHeHHe. PaszHoctHoe ypaBHeHue (1) dvacTto ynoOHee 3amucarh, MOJB3YACh HE Pa3HOCTIMH
HEU3BECTHON (DYHKIMM, a €€ 3HAUYEHUSMH IIPH IOCJIEN0BATENbHBIX 3HAUYEHUSAX apryMeHTa, TO €cCTb
BbIpa3uTh DY DZYX, D3YX,... yepe3 Yx, Yx+1, Yxi2,.... YPAaBHEHHE MOKHO IIPUBECTU K OJHOM M3 JBYX
dbopwm:

V(X, Yx, Yxt1,000, Yxin) =0,

X(X, Yx, Yx1,.00, Yxn) = 0.
Oomiee muckperHoe pemeHue Yy OOBIKHOBEHHOTO Pa3HOCTHOTO YPaBHEHUS /1-TO TIOPsIKA MPEICTaBIISET
byakmmo X (x =0, 1. 2,...), comepkalryro poBHO 7 MPOU3BOJIbHBIX MMOCTOSHHBIX

YX = Y(X, C1, Cz,..., Cn)

[TpumMepom cay HUT nayTHHOOOpa3Hast MOJIENb PhIHKA.

3.24 lIpakTuyeckoe 3ausatue 24 (I13-24): /InddepennuanbHbie ypaBHEeHHUs BHICIIHUX MOPSIKOB.
[Tpu mOATOTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMaHKE Ha CIEIYIOIHE MOMEHTBI:
1. JIOY BToporo nopsiaka.
JluneliHpIM onHOpPOAHBIM JudepenanbHbiM - ypaBHeHueM (JIOAY) 2 mop. ¢ MOCTOSHHBIMU
k03 uIeHTaMu Ha3bIBaeTCsl ypaBHeHHE BUIa y" + py' +qy =0, vae p ¥ q - AeiiCTBUTEIbHBIC YUCIIA.
O6o3naunM y"'k>,y' = k,y = k° = 1. Ilonyuum XapakTepuctuieckoe ypaBHenue: k> + pk+q=0.
Oobmee pemenune JIOHY Oyner 3aBuceTh OT KOpPHEH XapaKTepUCTUYECKOTO YypaBHeHUS Kk, u k,
CJIEIYIOIIM 00pa3oM:
1) D>0, k, #k,, 10 y=C,e" +C,e",rne C, u C, - IOCTOSHHBIE;
2) D=0, k, =k,, 10 y=C,e"" +C,xe", tne C, u C, - IOCTOSHHbIE;
3) D<0, k,, =a+pi, 10 y=e"(C, cos fx+C,sin fx), rae a, B, C, u C, - NOCTOSHHBIE.

2
2. JIHAY Broporo nopsaxa.

JlunelinpiM HeomHOpomHbIM nuddepeHmanbabiM - ypaBHeHuem (JIHIAY) 2 mop. ¢ mocTosTHHBIMH
ko3 pHIMeHTaMH Ha3bIBaeTCS ypaBHeHHUE Buaa: y" + py' +qy = f(x), rme f(x) - QyHKIUA OT X, p U

— JIeHICTBUTENbHBIE YHCIIA.
Oo6mee pemenue nansoro JIHJAY ects cymma y,, - obmero peutenus: coorsercrytomero JJIOAY u y, -

gacTHOro pemenus nannoro JIHAY: y =y, +y,.
[IpaBast yacth ypaBHeHUS uUMeeT BUI: f(x)=e“" [P1 (x)cos fx+ P, (x)sin ﬁx] , tne Pi(x) u Py(x) —

MHOTOYJICHBI CTCIICHHU 1M 1 1My COOTBETCTBCHHO.
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Torma yacTHO€E pelleHrne HEOJHOPOIHOTO YPABHEHUSI 6yzLeT HUMETH BU/I:
r_ax :
v, = x"e"" [0, (x) cos fix + O, (x)sin fx],
IJIe YUCJIO T TIOKa3bIBACT CKOJIBKO pa3 4YHCIO « + [ SBISETCS KOPHEM XapaKTePHUCTHUECKOTO

ypaBHeHus s cootBercTByromero JIOAY, a Qi(x) m Qx(X) — MHOTOWIEHBI CTEMEHH m, TAe m -
OoJIbIIIas U3 CTEIEHEH M| U M.

3.25 IlpakTnueckoe 3ansatue 25 (I13-25): 3nakono/ioxuTebHbIE PSAbI.
[Ipu moAroToBKE K 3aHATHIO HEOOXOIUMO 0OpAaTUTh BHUMAHKE HA CIIEAYIOIINE MOMEHTHI:
1. I/ICCJIC,Z[OBaHI/Ie YUCJIOBBIX PSAA0OB Ha CXOAUMOCTD.

CyMmMa uiieHOB OECKOHEUHOW YHUCIIOBOM IMOCIENOBATENBHOCTH U ,U,,...,U, ,... HA3BIBAETCA UYUCIIOBBIM

o0
pAaAOM. u; + u, +...+ u, +...= Zun , rae ucia u,,u,,... - WICHHBI psiAJa, a Uy — O6H.[PII>1 YJICH pAaa.
n=1

0
PHH ul + uz + ...+ un +..= ZMn Ha3bIBACTCA CXOAAIIMMCA, €CJIIN CXOAUTCA ITOCICAOBATCIBHOCTBb €TI0
n=1

YaCTUYHBIX CYMM. CyMMa CXOoAMECrocCAd psaaa — nmpeacia HoCJICJ0BATCIIbBHOCTH €0 YaCTUYHBIX CYMM.
0
limS, =S, S=>u,.
n=1

Ecmu NoCJICA0BATCIIbHOCTh YaCTHBIX CYMM HE UMCECT NpCaciia, Ujinu UMECT OCCKOHCYHBII nmpeaci, To pan
Ha3bIBACTCA pACXOAAIIUMCH.

o0
Heob6xomumoe ycrmoBue cxoaumocts psia: Ecim psin Zan CXOJIUTCS, TO €ro OOIIUI YJIEH CTPEMHUTCS K

n=1

Hymo (t.e. lima, = 0). O6paTHas Teopema He BEpHa.

00
CripaBeUIMBO yTBEPXKICHHUE: €CITH ll_{r(}o a, #0,Topsn Y a, pacxomures.
n=1

2. HpI/ISHaKI/I CXOIUMOCTHU 3HAKOIIOJIOKKUTCIbHBIX PAOO0B.

0
IIpu3Hak cpaBHEHHMSA: IMYCTh JAaHBI JBa psAa C HEOTPULATEIBHBIMU YJICHAMU Zan,an >0 (A) un

n=1

0
an,bn >0 (B) n nns Bcex n € N BBINOJNHAETCS HEPABEHCTBO a, < b , TOrjga U3 CXOQUMOCTH psla

n=1

(B) cienyet cxogumocTsb psana (A), a u3 pacxoaumocTtu psga (A) ciemayer pacxoaumocTh psna (B).

0
Hpe)le.]'[beIﬁ IMPHU3HAK CpaBHCHUA: IIYCTb JaHbI IBA pAda C HCOTPHULATCIbHBIMHA YJICHAMU Z a,,a, > 0

n=1

0 . a
(A) u an,bn >0 (B). Ecnu cymectByet hmb—”:P, rie P >0, to o6a paga (A) u (B) B mnane
n=1 n—>0 '
CXOJMMOCTH BeIyT ce0si OAMHAKOBO (T.€. 1100 00a cxoaarcs, 1160 00a pacxoasTcs).

[IpenensHas ¢opma  mpusnaka [lamamGepa: mycTh JAaH pPsi C HEOTPULATENBHBI-MH  YJIEHAMHU
00 . a

Zan, a,>0. Ecniu cymectyer lim—:=D, to mpu D <1 psx cxomurcs; npu D>1 psn

n=1 n—»0 an

pacxomurcs; npu D =1 BOmpoc 0 CXOAMMOCTH PsJia HE PELIEH, IPU3HAK HE MOAXOIUT.
o0
IIpenenbHas popma npusHaka Kommu: mycTe AaH psal ¢ HEOTPULATEIbHBIMU UYJIEHAMM Zan, a,>0.
n=1
Ecmu cymecrByer lim%/a, = K, to npu K <1 psan cxoautcs; npu K >1 psag pacxoaurcs; K =1
n—>0
BOIIPOC O CXOJMMOCTH Psiia HE PEIICH, IPU3HAK HE IOAXOAMT.
3. DTanoHHbIE PAIbL
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- TApMOHWYECKHHN PSII, PACXOIHUTCS.

DM
I |-

=
I
—_

1 .
—, ke R - 0000wenno rapmonnyeckuii psag. Ecim k >1, To psan cxomures; ecin k<1, 10 psn

[Me

S

n=l1

PacxXoJauTCA.

Z a-q", a € R-reomerpuueckuii psia. Eciu |q| > 1, TO psia pacxoIUTCs, €CIU |q| <1, To psig cxogures.

n=1

3.26 IIpakTuyeckoe 3ausaTue 26 (I13-26): 3nakoyepenywommecs: psiabl.

HpI/I IOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTLI:
1. [TonsTHe 3HaAKOUEPEIYIOIIETOCS pAa.

3HaKouepeyIoIIMics psiJl MOXKHO 3aMlUcaTh B BUJE:

—U Uy, — Uy F Uy = Z(—l)”un , rae u, >0, n=123,..
n=1
2. llpusznak JleitOnuna.

Ecin y 3nHakouepenyromierocs psaa Z(—l)”un abCoNIOTHBIE BEJIUYUHBI (MOIYNIH) u; YOBIBAIOT

n=1
U, >u, >uy >... 1 OOLUI WIEH CTPEMUTCS K HyIO u, —> 0, TO psii CXOAUTCS.
3. AGCOIIOTHAs U YCIIOBHAs CXOJUMOCTb.
Ecnu psin cxoauTces BMECTE € PAJIOM, COCTaBIEHHBIM U3 MOJYJIEH €ro 4JIeHOB, TO TAKO! psijl Ha3bIBAETCs
a0COJIIOTHO CXOAALIMMCA.
Ecnu 3HakouyepeIyromuiics psii CXOAUTCS, a PsJl, COCTaBICHHBIN U3 MOAYJEH €ro 4IeHOB PaCXOAUTCH,
TO TAKOM PsiJi HA3bIBAETCS YCIOBHO CXOISAIIMMCS.

3.27 llpakTruueckoe 3ausitue 27 (I13-27): CreneHHble psAabl.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOIIE MOMEHTBI:
1. Pannyc u uHTEpBaNI CXOAMMOCTH CTEIIEHHOTO psaa.

2
Psap Bupa a,+a,(x—x))+a,(x—x,)" +...+a,(x—x,)" +..., TO€ a,,a,,a,,...,a,,X, € R, X -nepeMeHHas,

0
HA3bIBAETCS CTEMEHHBIM psgoM. O603HaueHHE Z a,(x—x,)".

n=1
Xy—R<x<x,+R nm xe(x,—R;x,+R) - unTepBan cXoAUMOCTHU psJa,
. |a,
R =lim|—" - pagnyc cXOAUMOCTH psJa.
N—>0) an+1
YroObl HaliTH 00JIACTb CXOAMMOCTH pPsa, HYXKHO BBIACHUTH BOIPOC O CXOAMMOCTH Ha KOHLAX
UHTEpBana, T.. IpU X=X, —R U x=Xx, + R .

2. Pan Teiinopa u MakiopeHa.
Ecin ¢ynkmus f (x) umeeT HenpepbiBHbIE MPOU3BOJAHBIE BIUIOTH A0 (n+1)-ro mopsiaka, To €€ MOXKHO
pa3NOXKUTH B CTENEHHOM pAn Teinopa:

f@)=fl@+ (@) (x-a)+

IIpu a=0 nonyuyaem psn MaknopeHa:

f()=70)+ /' (0)x+

P ) A C) Ct S

2! n!

S1Ox O
! n!

ey

rne a, = - ko3 punments! psaa MakiopeHa.

(0
n'

3. IlpumeHeHue psAaoB B IPUOIMKEHHBIX BBIYUCICHUSX.
Pa3noxxenne HekOTOpBIX PyHKLIMIH B psiag MakiopeHa
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2 3 n
X X X
e’ =1+x+?+—+...+—+..., xeR

3! n!
3 5 7 _1\" 2n+l1
sinxzx—x—er——x— ...+%+..., xeR
357 2n+1)!
2 4 6 _1\" 2n
cosle—x—+x——x—+...+&+..., xeR
24 6 (2n)!
2 3 4 n+l
1n(1+x):x—%+%—%+...+(—l)”ﬁ+..., xe(-11]
J— . 2 —_— —_— . 3 —_— —_— . n
(4x)" =14 mys PN X mln=Dn=2)->" | mm=D..m=nt D> g
2! 3! n!
3 5 2n+1
X X
arctgx =x——+——...+(-1)" +..,xeR
& 35 Y

C moMomipio pa3fiokeHus: B P MOKHO MPHUOJIMKEHHO BBIYHUCIATH 3HAYCHHUS TPUTOHOMETPHUECKHUX
¢byHKIUH, TorapuMoB Yucell, KOpHEH, TaKk Ha3bIBAEMbIX «HEOepyUIXCs» UHTETPaioB.

3.32 lIpakTnueckoe 3ansaTue 28 (I13-28): BeposATHOCTH cOOBLITHS NPH MOBTOPHBIX HCIBITAHUSAX.
ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOIIE MOMEHTHI:

1. ®opmyna bepryiu.

Bynem npoBoauTh N HE3aBUCUMBIX MOBTOPHBIX UCHBITAHUN, B KaXKIOM U3 KOTOPBIX COOBITHE A MOXET
MOSIBUTHCS WM HE TOSBUTHCS. B manpHeiimem OyaeM cunTaTh, YTO BEPOSTHOCTD MOSBICHUS COOBITHS A
B KaX/IOM TaKOM HUCIBITAaHUU INOCTOSHHA W paBHa p (p#0, p#1), Torga u BEpOATHOCTb TOTO, YTO

coObITHE A HE Mpou30iIeT OyAeT NOCTOSHHA U paBHA q=1- p.

®opmyna beprymm
Ecnu BEpOsATHOCTb p HACTYIJICHUSI COOBITHS A MOCTOSIHHA B Ka)KIOM HCIIBITAHUU, TO BEPOSITHOCTH TOTO,
4TO COOBITHE A HAaCTYIUT K pa3 B N HE3aBUCUMBIX UCIBITAHUAX HaXOIUT 1o ¢popmyie bepHysmiu:

P(k)y=C,-p*-q""
2. JlokanwHas Teopema Jlamnaca.

Ecmu BCPOATHOCTH p MOABJICHUSA coOkrITHSI A B KaXJ10M HMCIIBITAHHUH IMOCTOAHHA W OTIIMYHA OT Omn 1, TO
BC€POATHOCTL TOI'0, YTO coObITHE A TOABUTCH K pa3 B n HE3aBUCUMBIX HCIIBITAHUAX HpI/IGHI/ISI/ITCHBHO

! ! e_g npu x__k—np
npqg 2w ’ w/npq'

paBHa (TeM TOUYHEe, yeM OOoJIbIlIE /7) 3HAYEHUIO QYHKIUN ) =

1

M ’ ¢(x) D
1 X

rae @(x) = N e ? -TtabnuuHas QyHKIUs, yeTHasA @(—x) = @(x).

3. UnTerpanbHas Teopema Jlamnaca.

Ecnu BEeposTHOCTD p HACTYIUIEHUS COOBITUS A B KaX/10M MCIIBITAHUM IOCTOSTHHA U oTaM4YHa oT 0 u 1, TO
BEPOATHOCTb TOI'O, YTO COOBITHE A MOSIBUTCS B 7 HE3ABUCUMBIX MOBTOPHBIX MCHBITAHUSAX OT K; 10 K2
pa3, HaxoAuTcs Mo Gpopmylie:

B, (k) =

[}

k, — k. —
P, (ky3ky) = D(x,) - D(x,), mpuem xlzl—np- X _nTnp

Jmpg 7 \npg

! .[ e 2dz - ¢bynkus Jlannaca, Tabnuunas (npuwioxkenue §), Heu€tHas, O(—x) =—-D(x) u
0

2z

IUIsl 3HAYEeHUH x> 5, 3HaueHne pyHKIUU NIPUHUMAIOT paBHbIM 0,5.
4. Teopema Ilyaccona.

[Tpumensiercs As peaKuX COOBITHI, BEPOSTHOCTH MOSIBICHUS KOTOPBIX O4eHb Mana =~ (.
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[TycTh BEpOSTHOCTH COOBITHS A B KaXKIOM M3 71 HE3aBUCHUMBIX MOBTOPHBIX HCIBITAHUN BBIpAKACTCS
. A

dopmynoit p=—, 1 >0, 4 =const. Tornra BepOATHOCTh TOTO, YTO B 7 HE3aBHUCHMBIX IOBTOPHBIX
n

UCIBITAHUAX COOBITHE A TIOSIBUTCS K pa3 MOXKHO Haiitu 1o ¢opmyre [lyaccona:

A,

P(ky=—-e", A=n-p.

k!
5. HauBeposiTHelIIee YMCIIO HACTYTUICHHH COOBITHS TIPHU MMOBTOPSHUH MCTIBITAHUM.
Uncno Ko HACTYIUIGHHH COOBITHSI A B N HE3aBUCHMBIX TIOBTOPHBIX HCIBITAHUSAX HAa3bIBACTCS
HAUBEPOATHEHIINM, €CITH BEPOATHOCTh TOTO, YTO COOBITHE A HACTYNMUT B 3TUX HCHBITAaHUSIX Ko pa3
MIPEBBIIIAET UM HE MEHBIIE BEPOSITHOCTU OCTAIBHBIX BO3MOXHBIX HUCX0JI0B UCIIBITAHUM.

n-p—q<k,<n-p+p

1) ecnu wucno n- p —g apoOHOE, TO UMEEM TOJIBKO OJTHO 3HAYCHHUE Ko
2) ecny 9HCIIo 1 - p — ¢ 1eJI0e, TO UMEETCs 1Ba HAaUBEPOSTHEUININX 3HAYCHUS 3HAUCHU Ko U Kot 1.

3) ecau yKMCO 1 - p 1i€70€, TO HaUuBeposATHeHee uucio k, =n-p.

3.29 llpakTuueckoe 3anstue 29 (I13-29): Cayuaiinble BeJTUYUHBI.

[Ipu moAroToBKE K 3aHATUIO HEOOXOIUMO 0OpATUTh BHUMAHUE HA CIIEAYIOIINE MOMEHTHI:

1. JIuckpeTHble cilydaliHble BEIMYMHBI. 3aKOH PacHpelelIeHUs] BEPOATHOCTEW AMCKPETHOM CilydaiiHON
BEJINYUHBI.

CrnydaiiHasi BeIMYMHA — 3TO BEJIMYMHA, KOTOPasi B Pe3yJIbTaTe€ UCHBITAHUS MIPUMET OJHO U TOJBKO OJHO
13 BO3MOXKHBIX 3HaUYE€HUH, TPUYEM 3apaHee He U3BECTHO Kakoe (obo3Hauenwue: X, Y, Z,...).

C xaxaol cinydyalHOW BEJIIMYMHON CBSI3bIBAIOT UHCIEHHOE MHOXXECTBO — MHOXECTBO 3HAUYECHHM
CTy4aiiHOW BeNMMYUHBI (0003HAYEHUE: X|, X2, X3,...).

CrnydaiiHble BETUYUHBI JIESATCS HA AUCKPETHBIE U HETIPEPBIBHBIE.

JluckpeTHON Ha3pIBaeTCs ClydailHas BEJIMYMHA, KOTOpas INPUHHUMAET OTIEIbHBIE H30JUPOBAHHBIC
3HAQUEHHUS] C ONpPEACIICHHBIMU BEPOATHOCTAMU. HempepblBHON Ha3bIBaeTcsl ciydyaiiHas BeJIUYHUHA,
KOTOpasi IPUHUMAET BCE 3HAYEHUSI U3 HEKOTOPOTO KOHEUYHOTO UM OECKOHEYHOT'0 TPOMEXKYTKA.

3aKOHOM pachpeAesieHus BEPOSTHOCTEW AUCKPETHOW CIydyalHOW BEJMYMHBI Ha3bIBAIOT MEPEUYECHBb BCEX
BO3MOXHBIX €€ 3HAUEHUN U COOTBETCTBYIOIIUX UM BEPOSATHOCTEMN.

X | x5 | x VR '
P |\pPr [P | .. |[Pn
2. YucnoBble XapaKTEPUCTUKHU JUCKPETHOM CIIy4allHOW BEJIMYHMHBI.

MareMaTH4ecKUM OXKUJAHUEM JUCKPETHOM CIIy4aliHOM BEJIMYMHBI HA3bIBAIOT CYMMY IPOW3BEICHUU
BCEX €€ BO3MOXHBIX 3HAYEHHI Ha UX COOTBETCTBYIOIINE BEPOSATHOCTH.

M(X)=x,p, +X,py + .4 X, D, = DX, P,

i=1
Jucnepcrel TUCKPETHOW CIly4allHOW BEJIMYMHBI HA3bIBAECTCS MATEMaTUYECKOE OKUJIAHUE KBajapara
OTKJIOHEHHS CIIy4alHOU BEJIMYMHBI OT €€ MaTEMAaTUYECKOTO OKHUIAHUS:
D(X)=M(X - M(X))*
Jucniepcrst paBHa pa3HOCTH MEXIYy MAaT€MaTUYECKUM OKHUJIAHUEM KBaJpara CIy4aiHON BEJIMYHUHBI U
KBaJ[paTOM €€ MaTeMaTU4YeCKOTO OKUIaHUS:
D(X)=M(X?)-(M(X))*
Cpennee KBaJpaTHYECKOE OTKJIOHEHHWE PABHO apU(METHUECKOMY 3HAYEHUIO KBaJIpPaTHOTO KOPHS W3

JUCIIEPCUU:
a(X) =D(X)
3. HempepbiBHble ciyualiHple BenuuuHbl. DYHKIUMSA pacrpenencHuss U e€ cpoiictBa. [ImoTHOCTH
pacrpeniesieHsl BEpOSTHOCTH HEMPEPBIBHON CIIy4aiiHON BETUYUHBI.
OyHKIMEH pacnpeeneHust ClydailHON BeTMUMHBI X Ha3bIBAETCS BEPOSTHOCTH COOBITHUS, COCTOALIETO B
TOM, YTO CIIy4aiHas Bean4rHa X IPUMET 3Ha4YE€HUE MEHBIIE X.

33



F(X)=P(X <x)
CBoiicTBa (YHKIMU pacrpeieeHus:
0<F(X)<1
dynkuus pacnpeneneHus HeyobiBaromas, x, > x;, = F(x,) = F(x,)
F(X)=0, npu x<a
F(X)=1, pu x>b
BeposiTHOCTH TOTO, 4TO CilydaiiHas BeTU4YMHA X MPUMET 3HAUY€HHE U3 WHTEpBajia (a,b) HaXOJUTCS 10
dopmyne: P(a< X <b)=F(b)-F(a)
[ImoTHOCTBIO pacnpeieieHns] BEPOSITHOCTEN HEMPEPHIBHOM CIy4ailHON BEIMYMHBI X HA3bIBAIOT MEPBYIO
MPOU3BOIHYIO OT (DYHKIIMH pacripeieeHus

f(x)=F'(x)

BeposiTHOCTH TOro, 4TO HEMpepblBHAs ClydailHas BeJIMYMHA X TPUMET 3HAaY€HUe, MpUHAJIeKallee

HHTEpBaNy (a;b) paBHa ONpeacIEHHOMY HHTErpaly OT INIOTHOCTH PacIipeIe/IeH s, B3ITOMY B Ipeeiax
oT a 1o b.

P(a<x<b):}f(x)dx:F(b)—F(a)

4. YucnoBble XapaKTEPUCTUKHN HETIPEPHIBHOM CIIy4ailHOW BEJTMYHHBI.
MareMaTtnyeckoe OKUIaHue.

b +0
MX) =[x f(de WM M) =[x f(X)dx

Hucnepcus.

-0

D(X)= [(X~M(X)?-f(X)ds  WIH DOX) = [(X - M(X)Y - f(X)ds

DY) = [ X f(X)dx—(M(X)y M D(X)= [X*- f(X)dx—(M(X))

CpenHee KBa[paTHUECKOE OTKIOHEHHE o(X) =4/ D(X).

3.30 IIpakrnueckoe 3ansitue 30 (I13-30): HopMmaabHbId 3aKOH pacnpenejeHUs CIayYaHOl
BeJIUYHHBI.

ITpu noAroTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMAaHKE Ha CIIEIYIOINE MOMEHTBI:

1. BeposiTHOCTB nONIajaHKsl HOPMAJIbHO PaCIpPEIEIEHHON C. B. B 3aJaHHBII HHTEPBAJL.

HemnpepsiBHas cirydaiiHas BEJIMYMHA HA3bIBACTCS PACIPENEICHHON 110 HOPMAJIBHOMY 3aKOHY, €CIU €€
IJIOTHOCTb PacIpeiesIeHus UMEET BU:

1
SO = e

BeposiTHOCTh IOnazgaHuss HOPMAJIBHO PAaCIpPENEICHHON CIy4alHOU BEIWYMHBI B 3aJ@HHBIA HMHTEPBaJ

HaxoauTcs mo hopmyie:
P(a <X</3)=q>[/’)_“j—q>[a_“j,
o o

_-a)?

20, THE a=M(X),U=U(X)=m

rae O(X) - pyukuus Jlamnaca, TabnudHast.

BeposTHOCTE TOro, 4YTO OTKJIIOHEHHWE HOPMAJIBHO PpACIPEICICHHOW CIy4alHOM BEIUYMHBI OT €€
MaTeMaTHYeCKOTr0 OXXUIAHWA O MOJYJII0 HE TMPEBBIIIAET 33JaHHOTO MOJOXKUTEIBHOIO Yucia o,
HaxoauTcs o hopmyie:

P(X -d<5)= 2@(5j :
o

2. IIpaBuno «Tpé€x curm».
[TpakTHYeckn JOCTOBEPHO, YTO IIPU OJHOKPATHOM UCIBITAHUH OTKJIIOHEHHE HOPMaJIbHO
pacnpeesIeHHOM ciry4aiiHOM BETMYMHBI OT €€ MaTeMaTH4ECKOIO OKUaHUs HE MIPEBBIILIAET YTPOESHHOTO
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CpeIHEero KBaJpaTHUECKOTo OTKJIOHECHUS, T.€. 3HAYCHHE JIF0001 HOPMAITLHO pacipeeIeHHON
CITy4aifHOM BETMYHMHBI PACTIONIOKEeHBI B UHTEpBaJie (a-3 0 ; at3 o).

3.31 lIpakTuyeckoe 3ausaTue 31 (I13-31): OcHOBBI MATEMATHYECKON CTATHCTUKH.

ITpu mOATOTOBKE K 3aHATHIO HEOOXOJMMO OOpaTUTh BHUMaHKE Ha CIEIYIOIHE MOMEHTBI:

1. BapuanuoHHbIe ps/ibl, UX XapaKTEepUCTUKU U rpaduyeckoe U300paxeHue.

Bynem mpoBonuTh HaOIIOAEHUS WHTEpECYIOIIEro npu3Haka X (choy4aiiHas BenuuuHa). Pasnmuunble
3Ha4YeHUs NMpHU3HaKa X Ha3bIBAlOTCA BapHaHTaMH (00O03HadeHue: x,). Yncna, moka3plBaroILINe CKOIBKO

pa3 BCTPEYarOTCs BapUaHThI, HA3bIBAIOTCSA YacTOTaMH (00O03HAaYeHUe: 7,), a OTHOLIEHHE UX K oOleMy

qUCITy HAOJIFOIEHUI — OTHOCUTENIBHBIMU 9aCTOTaMH (4aCTOCTAMH), T.€. W, = —.

n
Bapuaimonssle psiibl ObIBalOT AUCKPETHBIMU (BapUaHTHI psAJia OTIMYAIOTCS HA MOCTOSHHYIO BEJTUUYHHY)
U HENpPEpbIBHBIMU WM HMHTEPBAIbHBIMU (BapUaHThl MOTYT OTIMYATbCS HA CKOJIb YTOJHO MAJYHO
BEIIUYUHY).
[Tonuron mpencraBisgeT coOOH JOMaHYIO, B KOTOPOH KOHIIBI OTPE3KOB IMPSIMON HUMEIOT KOOPIMHATHI
(x;;m), i=12,..,n.
l'ucrorpamma (TONBKO ISl MHTEPBAIbHBIX PAJOB) — CTymeH4aras (urypa u3 NpsSIMOYTOJIbHUKOB C
OCHOBAHUSIMH, PaBHBIMM MHTEpBaJIaM 3HAYEHUI MpPU3HAKa U BHICOTAMH, PABHBIMH IIJIOTHOCTH YaCTOTBI

ni
r= e rae A - mar (AJuHa HHTEPBaJoB).

2. OyHKIMS pacnpeaeieHus.
Omnupuueckoil ¢yHkuel pacnpeneneHus F,(x) Ha3bIBa€TCs OTHOCHTENbHAs 4acTOTa (4acTOCTb)

TOT0, YTO MPU3HAK (CllydaliHas BEIMYMHA X) IPUMET 3HAUE€HUE, MEHbILIEE 3aJaHHOTO X, T.€.
HAK

F(x)=wX <x)=w" re w ==

K

Hakormiennas gactoTa I’lfA IIOKa3bIBACT, CKOJIbKO Ha6.HIO,Z[a.HOCB BAapHWaHTOB CO 3HAYCHUECM IIPHU3HAKA,

MEHBILUM X.
3. YncaoBble XapaKTEPUCTUKH.

m

1
CpenHee BBIOOpOUHOE: X, Z—innl. , TIIe M — YHUCIO HENOBTOPSIOUIUXCSA BApPUAHTOB HIIA YHUCIIO
nig

MHTEPBAJIOB.

RE— PR— m

1 L - 2 T \2 1
Bri6opounas aucnepcusi: D, :ZZ(x,. —xp)’n, wm Dy=x,—(x;)", x;= ;Zx?n. :
i=1

n
Vcnipasiennas qucnepeus: s° = Dy -——

n—1
Bei0opouHOe cpeaHee KBaJpaTHUECKOE OTKIIOHEHUE: Oy =4/ Dy .

n
HcnipaBneHHoe cpetHee KBaApaTHIecKoe OTKIOHEHHE § = O - e
n f—

s
Kosddunuent Bapuanuu: v=—=—-100%

Xp
Menunanoit M. Ha3bIBaeTCs 3HAUEHUE MTPU3HAKA, IPUXOIALIECECS HA CEPEANHY BAPUALMOHHOIO PsA.
Mopoii M, Ha3pIBaeTCS BapUaHT, KOTOPOMY COOTBETCTBYET HauOOJIbIIIast 4aCTOTA.

3.32 [IpakTuyeckoe 3ausaTue 32 (I13-32): OcHOBBI TeOpUN BLIOOPOYHOI0 METO/A.
HpI/I IIOATOTOBKE K 3aHATHUIO HCO6XOI[I/IMO O6paTI/ITB BHUMAaHHC Ha CICAYIOINEC MOMCHTLI:

1. Cratuctuueckoe OLICHUBAHHUE IMapaMETPOB, METOAbI HAXOXKJICHUA OLICHOK.
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PaccmoTpenHble paHee OLIEHKH SIBISIOTCA TodeuHbIMH. [Ipu Manbix oObemax BBIOOPKHM Takasl OIEHKa

MOJKET CHJIBHO OTJIMYATHCS OT OIICHHBAEMOT'O TTapaMeTpa.

JIoBepUTENLHBIM WHTEPBAJIOM ISl MapameTrpa ¢ C HaJeKHOCTHIO OIIEHKU ) Ha3bIBACTCS UYUCIOBOM

MPOMEXYTOK (6*—0J; @*+0), conepkamuii ICTUHHOE 3HaYEHUE JIAHHOTO TapaMeTpa ¢ BEPOSITHOCTHIO,

paBHOH y. 3nmech O* - oleHKa HEM3BECTHOro mapamerpa €, 6 >0 - HEKOTOpOe YMCIIO, HaJle)KHOCTD

OIICHKH ¥ OOBIYHO 3aJaeTCs 3apaHee U OJIM3KO K STUHULIC.

2. TOYHOCTDH OLICHKH, HAIE)KHOCTh, JOBEPUTEIbHBIA HHTEPBAJI.

HekoTopsie BUIBI TOBEPUTEITHHBIX HHTEPBAJIOB:

JUJis OTIICHKH MaTeMaTUYeCKOTO OXKHIAHUS ¢ IPU U3BECTHOM CPEIHEM KBaJ[PAaTHUECKUM OTKJIOHEHUH O :
— t-0 — t-0

———<a<xz;+—F—
Xp T a<xpg T

o€ X, — cpelHee BBIOOPOYHOE; # — 00BEM BBIOOPKHU; ¢ HAXOOUTCS U3 PAaBEHCTBA _7 1o Tabimie
B D(¢)
2

3HaueHni GpyHkimu Jlammaca.
JIJis OIIEHKW MaTeMaTHYeCKOTO OKUJAHUS a MPH W3BECTHOM HCIPABICHHOM CPEIHEM KBaJAPATUYCCKUM
OTKJIOHEHHH S :
— t -5 — IS
Xy — <a<x,+-—
B B ’
Jn Jn

/i€ X, — CpeaHee BBIOOPOUHOE; I — 00bEM BHIOOPKH; /, HAXOAMTCS MO TaOIHIE NPH 33/IaHHbIX [T 1 .

J1J1 OLIEHKU CpeHEero KBaApaTUYeCKOro OTKIOHEHUS O :

s(l-g)<o<s(l+q) mpu ¢g<lI,

O0<o<s(l+g) mpu g>1,

r7ie § — MCIPaBJICHHOE CpeiHee KBAAPAaTUUECKOE OTKIOHEHUE, ¢ HAaXOJIUTCS MO TabIue non u y .
3. CtaTucTudeckas Tunore3a u o0mias cxema ee mpoBEPKH.
CraTucTdeckoi THMOTE30i Ha3bIBaeTcs J000e TPEINON0KEHHE O BHJAEC HEU3BECTHOIO 3aKOHA
pacrpezielieHus: WK O BEJIMYUHE MTapaMEeTPOB U3BECTHBIX pacIipeieIeHHi.
BepositHocTs ¢ nomycTuTh OmHMOKY 1-ro poma, T. €. OTBEprHYTh MpPaBWIBHYIO rumoresy H,,

Ha3bIBAETCS YPOBHEM 3HAUUMOCTH MIH «alib(ha — pUCKOM». BEpOsATHOCTH OMyCTUTH OMIMOKY 2-T0 poja,
T. €. IPUHATH runoredy H,, Korga oHa HeBepHa, OOBIYHO O0O3HA4YalOT S W Ha3bIBAIOT «0eTra —

PHUCKOM.
Kpurepuem cornacus Ha3bIBalOT CTATUCTUYECKUH KPUTEPUIN NMPOBEPKH TMIIOTE3Bl O MPEAIOIAaraeéMoM
3aKOHE HEU3BECTHOro pacmpeneneHus. lMeercs HecKolIbKO KpuTepueB coryiacua. Ha mnpakTuke
Haubosee 4acTo HCMONb3YIOT KpuTepuit y° (xu-kpaapar) ITupcoHa, KOTOPBIH HPUMEHHM K JIHOOBIM
pacnpeneseHusM, B 4€M U COCTOUT €0 JOCTOMHCTBO.

4. Tunbl CTATUCTUYECKUX KPUTEPUEB IPOBEPKHU TUIIOTES.

B pesynbraTe CTATHCTHYECKOH MPOBEPKH THUMOTE3bl MOTYT OBITH JOMYIIEHBI OIIMOKH IBYX POJIOB.
Ommbka mepBOro poja COCTOMT B TOM, YTO OyJeT OTBEprHyTa IMpaBWJIbHAs TUIIOTE3a; BEPOSATHOCTD
COBEPIIUTh TaKyl OIMMOKYy 0003HAYaIOT ¢¢ W HA3bIBAIOT €€ YPOBHEM 3HAYUMOCTH. Omunbka BTOPOTO
poJia COCTOMT B TOM, YTO OyJeT MPHUHATA HEelpaBHJIbHAs THIIOTE3a, BEPOSTHOCTH KOTOPOH 0003HAYAIOT
/., @ MOIIHOCTBIO KPUTEPHS SBISETCS BEPOSITHOCTD 1 — f3.

[Tox xpuTHYECKO 001aCThIO MOHMMAIOT COBOKYITHOCTh 3HAUEHHH KPHUTEPHs, MPU KOTOPHIX HYJIEBYIO
runote3y H, orBepratoT. Kpurndeckyro o01acTs MpH 3aaHHOM YPOBHE 3HAUUMOCTH CIIEyeT CTPOUTH

TaK, 4TOOBI MOIITHOCTH KPUTEPHUS OblIa MAKCUMAJIBLHOM.
CpaBHeHHE [BYX IUCHEPCUH HOPMaJbHBIX TE€HEPAIbHBIX COBOKYNMHOCTEeW. IIpu 3amaHHOM ypoBHE
3HAUYUMOCTH ¢ TIPOBEPSAETCS HYJIEBas TUIIOTE3a, COCTOSIIAs B TOM, YTO TI'€HEpAIbHbIE IUCIIEPCUU
paccMaTpUBaEMBbIX COBOKYITHOCTEH paBHBI MEXI1Y COOOIL:

H,=D(X)=D().
B kaudecTBe KpuTepHsl MPOBEPKH HYJIEBOW TMIIOTE3bl MPUHMMAIOT CIy4alHYIO BEJIMYUHY OTHOLICHHS
OoublIel NCIPaBICHHOM AUCTIEPCUU K MEHbIICH
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S;
F= %2

Bennuuna F umeet pacnpenenenue @umepa-CHenekopa, KOTOPOE 3aBUCUT TOJIBKO OT YHCEI CTeNEHEN
CBOOOBI k, =n, —1 U k, =n, —1.
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