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1. KOHCHEKT JEKOUH

1.1 Jlexkuus Nel (2 yaca).
Tema: «Onpenenurenn»

1.1.1 Bonpocsl Jekuum:

1. Onpenenenue onpeaennuTeneil BTOPOro ¥ TPETHETO MOPSAKa.
2. Munop, anredpanyeckoe JOTOJTHEHHUE.

3. Teopema Jlannaca.

4. CBoiicTBa ONpEICTUTEICH.

5. Meton 3pPeKTUBHOTO MOHMKEHHSI TOPSIKA.

1.1.2 KpaTtkoe conep:kaHue BOIPOCOB:
1. Onpenesienne onpeaeanTesieii BTOPOro U TpeTbero NopsiaKa.
OI1IP: Onpedenumenem 8mopo2o nopsdka Ha3bIBaeTCI HHCI0, 0003HaYaeMOe CUMBOJIOM A (1enbTa)
-
A= hu Rt
=1

'-».lg . . . . =
%51 %anl, roe a, ;- uMcna, I — HOMEp CTPOKH, j- Homep cronbua (i=1,2 ; j=1,2) u onpenensemoe

paBeHCTBOM A =aq,,-a,, —a,, - a,,

[Ipumepsi: 1) YucnoBoii onpeaenurens
?}fi
P

O 13 N3elad
AlIFMIANE 4 13maant

=2 4-(-1(-3=8—3=75

-

sinad cosa . 5 o
2) =sina +cos’a =1 - PYHKIIMOHAIBHBIA OMPEACITUTETh

—cosa sina
OIIP: Onpederumenem mpemve2o Rnopsaoxd Ha3bIBACTCA qUCII0, 0003HAYaeEMOE CHMBOJIOM

ay 4y 4y
A=la, a, ay|, A€ a,;- 4ACIa, i — HOMEp CTPOKH, j- HOMep cronbua (i=1,2,3 ; j=1,2,3) u
ay Gy Ay
OmnpeacirsicMoc PAaBCHCTBOM
A=y Gy G+ 0,y Gy + 0150 Gy -y = (13 gy - Gy + Gy Ay Gy + Gy - Gy Gyy)

-1 2 0
HpuMep: | 5 | 3= 140-12-(0-3+4)=-13-1=—14
-2 11

2. MuHop, aaredpanyeckoe JONOJTHEHHE.

3
|~ 24+6=8 - rmumop M,

OIIP: Munopom M ;; 57eMeHTa @, OUPEACIHUTENsI Ha3bIBACTCS OMPEACIUTENb, MOMYICHHBIN U3
JAHHOTO B pe3yJbTaTe BbIUEPKUBAHUSA [-OM CTPOKM U j-ro cTOJIONA, Ha MEPEeceYeHHH KOTOPBIX
HAXOJUTCS JIEMEHT d,

IIpumep:

-1 1
1




OIP: Arcebpauueckum dononnernuem A j; SNEMEHTA a;; ONPEACIUTENsS HA3bIBAECTCS YUCIO

‘ Aij = (_1)i+j 'Mij ‘

-1 2 0 A32=(—1)3+2M32=—M32=—
Hpumep: | , | 3

-2 11 A22=(—1)2+2M22=M22=_

3. Teopema Jlansaca.

TEOPEMA JIAIIJIACA (o paznoowcenuu _onpedeaumens _no_SAeMeHmam CmpoKU Wi _cmoadya).
Omnpenenurens paBeH CyMMe TMPOM3BEACHHH DJJIEMEHTOB KaKOW-TMOO CTpoku (cTonbra) Ha
COOTBETCTBYIOIIIHE ANTreOpandecKue TOTOTHEHUS.

= a4, +ay4, +a;4;
(=apd, tand, +a,4,)

-1 20
Hpumep: | 5 | =24, +14,, + 04y, =2(-1)’ My, + 1(=1)* M,, + 0 =2

2 0 |-1 0
-2 11

+ =2+(-D)=-13
1|21

4. CBoiicTBa onpeaeuTeiei.

1. OnpenenuTenb HE UBMEHUTCS, €CIHM €ro CTPOKU 3aMEHHUTH CTOJOIaMHU, COXpAaHUB HyMepallnoo. JTa
onepanus Ha3bIBa€TCs MPAHCHOHUPOBAHUEM.

a; 4 a4y a4y 4y
ay 4y ap ap 4y dy
a3 Ay Ay a3 Ay Ay

2. Tlpu 3ameHe nByX CTpOK (CTONOLIOB) MeECTaMH, 3HAK OMNPEISIUTENs] HW3MEHHUTCS Ha
MIPOTUBOIOI0KHBIH.

ay dp dg ay Ay Ay
ay 4y dy ay  4p 4y
a3 4z Ay a3 4y 4y

3. OOmuit MHOXHTETh DJIEMEHTOB KaKOW-THOO CTpOKH (CTONOIAa) MOXHO BBIHECTH 32 3HAK
OTIpeeNUTENS.
ay  ay k-ag a4, 4dp 4
ay  ay keay|Tk-lay ay, ay
ay  ay,  k-ag ay Ay Ay
4. OnpenenuTens paBeH HYJI0, €CIIH:
a) OH COACPKUT HYJIEBYIO CTPOKY (cToden);
0) OH COJIEPKUT XOTs OBl IBE OJIMHAKOBBIE CTPOKHU (CTOJIONA);
B) 2JIEMEHTBI OJTHOM CTPOKH (CTOJIOIA) MPOMIOPLIUOHAIBHEI JIEMEHTAaM JPYTOi CTPOKH (CTONOIA).

01 3
R B PSR 12 3=0
ay  dy ay 4y 36 9

5. Ecnm xaxaplid 2JIEMEHT Kakoro-JIH00 CTOJIOIa (CTPOKH) MPECTABISET CYMMY JABYX CJIaraeMbIX, TO
OTPEIETUTENb MOKET OBITh IPECTABIICH B BUI€ CYMMBI IBYX ONPEICITUTENEH CIeIyIONMM 00pa3oM:
ay, a, b +ag a, a, b a4 4y

ay Gy bytay|T|ay ay b, * ay Gy A4y

ay  ay by +ay ay ap by a5 4y ds

6. Onpenenurens He U3MEHUTCS, €CITU DJIEMEHTHI OJHOM CTPOKH (CTOJIOIA) YMHOKUTE Ha OJHO U TO

ke urciio k # 0 u mpubaBUTh K COOTBETCTBYIOIIMM JIEMEHTAM JIPYroi CTPOKH (CTOI011a).
oy oy n S T

fpy dyp | o= ) cy s
o a33,_—| g + K dy Ky O+ g




7. CyMMa mnpou3BEIEHUN DSJIEMEHTOB KaKOW-TUOO CTpOKH (CTONOIIa) M COOTBETCTBYIOIIHUX
anreOpanvecKux JAOMOJTHEHUH APYroi CTpOKH (CToI011a) paBHA HYIIIO.
a4 Gy
@, a, a, a, A, +ayA, +ayAd, =0—cmpoka
a4, +ayA,, +a;A;, =0—cmonbey
a3 4y 4
5. Metoa 3¢p(pekTUBHOT0 MOHUKEHUS MOPSAKA.
3ameuanue: OnpenenuTead MOKHO BEIYUCIIATD:
a) Mo OIpeeTICHHIO;
0) o Teopeme Jlamnnaca;
B) MeT0/10M 3(h(PEKTUBHOTO MTOHMKEHUS MTOPSIKA.
T') IPUBEACHHUE K TPEYTOJILHOMY BUIY
Memoo s¢hghexmuenoco nonudxcenus nopsaoka 3aKIOYACTCs B HAKAIUTMBAHWM HYJIEH B KaKOW-THOO
CTpOKe (CcTOJ01Ie) ¢ MOMOIIBIO 6-TO CBOMCTBA OMpEACIIUTENEH U MOCIEAYIONIEM BBIYUCICHUHU €ro Io
Teopeme Jlamaca.

IIpumep:
5 32 0 13 22
L2 45 7 =1 2 4|=(0ay =)= =170 =34 Mosaas =6
- T S A 7 R b T R DU U -
7 36 0 17 34

IIpusedenue k mpeyeonvhomy eudy OnpenennuTenb, y KOTOPOro BCE JIEMEHTHI, HAXOASIINECS BBIIIC
WM HUXE TJIABHOW JIMaroHAJId pPaBHbl HYIIO, HA3bIBAECTCSA OIPEACIUTEIIEM Mmpey2oibH020 6uod .
OueBUAHO, YTO B TAaKOM ClIy4ae ONPEACNIHUTENb PABEH MPOU3BEICHHUIO 3JIEMEHTOB, CTOAIIUX IO
IJIaBHOU JHArOHAaJIH.

Onpenenureny BBICIIUX TMOPSAKOB OMpEACNAOTCS aHamoruuHo. Jlns ompenenuteneit roObIX
MOPSAIKOB OCTAaeTCsl B CHJIE OIpeAeseHHs MUHOpa M airedpandyeckoro IOMOTHEHHUS HEKOTOPOro
AJIEMEHTA, CBOMCTBA ONPEACIUTEICH.

Bl 0
[pumep: |,
0
0
0

S O B~ NN
S W W W
N B OO

1.2 Jlexkuus Ne2 (2 yaca).
Tema: «Matpuibp»

1.2.1 Bonpocsl Jekuum:

1. Onpenenenue MaTpuibl. JleficTBUS HaJ MaTpUIIAMU, UX CBOMCTBA.

2. OGpaTHas MaTpwuIia.

3. CoOcTBEHHBIE BEKTOPBI ¥ COOCTBEHHBIE 3HAUEHUS JIMHEHHOTO peoOpa3oBaHUsl.
4. JIu"eiinag Mozieab OOMeHa.

1.2.2 KpaTtkoe coaep:kaHue BOINPOCOB:
1. 1 Onpenenenne marpunbl. /leficTBUsS HAl MATPUIIAMH, HX CBOMCTBA.

OIIP: Mampuueii pazmepa m X7 Ha3bIBACTCS MPAMOYTOJIbHASL Tabauna Buga | %1 9n - Ay ,

7€ a; ;-NIEMEHThl MAaTPHLbl (Yncia, GYHKIKK), | — HOMEpP CTPOKH, j- HOMep cronbua (i=1,2,...,m ;
j=12,...n)
Ob6osnavenue: 4, =(a,;) B,..=(;)

Yacmuole sudbl mampuu.




1) ecmu m=n, TO MaTpuIla Ha3bIBACTCS K8AOPAMHOU 4-[ 1 2] - KBampaTHas MarpHiia BTOPOTO
-3 4 2x2
nopsiiKa

2)ecmum=1,10 A=(a, a, .. a,),,- CMPOYHAS MATPHIIA.

a,
3) ecniu n=1, TO a | - monoyosas MaTpulia.
A

aml mx1
4) MaTpu11a, BCE 3JIEMEHTHI KOTOPOM paBHBI HYJIIO, HA3bIBAETCS HY1€80U MATpULIEH

000
0O=/0 0 0
000

5) edunuunoti MaTpULIE Ha3bIBA€TCS KBaJpaTHas MaTpULa, Y KOTOPOM MO IJIaBHOW JUaroHajyd CTOST
€IMHUIIBI, a BCE OCTAJIbHBIE 3JIEMEHTHI PABHBI HYJIIO.

6) MaTpuIla Ha3bIBACTCS mMPeY2oibHOU, €CIU TOJ WIA Haj €€ TJaBHOW JUAroHajbl0 CTOST
HyIA. (@ @ a;
A= 0 a, ay
0 0 ay
OITP: Matpuibl 0IMHAKOBON pa3MEpPHOCTH HA3bIBAIOTCS PAGHbIMU, €CII PABHBI 3JIEMEHTHI, CTOSIIINE
Ha COOTBETCTBYIOIIUX MECTaX.

OcnosHule onepayuu Ha0 Mampuyamu.

OIIP: Cymmoti (paznocmvsio) NBYX MaTpUll OJMHAKOBOM pa3MEpHOCTH Ha3bIBA€TCsl MaTpULla TOM ke
pa3MEpHOCTH, 3JEMEHThl KOTOPOil paBHBI CyMMe (Pa3HOCTH) 3JIEMEHTOB, CTOALIMX HAa OJMHAKOBBIX
MecTax.

A4,.,£B,.,=C Ay =(a;) i=1.m

mxn mxn mxn

B,.,=(,;) j=l.n |c,=a,*b,

men = (Cij)
OIIP: [lpoussedenuem mampuysvt A na Odelicmeumenvhoe yucio k # (0 Ha3pIBaeTcs Marpuna B,

K&K/l 3JIEMEHT KOTOPOM MOJIYYEH YMHOKEHUEM Ka)KJ0TO AJIEMEHTA UCXOJHOM MaTpullbl A Ha 3TO
qHCIIo k.

2 3 0 6 9 0
A= 34=B  34= =B
(1 -2 —1] (3 -6 —3)

OIIP: Ilpoussedenuem mampuywr A, , u mampuyvl B

m

Ha3pIBaeTcs marpuna C

mxn

OJICMCHTHI

kxn

KOTOpOH c paBHbI CyMM€ TIPOM3BEACHUU DJJIEMEHTOB  i-OM CTPOKM MATpuilbl A H

ij
COOTBETCTBYIOLUX JIEMEHTOB j-IO CTOJIONA MaTpulsl B.
A, B,..=C App=(a,,) i=l.m p=1l.k

mxk 2 mxk mxn
kam :(bpj) ]:1...7’1

k
Cij :z a, 'bpj Crn :(cij)

p=1

3aMeuanue: MarpHibl MOKHO TEPEMHOXKAThH JIUIIb B TOM Cllydae, KOTJa YHMCJIO CTOJIOIOB MepBOH
MaTpPHULBI PABHO YUCITY CTPOK BTOPOM MATPHUIIBL.

Ceoticmea onepauuil Ha0 Mampuyamis.
1. A+B=B+A
. (A+B)+C=A+(B+C)
. o (A+B)= a A+a B, rne a - n1eicTBUTENBHOE YHCIIO
A(B+C)=AB+AC
(A+B)C=AC+BC
a (AB)=( a A)B=A(a B)
A(BC)=(AB)C

NN AW



3ameuanue: 1) ecnu 3 A-B, 10 B-A MOKET U HE CyWECTBOBATb. A, ;- By, T0 By ;- A, ;-He

CYILECTBYET
2)naxeecnn 1 A-B u 3 B-A,To B 00ImeM BUIE 3TU MATPULIBI Pa3IHYHbIC
0 3 0 2 -2
2 11 0 12 - pa3yinyHbIe
Ay = 0 3 2f By, =| 1 5| Ay B, =Cyy = 117/ By, Ay =Dys=| 2 16 11
11 -2 2 1
pa3MEepHOCTH.
12 05 12 21 15 20 -
e  B-  AB-  BoA- 4B = BA OJJMHAKOBBIE Pa3MEPHOCTH (3TO
3 4 6 8 24 47 30 44
BO3MO>KHO TOJIBKO JIJIs1 KBaJPaTHBIX MaTpPHUIL), HO CAMH MaTPHIIbl Pa3IMYHbIE.
3)

2 3)(1 0 2 3 1 0y(2 3 2 3
AY!XV! ' EYlXVl = EYan : A}1><Yl = AnXVl : = b ° =
(PR Y PR S P L PR

4) IlpousBeaeHNE ABYX HEHYJIEBBIX MATPHI] MOKET OBITh HYJICBOM MaTpHIICH
11 1 1 0 0
A= =0, B= # 0,01 A-B= =0
11 -1 -1 0 0

OIIP: Lenou nonoscumenvuoti cmenenvio A" (m >1) KBagpaTHOW MaTpuilbl A Ha3bIBaeTCs
MIPOU3BEJICHUE /7 MATPHIL, PaBHBIX A, T.e. A" =A-A-...- 4
%,—/

m dag

3ameuanue: Ilo onpenenenuto nonaraior, uto: A’ =E, A' =4

MosHO noKa3ath, uto A" - A" = A™*, (4™)F = A™*

OIIP: Matpuna A', moaydeHHas U3 MATPUILI A, ¢ TIOMOILBIO 3aMEHBI MECTAMU CTPOK U CTOJIOLIOB C
COXpaHEHHMEM IOPAJIKA, HA3bIBAECTCA MPAHCNOHUDOBAHHOU.

1 4
123 ,
A= , A=|2 5
4 5 62X3
3 6 3x2
Csoiicmesa:
1. (4) =4

2. (ad) = aAd’, tae a - nefCTBUTENLHOE YUCIIO
3.(A+B) = A"+ B’
4. (AB) =B'- A4

2. O0paTHas MmaTpuua.
[Ipumep: A:(3 4] C=[7 _4J
5 7 -5 3
O6o3HauumM C = A"
OIIP: OGpaTHOi MaTpHIEH IO OTHOIICHWIO K JIaHHOW HAa3bIBACTCS MAaTpHUIla, KOTopas Oyayduu
YMHOXKEHHOW Ha JaHHYI0 MaTpuIly KakK cJeBa, TaK M CIpaBa JaeT CANHUYHYI0 MaTpHily.

Ad' =4 A=E|

AC = {1 OJ =Eu CA=Eg-CAAMHUYHA] MaTpulla
01

TEOPEMA (o cywecmeosanuu u eduncmeeHnocmu obpamuou mampuysvt):  JIas KBagpaTHON
a, a, .. q

n

4 | @ - @, |, OUIPENEIUTENH KoTopoi oTiinueH oT Hys1 (A(A) # 0), cymecTByer

nxn

MaTpHUIIbI

a, a, .. a

nn



oOpaTHasi mMarpuia A, MpUYeM €AUHCTBEHHAS. S = 1 S (*), toe Al.j-

anre0panvecKue JONOJIHEHUS UL OIIEMEHTOB @, MaTpuubl A, i=1..n, j=1..n

Aneopumm naxosicoenuss 06pamHo Mampuybl:
1) naxomum A(A), ecnu Marpuna A HeBbIpoxkaeHHas, T.e. A(4) # 0, To maTpuna A ' CylecTBYyeT.

2) HaxonuMm A4, ; 4 i anredpanyecKye AOMOIHEHHUS ISl JIEMEHTOB 4, ; MaTpHIbI A.

3) coctaBnsieM A~ mo Gpopmyse (*).
4) BeimonHseM TpoBepky AA™ = A"A=E

[Ipumep: HaiiTu oOpaTHYO MaTpUIly AJISI MATPHUIIBI e ; z (1)
01 2
Pemenue: A(4)=-9 =0
2 1 2 0 2 0
11:1 2: 21__1 2:_4 A31:2 1:2
p B y 1 o:2 p I 0:4
200 2 270 2 23
) B2 ) 2:_1 ) A 2:_4
P oloo 1 200 1 S )
3 -4 2
=Y 2 -
9
3 -1 -4

nposepka: AA” =E
A'A=E

Haxoocoenue 06}?611’1’1%!01/7 mampuyvbl C HOMOULBLIO IEMEHMAPHBLX npeo5pa306aﬂub7.

OIIP: OnemenmapHuiMy _npeobpazosanusmu HaJ CTPOKAMHM MAaTpPUIbl HAa3bIBAIOTCS TaKUe
npeoOpa3oBaHus, A1 KOTOPBIX BO3MOKHBI CIEAYIONINE NEHCTBUS (HAJ CTPOKAMH MATPHIL):

1) mepecraHOBKa CTPOK;

2) BBIYEPKUBAHUE HYJIEBOW CTPOKHU (€CIIM OHA UMEETCH);

3) yMHOXeHHue JH00H CTPOKH Ha YUCII0, OTIIMYHOE OT 0

4) npubaBieHue K OJHOW U3 CTPOK APYrod CTPOKU, YMHOKEHHON Ha JH000€ YHCI0, OTIMYHOE OT

0.
. 2 2
Hpumep: Haiitu oOpaTHYIO MaTpHIly sl MaTPULBI 41 210 C IIOMOUIBIO JIEMEHTAPHBIX
-1 2 1
npeoOpa3oBaHuil.
Pemienne:  Jlns Toro, 4roOBbl TOJNYYHTh OOpAaTHYIO MATpHIy C IIOMOLIBIO 3JIEMEHTapHBIX

npeoOpa3oBaHUil HY)KHO MpPHUIIKCATh K JaHHOM MaTpuIle 4yepe3 BEpTUKAIbHYIO uepTy (CiieBa MU
CIpaBa) EIUHMYHYIO MaTpULly TOH ke pa3mepHocTH. Jlasee ¢ NOMOLIbIO 3JIE€MEHTapHBIX
npeoOpa3oBaHUil HaJx CTpPOKaMH «caBoeHHOW» wmarpuubl (A\E) mpuBomum matpuily A (JieByro
IIOJIOBUHY) K €JMHUYHON MaTpulle, TOrJa Ha MeCTe NPUINMCAHHON €AMHUYHOM MaTpHLbl , OKAXKETCS

obparHas A~.
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3. CoOcTBeHHBIEC BEKTOPBI U COOCTBEHHbIE 3HAYCHHSI TMHEHHOI0 Mpeodpa3oBaHusl.
[lycTh nana matpuna A.
OIIP: Yucno A Ha3bIBACTCS COOCMBEHHbIM 3HAYeHUeM MATPULIBI A, €CITH BBITIOJIHSIETCS PaBEHCTBO

| A(4-2E)=0|

OIIP: Bekrtop x =(x;;X,;...;x,), X # 0 Ha3bIBaeTCd COOCMEEHHbIM 8EKNOPOM, COOTBETCTBYIOILIUM
X

COOCTBEHHOMY 3HAUeHHIO A, ecin (A—AE)- 220

X

n

1 4
Hpumep: Haiitu coOCTBEHHBIE 3HAYEHUSI M COOCTBEHHBIE BEKTOPHI MaTpULIBl A = (9 .

Pemenne: 1) A(A—AE)=0

1 4) (10 -4 4
Y

9 1-1

A, ==5; A, =7 - cOOCTBEHHbIE 3HAYEHUS MAaTPULIBI A.
2) x =(x5x,); A4 =-5
1-4 4 |\ x 0 6 4\ x 0 6x, +4x,=0 X =c
=l | = |= =
9 1-A)\x, 0 9 6)x, 0 9x,+6x, =0 x, =-L5¢
;; =(¢c;—-1,5¢), Vc#0 - COOCTBEHHBIM BEKTOpP, COOTBETCTBYIOIIMH  COOCTBEHHOMY 3HAYCHUIO

A =-5.

—_—

X, =(x55%,);, A =7

-6 4 \x 0 —6x; +4x,=0 x,=d
= |= =
9 —-6)x, 0 9x, —6x,=0 x,=15d

x, =(d;1,5d), Vd # 0- coOCTBEHHBII BEKTOP, COOTBETCTBYIOLINI COOCTBEHHOMY 3HaueHuo A, =7.

=0 =0  (1-4)-36=0

4. JIugeiinasg MoaeJIL 00OMeHA.
PaccMoTpum Mozens MeXIyHapOHOM TOPTOBIHU (MOJIEIh OOMEHA) B BHJIE MAaTEMaTUUECKOW MOJIEIIH.

IIycte umeeM n  crpan - S, S,,...,5, , HALUOHAIBHBIA NOXOJ KaXKIOW U3 KOTOPBIX DPaBEH

n

n

X5 Xy eeer X, -
O6osnauum uepes a;; , i=1l..n;j=1..n 00 HALMOHAIBHOTO NOXO/a, KOTOPhIA CTpana S,
TPaTUT Ha IOKYIIKY TOBAPOB Y CTPaHbl S, .

Bynem cuurtaTh, 4TO Bech HAMOHAIBHBIN TOXOJ TPATUTCS HA 3aKYNKY TOBApPOB JHOO BHYTPU CTPAHBI,

an60 Ha UMIIOPT U3 APYTHUX CTPaH, T.€. Zau =1 (j=1..n).
i=1



Matpuna 4 - n | Ha3bIBAETCSI CHMIDYKMVDHOU MAmMpuuel mop2oeiu.

a, a, .. a

nl
OO6o3HaunM yepe3 p; (i =1l..n) BBIPY4KY OT BHYTPEHHEH U BHEIIHEIl TOProBiIM AJS CTpaHbl S,
TOrJa

D =ax, +a,x, +..+a,x,.

OueBUIHO, YTO BBIpYyYKa OT TOPrOBIIM KAXKAOH CTPaHBI JOJIKHA ObITh HE MEHbIIE €€ HALlMOHAIBLHOIO
noxona, T.e. p, = x,. Ho p, > x, - HEBO3MOXHBIH Clly4ai, T.K. BCE CTPaHbl HE MOT'YT OJJHOBPEMEHHO

0JIy4aTh IPUOBLIb, IO3TOMY YCIOBUE p, > X, TIPHUMET BUI P, = X, .

1

BBezeM BeKTOp HAIIMOHATBHBIX TOXOJ0B CTPAHBI X = (X;;X,;...;X, ), HOJTY9UM MaTPHYHOE YpaBHCHHE
X
A-X=X,rne y_|%

X

n

T.e. 3amada cBegach K OTHICKAHUIO COOCTBEHHOT'O BEKTOpPA MATPHUIlbl A, OTBEYAIOIIETO COOCTBEHHOMY
3HaueHuo A =1.

IIpumep: CrpykTypHass Marpulia TOProBIM TpeX CTpaH S, 85,8, UMEET BUJ
r 1 1
3 4 2
4| L L L
3 2 2
1
3 4

HaiiTu HanmoHanbHBIE TOXOBI I COAIAHCUPOBAHHOMN TOPTOBIIH.

Pemenue: Haiinem coOCTBEHHBIN BEKTOP X, COOTBETCTBYIOIIMI COOCTBEHHOMY 3HaueHUIO A =1.

- T ¥ = 15¢
3 4 2
(A-E)X =0 1 11 jl g X, =2c - merox [aycca. T.e.
:f 12 2 . : X, =c
- - 1 3
3 4

x =(L,5¢;2c;c)
Takum o0Opa3oM, cOaTaHCUPOBAHHOCTh TOPTOBJIM TpPeX CTpaH JIOCTUTAETCS TPH BEKTOPE

HallMOHAIBHBIX NO0X0M0B X = (1,5¢;2¢;¢), T.6. TpU COOTHOIICHWH HAITMOHAIBHBIX JOXOJIOB CTpaH

%:2:1 um 3:4:2.

1.3 Jlexnus Ne3 (2 gaca).



Tema: «Cuctembl JINHENHBIX ypaBHEHUI

1.3.1 Bonpocsbl jeknum:

1. Pemenue cucteMbl B MATPUYHOM BUJIE.

2. Pemenue cuctemsl 1o popmynam Kpamepa.

3. Meton I'aycca. Panr matpuiel. MccnenoBanue pemenns cucreM. OQHOPOIHBIE CUCTEMBI IMHEHHBIX
YpaBHEHUM.

1.3.2 KpaTtkoe coaep:xaHue BONPOCOB:

1. Pemmienue cucreMbl B MATPUYHOM BHJIE.

OIIP: Cucmemoii n _ auHeUHblX YDPASHEHUU C M Heu38eCcmublMi  HA3BIBACTCA CHCTEMa BHJA
a, X, +a,x, +...+a,x, =b

Ay Xy X, +.t @y, X, = b, (1), rme a,; € R - K03 OUIMEHTBI IPM HEU3BECTHBIX, b, € R -CBOGOIHBIE

amlxl + am2x2 +...+ amnxn = bm

WICHBI, X;- HEU3BECTHBIC, [=1...m, j=1...n.

OIIP: Pewenuem CUCTEMBbI HA3bIBA€TCA Takasg COBOKYNHOCTb uucen (x, =k,x, =k,,...,x, =k,),

KoTopast oopamarT ganayto CJIY B cUCTEMY BEpPHBIX PaBEHCTB (TOXKIECTB).

OIIP: CJIY nHa3bIBaeTCA CcO8MECmHOU, €CTA OHa UMEET XOTsA Obl OJTHO PEUICHUE W HeCO8MECHmHOLU,
€CJIM OHA HE UMEET PEILCHU.

OIIP:  CosmectHas CJIY Ha3bIBaeTCsl onpedeneHHou, €CIIM OHAa HUMEET OJIHO pelleHHe U
HeonpeodelenHoll, €CIIA OHA UMEET 00JIee OJTHOTO PEIICHHS.
OTtoT MCTOA NPUMCHHUM JJII CUCTEM 1N JIMHEMHBIX ypaBHeHI/Iﬁ C N HCHU3BCCTHBIMU.

a,x, +a,x, +..+a,x, =b

Ay X, +apXx, +..4+a,,x,=b,
a,x, +a,x,+..+a,x, =b,

Bsenem B pacCMOTpeHME MATPULIBL:

a, a, .. a, X b1
a, a, .. a X, b,
A= 21 22 2n X = B=
anl anZ nn /) pxn x" nx1 n/Jypx1
a, X+ a, X+ . +a,-x, b,
4o X = Ay X+ Gy Xyt X, | b,
anl ’ xl + anZ ’ xZ + .. arm ' xn nxl bn nxl

= | A-X = B | Ha OCHOBaHWM OIPEJEIECHUN IPOU3BEIECHUS U PABEHCTBA MATPHLL.

A-X = B-MaTrpu4HOe ypaBHEHHUE, KOTopoe no3BossieT 3anucath CJIY (1) B MaTpuuHOM BHUJIE.
YroOsl HaifTH X, yMHOKHM PaBEHCTBO C 00€MX CTOPOH ciepaHa A~

A'-4-X=4"-B

E-X=A4"-B

X=4"B

[Tomyummu pemenue CJIIY (1) B MmaTpuanoit popme.

X +2x,+3x;, =2
Ipumep: § x —x,+x,=0

X +3x,—x, =2



12 3 X, 2
BBeneM B paccMOTpeHre MaTpULIbL: 4=11 -1 1 Y= } B=| 0

Xy
1 3 -1 b -2
A4, Ay A4, 1 2 3 A4,=-"2 4, =11 4, =
I S I EO: SR A=l -1 1|=14 4,=2 Ap=—4  A,=
A(A) .......... 1 3 -1 Al3 =4 A23 =—1 A33 =-3
Aln A2n Ann
. -2 11 5
At =— -4 2
14
4 -1 -3
. -2 11 5 2 : -14 -1 ¥ 1
-1 1
X=4AB=_ 2 —4 21|10 |=—| 0 [=|0 x, |=| 0
14 14 :
4 -1 -3 -2 14 1 X,

Otger: (-1;0;1)

2. Pemnenne cucremsl no popmynam Kpamepa.
PaccmoTpuM cuctemy IByX JUHEMHBIX YpPaBHEHUH C IBYMSI HEU3BECTHBIMM:

a X, +apx, =b |X a, {allaﬂxl +a,a,x, =ba,, -) (a0, —a,a,,)%, = ba, —bya
1281 — 4 Ay )X, = b4y — b4y,
ay, X, +a,x, =b, |>< a, a,,a, X, + a,,a,x, = b,a,,
_ a,,b, —ba,,
, = —2 12t
a4y, — djpdy)
ay X, +a,x, =b, |>< ay {anazz)ﬁ +a,a,x, = ba,, ) (aa,, —ana, )x = ba,, —b.a
1189 — A Gy )X = DGy, — 0,4y,
ay X, +ayX, =b, |>< a, a0y X, + aa0X, = bya,
_ ayb —ba,
=21 22
a4y — apay;
a a o
BameruM: A=| "' "°|=aq,a, —a,a, - [NaBHbi onpeneaurens CIY (A # 0)
ay ap
b a a
L Ay TR
A = = ba,, —a,,b, u A, = =a,b, —ba, - BCIOMOIaTCIbHBIC ONPEIACIUTEIH
b, ay a) b
cJy
A
X =—
A - chopmynvl Knamepa
A,
XZ = —
A

TEOPEMA KPAMEPA: Cuctema n JIMHEHHBIX YPaBHEHUH C N HEU3BECTHBIMH, OIPEACIUTEID
KoTopoii A #(0 wuMeeT pemieHHe W TpPU ITOM EIUHCTBEHHOE, olpenenseMoe Mo (opmynam

_ J * . )
X; N (*) , tne A, (j =1..n)-onpenenuTenn, MOIy4aEMblii U3 ONpPEEIUTENS CUCTEMBI A

3aMEHOM j-TO CcTOJIOA CTOIOIOM CBOOOIHBIX YJICHOB.

3ameuanue: 1) Ecmu A # 0, 1o cucrema (1) uMeeT eIMHCTBEHHOE PELICHUE, KOTOPOE ONPELISIETCS
o ¢popmynam (*).

2) Ecnu A=0 u xoTs Obl OIMH M3 BCHOMOrarelbHbIX onpexenurened A, # 0, To
cucrteMa (1) He UMeeT pelIeHUM.

3)Ecnit A=0 u A, =0, 10 cucTemMa 1u0O UMEET MHOKECTBO PELIECHUH, MO0 HE UMeeT

pewieHnii. Hy>KHbI TONTOTHUTENBHBIE UCCIIEIOBAHUS.



X +2x,+3x;, =2
Hpumep: Pemnts CJIY mo Gpopmynam Kpamepa § x —x, +x, =0

X +3x,—x;=-2

23 A#0 = cucTeMa UMEET €AUHCTBEHHOE PEIICHUE
A=l -1 1|=14
13—

2 2 3 12 03 12 2
A=[0 -1 1]|=-14 A=l 0 1/=0 A=l -1 0|=14
203 -1 1 -2 -1 13 -2

AX
x=—*

A .

A, 0
y=— =

A y

A z=1
7=z

A

Otser: (-1;0;1)

3. Merox TI'aycca. Panr marpunsl. UccienoBanue pemenusi cucreM. OIHOpPOAHbIE CHCTEMbI
JIMHEHHBIX YPABHEHUI.

a,x, +a,x, +...+a,x, =b
Paccmotpum CIIY | @yX +apX, +..+ a,,x, =b, (1)

Merog INaycca (MeTon mociieIOBaTEIbHOTO MCKIIOYEHUSI TEPEMEHHBIX) 3aKII0YAeTCsl B TOM, UTO C
MOMOIIBIO  DJIEMEHTAPHBIX TMPEOOpa30BaHUN CHCTEMBI nepexoguM K paBHocwibHON CIIY
CTyHICHYAaTOro ujin TpCyroJbHOIro Buaa, U3 KOTOpOfI MOoCJICA0OBATCIIbHO HAXOAAT BCC NCPCMCHHBIC. K
3JIEeMEHTapHBIM IPEeoOpa30BaHUAM OTHOCAT: MEPECTAaHOBKA ypaBHEHUH, BHIYEPKUBAHHE W3 CHCTEMBI
BEPHOI'0 PaBEHCTBA, YMHO)KEHHE O0EMX YacTel OJIHOTO YpaBHEHMs Ha OJHO M TO ke uucio# 0 u
nprbaBIeHNE K COOTBETCTBYIOIUM OOEUM YaCTSM APYTroro ypaBHEHUSI.

Hcnons3ys Mmerox ["aycca u anemeHTapHbIe MpeoOpa3oBaHus, Mbl paboTaeM ¢ ko3 duineHTaMu Tpu
HEM3BECTHBIX M CBOOOTHBIMH wieHaMHd. [103TOMy ymOOHO BBINMCBHIBATH PACHIMPEHHYIO MAaTpHILY,
cooTBeTcTBYyIOIYI0 JaHHOW CJIY W mpuBOAMTH 3Ty MaTpuily K CTylmeHuaroMmy Buay. Mcnomssyro

HalJICHHYI0 MaTpHUIly 3allicaTb CUCTEMY CTYIEHYaTOro BHUJA, PEIIMB KOTOPYIO, HAMAEM pElICHUE
CJIV.

X+2y+5z=-9
[Ipumep: Pemmute CJIY meTrogom ["aycca Y- y+3z=2
3x-6y—-—z=25
1 2 5]-9)=D3) (1 2 519 1 2 5]|-9
1 -1 3|2 |4 =0 -3 =2|11{(-4=|0 -3 =211
3 -6 —-2/25 o 0 —-12 -16/52) 4 0 0 -8 8
X+2y+5z=-9 =2
-3y-2z=11 y=-3
-8z=38 z=-1

Otser: (2;-3;-1)

JlocTouHcTBOM MeToza ['aycca Mo CpaBHEHHUIO ¢ IPYTMMH B TOM, YTO OH IO3BOJISIET OJHO3HAYHO
YCTAaHOBUTb COBMECTHAa CHCTEMAa HWJIM HET, a B CIy4ya€ COBMECTHOCTH, HANTH €€ pelieHue
(eIMHCTBEHHOE MJIU O€CKOHEYHOE MHOYKECTBO).

OIIP: Pancom mampuywvr A (rangA) Ha3bIBa€TCsl HAUBBICIIUI MOPAJOK OTIMYHOIO OT HYJISI MUHODPA
MaTpuIbl A.

1 -1 0
Upumep: 1) AA)=0 M

1 1 1

= #0=> rangd=2
BT ) 8.

C kax10i cuCTEeMOM MOXKHO CBSI3aTh JIB€ MAaTPUIIBI:



ay  dp - 4y, a, a, .. a,lb

4| % @2 - | (2) —OCHOBHAs MaTpHUA H o p_|% o - Gy b, | (3) — pacumpennas
aml amZ amn anl anZ ann bm

MaTpHIa.

TEOPEMA KPOHEKEPA-KATIEJIJIN (kputepuii coBMectHOcTH CJIY): Jlns Toro, 4ToObI cucTema
m JIMHEWHBIX YpaBHEHU ¢ n Hem3BecTHbIMH (1) ObUTa COBMECTHOM (MMena pernieHne) HeoOX0IuMo
U JI0CTaTOYHO, YTOOBI paHT OCHOBHOM MaTpHIlbl (2) OBUT paBeH paHTy paciIupeHHOW MaTpHUIIHI (3).

T.e., ecu rangA # rangB, To cuctema HeCOBMECTHA
ecnu rangA=rangB=r, TO cuCTeMa COBMECTHA, IPHYEM:
1) ecam r=n (N-4KCJI0 HEM3BECTHBIX ), TO CHCTEMa UMEET €AMHCTBEHHOE PEIICHNE.
2) ecnmu r<n, TO CHCTeMa HMeeT OeCUYHCIIEHHOE MHOXXECTBO peIIeHHEe, 3aBHCAIUX OT  (n-r)
apaMeTpoB.

X+2y+z+t=5

[pumep: y+z+t=3
xX+y =2
CocTaBuM pacHIMPEHHYIO MaTpUILy:
1 2
L2 1 15| (1 2 1 1]5 121 15 T.x. =1#0 - MUHOpP BTOPOro
B=l0 1 1 13| | =[o 1 1 1|3]1=[0o 1 1 1|3 0 1
110 02[d (0 -1 -1 -1-3J4 [0 0 0 00
A
nopsijKa,
To rangA=2 u rangB=2 r=2 = cucrtema coBMeCTHa
n=4 (X,y,z t) n>r, nr=4-2=2 = cucrema uMeeT OCCUHCICHHOE MHOXECTBO PECIICHUH,

3aBUCSIINUX OT ABYX MapaMeTpPOB.
1 21 15 X+2y+z+t=5 x=2-y - 2=y y: 23— y—z)- obmee pemenue
0 1 1 13 y+z+t=3 t=3-y—z

(3aBHCHT OT JABYX MapaMeTpOB —y U Z).

OtBer: 2—y; y;z;3—y—2)

OnHopoaHble cucTeMbI JJUHEHbIX YpaBHeHuii (OCJIY).
OIIP: CJIY, cBoOOnIHBIE UIEHB KOTOPOH paBHBI HYJIO, HA3bIBACTCA  QOHOPOOHOU CcUcmeMou
a, x, +a,x, +...+a,x,=0

JIUHEUHbIX YDAGHEeH U Ay X, + apX, + ..t ay,x, =0

a X +a,,x,+..+a,,x,=0

3ameuanue: B OCJIY paHr oCHOBHOM MaTpuIlbl BCEI/la PAaBEH PAHTy paclIMPEHHOW MaTpHLbl, T.K.
pacuiipeHHasi MaTpulla OTJIMYAeTCsI OT OCHOBHOW TOJBKO HYJNEBbIM cTonomoM = OCJIY Bcerma
coBMmecTHa. (0;0;...;0) - oueBunHo pemenue OCJIY (TpuBHUAIBHOE pELIEHUE).

TEOPEMA: OCJIY wuMeeTr HEHyJleBO€ pElIEHHE TOrjJa U TOJbKO TOTHa, Korna r<m, rae r- paHr
OCHOBHOW M pacCLIMPEHHON MaTPULIbI, N- YACIO HEU3BECTHBIX.

x+2y+3z+4t=0

[Tpumep: eidy—z =0 OtBet: (-2y—4t;y;0;t)
x+2y+10z+12t =0
X+2y+6z+4t=0

1.4 Jlekuus Ne4 (2 yaca).
Tema: «Bextops»

1.4.1 Bonpocshl Jekuum:
1. JleficTBHsI HaJ BEKTOpaMH B FTeOMETPUUECKOI U KOOPAMHATHOH (popme, X CBOMCTBA.



2. InnHa BeKToOpa.

3. Ilpu3Haky KOJUTMHEAPHOCTH U KOMILIAHAPHOCTH BEKTOPOB.
4. JleneHue oTpe3Ka B JaHHOM OTHOILIEHUHU.

5. CkaysipHOE MPOU3BEICHUE BEKTOPOB.

6. [Ipoekius BEKTOpa Ha OCh, €€ CBOWCTBA.

1.4.2 KpaTtkoe coaep:xkaHue BONPOCOB:
1. leiicTBUA HAJ BEKTOPAaMH B reOMeTPUYECKOH U KOOPAMHATHOM ¢opme, UX CBOICTBA.

OIIP: Bexmopom Ha3bIBa€TCs HANPABIECHHBIM OTPE30K AB ¢ HayaJbHOM TaukoM A M KOHEUHOU
TOYKOM B, KOTOPBII MOKHO IepeMeIaTh napauieJIbHO caMoMy ceoe.
B
—

= - -
A-/’/’y. O6o3Hauenue: a = AB

OIIP: /lnunou (mooynem) BeKTOpa AB Ha3pIBaeTCs YHUCIIO, pABHOE JJTMHE OTPE3Ka, H300pakaroIero

BekTop (OO03HaYeHuE: ‘E‘ WIH ‘;‘ ).

OIIP: Bektop Ha3bIBaeTCS  HYIegblM, €CIU €ro Hadayjo coBmajgaer ¢ koHinoM (OOo3HaueHue:
0-ad u [§-0),

OIIP: Bektop, anuHa KOTOPOTO paBHA €IWHUIIE, Ha3biBaeTcs  edunuynuivm (OOO3HAUEHUE:
e u H ~1).

OIIP: BekTtopsl, Jiexkalye Ha OJHOW WJIM Ha MapaJJIEIbHBIX MPSIMBIX, HA3bIBAIOTCS KOLIUHEAPHbIMU

(EH b).

—
— a

k= —_
_b" 4]
APOTHMEONOROHHD
CoOHanp&aE NeEHHBIE P
BEKTORA HaMpa e NeEHHBIE
ESETORS

AN (&t} B

3ameuanue: Hynesoii BekTop 0 cuuTaeTcsi KOJUIMHEAPHBIM (COHAINPABIEHHBIM) TI0OOMY BEKTODY.

OIIP: BexToppl, neXalmue HAa OJHOM WJIM Ha MNApAUIEIBHBIX IUIOCKOCTSX, HAa3bIBAIOTCS
KOMNJIOHAPHbIMU.

OIIP:EnuHUYHBIN BEKTOP, OJAMHAKOBO HAIPABJICHHBIM C BEKTOPOM « ,Ha3bIBAETCS OpM-8eKMOPOM

BEKTOpa d .
—
"W
“o a, - OPT-BEKTOP. ‘ao‘ =1 u a H a

OIIP: BekTopbl a U b Ha3BIBAIOTCSA PABHLIMU, €CIIH OHU KOJTMHEAPHBI, COHAIIPABICHHBI U UMEIOT
OJIMHAKOBYIO JJIMHY.

a=b: 1)2”5
2 311E
5 -1

I[Ipumep: ABCD — kBagpart



A o 1) AB # BC i 2) CD # AB - ouu MIPOTUBOIIOJI0KHO HaIPaBJICHBI, HoCD = —AB ;
3)DC = AB

Jeiicmeus nao eekmopamu:

J— — -

1.0IIP: Cymmou nByX BEKTOPOB a ¥ b Ha3bIBaeTCS HOBBI BEKTOp ¢, HA4YaJllo KOTOPOTO
COBIAJAET C HaYaJIOM MEPBOTO CIAraéMoro BeKTOpa, a KOHEI] — C KOHIIOM BTOPOTO, MPU YCJIOBHUH, YTO

HayvaJlo BGKTOpa b JIC)KUT B KOHIIC BeKTOpa a .
1]
a/ b aﬂ;_ ; L.
C

c=a+b - npasujio mpeycojlbHUKdA

o Lﬁ “5

—_ —_ —-

k=a+b+m+n - npasuio MHO20Y204bHUKA

E _.__.

c=a+b - npasujio napajieiozpamma

-

2. OlIP: Pasnocmobio BEKTOPOB ¢ M b Ha3bIBaeTCsS HOBBIH BEKTOp C, HAYajlo KOTOPOro JIEKHUT B

KOHIIC BBI‘II/ITaeMOI‘O BCKTOpPa b a KOHCII — B KOHIIC YMCHbITACMOI'0O BCKTOpa a , Mpu yCJIOBUU, YTO
BEKTOpHl @ W b MMeIOT 0blLee HAuAlIo.

i/ 5 /™

h d=a-b
Ha pa3HocTh BEKTOPOB @ # b MOXHO CMOTPETh KaK Ha CyMMY BEKTOpOB @ U —b:
_k
i & % N
. d 3 d=q+(-b)

OueBHIHO, B Mapajjiesiorpamme, MOCTPOCHHOM Ha BEKTOpaX a W b, oxHa amaroHaib

-

b
MIPEACTABIISIET COOOM BEKTOP CYMMBI ¢ = a + b a Ipyrasi — BeKTOp pa3Hoctd d =a—b

3. ONP: Ilpouzsedenuem eekmopa a _Ha 4ucio A HaA3bIBAETCS HOBBIM BEKTOp b, KOTOPBIH

YIOBIIETBOPSIET YCIOBUSIM: 1) I_JH ;,npnqu hTTa ,ecmu A>0

EARE ,ecmu A <0.
2) ‘B‘:




- - - 1 -
b=2-a c=—a

2
Ecau |4 > 1, TO BEKTOp @ «PACTArMBACTCS» B A pas.

Ecmu W <1, TO BEKTOp a «CXKHUMaeTcsi» B A pas.

-

Ecau A=0,710 0-a =0

—

OIIP: IIpomueononoxcuvim 6ekmopom —a Ha3bIBAETCS MPOU3BEACHUE BEKTOpa a Ha yucio (-1),

re. —a=(-1) a .

OcHogHble c80oUcmEea TUHEUHbIX onepayuil Ha0 6eKMopamu.
1)a+b=b+a 3) Maa)=(La)a 5) Ma+b)=Aa+Ab

2) (a+b)+c=a+(b+c) 4) (A+a)a=la+aa
2. InuHa BeKTOpA.

[lepeHeceM BEKTOp « TMapauiebHO caMOMy ce0e Tak, YTOOBl €ro Hadajao COBMAJIIO C HAYaJIOM
KOOP/IMHAT.

a - paouyc-eekmop a = (x;y) - IBa YKCIIa HA TIJIOCKOCTH

3ameuvanue: JlaHbl KOOpAMHATHI Havyana U KoHIa Bektopa A(x;y,) u B(x,;y,). g Toro, 4to6s!
HAWTH KoopOounamel eekmopa, Hy>KHO U3 KOOPAHMHAT KOHIIA BEKTOPA BEIUECTh KOOPAMHATHI HavaIa.

AB = (x, = x5, = »)

OIIP: Koopounamamu BEKTOpa a Ha3bIBAIOTCS KOOPAMHATHI KOHEYHON TOYKH €T0 PaguyC-BEKTOpA.

a = (x;y;z) - Tpu 4KcIa B IPOCTPAHCTBE
B coorBercTBUM C JaHHBIMHU OINPEACIECHUSMH, HETPYJHO IIOKa3aTh, 4YTO JUIsI  BEKTOPOB

—_

a=(x;y5z) u b=(x;:,,2,)

+b, TO ¢ =(X+X + 1552 +2,)

=b, 10 d=(X—X3) = V2 —Z,)

TO Z:(ﬂ'xl;ﬂ')ﬁ;ﬂ'zl)

Sl O
I
o ol 8

Q)

Ha pucyHke BUIHO, 4TO JUIMHY BEKTOpa MOXHO HalTH 1o Teopeme [Tudaropa nz AOMx

=X+ =X’ +y* +2°

—

a nIn a

3ameuanue: Paccmosanue medxncoy 0eyma mouxkamu  A(x;;y,) u  B(x,;y,) MOXHO HaXOAWUTh Kak

JUIMHY BEKTOpa AB = (x, = x5, —»,) . lloaTomy



A4, B) =48] = o, =07+ 0 =)

OITP: JIBa BEKTOpa Ha3bIBAIOTCSl PAGHbIMU, €CIIA PABHBI UX COOTBETCTBYIOIINE KOOPAUHATHI.

3. [Ipu3HAKH KOJIJIHHEAPHOCTH U KOMILJIAHAPHOCTH BEKTOPOB.

TEOPEMA (npusnak xonnuneaprocmiu 6eKmopos 8 Kkoopounamuou gopme):. Jlns toro, 4ToObI J1Ba
HEHYJIEBBIX BEKTOpa ObUIM KOJUTMHEAPHBI, HEOOXOAMMO U JOCTATOYHO, YTOOBI MX COOTBETCTBYIOIIHE
KOOPJMHATHI OBLTH MPOMTOPIIMOHAIBHBI.

a=(x;y52;) az0

[;:(XZQJ’2;ZZ) l;ia a l; aAA

= =
X, WV %

JlokaszarenbcTBo: 1) HEOOXOAUMOCTE: JaHO: a = (X;;V;z,) U b=(x;y,;z,) U a H b

X z
nokasats: A=N_-4
xZ y2 ZZ
JIOKa3aTeNbCTBO: P H b 0
(3 032) = (454 3,34 2,)
5,
X =Ax, X, X wn .z
Y = =
n=4y =1 = X, Yy I
Y2
z, =42z,
4
il W)
ZZ

2) 10CTaTOYHOCTh — CAMOCTOATEIIHHO.

TEOPEMA (npusnax komnionapHocmu 6eKmoposg 8 koopounamuou gopme): Jljis TOro, 4ToObl TpU
HEHYJIEBBIX BEKTOpa ObUIM KOMIUIOHAPHBIMH HEOOXOAMMO M JOCTaTOYHO, YTOOBI ONMpENeUTENb 3-T0
HOpsi/IKa, COCTaBIEHHBIN M3 KOOPIUHAT ATUX BEKTOPOB ObLI paBeH 0.

~ R _ XN g
a=(x;y52), b=(x:,:2,), c(x3;5523) " X, ¥, Z=0
X5 Vs Z3

4. Jle1eHue oTpe3Ka B JaHHOM OTHOLIEHHUH.

I
./_)'/’_/—”"'M2

M, [lycts M, (x;5v52), M,(x;9,52,) W TquaM(x;y;z)e[Mle]-
MM
BHYTPEHHSISI TOYKa, MPUIEM % =4 (A#0)- Touka M geauT OTPE30K [M M 2] B
2
otHomennu A . Torna kooparHATH TOYKH M onpenenstorcst popmynamu:
x:x1+/lx2. y:)ﬁ""/b’z. :Zl+/122
1+1 1+1 1+ 4
Crnencraue:

e

(MM _ M|

M, Ecmn M-cepenuna orpeska [M M ] TO = =A=1,T0
T MM (M M|
=N SN B opuman cepenus

oTpe3Ka.



5. CkansipHoe npousBeeHUe BEKTOPOB.

OIIP: Ckanspnvim npoussedenuem a-b_08yx sexkmopos a u b Ha3pIBaeTCI YUCIO , PaBHOE

MPOU3BCACHUIO IJIMH 3TUX BCKTOPOB HAa KOCUHYC yTIJIa MCXKIY HUMH

a-b=

—

a

- -

b -cos(;;A b)

- B TEOMETPUYECKOI opme.

3anuiieM CKaJasipHOE MPOU3BEICHUE B KOOPAUHATHOUN GopMme:

Paccmotpum AABD : mycTh ;z(xl;yl) u I;:(xz;yz), :i:;—Z:(xl—xz;yl—yz)

2 2

-2

‘d =la| +|b| —2l|a|-|blcos(a;” b) - TeOpeMa KOCHHYCOB.
—>| |- - - 1 —(2 -2 —|2
= |a] [ cos(az 5 = la +[p —‘d ), —
-2 2 2 7I? 2 2 =P 2 2
al =x;+y, |b| =x;+y;, ‘d =5 -x)" +-»)

Torna: (BBIBOJ CAaMOCTOSITEIILHO)

a-b=x-x,+y -y,

- B KOOpJIMHATHOU (hopme.

I
OIIP: Ckanapnoe npouszgedenue IBYX BEKTOPOB PaBHO CyMME IPOU3BEIEHHI COOTBETCTBYIOLINX
KOOpJMHAT 3TUX BEKTOPOB.

CrnencrtBue: Yrosl MeXIy BEKTOpPAMH OIpeaeseTcs mo Gopmyie:

—

-

cos(;;A b) =

Q
S

XX, + W,
2 2 2 2
\/xl +0 '\/xz +

- reoMeTpuueckor gopme | cos(a;” b) = - B KOOpAMHATHOM

—

a .

—

S

dopme.

3ameuanue: [lanHble HOpMyIIBI CIIPABEAIUBEI U ISl BEKTOPOB B POCTPAHCTBE.

[pumep: JlaHo: a= (2;-1;-2), b= (8;-4;0)

Haiitu: a) 222;; 2:5—2; 0) |cl, ‘2‘ B) c-d r) (Z’;Ag)

C

Penrenue:
a) ¢ =2a = (4-21-4); d=b—a=(8-40)—(2-1-2) = (6:-3;2)
6) |c| = 4> +(=2)" + (-4)* =6, ‘Zz" ~3619+4=7

c

B) ¢-d = 4-6+(=2)(=3) +(—4)2 = 22
r) cos(c; d) = 6227 ~052= (¢ d)=arccos0,52 ~ 58"

Cesoticmea ckaisipHo2o npous‘ee()eﬂuﬂ N

- > > -

1) a-b=>b-a - nepeMeCTUTENHHBIN 3aKOH YMHOXCHHUSI.

2) (Aa)b = A(a-b) - coueraTenbHBIN 3aKOH OTHOCUTEIHHO YHCIOBOTO MHOKUTEJIS.



- -

3) a-(b+c)=a-b+a-c- pacupenenureabHOE CBONCTBO OTHOCUTEIHLHO CYMMBI.

CgoiictBa 1-3 mar0T mpaBO MPU YMHOKEHHH BEKTOPOB MEPECTABIATh COMHOXHUTEIH W OOBEAUHATH
YHCIIOBbIE KOA(PPHUIIMEHTH BEKTOPHBIX COMHOXKUTENEH.

- - — 2
4 a-a=(a) = - CKaJISIPHBINA KBAJpaT BEKTOPA paBEH KBAAPATY €ro JTHHBI.

—

a

2
cos0 =

2

- -

JIoKa3aTeIsCTBO: a-a =

—_

a

—_

a

-

a

-

a

cos(a;" a) =

ecu a#0, b#0 u a-b=0 <& a nepneHAUKYISIpeH b

HoxazarenbctBo: 1) HEOOXOomuMocTh: mano: a #0, b#0 u a-b=0

—

JOKa3aTh: a MEPICHIUKYISIpeH b

-

b=

—

a

-

b cos(;;A Z)) =0, npuuem |a| #0,

Q|

l;‘ 0 = cos(Z;A Z;) “0=> a HepIEeHIUKYISPEH

S

2) 10CTaTOYHOCTh: CAMOCTOSTEIIBHO.

6. IIpoexuusi BEeKTOpPa HA 0Ch, €€ CBOICTBA.
PaccMoTpuM och / Ha MIIOCKOCTH.

Y . 2 3) ET

——ael e L S —_—
A, 5 L = AL A=8,

['eoMeTpuyeckas MpOeKIUs AB wa och (¢urypa):

1y 45/ 2) ABNI 3) Touka

Anrebpanueckas npoekiusi AB Ha och [ (4UCT0):

D 4|43 2) —|4,B, 3) 0

OIIP: Aneebpauueckoti npoexyueti (MIPOSKIUEH) BEKTOpa AB Ha ochb [ Ha3bIBaETCS MOJOKHUTEIBHOE

—_— —_—

4HCII0, COBNAjAoIee ¢ UIMHON BekTopa AB,, ecim Bextop A5 (opumakoso manpasnens);
ABNI
b

OTPHLATENBHOE YHMCIIO, COBNAJANONIEEe C JUIMHOM BekTopa A B, , eciu 0- ecim  AB

NepHEHANKYISIPEeH /.

OIIP: Vzrnom mMexay NBYMs BEKTOPAMU Ha3bIBAETCA HAMMEHBIIUH yroJl MEXIy MX HAIPaBICHUIMH.

B3 _ = 2 - .
g T 5. -
-
b z "5 180
A e, e —

e _ B {’5;5}=0 B a
b ) ‘é’* fE;E}=TI5ﬂ'0

Cesoticmea npoexuuu:
1) I1yctb (Z};A D=¢p, 0<p< %
8

e

¢ 5 ¢ Tlpoekumss AB Ha ocb |  paBHa |A131| 3aIllUCBIBAETCS  KaK



_—

Paccmorpum AABC - NpsIMOYTONBHBIN: COSQ = ||A:C|, |A—C| = |AI—Bl| = ‘Hp,ﬂ? = |A—lﬂ COSQ
A

JlanHas hopMyIIa CIpaBeIuBa M I - < @ <7 - JOKa3aTEIbCTBO CAMOCTOSITENLHO.
2

- -
—

3aMeanHe:cos(;;A Z):_} Ny ;;:‘;‘. j'i=aTJ’:> Hpj:aj'b -npoeKyUs. _6eKmopa__a _Ha
; .
jal - |9 ol (6] b i
6eKmop b

2) Hp,(;+5)=Hp,2+Hp,B, Hp,(;—l;)zﬂp,;—ﬂp,l;
3) Hp,l-; =1-Hp,;

1.5 Jleknus Ne5 (2 gaca).

Tema: «JIuneliHOe MpoOCTpaHCTBO. EBKIIMIOBO MPOCTPAaHCTBOY

1. [Ipocreitmune cBoiicTBa.

2. Jlunetinpie oTroOpakenus. Onepanuu HaJl TUHEHHBIMU OTOOPAKEHUSIMH.

3. Marpuna JIHHeHHOTO 0TOOpakeHusI.

4. Jluneitaple koMOMHanuu. JInnelinas o6omouka. JInHelHast 3aBUCUMOCTh CHCTEMBI BEKTOPOB.
5. basuc u pa3MepHOCTb JINHEUHBIX IIPOCTPAHCTB.

1.5.1 Bonpocsbl jeknum:

1. bazuc BEKTOPHOTO MPOCTPAHCTBA.
2. PaznoxxeHue BekTopa 1o 6asucy.
3. [Tepexon k HOBOMY 0a3ucy.

1.5.2 KpaTkoe coaep:xkaHue BONPOCOB:

1. IIpocTreiimme cBoiicTBa.

[Tyctb M —MHOXECTBO 3JIEMEHTOB IPOU3BOJIBHONU MPHUPOABI, AJII KOTOPBIX OMPEIENICHbI Olepaluu
CJIOXKCHUA U YMHOKCHU HA I[CﬁCTBHTG.HBHOG YHUCJIO:

xe M, ye A x+ye

nape 3JICMCHTOB MHO’KCCTBA OTBCYACT JJICMCHT , Ha3bIBacMBIi CyMMOﬁ XHuy;

nape x o, xEM, € R, ®_  mo6oe JEHCTBUTENbHOE UHCIO, OTBeYaeT odjieMeHT &% M

Ha3bIBacMBbIi MPOU3BCACHUECM YUCIIa & U DJIEMEHTA X.

Ey,[[eM Ha3pIBaTh MHOXECTBO M unelnblm npocmpancmeom, €Ciin il BCEX €ro 3JICMCHTOB
OMMpECACIICHBI OIfcpalun CJIOXKCHHUA W YMHOXCHUSA Ha HeﬁCTBHTeHBHoe YUCIO H I JTIFOOBIX

snementos V%S M Y TIPOU3BOJIBHBIX YUCEI z, f CIpaBeJIUBO:
1. Y =¥+ Cnoxkenne KOMMyTaTHBHO;
2. T rz)=(x+y) +z ,CJIOKEHHE acCOIMAaTHBHO;
3. CcymlecTByeT eIMHCTBEHHbIH HyneBoii snement = € M rakoii, uro * t*8=x VieM ;
4. g KaxAOoro 3JIeMEHTa CYIIECTBYET €IMHCTBEHHBINM MPOTHUBOMOJIOKHBIA 3JIEMEHT -X TAKOH,
aro X +(-x)=8, ¥xe M,
5. # (f x) = (eff)x , YMHO’KCHHE Ha YHUCIIO aCCOIMATHBHO;

l'x=x Tz,
9
4 = +
a(xty)=axtoy , YMHOXXEGHHE Ha 4YHUCJIO AUCTPUOYTMBHO OTHOCHUTEIBHO CIIOKCHHS
2JIEMEHTOB;



+ = +
g @rfx=cx+fy , YMHOXEHHE BEKTOpa Ha YHUCJIO JAUCTPUOYTUBHO OTHOCHUTEIHHO
CJIOKEHHUSI YUCEJL.

PaBenctBa 1—S8 HaA3BIBAIOT axkcuomamu 1uHetHo20 NPOCMpaHcmad.

JluneliHOEe MPOCTPAHCTBO YACTO HA3BIBAIOT BEKMOPHLIM MIPOCTPAHCTBOM, & €r0  JJIEMEHThl —

sexmopamu. Takoe Ha3BaHHe, Kak Oy/IeT MOKa3aHO B MOCIEIYIOIINX JIEKIHIX, HE CIy4aiiHo.
HexoTtopslie cBOMCTBA JIMHEHHBIX IPOCTPAHCTB

Ymeepowcoenue 1. B mpon3BOIIBHOM JTUHEHHOM MPOCTPAHCTBE HYJICBOU JIEMEHT — €IMHCTBEHHBIN.

Ymeepoicoenue 2. B ipon3BOILHOM JTUHEHHOM MPOCTPAHCTBE HYJIEBOH 2JIEMEHT paBEeH MPOU3BEICHUIO

IIPOU3BOJIBHOTO 3JIEMEHTA Ha JeHCTBUTENbHOE Yncio 0.

O0a yTBep>KIeHHS T0Ka3aHbl Ha JIEKIIHU.

Cnenyromue 3 yTBEpKACHUS NMPETI0KEHBI B KAUECTBE YIPAKHEHUH K JIEKI[USM.

Ymeepoicoenue 3. B IpOU3BOIBLHOM JUHEHHOM MPOCTPAHCTBE KAXKIOMY DIIEMEHTY OTBEYaeT

€IMHCTBEHHBIN TPOTUBOIIOIOKHBIN JIEMEHT.

Ymeepoicoenue 4. B IpOU3BOILHOM  JIMHEHHOM  TPOCTPAHCTBE MPOTHUBOIOJOXKHBIA  DIEMEHT

IIPOU3BOJIBHOTO 3JIEMEHTA X PABEH IPOU3BEICHHUIO X HA JEUCTBUTEIBHOE YHCIIO -1.

Ymeeporcoenue 5. B mpon3BOIEHOM JMHEHMHOM NPOCTPAHCTBE JUISL JIIOOBIX JIBYX IPOU3BOJIBHBIX

3JIEMEHTOB X U ) CYIIIECTBYET u €UHCTBEHHA PA3HOCMYb:

x-y =x+(-1) -y.

2. J/Inneiinbie oToOpakennsi. Onepanuu HajJ JHHEHHBIMA 0TOOPAKEHUSIMH.
JluneltHbIM O0TOOpaXkeHHEM (OIIepPaTOPOM) BEKTOPHOTO MPOCTPAHCTBA L Hay noneM J4 B BekTOpHOE
IIPOCTPAHCTBO Mg Hax nosieM K Has3piBaeTcs oroOpakeHue [ L — Mg , YAOBIIETBOPSIOILIEE

YCIIOBHIO JIMHEHHOCTH flax + By) = af(x) + 5f(y) msscex LY € L y o, 0 €K,

3. MaTpuna JUHEeHHOro 0TO0paKeHusl.
Ompen. [Tycts Vian Vo — KOHEYHOMEpPHBIE BEKTOPHBIE IIPOCTPAHCTBA Hajg moneM F ¢ Gasucamu
{"'-'l' RRELS ]I' u {f 1y [ m} COOTBETCTBEHHO. PaccmoTpuM nuHeltHOe oToOpaxkeHHe

7 F 'y il — :IIJ '] .
p:Vi—Vy Torna ¥ €:) Mmoo IPEJCTaBUTh B BHJIC plei) = ZJ—L ;i f :

S I & P
ﬂ..; =

Marpuna At -+ Gmn / yasppaeres MaTpuledl  JHMHEHHOro  0To0paskeHust
eV — W B 0asmcax {":ls vas .!f':n} u {f yoeoy f m}. Cronbuamu 3TOM MaTpUIbl SBISIOTCS
KOOPIMHATHI BEKTOPOB w(€i) s Gasuce {fi,....f m}.
[IycTs mpousBonbHBIE BekTop U € Vi umeer CIENYIOIMEe KOOPJMHATHI B PA3JIOKEHUH 10
6asucy {e1, ... en }, Uv==T1€1 + ...t TnEn, torma ero obpas (V) s npoctpanctsa V2 B
Oazuce {f1s ooy find uMeeT pasoxeHne ew)=wyifit ... ,?i'mfm,
rie Yi = Z:—L QgL

i @y ... Qg Ty

To ecTh Ym m1 -+ Opp L

CymiecTByeT B3aMMHO ~ OJIHO3HAYHOE  OTOOpakKeHHE MEXAY  MHOXKECTBOM  BCeX  JIMHEMHBIX
oToOpaxeHui u3 H-MepHOro BEKTOPHOIO MPOCTPAHCTBA Vie ITl-MepHO€E BEKTOPHOE MPOCTPAHCTBO Vs
¢ GUKCUPOBAHHBIMU 0a3MiCaMH M MHOKECTBOM MAaTpHIl pazMepa 1t = 11,

Martpuuna JuHelHHOro omepaTopa — 3TO MaTpulla JHWHEHWHOTO OTOOpPaXEeHHs] B Ciydae,

xorma V1 = Vo,



[Ipumep. Ilycts {f':l-! RRELEy } — 0a3uc TI-MEpHOTO BEKTOPHOTO IPOCTPAHCTBA V. Paccmorpum

ToXIeCTBeHHBI uHeitnbii oneparop id: V' — V. Tak xak id(e;) = €i, To MaTpuna Aid — 510
B TOYHOCTH €JIMHMYHAs MATPHIIA
{1 f Ny
f 1 L LI}
i ) S
I 0 1 01
_10 1 0|
41 | |
I . . o
\ i
Vo0 1)
\ 0 0 /)
[lycTh Vi, Va, Vi KOHEYHOMEPHBIE BEKTOPHBIE IPOCTPAHCTBA, - * Vi Vot Vo — Vo
nuHelHbIe oToOpaxkenus. Toraa Aoy = Ay Ay,

4. JIuneiinble koMOUHAUM. JIMHeliHAs 000/1049Ka. JIMHellHAsA 3aBUCUMOCTh CHCTEMbI BEKTOPOB.

- - —_—

OIIP: Bekrop b Ha3bIBaeTCs JuHEUHOU KomOuHayueu BEKTOPOB  di,da,...,d, , €CIIA €r0 MOXHO

npeAcTaBuUTh B Bune b=Aa +Aa,+..+4,a, ,tne A,4,.,4 €R.

- - —_—

OIIP: BekTtopsl ai,dz,...,a, HAa3bIBAOTCA AUHEUHO 3A6UCUMbIMU, €CIIA CYHIECTBYIOT TaKME YHUCIIA

Ay Ay,es A, € R, cpei KOTOPBIX XOTS Obl OJHO OTIMYHO OT Hynd, uto  Aa, +Aa, +..+4,a,=0.

B npoTtuBHOM ciy4ae, BEKTOPBl a1,d2,...,d, HA3bIBAIOTCS JTUHEUHO HE3ABUCUMbBIMU.

OIIP: Pazmeprocmb TPOCTPAHCTBA — HTO MAKCUMAJIBHOE YHCIIO COJEPKALIMXCA B HEM JIMHEHHO
HC3aBUCUMBIX BEKTOPOB.

OIIP: CoBOKYMHOCTh N JIMHEWHO HE3aBUCHUMBIX BEKTOPOB N — MEPHOrO MPOCTPAHCTBA HA3bIBACTCS
bazucom.

[Tpumep: JlokaszaTh, 9TO BEKTOPHI 51 = (;1;0), l_;z = (L-1;1), l;; = (-3:;5;—6) obpa3zytoT 6a3uc.
Tpu IUHEHHO HE3aBUCHUMBIX BEKTOpa TPEXMEPHOTO MPOCTpaHCTBa oOpasyroT Oasuc. [Ipomepum,
ABJISIFOTCSA JIM JAHHBIC BEKTOPLI JIMHENHO HE3aBUCUMBIMH.
T.e. /111;1 + ﬂzbj + %bj=6 TOJIBKO TOTJa, Korja Bee uucna A, A, A, =0.
A (L10) + 4, (=11 + 4,(=3:5:-6) = (0;0,0)
A+d=34=0 4 =0
A=A +54=0 A, = 0 Bexropa l;; ,ZZ,Z;; - JMH. HE3aBUC. M 00pasyloT 0asuc 3-MepHOro
A =64,=0 4 =0

IIPOCTPAHCTBA.

5. ba3uc ¥ pa3MepHOCTh JIMHEHHBIX IPOCTPAHCTB.
OIIP: YmopsimoueHHas mapa JIBYX HEHYJIEBBIX, HE KOJUIMHEAPHBIX BEKTOPOB OOpazyeT oOa3uc Ha
IJIOCKOCTH.

Ef

b (;;5)-63131/10. EH‘E-' a#l, bl
E|'

b als

—_— —

® , (e e,)- opmozonanvuviil bazuc.

=
zT_)
JT

OIIP: VYmnopsimodeHHasi cucTeMa TPEX HEHYJIEBBIX, HE KOKOMIUIOHAPHBIX BEKTOPOB 00pa3yloT Oazuc B
MPOCTPAHCTBE.

i

= ‘ i ‘ =1, LJ—"" , (i; j) - opmonopmuposanusiii bazuc. (IIJICK Ha miockocTH)




E.'J—EEJ—EE_ PR

(e,; €,;e;) - OpTOrOHAJIbHBIN 6a3UC B IPOCTPAHCTBE.

=1, ilile , (z_'z ;’,%) - OpPTOHOPMHPOBAHHBIH 0a3uc B

{jF
IIPOCTPAHCTBE.

(ITACK B mpocTpaHCTBE)
OIIP: n — mepHvim 6€KIN0pOM HA3IBACTCA YIOPAOMEHHAS COBOKYITHOCTb N I[CI/ICTBI/IT@J‘IBHBIX qucen,

3allUCBIBAEMBIX B BUIE d = (X;X,;...;X, ), TI€ X, - i-asi KOOpJMHATA BEKTOpa 4 .
[ToHsiTHE N — MEPHOTO BEKTOpa IIHPOKO MCIOJB3yeTcs B dKoHOMUKe. Hampumep, HEKOTOPHIH Habop

TOBapOB MOXHO OXapaKTepU30BaTh BEKTOPOM X =(x;;X%,5...;X,), @ COOTBETCTBYIOIIME LEHBI —

BEKTOPOM ¥ = (131553 1,) -
Cymma, pa3HOCTh, YMHOKEHUE BEKTOPA HA YUCJIO BBOJSATCS aHAJIOTUYHO.

Cesoticmea onepayuii:

-

1) ;+; = ;+ X - TIEPEMECTUTEIHLHOE CBOMCTBO

2) (; + ;) b 2= ;c + (; + ;) - COUETATEIBHOE CBOWCTBO

3) a-(Bx)=a fBx, a,BeR

4) o (;c + ;) —ax+ a; - TUCTpUOYTUBHOE CBOWCTBO

5) (a +,B)x ax+ﬂx

6) 3 0 (00 0) TaKOM, 4TO x+0 X, s v x X

7) Hns Vx 3 —x- MIPOTHBOTIOJIOKHBINA BEKTOP TAKOM, UTO X+ (—;) -0

8) 1-;=;c, TUTSt V;.

OITP: MHOXk€ECTBO BEKTOPOB C ACHCTBUTEIBLHBIMUA KOOPAUHATAMH, B KOTOPOM OMPEACIICHBI ONEepalluu

CJIOKCHUA U YMHOKCHHA Ha YUCIIO, YAOBJICTBOPAIOMIUC MPUBCACHHBIM BBIIIC BOCBMHU CBOﬁCTBaM,
Ha3bIBACTCS 6EKMOPHbIM NPOCMPAHCIBOM.

Pa3sio:xxeHue BekTopa mo dasucy.

aflb. 3#0, B2 p - s
PaccmoTpuM BEKTOPBI U BEKTOp 71 , Ipu4eM a; b; c¢- KOMIUIOHapHBIE.

—_ - -

[ToctpouMm Ha BekTopax a; b; ¢ mapamrenorpamm ONCD.

A

- JIUHeuHas KOM6uHal4uﬂ B8E€Kmopoes

TEOPEMA: Ecnu Bektopa a e b 00pa3yroT 0a3uc, TO 000N BEKTOp 7, KOMIUIOHAPHBIA C

BEKTOpaMH a € b, MOXeT ObITh NpeJICTaBlIeH B BUJIE TUHEHHOM KOMOMHAIIMM BEKTOPOB Oa3uca.



F=cl3+fE b P P
PaBeHcTBO O3HAYaeT, YTO 7 Pa3JIOKEeH MO Oa3MCHBIM BEKTOpaM a € b, mpudem

KOO(pPULIUEHTH ¢ € [ - 4ucia, KOTOpble SBIAIOTCS KOOpAUHATaMu BeKTopa 71 B Oaszuce (a;b).
AHAJIOTUYHO U U1 BEKTOpa B IPOCTPAHCTBE.

TEOPEMA: Ecnu Bektopa e,e,,e; 00pa3yloT 0a3uc NPOCTPAaHCTBA, TO JIIOOOW BEKTOp a
packKiaapIBaeTCs 10 HUM €JMHCTBEHHBIM 00pa3oM

.

a=ae +a,e,+a,e,, npuueM a = (a,;a,;0;)

Pacemotpum IIJICK Ha mimockocTu U BEKTOP ;(x; »)

|
1
al 7 Mo [GW= = T+ v;

| . BeKTOp OM mpeicTaBieH B BUJIE JIMHEHHOMN

-

KOMOWHAIIUKM BEKTOPOB I U

M= ] + . 7 Yy
Pasencreo M= i F ] o3HadaeT, yto OM pasnoxkeH MO0 OPTOHOPMUPOBAHHOMY 0a3UCy

_—

(mexapToBy), r€ X U y- KOXQPHUIHUEHTH! Pa3JIoKEHUs SBIAIOTCA KOOpAUHATaMu BekTopa OM B 3TOM
6asuce.

TEOPEMA: Jlxo00if BEKTOp TUIOCKOCTH MOXET OBITh Pa3lioKeH MO0 OPTOHOPMUPOBAHHOMY Oa3ucy

—_ -

(i; j) ennHCTBEHHBIM 00pa3oM.
TEOPEMA: JIt060# BEKTOp MPOCTPAHCTBA MOXET OBITH Pa3JIOKEeH MO0 OPTOHOPMHUPOBAHHOMY 0a3uCy

(i; j,k) enmHCTBEHHBIM 00pa3oOM.

£
s

£

X}}E—(u’ ¥ OM= =0 +v.7+ 7.8
3ameuanue: Ha mimockoctd U B MPOCTPAHCTBC CYIICCTBYCT OECKOHEYHOE MHOXKECTBO 0a3KMCOB U OJHUH
¥ TOT 7K€ BEKTOP MOXXHO Pa3JIOKHUTh [0 STHM 0a3MCHBEIM BEKTOPaM, TA€ KOd(P(UIMEHTHI pa3iokKeH s

OyZAyT ABIATHCS] KOOPAMHATAMH BEKTOpa B BHIOpaHHOM 0azuce.
IIpoexuusi BeKTOpPa HA OCH KOOPIAMHAT.

- —

Paccmotpum TIJICK. JIro60it BekTOp OM =x-i+ y ; ,rae (i; j)- OpTOHOPMHUPOBAHHBINA Oa3ucC.

¥
i

il :
. —
nl T M, w

[0 OM = OM, - reomerpueckn

i oM = |OM | - anre6panyecku
Ié UXO—M _ [é Ox(x ;+y;) ¥ [6 Ox;—‘ry Ié Ox} _ Xl —aail . lalaney , 0 .e. |l| =1
20 X — aéa. ioiaéoey

N \J’aoxo_’M:x w o ,,0M =y

B ITJICK xoopauHaThl BEKTOpa paBHBI €0 aIredpandeckuM MPOEKIMsIM Ha OCH KOOPAHMHAT.



Hanpapasiiomue KOCMHYChI BEKTOPA.

Hampasiienue BeKTOpa oIpenensercss 3HauYeHHEeM KOCHHYCOB YIJIOB, KOTOpBIE 00pa3yeT BEKTOp C
KOOpAWHATHBIMU OCAMM.

(Ot ™ OX )
(Ohd ™ OF)
(ﬁ;“@z) =y Cos ¥

[ 1 COS e

J o Cos S p HANPAEMAMIEE KOCHHEYCEL

HPOXWZWCOSQ :cosa:npOXOM: X
om| x4y
Y

HpOYO—Mz\OM\cos,B =cos f=——F—=x
JxX*+yt+ 27

z
VX2 +y? 4+ 2P

‘ cos’a +cos’ f+cos’y =1 ‘ - OCHOBHOE CBOMCTBO HAMPABISIONIMX KOCHHYCOB: CyMMa KBaJIpaToB

Hpozw=mcosy =cosy =

HAIpPaBIAIOIUX KOCUHYCOB paBHa 1.

Ilepexoa k HOBOMY Oa3ucy.

ITycTs B mpocTpancTBe R mmerorcs nBa 6asuca: crapslii ai,a2,a; ¥ HOBBIH b,,b,,b,

OnOuH U TOT e BEKTOp ¢ HUMEeT PasNHYHbIE KOOP/MHATEI B PA3THIHbIX Oasucax.

[Tycts B cTapom 6a3uce a1,az,a3 BEKTOp ¢ = (¢;;¢,;¢,). Halinem koopuHATBI BEKTOpa ¢ B HOBOM

—_ — —

6asuce b,,b,,b, .

ITycts b, = (b“;blz;bB) b, =(b,;b,,;b,,), by = (by;b;,;b5;). OOG03HAUNM HEU3BECTHBIE KOOPIUHATHI
BeKTopa ¢ = (X;y;z) OTHOCHUTENbHO HOBOrO 6a3uca b,,b,,b, .

- —_ — —

Paznoxum BekTop ¢ 1o Bekropam Oasuca b,,b,,b; :

GoxBiybezh

(¢135¢55¢3) = x-(by13013003) + ¥ - (0130533 b33) + 2 - (b33 03y305)
b x+b,y+byz=c¢
b, x+b,,y+b,,z=c, Pemas cucremy Tpex ypaBHEHUH C TpeMs HEU3BECTHBIMH X, ), z , HaliieM
by x+ b,y + bz =c,

HCKOMBIC KOOPAWHATEI.

ITpumep: IIponomxenue. Bextop 7 = (4;—4;5) 3anan B 6a3uce ai,az,a, . HaliTu koopAuHATEl BEKTOpa

¢ B6asuce b, = (LL0), b, = (1-L1), b, = (-3;5-6).

Pewenwue: 1) b,,b,,b, - 6a3uc.



2) E:(x;y;z){l;},Tor/:[a %:x-a+y-b2+z- X

(4;—4;5) = x(L,1,0) + y(L;-L1) + 2(=3;5;-6)

x+y-3z=4 x=05 - _ -
X—y+5z=—4 y=2 1A=05-b+2-b,—0,5-b; - pasnoxeHue no BeKropam basuca.
y—6z=35 z=-0,5

c= (0,5;2;-0,5) {;} - KOOpJMHATHI BEKTOPAa B HOBOM 0asmce.

1.6 Jlekus Ne6 (2 yaca).
Tema: «YpaBHEeHHE NPSAMON JTUHUHU Ha TUIOCKOCTU. CTIOCOOBI 3a1aHMST TIPSIMOIDY

1.6.1 Bonpocshl Jekuum:

1. YpaBHeHHE IPAMOIA € YTTIOBBIM KO3 (DULIUEHTOM.

2. YpaBHEHHE NMPAMOU, TPOXOJISIICH yepe3 JaHHYIO TOUKY C YTIIOBBIM KO3(PUIIUEHTOM.
3. YpaBHeHuUE NpsSMOH, TPOXOASILEH Yepe3 ABE JaHHbIE TOUKH.

4. YpaBHEeHUE NIPSMON B OTpE3Kax.

5. Yroa Mexay AByMs IIPSIMBIMHU.

6. YcioBue napajieIbHOCTH U MEPIEHIUKYISIPHOCTH MPSMBIX.

1.6.2 KpaTkoe coaep:xkaHue BONPOCOB:
1. YpaBHeHHe npsiMoOii ¢ yIi10BbIM K03¢puuneHToM.

B ananutuueckoil reomeTpun reomeTpuyeckue oopassl (Touka, mpsiMasi, KpUBbI€, TOBEPXHOCTH) U UX

pacroyio’keHHe Ha MIOCKOCTH U B MPOCTPAHCTBE MU3y4aeTCsl aHAIMTHYECKH, T.€. METOZoM anredpsl. B
AQHAIUTUYECKOM T€OMETPUHM 3TO CTajl0 BO3MOXXHO C TOTO BpPEMEHH, KaK BIEpPBbIE (PPaHIly3CKUIA
mareMatuk Pene [lexapt (1596-1650) BBen B monstue IIJICK. C e€ momomipio cTano BO3MOXKHO
n300pa3uTh MPOCTPAHCTBO B BUAE ocell (X, Yy, z). Beskuit reoMmerpudeckuii oOpa3 paccMaTpuBaeTCs
KaK MHOKECTBO TOYEK, 00JIaIaloNINX HEKOTOPHIM, IMPUCYIIIUM TOJIBKO MM CBOMCTBOM. DTH CBOWCTBA
BBIPAXAIOTCSl ypPaBHEHUSIMU U HEPABEHCTBAMHU.
OIlP:  Vpasuenuem, COOTBETCTBYIOIIMM JaHHOMY MHOXKECTBY TOUYEK Ha IUIOCKOCTM WIH B
IIPOCTPAHCTBE, HA3BIBAETCS PABEHCTBO, KOTOPOMY YAOBJIETBOPSIOT KOOPAMHATHI TOYEK ATOTrO
MHOX€ECTBa M HE YJOBJIETBOPSIIOT KOOPAMHATHI TOUYEK, HE MPUHAUICKAILNX ITOMY MHOXKECTBY.

JI100y10 TMHHUIO MOKHO BBIPA3UTh YPaBHEHHEM, HO HE BCAKOE YpaBHEHUE BhIPAXKAET JIHMHHUIO.

x* +y* =0 - 9ToMy ypaBHeHHUIO cooTBeTcTBYeT Touka (0;0).
X’ +y*+3=0

Uto0b1 yOemuThes JISKUT Jin Touka M (a;b) Ha JaHHON JTUHUH, HY’)KHO TIPOBEPUTH YIAOBJIETBOPSIOT
JIM KOOPJAWHATHI 3TOW TOYKU JAaHHOMY YPaBHEHHIO.

YpaBHeHue NPSAMOI JIMHUM HA MJIOCKOCTH

B o6miem ciyuae ypaBHEHUE JIMHUM MOXKET OBITh 3amucaHo B Bune F(x,y)=0 wm y= f(x), rae
F(x,y) u f(x) - nHexoropble ¢pyHkuuu. Ecnmu Touka M (x;y) mepememiaercs MO JUHHH, TO €€
KOOPJUHATHI U3MEHSACH, YIOBIETBOPAIOT YPABHEHUIO 3TOW JIMHUU. [loaTOMYy KOOpAMHATHI TOUukM M
HA3bIBAIOT MEKVUMU KOOPOUHATNAMU.
OIIP: VpaeHenue F(x,y)=0 Ha3bIBacTCs YpagHeHUeM NPAMOU AUHUU, €CIIH ITOMY YpPaBHEHUIO
YIIOBJETBOPSIOT KOOPAUHATHI JTI000M TOUKH, JIexalllel Ha MPSMO, U HE YIOBIETBOPSAIOT KOOPAUHATHI
110001 TOUKH, HE Jexalleil Ha ATOH TPAMOiA.
OIIP: Venom wnaxnona mnpsmoit [ x ocum X Ha3bIBaeTCA YroJd MEXAY OTOH TPSIMON H
MOJIOKUTEIHHBIM HAMPABIEHUEM OCU X.
OIIP: VrinoBeiM K03 uIImeHTOM NpsMON [ Ha3bIBAETCS TAHTEHC YIJIa HAKJIOHA MEXIY TPSIMOH U
MOJIOKUTEIHHBIM HAMPABIEHUEM OCU X.

YpaBHeHHe NPAMOI ¢ YIJIOBBIM KO3 (ppHumeHToM



s
(L 0N =2, MG el

L8 . R NG = x

' MG =y- b

1
vt & NG - npasovaonsreil: tg}?:% =-""Tb

Tl 5 h
wlf? =t 5P =k
—

t X X y=kx+b| 1)

2. YpaBHeHuUe NPAMOii, IPOXOAsilIel Yepe3 JaHHYI0O TOYKY € YIJIOBBIM K03((puiiueHToM
ITycts npsimast [ mpoxomut yepe3 Touky M, (x;;),).

[ToncraBuM koopauHaTel Toukun M, B ypaBHenue (1): y, =kx,+b = b=y, —kx

IMoncraBum HailinenHoe b B ypaBHeHue (1):y=kx+y, —kx, = | Y=y =k(x—x)) | (2)

3. YpaBHeHuHe NPSAMOI, MPOXOsIIeil yepe3 IBe JaHHbIE TOYKH
Ilycte M, (x;;y,) el u M,(x,;y,) €l. IloncraBuM B ypaBHeHHE (2) KOOPJUHATHI TOUKU M, :

Vo=, =k(x,—x) = ‘ p=22"0 (3) — popmyna yenogoco kosppuyuenma
Xy =X
[MoacraBum (3) B (2):
Yo=Y y—Jy X—X
y=y="—1(x-x) = - = =1 (4)
X, =% Vo= XX
4. YpaBHeHuUe NPAMOii B OTpe3Kax
a !
A madka A (8@} €1
ol e mowka B (B <1
T.e. npsimast mpoxoauT yepe3 aBe ToukH. I[lomcTaBuM Mx KOOpauHATHI B ypaBHEHUE (4):
-0 — —
yo0_x-a oy _xma oy x o |xXr g
b-0 0-a b -—a b a a
5. Yroa mexay n1Byms NpsaMbIMH
l: y=kx+b
Tano: - V=K I
L: y=kx+b,
¥ i, FEH-R
! gy =lgir-5]
'!IE tgl .!p = tl;l '!IIE B tl;l '!I'}
T+t e 8
;ﬁ”fﬂ/}ﬂZ"
ks Z - tg '!'T' = -‘i}l _ '#E"#f
¢ / x we=k, = |0
g g e
(6)

OIIP: Venom medxncoy 08ymsa npamulmu Ha3bIBAETCS yrojl MOBOPOTA OJHOW MPSMOM MO OTHOIICHHUIO K
JIPyroi MPOTUB XOJ1a YaCOBOM CTPEIKH.
= arct, ky ~hy
O WA
6. YcioBue napanjieJibHOCTH U NMePHEeHAUKYJISAPHOCTH MPAMBIX
Ecmm /| || L,T0o ¢=0




ky =k, —
1+ kk,
Ecnu npamvie napannenbrst, mo ux y2nosvie KO3gduyuenmol pasHoi.
OOpaTHOe yTBEPKIACHUE TOXKE CIPABEUINBO:

Ecmm k, =k, T0 k,—k =0 = ¢=0

1g0°=0 = 0 = k-k=0 = |k=k|(@?

Ecnu [ | 1, To ¢=90"  £g90°- ne cymectByer. Paccmorpum c1g90” =0

ctgp = L ctg90° = T ik _ 1tk
gy TRk —k

1+ kk,

=0 = l+kk,=0

| kk, =-1 | (8) —Ecau_npawvie nepnenouKkyIsApHbl, MO _Npou3seoeHue ux y2i06blx Kodgduyuennmos
pasHo -1.

1
K

8eUYUHE U NPOMUBONON0NHCHBL HO 3HAKY.
OO0paTtHOoe yTBEpKICHHUE TOXKE CIIPABEIITUBO.

k, (8°) - Eciu npsamvle nepneHOUKVIApHbl, MO UX yenosble Koddduyuenmvl 0opamuvl no

IMpumep: Omnpenenuth Kakue U3 JaHHBIX HOpaAMbIX [ :x—y+1=0, [, :2y=2x+10, L:y=—x
HapaJuleNbHBI, IePIEeHAUKYISIPHBI, IEPEeCeKatoTCsl.

1.7 Jlekuus Ne7 (2 yaca).
Tema: «YpaBHeHHE NPAMOM JTMHUN HA TUIOCKOCTH. CIOCOOBI 3aaHUs TIPSAMOI»

1.7.1 Bonpocsl jJeknum:

1. OGmiee ypaBHEHHE MPSMOM, €TI0 YaCTHBIC CITyYaHu.

2. PaccTosiHME OT TOYKH JI0 MPSMOIA.

3. YpaBHeHUE NpsiMOH, TPOXOAIIEH Yepe3 JaHHYIO TOYKY C HOPMaJIbHBIM BEKTOPOM.

4. YpaBHEeHHE NPSAMOIL, TPOXOIALIEH Uepe3 NaHHYIO TOUKY C HAIIPABISAIOIIUM BEKTOPOM.
5. 3ajauu 1o TeMe npsiMasi IMHUS Ha MIIOCKOCTH.

1.7.2 KpaTtkoe coaep:kaHue BONPOCOB:
1. O0mee ypaBHeHHe NPSIMOi, €r0 YACTHbIE CJIy4Yau

TEOPEMA: B ITJICK nto6ast mpsimasi 3a1a€TCsl ypaBHEHUEM TIEPBOM CTETICHU | Ax+By+C=0 | 9),

rne A0 mwmm B=0.

OOGpatHOe yTBEpKACHUE TOKE BEPHO, T.€. ypaBHeHHUE (9) mpu Mpou3BOJIbHBIX KodhdunmeHTax 4, B u
C (A#0 wm B =#0)onpeaenser HekoTopyro npsimyro B [TJICK.

OO6miee ypaBHEHHE MTPSIMOK VYpaBHeHue MpAMOi1 ¢ Pacnonoxenue MPAMOM Ha
YIII0BBIM KOA(PHUIIMEHTOM IJIOCKOCTH
DA#0,B#0,C#0 yv=kx+b Lox w Loy :I
Ax+By+C=0
2)A=0,B#0,C#0 y:_g; y=b frox _
By+C=0 B I
¢

3)A4#0,B=0,C#0 I
X=——; X=a Lrray
AX+C:0 A w=g

4) A4+ 0’ B 0’ =0 y = —éx' y= k-x O Q) i - npoxodyin Qepes
Ax + By =0 B ’ HaWano koondUnam.



5)4=0,B#0,C=0 y=0 ocs OX
By=0; y=0
6) A#0,B=0,C=0 x=0 oce OY
Ax=0; x=0
Ax+By+C=0
A C A C
=pg eg] g oo
y=hkx+b

Touka nepeceyeHUus NPAMbIX

[ {A1x+Bly+C1 =0 (a1

L:|4x+By+C,=0

UroObl HAWTH TOYKY IEpecedeHHs] MPAMBIX [ u [, HYXHO pEIIUTb CUCTEMY, COCTaBICHHYIO U3
YpaBHEHUHN ITUX MPAMBIX.

[Ipumep: Jlanbsl koopamnatel Touek  A(1;3), B(2;—1), C(0;1), D(4;1). Haiitu TOuky mepeceqeHus
npsmbix AD u BC.

2. PaccrosiHue OT TOYKH J0 NPAMOii

OIIP: Bektop 7, NEpNEHAUKYIIPHBIN K TIPSAMON [, HA3bIBACTCS HOPMAIbHLIM 8eKMOPOM TIPIMOUN
l.

[:dx+By+C=0 = n=(4B)
Myleg o ) £ L

My L !
Mg |

Haittu: |M M|

Paccmotpum BEKTOP MM, :M,(x,;y,)-110 YCJIOBHIO. ITycTs M, (x;;y,) -He

U3BECTHBI=> M M (X, — X5V, — )

[:Ax+By+C=0 = n= (A4; B) - HOpMaTbHBIN BEeKTOP MpsIMOH [

n- MM, =|n|-|M,M,]|-cos(n;" M, M)
costn; M, M)

0% wm 180°

‘ MM

=}

—

n-M M, =|n|-[M,M,|-(x1)

_ ‘Z-MM
—il MMy = M=
n

|

3_ i
<

My =A(xy —x,)+B(yy — ;) = Ax, + By, — Ax; = By, = Ax, + By, +C
mx. Ax, + By, +C=0= C =—-Ax, — By,

M=VA2+B2

vEval ‘Axo + By, +C‘
RV
|Ax0 + By, +C| 5
d(My;l) = ——=_-—"| - paccTostuue o1 TOukn M, (X,;y,) 1o npsmoit [: Ax+By+C =0

v A* + B?




3. YpaBHeHHe NIPSAMO, MPOXOsilel Yepe3 JaHHYI0 TOYKY C HOPMAJIbHBIM BEKTOPOM

Paccmotpum Bektop M M : M (x,;y,) -0 ycinosuto. Ilyctes M (x;y) NpUHAUIEKUT OPAMOH U ee

KOOPJIMHATHI HE U3BECTHBI=> M M (X — X3y —V,)

n= (A4; B) - HOpManbHBIN BEKTOP MPSMOMA

Torna

nlMM<n-MM=0

A(x—=x))+B(y—y,)=0

4. YpaBHeHue NpsIMOii, Npoxoasiiieil Yepe3 JaHHYI0 TOYKY C HANPABJISIIOIIHM BEKTOPOM

Paccmorpum Bexktop M\ M, : M (x,;y,) -0 ycinosuto. Ilycte M (x;y) IpUHANNIEKUT HOPSIMON U ee

KOOPJMHATBI HE U3BECTHBI = M (M (x — X5y — V)

—

p = (a; ) - HanpaBAAIOMUN BEKTOP MIPAMOI
Torna p|| M, M < nx KOOpAUHATHI IPONOPLUOHAIBHBI, TOTYIHM:
X=X _ V=Y
a B
5. 3apa4m mo Teme npsiMasi JIMHUSA HA MJIOCKOCTH
[Ipumep: Jlano: AABC : A(2;3), B(—1;4),C(0;1)
TpeOyetcs: 1) cocTaBuTh ypaBHEHHE BBICOTHI, MPOBEACHHON M3 BEPIIMHBI A HAa MEIMaHy U3 BEPIIUHBI
B. Halitu nnvuHy MenaHbl.

2) Haiiti BHyTpeHHui yron B tpeyronpauka ABC.
Pemenue:

1) YpaBuenue h, —?

5 A
B | BM = k=i ok, =227 prra)y ME)
- ' Ky Xu Vs W
M (1;2) — cepeouna  [AC] e
e N P S S =

BM — m hy __71 =
h,: k,, =lunpoxooum uepes mouxy A(2;3) =
y=yo=k(x-x,)
y-3=1(x-2)
x—y+1=0—ypasnenue evicomvi uz éepuiunvl A Haveouany u3
sepuiunbvl B (ecau npsimvie nepnenouxynapuol = k k, = —1).

B nawem cnyuae evicoma cosnadaem co cmoponoii A.

B(-1;4), M(1;2)
BM| = J(1+1) +(2-4) =22

. k,,—k
BA-BC Hcn: tgB=—2E_—5
2)Icn:cosB=——— L+k kg
|B4|-|BC|
R == k :M:ﬂ:_l. k :M:ﬂ:_3
ﬁ:(3,—1),5‘:(1,—3)—— Px, —x,  2+1 37 7 xi-x, 0+1
B4 =~10; |BC|=~10; BA-BC=3+3=6 149 4
3 tgB = =— = /B=53"
cosB== 3-2 3

5

[pumep: Hano: AABC : A(-1;2),B(5;—1),C(—4;-5)
Haiitu: 1) ypaBuenue meauansl AE
2) ypaBHeHue BbicoThl CD



3) nnuny BbicoTHl CD
Pewmenne:

1) E — cepeouna [CB], E (%;—3)

X—Xx, Y=y, . x+1 y-2

AE - = ; = ; AE:10x+3y+4=0
Xp—X, Yg—v, 05+1 -3-2
i ¥
D
1 =4 i E:Z\ 5
2) CD| AB= kg =—— x
- kAB - ]
hy=tnYa Ly o
Xp =Xy £
CD k., =2 unpoxooum uepesz C(—4;-5) C 5

Y=y, =k(x—x,)
CD:2x-y+3=0
3) Anuny CD naiinem kak paccrosinue ot C 10 AB.
Jo |Ax0 + By, +C|
NA*+ B’
AB npoxoaut uepe3 Toukn A(-1;2) u B(5;-1):
AB:x+2y-3=0
g [-4-10-3 17

Jiid 5

1.8 Jlexknus Ne8 (2 yaca).
Tema: «JIunuu BTOpOro nopsaka»

1.8.1 Bonpocsbl jexknum:

1. OxpyxHOCTh. KaHOHHMYECKOE YpaBHEHHUE OKPYKHOCTH, €r0 UCCIIEIOBAHUE.
2. Dnnunc. KaHoHMYecKkoe ypaBHEHHUE 3JUINIICA, €70 UCCIIE0BAaHUE.

3. 'unep6ona. Kanonndeckoe ypaBHEeHHE TUIIEPOOIIBI, €r0 UCCIET0BAHHE.

4. ITapabona. Kanonnveckoe ypaBHEeHUE 1apadoJIbl, €r0 UCCIET0BAHHE.

1.8.2 Kpartkoe coaep:xaHue BONPOCOB:

1. OxpyxHocTh. KaHOHMYECKOE YpaBHEHHE OKPYKHOCTH, €ro UCCJIeIOBAHUE

OIIP: VYpaBHeHue BHIa Ax* +Bxy+Cy* +Dx+Ey+F =0, rne ABCD,EF- HeKkoTOpbIE
NeMCTBUTENBHBIE YHCTa U XOTA Obl 01HO M3 unucen A,B wmm C orimyHo ot 0, onpenensieT JuHuw
8MOP020 NOPAOKA HA TUIOCKOCTH.

JIMHUU BTOPOTO MOPSIKA: OKPYKHOCTB, JJUTUIIC, Tapaboiia, runepoona.

OKpyKHOCTH U eé KAHOHNYeCKOe ypaBHEeHHe.
OIIP: Oxpyocnocmuio ¢ neHTpoM B Touke C M paanycoM R Ha3bIBaeTCsi MHOXECTBO TOYEK
IUIOCKOCTH M, paBHOynaneHHbIX OoT Touku C Ha paccrosiHue R.

¥
o Ol Ky W J- LRI DR BOC I
c BozhMer Rgyi o M ) - mekyiaq  monks
x
\/ (CM= R| - 2eomempiieckie YOEBREHNE QRO ROCHIL

PaccmoTpum CM = (X=X = ¥,)

ICM| = J(r=x, ) +(y=2)* = Jx-x)+(-»)’ =R

i




‘ (x—x)+(-y) =R ‘ - KAHOHMYECKOE YPAaBHEHHUE OKPYKHOCTH C IIEHTpOM B Touke C(x,;),) U

panuycom R.

Hpumep: (x —1)> +(y+3)°= 25 - ypaBHeHHE OKPYKHOCTH ¢ IleHTpoM B Touke C(1;-3) u pagmycom

R=5.
X, =1y,=-3, R=~25=5
x4y — 2x +6y—15=0 - obmee ypaBHEHHE OKPY>KHOCTH
Ipumep: x° +)°= 3 - OKPYKHOCTH ¢ LeHTpoM B Touke C(0;0) u paguycom R=+/3
(x=0) +(y=0)’= (3)

‘ x’+y' =R’ ‘ - ypaBHEHHE OKPY)KHOCTH ¢ IIeHTpoM B Touke C(0;0) u paamycom R.

[Ipumep: HaiiTu KoopauHATHI IEHTpAa W PAAMYC OKPYKHOCTH, 3aJaHHON OOIUM ypaBHEHHEM
X+ +6x—y-1=0
Ortser: ]\7(_3;%) e R:‘/;Tl

2. Dasmnc. KaHoHnYeckoe ypaBHeHHe JUIHIICA, €r0 HCCIIed0BaHne

OINP: Onruncom HaA3bIBAETCSI MHOXECTBO TOYEK IUIOCKOCTH, CyMMa PAacCTOSIHMM OT KaXKAOW W3
KOTOPBIX JI0 JBYX JTAHHBIX TOYEK (HA3bIBAEMBIX OKycamu) €CTh BEIUYMHA MOCTOSHHAS, OOJIbIIE YeM
paccTosHUEe MEeXAY (OKyCaMH.

i S iF, | + |'.I1-:f."-'|I const
¢ ¢ |'M.":,.|'+|'J1-'J'F|' =IRA
- - Fo M ) - mekyinaa mogka
F-od) '5" et X IF, £ = 2c - okyewoe paccmaanie

O6o3HauuM const 3a 2a, npudeM a>c

const=2a = ‘ |MFI| + |MF2| =2a ‘ - TEOMETPUYECKOE YPAaBHEHUE JJUIMIICA.

V=% +(0—p)* +4/(c=x)* +(0—y)* =24
\/(x+c)2 +y’ +\/(x—c)2 +y’ =2a

NE+e) +y? =2a—+J(x=-¢c)* +’

(x+c) +y* =4a’ —4a\/m+(x—c)2 +y?
451\/m:4a2 —4cx ‘:4

a’(x=c)’ +y’)=(a’ - xc)’

2.2 2.2 2.2 4 2.2
ax"+a’c +a'y =a +c’x

(aZ_CZ)x2+a2y2 :aZ(QZ_CZ)
a>c= a*—-c*#0, a’ —c? =b?
b’x*+a’y’ =a’b’ ‘:azb2

2 2
X
_2+y_=1

- - KAHOHMYECKOE YPABHEHUE IUIUIICA, T ct=a’ - b?
a b

Hccnenyem hopMy amurnca no ero KaHOHU4ECKOMY YPaBHEHUIO:

1) O(0;0) He mpuHamneXUT NUNCY. T.K. B ypaBHEHHE 3JUIMIICA NEPEMEHHBIE BXOISAT B YETHOM
CTENEeHU (x> 1 y*), TO IIMIC CUMMETPHUUEH OTHOCHTENBHO Oceil KoopauHat. [103ToMy Touka
0(0;0) — uentp smumnca

2 2
2) L >0 u %zo: <l ou Z—2<1
a a



—a<x<a
=  A(-a;0), 4,(a;0), B,(0;=b), B,(0;b) - BEPIIHHBI 3JUIHIICA.
-b<y<b

Ecnv a>b, mo A4, -0onbuias ocb,

A A =2a

B,B, —wmanas och, |BB,|=2b

A0, 04, —6ompumie nomyocH, | 40| =|04,| = a
B0, OB, —maible N0JyocH, |B,0| =|0B,| = b

OIlP:  Oxcyewmpucumemom »>immnca (€ ) Ha3bIBalOT OTHOIIEHUE JJHMH MOy (POKYCHOTO

paccrosiHuss  (¢) K Oousbmiedt momyocu (). DKCICHTPUCUTET IMOKA3hIBAET CTEMEHb aedopmarum
JJUTUIICA.

C
E=—

, O<ex<l
a =c> -

[Tpumep: TlocTpoUTh FITUIC U HAWTHU €T0 OCHOBHBIE TApaMETPhI IO YPABHEHHIO
25x" + 16p% = 400 | 400

xt z w=

al =16 |cz| = 4 — Manas nonpoce :

¥ =25 | = 5 — Sonewies nonpocs |

el =ht - gt mwx o <h

el=25-16=9  |o|=73 *
M0, =3y, FU0.3) — ghorpeal  annunca

Ar—4.0y,  AcD4y, B(0-3), E(05)— sgplums annunccg

c 3
£ = 3 fx =b) &= 3~ ARCYEHNIPUC WUMIEH]  ANNUNCo

3. I'mnep0osa. KanoHn4yeckoe ypaBHeHHe runepoo0Jibl, ero uccjaeg0BaHue

OIIP: [unepb6onoti Ha3BIBACTCSI MHOMXECTBO TOYEK TUIOCKOCTH, IJIsi KOTOPBIX MOMIYJh Pa3HOCTH
paCCTOHHI/Iﬁ OT ABYX HAHHBIX TOYCK, HA3BIBACMBIX @QOKycamu, €CTb BCINYMHA MMOCTOAHHASA, MCHbIIIAA
paccTosiHUsA MeXay GOKYCaMHU.

Paccmotpum I1ICK:
fhyceb F(-e; 00 w K, O)- ghosyce) 2unepGons)
OF = 0%
¥ P Paccmokmete oy Moyl € auneptone
" o 7 5 |= &c - okycHoe paccmoatue
7 g 7y e, | - gl | = const

e+ el < IR 5T
OoozRawim const 38 28
28 = 2 g

L inaE, (- sl | = 22

- FEOMETPUYECKOEe ypaBHEHHUE TUIIEPOOIIHI.

UYucna |FIM | u |F2M | Ha3bIBAIOTCA POKANbHBIMU paduycamy TOUKU M, 0003HAUMM UX 7, U 1.



ITo onpenenenuto Touka M npuHaAIEKUT runepoose, eciu | n=r | =2a= n-r=%x2a
M(x;y)
£ (=¢:0)
M(x;y)
£(c;0)
\/(x+c)2 +y° —\/(x—c)2 +y* =+2a

\/(x+c)2 +y° = \/(x—c)2 +y’ +2a

(x+c) +y’=(x-c)’ +y’ tdayJ(x-c) +y* +4a’
tda(x—c)® +y* =dex —4a’ ‘:4

012(()c—c)2 +y2)=c2x2 —2ca’x+a*

}: M| =1 =(x+0) +(y-0)

}3 M| =1, = J(x—c) +(y-0)

cz—azzbz, mk. a<c=> c¢*—a*>0=> b>0

b2 _azyz = a’h? ‘:azbz

- KAHOHWYECKOE YpaBHEHHE IUIepOOIbl, T/ie ‘ cc=a*+b’

Uccnenyem popmy runep6ossl B 1 ueTBepTH, T.€. {x 20

y 20
1 1 1
T b b

-P_i=_2_1-, Pl -y, pe==ald' -4 omk opz0

b ot it ot

vy v

al _

) 1

o 2 A o
1) x> —a* 2 0; x> a; x>a= 0<x<a—TOYeK TUIepOOIbI HET.

2)Ecmn x=a,10 y= b x> —a*> =0; Touka A(a ;0) mpuHAUICKHUT TUIIEPOOIIE.
a
3) Ecmu x>a, T0 y>0, T.€. ecI1 X BO3paACTaeT, TO y — BO3pACTaeT U HA0OOPOT.
4) PaccmoTpuM ypaBHEHHE ) =—X - IIpsAMast, k = b u ipoxoaut yepe3 Touky O(0;0)
a a
MoxHO 0Ka3aTh, 4YTO rUnepoosIa, MPOCTUPAsCh B OECKOHEYHOCTh, HEOTPAHUYEHHO NMPUOIMKAeTCs K
npsAMOil y = —Xx, HO HUKOTJa e€ He mepecekaeT. T.K. X W y BXOIAT B ypaBHEHHE Mapaloibl B
a

YETHOMW CTENeHHU, TO rpadk CUMMETPHYEH OTHOCUTENBHO oceil koopauHat. JloctpouM rumep6oamy.

- acumnmonibl 2un€p50ﬂbl

b
u y:—;x

A(~a;0), A,(a;0) — BEPLUIMHBI TUIEPOOIIBI

F(-¢;0), F,(c;0)— doxycel runepbonsl | ¢* = a’ +b°



AO, OA, — neicTBUTENBHBIE TIONYOCH, [40| =|04,| = a
BO, OB, -MHHMBIE nIONyOCcH, |BO| =|0B,| =b
3ameuanue: YpaBHEHHE TMIEPOOINB, ACHMIITOTAMH KOTOPOMH SIBISIOTCS OCH KOODJMHAT, HMECT BHJL

, [JI€ M- HCKOTOPOC I[CﬁCTBHTQHBHOQ YHUCJIIO0.
X

m
y=-

4. ITapa6oJa. Kanonnuyeckoe ypaBHeHue n1apadoJibl, €ro uccjiaeaoBaHme
OIIP: [lapabonoti Ha3bIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, PABHOYAAJICHHBIX OT JAHHOM TOYKH,

Ha3bIBAEMOU (YoKYCcOM, N TAaHHOU MIPSMOM, HA3bIBAEMOU QUPEKMPUCO.
¥

N OE ¥ 4

i3]

K{‘g' Rer £ FfEjE X FRI=p
oo M Gow) - nesklin R napatone
x=_'§':' == (e ) =f ME | —eeomempudeckoe WHASHeRNe NSHaG0nh)
dLpermEile s

Beenewm IIJICK Tak, uro6s1 ocs OX mpoxoaumia uepe3 Toukn K u F,a oce OV —yepe3 cepeauny
KF.

Torma: |F (g ;0)

- hokyc K(—g;o) M(x;y), N(—g;y)

\/<x+§)2 +(y-y)? =\/<x—§)2 +(y-0)

p P2 2
x+E==](x-) +
2 w/( 2) y

‘ Yy =2 px‘ - KaHOHWYECKOE YpaBHEHHE Mapabojibl, TA€ p — mapamerp. 3ameTum, p>0, T.XK. p —
paccTosiHME MEXIY (POKYCOM U TUPEKTPUCOR | . _ _ g .

UccnenoBanue GpopMbl KpUBOIA:

1) Touka O(0;0) mpuHammexur mapabome. y° >0, p>0=x>0= 0O(0;0) sBIgeTCs BepIIMHOM
napaboIbl.

2) T.K. B ypaBHEHHE Mapaboibl y BXOJUT B YETHOW CTEMEHW, TO Mapaboyia CHUMMETpPHYHA
oTHocHuTeNbHO ocu OX.

Yacmuvie cnyuau:

¥
1yt = —2 pr - mapafiona ¢ seprrmeEait & Touxe 000, \T durexm;:uca
EETEH HATIDABIEHEI BIIEEOQ, CHEAMET DDA OTHOCHT eITBHO OCH O . i
*. X
F(-g;ﬂj - oxye,  x= ‘;i - BHpERTPHTA iy M .
2
21yt = 2py - mapaboma ¢ epurmeo B Touke 000, i L
EETEH HAMIPABNeHBI EEEPX, CRLMETPECHA OTHOCHT eIRHO 0CH U7
F 0 w
FO, 5 - dokye, y:—E - AHPERTRHCA
2 2 QMHPEKT MG E
3) %' =-2py - mapafiona ¢ eprmEO B Touxke O{00), Y pperTpmca

EETEH HAIIPABIIEHEL  EHM3 , CRILETREMEHA OTHOCEHTEIIEHO OCH oF o

F‘(D;—‘EEJ - foEye, y:‘;i - BHMpPEETHHCA "




3ameuanue: VpasHenus Buga (y—y,)° =+2p(x—-x,) u (x—x,)° =+2p(y—y,) ONpeneisior

napaboiy ¢ BepuHOH B Touke C(Xy;),)-

1.9 Jleknus Ne9 (2 gaca).
Tema: «IInockocTh 1 IpsiMasi B TPOCTPAHCTBE»

1.9.1 Bonpocsl Jekuum:

1. O01ee ypaBHEHUE TIOCKOCTH, €r0 YaCTHBIC CITYYaH.

2. Cioco0bI 3aaHus INIOCKOCTH.

3. YpaBHEHUE NPSIMOI B IPOCTPAHCTBE.

4. B3auMHO€ pacrnoJIoxKEHHUE MPSIMOM U TIIOCKOCTH B TPOCTPAHCTBE.

1.9.2 KpaTtkoe coaep:xkaHue BOIPOCOB:

1. O011ee ypaBHeHH e MJIOCKOCTH, €r0 YaCTHBIE CJIY4YaH

OIIP: [logepxHocmblo B TPOCTPAHCTBE HA3ZBIBAETCA MHOMXKECTBO TOYEK, KOOPJAMHATBHI KOTOPBIX
YIOBIETBOPSIIOT YpaBHEHUIO Buja: f(x,y,z)=0.

TEOPEMA: VpaBuenue Ax+ By+Cz=0,tne A4, Bu C — HEKOTOpbIe NEHCTBUTEIbHBIE Yncia (He

oOparmatoTcs oJHOBpeMeHHO B (), 3a71aeT B IPOCTPAHCTBE ITOBEPXHOCTb.
OOpatHoe yTBepxaeHHE Toxe BepHO: JII0Oyl0 MOBEpXHOCTH B MPOCTPAHCTBE MOXKHO 337aTh
ypaBHeHUEM Bujga Ax+By+Cz=0.

—_

OIIP: Hanpasnawwum eexkmopom p TUIOCKOCTH HA3bIBAETCS BEKTOP, JISKAIIMI B 3TOW MIOCKOCTH
WJIY B IUIOCKOCTH, MTapajuIeIbHOM €.

i
sh—"

3ameuannie: MOKHO JI0Ka3aTh, YTO HAMIPABJISIOMIMNA BEKTOp UMEET KOOpAUHAThl | p = (—B; 4;0)

—

TEOPEMA: JIns Toro, uto0bl BekTOop  p =(;f;y) OB HampaBiSIOMIMM JJs IJIOCKOCTH
Ax + By 4+ Cz =0, He0OXOIUMO U TIOCTATOYHO, YTOOBI BHIOIHSIIOCH paBeHCTBO Ao+ B +Cy =0

Pacnionoxenue ninockoctu VYcnosue OO1ee ypaBHEHHUE IIOCKOCTH
1) IIpoxomutr yepes Hawaio D=0 Ax+By+Cz =0
KOOpJMHAT.

2);;”0)( A=0 By+Cz+D=0
3);;”01/ B=0 Ax+Cz+D =0
4),;”02 cC=0 Ax+By+D =0

5) z npoxomuTt uepe3 ocb OX A=0; D=0 By+(Cz=0

6) 7 mpoxoauT yepe3 ock OV B=0; D=0 Ax+Cz =0

7) n npoxoaut uepe3 ocb OZ C=0; D=0 Ax+By =0

8) | mmockocrn XOY 4=0; B=0 Cz+D=0  (z=h)
9) 7| mockoctn YOZ B=0; C=0 Ax+D=0  (x=h)
10) 7 | mmockoctn XOZ 4=0; C=0 By+D=0 (y=h)
11) = comamaer ¢ mockoctbio A=0; B=0; D=0 Cz =0, z=0
X0y

12) = comamaer ¢ 1ockocteio B =0; C=0; D=0 Ax =0, x=0

Yoz



13) = coBmamaer ¢ mockocthio A=0; C=0; D=0 By =0, y=0
X0z

1) Touka O(0;0)e 7 = A-0+B-0+C-0+D=0= D=0

Nr|oxX= i=100) |7 = A-1+B-0+C-0=0= A=0

3) 7 npoZopmr depes ok OX = S000er = D=0
i=(l00s = A=0

8 || mockoer X0V = E=(1;[|;[|)||y,r = A=10

i={Im|s = 8=0

N ¥

\x\
P,

9 r=X0Y = i=(100)|r = 4=0, j=(0L0)|r = B=0, 000)ecr= D=0

2. CnocoObI 3aaHu IIJIOCKOCTH
3anaHne MIOCKOCTH ¢ MOMOIILI0 HAYAJIbHON TOYKH U HOPMAJBLHOI0 BEKTOPA.

OIIP: BekTop n Ha3bIBAECTCA HOPMANbHLIM 8€KMOPOM TUIOCKOCTH, €CIIM OH MEPIEHIUKYIISAPEH ITOU
IUIOCKOCTH.

OueBUIHO, YTO KaXJash IUIOCKOCTh HMMEET OECUHCICHHOE MHOXXECTBO HOPMAJIbHBIX BEKTODOB,
napaelbHbIX MEeXay co0oil.

_ R
R

TEOPEMA: Ecnu minockocTs 7 3afaHa oOmuM ypaBHeHueM Ax+ By+Cz+ D =0, To BeKTOp

Zz(A;B;C)

ABJISICTCS HOPMAJIBHBIM BEKTOPOM IINIOCKOCTHU 77 .

Paccmorpum ITJACK u B He Touky M (xy;vy:2,) u n=(4;B;C). CocraBUM ypaBHEHHE
IUIOCKOCTH, MIPOXOIALIEH Uyepe3 TaHHYI0 TOUKY C JaHHBIM HOPMaJIbHBIM BEKTOPOM.

n

Bospmertrougy MUx,p.2) € . Pacenorpemaerrop MM = (x— x.8 - Fos2— 2

%M/ Tx MMer = n| MM = MM n=0

3anuiemM B KOOPAMHATHOU (opme: | Ax—x,)+B(y—y,)+C(z—2,) =0 |

YpaBHeHHe IVI0CKOCTH, IPOXOJsilIeil Yyepe3 TPH AaHHbIE TOYKH

CocraBUM ypaBHEHHE IUIOCKOCTH, MPOXOJAIIEH dYepe3 TOYKH M\ (x;y52), M,y(x,;9,52,),
M (X33 y3323),
Bo3pMeM Ha IUIOCKOCTH  NPOU3BOJIBHYK) — TOYKY M (x;y;z). llocTtpouM  BEKTOpPBI

MM, MM, MM,



Torna ux KOOPAUHATHI

MM (x=x;y=y3;z2=2), M\M,(x, = X3, = 032, — 7)), MM (x5 — X5 y3 = y32, — 2))
Bocmonb3yeMcst Ipu3HAKOM KOMIUIAHAPHOCTH BEKTOPOB, MOJTYYHM:

X=X Y=y z—-z
X,—X y,—¥, z,—z |=0/|-YpPaBHEHHE IIIOCKOCTH, MPOXOASIICH uepe3 TpH IaHHbIE TOUKH.

X3 =X Vi=W  Z3—Z

Yci0BUe napajieJbHOCTH U NePHeHIUKYJIAPHOCTH II0CKOCTel

. ecmn 7, |7, < n | n, = ¥XKOOPIMHATHI MPONOPLIHOHAIBHBL.
- — 4 B C
— . . — . . 1 _ 1 _ 1
Ecmm n, =(A4;;B,;C)) u n,=(4,;B,;C,), 10 —=—"=—"
AZ BZ C2
. eclnu | T, & n | ny= n-n=0= AA,+BB,+CC,=0

Paccrosinue 0T TOYKH 10 IJIOCKOCTH
Paccrosanue ot touxku M,(x,;¥y;2,) 10 miockocth 7 :Ax+By+Cz+D =0 omnpenensercs 1no

dbopmyre:

d=|Ax0+By0+CZO+D||

JL&+B+C |

3. YpaBHeHue NpsAMON B IPOCTPAHCTBE
B mnpoctpaHcTBEe Kaxkmas JMHUA ~— pacCMAaTPUBAETCA KakK IEpeceyeHue JBYX NOBepxHocTel. B
YaCTHOCTH, KOKAYIO IPSAMYIO JJMHHUIO MBI OyJIeM paccMaTpUBaTh Kak MepeceyeHne ABYX MI0CKOCTEH.
1) Paccmorpum  IIJICK nu gee muockoctu: 7w i Ax+By+Cz+D =0 u
m,: Ax+B,y+C,z+D, =0.
Eciu 7, N 7,, TO OHU IepeceKkaroTcs Mo IpsAMoi /. 3aMeTHM, 4TO KOOPAUHATHI TOUEK, JISKAIUX Ha
IPSMOH /, TOJDKHBI YAOBJIETBOPATH KaK EPBOMY, TaK U BTOPOMY YPaBHEHHIO, TOITOMY:

£

Ax+By+Cz+D=0

- ob1ee ypaBHEHHE IPAMON B IPOCTPAHCTBE.
Ax+B,y+Cyz+D,=0

2) Jlns pemieHus 3a7ad JaHHOE 3aJlaHWe MPSMOM HE Bcerga yaoOHO. PaccMoTpuM KaHOHWYECKOE
ypaBHEHUE IIPSIMOM.

[Iycte nman HampaBisiomuid BekTop p = (a;f:y) ||l u touka M (x,;¥,:2,), TpUHAIIEKAIASL

psIMOi /.

—_

Bosemem Touky M (x;y;z) €l . Paccmorpum Bektop M M = (x—Xy; ¥ — V32— 2,) -



—_—

- X=X - z—z
MM H p = HUX KOOPJHMHATHI MPOMOPIHOHAIBHBIL. 0o Y=Y _ 2

= - KAHOHHYCCKOC
a B /4
My
M, i

3) YpaBHeHME NpsAMOiL, MPOXOIALIEN Uepe3 1BE JaHHbIE TOUKH.

IMycte M (x;y52z) €l n M,(x,;y,;2z,) €l . Ilycts M, -HauanbHas Touka, M M, -HanpaBIsAIOIIUNA
BEKTOP.

MM, =(x, =Xy, = :2,— 7))

X=X Y= _ Z_Zl|

X=X Vo= N ZZ_ZI‘

- YpaBHEHHE OPSIMOU, DPOXOJIIIIEN Yepe3 ABE TOUYKH.

4) Yron Mexay AByMs IPSIMBIMH B IIPOCTPAHCTBE.

[l;x_xlzy_ylzz_zl u lz:x_xzzy_yzzz_zz

@, A e a, B, 72
By
Vez?/ 12
B
L
OIIP: Venom mexay IByMsl IPSIMbIMH Ha3bIBAETCS YTOJl MEK1Y UX HAIMPABIISIIOIIUMHU BEKTOPaMHU.
- 5. - 5. P ps oo, + BB + 1y
pi=(a;Bs57) 1 p,=(;5:7,) COSQ = =% = e
|p1 |p2 \/0‘1 + B+ \/az""ﬂz""?/z

. VYcnoBue napajiebHOCTH MPSAMBbIX:

- o _B_n
l || I, < p/| p, = ¥XKOOPAUHATHI IPOINOPIHUOHAILHEL =L =

a B 7

o YCJIOBHe MEPTICH ANKYIAPHOCTH MPAMBIX:

[, | L, < p1 | = D pz_():> a o, + BB +ry,=0.

4. B3anMHoe pacnosiokeHue NPAMON H IVIOCKOCTH B IPOCTPAHCTBE
1) Venosue napannenvrocmu u nepneHOUKYIAPHOCMU NPIMOU U NIOCKOCTIU.

(X" YT _Z7% u n:Ax+By+Cz+D=0
a s Y
L
T_ P e & p| 2=
Ir:l - - - - -
% / pn=0 p=(x 8y, n={45C= aA+E5+yC=10
|
TE LTE Ila = P | ® = ux woopduname! mponopyuosanbis)
/ . / 4_B_C
) . &8 ¥

2) Yeon meorcdy npsamoii u niockocmoio.
OIIP: Verom ¢ mexay mpssMoi [ W TUTOCKOCTBIO /7 HA3bIBAETCS OCTPBIA yroJI MEXIY MPSIMOU U €&
MPOEKIIMEN HA IIOCKOCT.

L

o npoeKuis




9=90"-(n"p) = (n"p)=90"-¢p
cos(n;" p) = cos(90" — ) = sing n=(4B;C), p=(a;p;y)

aA+pB+yC

sing =
VA + B +C* o+ B+

1.10 Jlekuus Nel0 (2 yaca).
Tema: «MHoxecTBa. DyHKIIMOHATBHASA 3aBUCUMOCTB)

1.10.1 Bonipocsl Jekuum:

1. Onpenenenune 1 OCHOBHbBIE TOHSTHSL.

2. DneMmeHTapHbIe () YHKIIUH.

3. Cnoxnas ¢pynkuus. OOparHas QyHKIuUS.

4. Hexkoropble (pyHKIIMOHAIBHBIE 3aBUCUMOCTH, UCIIOIb3yEMbIE B 9KOHOMUKE.
5. Kpussle cripoca u npeioxenus. PaBHoBecHas 1ieHa.

1.10.2 KpaTkoe coaep:kaHne BONPOCOB:
1. Onpenesienre U OCHOBHbIE MOHSATHS.
[TonsiTHE MHOXECTBA, MOJAOOHO MOHITHUSIM TOYKH, YUCJIA U T.A., HE CBOJUTCS K APYTUM TOHSTHUSIM
MaTeMaTUKu W He ompenensercs. Korma B maTeMaTHKE TOBOPSAT O MHOXECTBE, TO OOBEIUHSIOT
HEKOTOpPbIE MPEAMETHl WM MOHSTHS B OJIHO II€JIO€ — MHOXECTBO, COCTOSIIEE MX ATUX MPEIMETOB.
OcHoBarens Teopun MHOkecCTB ['eopr Kantop (1845 —1918) BeIpasui 3T0O CIEAYIONIUMHU CIOBAMHU:
«MHOXECTBO €CThb MHOT0€, MBICIUMOE, Kak eauHoe». l[Ipeamersl (OOBEKTHI), COCTABIISIIOIIHE
HEKOTOPOE MHOKECTBO, HA3bIBAKOTCS €TI0 3JIEMEHTAMMU.
MHOkeCTBO MHOT/Ia MOXXHO 3aJlaTh NepeduclieHneM ero ayemeHTtoB. Tak, {1, 2, 3} o0Oo3Hadaer
MHO>KECTBO, COCTOSAIIIEE U3 YUCEIT OJUH, IBa, TPU U TOJBKO U3 HUX.
Ho He Bce ke MHOXKECTBa MOXHO 3aJ1aTh CHUCKOM. EcIM MHOMXKECTBO COACPKHUT OECKOHEYHO MHOTO
3JIEMEHTOB, TO TAKOM CIHCOK COCTaBUTh HEJb3s. Takoe CBOMCTBO HA3bIBACTCS XaPAKTEPUCTHYECKUM
CBOMCTBOM MHOZKECTBA.
3ajaHMe MHOYKECTBA €ro XapaKTePUCTUUYECKUM CBOMCTBOM MPHUMEHSETCS B reoMeTpun. B reomerpun
MHOKECTBO  TOYEK,  OONaNalomuX  JaHHBIM  XapaKTePUCTUYECKHMM  CBOWCTBOM,  4acTo
Ha3bIBAIOT T€OMEeTPHYECKMM MECTOM TO4YeK ¢ JaHHbIM cBoiicTBoM. Hampumep, OuccekTpuca yria
€CTh T€OMETPUYECKOE MECTO TOYEK IJIOCKOCTH, JIEKAIIUX BHYTPU ATOTO YIJIa U PaBHOYIAJIEHHBIX OT
€ro CTOpOH.

MHOXECTBO JJIEMEHTOB, OONAJalONMX JaHHBIM  XapaKTePUCTHUYECKUM CBOMCTBOM,

0003HAYAIOT TaK: MUITYT GUTYPHBIE CKOOKH, B HUX — 0003HaUEHHE dJIEMEHTAa MHOXECTBA, MTOCJIE HETO

o A={x-3=x=4}
— JIBOETOYME, a MOTOM — XapaKTEePUCTHUYECKOE CBO¥cTBO. Hampumep, 3amuch

03HAYaeT, YTO MHOKECTBO A COCTOUT U3 BCE YHCEN X, YIOBJICTBOPSIOMINX HEPABEHCTBY — 32x24 A
A= AM+FM =10} 03HAYaeT, YTO MHOXKECTBO A COCTOUT U3 BCEX TOYEK M IJIOCKOCTH,

TaKUX, 4YTO CyMMa PacCTOSTHUM AM L 5 pasHa 10.
MHO)I(CCTBO, HC uUMCOIIEC HU OJHOIo0 3JJICMCHTA, HA3BIBAIOT IIYCTBIM MHOKCCTBOM.
[TpruMepoM MOKET CIYKUTh: MHOXKECTBO TOUEK IepeceueHus ABYX MapaiedbHbIX MPSIMBbIX.

3aIIucCh

PacmoJioxenne MHOKECTB.

Ecnn kaxxaplii 37€MEHT MHOXXECTBAa B sBiseTcss B TO K€ BpeMsl 3JIEMEHTOM MHOXECTBAa A, TO
roBOpAT, uTo B — moaMHOxkecTBO B A, n mumryT & C A Kaxkmoe HemycToe MHOKECTBO HMEET 10
KpaifHell Mepe /1Ba MOJMHOXECTBA: MyCTOE€ MHOXeCTBO @ M camMo MHOXecTBO A. Takum obOpazom,
IIyCTOE MHOXECTBO SBJISAETCS TOJAMHOKECTBOM JIFOOOI0 MHOXKECTBA.

IIpuBeneM npuMepsl MOAMHOXKECTB:



a) 4YHCIIOBOM OTPE30K -1, 3] €CTh MOJIMHOKECTBO YHUCJIOBOTO OTpe3Ka
[4; 51;

0) MHOXECTBO BCEX KBAJPaTOB €CTh MMOJMHOKECTBO MHOXKECTBA BCEX MPSMOYTOIHHUKOB;
Ilepeceuenne MHOKeCTB

IlepeceuenneM MHOKECTB A U BHA3bIBAalOT HOBOE MHOXECTBO X, COJZIEpIKalllee T€ U TOJBKO TE
DJICMCHTHI, KOTOpBIe BXOOSAT U B MHOXECTBO A 1 B MHOX>XXECTBO B

[Tepeceuenne MmHOXKeCTB 4 1 B 0003HaYalOT AN By AB. Hanpumep, ecin 4 — MHOXKECTBO

MaJIbYMKOB, 00yUarOIUXCs B JAHHOH IIKOJIE, a B — MHOKECTBO BCEX YUEHHKOB M3 8 Kjacca, TO AN5
— MHOXECTBO MaJIbUMKOB, KOTOpBIE yyaTcs B 8 KJlacce.

C nonsTHEM NepeceueHUs] MHOXKECTB IMPUXOIUTCA MMeTh Aeno U B apudmeruke. [lycts 4 —
MHO’KECTBO HATypaJIbHBIX AeIUTENeH uncia 72:

A={1,2,3,4,6,8,9,12, 18, 24, 36, 72},
a B — MHOXECTBO HAaTypaJbHbIX ACIUTENEH yucia 54:
B={1,2,3,6,9, 18, 27, 54}

Torma MHOXECTBO AN B coctout us uncen 1,2,3,6,9, 18:

AMNB =(1,2,3,6,9, 18}.
OTH Yucia ABISIOTCA OOLIMMU IenuTelsMu Uit 72 u 54. HanOonpinmii 3j1eMeHT MHOKECTBA AN B
paBeH 18. D10 — HauOoOAbIIMIA 00Ul KesuTeNnb ynucen 54 u 72. MHOXeCTBO JenuTenen yucna 72
KOHEYHO. A MHO)KECTBO KPaTHBIX 3TOTO YHCJIa OECKOHEYHO:

C=1{72,144,216,...,72n, ...}.
beckoHEeUHO ¥ MHOKECTBO KPAaTHBIX yucia 54:
D = {54, 108, 162, 216, ... , 54m, ...}.

[TepecevyeHreM 3THX MHOXECTB SIBIIIETCS MHOXKECTBO OOIINUX KPATHBIX s unucen 72 u 54:

CMD = 1216,432, ...).
Haumensimee qucno s =1 1 & , T.e. 216, Ha3pIBACTCS HAMMEHbIIMM 00IUM KPaTHBIM 1714 72 u 54.
WNHorna mpuxoauTcst mepecekaTh MHOXKECTBAa TreoMeTpuuecknx ¢uryp. Hampumep, MHOXKECTBO Bcex
KBaIPATOB SBJBIETCS MIEPECEUCHUEM MHOKECTBA BCEX MPSAMOYTOJILHUKOB C MHOXKECTBOM BCEX POMOOB,
T.K. KBaJpaT — 23T0 ¢urypa, SBISIOMAACS OJHOBPEMEHHO M TMPSMOYTOJIBHUKOM, M POMOOM.
[lepeceyeHreM MHOKECTBA BCEX TPEYTOJIHLHUKOB C MHOYKECTBOM BCEX MPABUIILHBIX MHOTOYT'OJILHUKOB

ABJIACTCA MHOXECTBO ITPaBUJIBHBIX TPECYT'OJIbHUKOB.

O0beuHeHNe MHOKECTB

BooO1e, ecnu 3a1aH0 HECKOIBKO MHOXKECTB A, B, ... , N, ..., To uX 00beJHHEHHEM HA3BLIBAIOT
MHOKeCTBO X, COCTOSIIEe U3 TEX U TOJBKO TE€X dJIEMEHTOB, KOTOPHIE BXOIAT XOTS OBl B OTHO U3 ITUX
MHOXecTB. OObeinHeHNEe ABYX MHOKECTB A U B 0003Ha4aroT LIV
Hampumep, o0beAMHEHHEM YUCIIOBOTO OTpe3Ka [2: 6] 1 YMCIIOBOTO OoTpe3ka [4; 9] sABiseTcs: YiCIOBOM
otpe3ok [2; 9]. Ilpu »ToM TOoukM oTpe3ka [4; 6] Bxomar B o0a oTpe3ka, HO B 00BEIUHEHUH UX OepyT
TONILKO OIWH pa3. ToyHO Tak Ke Kpyr Ha pUCyHKe 12 sBuseTcss OOBEIMHEHUWEM JIBYX

cermeHTOB AMB n ANB. Ilpu 3TOM TOYKU XOpJbIAB BXOIAT B 00a CerMeHTa.




Bbeluuranue MHOXKeCTB
Pa3HocThI0 IBYX MHOkKeCTB A U B Ha3bIBalOT TaKOE MHOKECTBO A=A B, B KOTOpPOE BXOJST BCE
SJIEMEHThl U3 A, HE TNpuUHAIIexkamuye MHOoXKecTBy B. Ilpu »ToM He mnpeamosiaraercs, 4TO
MHOECTBO B sBIIsIeTCsl 4acThlo MHOXecTBa 4. Takum oOpa3oM, MpH BBHIYMTAaHUU MHOXKECTBa B u3
MHOXeCTBa A U3 A ynansatorcs nepeceuenne 4 u B:
ﬂ‘nB:ﬂ‘u(ﬂﬂBJ.

Hanpumep, ecim 4 — MHOXKECTBO TOUYEK NEPBOrO Kpyra Ha puUCyHKe 16, a B — MHOECTBO
TOYEK BTOPOTO KpPyra, TO U Pa3sHOCTHIO SIBISIETCS MHOXECTBO TOUEK 3aIITPUXOBAHHOM CEPIIOBUIHON
¢urypsl. Ipu sTrom Touku ayru MN ynanstorcs U3 GUryphl.
B cnydae, xorma B— yacTh MHOXKECTBA A, AVE gaspiBaror IOMOJIJHEHHEeM K B B MHOKeCcTBe A M
o6o3nauaroT &4 (pasymeercs, OHO M TO K€ MHOXKECTBO B MOXKET HMETh PasHbIC JONOTHEHHS B
pa3HBIX conepkalmmx ero MHoxecTBax A) (puc. 17). Hampumep, mOmosHEHHEM MHOKECTBA UYETHBIX
yucel B MHOXKECTBE BCEX LENBIX YHCEN SBISETCS MHOXXECTBO HEUYETHBIX 4Hcelsl. JlomoaHeHuem
MHOXECTBAa BCEX KBAJpAaTOB B MHOXECTBE NPSIMOYIOJbHHUKOB SBIISIETCA MHOYKECTBO BCEX
PSIMOYTOJIBHUKOB C HEPAaBHBIMM CTOPOHAMH. A JOINOJIHEHUEM TOrO K€ MHOXKECTBA KBaJpaTOB B

MHOXECTBE BCEX pOM6OB ABIIACTCSI MHOKECTBO pOM6OB C HCPAaBHBIMH CMEKHBIMU YIJIaMH.

OIIP: ITyctb X u VY — HekoTOpble MHOXeCTBa. DPyHKyueli HAa3bIBAETCS 3aBUCUMOCTB, 110 KOTOPOI
KaKIOMY X € X CTaBUTCSI B COOTBETCTBHE €MHCTBEHHOE 3HAUEHUE ) €Y .
O6o3nauenue: y = f(x), y=g(x), y=F(x) u 1.1
y — 3HaueHHe (PYHKIHUU B TOUKE X.
y — 3aBUCHMas [IEPEMEHHAsA, X — HE3aBUCHMasl IEpeMEHHasl (ApryMEHT).
X — obmacTh onpeneneHust GyHKIUH, Y —00JacTh 3HaUCHUN (HYHKIIHH
OIIP: MHOXECTBO 3HAUeHHMH X, MPH KOTOPHIX (YHKLUS CYLIECTBYET, Ha3bIBACTCS 00.1aCmbio

onpedenenus GyHKIIH.
OO6nacTe ompeneNeHnuss HAXOAUTCA IO COOTIOJCHUIO 3aKOHHOCTH BBIMOJHEHHUS MAaTeMaTHYECKUX

omepanuii, BXoasmux B popmyny f(x). IMeHHO: MOAKOpEHHOE BhIpA)KEHHE B KOPHE YETHOW CTETICHH
HE OTpUIATENFHO, 3HAMEHaTenbh JApoOu He paBeH (0, BBIPAXKECHHE IO 3HAKOM Jiorapupma —
MOJIOKUTENBHO U T.J.

HOpumep: 1) y = log,(x* —5x +6)

OJ13: x* —5x+6> 0. Kopum: x=2 nx=3
I

z 3 x  x e (-:;2) U (3;4)

2) y = arcsin
x+2
OJ13: 1< 1 <1 u x#-2 OrtBerT: xe(—oo;—3]u[—1;+oo)
x+2
OIlP:  ®ynkums, Bce 3HAYEHUS KOTOPOM paBHBI MEXAYy CO0O0HM, HAa3BIBACTCS HOCMOAHHOU

(o6o3nauaetcs: f(x)=C).



OIIP: ®dynkmus  f(x), ompeneiaeHHas HA HEKOTOPOM MHOXKECTBE X, HA3bIBACTCS O2PAHUYEHHOU,

€CJIM CYIIECTBYIOT uucia A u B Takue, 9To ans m000ro x € X BBIMOIHACTCS HEPABEHCTBO
A< f(x) < A. B OpoTUBHOM CIy4ae - He0PAHUYEeHHOU.

[Tpumep: @yHKIUA ) = Sinx - OrpaHUYCHA HA MHOXKECTBE R, T.K. |sin x| <1 gna VxeR.

OIlIP: ®ynkuust y = f(x) Ha3pIBaeTCA YemHouU, €CIU JJI JIIOOBIX 3HAYCHUHN apryMeHTa U3 00y1actu eé
OTIpeieNIeHus! BBIIOMHAETCS paBeHCTBO  f(—x) = f(x).

OIIP: ®ynkumst y = f(x) Ha3bIBACTCS Heuemuou, ey JJIsl JIIOOBIX 3HAUCHUH apryMeHTa U3 00JIacTH
e€ ompezeneHns BhIOIHACTCS paBeHCTBO  f(—x) = —f(x).

CyIiecTByeT TpU OCHOBHBIX CITOco0a 3a1anusi QyHKIIUU:

1) Tabmuunblidi cmnocol. B Tabmmme mo kpaiiHeld Mepe OJIHY U3 TEPEMEHHBIX MPUHUMAIOT 32
HE3aBUCHMYIO, IPYTUe BEIHMUUHBI SBISTIOTCS QYHKIUSAME 3TOro aprymenTa. [lIlupoko ucmonb3yercs B
OyXrajaTepcKoi OTYETHOCTH M OAHKOBCKOH JEATEeIbHOCTH, CTATUCTUYECKUX JAaHHBIX U T.I.

2) Anamutndeckuii crnoco0. COCTOMT B 3aJlaHUM CBS3U MEXIY apryMeHTOM W (YHKIHMEH B BUIE
dbopmybl uu Habopa hopmyi.

Opumep: 1) y=+1-x". [— 1;1] - 001acTh ornpeneneHus GyHKIUH, [0;1] - 00acTh 3HAYEHUH.

-1 0w
-1, x<0,

2) y=40, x=0, .(— oo;+oo) - obnacte onpexnenenus ¢pynkuu, -1,0,1 - o6macTs 3HaYCHUIA (COCTOUT U3
1, x>0.

TpEX uucen).
| —

[ X

— -1

3) 'paduyeckuii cmocod. Ha miockoctu QyHKIus nzolOpaxkaeTcss B BUAC 2paguka — MHOKECTBO
TOYeK (X;)), KOOPIAUHATHI KOTOPBIX CBSI3aHBI COOTHOIIEHHEM V = f(X), Ha3pIBaeMbIM ypaBHEHUEM

rpaduka.

2. I'paduky OCHOBHBIX 3JIeMEeHTAPHBIX QYHKIUIA.
Knaccudukarms b yHKIHHA:

y
C y=C
0 X
. f(x)=C -mnocrossaHas pyakuust C = const
y y
y=x2 y=x
0 ‘ X 0 X
x*, o € R - creneHHas QyHKIUSA
¥
1 y=x?

X

o a‘, a>0 -mnokazarenbHas GyHKIUSA



. log,x, a>0,a#1 -norapupmuueckas pyHKIUSL
o sin x, cos X, {gx, ctgx - TPUTOHOMETpHUUYECKHE (PYHKIHH
. arcsin x, arccosx, arctgx, arcctgx - oOpaTHble TPUTOHOMETPHUYECKUE () YHKIIUH

JlaHHble (QYHKIMHU SBISIOTCS npocmenumumuy snemenmapioimu gyukyuamu. OyHKIUYN, TOTyYEHHbIE U3
IPOCTEUIINX 3JIEMEHTApHBIX (PYHKLIUH C MMOMOIIBIO KOHEYHOTO YHCia apu(pMETUYECKHX IEHCTBHIA,
Ha3bIBAIOTCS 2IeMEHMAPHLIMU DYHKYUAMU.

3. Caoxnas ¢pynkuus. O0parHas pyHkumst
OIIP: Ecnm Ha HekoTOpoM HpoMexyTke X ompeneneHa QyHKIUS z = @(X) C MHOXECTBOM

3HaYeHUH Z W Ha MHOXKecTBe Z ompezaeneHa QyHkuus y = f(z), 1o ¢yakuus y = f(p(x))
Ha3bIBACTCS CNONHCHOU hyHKyuell OT X, a IepEMEHHasl Z- MPOMEXYTOYHON NMEPEMEHHOH CIOKHOU
GbyHKIHIH.

Ilpumep: y = cos(\/:) - CHIOXKHAsA (QYHKIHS

y= f(z)=cosz, z=¢)(x):\/m O13: xe(—oo;l]

OINIP: IIycte X u Y — HEKOTOpBIE MHOXKECTBA U 3a1aHa GyHKIMA y = f(X), T.e. MHOKECTBO Map

gucen (X)), B KOTOPBIX KaKI0€ YUCIIO X BXOJUT B OJHY H TOJBKO OJAHY mapy. Ecnu B kaxmoit mape
MOMEHATh MECTaMH X H Yy, TO IOJIYyYUM MHOXKECTBO Map 4HCen (),X), KOTOpOE Ha3bIBaeTCS
obpamnou pyuxkyued @

K pynkuun [ (x = @(p).)

4. Hexoropblie yHKIHOHATBbHbIE 3aBUCUMOCTH, HCI0JIb3yeMble B JKOHOMUKE.

OYHKIMM HAXOAAT IMUPOKOE MPHUMEHEHHE B DJKOHOMHUYECKOW Teopuu U mpaktuke. CHekTp

HCIIOJI3YEMBIX B IKOHOMHKE (DYHKIIMI BechMa IIMPOK: OT MPOCTEHIIMX JIMHEWHBIX 10 (YHKIIUH,

MOJIy4aeMBIX [0 ONPEICICHHOMY AallTOPUTMY C TIOMOMIBIO TaK HAa3bIBAEMBIX PEKYPPEHTHBIX

COOTHOIIICHUH, CBSA3BIBAIOIINX COCTOSIHUS U3y4aeMbIX OOBEKTOB B Pa3HbIC MIEPUOIBI BPEMEHHU.
Haubonee yacTo UCIONB3YIOTCS B 9KOHOMUKE CIEAYIONIHE ()YHKIINH:

1. @yuxyus nonesnocmu (hynkyus npeonoumenuti) — B IUPOKOM CMBICIIE 3aBUCIMOCTb TTOJIC€3HOCTH,

T.€. pe3ynbrata, 3pdexra HEKOTOPOro ACUCTBUS OT YPOBHS (HMHTEHCUBHOCTH ) 9TOTO JIEHCTBUSI.

2. [lpouszeoocmeennas yukyusi — 3aBUCUMOCTh pe3yJibTaTa MPOU3BOJICTBEHHON JEATEIHHOCTH OT

00yCIOBUBIINX €ro (DaKTOPOB.

3. Dyukyus evinycka (YaCTHBIA BHJ TPOU3BOJICTBEHHOW (YHKIIMH) — 3aBUCHUMOCTH 00BEMa

MPOU3BOJICTBA OT HAIMYUS WIIM IOTPEOICHUS peCypCOB.

4. Dynxkyus uzdepoicek (YaCTHBIM BUJl MPOM3BOJCTBEHHON (DYHKIIMH) — 3aBUCHUMOCTH H3JIEPIKEK

IPOM3BOJICTBA OT 00BEMA MPOAYKIIUH.

5. @DyHxyuu cnpoca, nompebieHus u npeoodiceHus — 3aBUCUMOCTh 00bEMa crpoca, MOTPeOJICHHs

WIA TPEJUIOKECHHUs] Ha OTHAEIbHBIC TOBAphl WM YCIYyTHd OT PA3IUYHBIX (DAaKTOPOB (HAIpP-p, IEHBI,

JI0X0J1a  T.I1.).

YpaBaenuss CJIYIKOI'O [Slutsky equations] — ypaBHeHHsI, XapaKTepU3YIOIIHE KOJIMYECTBEHHBIE

3aBUCUMOCTH MEXKIYy U3MEHEHHEM IICH Ha OTICNbHBIC TOBapbl M JOXOAOB TMOTPEOUTENEH, C OJHOU

CTOPOHBI, M CTPYKTYpPOH TIOKYIAaTelIbCKOro crpoca— ¢ Apyroi. Hambomee mpocTto ocHOBHOE

ypaBHeHHE CIyIkoro GpopMyupyeTcs Takx:

yddext
Usmenenue b ekt
_ U3MEHEHUS
cnpoca = + 3aMelleHus
moxoza

JleBast yacTh peACTaBISIET HE YTO MHOE, KaK KOA((UIIMEHT 3JIaCTUYHOCTH CIIpOca Ha ToBap X = ey.



[TepBoe cnaraemoe mpaBoi YaCTH MOXHO MPEACTABUTH Kak kye;, T1e ky = XPx/[ = nons pacxo/I0oB Ha
ToBap X B OOIMMX pacxojax mokymarens /, a e; =~ K03 OUIMEHT dJaCTUIHOCTH CIIpoca Ha ToBap X 1Mo
TOXOY.

Btopoe cimaraemoe mpaBOi YacTHM XapaKTEpPU3yeT SJIACTUYHOCTh COpoca Ha ToBap X npu
HEM3MEHHOM peallbHOM J10X0/1e, 0003HaYUM €€ KO PUIHEHT -

Taxum oGpa3om, Mbl MOKeM 3anucaTh ypaBHeHrne Ciaynkoro B Ko duireHTax 31acTUYHOCTH:

€X = _fXel +ex

B 10 Bpems kak 3¢¢exT 3amenieHus J0JDKEH ObITh BCerJa OTPHLATENIEH — IMPOTHUBOMOIOKEH
HANpaBJICHUIO M3MEHEHHUS IICHBI, APQPEKT IT0X0Ja MOKET IeHCTBOBaTH B OOOHMX HAlpaBIICHHUSIX.
CnenoBarenbHo, o0mmMiA PPEeKT MOXKET OBITh MOJIOKHUTEIBHBIM WM OTpUIATeNbHBIM. OJHAaKO, B
cilydae HOpMalbHOTO ToBapa 3¢ ekt 3amemenus u d3PpQekT m0xona IeHCTBYIOT B OJHOM U TOM Ke
HampaBieHUU. PocT 1eHBl 03HaYaeT, YTO CIPOC COKPAaTUTCA BCIEACTBUE JAeicTBUS d¢dekra
3amenieHus. [1oCKOIbKY MBI paccMaTpuBaeM CHUTYAIIMIO POCTA IIEHBI, 3TO MOJPa3yMEBAeT CHUKCHUE
NOKYHaTeIbHON CIIOCOOHOCTH, UTO I HOPMAJILHOT'O TOBapa 03HaYaeT COKpAIIEHUE CIIpoca.

C apyroi CTOpOHBI, €CIIH MBI PaCCMATPUBAEM TOBAp HU3IIEH KaTErOpPHU, MOXKET CIYYHTHCS TakK, YTO
abdekt moxoma mepeBecuT A(P(DEKT 3aMerneHus, Tak 4To 00Iee M3MEHEHHE CIIPOoca, CBA3aHHOE C
M3MEHEHUEM IIEHBI, B JICHCTBUTEIIHBHOCTH OKAKETCS TMOJIOKUTEIbHBIM.

5. KpusBble cipoca u npeaJio:xkenusi. PaBHoBecHasi neHa.

Paccmorpum 3aBucumocts cipoca D (demand) u mpemmoxenuss S (supply) oT 1ieHsl Ha ToBap P
(price).
Yem MeHbIIIE 11eHa, TeM OOJIBIIE CIPOC MPH MOCTOSHHON MOKYMATEIhCKONH CIIOCOOHOCTH HACeIeHUSI.
OO0b1yHO 3aBECUMOCTH D OT P MeeT BuJ HUCTIaatoMIEel IMHUY, HATIPUMED TIPSIMOIA:
D=—-aP+c, a>0, ¢c>0 (1)
B cBoro ouepenp, MpesioKeHHE PaCTET C YBEJIMUYEHUEM IIEHBI HA TOBAp, U O3TOMY 3aBUCUMOCTh S
oT P umeeT crienyronuii XxapakTepHyo GopMmy:
S=bP+d, b>0, d>0 (2)
B dopmynax (1) u (2) a, b, ¢, d — Tak Ha3pIBaeMble YK30TE€HHBIC BEJIMUMHBI; OHHM 3aBUCAT OT psaa
JOpyrux npuuuH (OarococTosHue OOIIECTBa, IMOJUTHYECKas oOcTaHoBKa M T.1.). IlepemenHsle,
Bxomsmme B Gopmynsl (1) u  (2), TONOKHUTENBHBI, MOTOMY TpadhUKU (PYHKIIUHA HMEIOT CMBICT
TOJIBKO B IIEPBOM KOOPAUHATHOMN YETBEPTH.

Jlis SKOHOMHUKM TPEACTaBIs€T HHTEpPEeC YCJIOBHE paBHOBECHS, T.€. PABEHCTBO CIIpoca H
MPEAJIOKEHUS; 3TO YCIOBHE 33Ja€TCsl YPABHEHUEM
D(P) = S(P)
U COOTBETCTBYET TOouke M mepecedeHust KpuBbix D U S — 3TO Tak Ha3bIBaeMasl TOUYKA PaBHOBECHSI.
[lena F,, mpu KOTOPOH BBIIIOJIHEHO 3TO YCIOBUE, HA3BIBACTCSA PAGHOBECHOU.

o s

|
—

[Tpu yBennueHHH O6IAroCOCTOSHUS HACENEHHsI, YTO COOTBETCTBYET POCTY BEIMYHHBI ¢ B (hopmyrne
(1), Touka paBHOBecusi M cMmemaercs BIPaBO, T.K. KpuBas [ MOJHUMAETCS BBEPX; MPHU 3TOM IIeHA
TOBapa pacTeT IPU HEU3MEHHON KPUBOU MIPENIOKEHUS S.

PaccmoTpuM mpocreiinnyio 3agady MoMcKa paBHOBECHOH LeHBI. DTO OHA M3 OCHOBHBIX IoOieeM
pBIHKA, 0O3HAYAIOIIAst TOPT MEXAY ITPOU3BOIUTENEM M MOKymareneM (puc. 1,2,3).

ITycte cHavana neHy £ Ha3bpIBaeT NPOU3BOAMTEND (B IMPOCTEHIIEH CXEME OH K€ U MPOAABEL).
Ilera F Ha camoM Jene BbIIIE PaBHOBECHOW (€CTECTBEHHO BCAKHH IPOU3BOAUTENb CTPEMHTCA



NOJIY4YUTh MAKCHUMYM BBITOZABI M3 CBOEro mpousBoiacTBa). Ilokymarens ouneHuBaer cupoc D, npu
JTOU LIEHE U ONPEACIAET CBOKO LIEHY P, IpHU KOTOPOH 3TOT cipoc D, paBeH npeioxenuto. Liena P,
HIDKE PaBHOBECHOW (BCSAKHH TMOKyIaTeidb CTPEMHTCS KYNMUTh TMoAemieBie). B cBowo ouepens,
IIPOM3BOIUTEINL OLEHHUBAET CIpoc [, , COOTBETCTBYIOIIUN 1ieHEe P, U OIpelelsieT CBOK LieHy £B,
IpU KOTOPOM CHpPOC paBeH IMPENIOKEHUIO; A3Ta IeHa Bbllle paBHOBecHOW. IIpomecc Ttopra
NPOJO/DKAETCI U TPHU OINPEACNCHHBIX YCIOBHUSX MPUBOAUT K YCTOMUMBOMY MPHUOIUKEHHIO K
pPaBHOBECHOM LIEHE, T.€. K «CKpPY4YMBaHUIO» cnupainu. Ecim paccmarpuBarh IMOCIIEN0BATEIbHOCTD
YHCcell, COCTOSIIIYI0O M3 Ha3bIBa€MbIX B IIpollecce Topra IIeH, TO OHAa HMMEET CBOUM IIPElesioM
paBHOBecHyl0 LeHy F, (puc. 1). Crnemyer 3aMeTHTh, 4YTO B JaHHOW CXEM€ CIHpalb TOpra
CKpyuyuBaeTcsi, eciu b <a. B NpOTUBHOM ciydae HMEET MECTO MO0 HUPKYIUpOBaHUE IO
3aMKHYTOMY LUKy (b = a) - puc. 2, m100 «pacKpy4ruBaHHE» CIIUPAIN U YXO/ OT PABHOBECHOW LIEHBI

(b < a) -puc.3.
o= 0,5 0 = 0= ]
L)
n .':'2 e, — - — — — Dz  —mm— — - -
2 - n - ! F )
o, ¥ Dﬂ , - o, ! ’“"fﬁ
1 R B, '
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1.11 Jleknus Nell (2 yaca).
Tema: «HucinoBbIe MOCIEN0BATEILHOCTI

1.11.1 Bonpocsl Jexkuum:

1. ITonsiTre uncIoBOM MocienoBareabHOCTU. [Ipenen yncnoBoil mocaeaoBaTenbHOCTH.
2. OCHOBHEIE CBOVMCTBA CXOISIINXCS ITOCIIENOBATEILHOCTEN.

3. 3ajaya 0 HENMPEPHIBHOM HAYMCIIEHUU IIPOLIEHTOB.

1.11.2 KpaTkoe coaep:kaHne BONPOCOB:

1. IlonsaTHE YK CI0BOI MOCaen0BaTeILHOCTH. [Ipenesn unc/i0BoOi MOC/I€10BATEIbHOCTH

C 4YuCHOBBIMHU TMOCJEIOBATEIBLHOCTIMUA MbI YK€ BCTPEUAIUCh B CpEIHEW IIKOJE — 3JIEMEHTHI
apudMeTUYECKOM M TeOMETPUUECKOW Mporpeccuii, MHOXecTBa uncen: N: 1, 2, 3,... - HaTypaJbHbIE
yucna; Z: ..., -2, -1, 0, 1, 2,... - uenple yncia U T.J. YTOUHHUM U PACIIUPUM IOHSTHE YHCIOBOM
MTOCJICA0BATEILHOCTH.

OIIP: Ecnu kaxnoMy HaTypaabHOMY YHMCIYy N CTaBUTCA B COOTBETCTBHE €IMHCTBEHHOE YUCIO X, , TO
3aHyMEPOBAaHHOE MHOXECTBO JACUCTBUTENBHBIX YUCEN  X,,X,,X;,...,X,,... HA3bIBACTCS  YUCN0BOU

Nn0Ce008aMENbHOCIIbIO.
TO€ X,Xy,X5,..., X, ,... = JJIEMEHTBI (WICHBI) IIOCJIEA0BATEILHOCTU

X, - o0Iuil 2eMeHT (WIeH) MOCIe10BaTeIbHOCTH

OGosHauenue: {x, | - IOC/IEI0BATENHHOCT.

[Ipumep: 1) [locnenosarenbHOCTH {1}; l;%;%;...;l;...

n n
1 1

2) : _1
16 Seee Y o

i

0 | —

1.1
2’47

OIIP: IlocnenoBaTenbHOCTh {xn} HAa3bIBAE€TCSl OTPAHUYECHHOM, €CJIM CYIIECTBYIOT yucia A u B,

TaKHe, YTO BBIIIOJIIHAETCA HEPaBEHCTBO A <x, < B.



OIIP (no Koww) : Yucno a Ha3bIBaeTCa npedenom nociedo8amenbHoCmu {xn}, ecinu A 1r00ro
MOJIOKUTENIBHOTO YHCIIA & CYIIECTBYeT Takod Homep N, 4To mpu Bcex 7n>N BBIIOIHIETCA
HEPaBEHCTBO |X, — a| <é&.

ITocnenoBaTeIbHOCTD, UMEIOILAS TIPEIEI, HA3BIBAETCS CXOOAUICUCS.
3anuceiBaerca: limx, =a WM x, >a ; n—>o.

n—»0

Ecimu npeacii MmocCJCH0BATCIBHOCTU HE CYIICCTBYCT HIIM PABCH 0, TO MOCICAOBATCIBHOCTD
Ha3bIBACTCA pacxodﬂmeﬁc;z.

3anuchIBaeTCs: limx, =oo. Ecaum npum 3ToM, HaumHas C HEKOTOPOIO HOMEpa, BCE UJIEHBI

n—>0

I0CJIEI0BATEIBHOCTH MOJI0KUTENbHBI (OTPULIATENbHB), TO MUUIYT: limx, =+ (limx, = —o).
n—>0

n—>0

OITP: TlocnemoBaTenbHOCTh, HMEOIIas cBouM mnpeaenom 0 (a=(0) , Ha3bIBACTCA OECKOHEeYHO MANolU
nocnedosamenvrocmoro. (OO03HAYEHUE: a,} . a, - DIEMEHT OECKOHEYHO MajoH

n

MOCJIEIOBATEILHOCTH )
lime, =0
n—o

Ipumep: 1) {l}: l;l;l;n;l;“
n 23 n

.1
lim— = 0 - OeckOHEUYHO Majiasd IOCIEN0BATEILHOCTD

n—»0 n
2y L1111
2747816
1
Yu = o lim? =0 - OeckoHEYHO MaJiasi IOCJIEeI0BaTEILHOCTh
n—»o0

[IpuBeneM reoMeTpUUECKYI0 HHTEPIIPETALIMIO 3TOTO ONPENEICHUS:
OIlP: &_- oxpecmnocmvio mouKku a HA3bIBAETCS MHOXECTBO YHCENI X,, YIOBJIETBOPSIOLIMX

HEPAaBEHCTBY |X, — a| <e&.
Packpoem Monyne: —&<x, —a<g; a—-s<x,<a+¢ eée x,e(a—¢ga+e).
t el
= = x

4T EF 4 a+rs O6osuauenune: U, (a)

OIIP: Ywumcino a Ha3bIBAETCSI HNPeOeioM NOCae008amelbHOCu {xn}, ecad UIL  JIr000ro

MOJIOKUTEIBHOTO YMCIIa & CYIIECTBYET TakOoW HOMep [NV, HauMHasg C KOTOPOTO BCE 3JIEMEHTHI
IOCJIEI0BATENIBHOCTH X, ¢ HOMepaMu n>N , IONaayT B & - OKPECTHOCTh TOYKH a.

Hpumep: Ilokaszars, UCTIONB3YS ONpeeNeHUe Mpeelia MOCIeA0BaTeIbHOCTH, 4To lim =1.

noop 41

n

Pemenne: Bo3spMem Ve >0. Tk , TO 4YTOOBI BBINOJIHAIOCH X, ~1<e>

x, =1 = -1 =

n+1 n+1

JIOCTaTOYHO PEIIUTh HEPABEHCTBO 1-¢

n+1 &

< ¢» OTKyZa monyvaeM , . '=¢ Tlpumem p = {
&

J (cumBON

[a] O3HA4YacT OCIYyro 4aCTbh Ynucjia a, T.C. HanOOJIbIIIEe YUCII0, HC IPCBOCXOAAIICC a), MOJIYUHUM:

Ve>0 3  Homep Nz{l_g}, YTO IIPU BCeX 7n>N BBINOJIHACTCS HEPABEHCTBO

&

-l<e¢

n+l1

= lim =1.

noo 41




[Tpumep: IlokazaTk, 4TO MOCIIEIOBATENHHOCTD {xn}: (=D" wma -1,1,-1, 1,... He uMeeT mpeaena.
Pemenne: Kakoe Obl 4uCIO MBI HU TPEUIOKHIIN B KadecTBe mpeaena, | wmm -1, mpu &£ <0,5
HEPaBEHCTBO |xn - a| < & He BBINONHACTCA. BHE & - OKpECTHOCTH ITHX YHCEN OCTAeTCs OECKOHEUHO

0O0JIBIIIOE YHUCIIO DJIEMEHTOB X, , T.K. BCE 2JIEMEHThI C HEUETHBIMM HOMEPAMHU PaBHbI -1, a 3JIEMEHTHI €
YEeTHHIMU HOMEpaMH paBHHI 1.

2. OCHOBHEI€E CBOJCTBA CXOAAIIUXCH NMOCJIEI0BATEILHOCTEH

TEOPEMA 1: Eciu Bce nineMeHTEl 0ECKOHEYHO MaJIOH ITOCIIEN0BATEILHOCTH {xn} paBHBI OJHOMY U
TOMY K€ uuciy ¢, To ¢=0.

TEOPEMA 2 (Teopema o eduncmeenHocmu npedena): CXomdmasicsl IOCIeN0BaTEIbHOCT UMEET
TOJIbKO OJIMH Tpeel.

TEOPEMA 3: Cxopasiascs nocaeaoBaTeIbHOCTh OTPaHUYCHA.

TEOPEMA 4: Cymma (pa3HOCTb) CXOJIAIIUXCS TOCIEI0BATEIbHOCTEH {xn} u {yn} €CTb

CXOSMIAsACS IOCIEJOBATENLHOCTh, MPEAEN KOTOPOHM paBeH CymMMme (PasHOCTH) IIPEIEIoB
nocneoBatensHocTeii {x, } u {y, }.

TEOPEMA 5: IlpousBeneHue CXOASIIMXCS MOCIEA0BATEIbHOCTEM {xn} Hu {yn} €CTh CXOIAIasics
MOCJIEIOBATEILHOCTD, ITPEIe]l KOTOPOW PaBEH MPOU3BEACHHIO MPEACIIOB IMOCIEI0BATEIbHOCTEN {xn} 51
TEOPEMA 6: YacTHOe OBYX CXOMSIIMXCS MOCIEA0BATEIbHOCTEMN {xn} u {yn} €CTh CXOIIIascs
MOCJIEIOBATEILHOCTD, MPEAESl KOTOPOH paBeH YaCTHOMY TIPENETIOB IOCIEA0BATEIbHOCTEN {xn} "

{ n}, npu ycnoBuy, yto limy, #0.
n—»0

TEOPEMA 7: Ecniu limx, =@, mnpudeM HauMHas C HEKOTOPOIO HOMEpa  BBINOJHSETCS

n—>0

HepaBeHCTBO x, 2b (x, <b), T0 a=2b (a<bh).

TEOPEMA 8: IIpou3BeneHne OECKOHEUYHO MaJOH TIOCIENOBATEIBHOCTH U OTPaHUYEHHOU
NIOCJIEI0BATEIBHOCTH HJIM YUCIIA €CTh OECKOHEUHO MaJlasi IOCJI€0BATEIbHOCThIO

TEOPEMA 9: IIpou3BeaeHne KOHEYHOTO YMCIa OECKOHEUHO MaJbIX MOCIIENOBATEIbHOCTEH €cTh
0EeCKOHEUHO MaJlasi I0CIe0BATENbHOCTb.

TEOPEMA: Eciu  limx, = a, To TOCIeN0OBaTeNbHOCTh {a, }=1{x, —a} ecTh GecKoHEUHO Maias, T.€.

n—>0

lim(x, —a)=0.

JloKa3arenbeTBo:
1) HeoGxomMocTh: fano: lim x, = a ; Tokasats: {a, }={x, —a} ecTh GeckoHeuHO Maias.

n—>0

Paccmotpum pasHocTs X, —a =«

n

PaccmotpuM  lim(x, —a) = limx, —~lima=a-a=0= lima, =0= {a,} -GeckoneuHo manas.
n—>%0

n—>0 n—>0 n—>%0

2) 1OCTaTOYHOCTh: maHo: {a,}={x, —a} ecTh GeckoHeuHO Mamas, T.e. lime, = 0. JOKa3aTh:

n—0

limx, =a

n—»0
PaccmorpuMm pasHoCTE O, =X, —a = X, =a,+a
Paccmorpum  lim(e, +a) = lima, +lima=0+a=a = limx, =a.

n—>0 n—>0 n—>0 n—>0

PaccmoTpuM nmpuMeHEHHe 9TUX CBOWCTB Ha IPUMeEpax.
y . 2n°+2n+4
[pumep 1. Haitu npexen lim————.
no 4n” +n -3
Pemenune: Ilpu n — oo uyucauTens U 3HaMEHATeNb APOOU —> o0, T.€. IPUMEHSATh Cpa3y TEOPEMY O
Tpeiesie YaCTHOTO HeJb3s. BriHeceM 3a ckoOKy 7° B YMCIMTENIE M 3HAMEHATeNle JPOOH M COKPATHM.



112(2+2+i lim2 + lim%+ lim—

. 2 2 2 4 . 2 n—o0 n—»00 n—>0 2 2 1

lim n2+ 2 lim ’11 ’13 = ’11 ”3 _2+0+0 1

A3 g 2 2) limd+ lime —lim > 4070 2
n n n—o0 n—>00 n n—o0 n

. . Ancosn
[Ipumep 2: Haiitu npenen hm—1 .
nom g4

Pemenue: Ilpu »n — oo ducauTens W 3HAMEHATENb ApoOM —> . BriHEcem 3a ckoOKy n B
YUCIINTECJIC U 3HAMCHATCIIC I[pOGI/I u COKpaTI/IM.

1
n——=cosn lim(—=cosn)
lim Jncosn lim Jn o \/_ 0

e ontl " n(1+1) 11rnl+11ml 1+0

n—>0 n—w n

=0

[pumep 3: Haiitu npenen lim(v/n+1—+/n).

n—>0
Pemenune: Ilpu n — oo o006a craraemMeix — co. [IoATOMy MPUMEHSTH cpa3y TEOpEMY O Tpelene
CyMMBbI (pa3HOCTH) HeENb3s. YMHOXXUM YHCIUTEIb M 3HAMEHATeNlb JApoOM  Ha CONpPSDKEHHOE
BbIpaXkeHue +/n+1 ++/n.

Jim( Y \/;)zli Wn+l1 \/_)(\/n+ +\/_) n+l-n

= lim = lim

n—> - n—y Jn+1++n NPT Hw\/n+1+\/_

lim—

Hw\/_ 0

1+1
lim\/lJr1 + lim1

n—>0 n n—>0

Yucao e

n
PaccMoTpuM nocien0BaTenbHOCTh {xn } , OOLIMH YJIeH KOTOPO# BBIpaKaeTess GOpMysion x — (1 + IJ
n

B Kypc€ MATEMATHUYCCKOIO aHajlin3a AOKa3bIBACTCA, YTO OTa IOCICAOBATCIBHOCTL MOHOMOHHO
eo3pacmaem, OrpaHu4YCHa (x" < 3) U UMEECT npeae. 9TO0T mpeaci Ha3pIBarOT YUCIIOM e.

1 n
lim(1+—] =¢
n— n

Yucno e gBIsIeTCS UppallMOHAIBHBIM; €r0 MPUOIMKEHHOE 3HAUCHHE: ¢ = 2,7182818...

[Ipumep: Haiitu npenen: lim(l + Sij
n—>»o0 n

3. 3apava o HenmpepbLIBHOM HAYUCJICHUM MPOLEHTOB
ITycts O, neH. en. — NepBOHAYaNbHBINA B3HOC B OaHK, p % - rojxoBble mporeHTtsl. Haiitu pasmep

BKIaga (J, uepes f JIET.
[Ipy UCIONB30BAHUM NPOCMbIX NPOYEHMOE pa3Mep BKIaJa €KEroAHO OyleT yBeIM4YMBaThCS Ha

OJIHY U Ty K€ BEIIMYUHY 1%—‘2) -p,T.e

0 £ a3Mep BKIIA,
_ 0 Ja upe3 1 rox.
0 =0+ lOOp O,(1+ 100 ) p p P
=0 a3Mep BKIIA,
Q Q = na upe3 2 roxga. U T.1.
0,=0,+ 100 10 =—p=0,1+ 0) p p p

(1+ t_p)‘ - pa3Mmep BKJIaAa uepes3 f JeT (MPOCThie MPOLIEHTHI)




Ha MMPAKTUKEC Yallle Mbl UMECM JCJIO CO CHOHCHbIMU NPOYEeHmMAMU. B sToMm cJIydac pasMep BKJIaJda

€XKEeroJ{HO OyJIeT yBEIUUUBATHCS B OJTHO U TO K€ YUCIIO Pa3 (1+ P j

100
p pY ’
p
0,=0,0+——), 0,=0,|1+—1|, ..., = 1+-£_||- pa3mep BKkIIaza depe3 f JeT (CIOXKHBIE
EY 100 2= 100 Q=0 100
MIPOIICHTHI )
EC.HI/I HA4YUCIIATH HpOI_IeHTBI II0 BKJIagaM HE€ OAUH pa3 B I‘O,Z[y, a n pa3, TO HpI/I TOM K€ CXKECIroagHOM
npupocte p % , IPOLEHT HAaYUCIEHUs 3a L. VIO 4acTh roja cocraBut Fo,, a pasMep BKiIaaa 3a ¢
n n

nt
JIeT NpU  n-!{ HAYUCICHUAX COCTABUT | :Qo(lJf P - pa3Mep BKJIaJa 4yepe3 ! JIeT, eClu
100n

HAYUCJICHUS IPOU3BOASTCS 1 pa3 B TOLY.
Bbynem monarath, 4TO MPOLIEHTHI 1O BKJIAAY HAUUCISIOTCS KaXKJ0€ Moyyroaue (n=2), exeKBapTaJbHO
(n=4), exemecauno (n=12), kaxaplii aeHb (n=365), xaxapii yac (n=8760) U T.A. HENPEPHIBHO

(n— 0). Torna pasmep BKJIa/1a 3a t neT COCTaBUT
p 1
n2 nt 100,1:; n—>00 = X —>» 0
. P . P =
= lim 1+ =0, lim|1+ =
o o Q"( IOOHJ 2 n—>Voc( IOOHJ px

x=100n=> n=-—
P 100

v

Xt
e (e
=Q, lim| 1+— =Q,| lim| 1+— =Q,e""
n—>0 X

n—0 X

Ll
Urak, |Q, = Q,e'"| - moka3arenbHbIi 3aK0H pocTa (TipH p>(0) wim yosiBanus (mpu p<0).

Ota GopmMyIia UCTIONb3YyEeTCs MIPHU HEMPEPHIBHOM HAYUCIECHUH MTPOLICHTOB.

Hpumep: IIpupocT HaceneHus cTpanbl cocTaBisieT 3% B roxa. Yepes CKONBKO JIET HACEJIEHUE CTPAHBI

YABOUTCS?
3t

Pemenne: 20 =Qe® = t=M

~ 23 ToJa.

1.12 Jleknus Nel2 (2 yaca).
Tema: «lIpegen GyHKIII

1.12.1 Bonipocsl Jexkuum:

1. lIpenen pyHKIMU B TOYKE W HA OECKOHEYHOCTU. beckoHeuHO Manble U OECKOHEYHO OOJbIIne
byHKIINH.

2. Teopemsl 0 ipenenax GpyHKIHA.

3. PackpbITHE HEONPEIETCHHOCTE.

4. JlBa 3aMevaTeNbHbIX Ipeena.

5. DOKBUBaJIEHTHbIE OECKOHEYHO MaJIble M UX UCIOJIb30BAHKE IPU BBIYUCICHNUHN NPEETIOB.

6. JIeBbIii ¥ paBbIil peaessl GYHKINU.

1.12.2 KpaTkoe coaep:kaHne BONPOCOB:
1. Ipenea ¢pyHknuum B TOoYKe M Ha OeckoHe4yHOCTH. bBeckoHe4HO Masble M 0eCKOHEYHO
O0osibMe PYHKIMHU

[Tycte dynkmus f(x) ompeneneHa Ha HeKoTopoM MHoxkecTBe X. Ilycth a € X - HekoTOpbId
ajieMeHT MHoOkecTBa X. Bo3zbmeM u3 X IOCICA0OBATCIIbHOCTD YHUCCII, OTIINYHBIX OT @ U CXOAAIINUXCA
K a.
(1) x,x,X5,0X,,... —a



Torna 3nauenus pyHkuu f(x) B ITHUX TOYKAX TOXKE 00pa3yrOT MOCIEI0BATEIBHOCTD

(CORNRVAC A CC) A €29 Ry A €4

OIIP: Yucno A HaspiBaeTcs npedenom dyukyuu f(x) B TOUYKK a (MW mpenenoM (yHKIUHA TPU

X —a), ecnu ansg mo0oi cxonsmelcs K a mocienoBarenbHocTH (1) 3HaueHMi aprymeHTa,
OTJIMYHBIX OT @, COOTBETCTBYIOILAS [1OCIEI0BATEIbHOCTh 3HaUeHUH QyHKIMKU (2) CXOAUTCS K YUCILY
A.

Dix, fex
A=1lim f(x), ecmu Vix,LneN: 2)x, #a = limf(x,)=4
3)limx, =a

n—>00

Hpumep: 1) f(x)=C =const Haiitu: limC

{xn}eR: Xis Xy Xygeeus Xy oo —>
{f(x)}: ¢.CC..>C = limC=C

xX—a

2) f(x)=x Haittu: limx
xX—a
{xn} eR: X,X,X500X,,... —>a
{ f (xn)}: XXy, X350y X, 5. —> @ T.€. IOCIEIOBATEIBHOCTU TOXKAECTBEHHBl U = limx =a
xX—a
X' —4dx+2 . .
3) f(x)=——— Haiitu: lim f(x)
2x —1 x—0
Bo3pMéM V' mocnea-te aprymenta, cxonsmytocs K 0: {xn} eR: x,%,X,...,%x,.. =0, Te.
limx, =0
n—>0
2 i > —4(li 2
. . 4y +2 (limx)"—4(limx)+2 o_g o 2
lim £ (x,) = lim 2= 5 o o T on BT S A
n—> now o 2x —1 2(limx,) -1 0-1 x>0 2x—1

Kpome nonsitus npenena GyHKIUH B TOYKE, CYIIECTBYET TAK)Ke M MOHATHE Mpenena GyHKUIUU MpU

1
x—>o. Ilycte  f(x)=—. DOta ¢QyHKOMS HMeEET mNpeaen Mpd X —> O, PaBHBIA HYIIO.
X
JlecTBUTENBHO:
{xn} €ER:  X,X),X50yX, 5. —> 0O
1 1 1 .1
{f(xn)}: —;——3.. >0 T lim—=0
x—)oox

1 2 n

beckoHeuHo Masible 1 0eCKOHEYHO OoJibIHMe PYHKIUM.
OIlP: ®yukmusa f(x) Ha3pIBaeTCA OecKoHeuUHO Manou @yukyueti (WA TPOCTO OECKOHEYHO

Majoi) B TOYKE X = a, €CIIU Mpeell ee B ATOM ToUKe paBeH Hymto: lim f(x) =0
xX—a

AHaJOTMYHO ONpEeNeNnstoTcsl OeCKOHEYHO Majible PYHKIMH MpU X —> 0, X —> 3o, x >a+,
X—>a-—

TEOPEMA: AnreOpamveckas cymMMa M TPOHM3BEJCHHE KOHEUYHOTO 4YHClIa OECKOHEYHO MaJlbIX
(GyHKUUH B TOUKE @, KaK U MPOMU3BEICHUE OECKOHEYHO MAIOH W OrpaHMYEHHON (YHKUUH, SBISIOTCS
OCCKOHEYHO MAJILIMU (YHKIUSIMH B TOUKE d.

OINP: ®ynkuus f(x) Ha3bIBaeTCA OeCcKOHeYHO Oonvbwiou Gyukyuer (WA TPOCTO OECKOHEUHO

00JbIIOM), ecin s 000N CXOIMIIEHCs K a TOCIeA0BaTeIbHOCTH {xn} 3HAQ4YEHUM apryMeHTa



COOTBETCTBYIOILIAsl I10CIIEN0BATEIbHOCTD { f (xn)} 3HaYeHUH (QYHKIUU SBISIETCS OECKOHEYHO

OOJIBIIIOM.

B stom ciydae mumyr lim f(x) =00  (lim f(x) =+ wmmum lim f(x) = —0) u roBopsT, 4TO
x—=a x—=a x—a
GYHKIMS IMEET B TOUKE a OECKOHEUHBIN Ipeesn
TEOPEMA: TlpousBenenune OeckoHEUHO OONBIION HA (YHKIIHIO, mpeaen KoTtopoir # 0, ecTh Oeck.
OOJIBIIL

CyMMma Oeck. O0bIN. U OrpaHHYCHHON (YHKIIUNA €CTh (PYHKIUA OECKOHEYHO Oombinas. YacTHoe OT
neneHus Oeck. OOIbI. Ha (QYHKITUIO, UMEIOIIYIO Mpeies, eCTh QYHKIUS OecK. OombIasl.

TEOPEMA: Jlns Toro, 4ToObl (pyHKITUS f(x) Obuta OeckOHEYHO OONBIIOW B TOYKE a

HEOOXOIMMO U JOCTAaTOYHO, YTOOBI OOpaTHast (QyHKIUs | Gbuta GecKOHEYHO Majioil B ITOM
f(x)
) ) 1
TOYKE 4. limf(x)=0 < lim =0
XxX—>a xX—a f(x)

2. TeopeMmsl 0 npeaenax QpyHKIMI
TEOPEMA 1: ®ynkuus f(x) UMeeT B TOUKE @ Mpeaes TOrga U TOJNBKO TOTJa, KOTJa B 3TOM TOUKe

CYIIECTBYIOT JICBBI W TMpaBBId MpEENbl, IpUYeM OHHM paBHBIL. B TakoMm ciydae mpenen (QyHKIHH
paBeH OJIHOCTOPOHHUM TIpE/ICIIaM.
TEOPEMA 2: Ilycte pynkiuu f(x) u g(x) umeror B Touke a mpenensl 4 u B. Torma yHkimum

) tegx), f(x)-g(x) u f(x) (B#0) HMMEIOT B TOYKE a NPEMIEINBI, PABHBIE, COOTBETCTBEHHO

g(x)
A
A+B,AB u =.
B
3ameTuM, 4TO TeopeMa 2 CIpaBeIBa U B T€X CIIy4asx, KOraa a SBISIETCS oo (+00 WIH -0).

TEOPEMA 3: Ilycts pynkmuu f(x), g(x) m h(x) ompeneineHbl B HEKOTOPOH OKPECTHOCTH TOUKH
a, mpudeM lim f(x) =limA(x) = A wu BemonHsercs HepaBeHCTBO f(x) < g(x) < h(x), Torma
limg(x)=4.

TEOPEMA  4: [locToAHHBIN ~ MHOXUTEIb  MOYHO  BBIHECTM 3a  3HAaK  IIpeaena
IimC- f(x) =C-lim f(x).

TEOPEMA 5: [Ilpenen ot »nemMeHTapHOW (YHKIMH paBEH 3HAYEHHWIO (YHKIIMKW OT Tpeaena
BBIPAXXEHHU S, CTOSIIIETO MO/ 3HAKOM (DYHKIIHU.

Jlpyrumu ciioBamH, AJsl HENPEpbIBHOW (YHKUUHM 3HAK (QYHKIMH M 3HAK MpE/eia MOXHO IOMEHSATh
MecTaMd. B uacTHOCTH, mpenen CTeNeHu sl AJIEMEHTApHOH (DyHKIMM paBeH CTENeHH Ipenena

lim f"(x) = (lim f(x))"

3. PackpbiTHe HeompeaeeHHOCTel
3aqaCTYIO BBIYUCIICHUC MPCACIIOB CBA3AHO C IMPOCTBIMU IMPUCMAMH: PA3JIOKCHUEM YHUCIIUTCIA H
3HaMEHaTeNsl Ha MHOXHTENH, JeJICHUeM YHCIUTENs U 3HaMeHaTells Ha CTeneHb X M T.0. Moxer

OKa3aThCsl, YTO TPH OTHICKAHHUH TIPEeia YaCTHOTO BYX (DyHKIUi S pyu X —> a, YACIUTEID U
g(x)
3HaAMCHATCJIb CTpeM}ITC}I K 0 NI YUCJIIUTCJIb U 3HAMCHATCJIb CTpeMHTCSI K 00, B TaKOM cnyqae

o 0 o
TOBOPSIT, YTO ApOOb MPH X —> a TPEACTaBIseT OO0 Heonpederennocms BUAA ( wim | —|,a
0 o

HaXOXICHUEC ITpEacIa I[pO6I/I Ha3bIBAKOT pacKpbvlmuem Heonpe()eﬂelmocmu.

IIpumep 1: Haittu npenen



) fjm© T4 _ (Oj:limx_4:3

=Ly’ =3x+2 (0) *1x-2
1

2
2 )C(l‘f‘iz)

6) llmM—[ooj:Iim 3x2 _ 10,
e x? +3x+2 o) xo 21+2 42 1+0+0
w2
B) lim 22x =2 |=1im x 9
oo x? 45 o) wo 5, 140

r) . 5 =2x+1 () . ¥O-3+3) s
| 2+5 = ; =lim 1 3 _6200
X—00 x X—00 3
)
X X

[Ipenen obpatHoit npodu =0 => mpeaen JaHHOU APOOU =0

llpasuno: Ilpu x — oo, eciu UMeeM:

1) cremeHp uYMCHAWTENss M 3HAMEHATENlss paBHBI, TO 3HAYCHHE TMpeJea pPaBHO OTHOIIECHUIO
KO2(PUITMEHTOB TPY HAMOOIBIIINX CTEIICHSX.

2) cTeneHb YUCIUTENS OOJbIIE CTETIEHU 3HAMEHATEIS, TO MPEIET PaBeH o0 .

3) cTeneHb YUCIUTENS MEHbIIE CTETIEHN 3HaMeHaTels, To rnpeaen paseH 0.

Jpyrue Buas HeonpeaeneHHocTH: (o0 — ), (1) u T.1.

Ilpumep 2: Haiitk npenen  lim(v/x+3 —+/x)

3nech cienyeT YMHOXHTb M Pa3lefuTh BbIpaXEHHE IOJ 3HAKOM Ipefesia Ha CONpsKEHHOE
BBIPOKEHHE — B ITAHHOM CITy4ae Ha (Jx + 3 +v/x)-

3—x 3
Iim(Wx+3 —-vVx)=lim—— s —=0
xﬁx( ) X—>®0 lx + 3 + l

4. /IBa 3aMeyaTeJIbHbIX Mpeaesa
Jlannble npeensl Hanboliee MUPOKO UCTIONB3YIOTCA B MaTEMATHKE U €€ MPHIIOKEHUSX.

TEOPEMA: [lpenen ¢yHKkumu SINX g Touke x=0 CYILLIECTBYET U PABEH CAUHULIE
X

sin x

lim = 1| - nepsuiil 3ameuamenvHoulil NPeoei.
x—0 X

[Ipumep: Haiitu npenen

a) fimSn Sx lim sin(5x) 5 _ i S S5x limé _ 5
x>0 3x x—0 5x 3 5x>0 §x x—>03 3

0) iy =00 (1) 2909 hml(sin(%)f L 1
0 % 2 2

x>0 X 5x-0 79

x—0 x

TEOPEMA: Ilpenen pyHKUMU (1+lj IpH X —> o0 CYHIECTBYET U PaBEH e, T.€.
X

X—>0

. Y 5 5
—| =e] - 7l 1.
lim| 1+ 8MOPOU 3aMe4ameibHblll npeoe.
X

1 o
O06o3HaUUM — = ¢ - ABJSIETCSI OECKOHEYHO Majio mpu x — ©, 1.e. a — 0. Torma
X

lim(1+ @) =

a—0




Yucno e sBhsieTcs OMHOW U3 (yHIAMEHTAIbHBIX BEIUYMH B Maremaruke. [lokazarenbHas QyHKIIHS
BUIA €™ HA3BIBAETCA 3KCHOHEHMOL.

[Ipumep: Haiitu npenen

4
x -4 y
a) 1im(1+4] =(1°°)={x Y }um[(nlj] =t
¥ X X—>0=y—>0| yo %

1 1
6) 1im 12810 _ (0 _ i Liog, (14 x) | = limlog, (1 + x)* = log,| lim(1+x)* | = log,e = ——
0 x=0\ x x—0 x—0 11’13

x—0 X

5. JxBUBaJIeHTHbIe 0eCKOHEYHO MaJIble U X HUCI0JIb30BaAHHE NPU BHLIYHCIEHUH NpPe1eIoB
OIIP: Ecmu ¢ynkuun a(x) u  S(x) ompeneneHsl B HEKOTOpoil okpectHoctu U, (a), ABISIOTCS

0ECKOHEYHO MallbIMU B TOouke «, mpuueM f(x)#0 mis Vx € U, (a) 1 BBIIOJHSAETCS HEPABEHCTBO
. al(x
lim &)

x—>a ﬂ(JC)

(GYHKIMSIMHU B TOUKE d.
O6o3Hauenue: a(x)~ f(x)

=1,T0 a(x) u L(x) HA3BIBAIOTCSA IKBUBAIEHMHBIMU MEXKIY COOON OeckoHeuno Manblmu

. . sinx
1) |sinx ~x| mpu x >0, T.x. lim =1

=0 x

1
2) limm(l—+)c)=[%j:1imln(l+x)x=lne:1 = |In(l+x)~x, x—>0|

x—0 X x—0
3)
a'-l=y -
a’-1 (0 . y . 1 1 a —1~xlna, x—>0
im =l—|=x>0=y—>0=lim = lim =—>=1 =
0 xIng  \ 0 = log (14 ) o In(+y), osoInd+y) - Ine e —1~x, x>0
- ga Yy lna y
(+x0)*-1 (0} .. e -1 . gln(l+
4) hm¢= — =11me7=11mM=1 = ‘(1+x)“—l~ax, x—)O‘
x—0 ox 0 x—0 ax x—0 ax
2
2sin* = sin=
5) li l—cosx_ 9 =lim = lim 2| - = 1—c0sx~lx2, x—0
x>0 l 5 0 x>0 lxz x>0 X 2
2 2 2
[Tpumep:
IDRT (@™ =Dx (0) |a™ —1~sinxIna, . _x-sinxlna . sinx
lim————=| — |= ) =lim————— = 2Inalim—— = 2Ina
0 1—cosx 0) |mk.sinx—>0,npux—>0 =0 1., y0 x
2

1 1
3 3 —X
. Al+x-1 (0 . (+x)P -1 1
2) im> T 2 2 11m¢ =lim3— ==
x—0 X O x—0 X >0 x 3
6. JIeBb1ii M npaBbIil npeaeabl GyHKINH
BBenem noHsATHE OJHOCTOPOHHUX MpenenoB (PyHKLIUHM, KOIrJa BcCs MOCIEAO0BAaTENbHOCTh 3HAYCHUH
aprymeHra {xn}: X, —> a PacIoJIoKeHa CclieBa OT TOUKH a (zesbui npeden), MO0 cIpaBa OT HEE

(npaswiti_npeden). T.e. mubo x, <a, mbo x, >a npu Bcex n. Jas mpasoro (JieBoro) mpeziena

(GYHKLINU HCTIONIB3YeTCs CUMBOJIMYECKas 3anmuch  lim f(x) = 4 klim f(x)= A).
x—a+ X —>

a—

I'eomeTpuyecku:



v
y=2 d Y
] /— y=fi) T
0 //_
G X = X I N I 2 %
yoi) j y=iix)
L ¥=it)
b y=b Hrw fox) =+ o0
o fitn ) fim
1 = i = mifxl=4 =
lim e =a lim i) =p e RO e AT i i) ==
M S M — S M=
[Ipumep:
) . o 1 1
1) lim x* = +o0: lim x* = —oo; 2) lime™ =e™ =+4w; lime*=e”=—=—=0
X—>+% X——0 X400 >0 e+oo 0

1.13 Jlekuus Nel3 (2 yaca).
Tema: «HenpepsiBable (QyHKIU. ACUMITOTHI Tpadrka GyHKITHII»

1.13.1 Bonipocsl Jekuum:

1. HenpeprIBHOCTH (DyHKIIMH B TOUKE M HA HHTepBajie. CBONCTBA HEMPEPHIBHBIX (PYHKITUIA.
2. Toukn paszpsiBa. Kmaccudukaims Touek pa3poisa.

3. AcuMnToThI rpaduKa QyHKIUN: BEpTHKAIbHbIE, TOPU30HTAIBHbBIE U HAKIIOHHBIE.

1.13.2 KpaTkoe coaep:kaHne BONPOCOB:

1. HenmpepbIBHOCTH ()YHKIIUM B TOUKEe U HA HHTepBaJie. CBOMCTBA HeNpepbIBHBIX (PYHKIIHI.
Iloustue HCIIPCPBIBHOCTHU (byHKI_[I/II/I ABIACTCA OJHHUM K3 OCHOBHBIX MOHATHUH MaTEMaTU4YECKOI'O

aHayIM3a.

OIIP: dynkumst  f(x) Ha3bIBa€TCAd HENpepblGHOU 6 MouKe _ X,, €CIM OHa YJOBJIETBOpPSET

cienyomuM TpéM ycnoBusaM: 1) f(x) ompeneneHa B Touke x, (T.e. cymecTtByeT f(x,))

2) cymiecTByeT KOHEUHBIH npeaen B Touke x,  (lim f(x))
X—>Xq

3) aTOT mpeen paBeH 3HaueHUIO GYHKIMK B Touke X, (lim f(x) = f(x,))

Hapsiny ¢ [f#aHHBIM = oOmpeneieHHeM  HENPEepbIBHOCTH, PACCMaTPUBAIOT  OJHOCTOPOHHIOIO
HEIMPEPHIBHOCTb.

OIIP: ®ynkuus f(x) Ha3bIBACTCS HENpepbl6HOU 8 MOYKe _X,, €CIIM CYLUIECTBYIOT KOHEUYHbIE

npeaensl GyHKuM cripaBa  lim f(x) wmcmeBa lim f(x) u 1;n f(x)=lIm f(x)=f(x,).

[Tpumep: MccnenoBars HeMPepbIBHOCTH B TOUke X = () 3amaHHBIX (QYHKIIUN
2

1 x+1, x20 x, x#0
a)y=—; 0)y= . B y=q " ;D y=x
)y X )y x—1, x<0 ) 1, x=0 )
¥ ¥ ¥
a =

Pemenne:
a) Oyaknus  f(x) B Touke x =0 He SBISETCS HEMPEPHIBHOM, T.K. HAPYIICHO MEPBOE YCIOBHE —

cymectBoBanue f(0) (cm. puc. a).



06) IlepBoe ycioBHE HENMPEPHIBHOCTH BBIMOJHEHO (CYIIECTBYET £(0)=1). Bropoe ycioBue
HapyImeHo, T.K. Tpeaen (pyHKIUU clieBa liry f(x)=-1 wu cnopara liry f(x)=1, a obmero

npeaena ¢yHkuuu mpu x — 0 He cymiecTtByeT (cM. puc. 0). 3HauuT, QYHKIUS HE SIBISETCS
HenpepbplBHON B Touke X =0.

B) CymectByer f(0)=1 u KOHEUHBIH mpenen ling f(x)=0, HO HaApyIIEHO TPETHE YCJIOBHUE
lin(}f(x) = £(0).

r) ®ynkmus  f(x) B Touke x =0 HempepsiBHA, T.K. BHIIOJHEHBI BCE YCIOBHS HEMPEPHIBHOCTH
lingf(x) = f(0)=0 (cMm. puc. r).

Cesoticmsa ¢ynukyuii Henpepuiguvix 8 moyke: Ecmn ¢yHkiun  f(x) u g(Xx) HempepbIBHBI B TOUYKE

f()

g(x)

X,, To ux cymma  f(x)+g(x), npousBenenue f(x)-g(x) u dYacTHOE (npu ycnoBuu

g(x,) # 0) ABIAIOTCS HENPEPHIBHBIMU B TOUKE X, .

OIlP: dynkums f(x) Ha3bIBaCTCS HenpepvleHou Ha unmepsane (a;b), eciim OHa HENMpephIBHA B

KaKJI0M TOuKe 5Toro mHrepBana. Dynkums f(X) Ha3BIBAETCA HENpepbléHOl HA OmpesKe [a;b],

€CJI OHa HeTpephIBHA B MHTEpBaie (a;b) M HENpephiBHA B TOYKE « CIpaBa, a B TOUKE b clieBa:

lim f(x) = f(a), lim /(x) = (b).

2. Touxkn paspbiBa. Kiaccudukanus Touex paspbiBa
Touka, B KOTOPOI HE BBINOJIHAETCS YCIOBUE HENPEPHIBHOCTH, HA3bIBACTCS MOYKOU _paA3pbled.

Ilyctb TOUKa X, - TOYKa pa3pbiBa

OIIP: Touka X, Ha3plBaeTCs moukou paspviea I poda , €cliu CYLECTBYIOT KOHEUHbIE

onHocTOpoHHHE mpenensl  lim f(x) u lim f(x).
X—=>Xxo+ X—>Xo—

IMpu stom: 1) eciu  lim f(x) = lim f(x), To To4uka X, Ha3bIBACTCA YCMPAHUMbIM pa3pbieom I
X—xg+ X—>Xg—

poda.

2) ecnu lim f(x) =# lim f(x), To - paspwie co ckxaukom. JlnuHA CKadka
X—=>Xg—

X=Xy +

OIIpeIeNIeTCsl MOAYJIEM PAa3HOCTH 3HAYEHUIN OJHOCTOPOHHUX NPENIENIOB B TOUKE X, .

OIIP: Touka x, Ha3plBaeTCd mouKou paspviea I poda , ecau mo KpaiHell Mepe OAMH U3

OJIHOCTOPOHHUX IIPEJEIIOB HE CYIIECTBYET WM PaBEH =+ o0 .

Hpumep: IToctpouts rpaduk GyHKIUN U UCCIEIOBAThH TaHHYIO (YHKIIMIO HA HETIPEPHIBHOCTb.

D s ={" X=
X) =
x+2, x>3
e lim £(x)= limx=73
33— —*i-
| .-'f.-. : _ : _ _
Lo g :13131+f[:x:]—‘1£}1§1+[:x+2j—3+2—5
: 35 — H=3-pasprie 1 podgd o0 CKIUKDM
0 3 x AnuKRg ckawka 153 =2
x+2
2) f(x)=

x—4



f(x) He ompeneneHHa B TOUKe X=4.
¥

= x=d4-pazpne 2 opods
# lim xHE =4 oo P F
e+ H-d

3. AcuMnToThl rpaduka PyHKUMHU: BePTUKAJIbHbIE, TOPU30HTAJIbHbIE U HAKJIOHHbIE
[Tycts nana ¢yukmus f(x). Ilpu mccnemoBannu QyHKIIMKM Ha OECKOHEYHOCTH, T.€. PU X —> +00

WIA TIpH X — —o0 WU BOIW3M Touek paspeiBa Il popa, yacto okaspiBaercs, 4To rpapuk GyHKIUU
CKOJIb YTOJHO OJIM3KO MpUOIMKAeTCs K TOW WM WHOW mpsMod. Takue mpsiMble Ha3bIBAKOTCS
AcCuUMnNmMomamu.

OIIP: IpsiMa TuHUS HA3bIBAETCS acumMnmomou Jyisi KpuBor y = f(x), ecnu pacctossHue d OT TOUYKH

M, nexaieid Ha KpuBOM A0 mpsiMol cTtpeMutcs K 0 mpu ygajieHud TOYKu M OT Hayajga KOOpJIUHAT
B OECKOHEYHOCTb.

CYI_]_ICCTByeT TPU BUJa aCUMIITOT: BCPTUKAJIBHBIC, TOPU30HTAJIBHBIC U HAKIIOHHBIC.

OIIP: TIlpsmas x =a Ha3bIBaCTCA GepMuUKAIbHOU acumnmomou Tpaduka GyHkmuun y = f(x),

€CJIM XOTs OBbI OJHO W3 MpeeNbHBIX 3HaUeHn lim f(x) wnam  lim f(x) paBHO +o WU — 0.
xX—>a—

xX—>a+

1
IIpumep: y =—
: 7
11 @ — =
:—}ﬂl— iy it
= X=0 SepEmUKanbHaR acUMREnoma
lim L=
=+ X +=e

CpaBHEUM ¢ ompeneneHueM Touku paspeiBa Il poma. 3HauwT, ecnu B Touke a GyHKOus y = f(x)
TepnuT paspeiB II pona, To mpsimast x = a ABIAETCA BEPTUKAIBHOW aCUMIITOTOM.

OIP: Ecnmu  lim f(x)=4, To mupsimMas y = A Ha3bIBACTCA 20PU3OHMANbHOU ACUMNIMOMOU
X—>+00
(x—>—e0)

rpaduka pyHkmuun y = f(x) npu x — +0o (x = —0).

1
IIpumep: y =—
X

.1

lim —=0 = y =0 -ropu3oHTaIbHAS ACUMIITOTA.
X—>+0
(x—>—0)

OIIP: Ecnu cymiecTByrOT Takue uncna k u b, 9to | k= lim S ) , | b= lim (f(x)—kx) |, TO
(x—>-m) (x—>-m)

npsimMasi = kx+b Ha3bpIBaeTCAd HAKIOHHOU acumnmomou Tpaduka ¢GyHKIUu y = f(x) mpu
X — 40 (x > —o).

[TpakTruecku 1eaecooOpa3Ho UCKATh ACUMIITOTHI B CJIEAYIONIEM MOPSIKE:
BEPTHKAIbHBIE ACUMITTOTHI
TOPU30HTAJIbHBIE ACUMITOTHI
HAKJIOHHBIE aCUMITITOTHI



. ¥ +2x-3
[Ipumep: Haittu acumnTotsl rpaduka GyHKmum y=——

X
1) Beprukanbusie acumntothel. Touka x =0 - touka paspeiBa Il pona
2 2
im X *2X T3 ow m X273 _ . =  x=0 - paspsIB BTOporo posa
x—>0+ X x—0- X
= x =0 - BepTUKaJIbHAA ACUMITOTA.
2) N'opr3oHTaNIbHBIE ACUMIITOTHI.
2
fim Y23 (x+2 _E) _ T®  _, TOpU30HTAIbHBIX ACHMIITOT HET.
Sy X () x (o)
3) HakyionHbie acuMnToThl. y = kx +b
. (x) . X +2x-3 2 3
k= lim BAC) . lim ————= lim (1+=-=) =1
X—>+0 x X—>+00 X—>+0 2
(x—>-m) (x—>—0) (x—>-)
2
— 1; — . +2x-3 _
b= lim (f(¥)—k0) = tim (] N e TR NI
0 x>+ X X0 x X—>+o0 X
(x—>—m0) (x—>—) (x—>—) (x—>—0)

= y =X+2 - HaKJIOHHas aCUMIITOTa

¥

x|-1 w2 1 2
g v|4 15 0 25

1.14 Jlexuus Nel4 (2 gaca).
Tema: «[IpousBogHast QyHKIHI»

1.14.1 Bonpocs! eknuu:

1. 'eoMeTpruecKkuii, MEXaHUYECKUH U SKOHOMHYECKHUM CMBICI IIPOU3BOTHOM.
2. OcHOBHbIE TeOpeMbI 0 MU PepeHITPYEMBIX (PYHKITUAX U UX TTPUITOKEHUS.

3. IuddepenuupoBanne CIoXKHOU U 0OpaTHON (DyHKIIHIA.

4. luddepennupoBanne MoKa3aTeIbHO - CTCTICHHONW ()YHKIIUH.
5. IlpousBoHast HesIBHOU (YHKIINU.

6. IIpon3BOIHBIE BBHICIINX MOPSIKOB.

1.14.2 KpaTkoe conep:kaHue BOIPOCOB:

1. T'eomeTpryecknii, MeXaHN4YeCKH M 3KOHOMHUYECKHH cmbIca mnpou3BoaHoii Koagduument

3JACTUIHOCTH.

ITycTs ¢pyHknus f(x) ompenencHa Ha HEKOTOPOM MPOMEXyTke X M Touka X, € X .

¥

s g
fixp)

a *n K

Bossmem TOuky M, (x,; f(x,)), ODpuHamIexamy rpaduxky QGyHKIun

apryMeHTy x B TOYKE X, IPOU3BOJIBHOE IIpUpanieHHe Ax Takoe, 4TO 3HA4YCHHE

3amaaum

x,+Ax

npuHaiexur JX. HoBomy 3HaueHHIo aprymeHTa X,+Ax COOTBETCTBYeT 3HaueHHE (DYHKLIUU

f(x,+Ax). Ilpupamenuto aprymerta Ax  OyIeT COOTBETCTBOBaTb IpHUpALICHUE (QYHKIUU

Ay = f(x, +Ax) = f(xy)



OIIP: IIpoussoonoti ¢yHKuuU f(Xx) B TOUKE X, HA3BIBACTCS IPE]ENl OTHOLIEHUs MPUPALICHUS

GYHKIMK B 3TOM TOYKE K MPUPALICHUIO apryMEHTa, KOrja MmpHpaiienue aprymedra Ax — 0 (mpu
YCJIOBHH, YTO 3TOT IPEJIEI CYIIECTBYET).
O6o3Hauenue: ), y'(x), f'(x) u T.I.
. A . + -
fl(xo) — hm_y — llm f(xo A.X) f(xo)
Ax—0 Ay Ax—0 Ax

Hpumep: Haiitu npousBoanyto GyHkimu  f(x) = x° B Touke x=2.
Ay lim (x, + Ax)’ — xo3 X +3x0Ax +3x,(Ax)” + (Ax)’ — x,

"= 1i _— = = 1 = i 2 2 =
Y _Al)%gl()Ax Av—0 Ax izr_}no Ax Alirilo(3x0+3x0Ax+(Ax))
=3x, +0+0=23x]

V'(2)=12

1) Teomempuueckuii cmblei BPOU3B0OHOU

[Tycte 3amana pynkuus y = f(x), ompenesneHHasl Ha MPOMEKYTKe X.

id KACaMEToRaN,

BossmeMm mo6yro Touky M (x,; f(x,)) npuHamIexKalyo rpapuky GyHKIUU. 3a1aauM IpHpaleHIe
aprymenta Ax. Ilomydum HOBYyIO TOuky N(x, + Ax; f(x, + Ax)).
[IpoBenem cexymyto MN. O6o3naunm LXPN = ¢.

bynem nmpubmmkath Touky N K Touke M, ABUTAsICh IO KPUBOH, TOT/Ia MOJOKEHHUE CeKyIel Oymer
MeHATbCs. Korna touku N u M coBMecCTATCs, CEKyllas IPEBPATUTCA B KaCaTEJIbHYIO.

B stom cnywae: ecnu M > N, 10 Ax—>0, Lop—>La, T.e. jéirrﬂllgoza, rie « - yroa
-

HaKJIOHA KacaTenbHOU K ocu OX.

Haiinem tgep. IlpoBenem nomonHutenbHble nmocrpoenus: MC || Ox, AMCN - npsMoOyTOJbHBII:
ZCMN =¢.

_NC Ay (% +AY) — f(x) (*)

toQ = =
& MC  Ax Ax

. N . B : B o
fvi;n% )go =a. Paccmorpum Alglo gy = tg(AliElo p)=tga (*%)

[ToncraBum B (**) BmecTOo fg¢ 3HaueHue u3 (*), To

S (xp +Ax) = f(x,)

i = =1 - IO OIIPENIEIIEHUIO IIPOU3BOIHOM.
Aliino . tga = f'(x,) pexn p )i
| tga = f"(x,) |

TaHreHnc yria HakjioHa KacarenbHOM Kk rpaduky QyHKImMM y = f(Xx)_B TOYKE X, PABEH 3HAYEHUIO

[IPOMU3BOIHON (PYHKIIMM B OTOH TOYKE.

Bcriomaum  tga =k - yriioBoil KO3(QQUIIMEHT KacaTenbHOU, T.e. |k: f ’(x0)|. Kacarenbnas

IPOXOIUT uepe3 Touky M (x,; f(x,)) u uMeer yrinoBoit koddouuueHt k = f'(x,)

¥ =y, =k(x—Xx,) - ypaBHeHHE NPSAMOIl ¢ HAYaIbHOI TOUKON U yrIIOBBIM KO3 (PUIIEHTOM. 3HAUUT:



| y=f"(x)x—x,)+ f(x,) | - ypaBHEHHE KacaTelbHOW K Trpaduky GyHKmuuM y = f(X) B TOYKE

M (xy; f(xy))

2) Mexanuuyeckuil cmbici NPOU3800HOU

PaccMoTpuM ypaBHEHHE HEPaBHOMEPHOTO BID)KEHUS TOYKH IO MPSIMOJIMHEHHOW TpPaeKTOPHH
S =S8(t), rne ¢—Bpems, usmensiercs oT @ 1o f (a <t < f),S— paccrosnue.

54
5=E{t)
E(t, tat)=F,
1
1
Eft, )=E, :
1 ity 1
1 2l
& i, ot & 4

3aduxcupyem 1Ba MOMEHTa BpeMeHU  f, U t, npuueMm f, € (a;f) u t, €(a;f). B MomeHT
BPEMEHH {, TOYKA IIPOIIA PACCTOSIHUE S,,a B MOMEHT BPEMEHH {, - PaCCTOSIHHE S,

Torma t, —t, = At - n3MeHeHne BpeMeHH, S, — S, = AS - U3MEHEHHUE pacCTOSHU.

AS

Ve :A_ - CpemHsii CKOPOCTh JIBIDKEHHMsSI — O3TO OTHOIICHHWE ITyTH, MPONIACHHOTO 3a IaHHBIN
t

IPOMEXYTOK BPEMEHH K 3TOMY IIPOMEKYTKY BPEMEHHU.
UroObl HaWTH CKOPOCTb MABMXKEHUS B JAHHBII MOMEHT BpPEMEHHM f,, HEOOXOAMMO UYTOOBI

f, —t, = At ObUIO KaK MOXHO MeHbIIE. T.e. yeM MeHblIe Af, TeM MEHbIIE V,, OTIHYAETCS OT V B

JAHHBI MOMEHT BpeMeHHu (v

iaiiaaiité )

. AS

V., = lim—

At—0 At
MrHOBEHHAs CKOPOCTh €CTh IIPEe] OTHOLIEHUS u3MeHeHus nyTd AS K M3MEHEHHIO BpeMeHu Af,

korga At — 0

. AS .S, + A - S(¢
Urak: v, = lim— = lim (A1) = S(d) _ S'(t,)
At—0 At At—=0 At
Vi =S'(t,) |

ITponsBoiHas OT MyTH 10 BPEMEHH PABHA CKOPOCTHU IPU HEPABHOMEPHOM IMPAMONMHEHHOM JBHKCHUN
B JAHHBIA MOMEHT BPEMEHHU [, .

[Tpumepsr:
1) CocTaBuTh ypaBHEHHE KacaTeIbHON K rpaguKy QyHKIMM ) = X° B TOUKE X, = 2
2) IBuskenue onpejensercs ypapuenueM S(¢) = 2¢° —t+1.

a) Haiitu ckopocTb Tena uepes 5 4acoB
0) HaifTt MOMEHT BpeMeHH, B KOTOPBIH TEJIO MOJHOCTHIO OCTAHOBHUTCS.

3) DxoHOMUYECKU CMBICA RPOU3BOOHOU
1. 3a0aua o npoussooumenvrocmu_mpyod.
IMycts QyHKIMS u = u(f) BbIpaKaeT KOJUYECTBO MPOU3BEACHHON MPOIAYKIIMU # 3a BpeMs I

Heo6xoauMo HalTH NMPOU3BOIUTENBHOCTh TPYJa B MOMEHT BPEMEHHU ). 3a MEPUOJl BPEMEHH OT £,
J0 t,+ At KOINYECTBO NPOU3BEIECHHOM NPOAYKLUUHM M3MEHUTCS OT 3HadyeHus u, =u(t,) 10
Au

Uy +Au = u(t, + Ar). Torma cpemHsst MPOM3BOAMTENBHOCTb TPYJA 3a OTOT IEPHOJ BPEMEHH Z,, = Ve



O‘-IGBI/I,Z[HO, 4TO HNPOU3BOOUMENbHOCIb _MPYOd 68 MOMEHM 8PEeMEHU fo MOKHO OIpCACINUTh Kak

IIPEIENbHOE 3HAYCHUE CPEIHEN IPOU3BOAMTEIBHOCTU 3a IIEPUOJ BpEMEHU OT {, 10 (¢, + At, Ipu
At > 0, T.c.

. . Au
z=limz, = lim— =u'(¢))
At—»0 P At—0 At

2. Ilycte dynkmus y = y(x) 3amaerT 3aBUCUMOCTh HM3JEPKEK MPOU3BOACTBA ) OT KOJIMYECTBA
BBIIIyCKaeMoOM npoaykuuu x. Ilycts Ax - mpupocT npoaykuuu, Torga Ay - HpUpALlleHUE U3IEPKEK

A
MPOU3BOACTBA H Ey- CpeaHee IMPUPALLCHUE U3ACPKEK MPOU3BOACTBA HA €OUHHUIY MPOAYKLIHH.

. A
HpOI/ISBOI[HaH y’ = hmEy BbIpaKacT npedeﬂbuble u30epofc1<u npous’eodcmea u_xapakmepuszyem
Ax—0

NPUOTIUNHCEHHO OONOAHUMEIbHbLE 3AMPAMbl HA NPOU3E00CINEO eOUHUYbL QONOIHUMENbHOU NPOOYKYULL.
AHAJIOTUYHO OMPEACINSIOTCS npedeibHds 8blPYYKA, Npedeibhblll 00X00, NpedelbHblil NpPooVKm,
NpeoeibHAsl NONE3HOCHb, NPEOCIbHASL NPOU3E0OUMENbHOCMb W T.]I.
[IpenenpHBIC BETUYHHBI XapaKTEPUIYIOT Hpoyecc, UsMeHeHUue IKOHOMULecko2o 00vekma. Takum
00pa3oM, npoussooHasi eblcmynaen KAk CKOPOCHIb USMEHEHUsl  HeKOMOPO20 IKOHOMUYECKO20
obvekma (npoyecca) no 8pemenu Ui OMHOCUMENbHO20 OPY2020 hakmopa.

PaccMoTpuM COOTHOIIEHHSI MEKIY CPEITHUM U NMpeieJbHbIM JI0X0A0M B YCIOBUSX MOHOIOJILHOTO
U KOHKYPEHTHOTO PBIHKOB.

3ameuyanue: B SKoHOMHMYECKOW JHUTEpaType NpPEAENbHBIE  BEJIMYMHBI  HA3bIBAIOT  TaKXKe
MapocunanbHvimuy. TIpy UX 3amucu K 0OBIYHOMY 0003HAYCHHUIO BEIUMUYNH J00aBisercs OykBa M. Ilpu
3aMiCH  CPEeNHUX BenuuyuH nobaBnsercs OykBa A. Hampumep: MR — npenenwvHblii joxon, AR —
CpPEOHUN T0XO/.

[lycts 7 — cymMMapHblil 10XO[ (BBIPYYKA) OT peaau3aluy IpOAYKLIHH,
p — lIeHa €IMHULIBI TPOLYKLIUH,
¢ — KOJIM4ECTBO NPOAYKLIMU Torma r=pq

B ycioBHSIX MOHONOJMH OJHA WM HECKOIBKO (PUPM IMONTHOCTHIO KOHTPOIUPYIOT MPEUIOKCHHE
HEKOTOPOW MPOIYKIMH, a 3HAYUT M LeHbl Ha He€. Ilpu 3TOM ¢ yBeIWYEeHHEM LIEHbI CIPOC Ha
IpOAYKIHIO nmagaer. [IycTh 93T0 MPOUCXOOUT IO MpsiMoit  p=aq+b, tne a<0, b>0, T.e. nuHEWHas
yosBaromas gyrkims. Torma r=(ag+b)g=aq’+bq. W cpemnuii 10X0[ HA €IUHUIYY HIPOLYKIIHH

’

r .
1, =—=aq+b. llpenensupiii noxox cocraBur 7, =2aq+b (puc. 1)

r MonononbHbuit ry C80000HbII KOHKYpeHMHbLI
PBIHOK PHLHOK
Qo(, ”?_;
™%, r (CcyMMapHblit
3 i e 10X01)
$ | ‘-%__ r (cyMMapHBbIit
§ ! = [loX0m)
§ § 2
1 [ i
b,"? b _Q% Tep (cpeaHuit 10xox)
zxo{mn) r ‘; (npenenbHblit 10X01)
y |
0/ (mpenesn- p b q
HbIA 2a g 0
Aoxoxn) q
puc. 1 puc. 2

CrenoBaTenbHO, 6 YCAOBUSX MOHONOJIbHO20 _DbIHKA _C__DPOCOM _KOJIUYECEd _Deaiu308aHHOU
NPOOYKUUU NPEOEIbHbIIL 00X00 CHUNCACMCS, YMO NPUBOOUN K YMEHbUEHUIO CPEOHe20 00X00d.

B ycnoBusx coBepuieHHOI KOHKYPEHIMH Kaxaas pupMa He CIocOOHAa KOHTPOJIMPOBATH YPOBEHb
neH. Ilycts npeobnanaromas peiHOUHas ieHa p=b. [Ipu 3TOM cymMMapHBIi JOXOA COCTaBUT r=bq U

!

o r o
COOTBETCTBEHHO CPEIHHMI 10X0N 7, = — = b w npenenbHBINA T0X0T r, = b (puc. 2).



Taxkum 00pa3oM, 8 Vcnosuax c80000H020 KOHKVPEHMHO20 PbIHKA CPeOHUU U NPedeibHblil 00X00bl
cosnaoarom.

IIJ'I?I HCCIICAOBAHNA JKOHOMHYECKHUX IPOHECCOB MW PEIICHHA MNPUKIAAHBIX 3adad HCIIOJIB3YCTCA
IIOHATHUEC J2JdcmuvYHoCcCmu QbVHKL{I/lI/l.

OIIP:  Onacmuunocmuio __gyukyuu  E () Ha3bIBaeTCsl HpeAen OTHOCHTEIBHOI'O IPUPALICHUS

GYHKIIMM Yy K OTHOCHTEIBHOMY MPUPAIICHUIO TepeMeHHON x mpu Ax — 0
. Ay Ax . A
E (y) = lim 22 =£hm—y=£-y'
Ax—0 y X y Ax—0 Ax y

DOnacTUYHOCTh (DYHKIIMU MOKa3bIBaeT MPUOIMIKEHHO, Ha CKOJBKO MPOIEHTOB M3MEHUTCS (YHKITHS
y = f(x) npu U3BMEHEHUHU He3aBUCUMOM nepeMeHHol x Ha 1%.

I'eomMeTpryecKHii CMBICJI:

X X .
E(y)=—-)= ;tga , TIIe !ga - TaHTEHC yrja HaKJIOHa KacaTelbHOH B Touke M (X;))

i Y,
M,
AN oYY
Bla £ py
24 [
A0 X I A W
puc. 3 puc. 4

MN = @ 3Haunt E (y) = MB
A MA

T.e. anacmuuynocmo Gyukyuu (no abCconromuol_eeiuyune) pasHa _OMHOULEHUIO DACCMOAHUL NO
KacamenbHou om 0aHHOU mouku epaguxa Gynkyuu 0o moyex eé nepeceyenus ¢ ocamu_Ox u Oy.

Ecnu Toukn 4 u B HaxondTcs MO OJHY CTOPOHY OT TOYKU M, TO 3JACTUYHOCTD IOJIOKUTEIbHA
(puc. 3), eciu 1o pasHble, TO OTpULIATENbHA (pHC. 4).

AMBN: MN =x-tga, MC =7y, AMBN oo AAMC =

Cesoticmea snacmuyHocmu _@yHKyuu:
1) DmacTuuHOCTh (PYHKIIMH paBHA MPOU3BEACHUIO HE3aBHCHMOM MEPEMEHHON X Ha TEMI U3MEHECHUS

’

bynkumn T, :(lny)':%, T.C. E(y)=x-T,.

2) DnacTUYHOCTh NPOM3BEAEHUS (YaCTHOro) JABYX (YHKIHMHA paBHa CyMMe (pa3zHocTH)
AJACTUYHOCTEH ATHUX (DYHKITHIA. EWUV)=EU)+E.(V) u

E, (%) - E(U)-E().

3) DnacTUYHOCTH B3aMMHOOOPATHBIX (YHKLMH — B3aUMHO OOpaTHbIE BeIMYMHBL. £ (V) = £
X

Wrak, 51acTUYHOCTD CIIpoca ¥ OTHOCUTENHHO LIEHBI (MU J0X0/a) X MOKa3bIBaeT MPUOIMKEHHO, HA
CKOJIBKO MPOLIEHTOB U3MEHUTCSI CIIPOC MPHU U3MEHEHUH 1IeHbl (noxona) x Ha 1%. Ilpuuem:

€CJIM AJIACTUYHOCTH CIpoca |EX ( y)| > 1, TO CIPOC CYUTAIOT 2IACHMUYHBIM;

€CIT DJIACTHYHOCTH CIpOca |Ex(y)| <1, TO cpOC CUUTAIOT HEINACMUYHbIM OTHOCUTEIHHO
IIEHHI (10X0/1a);
€CJIM 3JITACTUYHOCTH CIIpoca |EX ( y)| =1, TO TOBOPSIT O CIIPOCE C COUHUYHOU INACMUYHOCHIBIO.




BrIsicHUM Kak BIUSIET DJIACTUYHOCTH CIIPOCA OTHOCUTENLHO IIEHBI HA CYMMAapHBIN JOX0N 7=pg TpHU
peanuzanuu npoaykiuu. Ilycte p=p(q)- npousBonbHass (GyHKIHS ( HE 005M3aTEIBLHO JIMHEHHAS).
HaiineM npenenbHbiii 1OXO.

d=UML=p;q+p4=p®+%pﬂ=pﬂ+%0m

1
Io cpoiictBy 3: E (p) = Z u E,(q) <0, monyyum npu MPOM3BOJIBHON KPHBOH Cripoca

’
r=pll+——
q

EA@
€CIM CIIPOC DNIACTHYEH, TO MPENENbHBIN 0X01 7, - TOJOXUTENEH MpU 000 1ene. ITo

03HAYAET, UTO 0Jis1 NPOOVKYUU IAACIMUYHO20 CHPOCA C_B803DACMAHUEM UEHbl CYMMAPHLIL 00X00 Om
peanuzayuu nPOOYKYUU Yeeaudueaemcs.
€CJIM CIPOC HEDJIACTHYEH, TO MPENETbHBIA JOXOJ] rq’ - OTpHIIATENICH MPH JIFOOOH IIeHe. DTO

O3Ha4vacT, 4To 01 I’ZDOaVKI/{I/lI/l HENACMUYHO20 CNPOCA C 803DACINAHUCM YEHbL CYMMADHBLLL 00Xx00 om
peaiusayuu I’IDO()VKL{MM VYMEeHbUWaenicA.

[Ipumep 1: 3aBUCHUMOCTD MEXIYy H3ACPKKAMHU TPOHM3BOJACTBA ) U O0OBEMOM BBHITyCKaeMOM
NPOAYKIMH X BhIpaxkaercss QyHkmuerr y = 50x—0,05x° (men. en.). Ompenenurts cCpeaHHe U
npeenbHble H3AEPKKU pu 00bEMe npoaykiuu 10 en.

Pentenue: OYHKIMA CPEIHUX U3ACPKEK: Y, = Y~ 50-0.05x Y., (10) = 45 (zmen. en.).
X

DyHKIMS TpeienbHBIX u3aepxkek: ' (x) = 50 —0,15x y'(10) =35 (mewn. ex.).
Urak, eciu cpeHUe U3ACPKKHA HA MPOM3BOACTBO CAUHUIIBI MPOAYKIIMHA =45 JIeH. €., TO TpeIe/ibHbIC
U3JICPKKHU  (JIOTIOJTHUTENIBHBIE 3aTpaThl Ha MPOU3BOJICTBO €. MPOJAYKIUN), P 00BEME BBITYCKaeMOU
npoaykuuu 10 ex., =35 neH. en.

[Ipumep 2: 3aBUCHMOCTh MEXKIY CEOECTOMMOCTHIO €AMHHIILI TPOAYKIIUKA ) (THIC. pPy0.) U BBIITYCKOM
nponykuuu x  (Mapa. py0.) Belpaxaetcs ¢yHkmmerr y =-0,5x+80. Haith smacTudHOCTH

ce0ECTOMMOCTH TIPH BBIMTYCKe MPOayKIuu, =60 MIH. pyoO.

Pemenue:

Ep=2y = Bt o o
v -0,5x+80 x-160

npoAyKuuu, paBHoM 60 MIH. py0., yBenuueHue ero Ha 1% mpuBeneT K CHUKEHHIO ce0EeCTOMMOCTH

Ha 0,6%.

E _(y)=-0,6, T.e. mpu BbITyCKE

Hpumep 3: OOBEM NpPOXYKIMM U, MPOU3BEICHHBIM OpHramoil pabo4ymx, MOXET ObITh ONHCAaH

ypaBHEHHEM U :—%f +§t2+100t+50 (em.), 1<t<8, rme ¢ — pabodee Bpems B wYacax.

BbraucianTh mpou3BOAUTENBHOCTh TPYAa, CKOPOCTh U TeMIl €€ M3MEHEHMs Yepe3 dac Iocje Hadala
paboThI U 3a yac 70 e€ OKOHYaHUS.

Pemrenne: IpousBoaurtenbHOCTh Tpyaa: z(t) =u'(t) = —%tz +15¢+100 (en./4.)

CkopocTb mpousBoauTeNIbHOCTH: z'(¢) = =5t +15 (en./ 7%
Z(6)  2—6
2(t) t*—6t-40

TeMn M3MEHEHHS MPOM3BOJUTENBHOCTH: T.(f) = (In z(t))l = T.(t) =

(em./q.)
Ecmm t, =1,10 z(1)=112,5(en./4.), z'(1) =10(en./ q?), T.(1)=0,09 (en./u.)
Ecmm t, =8-1=7,710 2z(7)=82,5(en./u.), z'(7) =-20(en./ q?), T (7)=-0,24 (en./u.)



Wtak, K KOHITYy pabOThI IPOU3BOAUTEIBHOCTD TPYAa CHUXKAeTCs. VI3MEHEeHHe 3HaKOB TOBOPHUT O TOM,
YTO yBeJIMYEHHUE MPOU3BOAUTEIHLHOCTH TPY/AA B MEPBbIE Yachl pab0OUero JHS CMEHSETCS €€ CHUKEHUEM
B IIOCJIEZIHHE Yachl.

p+8
p+2
s=p+05, 1€ ¢ U 5 — KOJIMYECTBO TOBApa, COOTBETCTBEHHO MOKYIAEMOT0 M MpearaeMoro Ha

Hpumep 4: OnOBITHBIM NIyTEM YCTaHOBJIEHBI (YHKIMM cOpoca ¢ =

U MPCHIOKCHUA

NPOJaXy B €IUHUILy BpEMEHHU, p — IIeHa ToBapa. HaliTu: a) paBHOBECHYIO ILIeHY; 0) 3JaCTHYHOCTb
CIpoca W MPENJIOKEHHS I OTOW IIEHBI, B) M3MEHEHHWE J0XO0Ja MPH YBEIWYEHUHU IeHbl Ha 5% OT

PaBHOBECHOM.
Pemenne:
a) PaBHOBecHas I1ieHa ompenensieTcss W3 yCIOBUS ¢ =Ss: P+i —p+05 = p=2 (meH. enm) -
p+
paBHOBECHas IEHA.
X
6) E(y)=—-)
y
E (q)= % _spactuumocts cupoca H E (s)= 2P _ smactHuHOCTH MPEJIOKEHUSI.
P P
(p+2)(p+98) 2p+1

Jl1st paBHOBECHOM LieHBl p=2: E _,(q)=-03 #u E,_,(s)=08.
E,,(¢9)<1 m E _,(s)<l = cnpoc H NPEAT0oKEHUE NPH PAaBHOBECHOU LIEHE HEAIACTUYHBL. T.e. mpu

yBEJIMUEHUHU LeHbl p Ha 1% cnpoc ymenbmutces Ha 0,3%, a npeanokenue ypenuuurcd Ha 0,8%.
B) Ilpu yBenmuenun nensl Ha 5% OT paBHOBECHOH cnpoc ymeHbmutcss Ha 5-0,3 =1,5%, 3Hauur

J0xoJ Bo3zpacTeT Ha 3,5%.

IIpumep 5: Kak cBsi3aHbl IPEACIIBbHBIC U CPEIHUE IIOJIHBIEC 3aTPATHI IPEANPUATHS, €CIIU HIACTUYHOCTD
MOJIHBIX 3aTpaT paBHa 17?7

Pemienue:
Ilyctes y = f(x) - monHbIe 3aTpaThl NPEANPUATHS, TIe X — 00BEM BBIITYCKA€MOM MPOTYKIIUH.
_ Y
Cpe;[HHe 3aTpaThbl Ha ITPOU3BOACTBO €. TPOAYKIIUU ycp = ;
x ! ! y
E(y)=1un l=—-)" = y == -npenenbHble U3IEPKKHU NPEANPUITHUS.
y X

Urak, y,, =)', T.e. NpeNebHble U3IEPKKU = CPETHUAM U3IEPIKKAM.

3aMeTHM: MOJyYEeHHOE YTBEPKIEHUE BEPHO TOIBKO JJIS IMHEHHBIX (DYHKIUN H3AEPIKEK.
Tabanna npou3BOAHBIX.

[Tpocreiime snemMeHTapHbIe QYHKITHH Crnoxuble pyHKIMH (u=u(X)- HEKOTOpas
yHKImT)



) y=c,c=const, (c)=0 1) y=c,c=const, (¢)=0

) (x"Y=n-x"", neR )"y =n-u""-u', neR
(@) =a"lna, a>0,a=1 @) =a"lnau, a>0,a=1
(eX)!:ex (eu)fzell'u’
' 1 ' l/l'
4) (log, x)' = —— 4) (log, u)' = ——
xlna ulna
(Inx)" = 1 (Inu) = L
X u
5) (sinx) = cosx 5) (sinu)' = u'-cosu
6) (cosx)' = —sinx 6) (cosu) =—u'-sinu
’ 1 , M’
7) (1gx) = — 7) (tgu) = —
cos” x cos” u
8) (crg) =~ 8) (cigu) =~
sin” x sin” u

9) (arcsinu)’ = ——t

1
1-x* Vi-u?

9) (arcsinx)' =

10) (arccosx) = — 10) (arccosu)' = — “
1-x* 1-u’
' 1 f le’
11) (arctgx)' = > 11) (arctgu)’ = )
I+x 1+
1 !
12) (arcctgx)' = — > 12) (arcctgu) = — >
1+ x I+u
JloKka3aTenbeTBO: TOKaKEM HEKOTOPBIE U3 MPUBEICHHBIX (POPMYIL.
J)y=a"
) x+Ax o x . x Ax _l ) x 1
(') = lim & a =11ma(a )=‘aM—l~Axlna,Ax—>0‘=llmannazaxlna
Ax—0 Ax Ax—0 Ax Ax—0
2singcosM
5) y=SINX (o yy = fjm SPC0TAD TSI, T2 2 timecos 2 AY _ cosx,
Ar—0 Ax Ar—0 g2 Av—>0 2
2

2. OcHoBHbIe TeopeMbl 0 T epeHIUPYEeMBbIX QYHKIUAX U UX NPHI0KEHUS.
Ecnu ¢@yukyus 6 mouke X  uMmeem KOHEYHYIO — NPOU3BOOHYIO, MO (QYHKYUA HA3bIBACMCA
oughghepenyupyemoti 6 smoii mouxe.

TEOPEMA: Ecau 3f'(x) u 3g'(x),t0 I(f(x)+g(x)) u mpu 5TOM MPOU3BOAHAS CYMMBI paBHA
CyMMe ITPOHU3BOTHBIX.

| (f)+g(x) = () +g'(x) |

HoxkazatenberBo: Ob6o3Haumm  f(x) + g(x) = z(x) .

Hatinem

) — tim A2 _ g ZEHAD 20 (G A0 1 g AY) = () + 2(0)
A0 Ay A0 Ax Ax—0 Ax

o G+ A = () + (g + AY) — g() _

Ax—0 Ax

im YA A A2 i) = (F()+ () = £1(2) + g1(x)-

Ax—0 Ax A0 Ay A0 Ax



TEOPEMA: Ecmu 3f'(x) u 3dg'(x), 10 I (f(x)-g(x)) ¥ mpu 3TOM MPOU3BOIHAS TPOU3BEIACHUS
paBHa CcymMMe MPOM3BEICHHN MPOU3BOAHONW TEpBOW (YHKIIMM HA BTOPYIO M TEpBOM (DyHKIIMU Ha
MIPOU3BOAHYIO BTOPOIA.

| (f(x)-g(x)) = f'(x)- g(x) + f(x) - g'(x) |

HoxazarenbctBo: O603HauuM [ (x)- g(x) = z(x).
Az = z(x+ Ax) - z(x) = f(x + Ax)g(x + Ax) — [ (x)g(x) + (%) g(x + Ax) — f(x)g(x + Ax) = g(x + Ax)(f (x + Ax) - f(x)) +
+ [ (x)(g(x+Ax) - g(x)) = g(x + Ax) - Af (x) + f(x) - Ag(x)

() = lim 22 2 fim SE AN () + [ Af( )
a0 A'x A0 A.x Ax—0

()

g(x +AX)+ lim === f(x) = f(x)g(x) + f(x)g'(x)

TEOPEMA: Ecmu 3f'(x) u 3g'(x), npuuem g(x)#0, 10 3 [f(x)] U TIpU ITOM UMEET MECTO
g(x)

dbopmyna:

( f(x)j S0 80— f0)- ')
g(x) g (x)

3ameuanue: [IponsBoaHas NOCTOSHHON (DYHKIIMM PaBHA HYIIO.

Jlokazarenscto: Ilycte C = const, Torma j — fim 2 = fim L&+ /) _ L €=-C_,
Ax—0 Ay Ax—0 Ax A0 Ax

CIEACTBUA: 1) (f(x)-g(x) = f'(x)-g'(x)
2) (N-f(x))=N-f'(x), tne C =const

Hpumepst: 1) 5 =2y + ~34/x +1n10; 2) y=x"-Inx; 3) S+l 4)
sSin x
3)(
y:1+x2’ Y0 =2

3. IuddepenunpoBanue CJI0KHOI U 00paTHON (PyHKUMIA
[lycte y = f(¢) - dbyHkums oT mepeMeHHOW t. A t=@(x) - (QYHKIUA OT HE3aBUCUMOU

nepemeHHoi x. T.e. 3amana cnoxHas GpyHkuus y = f(@(x)) .

TEOPEMA: Ecimy = f(t) u t=@(x) - mupdepeHnupyempie GyHKIUU OT CBOUX apryMEHTOB, TO

IPOM3BOJIHAS CJIOXHOW (YHKUIMH CYIIECTBYeT M paBHAa NPOM3BONHOW MJAaHHOW (QYHKIMH TIO
IIPOMEXYTOYHOMY AapPryMEHTY, YMHOK€HHOW Ha INPOM3BOAHYIO IPOMEKYTOYHOIO apryMeHTa IIO

HE3aBUCHMOM MepeMeHHOI X, T.e. | V'(x) = f(0)- ¢'(x)|
Wnu: & = & . ar
dx dt dx

Ucnons3ys npasuna auddepenurpoBanus u  dopmyny auddepeHunpoBaHus CIOKHOW (QyHKIUH,
3aII0JTHUM BTOPYIO YacTh TaOJIUIIBL.

Ilycetes y = f(x) - nuddepenuupyemas u cTporo MOHOTOHHAS! PYHKIIUS HA HEKOTOPOM IPOMEXKYTKE
X. Ecnu mepeMeHHYyI0 y paccMaTpuBaTh KakK apryMeHT, a MEPeMEHHYI0 X Kak (yHKILHIO, TO HOBas
bynkuus x = @(y) sABiseTcs oOpaTHON K JaHHOU (YHKIIUU.

TEOPEMA: Jlns auddepenuupyemoir (GyHKIIMH ¢ TPOU3BOAHOM, He paBHOW (), mMpow3BOHAsS
oOpartHO# (yHKIIMK paBHA OOpaTHOI BeTUYMHE MPOU3BOIHON TaHHON (YHKIUH, T.€.

oo 1
S ¢'(y)




JloKa3aTeILCTBO:

f(x)—hm—_hmi Av#=ay20 11 1
S0Ax a0 AX [Ax > 0= Ay >0 Ay»og hmAx o' (y)

Ay Ay Ay—0 Ay

HOpumepsl: 1) y=(@Bx—4x+2)*; 2) y=cos3x-e">; 3) yodtTige o 4) y = In(arcig2x)
1+9x?
4. InddepeHniupoBaHne MOKA3aATEJbHO - CTENEHHON (GyHKIUM

= (U (x))V(x) . pomorapudpmupyem: Iny =V (x)InU(x). lIpoguddepenunpyem:

U'tx) _ U (X)J
U

y(") = V'(x)InU(x) + V (x) —2 U
X

»(x)

PackpoeM CKOOKH, TTOTyIHM: (UV)' —U WUV +V-U U

= (U(x ))”"’(V () InU(x) +V (x)

x2+1 '

[pumep: y =x 3 =x" M 2%+ (2 + D)x

5. IIpousBoaHas HesiBHOM (pyHKIMHU

Paccmorpum  muddepennmpoBanue HesBHONW GyHKIWM, 3amaHHod B Buge  F(x,y)=0. s
HaXOXKJCHUS MTPOU3BOIHON (PYHKIIMHU Y, 3aJJaHHOH HESIBHO, HY)KHO IpoauddepeHupoBaTh 00€ yactu
ypaBHEHUs, paccMaTpuBas ) Kak (DYHKIMIO OT X, a 3aTeM M3 IOJydEeHHOT'O YPaBHEHHUS HaWTH
NIPOM3BOJIHYIO ).

Hpumep: Haiitn npousBogHylo (YHKIMHM Vy, 33JaHHYI0 YpPaBHEHUEM X —xy+Iny=2, u

BBIYUCIIUTD €€ 3HaueHHE B Touke (2;1).
! 2

Yoo o p=2270 o )=3

Pemenue: 2x—(y+xy')+
xy—1

CB3b MeK1Y HelpepbIBHOCTHIO U 1M depeHupyeMocThIO.
TEOPEMA: Ecmu ¢ynkuus f(x) sBiasercs auddepeHnupyemMoil B TOUke x,, TO OHAa HENpepbIBHA B

9TOI TOYKE.
3ameTuM, 4TO OOpaTHas TeOpeMa He BEpHa.

[pumep: JlokazaTs, uTo QyHKIUA Y = |x| He quddepennupyema B Touke x = 0.

¥)
=1
o x
P . ‘x + Ax‘ - ‘x‘ _
emenue: ' = lim ——— 1. OueBuano, 4to mpu x =0 NpPOU3BOAHAA HE CYLIECTBYET, T.K.
Ax—0 Ax
OTHOLIEHHUE w :M _J L A0 , T.e. He uMeeT npenena npu Ax — 0. [lannas QpyHkuus
Ax Ax -1, Ax<O0

HerpeppiBHA B Touke x =0, HO He muddepenmmpyema B Touke x=0. 3amerum, UYTO
FeOMETPUYECKH ATO O3HAYAET OTCYTCTBHE KacaTeJIbHOM K KpUBOU B Touke x = ().

Takum o0bpaszom HenpepvieHOCMb (DYHKUUU — Heobxooumoe, HO He 00CmAamoyHoe YClosue
oudepenyupyemocmu yuruuu.

6. IIpon3BoAHbIE BHICIINX MOPSIIKOB
Paccmotpum Hekoropyro ¢yHkiuio f(x) w myctb  3f'(x) - TpOW3BOAHAS TEPBOrO MOPSIKA.

OueBUIHO, YTO OHA CaMa MPEJCTaBIISAET HEKOTOPYIO (YHKIHUIO, 3aBHCALIYIO OT X. Ecnu cymecTByer



f"(x)=(f"(x))’ , TO oHa Ha3BIBaE€TCSA MPOU3BOJAHON BTOPOrO MOPSAKA AaHHOW (GYHKIHH H T..I.

AHanornyno MoxHo paccMarpuBate  f7(x), fY(x), f"(x).. IlpousBoaHo# n-ro mopsaka
Ha3bIBACTCSI MPOU3BOIHAS OT IPOU3BOJAHON (71-1)-TO MOpsIKA.

[pumep: HaiiTu npousBoaHbIEe TpeThero mopsaka: 1) y = x° +cos2x 2) y=5x+Inx-1

Paccmotpum mexanuueckuii cmvicn 6mopou npou3eo0HoU
Beliiie ObUTO YCTAHOBJICHO, YTO €CJIM TOYKA JBIKETCS MPSMOJIMHENHHO 1Mo 3akoHy S = S(¢), To S'(¢)

npejcTaBiasieT coboi CKOPOCTh M3MEHEHMs IyTH B MOMEHT BpemeHu (. CienoBaTeibHO, gmopas
npouzeoonas nymu no epemenu _S"(t) = (S'(t)) =V'(t) _ecmb _cropocms uzmenenus ckopocmu uiu

YCKOpPEHUEe mouyKu 6 MOMEHM 8peMeHU t.
la(t) =V'(t) = S"(1)

2
G &
2

[pumep: a(t) = g - yCcKOpeH#e CBOOOTHOTO MaeHUS.

1.15 Jlekuus Nel5S (2 yaca).
Tema: «luddepennman dyHKITIID)

1.15.1 Bonipocsl Jexkuum:

1. Onpenenenne quddepeHmnuana.

2. 'eoMeTpUYECKU CMBICII.

3. IlpubnmxeHHbIe BBIYUCICHUS C IOMOLIbIO TuddepeHIrana.

1.15.2 KpaTkoe coaep:kaHne BONPOCOB:
1. Onpenenenne tudppepenuuasia
OIIP: ®ynukuusa f(x) Ha3blBaeTCs Oughdepenyupyemou 6 mouke Xx,, €CIU ee npupameHie Ay B

ATOM TOYKE MOYKHO IPEACTAaBUTH B BUJAE Ay =A-Ax+a(Ax)-Ax, tne A — HEKOTOPOE YUCIIO,
He 3aBHUcsIIee OT Ax, a(Ax) - 6eckoHeyHO Manas mpu Ax — 0.

BrsicHuM cBsA3b MeXAY AU PepeHIPYEeMOCThIO (PYHKIIMH B TOUKE M CYIIECTBOBAHUEM IPOU3BOTHON
B DTOU TOYKE.

TEOPEMA: Jlns toro, utoObl GyHkuus f(x) Oblaa quddepeHnupyeMoil B TOUke X, , HE0OX0IUMO

Hn 10CTaTO4YHO, yTOOBI OHA KMEJIA B TOUKE X, KOHCYHYIO TPOU3BOAHYIO.

Jloka3arenbcTBo:

1) HEO0OXOIUMOCTbD: f(x)- muddhepeHnupyeMoit B TOYKE X,
= Ay=A-Ar+a(Ar)-Ax |:Ax=0

A

Ey = A+ a(Ax). [Tepeiinem K npeaeny npu Ax — 0.

. A .
lim =~ = lim (A+a(Ax))=A+0=A4= f'(x,). T.e. mpou3BoaHAas B TOUKE X, CYLIECTBYET U paBHA
Ax—0 Ax Ax—0 —_

-0

ynciy A (T.e. KOHEUHas).

. A
2) nocrarounocts: ITycts 3 f'(x)) =4, Te. 3 Alimo Ey = f'(x,)=4 = 10 Teopeme O CBA3U

LY

npeaena GyHKOUH ¢ O.M. BEITUYMHAMHU, HUMEEM: a(Ax) = - OECKOHEYHO Majas TpHu

Ax — 0.



a(Ax)-Ax=Ay—-A4-Ax = Ay =A-Ax +a(Ax)-Ax =  f(x) nmuddepeHmMpyeMoli B TOUKE

X, -

Cnaraemoe A-Ax Ha3bIBACTCS 21d6HOU YACMbIO npupaujerus QyHKINH.
OIlP: Aupgepenyuarom bynkuun  f(x) B TOYKE X, Ha3plBaeTCs IJIaBHAs, JIMHEWHas

OTHOCHUTENIFHO AX YacTh NMOJHOTO MPUPALICHUS (YHKITHIH.
dy=A4-Ax

VuureiBas, uto 4 = f'(x,), uMeeM | dy = f'(x,) - Ax |

[Mycts f(x)=x, T.e. y=x, Torma dx=(x) -Ax=1-Ax=Ax, T.e. dx=Ax. Jupgepenyuan
He3a68UCUMOU NepeMenol Paser NPUPAUEHUI0 3MoU nepemMerHoll.

|dy:f’(xo)'dx|

2. 'eomeTpuyecKuii CMbICI
Teomempuueckuii cmoic:
¥

=)

f o)

gl

Pacemorpum M (x; f(x,)) u  P(x,+ Ax; f(x, + Ax))

MS — kacarenbHas k Tpaduky pyakuun y = f(x). O6o3HaumM LXSM =«

[Toctpoum MN || Ox. O6o3naunm MS N PN =Q

Ay = PN

AMNQ - npsmoyronenblii: NQ =Ax-tga =Ax- f'(x,)=dy. T.e. oudpepenyuan ynxyuu pasen

no seauuune ompesxy NQ, koeda apeymenm X noayuun npupawerue Ax = MN .

W3 moctpoenust BuaHo, uto PN = PQ. T.o. ougpgepenyuan ¢pyukyuu pasen npupawenuio

opounamvl_kacamenvou MS k epaguxy smou @yukyuu 6 mouxke xg. A npupawenue QyHKuuu
Ay = PN _ecmb npupaujenue opounamol camoti pyukyuu f(x) 6 mouke X

3. lIpubin:KeHHbIEe BIYUCJICHUS ¢ MTOMOLIbI0 U depenunaia

PaccmoTpuM pazHOCTh

Ay —dy = (AAx + a(Ax)Ax) — f'(x))Ax = f'(x,)Ax + a(Ax)Ax — f'(x,) = a(Ax)Ax - GeCKOHEYHO
Manas npu  Ax — 0.

Ay—dy =0

Ay ~ dy]

[Tpu 3TOM abGCONIIOTHAS TOTPEITHOCTh paBHA |Ay — dy| .

HOpumep 1:  y = x*. Haiitu npubimkeHHo U3MeHeHHE Y, KOrja x MeHsercs oT 2 g0 2,01.

Ipumep 2: Haiitn npubmmkenHoe 3Hauenwe (Gynkmmm  f(x) =33x> +8x—16 mpu x =3,94,
UCXOJIS U3 €€ TOYHOTO 3HAUYCHUS TP X)=4.



1.16 Jlexuus Nel6 (2 gaca).
Tema: «[Ipumenenue nuddhepeHInaIbHOr0 UCUUCIEHUS K HCCIET0BAHUIO (DYHKIIUN»

1.16.1 Bonpocsl teknuu:

1. Bo3pacranue u yosiBanue rpaduka GyHKIIHH.

2. OTpickaHue HAaNOOJBIIET0 1 HAUMEHBIIEeTo 3HaYeHUH (YHKIUU Ha OTPE3Ke.
3. BeinmykiiocTh ¥ BOTHYTOCTH Tpaduka ¢pyHKun. Touyka meperuoa.

4. ITonHoe uccaenoBanne GyHKIUH.

1.16.2 KpaTkoe coaep:kaHne BONPOCOB:

1. Bo3pacranue u yobiBanue rpaduxa GyHKuumn

YCTaHOBUM CBSI3b MEXIY CBOWCTBAMHM (YHKIMHA M WX MPOU3BOAHBIMU. M3ydMM TOYHBIE METOJbI
uccieoBaHusl QYHKIMM M MOCTPOEHHs rPa()uKOB € IOMOIIBIO IIEPBOM U BTOPOI MPOU3BOIHBIX.

PaccmoTtpum QyHKIMIO y = f(X) HENpepbhIBHYIO U ONPENEIeHHYI0 Ha HEKOTOPOM POMEXYTKe X.

OIIP: dynkmus Ha3BIBACTCS go3pacmaioweti, €Cii 0OJIbIIEMY 3HAYEHHUIO apTyMEHTa COOTBETCTBYET
Oousbliee 3HadeHUe GyHKIUHU, T.6. X, > X, = f(x,)> f(x,) (puc. 1)

OIIP: ®yHKuMS Ha3BIBACTCS VOblgarowiel, €Cii OOJBIIEMYy 3HAUYEHHUIO apryMEHTa COOTBETCTBYET
MEHbllIee 3HadeHue QyHKUuy, T.e. X, > X, = f(x,) < f(x,) (puc. 2)

I,
0
e+ -
ol =, A X
puc.2

YcTaHOBUM CBA3b MEXy Bo3pacTaHueM (yObIBaHUEM) GYHKIIUU U €€ TIPOU3BOTHOM.
PaccmoTpuM Bo3pacTaromyo QyHKUIUIO Y = f(X) HENpepbIBHYIO U ONPEAETICHHYIO Ha HEKOTOPOM
IIPOMEXKYTKE X.

Bo3smem moOyro Touky M,(x,;),) Ha rpaduke u mpoBeaeM KacaTelbHYIO K Ipaduky GyHKIUHN B

3TOM TOYKE.
OO6o3HauuM ¢, - yroiy HakjJoOHa KacaTenbHo’ k ocu Ox.

BcnioMHHM reoMeTpuYecKHi CMBICH pou3BoaHoi: f'(x) = k, Torma

f'(x,) =k, =tga,, @, -octpbliyrom, nodromy fga, >0 = f'(x))>0

AnanornyHo ans yOblBaromiel ¢gyHkumu. VYTrol «, HakJIOHA KacaTeabHOM K ocu  Ox  TYIOH,
nostomy tga, <0 = f'(x,)<0

O06001mMM CKa3aHHOE B BUJIE TEOPEMBI.

TEOPEMA (npusuwax monomonnocmu): Ecmu ¢dyakmus  y = f(x) nuddepenmupyema Ha
uHTepBaie (a;b) u BHyTpu mHTepBana f'(x) >0 [ f'(x)<0 ], To rpadpuk ¢GyHkKEH Y = f(x)
Bo3pactaeT [ yOwiBaeT | Ha mHTEepBasne (a;b).

PaccmoTpuM  (QyHKIMIO, KOTOpass MMEET HECKOJbKO MHTEpBAJOB BO3pacTaHus U YObIBaHUS,
nuddepeHIpyeMyro Ha Bceid 00J1acTH ONpeIeTICHuUS.
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Touku Xx,, x,, X;, X, OTAENAIOT UHTEPBAJIbI BO3PACTAHUS OT UHTEOPBAIIOB YOBIBAHMUS.

3ameTuM, 4TO 3HaueHHWE (PYHKIHMM B TOUKE X, OOJbIIe 3HAYEHUH (YHKIMH BO BCEX «COCETHUX)
TOYKax Kak ClieBa, TakK U crpaBa OT X,. IloaTomy B Touke X, (QYHKIUS MMEeT MakCUMyM. B Touke
X; QYHKIHA TOXKE UMEeT MakcuMyM, XoTa f(x;) < f(x;). AHalIOrM4HO A TOYEK MUHUMyMa X, U

X,.

OIIP: ®ynkuus y = f(x) uUMeeT makcumym [ munumym ] B TOUKE X,, €CIIU CYLIECTBYET TaKas

OKPECTHOCTb TOYKHM X,, YTO JUI BCEX TOYEK, OTIMYHBIX OT X, U TPUHALISKALNUX ITOU
OKPECTHOCTH, BBIIOIHSAETCSA HEPABEHCTBO [ (x) < f(x,) [ f(x)> f(x,) ]
3ameuanue: Todka X, - JOKaJIbHBIH MAKCUMYM, X, - [NI0OAJIbHBIA MAKCUMYM,

X, - JJOKQJIbHbIMU MUHUMYM, X, - r7100aIbHBIH MHUHHUMYM.
Toukn MakKCUMyMa U MUHUMYMa O6’bCILI/IH$II-OT 1o O6H_[I/IM HAa3BaHUEM TOUCK JKCcmpemyma.

YcTaHOBHUM CBSI3b MEX]y IPOU3BOJAHON M TOUKAMH 3KCTpEMyMa.

TEOPEMA (_Heobxodumoe ycnosue sxcmpemyma ):  Ecnu pyHkuus y = f(x) UMeeT SKCTpeMyM B

TOYKE X,, TO MPOM3BOAHAS (PYHKIIMU B 3TOU TOUKE paBHA HYJII0O WM HE CYILECTBYET.

Teopema nMeeT cieayroIuid reOMETPUYECKUNA CMBICTT:
Ecmu x,, x,, x;, X, - TOUku 3KcTpeMyMa U ¢yHKuus audpdepeHuupyeMa B 3TUX TOUKAX, TO MOXKHO

IIPOBECTH KacaTeJbHBIE B 3THX TOUKax, mpmueM k, = f'(x)=tga, =0 = ¢, =0. AnHanorn4xo
a,=0, a;=0 n a,=0. D710 03HaYAET, YTO KacaTeIbHbIC NapajuIeabHbl ocu OX.

3amernM, 4TO 0OpaTHas Teopema He BepHa. I3 toro, uro f'(x,)=0 wm 3B f'(x,) He cienyer,

9TO TOYKaA X, SABJISICTCA TOYKOM OKCTpEMyMa.

3

[Ipumep: y=x
L

Y =3x y'=0 npu x=0
Tem He menee, B Touke (0,0) HeT 3KcTpeMyMma, MOATOMY TOUYKH B KOTOPBIX MPOW3BOJHAS paBHA
HYJIIO WM HE CYUIECTBYET Ha3bIBAIOT TOYKAMU BO3MOXKHOTO IKCTpEMyMa (KpUmu4ecKuMu moyKamu),
aycnoBue f'(x,) =0 wmwmm A f'(x,) SBISETCS JIUIIb HEOOXOOUMBIM.

UYeM ke OTIAMYAIOTCS, HAIIPUMED, TOUYKA X; OT TOYKU x=0 ?
B Touke x; (GyHKIUS MEHSET XapakTep MOHOTOHHOCTH (C BO3pacTaHMs Ha yObIBaHuE), T.€.
IIPOU3BOJHAS CIIEBAa OT TOUKH X; IIOJIOKHUTENbHA, a CIIpaBa OTpHLaTenbHa. B Touke x=0 ¢yHKIuUSA

y=x XapakTep MOHOTOHHOCTH He MeHsieT. CJieBa M CIIpaBa OT KPUTHYECKOH TOUKHM (DYHKIHUS



BO3pacTaeT M €€ MPOM3BOJIHAS COXPAHSET IMOJIOKUTENbHBINA 3HaK. ChopMynaHpyeM JOCTaTOYHBIN
IIPU3HAK DKCTPEMyMa.

TEOPEMA (docmamounoe ycnosue sxcmpemyma): Ilycts dyakmus y = f(x) auddepeHuupyema

BO BCEX TOUKaX CBOEH 00JACTH ONpEAENeHUs, M TOYKa X, MPUHAUIEKUT OOJIACTU ONpEesICHHUS.
Ecmu mpousBonnas  f'(x) mpu mepexoje apryMeHTa CiieBa HallpaBO Yepe3 KPUTHUYECKYIO TOUKY X,
MEHSET 3HaK C «+» Ha «», TO X, - TO4KAa MAaKCHUMyMa, €CIM C «-» Ha «t», TO X, - TOYKa

MHUHHUMYMaA, a €CJIM IIPOMU3BOAHAS 3HAKA HC MCHSCT, TO B TOYKE X, 3KCTPEMyMa HCT.

2

IIpumep: Haiith 5KCTpeMyMbl QYHKLUH ) = (?’l—x)
- X
Pemrenne: D @ x#1
2
—-x"+2x+3
y'= x(l ))Cz y'=0 mpu —x’+2x+3=0 x=-1 u x=3 - KpuTHYECKHE
- X
TOYKH.
32 y" mpm x=1¢D,
-ll',-.l'

N - i P 3 Mx v
x € (—0;—1) U (3 : +) - rpaduk GyHKIIUHA YyOBIBAET
x e (-1;1)u(:3)- rpadux hyHKIIUU BO3pacTaET
x=-1 - Touyka MUHUMYyMa
X = 3- TOuKa MaKcCuMyma
Yuin (—1) = 8 - MUHUMaNBbHOE 3HaUEeHHE QYHKIUH
Viax (3) = 0 - MakcuMalIbHOE 3HaYeHUE (PYHKLIUU.

¥

N

a1 [\ 5
2. OTbicKaHMe HAN0O0JIbIIEr0 U HAUMEHbIIero 3HaYeHuil (PyHKIMU HA OTpe3Ke
PaccmoTpum dyHkmo y = f(x) HEMPEPHIBHYIO HAa OTPE3KE [a;b].

¥
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3 (knin
MoeT chnyduThCs TakK, YTO 3HAYEHUS (YHKIMM Ha KOHIAX OTpe3Ka OOJblle MakCcUMyMmMa HWIIU
MEHBIIIE MUHUMYMa. f(a)< f(min), f(b)> f(max). IlosTomMy HaxonuTh HauOoOJbBIIEEC U

HaWMEHbIllee 3HaueHus QyHKOuM y = f(x) Ha OTpe3ke [a;b] HY)KHO HaXOJUTh CIICTYIOIINM
obpazom.

Inan naxoscdenus_nauborvbuwiezo u naumenvuezo suavenuti pyuiyuu_y = f(x) _na ompese _[a;b]




1) Haxomum obnacte onpenenenus GyHkiuu. [IpoBepsieM, TpUHAAICKUT JIU OTPE30K [a;b] obnactu

OIIpEIEICHU.
2) Haxoaum TOYkM 3KcTpeMyMma (PYHKIMHU U BBIOMpAaeM T€ U3 HUX, KOTOpBIE MPHHAJUIEKAT OTPE3KY

[a;B].
3) Haxoaum 3Hauenus ¢yHKimu Ha KoHIax otpe3ka ( f(a) u f(b)) wm 3HaueHus QyHKIUU B

TOYKaX dKCTPEMyMa.
4) BeiOupaeM U3 BceX MOITY4YEHHBIX 3HAUCHHUH HanOoJIbIIee M HAaMMEHbIIIEe.

(B3-x)’°

[Ipumep: Haiitn HamOombIliee M HAMMEHBIIIEE 3HaYeHUS QYHKIIMU = Ha OTpE3Ke [— 4;0]

4
Otser: y (—4) = 9§ - HanOobIee 3HaueHue, y(—1) = 8 - HanMeHbIee 3HaUCHHE.

[Ipumep: Haittu HambosbIee W HaMMEHBIIEE 3HAYCHUS QYHKIMU V = 2SinXx +C0S2X Ha OTpe3Ke

-

Pemenne: D : xeR [O;z} eD
y 2 y

y' =2cosx—2sin2x
¥y =0 npu 2cosx(l-2sinx)=0

. 1
sinx = —

cosx =0 2
x=%+27rk,keZ x:(—l)”%+7zn,neZ
x="¢ O;z x=2c O;Z

2 2 6 2

y(0)=0+1=1 - HaumeHblice
y(%) =2—1=1 - HauMeHblIEE

y(%) =1,5 - Haubombliee

3. Beinmykj10cTh M BOTHYTOCTh rpadguka ¢pynkuuu. Touka mnepernda
Emie ogHO# BaxkHOM XapaKTePUCTUKON (DYHKITMH SIBIISIETCS XapaKTep €€ BBITYKIOCTH.

OIIP: I'paduk muddepenunpyemoii GYHKIIMN HA3BIBACTCS GbINYKAbIM | 602HYmMbiM | B WHTEpBaJe
(a;b), ecnam OH pacmoJIOKEH HIKE | BBIIIE | T000M CBOEH KacaTeIbHOW B 9TOM WHTEpBAJE.

¥

. y=it)
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[pumep: @yHkims y = x° ¥MeeT BOTHYTHI rpaduk Ha Bceii ocu R.

[TomyoKpyKHOCTb y =+/1—X° MMeeT BBITYKIbIil TpauK Ha [— 1;1]



3a BBINYKJIOCTh U BOTHYTOCTh Tpaduka PyHKIIUN «OTBEYAET» BTOpPask MPOU3BOIHAS.

TEOPEMA: Ecmu ¢yakums y = f(Xx) WMeeT BTOPYI NMPOM3BOJHYIO BO BCEX TOUYKAaX WHTEpBaja
(a;b) m ecim BO Bcex Toukax 3Toro mHTepBada f'(x) >0, To rpaduk (QYHKIHH BOTHYTBHIH B
unrepBane (a;b), ecmuxe f"(x) <0, T0o rpaduk QyHKIHMH BBITYKIbIH B uHTEpBaie (a;b).

OIIP: Touka M,(x,;f(x,)) Ha3piBaeTcsa TOukoil mepernba rpaduxa ¢yHkmuu y = f(x), eciu
POXO0/Is Yepe3 3Ty TOUKY (QPYHKIMS MEHSET XapakTep BBIMTYKJIOCTH / BOTHYTOCTH.

TEOPEMA (_neobxodumoe ycrosue mouku nepeeudba): Ilycts rpaduk pyHkimu y = f(x) umeer
neperu6 B Touke M ,(x,; f(x,)), TO BTOpas NpPOM3BOJHAs B ATOM TOYKE PaBHA HYJIK WIH HE
CYIIECTBYET.

JoxkaszarenbctBo: Merox ot mportuBHoro. Ilycte  f"(x,)#0 = f"(x)<0 wm f"(x)>0.
3HaYUT B TOYKE M (x5 f(x,)) GyHKIMS MMEET ONpEAETIeHHOE HANpaBlIEHHE BBITYKIOCTU /

BOTHYTOCTH, a 3TO IIPOTUBOPEUUT HaUM4HUIO neperuda B Touke M (x,; f(x,)) .

3ameuanue: OOparHOe yTBepKaeHHe He BepHO. He Bcsikas Touka, B kKotopoir  f"(x)=0 wm
A f"(x) sBHIsSETCS TOYKOM meperuoda.

4

[Ipumep: y =x
¥
i X

Yy =4x y'=0 npu x=0
Tem He menee, B Touke (0,0) Her meperuOa, MOPTOMY TOYKH, B KOTOPBIX BTOpPAasi MPOU3BOIHAS
paBHa HYJI0 WM HE CYIIECTBYET, HA3bIBAIOT TOYKAMH BO3MOXKHOTO reperuba (cmayuonapuvimu
moukamu), a ycnopue f'(x)=0 wmm B f"(x) sBiusercs quiib Heobxooumvim. Chopmynupyem

JOCTaTOYHBIM MPU3HAK TOYKH Ieperuda.

TEOPEMA (_docmamounoe ycnosue mouku nepeeuda): Ilycts x, - cranuoHapHas Touka. Eciu

pOXOJs 4Yepe3 CTAllMOHAPHYI0 TOYKY BTOpas MPOMU3BOJHAS MEHsSET 3HaK, TO rpaduk ¢yHKIUU
vy = f(x) umeer neperud B Touke M,(x,; f(x,)).

(B-x)’
I-x
OtBer: x € (—oo;l) - rpaduk GyHKIMU BOTHYTHIN

[Ipumep: y =

x € (I;+0) - rpaduk GyHKINN BBITYKJIBIH
TOYEK Tmepernda Her.

[Ipumep: y = VYx

D : xeR ! V'#0 " x=0 —

Ay" npm

CTallMOHAPHAS TOYKA
x € (—0;0) - rpaduk GyHKIIMH BOTHYTHIN
x € (0;40) - rpaduk HYHKIIUU BBITYKIBINA



(0,0) - Touka neperuda.

4. IlonHoe ucciaenoBanue GyHKIUNU.
HccnenoBanune GyHKIMA U TIOCTPOCHHUE TPadUKOB CIEAYET MPOBOJUTH 1O CISAYIONIEH CXeMe:
1) Haiitu obnacts onpenenenns Gynkuuu D, .

2) HUccnenoBarh (yHKUIMIO Ha HENPEPHIBHOCTb, HAWTH TOYKHU pa3pbiBa (QYHKIHMH, OMPEAETUTHh MX
pox.

3) Haiiti acumnToTh! rpaduka GyHKIUH.

4) Ecnu BO3MOXKHO, HalTH mepeceueHne rpaduka GyHKIMU ¢ ocaMu KoopauHat. Ecnm oThickaHue
TOYEK MePECEUCHHs 3aTPYAHUTENIBHO, TO TOCMOTPETh KOOPAUHATHI 10 rpaduKy (MIPUOIU3UTENBHO).

5) UccnenoBath GyHKIIMIO HA YETHOCTH / HEYETHOCTD.

6) OmnpenenuTe UHTEPBAIBI MOHOTOHHOCTH U TOYKH SKCTpeMyMa (yHKIIUH.

7) OnipenenuTh HHTEPBAJIBI BBITYKJIOCTH U BOTHYTOCTH, HANTH TOYKH reperunoda rpaduka QyHKIUN.

8) IlocTpoeHne MO MyHKTaM HCCIeNOBaHUS  (TOCTpoeHHE TpaduKa NPUHATO HAYMHATH C
MOCTPOEHUS ACUMIITOT).

9) OnpenenuTs MHOXKECTBO 3HaUeHUA QpyHKuMU E .

x
x* -4
x =12 - BepTUKaJbHbIC aCUMOTOTEI, ) = - HAKJIIOHHAs ACUMIITOTA

[Ipumep: HccnenoBarh PyHKITUIO U TIOCTPOUTDH TPaPuK ) =

DyHKIUs MOHOTOHHO yObIBaeT Ha D, , TOYEK IKCTPEMYMa HET.

¥
- - + ¥
U T T B R,
¥ (0,0) — Touka neperuoa.
[ T
' I
A
: I
| I
| I
! l
—2: o :2 .><
1 1 _i
| SEIEIEIEIE
! ¥l |3 |- -
o ‘3 | 5| 3 |*|
Hpumep: y = In(x* +1)
AcuMOTOT HET
(0,0) — Touka MUHUMYMa
= Mw
R R
¥ (\/g;1n7) u (—\/g;ln7) - TOUKHU Tieperuoa.
y
|1 |3 |s
- y ‘ mz | o] mae
| % 20,7 223 =33

1.17 Jlexuus Nel7 (2 gaca).
Tema: «bunnHeiiHble 1 KBagpaTHUHbIE (OPMBI»

1.17.1 Bonipocsl JeKkuum:
1. bununeitasie Gopmsl.
2. KBagpatuunsie GopMBl.



1.17.2 KpaTkoe coaep:kaHne BONPOCOB:
1. buiuHeiinbie (pOpPMBI.

Hycrs L ects BexTopHOe npoctpancTso Hax noxem K (uame Beero paccmarpusarores most i = [
u K =0
Bbununeiinoii  ¢opmoii Ha3pBaeTCs  QYHKIMA F:L > L= K, nuneiinas 1o KaXJI0My

U3 apryMEHTOB:

Flx+z y)=F(z,y)+ F(z y),
Flz,y+z)=F(x,y)+ F(z, z)
(Az, y) = AF(z, y),

(z, Ay) = AF(z, y),
srecs T, Y, 2 €Ly ) € K.

Bununeiinas gopma — 4acTHBIHN caydail MOHATHUS TEH30pa

F
F

B ciyuae KOHEYHOMEPHBIX IPOCTPAHCTB (HarpuMmep, IR ) yarie HCIIOIB3YETCs APYToe ONpe/ieNeH e,
Iycts L ects  MHOXeCTBO KopTexeii Buma + — (Ils T2y oy Tn), roe Ti € Ki=1n
(OTOXkIECTBIAEMOE C HEKOTOPBIM BEKTOPHBIM IIPOCTPAHCTBOM IIOCPEACTBOM PA3I0KEHHs BEKTOPOB 110
¢duKcupoBaHHOMY 0azucy).
BuinmHeHHBIMU (bopMalx%H naspiBarorcst yukunn & 1 L <X L — K Buna
F(z,y) = Z @i il

i, j=1
e & = (21,22, ..., Tn). ¥ = (Y1, Y2, - ., Un). a @ij — wexoropbie koucTanTs! 13 moist K .
ToBops IpyruMu clIoBaMH, OuiuHeifHas ¢GopMa - 5T0 (YHKIMS OT JIBYyX TIPYIH IE€pEMEHHBIX
O/IMHAKOBOH JUIMHBI, SBJAIOMIAACS OJHOPOJAHBIM MHOTOYJIEHOM IEPBOM  CTENEHM OTHOCHUTENILHO
TepeMEHHbIX U3 KaXKI0M TPYIIbL.

CBsizaHHbBIE ONIpeeIeHUS:

. Bununeiinas gpopma F' HaspIBacTCS CHMMeTPHYHOM, eciy F (3:! y} =F (y! 1:) JUIs TIOOBIX
BextopoB T ¥ € L

. Bununeiinas ¢opma F Ha3piBaeTcs KOCOCHMMETPHYHOH  (AHTHCHMMETPHYHOH), ecIH
F(z,y) = -Fl(y, I),I[J'I}I mo6six Bektopos Ly Y € L

. Bekrop & € L nasemaercs opmozonansubim (6onee TOYHO, OPMO2OHAILHBIM cnesa)
noxnpocrpanctsy M C L ornocurensuo F), eciu F (1:.! y) =0 ISt eex Y € M,

Cosokynaocts Bekropos & € L. oproronansusix mommpocrparctsy M C L otnocurensro
JaHHOU OunMHenHON dopmnr F, Ha3bIBAETCSl OPTOrOHAJIBHBIM
nomoanennem rnoanpocrparcrea M C L ornocurensuo F'u o6o3nauaercs M +

. Pagukanom OunuHeitnoii  ¢opmsl F HaspBaeTcs  OPTOrOHANbHOE JONONHEHHE CaMOro
npoctpasctea I: otrocutensio F, 1o ecth  cookymuocts I mextopos & € L,  mus

KOTOPBIX Flz,y) =10 mpuscex Y € L.

CsoiicTBa:

. MHO0xecTBO Bcex OMIMHEHHBIX popM W(L, L), sanannbix na IPOU3BOJIEHOM (DPUKCHPOBAHHOM
IIPOCTPAHCTBE, SIBJISCTCS TMHEHHBIM TPOCTPAHCTBOM.

. JIrobyro OmnuHeiHy0 (GopMy MOYKHO IPEACTaBUTh B BUJIE CYMMBI CHMMETPUYHOHN U
KOCOCUMMETPUYHON (OpM.

. pu BeGpansOM Gasuce €15 - - -+ €n B L mo6as Gumuneiinas gopma F' ogmosnauno
onpeaenseTcsa MaTpuuen



PN v R T - VI [T Y
',' ey, €1) rlep, €) '€y, €q) 1|i
| Fiea e1) Flies. e4) Fies e )|
| T =) L4 ATEd S LT El s l
| [l
| |
\ e =V EWa =1 e = V]
ANE Wy V1) & Wby B2 LAbny Bnlyf
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TaK 9TO JUIsl IF0OBIX BekTopoB £ = T €] + X7 €3 + -+ -+ T €y
n

wY=ye+yet - +y'e,

4 nr R Y nY SR W AR AN
[ £1€1, €1) I &1, €) Fley, en)\ (V3
| W ™ “ Enrd ~ b 2 1
L | Flez, e1)  Flea, eg) Filea, en) 1TY 1
Ff’fv- \r\l — l'rv-]- ,,.ﬂ ,,.l".l,\ | i3 3 & 3 r % 1 s I I I
SN Y= x L) I I
| i1 i
- _ . _ _ Iy
\Fle. . ) Fle. e Fle.. e V] \y™f
)\.‘- Ve VLS S [ B bl S 1 ) ‘?’3_1!’ \5‘ j
TO €CTh
n
Inl NN i 7 r T Yy
L, = > FER AT i — 1 Es, €5).
VY F Al N = 7 CaEN ] i o
1,9=1
. JTO0 TaK)Ke 03HAYaeT, 4TO OMIMHEHHAs (popMa MOIHOCTHIO OMpPEAESeTCs] CBOMMU 3HAYCHUSIMU
Ha BEeKTopax 0Oasuca.
TA7(T TH RN, ¢ Far i S S N O | a2
o PaszmepHocTh mpoctpancta ¥ (& L) ectp QL WV L Ly L) = | AT L)
. HecmoTps Ha To, 4TO MaTpuIa ounuHerHoi hopMsl I 3aBucHT ot BeIGOpa Gasuca, paHT

MaTpHIbl OUITUHEHHOM (OPMBI B JTF000M 0a3uce OJIUH U TOT K€, OH Ha3bIBAETCS PAHTOM OMJIMHEHHOM
dopmbr F. Bununeiinas dopma Ha3bIBaeTCS HEeBBHIPOKIAEHHOI, CIIU €€ PAHT PaBeH dim L.

. st mo6oro mommpocrparctea M C L oproronansroe nomonuerne M L ammsercs
noxmpocrpancrsom [V tcL

. dim Lt = dim L — T, Tae T — paHr GuiuHeitHoi popmbr F.

IIpeodpa3oBanne maTpuubl OMIHHeliHOH GopMbI IpH 3aMeHe Oa3uca.

Marpuna, mnpeacraBisiomas OwinHEHYl0 QopMy B HOBOM 0as3uce, CBs3aHa C MaTpulei,
npe/CTaBIsIomel e€ B crapoM Oasuce, 4epe3 MaTpuily, OOpaTHYIO MaTpHIe Nepexoja K HOBOMY
6asucy (Marpune SIko6u), yepes KOTOPYHO MpeodpasyroTCst KOOPAUHATBI BEKTOPOB.

WHbIMK c10BaMHM, €I KOOPAUHATHI BEKTOpPA B CTapoM Oasuce X" BEIpakaroTcs yepes KoOpAMHATHI B

. i i ]
HOBOM T’ 4epe3 MaTpHILy 3 X = E‘ﬁ i, um B MaTpUYHOH 3amucu X=7 L 1o Gununeiinas
dopma F' Ha mro6bIx BekTOpax I u Y 3ammmercs, Kak
_ XYV — gt gl ok m
Flz,y) =) FyX'Y'= »  F;B88,2"y
i,j 1,3,k ,

TO €CThb KOMIOHEHTBI MaTPHUIbI, IPEJCTABIIAIONIEH OMIMHENHYI0 GOpMy B HOBOM Oasuce, OyayT:
— 1 gl

fem = >_ FiBi.00,

i, ,

WJIY, B MATPUYHOM 3aIMCH:
__ arT
f=5 41‘? B,
8=« , TJIe (¥ — MaTpHIa IPSAMOTo IpeoOpa3oBaHus KOOPAUHAT T = (¥.X.

2. KpaapaTuuHnsble ¢GopMbl.
KBagpatuunass ¢opma — GyHKIUS Ha BEKTOPHOM TPOCTPAHCTBE, 3aJaBaeMasi OJHOPOIHBIM
MHOTOWICHOM BTOPOM CTETIEHH OT KOOPJIWHAT BEKTOPA.

Hycts L ects BekTOpHOE MpocTpancTBo Haj nojem K u €1, €2, - - -, €n — Gasuc B L.
OyHKIUA Q:L— K Ha3bIBAETCS KBAIPATUYHON (POPMOH, eciii €€ MOYKHO MPEJCTaBUTh B BUJIE

Q{ﬂf) = Z Qi T4,

1,5=1



e & = T1€] + X263 + - = + Tp€p, a Hij — HEKOTOpBIE 3IeMEHTHI TTonist X .
CasizaHHbBIE ONIpeeIeHHUs:

. Marpuiry (ﬂ”r‘i.i") Ha3bIBAIOT MaTpHUIleld KBaapatudHoW (opmbl B JaHHOM Oaszuce. B ciyudae,
ecii XapaKTepucTHKa 1ons . He paBHa 2, MOXKHO CUHTATh, YTO MATPHIA KBAAPATHYHON (HOPMBI
CHMMeTpHdHa, T ecTh ij — ji.

. st mo6oit kBaapaTuaHON (HOPMBI Q CYIIIECTBYET €IMHCTBEHHAS CUMMETPUYHAs OUITMHEHHAS
dopma 3, Takas, uro Q(z) = B(z,x) Bununeitnyio dopmy B HasbiBaroTHOISAPHOI K Q, OHa

MOKET OBITh BBIYHCIICHA 110 (hOpMyJIe

i
Dfa 2 — — (Ot — O+ — O}
LAY = G\ T §) = WAE) — ).
. Marpuia KBagpaTu4Hoi (popMbl B TPOM3BOILHOM Oa3uce COBMATAET C MATPHUIIEH MOJSPHON el

OunmHeHoM (HopMBbI B TOM ke Oazuce.
. Ecnmu matpuna kBaapaTudyHoil (opMbl MMEET MOJHBIA paHr, TO KBAJApPaTU4YHYIO (opmy
Ha3bIBAIOT HEBBIPOKAECHHOM, NHAYE — BBIPOMKIACHHOI.
. KBangparuunas dopma @ HasbiBacTCA MOMOAMTENTLHO (oTpHuaTeJBbHO) ONpeAeIéHHOM, eclu
nns mo6oro ¥ 7 U BBIIIOJTHEHO HEPABEHCTBO Qfx) > 0(Q(x) < 0], Monoxurensro olnpeaenéHHbIe

U OTPUIIATEIBHO ONpeae€HHbIe (POPMBI HA3bIBAIOTCS 3HAKOOMPeAe ¢ HHbIMU.

. KBanpatuunas ¢opma Q) yaspiaeres 3HAKONEepeMEeHHOM, €cld OHa MpPUHMMAeT Kak
MOJIOKUTEBHBIE, TAK H OTPUIIATEIbHBIC 3HAYCHUS.

. KBanpatuunas dopma Q(z) Ha3bIBACTCS M0JIOKUTETbHO (oTpHULIaTebHO)
nouyonpenenennoii, ecan @(z) = 0(Q(r) < 0) g mo6oro « € L.

CaoiicTBa:

. Kpurepuit CunbBectpa

. KBanparuunas ¢popma sBisieTCs OJOKUTENBHO ONPEAIEICHHON, TOr1a U TOJIbKO TOT/Aa, KOoTaa
BCE YIJIOBbIE MUHOPBI €€ MaTPHUI[bl CTPOTO MOJOKUTENbHBI.

. KBanparuunas hopma sBIsSeTCS OTPULIATENILHO ONpEAEIEHHON, TOra U TOJNBKO TOra, Koraa
3HAKH BCEX YIJIOBBIX MUHOPOB €€ MaTPHIIbl YePEAYIOTCS, IPUYEM MUHOD MOpsiiKa 1 oTpHULiaTeseH.

. bununeitnas ¢opma, TONSIpHAs TOJOXKHUTEIBHO OMNpPENeIEHHON KBaapaTUYHOU (opme,
YIIOBJIETBOPSIET BCEM aKCMOMaM CKaJISIPHOT'O ITPOU3BEICHUS.

. Jnst mr000i HEBBIPOXKACHHOW KBaJApaTUYHOW (OPMBI CYIIECTBYET 0Oa3uc, B KOTOpOM €&
MaTpulla AUaroHajibHa, a cama GopMa UMEET KAHOHUYECKULL 8UO:

Qo) =} - 4 2% 2y~

o Haiitu 3TOT 6a31C MOYKHO TpH MOMOIIH MeToa Jlarpanxa.

. Paswocts 2P — T Mex Iy urciIoM noaokuTenbubix () u orpunarensusix (7 — P) unenos B

9TOM 3amKMCH Ha3bIBACTCS CUTHATYPOIi kBajpaTnyHOo ¢Gopmbl. CurHarypa, Kak W CaMH YHCIIA

MOJIOKUTEIBHBIX U OTPULIATENIbHBIX CJIaraeéMbIX, HE 3aBUCHUT OT CIIOCOOOB MPUBEACHUS KBaIpaTHUHOM

(dhopMBI K KAHOHUYECKOMY BHTY (3aKOH MHepunuCHjbBecTpa).

. Jlns npuBeaeHus KBaapaTUIHON (POPMBI K KAHOHMYECKOMY BHY OOBIYHO HCIIONb3YETCS METO
Jlarpanxa.

1.18 Jlekuus Nel8 (2 yaca).
Tema: « ODyHKIIUN HECKOJIBKUX MEPEMEHHBIX»

1.18.1 Bonipocsl Jexkuum:

1. O6nacte ornpeneneHuss yHKIUHU IBYX IEPEMEHHBIX.

2. Inddepennmanbaoe ncuucienne GyHKIMA MHOTUX TIEPEMEHHBIX, UX HETIPEPHIBHOCTb.
3. IlpousBoanbie u quddepeHnnamsl yHKINNH HECKOIBKUX ITEPEMEHHBIX.



4. IlpousBosHas 1o HarnpaBieHUIO. ['pagueHt.
5. DkcTpeMyM (PYHKITUU HECKOJIBKUX MEPEMEHHBIX.
6. Oynxmus Ko66a-/{yrnacca.

1.18.2 KpaTkoe coaep:kaHne BONPOCOB:
1. ObaacThb onpenesieHust yHKUUM ABYX NepeMeHHbIX
OIIP: Dymukyueii f 08yx nepemennvix z = f(x,y) Ha3BIBACTCS 3aBUCUMOCTH (3aKOH), IO KOTOPOH

KOKIOW mape 3HaueHud (x,y) u3 HEeKoTopoil obmact  D(X,)) COOTBETCTBYET €IUHCTBEHHOE

3HayeHue z € k.
Torma x W y— He3aBUCHUMBIE IEPEMEHHBIC (APTYMEHTHI),
D — obnactp omnpeneneHus (Wi CyleCTBOBaHU ) (YHKIIUH,
E — obnacTe 3HaueHni QyHKIINH.

Pacemorpum  IIJICK. Ecnm xaxmoil Touke Ha IUIOCKOCTH C KOOpJAWHATamH (X,y) MOCTaBUTH B
COOTBETCTBUE amNIIUKaty z = f(x,y), TO MOJy4UM HEKOTOPYIO MOBEPXHOCTh B IpOCTpaHcTBe. T.0.
nox  epaguxom @ymkyuu 08yx nepemerHvlx OyaeM TOHUMATh TOBEPXHOCTh, OOpa30BaHHYIO

MHOECTBOM Touek M (x,y,z).
e

I

G ; T
ol
Obnactp ompeneneHuss ¢GyHKIMH [ TEOMETPUUYECKH IPEACTaBIAET COOOH HEKOTOPYIO YacTb
wiockoctn Oxy, OTPaHUYCHHYIO JMHHUSAMH, KOTOPbIE MOTYT NPUHAUIEKATh MM HE NMPHUHAIIEKATh

aTol obnactu. B mepBom ciayuyae obnacte D Ha3bIBaeTCs 3amkHymou W obo3Hausaercs D, BO
BTOPOM — OMKPbIMOU.

[pumep: Haitti o6macts onpenenenns D u o6macts 3HaueHuit £ Qynkmmu  z = In(y — x* + 2x).
D,: y—x"+2x>0
[Moctpoum rpanuiy obnactu D: y = x’—2x. JlaHHOe ypaBHEHHe 3a71aeT mapabony, T.K. mapabona

HE TPUHAUIEKUT obmactu D, TO oHa m300paxaercs MyHKTUPOM. Jlerko yOenuTbCs B TOM, YTO
ar00asi TOYKa BHYTPH Mapadoibl YAOBJIETBOPSET NAHHOMY HEPaBEHCTBY, B TO BpeMs, Kak Jrobas
TOYKA, PACIIOJIOKEHHAs 3a TapaboJIoif - HE YJIOBIETBOPSET. 3alITpuxyem o0aacts D.

T.k. BbIpaXKeHHE IO 3HAKOM Jorapupma MOXKET IPUHUMATh CKOJIb YTOAHO Majble U CKOJb YTOAHO
OouibIlIMe MOJOXKUTEIbHBIE 3HAUCHUs, TO 00JacTh 3HaYeHUil pyHkuuu E :z € (—00;+0)

O0001mMM CKa3aHHOE BBIIIIE.
OIIP: ®dyukuuel n- NEPEMEHHBIX U = Uu(X,,X,,...,X, ) Ha3bIBACTCA 3aBUCUMOCTb (3aKOH), IO KOTOpPOH

KaXJOM COBOKYMHOCTH  (X,,X,,...,X,) U3 HEKOTOPOH 00JIACTH 7 — MEPHOT0 IPOCTPAHCTBA, CTABUTCS

B COOTBCTCTBUEC CAMHCTBCHHOC 3HAYCHUC U.

JIuHum ypoBHs
[Tycte nana ¢ynkmus z = f(x,y). bynem mpunaBaTh NEpeMEHHOH 2z HEKOTOpbIE 3HAUEHUS

€;,Cys...,C, W3 OOMacTu 3HaueHuH ¢pynkuuu. Ilomyunm ¢yHkumm oxHoi mepemeHHoil f(x,y)=c,,



f(x,y)=¢5,..., f(x,y)=c,, rpadukaMu KOTOPbIX OyIyT SBISATHCS HEKOTOpbIE JIMHUU Ha
IUIOCKOCTH, Ha3blBa€Mble JjuHuamu _yposHa.  I'paduyecku 3TO O3HA4YaeT, YyTO MOBEPXHOCTH
z = f(x,y), nepecekaercs IIOCKOCTIMU Z =C,, Z = C,,..., Z = C, NAPAJVICNBHBIMU JPYT IPYry U

mockoct Oxy.
Hpumep: TTocTpoUTh TMHUM YPOBHS U H300paKkeHHE TIOBEPXHOCTH z = X~ + °

z=0: x*+)> =0 -Touka (0,0)
z=1: x*+y* =1 - OKpYKHOCTb
z=4: x*+y*=4 u 1.1
Jlnaum ypoBHs N300paxkeHne MOBEPXHOCTH

0

Kl 2 0 2 4+

OIIP: UYmcno A HaseBaercs npedenom gyuxkyuu  z = f(x,y) 6 mouke M (x,,y,), ecau Auas

moboro & >0 cymectByer O >0, Takoe, 4TO MpPH BCEX X, V, YAOBJICTBOPSIONINX YCIOBHSIM
|x - x0| <o m |y — y0| < 0, CTIpaBeJIMBO HEPABEHCTBO |f(x,y) - A| <g.

O6o3nauenue: 4= lim f(x,y) = ( )lir(n : f(x,»)
XX X,y)=>(Xg,¥0
Y=>Yo

x>+ y

[pumep: Beruaucnauts npegen A = lim
X"O\/xz +y*+1-1

y—0

A = lim S ORI Ea) — lim( 4 41 +1)=2

O s oy e B

OIlP: ®yukuusa z = f(x,y) Ha3bplBaeTCs HenpepuvigHou 8 mouke M (x,,y,), €CIH CIpaBeIUBO

pagenctso  lim £(x,¥) = f(xp0,)

Y=Y

1 .
[lpumep: DyHKIUA 2z = PYEI HEIpepbIBHA B JIFOOOM TOYKEe IIIOCKOCTH, Kpome Touku (0,0), B
X +y

KOTOPOH (DYHKITHS TEPIUT OECKOHEUYHBIN pa3phIB.

OIIP: ®ynKuMs, HEMPEPhIBHAS BO BCEX TOUKAX HEKOTOPOH o0yacTu D, HA3BIBACTCA HeNnpepuléHoll 8
QdanHou obracmu.

2. IndpepenunaibHoe HCUNCICHHE (PYHKIIMH MHOTHX NepeMEHHBIX, HX HelIPEePbIBHOCTD.
Ecnu nmepemeHHO#l x JaTh HEKOTOpoe mpupaimieHue Ax, ) OCTaBUTh NOCTOSHHOW, TO (yHKUHUS
z = f(x,y) TOIy4UT MNpHpaIleHUue A z, HA3bIBAEMOE UYACMHbIM HnpupaujeHuem @VHKyuu _z no

Nnepemennou x.

Az=f(x+Ax,y)- f(x,)).

AHaJIOTUYHO, €CJTM TIEPEeMEHHasl y TMOJydaeT Mpupamenne Ay, a X OCTaeTcs IOCTOSHHOM, TO
YACMHBIM Npupaueruem QYHKYuU z no NepemeHHou y:

Az=fxny+Ay)=f(x).




Az Oz

OIIP: Ecau cyliecTBYIOT IPEAEIb lim——=—=2 = f/(x,
OIIP: y YIOT TIp lim = J ()
Az oz
: y _ — ’ — ’
AI;IE}O Ay - ay Zy fy (x7y) b

TO OHH HA3bIBAIOTCS YACMHbIMU NPOU3BOOHLIMU GyHKkyuu z = f(Xx,y) TO MEPEeMEHHbBIM X H y

COOTBETCTBEHHO.
AHAJIOTUYHO ONPEAETSAIOTCS  YacTHbIE MNPOM3BOJAHBIE (YHKUIMH JIOOOrO YHCIIa HE3aBHCHUMBIX
MIEPEMEHHBIX.

T.x. yacTHasg MPOM3BOAHAS IO JIFOOOW MEPEMEHHOM SIBISETCS MPOU3BOHOMN IO 3TOW MEPEMEHHOM,
HalJIEHHON MPH YCIIOBUH, YTO OCTaJbHBIC MEPEMEHHBIE — MOCTOSHHBI, TO BCE MpaBWiIa U (OPMYIIBI
mubdepeHIIMpOBaHUS OIHOM MEPEeMEHHON MPUMEHUMBI JJI HAXOXKIEHHUS YaCTHBIX MPOU3BOIHBIX
byHKUIMH 1I000T0 YKca epeMeHHbIX.

Hpumep: Haiitu yacTHBIC TPOU3BOJAHBIE PYHKIUH Z = arctgz.
X

Hpumep: Haiitu yactHble npousBoanble pyHKIUH 1 = In’(x” + y° +2°).

3. llpousBoanbie u TuPpPepeHunIbI PYHKIHNA HECKOJIbKUX MEePpeMEeHHbIX.
OIIP: JIuddepenuuan pynkuu z = f(x,)), HAMICHHBIA MPU YCIOBUHU, YTO OJHA M3 HE3aBHCHUMBIX

IIEPEMEHHBIX U3MEHSETCs, @ BTOpasi OCTAETCS IOCTOSHHON, HAa3bIBACTCA YacmHubiM _Ougdhepenyuanom
’ ’
dz=f (xy)dx w dz=f (xy)dy

rne dx=Ax u dy=Ay - npou3BOJIbHbIC NPUPALICHNS HE3aBUCUMBIX NIEPEMEHHBIX, Ha3bIBAEMbIX

ux auddepeHunanamu.

AHAJIOTUYHO [Tt PYHKIMI HECKOIBKUX MEPEMEHHBIX.

223
[pumep: Haiitn yactable auddepennmans pyakiauun U = (xy )

[pumep: BEYECINTH 3HAUEHUS YAaCTHEIX MPOU3BOIHBIX (GYHKIHH 1 =+/X° + y° +2° —Xyz B TOUKe
M(2,-2,1)

OIIP: [lonuwiv npupauwienuem pyuxyuu z = f(x,y) Ha3bIBaeTCS pa3HOCTh

Az = f(x+Ax,y+Ay) = f(x,y)
OIIP: [Hoanvim ouggepenyuanom yukyuu z = f(x,y) Ha3bIBACTCs IJIaBHAS, JUHEHHO 3aBUCAIIAS

OT TMPUPALICHUN HE3aBUCUMBIX MEPEeMEHHBIX AX W Ay, YacTh MOJHOTO MpHpaiieHus QyHKIHUH U
oOo3Hauaerca dz.

Ecnin Qynkuuss umeer HempepblBHbIE YacTHbIE MPOU3BOAHBIE, TO TMOJHBIA nuddepeHman

CYIIIECTBYET U PaBCH dz = f] (x,y)dx+ f, (x,y)dy —wum
dz = %dx + %dy
ox oy

Jnst GyHKIMUM n TIepEeMEHHBIX u =u(x,,X,,...,x,) TOIHbIN nuddepeHunan onpenensercs

BBIPKCHUEM
du = %dxl + a—udx2 +..+ a—udxn
ox, ox, ox,



Hpumep: Haiitu nonHoe npupaiienue 1 noaHbiii quddepentuuan GyHKIun z = x° — xy + y°
Az = (x+Ax) —(x + A0) (Y + AY) + (¥ + AY)’ —x* +xp— 17 = (2x — P)Ax + (2y — X)Ay + Ax® — AxAy + Ay
Bripaxxenue 2x—-y)Ax+(2y—x)Ay, nuHEHHOE OTHOCHUTEIHLHO Ax u Ay, ecTb

nuddepennman dz, aBenmmumHa o = Ax’ — AxAy + Ay’ - GeckoHeuHo manas. T.o. Az=dz+«
Hpumep: Haittu nmonmsiit quddepennuan Gyakuun z = In’ (x> + y* — z°)

[Tomapiii auddepeHnan  YacTo HCMONAB3YeTCS Ui MPHUOJMKEHHBIX BBIYHCICHHA 3HAYCHUM
GyHKIIH.
Paccmotpum pasHocts Az —dz=a, 1e. Az-dz=0 = Az=dz, T.e.

S (x+ A%y, +Ay) = f] (xoayo)dx‘*'fy' (%9, Yo)dy + [ (xg, )

3,01

[Tpumep: Beruaucnute npudmmkenno (1,02)

Jano:

z=x"

x =102
x,=1 Ax=0,02
y =301
Yo=3 Ay =0,01
Haiitu: (1,02)™" =

OIlP: ®yukmus z = f(u,v), tae u=@(x,y), v=w(x,y), Ha3BIBACTCA CLOICHOU (PyHKYUel
MEPEeMEHHBIX X H ).

J11st HaXO’KACHUST YaCTHBIX MTPOU3BOIHBIX CIOXKHBIX (DYHKIIHIA UCTIONB3YIOTCS CIEAYIOIINe POPMYIIbI:
%:%G_qu@@ oz 828u+828v

Ox Oudx Ovox 6y ou oy 0Ov oy
[pumep: Haiitu yactHble Tpon3BoAHbIe GYyHKINN z = sin(xy(2x +3y))
Pemenue: z =sin(uv), u=2x+3y, v=2xy

Ecmu ypaBuenue F(x,y,z) =0 3amaer QpyHKIUIO IBYX MEPEMEHHBIX z(X,)) B HESIBHOM BHJE U
F!(x,y,z) # 0, TO cripaBeUTUBBI HOPMYJIBI

%z _ Fl(x,y,2) oz Flxy.2)
ox  Fi(x,y,2) Fxy2)
IIpumep: Haiitu dacTHble mnpou3BOAHbIE (QYHKIMU  Z, 3aJIaHHOM HESBHO YPaBHEHUEM
xz+x =y =22 +5=0
2 2
+ —_
Pemenue: % = YETOX 3x2 % =T 3y2
ox xy—3z oy xy—3z

YacTHbIE NMPOU3BOJAHBbIC BLICIIUX MOPAAKOB
OIIP: Yacmuwvimu nDOMS’@OaHblMu 6nopo2co I’lOD}Z()Ka HA3bIBAKOT YAaCTHBIC IMPOHU3BOJAHLIC, B3ATHIC OT
YaCTHBIX NPOU3BOJHBIX IICPBOTO MOPAIKA:

0’z 0oz y 0’z 0oz y
axz - ax(axj_f;cx(xay) ayz - ay(a j_J{yy(xay)

&z o) ., &z 0
axay ay(a j_f;cy(xay) ayax ax( j f ( 5y)




Yacthbie mpousBoambie  f (X, y) U f)(X,y) Ha3bIBAOTCA cMewiantbivu. 3HAYEHUS CMENIAHHBIX

MMPOU3BOJAHBIX PABHBI B TEX TOYKAX, B KOTOPBIX 3TU MPONU3BOAHBIC HCIIPCPLIBHEI.

2.2
. — Xy
[Ipumep: HaiiTu yacTHBIE TPOU3BOAHBIE BTOPOTO MOpsAKa PyHKIMKH Z = €

4. IlpousBoanas no HanpasJieHu0. I'paguenrt
[Tyctp nana Gynkuus u =f(x, y, z), onpeneneHHas B HEKOTOpo# obnactu nmpoctpancTa OXyz.
g

Onpenenenne. Bexktop ¢ xoopauHatamu &r , @ HaspiBaeTcs rpagueHToM (yHKIMH z = f(x,)) B

- -

—i ]
touke M(x, y) u o6o3Hagaerca grad u=ar + ¥

du

IMox npousBoaHOM (GYHKIMK Z = f (X, y) B JaHHOM HampaBieHHUU ! MOHUMAETCS BBIpaXKeHUe &
) e

= & cosa + ¥ cosb , rae cosa, cosh — HAPaBIAIONINE KOCHHYCHI BEKTOpa ! .

S

ITpon3BonHas & mnpexacraBiseT cOO0M CKOPOCTh U3MEHEHUS (PYHKIMHU B TAaHHOM HaIIPABICHUH.

Teopema. [IpousBogHast pyHKIIMH 110 HAMPABICHHUIO paBHA MPOEKLUU TPaTUEHTa 3TON (YHKUIUU
Ha JaHHOE HaIpaBlieHHuE (B COOTBETCTBYIOIICH TOUKE).

Kak u3BecTHO, MPOEKIUsS BEKTOpa Ha APYroi BEKTOp MMEET MaKCUMalbHOE 3HAauYeHue, eciau 00a
BEKTOpa COBIAJAIOT 110 HANPaBJICHUIO.

I'panuenT (yHKIMM B JaHHOM TOYKE yKa3bIBaeT HaIpBIIEHHE HauOoliee OBICTPOro BO3pPACTAHUS

byHKINH.

Benuuuna rpanuenra, T.e. | grad z | = U OompenenseT KPyTU3HY HauOOJbIIEeTro
CKaTa WM MoIbeMa MOBEPXHOCTH Z = f (X, ).
N )
IIpumep. Haiitu npousBognyro GpyHKIuu z = x“+y —xy+2x+3y B Touke M(—9,—1) B HanpaBiieHuH,
UIYIIEM OT 3TOM TOUKH K Touke N(4,5).
Pemenne. Beruucinm z's u z'y,
z'y = 2x—y+2, 7', = 2y—x+3. Halinem 3HaueHus 3TUX IPOU3BOJHBIX B TOUKE M.

Zm = ~18+142=15, 2 jy = ~2+9+3=10.

Haiinem Bexrop MM : MM = (449, 5+1)=(13,6). Tak kKak 3TOT BEKTOp JEKHUT B IUIOCKOCTH, TO €TO
HanpaBjIeHHE ONPEIEIETCS YIJOM MEKIYy OTHM BEKTOPOM M ocbio OX, a NPOM3BOJHAS IO

TR ¥ S
HaTPAaBIEHUIO onpeessercs no Gopmyne & = & cosa + & sina.
13 13 é

f2.g2
BhIumcInM cosa 1 sing: cosa = Y0 T80 = M g, = A0

5. OkeTpeMmyM PyHKUIMH HECKOJbKHUX MepeMEeHHbIX.
Onpenenenue. Oyuknus f (M) umeer B Touke My(Xo, Vo) TOKAIbHBI MUHUMYM, eciu f (M)
> £ (M) IUIA JIFOOBIX TOYEK M £ O (My), M + M.



Onpenenenue. Dyaknus f (M) umeer B Touke My(xo, o) TOKaIBHBIN MakcuMyMm, eciu f (M)
<f(My) IUIA JIFOOBIX TOYEK M € O,(My), M + Mo,.

JlokanbHBIE MaKCUMyM W JIOKATbHBIM MUHUMYM Ha3bIBAIOTCS SKCTpEMyMaMu (YHKIIUM MHOTHX
TIePEMEHHBIX.

OTu ompeneneHusl MOXXHO Tepedpa3upoBarh B TepMUHAX Mpupamiennii. Ecmu x = xo + Ax, y = yo +
Ay, TO, KaKk U3BECTHO, TIOJIHBIM MTpHpaiieHueM (YHKIIMA MHOTHX TIEPEMEHHBIX SIBIISIETCS

Af=f(x, y)—f (xo0, o) =f (xo + Ax, yo + Ay) — fixo, yo)-

Ecim Af< 0 nmns BceX MalblX MPHPANICHUN HE3aBUCHMBIX IEPEMEHHBIX, TO f(x,)) IOCTUTAeT
JIOKaJBLHOTO MakCUMyMa B TOUKe My(xo, Vo). Eciiu Af> 0 mJis Bcex MasbIxX MPUPAIICHUH HE3aBUCUMBIX
NEPEMEHHBIX, TO (X, ) JOCTUTAET JIOKAIBHOTO MUHUMYM B Touke Mo(Xo, 1o).

Heo0xoaquMoe U 10CTaTOYHOE YCIOBHS IKCTPEeMyMa

Oyukmus z =f( X, y) MOXKET HUMETh IKCTPEMyM JHIIb B TE€X TOYKAaX, B KOTOPBIX O0E YacTHHIC

a &

—_ H —_—

IIPOU3BOIHBIE & &y oOpararorcs B HOJIb W MepecTaroT CYLIECTBOBATb.
JleiicTBUTENEHO, (QUKCUPYS TOMEPEMEHHO X = Xo WIH Y = )y, MOJTYYHM MOTMEPEMEHHO (YHKITUIO
OJIHOTO apryMeHTa, JUisi KOTOPOM BOCIOJIb3yeMCS HEOOXOAMMBIM YCIOBHEM 3KCTpeMyMa (DyHKIHMH
OJIHOTO IIEPEMEHHOTO.
Orta TeopeMa He SABISETCS JIOCTATOYHOM, HO MO3BOJISIET HAaXOAWTb TOYKHU, «IIOJIO3PUTENIbHBIE Ha

IKCTPEMYM.
[Iycte B HekoTOpoil o0Omact, coaepkameid Touky Mo(xo, o), GyHKIMS f(x, y) HMeeT
HEIpPEPHIBHBIE YACTHBIE MPOM3BOAHBIE 10 BTOPOrO MOpsiika B Touke My(xp, o) U HEKOTOpOH €&
okpectHOCTH. IlycTh, Kpome TOro, mycThb B 3TOMl TOouke My(Xxo, Vo) BBIINOIHIIOTCS HEOOXOIUMBIE

ycI0BUS SKCTpeMyMa GyHKIMH f (X, 1)
&

&

-— =0, = = (.
a:(,' =X @) X=x
F =M y=ra (1)
Torna ¢pynkuus f (x, y) B Touke Mo(xo, yo) IMEET MAKCUMYM, €CIIN
B~ A4-C<0,4<0;
dbynakuwms f (x, y) B Touke Mo(xo, o) *MEET MUHUMYM, €CJIH
B~ 4-C<0,4>0;
bynakuwms f (x, y) B Touke Mo(xo, o) HE UMEET HU MaKCUMyMa, HI MUHUMYMa, €CJTH

B~ A4-C>0;

dbyskus 1 (x, y) B Touke Mo(xo, Vo) MOKET UMETh, U MOXKET HE UMETh DKCTPEMYM (B 3TOM CITy4dae
TPeOYIOTCS IOTIOTHUTEIbHBIC NCCIIEA0OBAHMS ), €CITN

B~ A4-C=0;
&7 & PG
PRI R R A
&:'{ xX=xs lax a.}" x=xg ég r=mxy
rae »=Jg =y, A

6. ®ynxuus Koo6oa-/lyraacca.



[Cobb—Douglas  production function] — npoussodcmeennas  ¢yukyus,  TPUMEHEHHAas
amepukaHckuMu uccienoBatenssmu Y. Ko6oom u 1. [{yeracom pu aHamW3e Pa3BUTUS SKOHOMHUKHU
CIIIA B 20—30-x rr. XX Beka. imeeT mpocTyro anredpandeckyto Gopmy:

N=4-L%K
rae N — HayuonanibHolli 00x00; A — ko3 duiimeHT pasmepHocty; L 1 K — COOTBETCTBEHHO 00BEMBI
MPWIOKEHHOTO TpyJda W KamuTajga, o W [3 — KOHCTAaHTHl (ko3dduyuenmol daacmuyHocmu
npouszeodcmea no Tpyay L u xanutany K).

OyHKIIUSA — OJIHOPOJHAs CTENeHH o+f3; ciemoBaTenbHO, yBenudeHue L u K B OJIMHAKOBOE
quCIo pa3 myBennunBaeT 1oxox B m* P pas. Eciu cymma o+ paBHA expHULIE — (DYHKIMS JHHEHHO
OJTHOPOTHAS, ecIu OoubIie WA MEHbIIIE €IMHUTIBI, uMeer MecTO 2¢)ghexm

Macumaba (COOTBETCTBEHHO MOJIOKHUTEIBHBIN WA OTPULIATETHHBIN ).

K.—/I. . ocHOBBIBaeTCS Ha MPEAMOJOKEHUSX O TOHIKAIOMIEHCS TpeneabHON oTaade
pecypcoB  (cM. 3akon  yowigarower omoauu, [Ipedenvuviti  3hgexm 3ampam), TOCTOSTHCTBE
KO?((UIIMEHTOB AIACTUYHOCTH TMPOU3BOJCTBA MO 3aTpaTaM pPeCcypcoB. DnacmuyHOCMb 3aMeleHus
pecypcos B moboi Touke kpuBoit K.—/I. ¢. paBHa enunuIe.

Xotst K.—/I. ¢. Henb3st OTHECTH K JIMHEWHBIM, 3HAYCHUS napamempos A, o, f MOKHO OIICHUTh
C ITOMOLIBIO JINHEHHOTO pecpeccuonHHo20 ananusda 1o Memooy HaumeHbuwux keaopamos. Jljis 31oro ee
MPUBOAAT K JMHEHHOMY BHIY, TpojorapudMuUpoBaB o0e 4acTh ypaBHEHHS (OOBIYHO 371eCh OepyTcs
HATypaJIbHbIE TOTaPU(PMBI):

InN=InA+ alnl + B nkK .

Monudukarus (QyHKIMM, YYUTHIBAIOMIAS TEXHUYECKHA TIPOTPECC, JOCTUTACTCS BBEACHHEM
JIOTIOJIHAUTENIBHOIO COMHOXKHUTENA €, TJIe T — TEMIT TEXHHUYECKOTo Iporpecca (KOHCTaHTa).

1.19 Jlekuus Nel9 (2 yaca).
Tema: «/HTErpasbHOE UCUUCIICHUEN

1.19.1 Bonipocsl Jexkuum:

1. I[TepBoobpazHas (hyHKIIMU U €€ CBOICTBA.

2. [TonsiTe HEOMpPENECIIEHHOTO NHTErpajia, OCHOBHBIE CBOMCTRBA.

3. Tabnuma uHTErpasoB.

4. MeTtoapl HHTErPUPOBAHUS: HEMTOCPEACTBEHHOE MHTErPUPOBAHUE, 3aMEHA MIEPEMEHHOM,
WHTETPUPOBAHUE T10 YACTSM.

1.19.2 KpaTkoe coaep:kaHne BONPOCOB:
1. IlepBooOpa3Hasi pyHKIMS U ee CBOIiCTBA

OnHO# U3 OCHOBHBIX 3a/1a4 TU(PEepeHINATFHOTO UCYUCICHHUS ABISETCS OTBICKAaHUE IPOU3BOTHOM
3agaHHoON ¢QyHkuuu. OOpaTHOW 3amaueil sBIAETCS HAXOXAEGHUE MO AaHHOW (QyHKIuH f(x) Takon

byukuuu F(x), mpousBoaHas KOTOpO# Oblia Okl paBHa GyHknuu f(x), T.e. F'(x) = f(x).
BoccranoBnenne (QpyHKIMM MO W3BECTHOW MPOM3BOIHON ATOW (YHKIMHM COCTABISIET OJHY W3
OCHOBHBIX 3ala4 UHTCTPAJIbHOT'O UCHUCIICHUA.

OIIP: ®ynkums F'(x) Ha3wpIBaeTCs nepsoodbpasznou mis GyHKIHH f(X) HAa HEKOTOPOM MPOMEKYTKE
X,
€CIIM JJI BCEX 3HAUYCHUN X M3 ATOr0 MPOMEKYTKA BBITIOTHSIETCS PaBEHCTBO

Fx)=/)
[Mpumeps: 1) F(x)=sinx - mepBoobOpazHas misi GyHKIuM f(x)=Ccosx Ha MHOXecTBe R, T. k.
(sinx) =cosx, Vx € R
2) F(x)=x - mepsooOpasHas mns ¢yskrmu f(x) =3x> Ha MHOXecTBe R, T. K.
(x’) =3x7
3am: F(x)=x"+C, rne C=const Toxe sBIseTca mepBooOpasHoil ans GpyHkuuu f(x) =3x>, T. K.
(x*+C) =3x7



TEOPEMA: Ecnin  F(x) - nmepBooOpa3zHas misi GyHKIHH f(X) Ha HEKOTOPOM MPOMEKYTKe X, TO
mobast apyras mepBooOpasHas s (GYHKIUM f(X) Ha 3TOM TPOMEKYTKE X, MOXKET OBITh
npeacrasiena B Buae F(x)+ C, rae C- HeKoTopasi IOCTOSTHHAS.

JlokazatenbcTBo: Ilycts  O(x)- apyras mepBoobGpasHas mns (GyHKIME f(X) HAa HEKOTOPOM
npomexytke X, T. e. O'(6) = f(x)

Pacem. (O(6) - F(x)) =0'(0) - F'(x) = f(x) - f(x) =0 =

0()-F(x)=C = O(x)=F(x)+C u.r. 5

2. IlonsiTHe HeoNpeaeJICHHOT0 HHTErPaJia, 0CHOBHbIE CBOMCTBA
OIIP: Ecnu ¢ynkuus F(x) - mepBooOpazHas s (QyHKUMH f(X), TO MHOXECTBO (YHKIMN

F(x)+C, tne C=const, Ha3bIBaeTCsA _ HeonpeoeréuHvim unmezpaiom OT  GyHKIuu f(x) u
0003Ha4YaeTcss CUMBOJIOM

j f(x¥)dx=F(x)+C
f(x)- mnopbTerpanbHas  GyHkus, f(X)dX-moAgbIHTErpadbHOE  BBIpAXKEHHE, X- IepeMEeHHas
WUHTETPHPOBAHMS.
[pumep: ITpoBeputs, 4TO j4x3dx =x'+C
Hpomuddeperumpyem:  (x* +C) =4x’, NomyduM HOABIHTErPATbHYI0 (YHKIMIO =>

HWHTCTPHUPOBAHUC BBIITOJIHCHO BEPHO.

OcHosnble cgolicmea HeonpedeiéHHo20 unmespana.

D ([f@dxy = f@) u d(]f(x)d) = f(x)dx
JlokazarenbetBo: 1) ( I f(x)dx) =(F(x)+C) =F'(x)+0= f(x)

2) d([ f ()dx) = ([ f (x)dv)dx = f (x)edx

2) j dF(x)=F(x)+C
JI0Ka3aTeIbCTBO: I dF(x) = I F'(x)dx = j f(x)dx =F(x)+C

3) j k- f(x)dx =k- j F(x)dx

4) J(f ()£ g()dv = [ £ (x)dx & [ g(x)dx

3. Taduna MHTErpaJioB

n+l
1) jU"dU:U +Con#—1 14)j au zlntg(£+£j+C
n+l cosU 2 4
dU dU
2) [S==2JU+C 15 =tgU +C
)IVU )jcoszU &
dau 1 dU
3 —=—+C 16 =—ctgU +C
) U’ U )Isian &
dU dau 1 U
4) [==mlu|+cC 17) [——— = —arcte—+C
) U || )J.aszU2 a ga
2 2 dU
—— 2 —
5) I\/UdU—3U +C 18)I1+U2—arcth+C
dU U
6 dUu =U+C 19) | ——==arcsin—+C
) ] 2 aresin
U
7 [a'dv="—+C 20) | U _ _ aresinU +C
Ina 1-U?



8) jeUdU=eU+c 21)j szz—zll a+g+c
9) jsinUdU:—cosU+c 22)j . zzilng;“ +C
—da a a
10) [cosUdU =sinU +C 23) I—zln‘U+\/U2ia2 +C
NU? +4?
dU
11) [1gUdU = ~InfeosU] +C 24) jﬁﬂn‘Uﬂ/wia +C
U’+a
12) IcthdU =ln|sinU|+C 25) IUdTU=1n|Uia|+C
Ta
13) jsmU lntg +C

4. Meroabl HHTErpUPOBAHUS: HENMOCPEJCTBEHHOE HHTErpHpPOBaHUE, 3aMeHAa IepeMeHHOI,
HHTErpHUPOBAHUE M0 YACTIAM.

HenocpencrseHHoe HHTErpUpoOBaHHe
3aKiI04aeTcss B BBIYMCICHUM HMHTErPAJIOB IyTEM HEMNOCPEICTBEHHOIO HCIOJIb30BAHUS TaOAUIIbI
HpOCTef/iI_HI/IX HWHTCI'PaJIOB U OCHOBHBIX CBOMCTB HUHTCIPpaIOB.

[Ipumepsr: 1) I(Scosx+2—3x2+£— 27 )dx
x x+1
. X X, 2 1—cos’x
2) | (sin—+cos—) " dx 3) |tg"xdx = |———dx
) I( 2 2) ) Ig j cos’ x

3amMeHa nepemMeHHOM
YacTto BBEIECHHE HOBOW NEPEMEHHOM IMO3BOJISIET CBECTHM HAXO0XKJICHUE HMHTErpajia K HaXOKJICHHIO
Ta0JIMYHOTO, T. €. IEPEUTH K HETIOCPEACTBEHHOMY HHTETPUPOBAHHMIO.

Paccem I f(x)dx

O06o03HaYUM

x=g(r)
torna dx =d(@(t)) = dx=¢'(t)dt 1noACTaBUM B UCXOTHBIA HHTETPAL:
[ FGyax =] 1)@t
3am: Ha mpakTrke 00bI9HO 0003HAYAIOT HEKOTOPYIO (QYHKIIHMIO OT X uepe3 t ' (x) =t

[Ipumepsni:
x’dx x=l=t=dx-1)=dt
1) J’

(x=1?% dx = dt
(x=1)°
2

13 3 2 1 2 1
:j(”z) dt - [ +3tt2+3” dt:%+3t+31n|t|—;+C=

+3x—3+31n|x—1|—%+€
x—

¥ +7=t
2) jﬁ: ds(x5+7):d’ 1 ﬁ:11n|t|+c:11n\x5+7\+c
x+7 (¥ +T)dx=dy 57t 5 5
5x*dx = dt
sinx =t
d(sinx) = dt
(sinx)'dx = dt

cosxdx = dt

3
I
3) [sin® xcos xdx = :jtzdt:%+C:§sin3x+C



HNHTerprpoBanue npocTremmx UPPANHOHAIBHBIX BbIPAKeHU
[Ipumep: I Vxdx Wx=t=>x=1 _jt-2tdt _zj vdt
"oty dx =2id| 7 2+t 2+1

t2

- HeMpaBWIbHAas APOOb (CTETIEHb YUCITUTENS > CTETICHU 3HAMEHATEIA)

2+t
£ t+2
2+ 2t
t—2 -1eJj1ast 4acTh
]
-2t—4
4
OCTAaTOK
3aMZ JCIICHUC BG,Z[éM 0 TEX HOp, IIOKa CTCIICHb OCTaTKa HE CTAHCT MCHBIIIC CTCIICHU ACIIUTCIIA
3 1 . 4
—=l+- = =t-2+—
2 2 t+2 t+2

:2J-(t—2+$)dt:t2—4t+81n|t+2|+C:x—4\/;+81n‘\/;+2‘+C

HNHTerprpoBanue BbIpaKeHU, COAePKAIIMX KBAAPATHBINA TPEXUIEH B 3HAMeHaTeJ1e

dx (Ax + B)dx
A | ——=1 b =1
N e e "

Pemarorcst metoioM noacTaHoBKU. Hy>KHO BBIACIIUTS ITOJIHBIM KBaApaT 110/ 3HAKOM KOPHS.
Paccm.

2 2
x2+px+q:(x2+2-§x+p—)—p7+q:
2 P
I, = J’(Ax+3)dx B :(x+§)2+(q—p7)=t2ia2 —J'(A(t_2)+B)dt—AJ' tdt
VX’ +px+gq P _p pz_ , \/t_ziaz t’+a
X+—==t| > x=t—-— u g——==a
2 2 4
dx =dt
+(B— )J' = ANt +a’ +(B——)1nx+2+1/x +px+q|+C
£ +a’
A) J' : _ 1, v[(A)C+B)d)c I,
X +px+gq X" +px+gq

Pemarorcss aHaJIOrMYHON TOICTAHOBKOM

3am: Bripaxkenue ax’ +bx +c Bceraa MOKHO CBECTH K X~ + px + ¢ . Takoil moJcTaHOBKOI pelnaeM B
TOM

cily4yae, €CiIM MHOTOYIeH, CTOSIIHMA B 3HameHareiae uMeer D<O0 wuimu mpeacrtaBisieT coOoi
HETOYHBIM

KBaJpar.
[Ipumepsi:



o nias oo, (AU
2(x*=2x+4) =2x-272id oadée+iié N7a

D=4-16<0 = =..

= duddéydi iiéiné édaddao da giaidiaodaé d

J'(3x S)ydx
¥ —2x+4

?j‘%zzﬁ?

(x—1)dx 2 _ ¢ 2(x—1)dx 5
D) | ———=| ¥ " 2x-2=U|=— | =———=x"-2x-2+C
'[\/xz—Zx—z (2x—2)dx=dU 2"-\/)62—2)6—2

2(x —1)dx =dU
(x— l)dx

3).[ (x—Ddx .[
Vo +3x—2 2

x—l

HNHTerpupoBanue no 4acTam
PaccmoTrpum HempepwiBHBIE GyHKIMH — u(x) u  v(x). IlycTh CyIIECTBYIOT HMX TPOU3BOJHBIE

u'(x) u V(x).

Pacem. (u-v) =u'v+uw/

Pacem. d(u-v) = (uv)'dx = u'(x)v(x)dx + u(x)v'(x)dx = vdu + udv
Paccwm. J-d (uv) = .[ (vdu + udv)

uy = .[vdu + .[udv MoJIy4Yum GbODMWZV UHRmMezpupoearuUsl no 4acmim

Judv= uv—Jvdu

Brimmmem kiaaccel HHTErpajioB, p€Ia€MbIX 9TUM METOOM:

J-P(x) In axdx
) acR
j P(x)e"“dx acR jP(x) arcsin axdx Inax
I kmacc: J‘ P(x)sin axdx u=P(x) Ixmacc: jP(x) arccosaxdx ¢ u = <arcsinax,arccosax
_[ P(x)cosaxdx e""dx J- P(x)arctgaxdx arctgax,arcctgax
dv = < sin axdx IP(x)arcctgaxdx dv = P(x)dx
cos axdx
[Ipumepsl:
u=x
dv = e *dx e
2 2 dv_ed 2 1 ) o 5 dv:e_zxdx 1 -
—aX — u = X _ -2 x -2x _ _ _2x
l)jxe dx = ) (x7) = 2xe +Ie xdx = du = dx = 2xe +
u = 2xdx j Ny 1 .
1 v=|e “dx=——e
V= J-e’zxdx =——e ™ 2
2

1 _2x 1 —2x 1 —2x,..2 1
+(—=xe " +—|eTdx)=—=e T (x"+x+-)+C
(-xe ™+ fertdn) == e )



u=In(2x-5)
dv =dx
du = d(In(2x -5))

du = 2 dx
2x-5

v:jdxzx

2xdx

2)jm@x—$m¢: = xIn(2x—5) - j —mex—S—x—ngx—ﬂ+C

[T xnacc: [lox 3Hakom uHTErpana obe GyHKIUU HE anredpandecKue

je sin bxdx j\/a —x*dx

be3 paznuiel, uyto o603HauaTh yepesz u u dv. MeTon nmpuMeHsieTCs
.[e cos bxdx J-\/x —a*dx
Ba
pasa, TITaBHOE COXPaHUTh 00O3HAYCHHUE.
[Ipumepsbi:
1)
. u =e" —noocmanoska
u=e
. makas Jce, KAK U 6 nep@bzd pa3
dv = sin S5xdx 1 1
J.eX sin Sxdx = x =——e" cos5x+f'|.e‘ cosSxdx = dv = cos 5xdx
du =e"dx 3 5 .
) 1 du =e'dx
:J.sm5xdx:—fc055x 1 .
5 V:ICOSSxdx:g51n5x

1 1 . 1 .
= —gex cosSx + Y] e'sinSx — Ejex sinSxdx Waterpan mnosTopwicsa. O06o3nauuMm ero uepe3 |,
[IOIY4YUM:

== —lex cos5x+Lex sin5x—i1
5 25 25
5 . 1.
I =—e"(—cos5x+—sin5x)+C
26 5

2) j\/x —4dx =

x’dx dx
j\/— j\/ j\/2_4:

dy = xdx
Pacem. [ Xdx VX’ -4 _
M Jlim = dl/l — dx = X\/x2 -4 —I\/xz —4dx

xdx x—4—t
V_I Ji—4  xdx=dr 7I Vx4

x—/x’ —4‘
I =%\/x2 4 —2ln‘x—\/x2 —4‘+c

:x\/x2 -4 —I\/xz —4dx—4In

1.20 Jlexuus Ne20 (2 gaca).
Tema: «/HTErpUpOBaHIE PALIMOHATIBHBIX (QYHKIHI»

1.20.1 Bonpocs! eknuu:

1. [TonsaTHEe parmoHaIbHON (DYHKITHH.

2. Ilpocreiimue paroHanbHble ApoOU U UX HHTETPUPOBAHUE.
3. UHTerpupoBanue parmoHaIbHBIX ()YHKIIAH.

1.20.2 KpaTkoe coxep:kaHue BOIPOCOB:
1. IlonsiTne panuoOHAJILHON PYyHKINH



O0603HauMM MHOTOWIEH N-0i cremeHu uepe3 Py(x)

P (x)=a,x"+ax"" +ax"" +..+a,

P,(x) = A—mn0—oii cmen, P(x)= Ax+B—mnl—oiicmen, P,(x)=Ax" + Bx+C — mn2—oii cmen..
Bcnomuum: 1) JIBa MHOroujgeHa OAMHAKOBOW CTENEHM HA3BIBAIOTCS PABHLIMU, €CIIA PABHBI HX
KO3 UIIMEHTHI, CTOSLINE TPU OJUHAKOBBIX CTETICHIX HEM3BECTHBIX.

2) 3HaueHue nepeMeHHoN X, oOpamatomiee MHOTowIeH B (), Ha3bIBAETCS KOpHEeM MHOTOUJIEHA

3) Llenple KOpHM MHOTOYJIEHA, €CIM OHHM CYIIECTBYIOT, HAXOMIATCS Cpeau AeNuTelIeii CBOOOIHOTO
yjieHa

4) Kaxaplii MHOTOUJICH JIETTUTCS HAIIEJI0 Ha PA3HOCTh MEXy X M €T0 KOPHEM.
IIpumep: Pa3noxuTh Ha MHOXKUTEJIE MHOTOWICHBI:

1) P(x)=2x"—10x+12 = 2(x = 2)(x - 3)
2) B(x)=x" +2x> +2x = x(x” +2x+2)
3) P(x)=(x-D(X* =D =(x-Dx-DE*+x+1)=(x-1)*(x*+x+1)

4) P(x)=2x —x"=8x+4=x"Qx-1)—4Q2x-1) = 2x-1)(x* —4) = 2(x—%)(x—2)(x+2)

5) P(x) =x"—6x" +11x* —6x = x(x’ — 6x” +11x - 6)
Haiiném xopuun  x;=0 wu X —6x"+11x-6=0

—6++1,+2,£3 16
[Iposepum: 1: 1-6+11-6=0-BepHO, 3HAUUT X,=1 — KOpEeHb
X —6x"+1lx—6  x-1

¥ —x x*—=5x+6
—5x*+11x—6 = X —6x>+1lx—6=(x—1)(x" -5x+6)=
—5x% +5x =(x-D(x=2)(x-3)
6x—6 P, (x) = (x=1)(x = 2)(x —3) — mneounen 4ou cmenenu
6x—6
0

6) P.(x)=x°—16x" = x*(x* =16) = x*(x = 2)(x + 2)(x* + 4)

PanuonanbHblie ApodH
P, (x)
0, (x)

m > n — npasuivHas 0poobs

— payuonanvHas opobs =
m < n — HenpasuibHas OpoowL

2. IIpocreiimme panuoHaabHbIe IPO0H U UX HHTETPUPOBAHHE
CymiecTByeT 4 THTIa TPOCTEUIINX MPABUIBHBIX APOOCH:

A
-k
: A s
keR (x—k) Ax+ B Ax+B
[ tun: k —xopens 11 Tun: k — xopens I um: x* + px + g IV THm: (X% + px + q)° T
3HaMeHamens Kpamuocmu o D<0 D <0
Ad.
Pacem.: I j Al A1n|x—k| +C
x—k
Ad. A
I [ = Af (= k) “dx = —+C
(x —k)~ (l-a)(x—k)™
Ax+ B .
I —————dx —unmezpan om 0pobu ¢ K6aOPEMHbIM MPEXUIEHOM 6 3HAMEHAmee
II: 4 x* + px+¢q

D<0



j Ax+ B
IV: 9 (x* + px +¢)*

D<0
OCHOBaHa Ha BBIACJICHUHU ITOJIHOI'O KBaz[paTa B 3HAMCHATCJIC. MGTOI[ HpI/IMeHHIOT HCCKOJIBKO pa3,

KaXJIbIi pa3 CTENEeHb B 3HAMEHATEJIe MOHMXaeTcs Ha 1

dx — pexypenmuas ¢hopmyna

3. UHTerpupoBaHme paliuOHAJbHBIX (PYHKIM I
Pa3no:keHne panuoHaJbHBIX Apo0eil Ha mpocTelimme

Jro0yro npasunbHyo apodb MOKHO €TMHCTBEHHBIM 00pa30M MPEACTaBUTD (Pa3IOKUTh) B BHJIC
CYMMBI IPOCTEHIINX APOOEH. DTO pa3NoKEHHE 3aBUCUT OT KOPHEH MHOTOUJICHA, CTOSILETO B

3HaMEHAaTee.
£,(x)
0,(x)’

Paznoxum MHOI'O4YJICH, CTOHH_[I/Iﬁ B 3HAMCHATCJIC HAa TPOU3BCACHUC 3JICMCHTAPHBIX MHOKHUTEIICH.

0,(0)=(x—k) (" +px+q)

n < m—npasuivras opoow. (Ecau 0podw nenpasunbHis, mo cHAYALA 8bIOETUM YETYIO HACHIb)

P _4_B _C D EwF _ GwK _ _ MwN
(k) (C+pxrq)  x—k (k7 (kY (k) X pxrg (C4pxrg)  (F+pxig) T
t Opobed s opobea t Opobeti s Opobeti

PA3N0CEHUU PAZTOAHCCHUU
Tullmuna IlulVmuna

e A,B,C,D,E,F...M,N-HEeKOTOpBIE UnCIa, KOTOPHIC BEIYUCISIOTCS MEmMOOOM HeOnpeoeiéHHbIX
K02 punuuenmos.

Uto0b! HaliTH KOA(PHHUIMEHTHI, HY>)KHO ITPUBECTU CYMMY Jpo0eil kK 0011eMy 3HaMEeHATEITIO.
[Tonyuum nBe paBHBIE TPOOH, MPUYEM Y HUX OJIMHAKOBBIC 3HAMEHATEN —> MPHPABHUBAEM
YUCIIUTENH. Y YUTHIBAS, UTO JIBA MHOTOYJICHA PABHBI, €CITH PaBHBI KO (DUIIUEHTHI TPH
COOTBETCTBYIOIINX CTETECHIX HEU3BECTHBIX, HaxoauM ko3¢ dunnentsl A,B,C,D...M,N.

(x° + 4)dx (x> =1)dx
1)'[ x*+2x° 2)'[ 3

[Ipumepsbi:

1.21 Jlexuus Ne21 (2 gaca).
Tema: «OnpeneneHHbli HHTErpaD»

1.21.1 Bonpocs! neknuu:

1. TlonsiTue onpeneaeHHOro HHTErpajia, €ro OCHOBHBIE CBOMCTRBA.

2. 'eomeTprueckuii 1 3JKOHOMUYECKHUM CMBICIT ONIPEAEIIEHHOTO0 HHTErpasa.
3.®opmyna HetoTona — JleitOHuIa.

4. MeTo1bl MHTEIPUPOBAHUS B OIIPEIEIIEHHOM HHTErpaje.

1.21.2 KpaTkoe coaep:kaHne BONPOCOB:

1. [lonsiTHeE ONIPeEIEIEHHOT0 MHTErPAaJia, ero OCHOBHbIE CBOICTBA

HcTopuuecky BO3HHMKIA MOTPEOHOCTh BBIYUCIATH IUIOUIA/b MPOU3BOJILHON (UTYpHI, B YaCTHOCTHU -
KpUBOJMHEHHONW Tpamenuu. JlroOyio ¢urypy MOXHO TpEACTaBUTh B BHJE HECKOJIBKUX
KPUBOJIMHEHHBIX Tparnenuid. Takum 00pa3oM, eciiu Mbl HAy4YUMCS BRIYUCIIATD TUIOMIAIb POU3BOJILHON
KPUBOJIMHEHHOW Tparemnuu, TO Mbl CMOKEM BBIYHCIISATH TUIOMIAIA PA3IUYHBIX QUTYD.



Ilepenecém kpuBoauHeinyro tpanenuto B ITJICK T. 0., 4TO €€ OCHOBaHME COBNAJET C OTPE3KOM
[a;b] ocu OX, cieBa W cmpaBa Tpamemnus OyneT OrpaHWyYeHa MPSIMBIMH X =a u X = b, a CBepXy —
rpadukom pyHKIMH Yy = f(x),0npenenéHHON U HENPEPHIBHOW HA 3TOM OTpE3Ke.

Pazo0rém oTpe3ok [a;b] Ha N CKOJIb YTOJTHO MaJIbIX YacTel (T. €. # —> 00 ) IPOU3BOJIBHBIM 00pa3oMm,
opuaéM: a=x, <X, <X, <..<X_, <x; <..<x,=b.

v

ftxn) §
i) y:f%/

1(x2)

f(x1)

o

a1 B2ty st M x

Touku x,,x,,X,,...,X, - MOYKU_pa3OueHus.
B KaXKJ10M u3 [IOTy4YE€HHBIX OTPE3KOB BO3bMEM TOYKY:
1 € [xo;xl],t2 € [xl;xz],...,tl. € [xl.fl;xl.],...,tn € [xnfl;xn]
O06o3HauuM Ax; = x, — X, , - JUINHA 3JIEMEHTapHOr0 OTpe3Ka pa3OueHMs [xH ;X ]
Kaxnoil Touke ¢ cooTBercTByeT 3HaueHue GyHkuuu f(¢,). [locTpouM mNpsIMOYrOIbHUKH C
OCHOBaHMAMHU Ax; u BbicoTaMu f(¢,). CymMMa 1uiomazen Bcex MOIy4eHHBIX IPSIMOYTOJIBHUKOB OyzeT

MPUOJIM3UTENHHO PaBHA IJIOMIATN JAHHOW KPUBOJIWHEWHOW Tpareru.
CocraBum cymmy o = f(¢)Ax, + f(6,)Ax, +...+ f(£)Ax, +...+ f(t,)Ax, = Zf(tl.)Axl.
i=1

o (curMa)- unmezpanrbHas Cymma.

l'eomerpuyeckuii CMbICA: O - 3T0 CyMMa IUIOMAACH MNPAMOYTOJIBHUKOB C OCHOBaHUSMHU
Ax,,Ax,,...,Ax, u BbicOTaMu [ (¢,), f(,),..., f(¢,), ecan f(x) = 0. c npuOIN3NTEIBHO paBHA IIOIIAIH
JTAaHHOW KPUBOJUHEWHOMN Tpanenuu.

O0o03HaunM uepe3 A (J1AaM611a) JUIMHY HauOoJIbLIEro oTpe3ka pazoueHus A = max(Ax,)
i=1,,,n

OdyeBuaHO, YTO YeM OoJibllie N, TeM MeHblne A (T. €. eciit n —>©, T0 A —>0) = mIomaIb
KPUBOJMHEHHOU Tpanenuu OyaeT TeM OJKe K 3HaUeHUI0 O , 4eM OoJiblie n (WK, 4eM MEHbIIe A ).
OIIP: Ecnu cymiecTByeT KOHEUHBIN npesen | maTerpansHoit cyMmmbel o nipu A — 0, TO 3TOT mpenen
HA3BIBACTCSI 0npedenénHbiM unmezpaiom OT GyHKIUH f(X) 1O OTPE3Ky [a;b] 1 o003HAYaeTcs

= [ f(x)dx = limY £(£)Ax =i
= [ f(x)dx = gg;fa,-)  =limo,

@ynkius f(x) Ha3bIBaeTCS MHTETPUPYEMOI Ha OTpe3Ke [a;b] , A-HWKHUH, b-BEpXHUI Mpeens

UHTEIPUPOBAHUS

Ocnosuvle ceolicmea onpedeﬂé'imoeo urnmezpaJjia.

1) j F(x)dx=0

2) j f(x)dx = —j f(x)dx
3)



+
L

. [ f(oax = jl F(x)dx + jz S(dx+ [ f(x)dx
4) .lik - f(x)dx = kif(x)dx
5) [(f(x) £ g(x)dx = [ f(x)dx+ [ g(x)dx

2. 'eomeTpu4yecKkuii M IKOHOMHUYECKUH CMBICJI ONpee/IeHHOT0 HHTerpaJjia
IIycte B IIJICK 3amaHa kpuBOJIMHEHHasl Tpameuusi, OrpaHUYeHHas OTPE3KOM [a;b] Ha ocu OX,

OpSAMBIMU X=a U X=B U CBepXy rpapukoM QpyHKUuU y = f(x) HENpepbIBHONH HA TOM OTpe3Ke , e
IUIOINAb BBIUMCIIACTCS 10 popmyrie

S = jf(x)dx

0 a how

OnpenenéHHpI HHTETPAJI OT HEOTPUIIATEIILHON HENpephIBHON QyHKIIMK f(X) Ha
OTpe3Ke [a;b] YUCJICHHO pAaBEH IUIOLIAAM KPUBOJIMHEHHOM Tpaleuuu C OCHOBAHHEM [a;b],
OTpaHUYEHHOU CBepXy rpaduxom GyHKIUUA y = f(X).

[Iycts ¢ynkums z =1(t) 3amaeT HU3MEHEHHE MPOU3BOJUTEILHOCTH HEKOTOPOTO
MIPOU3BOJICTBA C T€UEHHEM BpeMeHH. Torna o0beM MpOAYKLIMU i, TIPOU3BEIECHHON 3a MPOMEKYTOK
BpeMEHU [O, T], paBeH 3HAUEHHIO OIPEIENIEHHOT0 UHTErpaja OT ()YHKIIMH MPOU3BOAUTENBHOCTH OT O
noT.

u= ].f(t)dt

3. ®opmyaa Herorona — JleiitoHuna
¥

af & x b ¥

Ecnu a 3adukcupoBath, a 3HaueHHEe b MEHSATh HE BBIXOS M3 OTpe3Ka [a;b], MIOJIYYUM UHMme2pal

x
C NepeMeHHbIM 8ePXHUM NPeQesioM I f(x)dx, adaa < x<b
a
Od4eBHIHO, €CIIM X MEHSIETCS, TO U 3HAUEHUE HWHTETpaia MEHSETCA, T. €. HHTETpall ¢ IepeMEHHBIM
BEPXHUM TIpeiesIoM OyAeT MpeCTaBIATh cO00M (PYHKITUIO OT BEPXHETO Mpeena X, T. O.

[ f()dx =0(0). adaa<x<b

Ieomerpuuecku ¢yaknus D(X) mpenacTaBiseT cOOOW MIIOIMIAIh 3AIITPUXOBAHHONW KPHUBOJIUHEHHON
Tpaneuuu.



Bbruucnienue  onpenenéHHOro MHTErpaja ¢ MOMOUIbI0 limo  3aTpyAHHUTENBHO, IO3TOMY
CYIIECTBYET IPYTrOM METOJI, OCHOBAHHBIN Ha TEOpPEME.

TEOPEMA (Hwromona-Jleiibnuya): Ilycts Gynkuus f(x) HempepbiBHA Ha OTPE3Ke [a;b] n F(x)-
HeKoTopass e€  mepBooOpa3sHass ~Ha  3TOM  OTpe3Ke, TO  cHpaBe[yuBa  (opmyna:
dopmyna Herotona- JleiiOHuma

[f@)dx = F(f, = F(b)-F(a)

Jloka3aTenbeTBO: '[ f(x)dx =®@(x) -moomnpeneneHuro.

a

j’»f( k= F(x)+ C - 110 YCIIOBHIO TEOPEMBIL.
x)dx = F(x)+

T. K. pa3HOCTB JBYX MepBO0Opa3HbIX ecTh const , To D(x)-F(x)=C

OX)=F()+C = [ f(x)dx = F(x)+C
[Tyctp x=a: jf(x)dx =F(a)+C=0=F(a)+C=C=-F(a) = j-f(x)dx =F(x)-F(a)
[yers x=b: j f(x)dx = F(b)— F(a)

3
[pumep: J' xidx = 8%
1

4. MeToabl HHTETPUPOBAHMSA B ONpeAeICHHOM HHTerpasie

b s
1) 3amena nepemennou .f f(x)dx = J. f(o(0)-¢'(t)dt

x=@(t) X a B o(tlma=>t=a
dx = @'(t)dt t o P o(t)=b=t=p
b b
2) Humeepuposanue no uacmsam Iudv = uv|z — I vdu
1.22 Jleknus Ne22 (2 yaca).

Tema: «[IpunoxxeHus onpeaeaIeHHOro HHTErpasa

1.22.1 Bonipocshl JeKkuum:
1. ITnomanp ¢puryp Ha MIOCKOCTH.
2. Haxoxnenne o0bema Tesra BpalieHusl.

1.22.2 KpaTkoe coaep:kaHue BOIPOCOB:
1. Ilsmomans Gpuryp Ha NJIOCKOCTH
Bo3MoxHBbIE CiTydan pacioJIOKEHUS JIMHUM:

¥ ¥
y ¥ =5 L
?I TI y=nhixa y=702
5 B !
< < i
a8
y:fl(x:] : : :
0 o b x ", X o [y c & x




S=[(f;(x)= £ (x))dx S=[(p,() -0 (M)dy S=[ fi(x)dx+ [ £, (x)dx

Hpumepsr: Haiitu momans Gurypsl, orpaHuiueHHON
1) y=x*,x=1 uocsro OX.

y=x2

1 3

S:Sl+S2:dex+I12dx:1;
X

(=1

1
3)y=\/;,y=2,x=0
by

2 =2

S

4
0 # S:J.(Z—\/;)dx=2§
0

2. Haxoxaenune o0bemMa Tesia BpallleHUsl
O0béM M II0IAAb OBEPXHOCTH TeJIa BpallleHUs
[Tycts umeeMm pynknuio y = f(x),a < x < b, f(x) > 0 u HENpephIBHA.

B
v 4 y=i(x)
o
; —
ol 2 K W

bynem Bpamate ayry AB Bokpyr ocu OX, moJyduM TeJIO BpallleHHs, IUIONMIAJb MOBEPXHOCTH

b
KOTOPOTO BBIUUCIAETCS 1O popMyne S = 27ZJ FOONT+(f'(x)) dx

b
N 00béM BeIUmCIISIETCS TIO hopMyIie V=rx I f (x))zdx

3aMeTuM, eciiu AYry Bpaiarth BOKpyr ocu OV, To BeIpa3suM X 4yepes3 y



y=fx)

=¥

x=¢@(y),c < y<d, Toraa miomaas MOBEPXHOCTH TeJa BPAIIECHUS BOKPYT

d
ocu OV Beruucnsiercs o popmyne S =27 I oW1+ (@'(v)) dy

2
1 06bEM Tena BpaieHus BOKpyr ocu OV Beluucsercss 1mo hopmyie V=rx _[ (p(¥)) dy

C
3
[Ipumep: Purypa, orpaHUYEHHAS] TPSIMBIMH ) = Zx,x =4 u ocbto OX, Bpamaercs Bokpyr ocu OX.

Beraucnuth miiomnaap MOBEpXHOCTH B 00BEM MOTyUYEHHOTO TeJla BpaIleHHUS.

W

W " ¢3 9 t9
l)S=27rJ.—x1/1+—dx=157r 2)V=7zj—x2dx=127z
4 16 116
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1.23 Jlekuus Ne23 (2 yaca).
Tema: «HecoOCTBEHHBIE HHTETPATTBDY

1.23.1 Bonipocsl Jekuum:

1. [TonsiTrie HeCOOCTBEHHOTO UHTETpaJa.

2. HecoOGcTBeHHBIE MHTETPAJIBI IEPBOTO POJIA.
3. HecoOCTBEHHBIE HHTETPAIIBI BTOPOTO POJIA.

1.23.2 KpaTkoe coaep:kaHne BONPOCOB:
1. [TonsATHE HECOOCTBEHHOT0 HHTErPaJia

b
Paccmorpum .[ f(x)dx : 1) [a;b]-KOHeqHHﬁ
a
2) f(x)—HnenpepvieneVx [a; b]
[Ipu BBIMONHEHUM 3TUX YCIOBUH, MOJTydaeM COOCTBEHHBIH MHTerpai. Ecim xoTs Obl OHO M3 3THX
YCJIOBHI HApyIIA€TCsl, TO MOIYIaeM HecoOCmMBeH bl UHMeSPAlL.

O6o3naunm [(x) = I f(x)dx -byHKIHS OT X

OIIP: 1im /(x) = lim J f(x)dx, 20e f(x) € [a;+o0) HA3BIBACTCS HECOOCMEECHHbIM UHINESDALOM

1) ecm 3lim /(x), npuyémM KOHEYHBINH, TO HHTETPAT CXOIUTCS;
X—>0
2) ecinu  medlim I(x) uau = oo , TO UHTETPAT PACXOIUTCS.
X—>00
[Ipumepsbi:

l)J. “dx—hmJ. "dx—hm(——)\ =li (——)\ LI -CXOJIUTCS
o 1

2)j }un d——hm(lnb Inl) = oo -PACXOAUTCA
—>® X



2. HecoOcTBeHHBbIE HHTErPaJIbl IEPBOr0 pojaa

+
[Tycte ynkuus f{x) onpeneneHa Ha TOTYyOCH [t=) 4 UHTETpUpyeMa 1o Jo0oMy OoTpesKy [a,b],
b
[ s
IpUHAUIEKALIEMY  JTOM MIOJIyOCH. IIpenen UHTETpaja 2 npu # = +° pasppaercs
J £ (ke

HECOOCTBEHHBIM MHTETpaoM QYHKIUH f{x) OT @ 10 + “® u 0obo3HaYaeTCs @

+ o0

b
If(x)dr =£I}n+ If(x)tfr
Urak, no ompenenenuto, @ a . Ecnu aT0T mpenen cymecTByeT M KOHEYEH,

[ ()
UHTETpaI @ HA3BIBACTCS CXOSIIMMCS; €CIIH TIPEIe] HE CYIIEeCTBYET WU OECKOHEUYEeH, MHTErpal
HA3bIBACTCSI PACXOISIIAMCS.
+ oo b
Icosxdx= im [cosxde= lm snx| = Im (smh-smdi= lm smb
bt b— +o n b+ b+
pumepsr: 1. U ;  OTOT

npenen HE CYILIECTBYET; CJIEOBATEIBHO, UCCIIEyEMBIN WHTETpall PacXOIaUTCA.
AHaJOTUYHO MHTETpaly ¢ OECKOHEYHBIM BEPXHHM IPEACTIOM WHTETPUPOBAHUS OIMPEACTSETCS

b

omp

b _ b

If(x)afx = lm If(x)afr
a— —=

WHTETpajd B IMpenenax or — ™ mgob: ~ = 2

+

U B Ipenenax or ~ = go + @
c

b
[Flode+ tm [ £(x)dx

a—s -« bt

= OIIp.
flxjdx =

B nocnepnem ciydae fix) onpeneneHa Ha Bcei
YHCIIOBOI OCH, MHTETpUpYeMa 10 JI000MY OTPE3KY; € - IPOU3BOJIbHAS (COOCTBEHHAST) TOUKA YUCIOBON
OCH; HHTErpajd Ha3bIBae€TCS CXOISIIMMCSA, €CIIM CYIIECTBYIOT M KOHEYHBbl 00a BXOIAIINX B
onpezaeneHue npenena. [lonp3ysch CBOMCTBOM aIIUTUBHOCTU OIPEAEIEHHOIO WHTErpana, MOXKHO
M0Ka3aTh, YTO CYIIECTBOBAHHE KOHEYHBIX NMPEAENIOB M MX CyMMa HE€ 3aBHCAT OT BbIOOpa TOYKH C.

n ]
1]
Iexdr = lim [Iexdr = fim |e®| |=|e&” - fm &®|=é&" =1
@ —% — o a— —w a a— —=
[Ipumepsr: 3. =% @ WNuterpan

CXOIUTCS.

®opmyaa Herworona-Jleii0Hnna 11 HecoOCTBEHHOro MHTerpaJja. B npuBea€HHbIX NpuUMepax Mbl

CHayaJla BBIYMCIISUIN C MOMOILBIO NIEPBOOOPa3HON (DYHKIIMU ONpPEAeIEHHBI UHTETpall 10 KOHEUHOMY

IPOMEXYTKY, a 3aTE€M BBINOJHSAIN NpeAenabHbIi nepexon. OObeIUHUM J1Ba 3THX JIEHCTBHUS B OJHOU
i Fix)

+oo
F( :'6yz[eM 0003HayaTh X—***° ; CHMBOJIOM

dbopmyne. CumBoIIOM Fi-m) _

lin F(x)

X—»~® - TOrJa MOXKHO 3aIHcaTh

COOTBETCTBCHHO,

oo b +a0
[flod =F@" [feode=Fl, [fed=-FE]

b b b
nmoapasyMeBasi B KaXIOM M3 O3THX CIIy4aeB CYIIECTBOBAHHME M KOHEYHOCTh COOTBETCTBYIOIIHUX
+ao: +a=
de -1 1
‘r x3 2:1::2 50
npenenoB. Teneps pemieHus MPUMEPOB BBHITIISIAAT 00Jee MPOCTO: = 3 - UHTErpal

+ w

=2ﬁj

=+

+ oo

d
I %
CXOOUTCA, - HUHTETpall paCXOJqUTCA.

3. HecoOcTBeHHBbIe HHTEIPAJIbI BTOPOr0 pojaa



Ilycte  ¢dysknus fix) onpenenena Ha  noayuHrtepBaie (a, b], wuHTerpupyema 1o  Jr000My
x—= g+l lim flx)=o
U uMeeT OECKOHEUHBIH Tpenea Mpu x—a+l
b
im [ f(x)d

g—+Hl
HecoGcTtBeHHbIM HMHTErpasioM OT f{x) Mo oTpe3Ky [a, b] Ha3pIBaeTCs mpenen a+& . Ecin

ATOT TMpeJeN KOHEYEH, TOBOPSAT, YTO HUHTErpall CXOJUTCA; €CIU TMpeAesl HE CYIIECTBYET WU
OeckoHeueH, TOBOPSIT, 4TO UHTErpa pacxomauTcs.

i-afx 2 2 [

OTpE3KY [+ 8]0 < E‘-::b—a,].’

= i === e —
x«.-'{; E‘—.‘r+|:|Ex'\_|'{.; el q'{;e

[Mpumepsr: Y - UHTETpaJl paCXOIUTCH.

1.24 Jlexnus Ne24 (2 yaca).
Tema: «KoOMIUIEKCHEIE YHCIIA»

1.24.1 Bonipocsl JeKkuum:

1. Onpenenenne KOMIUJIEKCHBIX YHCET.

2. [leticTBHs Ha/T KOMIUIEKCHBIMH YHCIIaMU B aireOpandeckoit hopme

3. Tpuronomerpuueckast popma KomruiekcHoro yncia. @opmyna Myaspa
4. JleticTBus HaJ KOMIUIEKCHBIMHU YHCIIAMHA B TPUTOHOMETPUIECKOM (opMme.

1.24.2 KpaTkoe coaep:kaHue BOIPOCOB:

1. OnpenesieHne KOMIJIEKCHBIX YHCEJ

x> +1=0 - 3T0 ypaBHEeHHMe 0 KOHIIa 15 Beka ObUIO HepaspemeHHbIM. CHauana KOMIIIEKCHBIE YHCIIa
HE MpHU3HaBaU, Tenephb 06e3 HUX Henb3st 000iTHCh. Kak jxe pemuTs jaHHoe ypaBHEeHUE?

x> =—1. Bo MHOXecTBe NeHCTBHTENBHBIX YHCEN HET TAKOTO YHCIA, KBAApaT KOTOPOTO OBLT ObI
paBeH OTPHUIATEILHOMY YHCITY.

x:i\/—_l

0O003HAYNM ‘\/—1 =[| U Ha30BEM MHUMAS eOUHUYd.

X, =+i \iz =—1\
% |

,Tne xu y e R, x— IelCTBUTEIbHAS YaCTh YUCJIA,

|z:x+yi

y [ — MHUAMAs 4acCTh,
¥ — K03 PHULIKEHT TP MHUMOHN YacCTH.
[Mpumep: z=2+3i, 5=5+0i . DT yncna pacmIUPsIOT KIACC YUCEN, T.K.JIFOOOE MEeHCTBUTEIbHOE

YHCIIO MOYKET OBITh MNpeaACTaBJICHO B BUIC KOMIIJICKCHOT'O YHUCJIA.

3ameuanus: 1) KommekcHoe yncio paBHo 0 Toraa v TOJIBKO TOTJa, KOTAA €ro JeHCTBUTENbHAS 4acTh
¥ K03((HUIIMEHT P MHUMO# YacTH paBHBI HYJIIO.

2) JIBa KOMIUIEKCHBIX YHClA z, =X, +)y,i W Z, =X, + ),i Ha3bIBAIOTCA PABHbIMU, €CIHU
{xl =X,
Y=

| zZ=X+ yl| - aneebpauyeckas hopma KOMNIEKCHO20 YUCIA.

PaccmotpuM x+ yi u X — yi - KOMHIEKCHO-CONPAICEHHbIE YUCA.

2. [leiicTBUS HAJl KOMIUIEKCHBIMU YHCJIAMHU B aJired0pandeckoi popme
1) UToOBI CIOXHUTH anreOpandecKu J1Ba KOMIUIEKCHBIX YHCIIa HYXXHO CIIOXXHTh UX JCHCTBUTEIHHBIC
4acTH ¥ KO3 OUIIMEHTHI TP MHUMBIX YaCTSX.

zitz, = 2x)+ (O 2y, i



2) YMHOK€HUE KOMIUIEKCHBIX YMCEN IPOU3BOAUTCS 10 MPABUIY YMHOXEHHUSI MHOTOWIECHOB.

Opumep: (x + yi )-(x — yi) = x* —xpi + yix — y*i* = x> + y*
[IponsBenenne ABYX KOMIUIEKCHO-CONPSDKEHHBIX YHCEN PaBHO CyMMeE KBajpara IeHCTBHTEIBHON
YyacTu 1 KBajpara kodddunuenra npu MEIMOI yactu. OGpaTHOE TOXKE BEPHO.

Y=t i=—ii=1

5 . . Pa3nuuHbIX 3HAYCHUH CTENIEHU { YEThIpE. DTUM IOJIBb3YIOTCS P YMHOKECHUU.
P=i"i=1-i=1

=i i=i-i=—1..

3) xl +y1i — ('xl +y1i)(x2_y2i) _ X1x2 _x1y2i+y1ix2 +y1y2 — ('xl‘xz +y1y2)+(x2y1 _xlyz)i —

- . N 2 2 2 2
X+ 0ol (X + y,0)(x, = py0) X, +y, X, +¥,
XX, + V), + x2y1_x1yzl-
2 2 2 2
X, ), X, T,

PaccMoTpuM KBaJpaTHOE ypaBHeHHE ax’ + bx +c = 0 . Bo3MoxKHee cieyIolye cydan:

1) D>0= x =x,

2)D=0= «x, #x,

3) D<0= Her [JeUCTBUTEIbHbIX KOpPHEH, KOPHU YpPAaBHEHUS KOMIUIEKCHO-CONPSKEHHBIE.
x,=a+pi u x,=a-pi

Ipumep: x° +2x+2=0
D =-4<0= HET JCHCTBUTEIbHBIX KOPHEH.

o _T2%N-4 -242i . % =—l+1 KOMIIEKCHO-COMPSDKEHHBIC.
J 2 2 a x,=—-1-i

Haiiném -4 = [(-1)-4 =2J/-1=2i
ITpoBepka: (—1+i)* +2(-1+i)+2=1-2i+i> -2+2i+2=1+i>=1-1=0 - BEPHO. AHAJIOIUYHO VI x,.
Pa3noxum aHHBI MHOTOYICH HA MHOXHTENHU: x° +2x+2 = (x+1—i)(x +1+17).

OObI1uHO, €ct D <0 , TO MHOTOWIEH HE PACKIIAbIBAJIM Ha 3JIEMEHTapHbIe MHOXKUTENU. Tenepb Mbl
MOYKEM pelaTh KBaJApaTHbIE YpaBHEHUs Npu Jtoo6oM D.

[pumep: x*+1=0

(x+D*—x+1)=0

[ 4120 =1 JIEUCTBUTEIbHBIN KOPEHB.
= =

¥ —x+1=0
. =-1
D=-3<0, J-3=i/3, :1i’ﬁ:l+ﬁ,~ i VYpaBHenue umeer 3 kopHs: R u 1Ba C.
JA 2 27 2 1 3,
X, =—+—1I
2 2
1 V3.
Xy =———1I
2 2

3. Tpuronomerpuydeckasi GopmMa KOMILIEKCHOr0 yncja. Popmyaa Myaspa
z=x+Yyi
oA ()
=
Uucnosas npsaMasd. OQHO YHUCIIO ONPEEIIAET OJ0KEHNE TOUKH HA YACIOBOM IPSIMOH.




AR K]

MoNdpHadT oChk
X

w - ==

.:Il i
JIB€ KOOpPAMHATBHI ONPENENSIOT MOJIO0XKEHUE TOYKM Ha INIOCKOCTH A(x,y), r(x,y) - PalUyc-BEKTOp,
U300paKaroni KOMITJIEKCHOE YUCIIO z = X + Vi .

[pumep: z=2-3i

C kaxno# Toukor z(x,y) MIOCKOCTH CBSI3aH paouyc-eéekmop 3Tou Touku Oz, JUIMHA KOTOPOTO 7

HA3bIBAETCS MOOVIeM KOMNICKCHO20 Yucaa z W 0003HadaeTcs |z| OueBUIHO

r:|z|:\/x2 +y°

Yron ¢, obOpa3oBaHHBI panuyc-BekTopoM Oz ¢ ocelo Ox, Ha3bIBACTCI  apeYMeHmoM
KOMNIeKCHO20 yucia z U obo3Havyaercss Argz. W3 3HaueHUdd @=Argz BbIIEIICTCA 21a8HOE

3HAYCHUE argz, YIOBIECTBOPSIONICE YCIOBHIO — 7 <argz <7 .
Hpumep: arg5=0, arg(-3i)= =75, arg(l—i) = —%

OueBuIHO, UTO X=rcos@, y=rsing

[lostomy z=rcos@+i-rsing , T.e. |z =r(cos @ +isin (o)| -_mpuconomempuyeckas_gopma

KOMNIeKCHO20 Yucuda.
Ilpumep: z, =1+i u z,=-1-i
r=qyx’+y%, tg(p:Z: gozarctgZ
X X

R n=A1H1=V2, ge =1 9 =7
1+i:\5(cos%+isin%)

[IpoBepxka: 7/ i /) = 1 1/ \_1.: - BEDHO.
POBEPKA: 2 (cos 7/, +isin7/,) \/5(/\/5-‘:-1/\/5) 1+i - BEp

;2(—1,—1), 7, =2, 1gp, =1. 3aMETUM, YTO (gg, = tgp,, HO YIJbl pa3JIMYHBIE.
@, € [l 4ETBEPTH, IOITOMY  1gp, >0 H ¢, :%
—l—i:ﬁ(0055”4+isin5”4)

[Mosromy s mepexona u3 anreOpanveckoil (OpMbl B reOMETPUYECKYI0 HEOOXOIUMO MOCTPOHTH
KOMILJIEKCHOE YHUCIIO.

4. JleficTBHUSI HA/l KOMIUIEKCHBIMH YUCJIAMU B TPUTOHOMETPUYecKoii gopme:
ITycTs ¥MeeM [Ba KOMIIJIEKCHBIX YMCTIA: z, =7,(cos@, +ising) MU z, =r,(cose, +ising,)

1) Zyrzy = rlrz(cos((Pl +¢’2)+i5in((ﬁ1 +¢’2))
2) 2 =D (cos(p— ) +isin(p —,))
;

Z 2



3) " =r"(cosn@+isinng) - popmyna Myaspa.

N3BieyeHue KOPHS U3 KOMILIEKCHOTO Y CIa
+2rk .. @+27nk
8z = K/;(cosqﬁ—jtlsmgo—) ,

n n
rae k npunuMmaet 3Hadenus =0,1,2...(n-1), ku n € N
=3
Hpumep: Y1+ =3\/\/§ cosZ +isinZ) = -
( 4 4) k=012

k=0: 1+i :%(cosﬁﬂ'sinﬁ)
12 12

k=1:

k=2:

1.25 Jlexuus Ne25 (2 gaca).
Tema: «/{uddepennnansupie ypaBHEHU»

1.25.1 Bonpocs! eknuu:

1. 3agaun, npusopsmue K 1udpdhepeHInaIbHbIM YPABHEHUSAM.

2. YactHble u o0ue pemenus. 3agada Komm.

3. IuddepennnanbHble ypaBHEHUS C pa3AesSOIIUMUCS IEPEMEHHBIMU.

1.25.2 KpaTkoe conep:kaHue BOIPOCOB:

1. 3agaum, npuBoasimue K 1uddepeHIHAILHBIM YPABHEHUAM
Panbli1e MbI BCTpeYyalnuch ¢ TAKUMHU 3aBUCUMOCTSIMH:

JHaHo: v(x)=1t>+5t-3

Haiitu: 3akon nBuxenus S(t)

ds
S't)=v(t)=t+5t-3= — =" +5t—3 - HaX0UM S HHTETPUPOBAHHEM.

T e MBI mosyyaeM ypaBHEHHE, cojepiKallee MPOM3BOAHYIO, a IPOM3BOAHAS €CTh OTHOIICHHE
muddepennmanos. Takoe ypaBHeHUE Ha3bIBACTCS Juddepenyuanvhvim. PerieHneM Takux ypaBHEeHUN
SBJISIETCSI NCKOMas! (pyHKIIHS.

OIIP: /lugppepenyuanvnvim ypasrenuem Ha3bIBACTCA PABEHCTBO, BBIPAKAIOIIEE 3aBUCUMOCTh MEXKAY
apryMeHTOM, UCKOMOH (yHKIUEH 1 e€ MPON3BOIHBIMH.

F(x;3)5"59") =0 (1)
3amnuiieM 3T0 ypaBHEHHUE B BH/IC: Y = E (x50 (2)

OI1P: Ilopaokom J1Y Ha3pIBaeTCs HaWBBICIINNA MOPAJOK BXOJSIIEH B HErO IPOU3BOJHOM.
VYpasuenus (1) u (2) HazwiBatotes [V n-eo nopsoxa.

Paccmorpum 1Y 1 mopsiaka:
F(xyp)=0 me y'=f(xy)

OIIP: Pewenuem /IY wnazpiBaeTcst GyHKIHUs, 0OpaIaionias ero B BEpHOE PaBEHCTBO, T € B TOXKJIECTBO.
[Tpumep: ITpoBepuTs siBiIsteTcs U QyHKIMA y = e * pemenunem JY y"+2y'+y =0

! —X

y'=-e y'=e'

e’ —2e"+e" =0

0=0=> y=e"

Paccmotpum nuddepenunansHoe ypaBHenue )’ = f(x)



? =f(x)=dy=f(x)dx = J'dy = J.f(x)dx = y= J.f(x)dx +C- oowee peuierue
X

nuddepeHIaIbHOTO

YpaBHEHHS MIPECTABISET COO0 MHOKECTBO (hYHKIIUH.

OIIP: Obwum pewtenuem /[Y n-ro nopsiika HaszbIBaeTCs (YHKIIMS, 3aBUCSIIAs OT apryMeHTa U n

IPOU3BOJIbHBIX MOCTOSIHHBIX. Y = @(x;C;C, @ ... C))

2. YacTHble u 00mue pemenus. 3agaya Komu
OIIP: Yacmuvim pewenuem /[Y Ha3bIBaeTCs peLICHUE, OTYYEHHOE U3 OOLIETO MPU ONpEeAeIeHHBIX
3HA4YEHUSAX NTOCTOSTHHBIX

TEOPEMA (o0 cywecmeosanuu u eduncmeennocmu yacmuoz2o pewenus Y I nopsaoka): Eciu B
ypasuenun ' = f(x;y), ynkuun f(x;y) u f)(x;y) HeNpepbIBHBI B IH000H TouKe (X,;Y,), TO

X = xo

Y=>Xo

3amavya HaXOXKJACHHUS YACTHBIX PEIICHWA MO HAaYaJIbHBIM YCIOBUSM HA3BIBACTCS peuleHuem 3a0aqu
Kouwu.

3! gactHOE PCUICHUC 3TOI'O YpAaBHCHUA, YAOBJICTBOPAIOIICC HAYAJIbHOMY YCJIOBHUIO {

Ilpumep: ' = Y. Y 1 nopsiaka

2x
1) IlposepuTs, sABageTCA 1M QYHKIMSA y = % pemenuem Y
X
C
Y == ¢ ¢ _ /\/; -BEPHO = j = £-06mee pemenue 1Y
2x/x 2xlx  2x Jx

2) llpunaBas paznuusble 3HaueHus C, MONYyYMM MHOKECTBO PEIIEHUH, KOTOpPHIE Ha3bIBAIOTCA

A k
[u} Fﬁ i
YaCTHBIMH.

[Ipu C=0: y=0 IIpu C=1: yo ! ITpu C=-2

-2
" YT
3) I'padux obmiero pemenus 1Y Ha3bIBaeTCs unme2paibHbiMu KPUSHLMU.

HyxHO BBIOpaTh M3 MHOXKECTBA y = < PELICHUI UHTErPAIbHYI0 KPUBYIO, KOTOPAsk IPOXOAMIIA

Vx

OBl Yepe3 TOUKy {xo =4 re peunTh 3a1a4y Koy ¢ HayanbHBIMH YCIOBHSIMHU.
Yo =1
I 6 C . N ~ 2
OACTaBMM B OOLICC PCIICHHUC y=— Ha4YaJIbHBIC YCJIOBHS: l=—"—"o=2N=2=> y= ——_-4aCTHOC
e N Jx

PCUICHHUC, YAOBJICTBOPAIOIICC HAYAJIbHBIM YCJIOBUSIM.

3. IuddepenunanbHble yPABHEHHS C Pa3deJJeHHbIMU U Pa3le/siiOIUMHUCS NlepeMeHHbIMU

‘M (XN, (¥)dx + M,(x)N,(y)dy = O‘ (4) —ypaBHEHHE ¢ pa3ICSIOMUMHUCS TIEPEMEHHBIMH.

Pa3nenum nepemeHHble, T € IPUBENEM YpaBHEHHE K TaKOMY BHJy, YTOOBI B JIEBOM 4acTU pPABEHCTBA
ObUTM (DYHKILIMU, 3aBUCALINE TOJIBKO OT Y, @ B MPaBOil- TOJBKO OT X.
M, ()N, (»)dy ==M ()N, (»)dx | M,(x)N, () #0

N M
,(») dy = (%) dx
N(») M, (x)
[Tonyuum ypaBHeHUE C pa3AeIEeHHBIMU TE€PEMEHHBIMHU.
[IpounTerpupyem 06€ yacTu paBeHCTBA
[ N 4 - M)

N, () M, (x)
PemuB nnTerpanel, HaiiaeM pemenue Y




[pumep: Pemute 1Y 1-ro nopsiaka
(xy—=x)y' = (xy+2y)=0- 1V 1 nop.

(xy—x)ﬁ—(xy+2y)=0 ‘-dx
dx

x (y=Ddy— y (x+2)dx=0-1V |xy

[——;
My (x) N,(y) M) M (x)

J‘yy_ldy=jx:2dx

y= x+ln‘x2y‘+C

Pemim 3amauy Komu npu HadaapHOM YCIIOBUU {xo =1
Yo =1

1=1+In1+C

C=0 = y=x+ ln‘x2 y‘ - YaCTHOE pelIeHHE, YI0BICTBOPSIONIEe HAYAIbHBIM YCIOBHSIM.

1.26 Jlekuus Ne26 (2 yaca).
Tema: «/luddepeHnranbapie ypaBHEHHS TIEPBOTO MOPSIKAY

1.26.1 Bonipocsl Jekuum:

1. JIuneitnsle muddepeHnuansable ypaBHeHus. Y pasaenus bepuymm. Meron bepnymnu.
2. OnHoponHble AU depeHnanbHble ypaBHEHHUS.

3. Pa3HOCTHBIE ypaBHEHUS.

1.26.2 KpaTkoe cogep:kaHne BONPOCOB:
1. JIuneitnbie nudPepennuanbubie ypaBHeHus. Y pasHenusi bepuynan. Meroa bepnyaimn

OIIP: Jlunetinviv JIY 1 nopsidoka Ha3bIBAaeTCs ypaBHEHUE BHUIA ‘ V' +p(x)y=q(x)| (6) , rme

p(x) u g(x) - HEKOTOpBIE QYHKIIUH OT X.
OnHUM W3 METOJIOB PEIICHHS TAKUX YPAaBHEHHI BISICTCS Menod bepuynnu.

Pemenue AY umyt B Bunme y = u(x)-v(x), ddau(x) u v(x) -Heu3BecTHbIC (DYHKIIUH OT X.
y=uv

o, . moacraBuM B (6)
Y =uv+uv

u'v+u' + p(x)uv = g(x) BBIHECEM u 3a CKOOKY

uv+u(V' + p(x)v) = g(x)
[TonGepém Vv(X) Tak, 4TOOBI V' + p(x)v =0, MOJIYYUM CUCTEMY
Vi+ p(x)v=0
o
W3 nepBoro ypaBHeHMs HailiéM V(X), IOACTAaBUM €ro BO BTOpO€ ypaBHeHHE M Hailném u(x). T.o.
HaiaéM y = u(x) - v(x)-o0uiee pemenue Y.
[pumep: xy'—5y —(x+1) =0 Pa3menuts nepeMeHHbIE HENB3sI. ITO HE OAHOpOAHOE [TV
[IpuBeaém k nunerinomy J1V:

-9TO YpaBHCHUA C PaA3ACIAIOIMUMUCA IICPEMCHHBIMU



x x
yv=uwv=y =u'v+u'

, , 5 x+1
uv+u' ——uy=——
= X X
5 x+1
uv+u(v' —=v)=—-
X X
5
vi—=v=0
x 5 1 1
>v=x,u=-——-—+C
’ x+1 4x 5x
uy=—-
X

|
y=uv=y= —%—g+Cx5 —obuwee pewenue /Y
[Ipu pemenun MmetogoMm bepHysum, mpomMexxyTouHoe 3HaYeHHe const 6epém =0

2. Onnopoanblie nuddepeHuaNbHbIE YPABHEHUS
OITP: 1Y ' = f(x;¥) HaseBaetcs 00wopoouvim JIY 1 nopsaoka , ecnu GyHkums — f(x;))

YAOBJICTBOPACT

YCIIOBHIO: ‘ f(xy) = f(x; y)‘ (5), roe t-mpoW3BONBHBIN MapaMeTp.

Paccmotpum omnopoanoe 1Y y' = f(x;y)

Y
x

O6o3HauuM |, — = y =xz, z-QyHKUHUA OT X

Vi=zZx+zx' =z%+z
[ToncTaBuM B MCXOJTHOE YpaBHEHUE:
Zx+z = f(x;zx)
, - MOXKHO CBECTH K YPABHEHUIO C PA3CIIIOMINMUCS ITEPEMEHHBIMU.
Zx = f(x;zx)—z
[pumep: Pemmuts AY 1-ro nopsnka
xdy — ydx = Jx* + y7dx ‘: dx
oyt )y’

(*) y' = =——————o00dnopoonoe JIY ,mx
X

1y +(x)’ +(1y)?
x

ftx;ty) = =f(xy)

o6osHauuM 2 =2 y=zx Y =zx+z nodcmasum ¢ (*)
X
Zx =1+ 27
dz _J@
V1+z? X
z+A1+2°

z+V1+2z7 =Cx

2
14—1 l+y—2 =Cx
X X

Y+ X+ = Cx? — 06wl unmezpan

BriOupaeM B Kakoil YacTH paBEHCTBa 3amMchiBaeM const U B Kakoil ¢opme. Ecim Her apyrux
dbyHKIMiA, kpoMme In, To 3anmuceiBaem const B Buae In/C/.

JononuurensHo: Pemmts 3anady Komm ¢ HauaabHBIMU yCIOBUSIMU Xo=1 Hu  yo=3

C=3+10

y++/x> + »* = (3++/10)x*- uacTHOE pelueHue.

In = ln‘x‘ + ln‘C‘

3. PasHOCTHBIC yPABHEHHA



Ha npaxTtuke nmpocreiiiive pa3HOCTHbIE YPAaBHEHHS BO3HUKAIOT MPU UCCIIEIOBAHUH, HAIIPUMED
BEJIMYMHBI 0AaHKOBCKOIO BKJIajga. DTa BeJIMYMHA SIBISETCSA MEPEMEHHOMN Yy MpeACTaBisaIouieil cymmy,
KOTOpasi HaKaruIMBaeTCs M0 YCTAHOBJICHHOMY 3aKOHY MpPH LETOYUCICHHBIX 3HAYEHUSAX apryMEHTa X.
[Tycts cymma Y, monoxkeHa B O0aHK mpu yciaoBuu HauyuciaeHUs 100 r CJIOKHBIX TPOIEHTOB B TO/I.
[IycTp HauMClEeHHE MPOLEHTOB MPOU3BOAUTCS OJMH pa3 B roj U x 0003HAYAET YKCIIO JIET C MOMEHTA
nomernieHus Bkiaanga (x = 0, 1, 2,...). O603HauMM BEIMUYMHY BKJIaJa MO UCTEYCHUH XJIET Yepe3 Yy Mbl
noJiy4aem

Y= (1+I‘)YX_1.

Ecin HauanbHas cyMMa COCTaBISIET Y, Mbl INPUXOJUM K 3a7aue OTBICKAHMS pELICHUS
MOJYYEHHOTO PA3HOCTHOTO YpaBHEHHUS, MOJYMHEHHOTO HAYaJIbHOMY YCIOBUIO Yx=Y,mpu x = 0.
[TonyyeHHOE Pa3HOCTHOE YpPABHEHHE COAEPKHUT YxHM 3HAUEHUE O3TOM IMEPEMEHHOM HAa OJHMH TOJ
paHblie, T.€. Yy.1. B JAHHOM CJIy4ae apryMEHT X SIBHO HE BXOJUT B Pa3HOCTHOE YpAaBHEHHUE.

Boobmie roBopsi, o00bikHOBeHHOe pa3HOCmMHOe YpaéHeHue YCTAaHABIUBAET CBSI3b MEXIY
3HaueHWsIMU  QyHkmu Y=Y (X), paccMaTpuBaeMoOdl ISl psAa pPasHOOMCMOAWUX —3HAYEHUU
apeymenma X, HO MOKHO 0€3 OTpaHMYEHHUs OOIIHOCTU CYUTATh, YTO UCKOMasi (YHKIUS OMpEe/eiieHa
JUIS. paBHOOTCTOSIIIIMX 3HAYEHWH apryMeHTa C IIaroM, paBHBIM eIuHHUIIE. TakuMm o0pa3om, eciu
Ha4yaJIbHOE 3HAUYEHHUE apTyMEHTa €CTh X, TO PsAJl €r0 PaBHOOTCTOSIIMX 3HaYeHUU Oynert X, x+1, x+2,...
U B 00paTHOM HampaBJeHHUU: X, X-1, X-2,.... CooTBeTCTBYIOMNE 3HAYCHHS (YHKIIUH OyneM 0003HaYaTh
Yy Yxi1,Yxiz... mma Yy, Yx1, Yx2.... Onpenenum Tak Ha3blBa€MbIE pa3HOCmu Pa3iuYHbIX MOPSAKOB
byHKIHMHA Y ¢ TOMOIIBIO CIEAYIOUUX (GOPMYIT:

PasnocTtu nepsoro nopsiaka
D Yx: Yx+1 - Yx,

D Yx+1 =Yx+2 - Yx+1,
DYx2=Yxi3- Yx+2,
PazHoctu BTOpOro nopsiaka
D’Y,=DYw-D Yy,
D*Y 1= D Yyi2- DYy,
D?*Y,:3= D Yyi3- DY o,
PasHocTH Tperbero nopsiaka
D’Y,= D*Y,4; - D’Y,,
D*Yyi1= D*Y,ip - D*Yoe,

OObIKHOBEHHBIM PA3ZHOCMHBLIM YpAGHeHueM Ha3bIBAeTCd YpaBHEHUE, CBSI3BIBAIOIIECE 3HAYCHUS
OJIHOTO HE3aBHCHMOTO apryMeHTa X, eTrOQYHKIUHUYxH PA3HOCTEH pA3JIMYHBIX TOPSIKOB 3TOU
¢ynkunu DY DZYX, D3YX,.... Takoe ypaBHEHHE MOXHO 3amucaTh B OOIIEM BHUJIE CIEAYIOIIUM
obOpazoM:

j(x, Yy DYy, DY, D*Y,, D"Y,) =0,

KOTOpOe 1o ¢popMe aHaTOTUYHO Au(depeHITNaTLHOMY YPaBHEHHUIO.
Ilopsokom pa3HOCTHOTO YpPaBHEHMsI HA3BIBACTCS MOPSJOK HAMBBICIICH Pa3HOCTH, BXOISIIEH B 3TO
ypaBHeHue. Pa3HocTHOe ypaBHeHue (1) wacrto ymoOHee 3ammcarh, MOJB3YACh HE PA3HOCTIMU
HEU3BECTHON (YHKIMH, a €¢ 3HAYCHUSMHU NpPU IMOCIEIOBATEIbHBIX 3HAYCHHSIX apryMEHTa, TO €CTh
BbIpa3uTh DYy DZYX, D3YX,... yepe3 Yy, Yxi1, Yxi2,.... YpaBHeHue (1) MOXHO MpPUBECTH K OJHOU U3
IByX (opm:

Y(X, Yx, Yx+1,---;Yx+n) = 0,

X(X, Yx, Yx1,.00, Yxn) = 0.
OO0mee  AWCKpPETHOE  peEIIeHHE Yy OOBIKHOBEHHOTO  Pa3HOCTHOTO  YpaBHEHHS n-TO  TOPSJIKa
npezacrasisieT GpyHknuo X (x =0, 1. 2,...), conepKaliyro poBHO 7 IPOU3BOJIbHBIX MOCTOSHHBIX:

YX = Y(X, Cl, Cz,..., Cn).

[Ipumepom ciyXUT mayTUHOOOpa3Hasi MOJIETb PhIHKA.

1.27 Jlexuusa Ne27 (2 gaca).



Tema: «/{uddhepennnanpubpie ypaBHEHUS BBICIINX TOPSIKOBY

1.27.1 Bonpocsl 1eknuu:
1. JIOJY BToporo nopsiaka.
2. JIHJY BTOpoOro nopsaka.

1.27.2 KpaTkoe coaep:kaHne BONPOCOB:
1. JIOY BTOpOro nopsiaka

OITP: JIONY 2 nop. ¢ nocmosnubimu K03h-mu Ha3bIBaeTcs ypaBHeHue Buga | V' + py' +qy =0 | (7)

, TIe
P ¥ q- ICHCTBUTEIBHBIC YHCIIA.
O6o3naunm y'k*,y = k,y = k* =1. [lonyuum KBaapaTHOe ypaBHEHHE BHA:

k* + pk + q = 0| -xapaxmepucmuueckoe ypasnenue.

Haiiném kopHM 3TOTO YpaBHEeHUs k, u k,- HEKOTOpbIE NEHCTBUTEIbHbIEC YHCIIA.
O6mee pemenue JIOAY OGynet 3aBuceTh OT KOPHEW XapaKT-Iro ypaBHEHUS CIEIYIOIUM 00pa3oMm:

Decmu k, # k, ,mo y = C,e"* +C,e"*, C, u C,-nocrosHubIe, ABNSETCA OOIIMM PElIEHHEM JaHHOTO
Joay

2)ectu k, =k, ,0f y= Ce" +C,xe""

3) ecaum XapakT-Koe YypaBHEHHE HE HMeeT [eWCTBUTENbHBIX KopHedl ( T.e. D<0), TO
2

y=e"(C,cos fx+C,sin fx), « =—§, p= q—pT

1)y"-10y'+25y=0 y=C,e* +C,xe*
IIpumepsl: 2)y"+5y"+6y=0 y=Cie*+Ce™ »(0)=2,y'(0)=4
3)y"+2y"'+10y=0 y=e"(C, cos3x+C, sin3x)

2. JIHAY BTOpOro mopsiaka
OIIP: JIHIIY 2 nop. ¢ nocmosuHbiMu _KO3¢)-Mu _HA3bIBAETCS ypaBHCHUE BUIA: (8)

V'+ py' +qy =P (x)e’", ddd P,(x) -MHOTOYIEH, CTCIICHH N

p ¥ q— JCHUCTBUT. YUCIA.

Oobmee pemenne gannoro JIHAY nmyr B BUge: |y =y, +y,|, », —obuee pemenue coors-ro JIOAY

Y. - uacTHOe pelIeHHE HCXOIHOTO
JIHAY.
Jlnist OTBICKAaHUSL V. TOJB3YIOTCS CIEAYIOUIMM MTPABUIIOM:
Decmm y # k, u y # k, (1.e. He ABIAETCA KOPHEM XapaKTepHCTHY. ypaBHEeHUs), T0 ¥, = 0, (x)e’”, rae
Q,(x)- MHOTOYJIEH CTEIICH! N C HEONpPEAeNEHHBIMU KO PUIUCHTAMU.
2) ecmu y =k, uy#k,(T.e. coBIagaeT ¢ OAHUM U3 KOpPHEH XapaKTEpUCTUY. YpaBHEHU:), TO

— VX
y+ =X Qn (x)e
3)ecu y =k, u y = k,(T.e. KOpHU PaBHBI ¥ paBHBI ¥ ), T0 ¥, = x - O, (x)e’*
[Ipumepsl:
109

Dy"+y' —12y=2x-3)e* y=Cee™ +C,e™ +e“(—;x—;), y(0)=—;,y'(0)=9

g 2 _-2x

oy=Ce ™ +Cxe + 2x e

2)y"+4y'+4y=3e"

1.28 Jlekuus Ne28 (2 yaca).



Tema: «3HaAKOMONOKUTEIHHBIEC PSIBDY

1.28.1 Bonpocs! eknuu:

1. [ToHATHE YUCIOBOTO psJA.

2. [Ipumepsl CXOIAIINXCS U PACXOIAIIUXCS PSIOB.

3. CBoiicTBa pSIOB.

4. [Ipu3HaKu CXOIMMOCTH 3HAKOIIOJIOKHUTEIBHBIX PSIOB.
5. DTalOHHBIC PSIBI.

1.28.2 KpaTkoe conep:kaHue BOIPOCOB:

1. IloHsAiTHE YMCTIOBOTO psAA

[TycTh 3aaHa mocae10BaTeNbHOCTh ACUCTBUTEIBHBIX YUCEN (ay): a1,32,83,. . .,an,. ..

Omnp; CumBon a;t+aytaz+...+a,t... HA3BIBACTCS YUCIOBbIM PAOOM , @ UACTA a1,32,A3,. . .,ap,. .. €TO
unenamu, a, (n€ N) Ha3bIBACTCS .00UWUM UTIEHOM.

0
ObosHauuM: ' a, = a,+a, +a; +...+a, +...(1)
n=1

S, =aq
Omp: Cymmbr S, =4, +a,
S,=a, +a, +a,

Sp=@+ay+a;+..+a,  yasyiparores wacmuynbimu cymmamu psia (1).

2. Ilpumepnl cXOASAIMXCH U PACXOAALIUXCS PSAIOB

OH[!I PSI,H Za” Ha3bIBACTCsA C)CO();IL_L{L[MC;I, €CJIM MOCICAOBATCIBHOCTD €0 YaCTUYHBIX CYMM

n=1

CXOJIUTCS K KaKOMY-HUOYAb ucay S (T € 3 KoHeuHbld npeaen lim S, = S), npu aToM S- cymma
n—»0

psoa.

Borom cnyuae S =g, +a,+a;+..+a,+... um S=)a ‘S =1limS,| -cymma psina
=1 n—»0

Omnp: Ecin He cymectByer limS, umm lim S, = too, To pan (1) Ha3pIBaeTCs pacxodauumcs.

n—»0 n—»0

> 1
[Ipumep: BBIACHUTD, CXOAUTCS U JAHHBINA PAJT, €CIIU CXOAUTCS, HAUTH €70 CYMMY. ﬁ
on(n+

1 1 1 1
—t—F— ..t +
1-2 2-3 34 n(n+1)

1 _n+1—n_l_ 1

a = = =
" am+1) nr+l) n on+l

11 11 11
S, =a+ta,+.+a,=|———|+|-—= [+ z—— |+
26

1 n

1 1 1 1111 1 1
+|—- =l-——t———t———+ .+ =
(n n+1] 2 2 3 3 4 n n+l

=1-

n+l n+l
n

lim S, = lim =1 =8=1

n—w n>o p 41

Psin cxonutest u ero cymma paBHa 1.

TEOPEMA (Heobxo0umoe ycnosue cxodumocmu psaoa). Ecnu psin Zan CXOJUTCS, TO €r0 OO

n=1

yiieH crpeMutcsi k 0 (te lima, =0)

n—»0

3ameuanue: O0OpaTHas TeopeMa HE BEPHA.

CJIEJCTBME: Ecmu lima, # 0, 10 psx > a, pacxomures.

n—>ow

n=1



Ilpumep: MccnenoBaTh Ha CXOAUMOCTD PSif Z 4n

“=3n+2

lima, = lim—""= g AESY pacxozuTes
n=1

4n
n—o n->e 3p 4 3n+2

3. CBoiicTBa psiioB

1) Ecnu psin Zan CXOJUTCS (PAaCXOIUTCA), TO P z Na,, rae N € R Toxe cxoautcs (pacxoamTcs).
n=1 n=1

O6patHoe BepHO 1ipu C # 0

0 o 0
2) Ecnu psiapl Zan u an CXOIATCS, TO P Z(an +b,), KOTOpBIN HA3bIBAETCSI CYMMOM TaHHBIX
n=1 n=l1 n=1

PAOO0B, TOKE CXOOUTCA.

4. IIpu3HaKM CXOAMMOCTH 3HAKOMOJIOKUTEIbLHBIX PSIJI0B
OIIP: Psin, Bce 4ieHbl KOTOPOTO MOJIOKUTEIbHBI, HA3BIBACTCS 3HAKONOJIOHCUMENbHBIM.

ian, a,>0 (neN) (2)

n=l1

HOCTaTOLIHBIC YCIIOBUA CXOOAUMOCTHU pAaa:

1) TEOPEMA (IIpusnax cpasnenus): IlycTb naHbl 1Ba 3HAKOIOJIOKUTEIBHBIX psAAa Zan, a,>0

n=1

(A) n an,bn >0 (B), (n € N) .1 BoInONHsETCSA HEpaBeHCTBO a, <b ,Vne N,

n=1
Torna u3 cxoaumoctu psna (B)= cxomumocts psama (A),
a u3 pacxoauMocTu psiga (A) = pacxoaumocTts psaa (B).

TEOPEMA (IIpedenvhuiii npuznak cpaguenus): IlycTb naHbl 1Ba 3HAKOMOJIOKUTEIbHBIX psaga (A) u

(B). Ecm 3 lim% =k, tne k>0, To 006a 3HaKoMONOXKUTEIbHBIX psna (A) u (B) B muane

CXOJIMMOCTH BeIyT ce0s1 OAMHAKOBO ( T. €. 1100 00a cxoaarcs, M0 006a pacxoaarcs).

0

IIpumep: McecnenoBath Ha CXOAUMOCTD P Z i1
n=1 N +

n

(A)

CpaBHHM C TApMOHHYECKUM PSIOM Ziz (B)-psin cxonures, T k p=2>1

n=1

=1, K >0=psanst (A) u (B) B mnane cxoquMoCTH BeAYyT ceOsl OJUHAKOBO,

= paa (A) -cxondrcs.

2) TEOPEMA (llpusnax /lanambepa): IlycTs naH 3HAKOMOJIOKHUTEIBHBIA P Zan, a,>0 (2).

n=1

an+l

Ecnn HauMHAasi ¢ HEKOTOPOro 3HAYEHUs N 4WIEHHI psia (2) yAOBIETBOPAIOT HEPABEHCTBY <1, 1o

n

a
paa (2) CXOMHUTCS, a €CIIM HAYMHAS C HEKOTOPOTO 3HAYEHHS N BBHINOJIHAETCS HEPABEHCTBO —2->1,
a

TO psin (2) pacxomuTcst
TEOPEMA (llpedenvnasa gopma npusnaxa /arambepa): IlycTb naH 3HAKOMOJIOKHUTEIBHBIN P

- . a
Zan ,a,>0 Ecim Flim— =D, 10 D <1 psn cxonurcst, D >1psan pacxoaurcs, D =1 npusHak

n=1 n—>0 an

HC MMOAXOJUT, BOIIPOC O CXOJUMOCTH Psa HC PCIICH.



00 971
IIpumep: McenenoBath Ha CXOAUMOCTD P 2—2

n=l1

n n+l n
D:hmanﬂ; an:92; Ay = ’ 2 - - 2
e oq n (n+1)” (m+1)
n 2
Dzlim997n:9>1:>

> (n+1)° -9
PAd paCxXoduTCs.

3) TEOPEMA (/Ipusnax Kowwu): IlycTh naH 3HAKOMOJOXXUTENbHBIN PsiA Zan, a, >0 (2). Ecin

n=1

Ha4YMHAasi ¢ HEKOTOPOTo
3HAYCHUs N BBINOJIHAETCS HEpaBeHCTBO 4i/a, <1, To psax (2) cxoxurcs, a eciu i/a, >1, 1o pan (2)

pacxoauTcs

TEOPEMA 2 (llpedenvnas copma npusuaxa Koww): Ecimm 3 limQ/a_n =K, 1O K <1 psn

n—®0
cxogutcs, K >1psan pacxonutcs, K =1 mpusHak HE MOAXOAWUT, BOIPOC O CXOAUMOCTH psiia HE
pelleH.

ITpumepsr: MccnenoBaTs Ha CXOIUMOCTbD PSIbI
3
i (2n)!
41=1-2-3-4=24; n'=1-2-3-..-n; (2n)!=1-2-3-...-2n
1 !’
(2n)! (2n+2)!
[Ipumenum npenenpHbIi npu3Hak lanambepa:

I 3 ! 2
D = lim &zt o g (D DHEE_ g w7 220l Ly Ly pan exomnren.
nowoq o onoe (2n+2)aln! e dp +6n+2 4
22—

n=1 n
[Ipumennm npenensHblii npusHak Kommu:

K=1im{/Z=1imn 2 =lim 2 =%=2, K =2>1=psan pacxogurcs.

n
n/
n—0 n—0 n n—x0 n

5. DTrajioHHbIE pAABI

0
1) Z— - TapMOHMYECKUH PsiZl, PACXOJUTCH.
n=1 1

1
2) Zn—p , D& R ecmm p>1, TO pAd CXOOUTCH, €CIIU P < 1, TO pAd paCxXoaUTCA
n=1

3) Za -q" ,a € R ecnu |q| > 1, To psA pacXoAUTCS, €CIU |q| <1, To psig cxonutcs

n=1
1.29 Jlekuus Ne29 (2 yaca).
Tema: «3HaKoUEpEaYIOIMIHUECS PAIBD

1.29.1 Bonipocsl Jekuum:
1. TlonsTHe 3HAKOUYEPEAYIOLIETOCs pAJIa.



2. Ilpusznax JleiiOnuna.
3. AOGcomtoTHast U yCIOBHAs CXOJIUMOCTb.

1.29.2 KpaTkoe coaep:kaHue BOIPOCOB:
1. IloHsiTHE 3HAKOYEPEAYIOLIETOCH PSAA

OIIP: Psin aj-ay*+as-ass..., rme a,>0 (3) Ha3bIBaCTCS 3HAKOUEPEOVIOWUMCS PIOOM Z(—l)”an 3)
n=1

(3”) -ajta-aztag....,rae a,>0 ToKe 3HAKOYEPENYIOLIUUCS P

u,=a

n

O6o3naunMm u, =(-1)"a, mo

2. lIpusnak JleilOHUIA
TEOPEMA (lIpusnax Jletionuya): Ecnu oOluii 4jieH 3HAKOYEPEAYIOIIEerocs: psifa yAOBIETBOPSET

1) un+1 <
2) limfu,| =0

u, ©
YCIIOBHSM: mo Z (-1)"a, cxomutcs

n=1

Ecnu xoTs Ob1 OJTHO U3 3TUX YCIOBUHM HApyIIAETCs, TO PSIT PACXOIUTCS.

= 7
[Tpumep: MccmenoBaTh Ha CXOUMOCTD PSif Z(— 1" —
n

n=1

7 7
=T4+———F+——.+(-D)"—+
4 9 16 D
D |u 7. u ‘—L = 7 o
o el ) = pﬂ()zl(_l)" ’TZCXOI[HTcsI o npusHaky JlelOHuIA.
un+l‘ < un
2) hm‘un‘:hm—zzo
n—»0 n%wn

3. ADCOJIIOTHASI M YCJIOBHASI CXOAUMOCTh

OIIP: Ecnu psia CXOAMTCS BMECTE C PSJAOM, COCTABJIICHHBIM U3 MOJYJICH €ro 4jieHOB, TO TaKOH psj
Ha3bIBAETCS AOCONOMHO CXOOAUUMCHL.

OIIP: Ecnu 3HaKOYEpPEAYIOIIUHCA PSJl CXOAMTCS, a P, COCTABICHHBIM W3 MOJAYJICH €ro 4ICHOB
PacXOAUTCS, TO TAKOH Psil HA3BIBACTCS _YCIOBHO CXOOAUIUMCSL.

[Tpumep: (MPOAOIKUM HPEIBITYIIUN IPUMED)

Z(—l)” lz -CXOIUTCS Z u,|= le = 72 iz, p=2>1=0000LIECHHBI TIapMOHMYECKUH DAL,
n=1 n n n=1 N

n=1 n=1

i 7
CXOJIUTCS, TOT/Ia JTAHHBIN PsIT Z(—l)” — -CXOIUTCS a0COIIIOTHO.
n

n=1

1.30 Jleknus Ne30 (2 uaca).
Tema: «CTeneHHbIC PAIBI»

1.30.1 Bonipocsl Jekuum:

1. TloHusTHE CTETIEHHOTO pAJa.

2. Pagnyc m mHTEpBAT CXOJAMMOCTH CTETICHHOTO psija.
3. Psan Teiinopa u MakiiopeHa.

4. IlpumeHeHUE PSIIOB B MPUOIMKCHHBIX BEIYUCIICHUSX.

1.30.2 KpaTkoe coxep:kaHue BOIPOCOB:
1. IloHsiTHE CTENEHHOTO pPALA



. 2
OIIP: Psan Buma a,+a,(x—x,)+a,(x—x,)" +..4+a,(x—x,)"+..., tne a,,a,,d,,..a,,x, €R-

3aJaHHBbIC Hef/'ICTBI/ITCJILHBIe qucia, X-repeMCcHHas, Ha3bIBaCTCA CnmenerHbim D}Z()OM.

O6o3Hauenue z a,(x—x,)" (4)
n=1
Upn
u

n

TEOPEMA ( lpusnax /arambepa onsa psaoos ¢ npoussonbhbimu uienamu). Ecov 3 jim

n—>0

D , TO

D <1 psan cxogutcs, D >1psn pacxogutcs, D =1 mnpuszHak HE MOAXOJIUT, BOIPOC O CXOAUMOCTH
psizia He pelieH.

2. Paguyc 1 nHTEpBAJI CXOAMMOCTH CTEINIEHHOI0 PSiia
HaifeM wuHTepBan M paaMyC CXOJUMOCTH CTENEHHOIO psijia, BOCIOJB30BaBIINCh IPU3HAKOM
JHanambepa

n+l
. |u . la, (x—x . la, (x—x | a o
D = lim|— = llmM = lim 21 (XY= X)| _ | (x—x,)| Ilycts D<I, To crenmeHHO#l psn
n—>0| un n—>0] a (x_xo) Nn—>0| an "
a0COJIIOTHO CXOJUTCH.
x—x, < G =>x< @y +X
— n n
an+l an ‘ an+1 an+l ’ T'e' x() a <x< x() * a
= (x—x)) <1 :‘x—xo‘ < = ntl n+l
a
" e X=X, > =>x>x,—|— ¢, <x<c,
n+l an+1

3HAYUT, HAa HHTEPBAJIC (cl;cz) P aOCOIIOTHO CXOJMTCS.

¢ —c
R = % -paouyc cxoouMocmu psaoa.

Taxxe HyKHO BBIICHUTH BOIIPOC O CXOAMMOCTH psiia Ha KOHIIAX MHTEpBaja, T € MPU X= C| U X=Cj
Taxum 00pa3oM, MOXYYUM _001acmb CXOOUMOCHIU.

n
n

o0
[Ipumep: Haiitu 061acTh 1 paanyc CXOAUMOCTH CTEIEHHOTO psia z

X
=n+2
3n 3)1
unz 2‘xﬂ; anz 2’ x0=0 ‘3X‘<1
n+ n+ Psn abcomroTHo cxoautes, ecnmi D<1, T e
. |u . Bx(n+2 X <—
D=hmﬂ=hm(7)=‘3x‘ | 3
n—om un n—>o n+ 3

11
X € (—5;5) -MHTEPBAJ CXOAUMOCTH Psijia.

R=1\3-paamyc cxogumocTu.
Hccnemyem cxomuMoCTh psifia Ha KOHIIaX WHTEPBaJia CXOAUMOCTH:
)1y o3 1 s 1
3 =n+2 3 “=Hn+2

=1 o
CpaBHI/IM C pﬁHOM Z— —FapMOHquCKHH pﬂﬂ, paCXOI[I/ITCH
n=1 n

. . a )
[IpumMeHuM mpenenbHBIA MPU3HAK CPaBHEHHUS K = lim—2 = lim

=1>0= o0a psga B IIaHE
n—o bn n—w 4

> 1
CXOJMMOCTH BEAYT ce0sl OJMHAKOBO => PSIJI Z—- pPacxXoguTCs. = X = —5 HE BXOIUT B 00JIaCTh
n=1
CXOJUMOCTH PsifIa.
1 o0 n 1 o0 (_1)”
Dx=acs Y2 () =YL
3 HZ:; +2 ( 3) nZ:; n+2
. lu . |=n-
D = lim|— = lim

n—>0 u n—>0
n

=1= npusHak [lanambepa HE MOAXOAUT

n+3
PaccmoTpum npusHak JleliOHuma:



1)|un+1|<|un| © (_l)n
1 = pso Z—p;m CXOJIUTCA YCIOBHO, T.K. PsAJl, COCTaBJICHHBIA U3 MOAYJIECH
2) limfu, | =1lim =0 Pl

n—»o n—wopn 4+

z— -pacxXoanuTCsA
n+2

n=l1 n=1 1

11
X € [ _E;g) - 00J12CTh CXOAMMOCTH psiia

3. Papn Teiinopa u MakJjiopena
Eciu gynkums f(x) uMeeT HEeNpephIBHBIC MPOU3BOAHBIE BILIOTH A0 (7+1)-ro mopsiika, TO €€ MOXKHO
Pa3NoKUTh B CTENIEHHOM paf o ghopmyne Teiinopa:

“(a)(x—a) () r—al®
O WP )u Fla)+ f’(a)[x—a)+%+_ @) (x-a)

M

Py ."3!
rae R, — ocmamouynwiil unen B hopme Jlarpanka onpeaensercs BoIpakeHueM
(G (-
R = ,oasEdx
I:.?E + 1:1 l
lim R, =0
Ecnu mpuBeneHHOE pas3lIoKCHHUE CXOAMTCS B HEKOTOPOM HHTEpBaie x, T.e. *° , TO OHO

Ha3bIBaeTCs psidom  Tetinopa,  TPEINCTABISIIOIIMM  pa3joxeHue  (QyHKOuH f(X) B TOUKE a.

Ecnu a = 0, TO Takoe pa3nokeHue Ha3bIBaeTcs psoom Maxnopena:

N " Y 5 (9 (g
1) =300 %= (o) oy LS LT

Paznoscenue nekomopuix pynkyuit 6 pao Maxnopena
w H 2 3

2" =Zx—| =1+x+% +%+...

n=0 M

+Rk_

zl

xzm * x© x
Z_+
3

sinx = Z 2;g+1 =X

4. [lpumeHeHue PSIIOB B NPUOJIMKEHHBIX BHIYHCIEHHUSAX

C moMOIIBIO PSAOB MOYKHO BBIUMCIIUTE 3HAUEHUS! TPUTOHOMETPHUCKUX (PYHKLUH, TorapuMoB
4HCell, KOPHEH, ONPEIEICHHBIX MHTEIPAJIOB.

3Ha4YeHUs] TPUTOHOMETPUUYECKHX (DYHKIMH (CMHYca W KOCHHYCA) MOYKHO BBIUYMCIUTH C TIOMOIIBIO MX
Pa3I0KEHUN B CTEIICHHBIC PALBL.

Jnist BBIYMCIICHUS HATYPAJIbHBIX JOTapru(pMOB YHCEN MpUMeHsieTcs hopmyra

N+1 S 1o
In =Ino(N+1)-InN =2 — —
N -V [2N+l+3(2N+l)’+5(2N+l)’+ ]’

3 s 2k-1
ln_].i.i= [i+x—+x—+...+x __l+...] (|x|<l)

Koropas nonydaercs us popmyasr  1-* u *=Y@N+1).

[TorpemrHoCTh MU 3aMEHE CYMMBI Psijia CYMMOM €0 U MEepPBhIX YWICHOB oIpeaenseTcs GopMynoit



1 1 1 1
o,=2 =+ +...
" [2n+l QN+ 2n+3 (2N +1)*?

1 1
o T SR
2n+5 (2N +1)** ]

2 1 . 1 1
o, <B, = 2n+1 [l"' 7 + r +}
OueBuHO, 2n+1 (2N +1) (2N+1)" (2N +1)

1 1 1
o, < "
Umn - 2@n+D) @N+D™ N(N+1)

HHH BBIYMCIICHUA KOpHeﬁ IMPUMCHAIOT OMHOMHUAJIbHBIH psag, T. €. CTETICHHOM paa 4JiA
— (14x)% A
GyHKIIHA F&x)=(1+x)" [peArnonoxuM, 4To HY>KHO BBIYUCIUTD A ', IPHYEM YXKE

N3BecTHO npubIMkeHHoe 3Hadenre & DToro kopHs, HO TpebyeTcs yay4IuTh ero. Eciu Ald™ =1+x
, Te* - HeGobInast IPaBIIbHAsL APOOH, TO MOKHO MPEOOPA30BATh KOPEHD CIAEAYIOIUM 00pa3oM:

ﬁ=ad—%=a(l+x}"""
a

U npuMeHUTh GUHOMHAIBHBIN ps Ipu * = m.

Ecnun moppiHTerpansHas (yHKIMS pas3iaraercsi B CTENEHHOW psl, a Mpeaesibl WHTETPHUPOBAHUS
IPUHAAIEKAT 00IACTH CXOAUMOCTH TOTO Psijia, COOTBETCTBYIOLIMM OIpe/IeIeHHbI HHTErpaa MOXKHO
BBIUNCIIUTH NPUOINKEHHO.

V17

[IpeobpazoBanue (23.24) B 1aHHOM ciyyae MPUHUMAET BUJ

17 =J16+1 = f16(1+1/16) = 4 (1+1/16).

[Ipumep. Beruncinuts C tounoctsio 10 0,0001.

Bocmonb3yemcst GuHOMHANBHBIM psiaoMm. [lomarast B Hem * = /16, a=1/2, [Tonyyaem

[ l)"’z=1+1_1_+1/2(1/2—1>[L)’+ 1/2(112—1>(l/2—2)(_1_)3‘+

L
* 216 1-2 16 1-2-3 16

16
LY20/2-0(2-2) (/2-3) [LJ‘+
1-2-3-4 1) "

T.e.

I+L)w—l+l .8 + L . =8 +
16)  2-16 2°.162 2'.168 27.16°

[TomyueHHsbIi psia (ecnu He IPUHUMATh BO BHUMAaHKE MEPBBIA WIEH) SIBISIETCA 3HAKOUYEPETYIOIIUMCS
PSAOM, YIOBIIETBOPSAIOIIMM YClIOBUSAM Ipu3Haka JleiOHuna. IlorpemHocTs mpU BBIYMCIEHUU €T0
CYMMBI HE MPEBBIIIAET MEPBOT0 OTOPOIICHHOTO UjeHa. Tak Kak

i 1 1
2°16° 66536 - 10000

=0,0001,

To gocTaTtoyHO B3STH CYMMY IICPBBIX TPEX YJICHOB psaa, YTOOBI MOJY4YHUTh HCKOMOC 3HAYCHUC KOPHA C

1
} Jﬁ=4(1+L"—,—,)=4,123a
3aJaHHOH TOYHOCTBIO: 2:16 2°-16

1.31 Jlexuusa Ne31 (2 gaca).
Tema: «OcHOBBI TEOpUN BEPOSATHOCTEN»

1.31.1 Bonpocs! neknuu:
1. CymHOCTb ¥ yCIOBHS IPUMEHEHHS TEOPUU BEPOSITHOCTEH.



2. Knaccuueckoe M CTaTUCTHYECKOE ONPEAEICHUS BEPOSTHOCTH.
3. TeopeMmsl CII0KEHHS 1 YMHOXKECHHS BEPOSITHOCTEN.
4. ®opmyna noaHou BeposiTHocTH. Popmyia baiieca.

1.31.2 KpaTkoe coaep:kaHne BONPOCOB:

1. Knaccuveckoe M cTaTHCTHYECKOE ONpeeIeHUs1 BEPOSITHOCTH. YacToTa U BEPOSATHOCTD.
MHorue sBieHUs B OKPYXKAIOLEM HAC MHUpPE HOCAT CIydalHbId xapakrep. Eciim HexkoTopoe siBieHue
MOBTOPSIETCSI MHOTOKPATHO, TO €r0 MOXHO OINHCATh C MOMOIIBI uyucen. TB momoraer cocraBUTh
MaTeMaTUYeCKHe MOJCNIM OMHUCAaHUS CIy4alHbIX sBieHUM. [IpuyeM mpu MOCTPOCHUH MOJAENTHU
YUUTBHIBAIOTCS TJIaBHble, Hauboyiee CyIIeCTBEHHbIE OCOOEHHOCTH M3y4yaeMOro SIBICHUS H
oTOpackIBaloTCsl BTOpocTeneHnsie. K mpumepy, npu moadpachlBAHUM MOHETBHI CUMTAaEM, YTO OHa
MOJKET YHacTh «OPJIOM» WM «PELIKOM» M HE MOXET YMacTh peOpoM, HE YYUTHIBAEM OKpYKarolen
cpenbl. [Ipu mocanke ceMsH, cuuTaeM, YTO BCE OHU OJMHAKOBBI M BBICAXKUBAIOTCS MPHU OJIMHAKOBBIX
YCIIOBHSIX.

OcHoBHbIM TIOHSITHEM TB sIBIIsIeTCSt «COOBITHEY.

OIP: Hcneimanue — 3TO OCYIIECTBICHHE ONPEIEICHHOIO KOMIUIEKCA YCIOBMM, MPU KOTOPBIX

MIPOU3BOTUTCS
HaOJIIOIeHHUE.

OI1P: CoObITHE Ha3bIBACTCS CAVUAUHBIM , €CIIH OHO B JAHHOM HUCTIBITAHUU MOKET MPOU30UTH WU HE
MIPOU30UTH.

00603H.: cooriTHe-A,B,C... A4, As...
OIIP:  CoOblTHE Ha3bIBaE€TCA  JOCMOGEPHbIM, €CIA OHO 0053aTeNbHO NPOU3OUAET B JaHHOM
UCIIBITAaHUU.
O003H.: TOCTOBEPHOE COOBITHE- U
[pumep: 1) BeimaseHne yuciaa 0O4YKOB < 6 Npu OJHOKPATHOM OpOCAHUU UTPAILHON KOCTH.
2) 3aKUIIaHUE BOJIBI TIPU 100° C MIpH H.y.
OIIP: CoObITHE Ha3bIBACTCS___HEBO3MOJCHbIM, €CIM OHO 3aBEJOMO HE IPOMU3OUIET B JAHHOM
UCTIBITAHUU.
OO003H.: HEBO3MOKHOE COOBITHE- V
IIpumep: Beinmagenue 7 04KOB MpU OJHOKPATHOM OpOCAaHUU UIPATIbHOM KOCTH.
OIIP: Cobeitua A u B Ha3pIBatoTCS__HecoemecmubiMu, €CIM B OJHOM M TOM )K€ HCIBITAaHUH
HOSIBJICHHE
OJIHOTO U3 HUX UCKJIKOYAET MOSIBICHUE APYTOTo.
IIpumep: A-«BpinageHue 5 04KOB MPU OJHOKPATHOM OpOCAHUU UTPATIbHOIN KOCTHY.
B-«Bpinanenue 4 04koB IpU OJJHOKPATHOM OpPOCAaHUU UTPAIIBHON KOCTI.
OIIP: CobbiTHst A U B Ha3bIBatOTCS_cosmecmubimu, €CIIA B OJHOM M TOM K€ UCIIBITAHUM MOSBICHUE
OJIHOTO U3 HUX HE MCKIIIOYAET MOSABICHUE APYTOTO0.
ITpumep: A-«BpinmageHue 2X 0YKOB IPU OJHOKPATHOM OpOCAHUU UTPATIBHON KOCTH.
B-«BpInaseHne 4eTHOro 4ncia OYKOB IPU OJHOKPATHOM OpOCaHUU UTPAIbHOM KOCTH».

OIIP: CobbiTie A HA3BIBACTCS HPOMUEONOIONCHBIM JTAHHOMY COOBITHIO A, €CJIM OHO TTPOUCXOIHT
TOTJa U
TOJIBKO TOTJa, KOTJIa HE IPOUCXOAUT COOBITHE A.
[Tepeuncnum npocTeiime coObITUSI IPU OAHOKPATHOM OPOCAHUU UTPATHHON KOCTH:
A —Bemmanenue 1ro ouka

A2 —BBIIIaACHHUC 2X OUYKOB Bce 3t coObITHS CAUMHCTBCHHO BO3MOXKHBIC,
A3 —BBIIIaACHUC 3X OYKOB PaBHOBO3MOXKHBIC, HCCOBMCCTHBIC, S3JICMCHTAPHBIC
A4 —BBIIIaACHHUC 4X OYKOB HCXOAbI UCIIBITAHUA.

As —BBIlIaJIcHHE STH OYKOB

Ag —BrIIazicHUE 6TU OUYKOB
CoOpiTHst 00pa3yIOT MOJHYIO TPYIIY, €CJIM OHU MOMNApHO HECOBMECTHBI U, B PE3YyJIbTaTe UCHBITAHUS
HEMPEMEHHO MPOUCXOIUT OJHO U3 HUX. CoOBITUS Aj,...,As—TIOJHAS TPYIIIIA.

OITP (KJ'IaCCI/ILIeCKOC OonpCaACJICHUC BCDOHTHOCTI/I)Z Beposmuocmuio coOBITHS A Ha3bIBaeTCH
OTHOIICHHUEC
Yqucijia uCXO0A0B UCIIBITAHH A, 6J'IaFOHpI/I5ITCTBYIOI_HI/IX HAaCTYIIICHUIO COOBITHS A K 06H1€My qUucClty




HCCOBMCCTHBIX, CAWHCTBCHHO BO3MOXHBIX W PaBHOBO3MOXHBIX, 3JICMCHTAPHLIX HCXOIO0B
HUCIIBITAHUA.

m
p(A) =— , TIe M-4UCII0 UCXO0B UCTIBITAHUS, OIaroNPUATCTBYIOIIUX HACTYILIEHUIO c00. A
n

n- 06]]166 YHUCJIO UCXOA0B UCIIBITAHMA.

[Ipumep 1: p(A; )=1\6
Co00. A- Brinmazgenne 4€THOTO YMC/Ia OYKOB HA KOCTH.

P(A)=3\6=1\2 (50%)
Hpumep 2: UrpanpHyto KocTh OpocaroT ouH pa3. HaliTu BeposATHOCTH COOBITHI
A- BbINIaJIeHUE YUCIIa OYKOB, KPAaTHOTO 7
B- BeImajgeHue ynciaa o4koB, < 7
p(A)=0\6=0 — »T0 V (HEBO3MOXXHOE CO0.) p(B)=6\6=1 (100%)- 310 U
(mocroBepHoe €00.)

0< p(4)<1

Ceoticmea seposimuocmu:

1) 0<p(4) <1

2) p(»\=0

3) pw)=1

ITpumep 3: UrpaneHyto KocTh OpocatoT Ba paza. HaliTu BeposTHOCTh TOro, 4To 6 OYKOB BbINAJAET 1
pas.

o B 1eMm cocTouT ucneiranue?

JIBaxk bl moAOpackiBaeéM KOCTb.

J UTO MOXKET CTaTh UCXOJOM MUCIBITaHUsA?
Beimanenue ot 1 10 6 04KoB NpH KaxkaoM Opocke.

. BeposiTHOCTE Kakoro coObITHS MbI HAX0AUM?

A- xo1s ObI 1 pa3 BeIazeT 6 OYKOB.
n=36 m=11 p(A)=11\36

Ecau xnaccuueckoe OI1Ip. BepOHTHOCTI/I HCXOOUT U3 COO6p3)K€HPII>i PaBHOBO3MOKHOCTH COOBITHH Ipu
HCKOTOPBIX HUCHOBITAHUAX, TO CTATUCTHYCCKAA BCPOATHOCTL OIPCACIACTCA HN3 OIbITa HWIA H3
PE3YyJIbTAaTOB Ha6HIO,Z[CHPII>'I W WCIBITaHMi. B KadecTBe cTaTHMCTHYECKOM BCPOATHOCTU IMPHUHUMAIOT
OTHOCUTCIIBHYIO YaCTOTY.

. . m
OIIP: Ommnocumenvhoti yacmomoti (4acTOCTbIO) COOBITHSI Ha3bIBaeTcs 4yucio |(w(A)=—, rae m-
n

YHCIIO BCEX
MOSIBJIEHUH c00. A, n- 00IIee YNCIIO UCTIBITAHUH.
Hpumep: IlpuBuBka cpaenana 12 xuBoTHbIM. MMmyHuter npuodbpenn 9 wu3 Hux. Haiitu
OTHOCHTEJIbHYIO YaCTOTY COOBITHSI A (JJaHHOE )KUBOTHOE NTPHOOPEIO UMMYHHUTET).
n=9, n=12 w(a)=9\12=3\4=0,75 (75%)

2. TeopeMbl cJ10KeHHS M1 YMHOKEHUS] BEPOSITHOCTEN
OIIP: CobriTne C, cocTogdilee B MOSBIEHUH XOTsA Obl OQHOI0 M3 cOOBITHII A min B HaspIBaeTcs X

CYMMOU.
C=A4+8B
C=4AUB

[Ipumep 1: co6. A- [Ipu 0THOKPATHOM U3BIATHH KapThl U3 KOJIOABI BEIHYTA JlaMa
Co06. B- [Ipu ogHOKpAaTHOM U3BATUU KAPTHI U3 KOJOABI BEIHYTA ITHKOBAs KapTa.
Haiitu cymmy coOwitrii A u B. C=A+B
C|— BbiHynu NUKOBYIO 1aMy
C, — U3Bneuena nrobast 1ama, HO HE TUKOBast (COBMECTHBIE COOBITHS)



C; — U3Bneuena irobast muKoOBasi KapTa, HO HE Jama.
[Tpumep 2: A- Ilpu o1HOKpaTHOM OPOCAHUM MOHETHI BBINAJ «T'epO»
B — Ilpu oqHOKpaTHOM OpOCaHUM MOHETHI BhIIAJa «PELIKa»
C|— Bpman «rep6»
C, —Brinana «pemika» (HECOBMECTHBIE COOBITHS)
[Tpumep 3: A — Ilpu ogHOKpaTHOM OPOCAHMH UTPATHHOM KOCTH BBINAJIO 2 OYKa.
B - Ilpu oiHOKpaTHOM OpOCAaHUU UTPAbHON KOCTH BBINIAJIO YETHOE OUKOB.
C,— Brinano 4eTHoOe YUCIO OYKOB  (COBMECTHBIE COOBITHS)
Hpumep 4: A —Ilonaganue B MULLIEHb IPU IIEPBOM BBICTpEIIE.
B - [lonaganue B MULIEHb IPU BTOPOM BBICTpEIIE.
C,—Ilonaganue TOIBKO MPU NEPBOM BBICTpEIIE
C,— Ilonaganue TOMBKO MPU BTOPOM BBICTpENie  (COBMECTHBIE COOBITHS)
C;—Ilonaganue npu 000uX BBICTpENax

TEOPEMA 1: BeposTHOCTh NOSIBIEHHS OJHOTO U3 JIBYX HECOBMECTHBIX COOBITHH, O€3pa3IMyHO

KAaKOTO, paBHA CyMME BEPOSITHOCTEH 3TUX COOBITUI | p(A+B)=p(A)+ p(B)| A u B- HecoBMecTHBIE

COOBITHS.

TEOPEMA 2: BepoATHOCTb COOBITHS, ITPOTHUBOIIOJIOKHOTO JaHHOMY, paBHa Pa3sHOCTH Mexay | u

BEPOSITHOCTHIO JAHHOTO COOBITHSI. ‘ p(Z) =1- p(A)‘

OIIP: Cob6miTne C, cocrosiiee B COBMECTHOM IOSBJIEHHH B JAaHHOM MCIBITAHUU COOBITUH A u B
Ha3bIBAETCS NpouszsedeHuem dTUX COOLITHH.

C=A4-B
C=4nB

[Ipumep 1: C- ITukoBas nama.

[Ipumep 2: C- HEBO3MOKHOE COOBITHE (V)

[Ipumep 3: C- BrinageHue AByX OYKOB.

Hpumep 4: C- [lonaganue npu 060uX BbICTpETAX.

[Ipumep: B kop3une 2 s670ka, 6 rpym, 7 cauB U 5 abpukocoB. KakoBa BepOATHOCTH TOTO, YTO
HayJauy BbIOpaHHBIN IUIOJ HE OKaXeTcs 1010KoM?

Pemenue: B nanHOM npuMepe MOTYT BO3HUKHYTD CIEAYIOIIHNE dJIEMEHTAPHBIC COOBITHS
A-u3BIEeUCHO S0I0KO

B- u3Bnedenue rpymu

C- u3BIICUCHUC CIIMBEI

D- u3Breuenne abpuxkoca

n=20

Hac unTtepecyer nosisnenune coobituii B+C+D-HecoBMecTHEIE.
p(B+C+D)=p(B)+p(C)+p(D)=6\20+7\20+5\20=9\10 (90%)

OHP HBa CO6BITI/ISI Ha3bIBANOTCA 3a6ucumovbimu, €CIN BCPOATHOCTD MOABJICHUA OAHOTO U3 HUX 3aBUCUT
OT HACTYIUICHHS WJIM HE HACTYIUICHHS JPYyroro. B NpOTHBHOM ciiydae COOBITHS Ha3bIBAIOTCS
He3a8UCUMbBIMU

OIIP: Vcnosnou seposmnocmsio  coObiTus B mpu ycinoBuu, 4to c0o0. A MPOU30ILIO, HA3bIBACTCS
BEPOATHOCTb COOBITUA B, BblUMCIEHHas B MNPEANOJIOXKEHUH, 4TO COObITHE A YK€ HaCTYNHJIO.
(o0o3HaUeHUE: BA(A) ).

TEOPEMA 3: BeposSTHOCTh COBMECTHOTO HACTYIUICHHS JIBYX HE3aBHUCHUMBIX COOBITHH, paBHa

MIPOU3BEIICHUIO BEPOSTHOCTEH ITUX COOBITHH. | p(A-B) = p(A)- p(B)| A u B- He3zaBucuMBIC

COOBITHA.



[pumep: Mmeercs 2 suuka ¢ getansamu. B nepBom simuke 10 geraneid, 3 KOTOPbIX 8§ CTaHAAPTHBIX.
Bo BTOpowm smuke 15 geraneil, u3 koTopbix 12 cranaapTHBIX. M3 Kaxa0ro sSiuka HayAauy BBIHUMAIOT
10 OJTHOM JIeTanu, HalTH BEPOSATHOCTh TOTO, YTO 00€ JETaIHN OKaXKYTCSl CTAHJAPTHBIMH.

Pemenue: McnbiTanue- U3 SMKa BBIHUMAIOT MO OJHOM JI€TalH

Hcxonsl ucnplTaHui- CT. CT.
CT. HECT.
HECT. CT.
HECT. HECT.

C-00e neranu craHgapTHbIE

A-netanp U3 IepBOro SIIUKa CTaHAAPTHASL
B- neranp u3 BTOpOro siuiuka cTaHaapTHas
C=AB
p(C)=p(AB)=p(A)p(B)=8\10*12\15=16\25

[pumep: B ypHe HaxonsaTcs 3 Oenblx U 2 yepHBIX 1apa. V3 Hee mocinenoBaTeNnbHO BBIHYIM 2 IIapa.
HaiiTi BeposiTHOCTB TOTO, 4TO 00a mapa Oenble.
Pemenue: A-nepBblii B3sThIN 11ap Oembli
B-BTOpOIi B3THIN 11ap OENBIN
D,;(A)=3\5%2\4=3\10 mocme IepBOTO UCIBITAHNS B yPHE OCTANOCh 4 IIapa, U3 KOTOPBIX 2 GebIX.

TEOPEMA 4: BepoATHOCTh COBMECTHOI'O HACTYIUIEHHS JABYX 3aBHUCHUMBIX COOBITHI, paBHa
IPOM3BEACHUIO BEPOSITHOCTU OAHOTO M3 HHUX HAa YCIOBHYIO BEPOSITHOCTH JPYrOro, BBIUMCIEHHYIO B

p(A4-B)=p(4)-p,(B)
MPEANOI0KEHUH, YTO TEPBOE COOBITHE YK€ MPOU3OIILIO. A u B-

p(4-B) = p(B)-py(4)

3aBHCHUMBIE COOBITHS.

TEOPEMA 5: BeposiTHOCTb MOSIBJIEHMS OJHOTO U3 IBYX COBMECTHBIX COOBITHMH, O€3pa3INYHO KAKOro,
paBHa CyMMe BEpOSITHOCTEH ATUX COOBITUI 0€3 BEPOATHOCTH UX COBMECTHOTO MOSIBICHMUSL.

|p(A +B)=p(A)+ p(B)— p(A- B)| A u B- coBMecTHBIE COOBITHS.

4. @opmy.ia nojHoi BepossiTHOCTUH. PopmyJia baiieca
Hpumep: Ctynent 3Haer 25 BonpocoB u3 30tu. [lpenonasarens 3a1aeT CTyIEHTY OCIEI0BATENBHO 2
Bonpoca. KakoBa BeposITHOCTb TOT0, YTO CTYZCHT 3HA€T OTBET: a) Ha MEePBbIil BOIPOC
0) Ha BTOpOI BOIIpOC
Pemenne: A-CTyieHT 3HAaeT OTBET Ha MEPBbIN BOIIPOC
B-cTyneHT 3HaeT OTBET HAa BTOPOM BOIIPOC
a) p(A)=25\30=5\6
0) B=A-B+ A- B-HecOBMECTHBIE COOBITHS
— — 5
p(B)=p(4B)+ p(4B) = p(A)p,(B)+ p(4d)p,(B)=

3aesucumvle 6 9

25

24 5
+ [ J—
6

9

N~

TEOPEMA 6: BeposiTHOCTb COOBITHSI A, KOTOPOE MOKET HACTYIHUTh JIUIIb NIPH YCIOBUU HOSIBIECHUS
OJITHOTO M3 HecoBMecTHbIX coObiTuii  H;, Hy,..., H, paBHa cymme mpowusBeneHuil BeposiTHOCTEH
KaXKJ0r0 U3 3TUX COOBITHM Ha COOTBETCTBYIOILYIO YCIOBHYIO BEPOSITHOCTh COOBITHA A.

‘p(A) =pH)py (A +...+ p(H,)py (A)‘ -opMyIia IOJTHOW BEPOSITHOCTH

TEOPEMA 7: Ilycth coObiTHE A MOXXET HACTYIUTH JIUIIb MPH YCIOBUU TMOSBICHUS OIHOTO W3
HECOBMECTHBIX coObITHii Hj, Hy,..., H, , TOrma BepositHOCT coObiTHs H; , i=1...n , BEIYUCIEHHAS TIPH
YCIOBUHU, 4YTO CcOObITHE A  yK€ TMpOM30LLIO0, BBIYHUCISETCS IO dopmyne  baifeca.

_ P(H)py(4)
p(4)

p.(H))




[Tpumep: B mHCTHTYTE MAET Ha3HaueHHe Ha mpemuu. PaspemieHo oxBatuth mpemusimu 90% Bcex
OTIMYHUKOB, 60% -xopomncToB U 30%-TpPOUIIHUKOB.
B rpynne 25 ctyneHToB, U3 HUX 3 OoTIMYHMKA, 12 XopomwucToB U 10 TpoumHukoB. M3BeCTHO, UTO
CTYyJIEHTaM 3TOH Tpynmbl HaUncaeHa npemusi. KakoBa BEpOATHOCTb TOTO, UTO 3TOT CTY/ICHT:
a) OTJIUYHUK
0) XOpOIIUCT
B) TPOUIITHUK
Pemienue: A-cTyaeHTy IpyIIbl IPUCYXKACHA CTUIICHIUS
H;-ctyneHT-oTau4HuK
Hj-cTynenT-xopommucr
H;-cTyneHT-TpoumHuk
A=H,;A+H,A+H;A
p(A)=p(HiA+HoA+H3A)=p(H1)pui (A)+p(H2)pr2(A)+p(Hs)pus(A)=
p(H;)=3\25 p(H2)=12\25 p(H3)=10\25

p(A=32 126 103 5
2510 2510 2510

p(AH)=p(H1)pu1(A)=p(A)pa(Hi)

H A H A
P, (H) = p(H )py(A4) p,(H,)= P(H, ) py,(A)
p(4) p(A)
39 26 0
_2510_9 _2510_24 (H)=—
pA(Hl)_i £—43 pA(HZ)_i £—43 pa(H) 43
25 10 25 10

1.32 Jlekuus Ne32 (2 yaca).
Tema: «BeposTHOCTH COOBITHS TTPH TOBTOPHBIX UCITBITAHUSIX

1.32.1 Bonipocsl Jekuum:

1. ®opmyna beprymin.

2. JlokanwsHasg Teopema Jlamnaca.

3. UnTerpanbHas Teopema Jlamnaca.

4. Teopema IlyaccoHa.

5. HauBeposiTHel1Iee YMCII0 HACTYIJIEHUH COOBITUS ITPU TOBTOPEHUH UCTIBITAHUM.

1.32.2 KpaTkoe cogep:kaHne BONPOCOB:
1. ®opmyaa bepuyim
Byaem npoBoanTh N HE3aBUCUMBIX TOBTOPHBIX MCIBITAHHUM, B KQXKI0M U3 KOTOPBIX COOBITHE A MOXET
MOSIBUTHCS WJIM HE TOSBUTHCA.

B nanpHelimem OyneM cuuTaTh, YTO BEPOSTHOCTH COOBITUSL A B KaXK/I0M HCIIBITAHUU OJIHA U Ta XK€ P,
TOTJ]a U BEPOSITHOCTh HE HACTYIIEHUS OyAeT MOCTOssHHOM q=1-p.

BCpOSITHOCTL MIOSABJIEHUS COOBITHSI A K pa3 B n MNOBTOPHBIX HE3aBUCUMBIX UCIBITAHUAX HAXOAUT I1O
dopmyne bepuymu

P.(k)=C:t p* q”"k‘ - popmyaa bepnynnu

OIIP: Coyemanuem 6e3 I’lO@I’I’lODGHuIZ U3 n 31emernniosé no K .Ha3blBarOT BCCBO3MOXXHBIC KOM6I/IHaHI/II/I,
COACpKAIKMEC MO K 3JICMCHTOB U pPa3JINYarOIINXCA XOTA OBI OJHHM 3JICMCHTOM.

cF n!
" k(n-k)!

[Ipumep: Monera nogopackiBaeTcs 4 pa3a. HailTu BepoSTHOCTB TOTO, YTO «repO» BbITai 3 pa3a
41 1
Pemrenne: P,(3) = C:(0,5)°(0,5) = —— =—
13) = CL0.8'05) ==




2. JlokaabHas Teopema Jlaniaca
[Tpumep: ITpu mpousBoACTBE AeTaneil Ha HEKOPOM MPEAIPUITUN BEPOITHOCTh TOTO, UTO OTAETIbHAs
netanb Oyner 6pakoanHoi 0,2. KakoBa BepossTHOCTB TOTr0, 4TO B naptuu u3 400 neraneil okaxkercs
80 OpakOoBaHHBIX.
Pemenue: A-onHa OTEIbHO B3siTast 1€Tallb ABJISETCS OPAaKOBAaHHOM.
p(A)=0,2=p 3nauut q=1-p=0,8
P4, (80) = ngo (052)80 (058)320

B cnywae, Kkorma BBIYMCIEHHUS CIMIIKOM TpoMO3JAKH, (opmyne bepHymmn mnpeanoyuraroT
npuOIKeHHYI0 popMyiy u3 Teopemsl Jlamaca.
TEOPEMA (zokanvnas meopema Jlannaca): Eciiu BEpOATHOCTb P TOSIBICHUS COOBITHS A B KaXKJIOM
UCTIBITaHUU TOCTOsIHHA U # 0 U # 1, TO BEPOSITHOCTh TOr0, YTO COOBITHE A TOSIBUTCA K pa3 B n
HE3aBUCHMBIX UCTIBITAHUAX MPUOIM3UTEIBHO paBHa (TeM TOYHEE, YeM OO0JIbIIe N) 3HAYCHUIO (QyHKIUU

1 1 = k —np

2

y= . e 2,mpu X =
\hpq \/Z \hpq

1 1 -
P (k)= -p(x)|, tne @(x) = e ? - Tabnu4Hasg QyHKIIHS.
\1pq N2

o

@(x) -uetHas, T.e. @(—x) = @(x)
3ameuanue: Teopema Jlamnaca ucnoab3yeTcst Ipyu OOJIBIIMX 3HAYEHUAX N M JAaeT HanboJiee TOUYHBIN

pe3yabTaT Korja Npou3BecHHE |npq > 10|

ITpumep: Bepuemcs K npumepy: . — 80-400-0,2 _ 0

./400.0,2-0,8

P,,,(80) = é - p(0) = é -0,3989 = 0,05

3. UnTerpanbHas Teopema Jlannaca

[Tpomosmxum 3aady npo AeTalH.

[pumep: KakoBa BeposTHOCTH TOro, uTo B naptuu U3 400 neraneil OpakoBaHHBIX OKAXETCS HE MEHEE
70 u He Gonee 1007

Py (70 < x £100) = P, (70) + P,y (71) + ...+ P, (100), rme X- yncino OpakOBaHHBIX JeTajel (Cymma

HECOBMECTHBIX COOBITHIA)

TEOPEMA (unmeepanvuas meopema Jlannaca): Eciu BEpOATHOCTb P HACTYIUIEHUS COOBITHS A B
Ka)XJJOM HCIIBITAHUM TOCTOSIHHA M OTiMdHa oT 0 ®u 1, TO BEpOSTHOCTH TOTO, YTO COOBITHE A
NOSBUTCS B n UCTIBITAHUAX  OT K 10 K2 pa3, paBHa
2
z

2dz ide x

:kl_”p. x :kz_np
1 \"pq ’ \pq

, e O(x)-pynkuus Jlammaca

1% -
Pn(kl;kz)zﬁje

|Pn(k1 <x<k))= O(xz)_é(x1)

@D(x)- TabnmyHas pyHkws, Heu€THast, T € D(-x)=- O(x) u ans
3HaYeHUH X > 5, 3HaueHue PyHKIMH IPHUHUMAIOT paBHbIM 0,5.

4. Teopema Ilyaccona

JlokanbHas TeopeMa Jlanaca 1aet Xopolue pe3yabTaThl B TEX CIy4asiX, KOTAa BEPOSITHOCTb COOBITHS
A B K@XIOM M3 N HE3aBUCHUMBIX NMOBTOPHBIX UCIBITAHUAX 3HAYUTENBbHO oTinyaerca oT 0 u 1.
Teopema Ilyaccona mpumeHsieTcs Ui peIKUX COOBITHIA.

OIIP: CoObITHE Ha3bIBACTCS pPeOKUM, €CIIH BEPOSITHOCTh €ro MOSBICHUS O4eHb Majna ~ (.

[TycTb BEepOosSTHOCTH COOBITUSL A B KXKIOM U3 N HE3aBUCHUMBIX MOBTOPHBIX UCIIBITAHUAX BBIPAYKACTCS

/1 k
dopmynoit p=—, 1 >0, A =const. To |P (k)= Fe_}“ , A =np- gopmyra llyaccoua.
n !




Hpumep: 3aBox ornpasun Ha 6a3y 5000 moOpokauecTBEHHBIX H3lenuil. BeposTHOCTH TOro, yTo B
nyta uzaenue nospenutcs =0,0002. HaiiTu BeposATHOCTH TOTO, 4TO Ha 0a3y MPHUAYT TPHU HETOIHBIX
U3JIEIHSL.

n=5000 p=0,0002 k=3

A =np =5000-0,0002 =1 = const

1 _ 1
Py 3) = 55 = a ~ 0,06

5. HauBeposiTHel1Iee YHCJI0 HACTYIJICHUH COOBITHS IPH NOBTOPEHUH MCTIBLITAHUI

OIIP: Yucno ko HaCTyNJeHUU COOBITUS A B N HE3aBUCUMBIX MOBTOPHBIX HCHBITAHUSX HA3bIBACTCS
Hauseposmuenuum, ClIi BEPOSITHOCTh TOTO, YTO COOBITHE A HACTYNMHT B ATHUX UCIBITAaHUSIX Ko pa3
MPEBBIIIAET WIN HE < BEPOATHOCTH OCTAIIBHBIX BO3MOXHBIX UCXO/I0B HCIIBITAHUU.

n-p—q<ky<n-p+p

MoxXHO 10Ka3aTh, 4TO €CIM  Np-q APOOHOE YHMCIIO0, TO UMEEM TOJBKO OJJHO 3HAUYEHUE Ko, a €CJIN hp-q
LIEJI0€ YUCIIO, TO UMEETCSI K 3HAa4YeHUH Ko.
[Tpumep: IIpousBoautcs 6 HE3aBUCHMBIX IIOBTOPHBIX HCIBITAHHUM, B KaXJAOM M3 KOTOPBIX
BEPOSATHOCTH NMOsABIEHUS coObITus A =0,2. HaliTn HauBeposTHEIIee YMCII0 MOSBICHUM COOBITHS A.
Pemenne: n=6, p=0,2, g=0,8

6*0,2-0,8 <k(<6*0,2+0,2

0,4<ko<1,4
k()=1

1.33 Jlexuusa Ne33 (2 gaca).
Tema: «CiydaiiHble BETUYMHBD»

1.33.1 Bonpocsl JieKnuu:

1. luckpeTHble cily4aiiHble BEIMYMHBI. 3aKOH paclpeiesIeHNs BEPOSATHOCTEN TUCKPETHOM C.B.

2. YucnoBble XapaKTEPUCTUKH TUCKPETHON CIIydyallHOM BETUYHMHBI.

3. HenpepriBHble ciyualiHble BeauuuHbl. DyHKIMSA pacnpeneneHuss Hu €€ cBoicTBa. [lmoTHOCTH
pacupeneneHus BepOSTHOCTH HEIPEPBIBHOM CIIy4aliHOM BEJIMUUHBI.

4. YucnoBble XapaKTEPUCTUKU HEMPEPHIBHOW CIIy4ailHON BEJIMUMHBI.

1.33.2 KpaTkoe conep:kaHue BOIPOCOB:

1. /InckpeTHbIe ciy4yaliHble BeJJHYNHBI. 3AKOH pacnpeae/ieHUsl BEPOATHOCTeH JMCKPETHOH C.B.
OIlP: Cnyuauinas eenuuuna — 3TO BEIMYUHA, KOTOpas B pe3ysbTaTe MCIBITAHHUS MPUMET OJHO U
TOJIbKO OJTHO M3 BO3MOKHBIX 3HAUCHHI, MpUYeM 3apaHee He u3BecTHO kakoe. (O0o3n: X, Y, Z,...)

C xaxzaoi c. B. CBS3bIBAIOT YHCICHHOE MHOXECTBO _(MHOMCECMBO 3HAYEHUl CIAVY. 8eNUYUHbl)
(O603H: X1, X2, X3,...)

[Ipumep: 1) X;-uncio mosBICHUH «repOa» Ipu TpexX Moa0packIBAHUSIX MOHETHI. {0,1,2,3}

2) Y- 4ynciio BeIMAZCHUN 6 0YKOB MTPH OJTHOM OpOCaHUU UTPATLHON KOCTH. {0,1}

3) Z-ducno nomnajaHuii B cCaMoJIeT AJIS BBIBOJA €T0 U3 CTPOSL. {0,1,2,3,...,11}

4) X-abcuucca TOYKH MOMAJaHUsS TPHU BBICTPENE M0 MUIICHHU. MHoxk-B0o 3HaueHUl R
(— oo;+oo)

OINIP: Jluckpemmnou Ha3bIBae€TCsA C.B., KOTOpasi MPUHUMAET OTAEIbHBIC M30JMPOBAHHBIC 3HAUYEHUS C
ONpeNIeJICHHBIMU BeposiTHOCTSIMU (ripuMepsl  1-3). _ Hempepwignou  Ha3bpIBaeTcsi C.B., KOTOpas
MPUHUMAET BCE 3HAYCHUSI U3 HEKOTOPOTO KOHEUHOTO HJIM OECKOHEYHOTO MPOMEXKYTKA.

Paznuunble ¢.B. MOTYT IpUHUMATh OJIMHAKOBBIC 3HAUCHUS, HO UMETh Pa3JIMYHbIC BEPOSITHOCTU IS
3TUX 3HAYEHUH.




Hpumep: 1) X-uncao nosiBiaeHUM «repda» npu 0JHOM MOAOPACHIBAHUAX MOHETHI.
01} p(Xx=0=05 pX=1)=05
2) V- uncio BeageHuil 6 OUKOB IPU OAHOM OpPOCAHUHU UTPATBHON KOCTH.

5 1
ol px=0== px=n=—
6 6
[TosToMy c.B. 33/Jal0T 3aKOHOM paclpeeICHNUsI.
OIIP: 3axomnom pacnpedenenus eeposmHocmeu OUCKPEmHOU C.6.  Ha3bIBAIOT IIEPEUYEHb BCEX

BO3MOKHBIX €€ 3HAUYCHUH U COOTBCTCTBYIOIIUX UM BCPOHTHOCTeﬁ.

1) X0 1] 2)—”“”
»10,30,5 pZé
X |x1 |x2 | |xn

npudeM: p,+p, +...+p, =1
plpi|p,|lp,
[pumep: B nenexnoit norepee BoinymeHo 100 ouneros. PaspirpsiBaercs: 1 Bemurpei B 50 pyousei u
10 Bemrpeimeit mo 1 py6mro. Haiitm 3akoH pacmpeneneHus C.B. X-CTOMMOCTh BO3MOXHOTO
BBIUTPBIIIA JIJIS BJaJelblia OJJHOTO OuieTa.
Pewenue:
Bosmoxwnsie 3HaueHns X: x;=50 coorBerctByromas p;=1\100=0,01
x,=1 cootBercTByrOMmas p,=10\100=0,1
x3=0 cootBercTByromas p3;=1-(p;+p2)=1-0,11=0,89.
CocTaBuM 3aKOH pacIpeeieHHs:
X[soJ1] o0 Iposepka: 0,01+0,1+0,89=1
p [0,01]0,10,89
Jlis HariasAHOCTH 3aKOH pachpeleleHHs MOKHO u300pasuth rpaduuecku. Jng storo B ITJICK
CTPOSIT TOYKH (Xj; Vi ), @ 3aTee COCIUHSIOT X OTpe3KaMu MpsMbIX. [lonydeHHy0 GUTrypy Ha3bIBalOT

MHO20Y20/IbHUKOM PACHPEOeNICHUSL.
¥
3

a | 2 S0

2. YucaoBble XapaKTePUCTHKH JUCKPETHOH CJIYy4YailHON BeJHMYHHBI

1) MaTremaTuueckoe o:KHIaHKeE.

OIP: Mamemamuyeckum odxcudanuem OUCKpemuou ¢.8. Ha3bIBAIOT CyMMY MPOU3BEICHUM Bcex €&
BO3MOJKHBIX 3HAYCHH Ha UX COOTBETCTBYIOIINE BEPOSITHOCTH.

X |)c1|)c2 |..|xn
pleie,|-lr.

[Tpumep: BepHEMCs K TpeapayimeMy npumepy. IloacunTaeM MaTeMaTHn4ecKoe OXKHUJIaHUE BBIMTPHIIIIA
BJIQJIeJIbIIa OJJHOTO JIOTEPEHHOTO OmieTa
M(X)=50-0,01+1-0,1+0-0,89 = 0,6
Ceotlicmea Mamemamuiecko20 OHCUOAHUSL.:
1) M(C)=C, rane C- moctosiHHas
2) M(CX)=CM(X)
3) M(XY)=MX)M(Y)
4) M(X+Y)=M(X)+M(Y) mu M(X-Y)=M(X)-M(Y)

M) =3xp,

i=l1

M(X)=xp +x,p, +..+x,p,

2) Aucnepcus.
[lycts X-cnyuaiinasg BenuunHa. M(X)- ee MaTeEMaTHUECKOE OXKHUIAHUE.
C.B. X-M(X) Ha3bIBaeTCs OmMKIOHEHUeM MEXIY C.B. U €€ MaTeMaTH4. OKHUJIaHUEM.
ONP: _Jlucnepcueti (paccesHreM) TUCKPETHOM C.B. Ha3bIBaeTcs MaTaeMatud. OXuaaHue KBajapara
OTKJIOHEHMS C.B. OT €€ MaTeMaTH4E€CKOrO OKUIAHUS.

D(X) = M(X - M(X))|

Yamre 6oee ynoOHO OIB30BaTLCS APYrou popmyrnoi



TEOPEMA: Jlucnepcust paBHa pa3HOCTH MEXJIy MaTeMaTUYECKUM OXKUAAHMEM KBajapata C.B. X U

KBaJIpaToM €€ MaTeMaTU4YECKOrO OKHIaHUS. ‘D(X Y=M(X*)-(M(X ))2‘

IIpumep: Halitn nucnepcuto c.B. X, 3alaHHOM 3aKOHOM paclpeacsieHus

X|1] 2] s

» 10,3]0,5/0,2

Pemenne: M(X)=0,3+1+1=2,3

X 4] 25 \(xD)=0,3+2+5=7.3 (M(X))2=(2,3)?=5,29
» 10,3]0,50,2

D(X)=7,3-5,29=2,01

Ceoticmea oucnepcuu:

1) D(C)=0, rae C- nocrossHHas

2) D(CX)=C*D(X)

3) D(X+C)=D(X)

4) DX+Y)=D(X)+D(Y) u  DX-Y)=DX)+D(V)

3) CpenHee KBagpaTHiecKoe OTKJIOHEHHE
Jlnsl OLEHKUpPACCEHBAaHUsI BO3MOXKHBIX 3HAYCHHU C.B. CIY)KUT TaKKe CpellHee KBaJpaTHYecKoe

OTKJIOHCHHE ‘O'(X) = 1/D(X)‘

IIpumep: o(X)=+/2,01 =1,42

3. HenpepbiBHasi ciay4daiiHas BeqnunHa. @yHKIMs pacnpeneeHusi U eé CBOMCTBA.
Paccm. Hempep. c¢.B. X, BCE 3HA4YCHHUs KOTOPOM 3alOJHAIOT HEKOTOPBIM HHTEpBal (a,b).

O4eBUIHO, YTO NEPEUYMCIUTH BCE BO3MOXKHBIC 3HAYCHHMS  OTOW BEIWYMHBI HENb3s (T.K. HX
O0eckoHeuHO MHOTO0). ClieoBaTeNIbHO 3aKOH PACHpeNeNeHHst B BHJEC TAOIHMIBI COCTABUTH HENb3SL.
Jnist co3aHust 3aKOHA pactpeieeHns BBeAeM (QYHKIMIO paclpeieieHusl BEpOSITHOCTU C.B.

[TycTb X- 1eHCTBUTEIBHOE YHCIIO.
OIIP: @yukyueu pacnpedenenus c.6.X  (MHTETpaNbHON (GyHKIMEH) HAa3BIBACTCA BEPOATHOCTH
COOBITHS, COCTOAIIETO B TOM, YTO C.B. X IPUMET 3HAaYE€HHE MEHBIIE X.
F(X)=p(X<x)
3aMeTuM: eciM pacCMOTPETh 3HAYeHHWs C.B. Ha 4YucioBoil mpsamoii, F(X)=p(X<x) onpenenser
BEPOSTHOCTD MOMAJaHNus C.B. X JIEBEE TOUKH X.

Cesoticmsa ¢ yuxyuu pacnpeoenenust.

1)3Hauenuss GyHKIUM pacnpeneneHus npuHamiexar orpesky (0,1), BkiIrouas KOHIIBI OTpe3Ka.
0<F(X)<1

2) pyHxuus pacmpeneneHus HeyObIBaromas, T.6. eclIu x, > x, = F(x,) > F(x,)

CanenctBus: 1) BEpOSTHOCT TOTO, YTO C.B. IPUMET 3HAYEHHE U3 MHTEpBaja (a,b)
Pla< X <b)=F(b)-F(a)
2)BEpOSITHOCTH TOT'O, UTO C.B. X IMPUMET OJHO KOHKpETHOE 3HaueHue =0
3) F(X)=0, ide x<a e F(X)=1i0e x=b
N3o06pazum rpaduk F(X) mo e€ cBoiicTBam:

y=0 3 | fel w
3ameuanue: MaTErpanbHyo GYHKIIMIO MOKHO COCTABUTh M JUISl TUCKPETHOU CTyd. BETUIHHBI
F (X ) = Z p(X = xi) I'paduk nmeer cTynmeH4aThIi BU/I.

X;<x



[Tpumep: IToctpouts rpaduk auckp. c. B. X, 3a1aHHOI 3aKOHOM pacrpeaeeHusl. X[rj4]8

0,3

0.1

P 0,6
Dx<1 F(X)=0-c6—603

Ql<x<4 FX)=p(X=1)=03

N4 <x<8 FX)=p(X=)+p(X=4)=03+01=04

Hhx>8 F(X)=1-c6—603

FEE 3 —

afl o9 oA 8 N

Ha rpaduke ckaukn=0,3; 0,1 u 0,6 m = BeposTHOCTSIM 3Ha4YeHU# c. B. = ecnu 3amgaHa F(X), To
MO>XHO COCTaBUTb 3aKOH PACIIPEEIICHHUS C. B. X.

IL1oTHOCTH pacnpeneleHUsl BEPOATHOCTH HENPEPbLIBHON CIy4YallHON BeJIMYHHBI
OIIP: [Inomnocmuio pacnpedenenus geposmuocmer HCB X  (nuddepeHnmanphas (QyHKIUs)
Ha3pBaoT pyHkuuio f(X)=F’(X), T.e. mepByto Mpou3BOIHYIO OT (YHKIIMU PACTIPEICIICHHS.
3ameuanue: [lns JICB minoTHOCTH pacnpesieneHus He TPUMEHUMA.

TEOPEMA: BepositHocTh Toro, uro HCB X mpumer 3HaueHue, mpuHaaiexamiee naTepsainy (a;b)
paBHa OMpPENEICHHOMY HHTETpaly OT IJIOTHOCTH paclpeesieHus, B3ATOMY B IIpeesax oT a 10 b.

Pla< X <b)= j f(X)dx = F(b) - F(a)

Teomempuyecku 3TO 03HAYaeT, YTO BepoOsATHOCTH Toro, uto HCB npumer 3nauenue u3 (a;b) paBHa
IUIONIA/IM KPUBOJIMH. Tpalneuuu, orpanndeHHon ocbto OX, kpuBoii pacnpeznenenus f(X) u npsameiMu
X=a ¥ X=b.

OIIP: Kpuas, coorBercTByromias GpyHkuun y=f(X) Ha3pIBaeTCsA KpUBOU pacnpedenetus.

0 2 B X

3Has WI0THOCTH pacnpenencHus f(X) MoxxHo HaiTh GyHKIUIo pactpeaenenus F(X) mo dopmyre

F(X)= j F(X)dx

Cesoticmea niomuocmu_pacnpeoenerus:
1) f(X) >0, reomerpuyecku: rpaduk pacnoioxeH Boime ocu OX wim Ha Hell.

+o0
2) .[ f(X)dx =1, reomerpudecku: BCs IUIONMAAb KPUBOJHMH. Tpam., orpaHudeHHas ocbio OX u
—

KpUBOU pacnpeneneHus =1.

4. YucsoBble XapaKTEePUCTUKHU HeNMPEPbIBHOM CJIYYalHON BeJIUYUHBI

1. Mamemamuueckoe oocudanue. yr(xy— jfx_ F(XOde W proxy = Tx'f( X)dx

—0

DY) = [ X7 f(Xydx =M (X))’ T px) = [ X7 £ (X)de— (M (X))’

3. Cpednee keadpamuyeckoe omkaonenue o(X)=~D(X)




1.34 Jlexknus Ne34 (2 yaca).
Tema: «HopmanbHbIN 3aKOH pacnpeesieHUs CIy4ailHON BeTUYUHBDY

1.34.1 Bonipocsl Jekuum:
1. BeposiTHOCTB nONIajaHUsl HOPMAJIBHO PAaCIPEIEICHHOM C. B. B 3aJaHHBI UHTEPBAJL.
2. [IpaBusno «Tpé€x curm».

1.34.2 KpaTkoe coaep:kaHue BOIIPOCOB:
1. BeposiTHOCTB MONaAaHUsi HOPMAJILHO PACIIPeAeIeHHOM C. B. B 3aJaHHBIIH HHTEPBaJl
HopmanbHblil 3aK0H pacripesiesieHus: Hanbosiee 4acTo BCTPEYaeTcsl B )KU3HU. EMy nmoguuHsercs: poct
JIOJIEN U KUBOTHBIX, UX Macca.
OIIP: H.c.B. NOTUYMHEHA HOPMANbHOMY 3AKOHY pacnpedeneHus , €Cliv €€ INIOTHOCTh paclpeieieHus
1 _(x-a)’

uMmeeT cnexyrommi Bug f(X) = —\/2_ e 2% e a=M(X),o=0(X)=+D(X)

ovN2rx

OIIP: I'paduik MIOTHOCTH HOPMAJIbHO PACHpPENEICHHON BEIUYMHBI HA3bIBACTCA _HOPMANbHOU KPUBOU
unu

kpueot I aycca.

OH obnanaer cneayomuMu CBOMCTBAMU:

1) xeR

2) nyist BceX X , QYHKIUS MPUHUMACT MOJIOKUTEIbHBIC 3HaUeHUS (e€ rpaduk Boime ocu OX)

3) KpuBas CUMMETPUYHA OTHOCUT. PSMOI X=a.

1 -
4) TOUKA ;. - ) - TOYKa MaKCHMyMa.
O T

5) mo Mepe ygaleHuss X OT TOYKU a, rpaduk GyHKIMH yOBIBaeT, mpubimxaercs k ocu OX, HO HE
repecekaer e€.
6) nmpu xe€(a—o;a+o0)-rpadpuk QyHKUUU BBINYKIBIH, X € (—0;a—0)U (a+ 0;+o)- rpadux

dynxuuy BoruyTeiii. Toukn meperuba: 4, . U pyio L
(a 027 e) (a o-’ou/27z e)
i

I ¢
B A I

N Tt
B I I
| |
ey |

B +6E ¥

Bausinue mapaMerpoB HOPMAJILHOI'0 pacupeaeieHusi HA BUI HOPMAJILHOH KPUBOi:
1) ecu a yBemuuuBaeTcs, TO rpaduK CABUTAETCS BIPaBO BAOIL ocu OX
€CIIM a YMEHBIIIAeTCs, TO TpaduK CABUTAETCs BIEBO BIIOJb ocu OX

a=1 a=2

a=

I

o o~

2) ¢ yBelIMYEHHMEM O , MAaKCUMyM oOpAuHata HOpM. KpuBoil ymeHbIIaercs, a cama KpuBas
craHoBUTCS Oosee momoroi (cxumaercs Kk ocu OX). Ilpu ymeHbmieHMHM O, HOpMaJbHas KpUBas
pactsruBaercs no ocu OV.



BeposiTHOCTH NONaJaHUsA HOPMAJILHO PaCIIPele/IeHHOM C. B. B 3aJaHHBII HHTEPBaJI

‘P(a<X<,B):®('B_aj—<D(a_aj

, TIe
o o

O (X)- bynkmus Jlamtaca
a- MaTeMaTHUIeCKOe OKUIaHHE
o -cp. kBajap. OTKIIOHEHUE
[lpumep: HaifTu BepOSATHOCTH TOrO, YTO C. B. X TPUMET 3HAYCHUE, NMPHHAUICKAIIEC WHTEPBATY
(10;50), ecnm ¢.B. X pacmpezesiena mo HopmMaabHoMy 3akony 1 M(X)=30, o (X)=10.
P10 < X <50) = 0”(501_030) —0(101_030) =0(2)-0(-2) =2-0,4772 = 0,9544

YacTto TpeOyeTcsi BBIYUCIUTD BEPOSTHOCTh TOTO, YTO OTHOIICHHWE HOPM. pacmp. C.B. X IO MOIYJIIO
MEHBIIIE 33JaHHOTO TOJIOKUTEILHOTO YUCla O , T.e. TpeOYyeTCcs HaWTH BEPOSITHOCTh OCYIIECTBICHUS
HEpaBEHCTBA

T b s e M C R
o O o o o
—0<x—-a<d
a—-o0<x<a+o P(x—a<5)=20(5]
a B O

2. [IpaBuI0 «TPEX CUTM»
Bpruncnum BEpOATHOCTH:

DP(x-a| <o) = zq{fj =2d(1) = 2-0,34134 = 0,6827
O

20

2)P(|x—a|<20) = 2@(—] =2D(2) = 2-0,47725 = 0,9545
o

30

3)P(x—d| <30) = 2@( j = 2d(3) =2-0,49865 = 0,9973

(oa
HNPABUJIO: [IpakTudyecku AOCTOBEPHO, YTO MPU OAHOKPATHOM HCIBITAHUU OTKJIOHEHHE HOPMAJIBHO
pacnpenesneHHoil ¢. B. OT ee MareMaTH4eCKOro OKHMJaHUS HE IPEBBIIIAET YTPOCHHOTO CPEIAHETO
KBaJp. OTKJIOHEHHMS, T.€. 3HaUeHUE J0O0H HOpPM. pacmpel. C.B. PAaCHOJIOXKEHb B MHTepBaie (a-3 0 ;
at3 o).

Hpumep: Cpenanuil nuameTp CTBOJOB Ha HEKOT. YUYacTKE SIBISETCS C. B., PACIPEAEICHHOW IO
HOpMasibHOMY 3akoHy. D(X)=16, M(X)=25 (cm). HaliTu rpaHuiibl, B KOTOPBIX 3aKJIIOYAETCS TUAMETP
CTBOJIA HayJja4y B34TOIO JAEpeBa.

D(X)=16 |x—a| <3o o=~D
a=25 cm [x—25]<3-4 o=+16=4
(a;8)="2 —12<x-25<12

13<x<37 cm



1.35 Jlexuus Ne35 (2 gaca).
Tema: «OCHOBBI MATEMATHUYECKON CTATUCTHKI

1.35.1 Bonpocsl JieKnuu:

1. BapuanuoHHsble psa/bl, X XapaKTEPUCTUKU U rpadudeckoe U300paxxeHue.
2. I'enepasibHast COBOKYITHOCTb, BBIOOpKA.

3. dyHKIMS pacnpeeneHusl.

4. YucnoBble XapaKTEPUCTUKH.

1.35.2 KpaTkoe coaep:kaHne BONPOCOB:
1. BapuanuoHHble Psijibl, UX XapaKTEPUCTUKH U rpaduyecKkoe H300pakeHne
IIycTe HEKOTOpPBIN MPU3HAK I'E€HEPAIBHONM COBOKYIIHOCTH OIIMCHIBACTCA CIyYaWHOW BEJIMYMHOMN X.

Paccmorpum  BBIOOPKY {X1,X),...,X,} OOBEMa n U3 TEHEPATbHOW COBOKYMHOCTH. JTOW BBIOOPKHU
MIPEACTABIISIIOT COO0M 3HAYCHUSI CITYIaiHOW BEIMUUHBI X.

Ha nmepBom »arame cratuctuueckod 0OpabOTKHM  MPOUBBOMAST paHiCUposanue BHIOOPKU, T.€.
YIOPSIOYMBAHUE YUCEIT X[,X2,...,X, TIO BO3PACTAHHIO.

Paznuunbie 31eMeHThI BHIOOPKH Ha3bIBAIOTCSI BAPUAHTAMM.

221

YacToToli BAPHAHTHI ¢ Ha3bIBAETCA YMCIO ', MOKA3BIBAIOLIEE, CKOJNBKO pa3 3Ta BapuaHTa
BCTpEYaeTcs B BEIOOPKE.
YacToCcThI0, 0OTHOCUTEIBLHON YaCTOTOM WM N0J1€H BAPUAHTHI HA3bIBACTCS YUCIIO

m.

!

W, =—
n

YacTOThl U YaCTOCTU HA3BIBAIOTCS BECAMM.

m
HYCTB X HCKOTOPOC qucio. Torna KOJIMYCCTBO BapuaHT *, 3HAa4YCHUA KOTOPBIX
MCHBIIC X, HA3bIBACTCA HaKOILJICHHOM I'IaCTOTOI‘/’I, T.C.

m.=Ym

x<x

OTHolleHNE HAKOIUIEHHOW 4YacTOThl K OOmieMy 4YHCly HaOJIOACHMM 77 Ha3bIBAETCS HAKOIJICHHOM

JacToCTbIO:
m 1

x

L I
I (o

Psan BapuaHT, pacmosioKEHHBIX B IMOPSAKE BO3PACTaHUS MX 3HAYEHUH, C COOTBETCTBYIOLIMMH UM
BECaMU HA3bIBACTCS BAPHMALMOHHBIM PSI/IOM.

Bapuanuonnsie psiabl ObIBAIOT:

- TUCKPETHBIE;

- UHTEpBAJIbHBIE.

BapuanuoHHBIH psii Ha3bIBaCTCS AMCKPETHBIM, €CJIM OH TPEACTABISAET CO00H BBIOOPKY 3HaYCHUU
JIUCKPETHOMW CIIy4yailHON BEJTUYMHBI.

Psin HazpiBaeTCs HenmpepbIBHBIM (MHTEPBAJBHBIM), €CJIM OH TMPEACTABISIET BHIOOPKY HENMPEPHIBHON
CIIy4ailHON BEJIMYMHBI.

OO6mwmit BU/]I JTUCKPETHOTO BapHaIMOHHOTO pana MOoKa3aH
B Ta0JI.

Tabéanna



Bapuante ¢ 0 Xz

FF7. 22 Z 7
YacToThl ¢ ot < e ~

IMocTpoeHne MHTEPBAJIBLHOTO BAPHAIMOHHOTO PsIa

|-/v 2. ]
1. Pa30uBaoT MHOXECTBO 3HAUCHHUI BApHAHT Ha MOJyUHTEpBajibl ' "/
UX 2PYNRUPOBKY.

T.€. IPOU3BOASAT

PexoMeHnayeTcst KONMM4YecTBO MHTEPBANIOB k BhIOMpaTh 1o hopmyne Crepaxepca

k=i+1i4dinn
JlnuHa uHTEpBasia paBHA A = Xpmax — Xmin/ K
BennunHa nHTEpBana:

i‘: — 13059 presiey

Ctpoum nHTEpBaJ: 3a Hauajo 1-ro nHTepBasa OepyT:
I

[ - i
Iy 1
Vi, U, 1
L dii/

CYHnTarT 4HCII0 BapUaHT, IMOIMMABIIXUX B IIOJIYUHTCPBAJI

1
)

-

~

[—y

LS

i=

[TonyyaroT 3HaYEHHs 4acTOT ', ’
WHTepBanbHbIN Psii MOXKHO MPEICTABUTH TaOIUIICH

Taoauna
BapuanTtet xi [a"a2) [a2:a3) [ak ’ak+1)
Yacrorsr m, m,  om,

Ecnu BapuaHTa HaxoOWTCs Ha TpaHUIIE UHTEpBajia, TO €€ MPUCOCAUHAIOT K MPABOMY HHTEpBAIYy.
I'padpuyeckune nzodpakeHusi BApUANUOHHBIX PSAIOB

JInst HarJISIMHOCTH TIPECTABICHUS UCIIOIB3YIOT rpaduuecKre M300paKeHUsT BapUAIMOHHBIX PSIOB B
BUJIC:

- TIOJINTOHA;

- THCTOI'PAMMBI;

- KyMYJISIHTBI.

Ilonuron, kak MNpaBUJIO, CIYXHUT [ HW300pakeHUs AUCKPETHOTO BapHAIMOHHOTO  psija.

. (x,m),i=Ln
[IpencraBasier coboO# JTOMaHY0, COSIUHSIONIYI0 TOYKU IIOCKOCTH C KOOpPIHHATAMH )

I[JISI HHTCPBAJIBHOI'O pAda TaKXKC CTPOUTCA TIMOJUIOH, TOJBKO Cro JiOMaHad I[IpOXOAUT 4YEpE3

TOYKH (c,,,mi), e c,.=(ai+al.+l)/2,z:1,k.

I'ucrorpamMma CiIy>)XUT TOJIBKO Ul NPEACTABICHUS MHTEPBAJIbHBIX BAapUALIMOHHBIX PANOB U MMEET
BUJ CTYNEHYATONW (PUTYPHI U3 MPSMOYTOJbHUKOB C OCHOBAHUSAMH, PAaBHBIMHU JJTMHE WHTEPBAIOB A, U

m.
BbICOTaMU, PpaBHBIMHA qacToTaMm ‘' HMHTCPBAJIOB.

(xi > mxl- )

KyMyJISIHTa npeaACTaBJIsACT coboit JIOMaHyro, COCAUHAIOIMYHO TOYKH C KOOpAWMHATAMU

(a,,m, )

m
(rme’  — HaAKOIUICHHBIC YaCTOTHI) JIJISl TUCKPETHOTO PsiJa, UM TOUYKU C KOOpAMHATAMHU IS
WHTEPBAIBHOTO PSJA.



2. I'eHepajbHas COBOKYIIHOCTD, BLIOOPKA

I'eHepa/ibHOM COBOKYNHOCTBHIO Ha3bIBACTCA COBOKYIMHOCTh OOBEKTOB WIM HAONIOACHUH, gce
971eMeHmbl KOTOPOH MOIeKaT U3YUSHHIO IIPU CTATUCTUYECKOM aHaJu3e.

B MaremaTuueckol CTaTHCTHKE TeHepajibHas COBOKYIHOCTb YacTO MOHMMAETCS KaK COBOKYIHOCTb
BCEX MBICIUMBIX HAOIIOJEHUN, KOTOpPbIE MOIVIM OBITh MPOU3BEIEHBI MPU BHINOJHEHUH JAHHOTO
KOMIUIeKca YycioBuid. [loHSTHE reHepaqbHON COBOKYMHOCTH aHAJIOTMYHO TIOHATHIO CIy4dailHOM
BEJIMYMHBI (3aKOHY pacHpelereHUus BEpOSITHOCTEH), Tak Kak 00€ OHM MOJHOCTBIO OIpPEACINISIOTCS
3aJJaHHBIM KOMILJIEKCOM ycioBHil. Tak Kak MOHATHS TeHepadbHOW COBOKYIMHOCTH M COBOKYIMHOCTHU
BCEX 3HAYEHUM CIIy4alHOW BENWYMHBI CBSI3aHbI C UCHBITAaHUSAMHU (HAOIIOJEHUSIMH) B HEU3MEHHBIX

YCIIOBHUSIX, TO B JanbHENIemM 3TH MOHATHUSA HE Ooyayt pasinyaThes.
[TonsiTue reHepanbHOW COBOKYIMHOCTHM HECKOJBKO IIMPE IMOHATUSA CIYYallHOM BEJIMYMHBI, TAK Kak
ciy4aiiHas BEJIMYMHA MOXKET OBITH pe3yabTaToM HECKOJIBKUX WCIIBITAaHU M.
I'enepanbHas COBOKYITHOCTh MOYKET OBITh KOHEYHOU W1 OECKOHEUHOM.

Yucno 00BEKTOB (HaOrOICHMIA) B TCHEpaJbHOMN COBOKYITHOCTH  Ha3bIBaeTCs  e€e
00veMoM.
M3ydeHue Bcero Habopa 3JIEMEHTOB I'eHEpaIbHOW COBOKYITHOCTH YaCTO OKa3bIBACTCS HEBO3MOXKHBIM,

B TaAKHUX cIyJasix paccMaTpUBalOT HEKOTOPYIO 4acThb o0BeMa.
Yacte 00BEKTOB reHepaTbHOU COBOKYITHOCTH, UCIIOJIb3yeMast TUIS HCCIIEIOBAHUS,
HAa3BIBACTCS 8b100POUHOU COBOKYNHOCMDbIO WU 8bIOOPKOI.

IIpumep. Yucno emunui; toBapa N, Mpou3BEACHHOTO (QHUPMOIl B TEUYEHHE TOAA, €CThb KOHEYHas
reHepaibHasi COBOKYIMHOCTh. [[Jist McclieIoBaHMs KadecTBa MPOAYKIUU HA MPAKTUKE PacCCMaTPHUBACTCS
BbIOOpKa, cocTosIIas W3 7 eAUHMI ToBapa. llpu3HakoM, uinu ciay4aiHONW BETUYMHON, MOXKET OBITh
YHUCIIO € IMHHII TOBapa, YIIOBJIETBOPSIOIINX cepruuKaTHHIM TpeOOBaHUSIM.
CymHOCTh BBIOOPOYHOTO METO/AAa B MAaTeMaTHYECKOH CTAaTUCTHKE 3aKI04YaeTcs B TOM, YTOOBI IO
ONpENIETICHHON YacTH TeHEPaJbHOW COBOKYMHOCTU (BBIOOPKE) CYAMTH O €€ CBOMCTBaX B IICJIOM.
Bri6opounblif MeTOJ SBISETCS €IMHCTBEHHO BO3MOXKHBIM B cllydyae OECKOHEYHOW TeHepaibHOU
COBOKYIHOCTH WJIM KOTJa UCCJIE0BAHKUE CBSI3aHO C YHUUTOXKEHHEM (THOeNbi0) HAOII01aeMbIX 00bEK-
TOB (HampuUMep, UCCIIeJOBaHUE MPEENIbHBIX PEeXUMOB MPUOOPOB, UCCIEOBAHUE ACUCTBUS BUPYCOB
Ha TMOJONBITHBIX KUBOTHBIX U T.A.). JJis TOro 4ToOBl O BHIOOPKE MOXKHO OBUIO aJ€KBAaTHO CYAHUTH O
CIy4yallHON  BEJMYMHE, OHAa  JOJKHA  OBITh npeOCmasumenvHou  (penpe3eHmamueHoll).
Pernpe3eHTaTHBHOCTE BHIOOPKU OOECIIEUMBACTCS CIIYYalHOCTHIO OTOOpa €€ DJIEMEHTOB, TaK KaK BCE
9JIEMEHTHl T€HEpalIbHONW COBOKYMHOCTH JIOJDKHBI MMETh OJMHAKOBYIO BEPOSTHOCTH MOMAJaHUS B
BBIOODKY.

NmeroTcs 1Ba croco0a oOpa3oBaHHs BBIOOPKH:
1) nosmoprnas evibopka, KOTIa KaXKIbIA DSJIEMEHT, CIy4allHO OTOOpaHHBIM W WCCICHOBAaHHBIMU,
BO3Bpamlaercsi B OOLIyI0  COBOKYIMHOCTb M MOXET  OBITh  OTOOpaH  MOBTOPHO;
2) becnoemopnas 6blO0OpKa, KOrna 0TOOpaHHBIN JIEMEHT HE BO3BPALIAETCs B OO0 COBOKYITHOCTb.

3. @yHKuus pacnpeaeaeHus.

. . F (x .
OMmnupnyeckoii GyHKkuMed pacnpeneieHUs o )Ha3LIBaCTCSI GyHKIUS, 3HAYCHHE KOTOpPOM B
TOYKE X PaBHO HAKOTUJICHHOW 4acTOTe, T.€.

F(x)=w, =%
n

Jl1s MHTEPBAIILHOIO Psla YKa3bIBAIOTCS HE KOHKPETHBIC 3HAYEHUS BapUAHT, a TOJIBKO MX 4aCTOTHI Ha
UHTEepBaJIaX. B 3TOM ciydae smnupudeckas QyHKIUS paclpeieleHus onpeaeseHa TOIbKO Ha KOHIax

T o (a':F(a'))’i:]5k
HHTCPBAJIOB. Ee moxxHO I/I306paSI/ITB JJOMAaHOH, IIPOXOIAIICH YCPE3 TOUKH e .
IMIMPHYECKOH IJIOTHOCTBHIO Pacnpe/iesieHusl HEIPEPHIBHOIO BApUALIMOHHOTO psi/ia Ha3bIBAETCS

byHKIIUS
;. a<x<a,,i=Lk
, eciau ! i
nA
() =
0

xX>a
,ecin X <dynu ferl



rosN

I (X] o o
OyHKIMA “ 7" ABISETCS aHAJIOTOM IJIOTHOCTH paclpeleNeHus ciydyailHoi BenuuyuHbl. [lnomans
obsactu o rpauKOM 3TOW (PYHKIIUU paBHA EAMHUIIE.

4. YucsoBble XapaKTEePUCTHKH.

Kax0if YMCIOBOI XapaKTepHCTHKE CIydYaiiHON BETMUHHBI L COOTBETCTBYET €€ CTAaTHCTHYecKas
aHaznorus. s OCHOBHOM XapaKTEPUCTUKH IOJIOKEHUS — MAaTEMAaTH4ECKOro OXHUAAHUS CIyd4allHOU
BEJIMYMHBI — TaKOW ABISETCA cpeaHee apudMeThdeckoe HaONIOJEHHBIX 3HAYEHMH CilydaiHOH

BCJINYHHBI:
b

2%

M| x|=1

b

roe M— CclydaifHON BeNMYMHBI, HAOIIOAEHHOE ! -M OIbITE, # - YUCJIO OIBITOB.

DTy XapaKTepUCTUKYy Mbl OyJleM B JajdbHEHIIEM Ha3bIBaTh CTATUCTUYECKUM CPEIHUM CIydyalHOU
BEJINYUHBI.

CornacHo 3akOHY OOJBIIMX YKCEN, TPU OTPAaHUYCHHOM YBEIMYEHUHU YHUCIa OMBITOB CTATUCTUYECKOE
cpenHee npuOIMKaeTcss (CXOAUTCS TO BEpPOSITHOCTH) K MareMaTH4YecKkoMy oxujaHuto. I[lpu
OTPAHUYEHHOM YHUCJIE OIMBITOB CTaTUCTUYECKOE Cpe/lHEEe SBISETCA CIy4yaHOW BEIMYMHOU, KOTOpas,
TEM HE MEHee, CBsI3aHa C MaTeMaTU4YEeCKUM OXHMJAaHMEM M MOXET JaTb O HEM M3BECTHOE
MIPE/ICTABIICHHE.

PaccmoTpum, Hampumep, AMcrepcHio  ciydaiiHoOW  BenuuuHbl. OHa mpeacTaBisieT  coOoi

o

2 2
o X = (X -y
MAaTCMAaTUYCCKOC OKUJaHNUC CIIYHauHOU BCIIUYNHBI .

D[x)=m 2| M{(:X—mﬂ.}z}

Ecau B sTOM BBIPpAXXCHHUH 3aMCHUTL MATCMATUYCCKOC OXHAAHUC €TO CTATHCTHYSCKON aHaJIOTHEH —

CpCaAHUM apI/I(bMCTI/I‘ICCKI/IM, MBI ITOJIYUYHUM CTATUCTUYCCKYIO JUCIICPCUTIO CHy‘I&ﬁHOﬁ BCIINYHHBI X:
¥

Wil
%, (7= |
* _ 1=l ' e o
Dx]=E—— =M [X]
M , rac - CTATUCTUYCCKOC CpCAHCEC.
AHanoru4Ho OMMPCACIIAOTCA CTATUCTUYCCKUC HAYaJIbHBIC W LCHTPAJIbHBIC MOMCHTHI JIFOOBIX

IMOPAAKOB:

@ | ¥|=

wl]=H

Bce stm ompeneneHus IMOJHOCTBIO AHAJIOIMYHBI JAHHBIM B TJIABE 5 ONPEICICHUSAM YHUCIOBBIX
XapaKTepUCTHK CIy4alHON BEJIUYMHBI, C TOW pa3HULEH, YTO B HUX BE3[€ BMECTO MATEMaTUYECKOTO
oxunanus purypupyer cpegHee apupmerndeckoe. [Ipu yBennmueHnn dncina HaOIIOIEHUH, OYEBHTHO,
BCE CTATUCTHUYECKUE XAPAKTEPUCTUKH OyIyT CXOIUTHCS IO BEPOATHOCTH K COOTBETCTBYIOIIMM
MaTeMaTHYECKUM XapaKTEepUCTHKaM M IpU JOCTATOYHOM *# MOTryT OBITh HNPHUHATHI NPUOIMKEHHO
PaBHBIMH UM.

HerpynHo noka3aTs, 4TO Uil CTaTUCTUYECKUX HAYaJIbHBIX U LICHTPAJIBHBIX MOMEHTOB CIIPABEIJIMBBI
TE K€ CBOWMCTBA, KOTOpbIE OBbUIM BBEJCHBI B IJIaBe 5 AJIi MaTeMaTHYECKUX MOMEHTOB. B uacTHOCTH,
CTaTUCTUYECKUN NEPBbIN NEHTPAIbHBIA MOMEHT BCErla PABEH HYIIIO:



el
Y(n-m) X
_ 1=l
M M .
CooTHOIIEHUA MCXKAY HCHTPAJIbHBIMU U HAYaJIbHBIMU MOMCHTAMHU TAKIKC COXPAHAIOTCA:

Zn:. [xz' _m:]z Z:. Xlz Zn:. Xy

g =D, =1l

2 2
— 2, +[mx] =.::r2—[mx]
» » »

(7.4.6)

U T.JI.

[Ipn oueHb OONBIIOM KOJMYECTBE OIBITOB BBIUMCICHHE XapaKTEPUCTUK MOXKHO TMPUMEHHUTH
CIIEIYIOIIUN MPUEM: BOCIIOIb30BaThCS TEMU K€ pa3psaaMH, Ha KOTOpble ObLI packiaccupuIupoBaH
CTAaTHCTUYECKUN MaTepuas JJisi MOCTPOCHHS CTAaTHCTUYECKOTO psifia WM TUCTOTPAMMBI, U CUHTATh
npUOIMKEHHO 3HaYeHHE CITy4yaifHOM BEIMYMHBI B KaXKIAOM pa3psijie MOCTOSIHHBIM U PaBHBIM CPEIHEMY
3HAYEHUIO, KOTOPOE BBICTYMAET B POJIU «IIPEJCTABUTENSD» pa3psna. Toraa cTaTUCTUYECKHE YUCIIOBbIE
XapaKTepUCTUKU OYAYT BhIpakaTbcs MPUOIUKEHHBIMU GOpMyIaMu:

*

i
iy =M [}f]: Z‘%’pi
=1

It
& ["T{] = Z f2'5-'33'1'
=1

2

e . #43 &
Hs [X]=Z(x1 _m.x) By
=1

*

7. : : :
rae M — «upencraBuTenb» I -ro paspsina, ¥ - wacrora !-ro paspsma, £ - uncio paspsios.

1.36 Jlekuus Ne36 (2 yaca).
Tema: «OCHOBBI TEOPHUH BEIOOPOYHOT'O METO 1A%

1.36.1 Bonipocsl Jekuum:

1. Cratuctuyeckoe OLlECHUBAaHHUE [TAPaAMETPOB, METO/IbI HAXO0KIEHUS OLIEHOK.
2. TOYHOCTb OLIEHKH, HAJICKHOCTD, IOBEPUTEIbHBIN HUHTEPBAJL.

3. CraTtuctuueckas runoresa u oOuias cxema ee poBEPKH.

4. Tunbl CTAaTUCTUYECKUX KPUTEPUEB MPOBEPKU TUIIOTES.

1.36.2 KpaTkoe conep:kaHue BOIPOCOB:
1. Onenka napameTpoB, MeTOAbI HAXO0KICHHUS OLICHOK.
Memoo maxkcumanbHo2o npasoonoooous

Meron mnpemnoxen P. ®@umepom B 1912 r. Merog ocHOBaH Ha HCCIEJOBAaHUU BEPOSTHOCTU
MOJIydeHUs BBIOOpKM HaOmomeHwid (X1, X2, ..., X,). OTa BEpOATHOCTH paBHa flx|, T) f(x2,T)
eoi flxxn, T) dxy dxy ... dx,,.
CoBMecTHas MIIOTHOCTh BEPOSTHOCTH

L(x1,x2 .., %05 T) = fix1, T) fixa, T) ... flxn, T), (1)
paccMarpuBaeMasi Kak QyHKIUs rapameTrpa 1, Ha3bIBaeTCs (hyHKyuell npasoonoooous.

B xauectBe onenku 0 mapamerpa 7 clieayeT B3STh TO 3HaUCHHE, KOTOpoe oOpamiaer GpyHKIU0
npaBaononoOuss B MakCUMyM. /[l HaXOXKACHUS OIEHKA HEOOXOJWMO 3aMEHUTh B (DYHKIHMH
npaBaonoaoous 7Ha O u pemuTh ypaBHeHHe 0 L/00= 0. B memsx ynporieHuss BBIYACICHUN
nepexoasT oT (yHKIMHU MpaBromnonodus k ee norapudmy In L. Takoe mpeoOpa3oBaHue AOMyCTHUMO,



TaK Kak (PYHKIHS [IPABIONOA00US — MTOJIOKUTENbHAS (DYHKIIHS, U OHA TOCTUTAET MAKCUMYyMa B TOH ke
TOYKE, YTO U ee Jorapudm. Eciu mapamerp pacnpeneneHus BeKTopHas BenuuuHa 0 =(0 1,0 5, ..., 0 1),
TO OLEHKU MaKCHMaJIbHOI'O IIPABI0N0100US HAXOAAT U3 CUCTEMbI YPAaBHEHUM

81nL(6 1, 92, ceey 6;1)/891=O

alnL(G 1» 92, N 9,1) /892:0;

O0lnL(©,0,....,0,)/00,=0. (2)

Jlng mpoBepkH TOro, YTO TOYKA ONTUMyMa COOTBETCTBYET MAaKCUMyMy (YHKIIHH
npaBaonoo0us, HEOOXOIUMO HAWTH BTOPYIO MPOU3BOAHYIO OT 3TOM ¢yHkumu. W ecim Bropas
NpPOMU3BOJHAs B TOYKE ONTHMyMa OTpULATENbHA, TO HAWJEHHbIE 3HAYEHUs I1apaMeTpPOB
MaKCUMH3HUPYIOT (QYHKIIHIO.

WTak, HaX0X/JE€HHE OLIEHOK MaKCHUMAaJbHOTO MPaBAOINOA00MS BKJIIOYAET CJIENYIOIIME STaIlbl:
noctpoeHne (QyHKIUMM TpaBrononobus (ee HarypainbHOTO Jsorapudma); audepeHIupoBanmue
(GYHKIIMM 10 HMCKOMBIM [apamMeTpaM U COCTaBJICHHE CHUCTEMbl ypaBHEHUH; pEIICHHE CHCTEMbI
YpaBHEHUU IS HAXOXKJIEHUS OIICHOK; OINpeAelieHuEe BTOPOW MPOM3BOAHON (DYHKIIMH, TMIPOBEPKY €e
3HaKa B TOUKE ONTUMYyMa MEPBON MPOU3BOIHON U (POPMUPOBAHHE BHIBOJIOB.

IIpumep. bynem cuurars, 4to ciayvaiiHas BeauduHa X, BBIOOpKA 3HaYEHUI KOTOPOM IpeicTaBiIeHa B
Tabn. 2.3, uMeeT HOpMalbHOE pachpeneneHue. HeoOXoauMo HaAWTH OLIEHKHM MaKCHUMajJbHOTO
IPaBIONO00Ms NaPAMETPOB L U G 3TOT0 PACIpENEICHUS.

Pewenue. ®yHk1uus npaBaonogo0ous aJis BBI60pKI/I 3/1 o6beMoM n

- (Iz'_u)z
Lip,0)= I—)— _1 TE

Jlorapudm yHKIIHH MTpaBaOIOA00Us
In L(u, 6)=— nIn(~2m)— nln o — {Z(x,. —w?/2c 2}.
7=l
Cucrema ypaBHEHHH JUIs HaXOK/ICHUS OLICHOK IIapaMeTpOB

&ln L(p,ﬁ)fﬁp={2(x ~Wio }

=l

8 L(n, )/ 8o=—n/o+ S (x,~ W2/ 6=
7=l

il "
D06 -m)=0; p=>x/n,
W3 niepBOro ypaBHeHHUs ciaenyer: {1 =1 T.€. CpeIHEe apUPMETHIECKOE
ABJIACTCA OHGHKOﬁ MaKCHUMAaJIbHOT'O HpaBI[OHO,HO6I/I$I JJI1 MaTCMaTHUYCCKOI'O OKHUJaHU . 13 BTOpPOTO

=i(xz.—p)2m

YPaBHEHUS MOXKHO HAUTH =1 . OMIUpHuyecKasi IUCIEPCUs SBIAETCS CMEILIEHHOM.

n
6% =06 -’ /=D,
[Tocne ycrpaHeHUs! CMEIICHUS =1
dakTUuecKue 3HaYeHUs OIICHOK mapameTpoB: [ =27,51, c2=091.
JJist MpOBEpPKH TOTO, YTO MOJyUYEHHBIC OIICHKH MAaKCUMHU3HPYIOT 3HaUe€HUE (QYHKITUH ITPABIOTIOA00MS,
BO3bMEM BTOPBIC IPOM3BOIHBIC

& In(p, )/ épn=—n/c?
&° In(, G)H@Gz=r1f02—32(x2.—u)2f04= nic’-3nfc’=-2nc"
i=1
Bropsie nmpousBoanbie oT GyHKIMHU In L(| , G ) HE3aBUCUMO OT 3HAYCHUN TapaMeTPOB MEHBIIIE HYII,

CJIeIOBATENLHO, HAlJICHHBIC 3HAYCHHUSI TAPAMETPOB SIBJISIFOTCS OIEHKAMHU MAaKCUMAaJIbHOTO
MPaBIOTIOI00MS.



MeTtoa MakCUMabHOTO IPABOI0100MS TTO3BOJISIET MOIYYUTh COCTOSATENbHBIE, () peKTUBHbIC
(ecnu TakoBbIE CYILECTBYIOT, TO MOIY4YE€HHOE pelleHne 1acT 3¢ (HeKTUBHBIE OLEHKH), JOCTATOUHBIE,
ACHMITTOTUYECKH HOPMAJIBHO PACIPEeNICHHBIE OIIEHKH. DTOT METO MOXKET JIaBaTh KaK CMEIICHHBIE,
TaK ¥ HeCMeIlleHHbIe OlleHKH. CMellleHne yAaeTcsl yCTpaHUTh BBEJICHUEM MOIPaBOK. MeTos 0COOEHHO
I0JIE3€H ITPHU MaJsiblX BeIOOpKax. OlleHKa MHBapuaHTHA OTHOCUTENIBHO IPeoOpa3oBaHus apaMeTpa,
T.€. OlleHKa HekoTopoi pyHKuuu ¢ (7) ot mapamerpa T sBIsSETCS 3Ta )K€ PYHKIUS OT OeHKH ¢ (0 ).
Ecnn QpyHKIIMS MakCHUManbHOTO MPaBAONOA00Hs UMEET HECKOJIbKO MAaKCUMYMOB, TO U3 HUX
BbIOMpPAIOT II100aIbHbIN.

Memoo momenmos

Meton npennoxes K. [Iupconom B 1894 r. CymHocTs MeTOAA:
BBIOMPAETCSI CTOIBKO SMIMPUIECKUX MOMEHTOB, CKOJIBKO TPEOYETCsl OLIEHUTh HEM3BECTHBIX
napaMeTpoB pacrpenenenus. JKenarenbHo NPUMEHATh MOMEHTBI MJIaIIIHNX MOPAIKOB, TaK KaK
IOTPEIIHOCTH BBIYUCIIEHHS OLIEHOK PE3KO BO3PACTAIOT C YBEIMUEHHEM MOPsAKa MOMEHTA;
BBIYUCIICHHBIE 110 D/] OLIEHKH MOMEHTOB IPUPABHUBAIOTCS K TEOPETHIECKUM MOMEHTAM;
napaMeTpsl pacpeesneHus ONPeAeSOTCS Yepe3 MOMEHTHI, ¥ COCTaBIIAIOTCS ypaBHEHUS,
BBIPA)KAIOIINE 3aBUCUMOCTh IIAPaMETPOB OT MOMEHTOB, B pe3yJbTaTe MOJIy4YaeTcsl CHCTeMa
ypaBHEHMH. PemeHune 3Toi cucTeMbl 1aeT OLIEHKH NapaMeTpOB paclpeieeHNs TeHepaabHON
COBOKYITHOCTH.
IIpumep. IIpeanonoxum, 4to ciyyaiiHas BenuunHa X, BBIOOpKa 3HaY€HUH KOTOPOH MpeCTaBIeHa B
Tabi. 2.3, nMeeT raMmMma-pactpenencHue. Heo0xo1nMo HaiTH OLIEHKH TapaMeTPOB 3TOTO
pacrnpenieneHus (MOKHO OTMETUTh, YTO HOPMaJIbHOE pacIipe/IelIeHUe SIBJISETCS YACTHBIM CIIydaeM
ramMma-pacnpeziesIeHus).
Pewenue. ®yHKIUS INIOTHOCTH TaMMa-paclpeieeHusl IMEET B

;II_ bl
Jx, k)=
L(v)
Pacnpenenenue xapakrepusyercs AByMs apaMeTpaMu V U A , TO3TOMY CJIE€IYET BbIPa3UTh OAUH
napaMeTp yepe3 OLEHKY MaTeMaTUYeCKOro OXKHUAaHU, a IPYrol — yepe3 OLEHKY AUCIIEPCHH.
MaTeMaTHIeCKOe OKIAAHHE i TUCTICPCHS STOr0 pacIpe/IeeHIs PaBHBI V /A 1 V /A > COOTBETCTBEHHO.
Nx onenku onpexaenensl B mpumepe 2.3: w = 27,51, u,=0,91;. Torna noay4dum cucremy ypaBHEHUI
JUTSL OLICHUBAEMBIX ITapaMETPOB

x"Texp(-Ax), x20, A>0, v20.

v_l ix 3
;IL, H=-=1 ) j'l'].!'
Ay

1 n
oz =HT;(IE- —p)i=p,.

Pa3enuB OleHKY MAaTEMAaTHIECKOTO OKHMIaHHsI Ha OICHKY JAUCIIEPCHH, TOTYyYuM A =L 1/ 2 =30,12,
ciemoBarensHO, V=A 1 | = 828,61.

MeTo1 MOMEHTOB MO3BOJISIET MOJYYUTh COCTOSITEIbHBIC, JOCTATOUHBIC OLICHKU, OHH MPH
JIOBOJIBHO OOIIMX YCIIOBHUSX pacipeesieHbl aCHMIITOTHYECKH HOpMabHO. CMEIEHHE yIaeTCst
YCTPaHUTH BBEJICHUEM MOMPaBOK. D(PPEKTUBHOCTH OLIEHOK HEBBICOKAS, T.€. JaKe MPHU OOJBIINX
00beMax BBIOOPOK JMCIIEPCHS OIECHOK OTHOCHTEIBHO BEJIHKA (32 HCKIFOUEHHEM HOPMAIbHOTO
pacripeiesieHus, Ui KOTOPOro METOl MOMEHTOB jaeT 3 (heKkTuBHbIC OlIeHKH). B peanu3aiuu MeTo
MOMEHTOB TIPOIIE METO1a MAKCUMAaJIBHOIO MpaBaonoo0us. HamoMHUM, 9TO METOI 11e7IeCO00pa3HO
NPUMEHSTH [T OLIEHKU He 00JIee YeM YeThIpeX MapaMeTpoB, TaK KaK TOYHOCTh BEIOOPOUHBIX
MOMEHTOB PE3KO MMaJaeT C YBEIUUEHUEM X MOPSIKA.

2. Touye4HOCTH OLIEHKH, HA/IEKHOCTh, 10BEPUTEIbHbII HHTEPBAJL.

Toueunas oyenka MpEANONaraeT HaXOXKICHUE EIUHCTBEHHOW YMCIOBOM BETWYUHBI, KOTOpas H
MPUHUMAETCS 32 3HAYCHHE MapaMeTpa. TaKyr OICHKY IIeJecO00pa3HO OMpeeisaTh B TeX Clydasx,
Koraga O6’bCM 3[[ OOCTATOYHO BECIIUK. HpI/I‘ICM HEC cymechyeT CAUHOI'0O INOHATHUA O OJOCTATOYHOM
obbeme DJI, ero 3HaueHUE 3aBUCHUT OT BHA OIEHUBAEMOTO MapameTpa (K 3TOMY BOIMPOCY MPEICTOUT
BEPHYTBHCS IPU M3YyYEHUU METOJOB MHTEPBAIBHON OLIEHKH IapaMeTpoB, a IPEABApPUTEIbHO OyneM
CUYMTATh JIOCTATOYHOH BBIOOPKY, cojaepxkaliyro He MeHee yeMm 10 3Hauenwuit). [Ipu mamom ooweme D]



TOYEYHBIE OLIEHKH MOTYT 3HAUUTEIbHO OTJIMYATHCS OT UCTUHHBIX 3HAaYEHWH ITapaMeTpoB, YTO J€IacT
UX HEMPUTOJAHBIMHU JJIs1 KCIIOJIb30BaHMUSL.
3aoaua moyeunoii oyenku napamempos B TUTIOBOM BapUaHTE MOCTAHOBKU COCTOMT B CJIEIYIOLIEM.
Nmeercsa: BbIOOpka HaOmoaeHudt  (x, X2, ...,X,) 3a ciaydailHoW BenmmuuHOW X. OO0Bem
BBIOOPKH 7 (PUKCHPOBAH.
M3BecTeH BHMJ 3aKOHAa paclpelesieHus BEJWYMHBI X, Hampumep, B (opMe IUIOTHOCTH
pacupenenenus f(T,x), tme T— Hew3BecTHBIW (B 00meM ciydyae BEKTOPHBIH) TapaMeTp
pacnpenenenus. [lapamerp ABnsieTcsa HecaydailHON BETUYUHOM.
Tpebyercs HaiiTu oueHkKy 0 mapamerpa 7' 3aKOHa pacrpeieeHusl.
OrpanudeHus: BBIOOpKa IPeICTaBUTENIbHAS.
Cywnocmo 3a0a4u uHmMep8aIbHO20 OYEeHUBANU NAPaAMEMPOs
WHTepBanbHbIiI METOX OLIEHWBAHMUS NApaMETPOB pACIpEeAENeHUsl CIydyalHbIX BEJIMYUH
3aKJII0YAeTCsl B ONpPEAEICHUU HHTepBaja (a HE €JUHMYHOIO 3HA4YEHHUs), B KOTOPOM C 3a/JaHHOU
CTENEHbIO JOCTOBEPHOCTH OYyJEeT 3aKIIOYEHO 3HAYEHHE OLIEHHWBAEMOro mnapamerpa. Mumepeanvhas
oyeHKa XapakTepu3yeTcs  JByMs  4YHUCIaMH — KOHLIAMU  MHTEpBajla, BHYTPH  KOTOPOIO
IPEI0JIOKUTEIBHO HAXOAUTCS MCTHMHHOE 3HaueHue napamerpa. MlHaue roBopsi, BMECTO OTHEIbHOMI
TOYKM JJIsl OLICHMBAaEeMOI'O IapaMeTpa MOXKHO YCTaHOBUTb WHTEpBal 3HA4EHUH, OJHA M3 TOUYEK
KOTOpOro SIBJIsSIETCS CBOEro poaa 'mywmied" oueHkol. HTepBajbHBIE OLIEHKM SBISIOTCS Oolee
HOJHBIMU U HAJEXKHBIMH 110 CPAaBHEHUIO C TOYEUHBIMHU, OHM MPUMEHSIOTCS KakK AJs OOJIBLIMX, TaK U
JUIsi ManblX BbIOOPOK. COBOKYMHOCTh METOAOB ONPEACICHUS NPOMEXKYTKAa, B KOTOPOM JIEKHUT
3Ha4yeHue napamerpa I, MOJdy4yuja Ha3BaHME METOJOB MHTEPBAaJIbHOrO oueHuBaHus. K ux uwmcmy
npuHaIexkuT metoa Heitmana.
Nmeercs: BriOOpka HabmomeHwit (xi, X2, ..., X,) 3a ciaydaiHoW BenumumHOU X. OObeM BBIOOPKH 71
buKcupoBaH.
HeobxonumMo ¢ [1OBEpUTENbHONH BEPOSITHOCTBIO Y = 1— o OMpeAenuTbh WUHTEpBal fy — t (f) < 1),
KOTOPBIM HaKpbIBA€T UCTUHHOE 3HAUEHNE HEM3BECTHOI'O CKAJISIPHOTO napameTpa 7(31ech, Kak U paHee,
BeNIMYMHA T SABIISIETCSl MOCTOSHHOM, MO3TOMY HEKOPPEKTHO TI'OBOPUTh, YTO 3HaueHHe I MOomagaer B
3a/IaHHBIA UHTEPBaN).
OrpanuueHus: BbIOOpKA IpeACTaBUTENbHAs, €€ 00bEM 10CTaTOUYEH Ul OLIEHKH I'PaHULl HHTEpBaJa.
Orta 3a7aua penlaercs MyTeM MOCTPOEHMS JOBEPUTENBHOIO YTBEP)KJIEHUS, KOTOPOE COCTOUT B

TOM, YTO MHTEpBal OT f) [0 {; HAKPbIBAET HCTUHHOE 3HAueHUe mnapamerpa I'c 1OBEpUTEIbHON
BEPOSATHOCTbIO HE MEHEE Y. BelIuuuHbI f) ¥ #] Ha3bIBAIOTCA HIDKHEH M BEPXHEW JIOBEPUTEIbHBIMU
rpanunamu (HAI' u BJI' cooTBercTBEeHHO). JlOBEpUTENBHBIE T'PaHUIBl MHTEpBaJa BBIOMPAIOT TaK,
YTOOBI BBINOJHsIOCH YycioBue P(fp<0<t) =y. B uHXeHepHBIX 3ajayax JOBEPUTEIbHYIO
BEPOSATHOCTH Y Ha3Ha4atoT B npezaenax ot 0,95 no 0,99. B noBepureabHOM yTBEPKACHUM CUUTAETCH,
YTO CTATUCTHKHU fy U #1 SIBJISIOTCS CIIy4allHBIMM BEJIMYMHAMU U U3MEHSIIOTCSI OT BBIOOPKU K BBIOOPKE.
OTO O03Ha4yaeT, YTO JIOBEPUTEIbHBbIC TIPAHMIBI OINPECNAIOTCS HEOJHO3HAYHO, CYIIECTBYET
0ECKOHEYHOE KOJIMYECTBO BAPUAHTOB UX YCTAHOBJICHUS.

JloBepUTeIbHBIM Ha3bIBACTCS HHTEPBAJI, KOTOPBI C 3aJaHHOM HAJEKHOCTBIO & MOKPHIBACT
OLICHUBAEMBIH ITapaMeTp.

JUis OLIEHKM MaTeMaTH4eCKOTO OXHJAHUS @ ClydyailHOH BeJM4MHbI X, paclpeleleHHOW o
HOpPMAaJIbHOMY 3aKOHY, @PHM HU3BECTHOM CpPEIHEM KBaJApPAaTUYECKOM OTKJIOHEHHM @ CIIY)KUT
JIOBEPUTEIbHBII HHTEPBaI

* o * o
r —t—=<a<zx +t—7
n vn
tTﬁT =
rie n - TOYHOCTB OIEHKH, T - 00BEM BEIOOPKH, X' - BLIOOPOUHOE CpeHee, E - apryMeHT

o(t) = 5.
¢ynkuuu Jlamaca, mpu KOTOpoM
IIpumep. Haiitu n1oBepuTENbHBIN HHTEPBAN U1l OLIEHKHU C HaJIeXKHOCThIO 0,9 HEM3BECTHOTO
MaTeMaTHYECKOro O’KUIAHUS @ HOPMAJIbHO PACIPENeIEHHOIO IIpU3HaKka X reHepanbHOi
COBOKYITHOCTH, €CJIU CPeJIHEE KBAJIPaTHIECKOe OTKIOHEeHHE @ = B, BeiGopouHast cpennsst x* = 20 u
06beM BrIOOpKH m = 100.
Pemenue. TpeOyercs HaliTH JOBEPUTENBHBIN HHTEPBAI



n o + o
r —t—<ao<1r +t—.

Vn vn

Bce Benmnuunsbl, kpome t, n3BecTHBI. Haiinem t U3 cooTHOIEHUS
t=1,656
[To Tabnuiie mpuIIOKEHUS 2 HAXOIUM Y TIOJTy9aeM JIOBEPUTEIbHBII
19,175 < a =< 20,825
WHTEpBAI

$(t) =0,9/2 = 0,45

M[X]=a

Ecimm CpeaHECC KBAAPAaTUYCCKOC OTKIIOHCHUC '@ HCU3BCCTHO, TO AJI OLICHKHU CIIYKUT
)IOBepI/ITeJ'IBHHﬁ HHTCPBAJ

5 . 5
— <a<zr +t,—,
Vn

/n
ta

I7Ie HaxOJIUTCS B MPUJIIOKEHUH 4 MO 3a/laHHBIM 1 U &, @ BMECTO § 4acTO ObIBA€T BO3MOKHO
MOJICTaBUTH JIFOOYIO U3 OLICHOK

™t —t,

1 & 1 —
g = —E (z; —z*)2 - m;, s*= —E (z; — z*)2 - my
n—1¢4 n 4
1=1 1=1
- UCIIPABIICHHOE CPEIHEKBAAPATUUYECKOE, CTATHCTUYECKOE CPEIHEKBAIPATHUECKOE OTKIIOHCHUS
COOTBETCTBEHHO. [Ipu yBenuueHun m 00€ OLIEHKH § U §° OyAyT pa3iuuaThCs CKOJIb YrOAHO MAJIo U

OyIyT CXOAUTHCS MO BEPOATHOCTSM K OJTHOM M TOM ke BEIUUYUHE T .

3. CtarucTH4YecKasi THIIOTE3a U 001Ias cXeMa ee MPOBEPKHU.

C Teopueil CTAaTUCTUYECKOTO OLICHUBAHUS MTapaMETPOB paCIpeiesICHHsI TECHO CBsI3aHa MPOBEPKa
CTaTUCTHYCCKHUX THIIOTE3.

Onpenenenue. " Cmamucmuueckoi eunome3otll Ha3bIBACTCS JIFOO0E MPENOIOKEHUE O BHJIC
HEU3BECTHOTO 3aKOHA paclpeiesieHUs WK O BEJIMUMHE MapaMeTPOB U3BECTHBIX PACTIPECICHHUI.

Hamnpuwmep, CTaTHCTHYECKUMHU SIBIIIIOTCS I (314 % 1113 (S TUIOTE3HI:
1) reHepabHas COBOKYITHOCTb pacnpe/erneHa o 3aKOHY [Tyaccona;
2) IHUCIIEPCUH JIBYX TeHEPaIbHBIX COBOKYITHOCTEH, pacipeIeIEHHbIX 0 HOPMAJIBHOMY 3aKOHY, PaBHBI
MEXTY c0o001i.

. . H
[TpoBepsiemyt0 TUIIOTE3y OOBIYHO HA3BIBAIOT HY7E€GOU Uil OCHo6HOU U 0bo3HavaoT ~ © . Hapsaay c

. . H H
HYJIEBOM TUIOTE30M ~~ O paccMaTpUBAIOT KOHKYPUPYIOWYI0 UTUATbIMEPHAMUEHYI0 TUTIOTE3Y ~ 1,

H H =
SBJIAIOIIYIOCA JIOTUICCKUM OTPpUIIAHUEM 0, HaanMep, CCJIM HYJICBAd I'MIIOTC3a 0 M (X)=10 ,

H, M(X)#10 H, M(X)>10 H,. M(X)<10

TOrZla aJlbTEPHATHUBHAs THUIIOTE3a W W
HyneBass u KoHKypupylomasi THUIOTE3bl MPEACTaBIAIOT CO0OM JBEe BO3MOXHOCTH BBIOOpA,
OCYILIECTBIIIEMOr0 B 3aza4ax IIPOBEPKU CTaTUCTUYECKUX TUIIOTE3.

[IpoBepKy NpaBUIBHOCTH WM HENPABWIBHOCTU BBIIBUHYTOW THMIIOTE3bI MPOBOJAAT CTATUCTHYECKUMU
MeTroaamMu. B pe3ynbTare Takoll MPOBEPKH MOXKET ObITh MPUHSTO NMPABWIBHOE WM HEMPABUIBHOE
pemienue. Ilpy  3TOM  pa3nUyYarOT owuUOKU  HENpaUIbHO20  peuleHuss — 08X  pooos.

Owubka nepsozco pooa COCTOMT B TOM, 4YTO OyJIeT OTBeprHyTa MpaBWibHas Tumnotesa.” OQuubdka
68MOp020 pooa COCTOUT B TOM, 4YTO OyJeT MpHUHSATAa HEmpaBWibHas Tunore3a. llocmencTBus 3tux
o1nO0K BEChMa pa3INyHBI.

Oupeneunenue. Bepostaocts &

JOIYCTUTh OMMUOKY 1-ro posaa, T. €. OTBEPTHYTh IPABHIbHYIO
TUIIOTE3Y Ho , Ha3bIBACTCS YPOGHEM 3HAYUMOCMU UIH «albda — puckom. BepoaTHOCTb JOMYCTUTh

OmMOKY 2-TO0 pojia, T. €. MPUHATh THUIIOTE3Yy Ho , KOorjja OHa HEBEpHa, OOBIYHO 0003HAYAIOT By
Ha3bIBAIOT «bema — PUCKOM».



[Tonb3ysick TEPMUHOJIOTHEH CTAaTUCTHUYECKOIO KOHTPOJIS KauyecTBa MPOAYKIUHU, MOXKHO CKa3aTh, YTO
«ampa — PHUCK» €CTh «PHCK TOTPEOUTENS», PABHBIA BEPOSTHOCTH MPHU3HAHUS HETOJAHOH TIO
pe3ynbTataM BBIOOPOYHOIO KOHTPOJIS MapTUM TOJHOW MPOIYKIHMH, a «0eTa — PUCK» €CTh «PHUCK
NOTPEOUTENS», PABHBIM BEPOSITHOCTUAPUHAMb HETOAHYIO TMPOAYKIHIO, HE YIOBJICTBOPSIONIYIO
cranmapry. Ilo IOpUIMYECKOil TEPMHHOJOTHH BEPOSTHOCTh ‘* e€CTh BEPOSTHOCTh BBIHECCHHUS

n

OOBHHHUTEIIHLHOI'O NpuroBopa HCEBUHOBHOMY, a BCPOATHOCTH H ecTh BCPOATHOCTb BBIHCCCHHA
OIIpaBAATCIIbHOT'O ITPUTI'OBOPAa BUHOBHOMY.

Bo3moxkHOCTBIO fABOMHON omuOku 1-ro m 2-ro poja NpoBepKa THMIOTE3 OTJIWYAETCS OT
PaCCMOTPEHHOI'0 paHee MHTEPBAIBLHOIO OLEHUBAHMS MapaMeTpOB, B KOTOPOM HMMeEJACh JUIIb OJHA
BO3MOXHOCTb OIIMOKU MOITYYUTh JAOBEPUTENIbHBIA MHTEPBAJ, KOTOPbI HAa CAMOM JIe/le HE COAEPKUT
OLICHUBAEMBbII napamerp.

r
i

Jlns mpoBepkHM HyNEeBOW TUIOTE3bl ““® B paccMOTpEHHE BBOAAT CHEHHAIBbHO MMOJ00paHHYIO
CIy4allHyIO0 BEJIMYHMHY, 3aKOH paCIpeAesieHUs] KOTOPOW H3BECTEH. DTy CIy4yalHYI0 BEIUYUHY I\ |

v

KOTOpasi CIYXUT U1 MPOBEPKU HYIEBON TMIOTE3bl Y, Ha3bIBAIOT CIMAMUCUYECKUM KpUmepuem,
WM TpocTo Kpumepuem. CHavaga 1O BBIOOPOYHBIM XapaKTEPUCTUKAM BBIUUCISIOTCS 3HAUYECHMUS

BCJIMYHH, BXOIAIIUX B KpI/ITepI/Iﬁ n , a4 3aTCM BBIYHCILICTCA N CaM KpHTepHﬁ. BreiuucnenHoe mno

L
BbIOOpKAaM 3HAUEHNUE KPUTEPUS HA3ZBIBAIOT HAOII00AeMbIM 3HAYeHuem ~ Haom

OO0nacTh BO3MOXHBIX 3HAYCHHU KPUTEpHs S pa3OMBAIOT HA JBE OOJACTHU: B OJHOW HAXOMSATCS TE

iy
1

3HAYEHHUS] KPUTEPHs, MPH KOTOPBIX TUIOTe3a O MPUHUMAETCS, B APYrod — Te, MPH KOTOPBIX OHA
OTBEPraeTcs.

N Kpumuueckoti 061acmpio Ha3bIBaeTCs 06IACTh 3HAYCHMI KpuTepus X | Impu KOTOpEIX HYy/IeBas
runoresa 110 omeepeaemcsi.
Obnacmblo npuHamus 2unome3ul Ho yaspisator COBOKYITHOCTb 3HAQYE€HUH KpUTEpUs, MPH KOTOPHIX
TUIIOTE3Y Ho NPUHUMAIOM.
IMockonbky kputepuii K ecTh onHoMepHas ciyuaiinas BenMuMHA, TO BCe €8 BO3MOMKHBIC 3HAUCHHS

K
NpUHAJICKAT HEKOTOPOMY HHTepBany. Kpumuueckumu moukamu(TpaHULIAMU HHTEpBAJIOB) =~ <P
Ha3bIBAIOTCS TOYKM YHUCJIOBOM OCH, OTACNAIONIME KPUTHUECKYIO 00JIacTh OT O0JacTH MPUHATHUSA

H
runore3sl ~ 0.  Pasnmuuaroto  OHocmopownHiowo (IPaBOCTOPOHHIOK WKW  JIGBOCTOPOHHIOIO)
U 08YCMOPOHHION KPUTHICCKUE obnactu (puc. 93):
a) ””*;,';*;;;}' — MPaBOCTOPOHHSSI KpUTHYECKasi 00J1acTh;

0 K "

KE<K, — N

0) e >'A JIEBOCTOPOHHSISI KpUTHUYECKAs 00J1acTh;
Ebooo '

B) Kok . — IBYCTOPOHHSISI KpUTHYeCKasi 00J1acThb.

I
K 0 H,, % K

Jlnsg  oTbICKaHUS, HampUMep, MPABOCTOPOHHEM KPUTHUECKOHW 00IacTH HeoOXoIuMo HalTH

K
KPUTHYECKYIO TOYKY  *P umcxonad us3 YCJIOBHS



: (12.37)

rae “* 7 BeposSTHOCTh, Ha3bIBa€Mas  ypPOBHEM  3HAYMMOCTH WM «amb(a —  PUCKOMY.

JI1st KaXKI0T0 KpUTEPHUsi UMEIOTCSI COOTBETCTBYIOLIUE TAOJIHIIBI, 10 KOTOPBIM U HAXOMIST KpHTquCKy}o
K K K
TOUYKY ~ P, yIOBJIETBOPSIONIYIO yciaoButo (12.37). 3aTeM cpaBHHMBAIOT JBa 3HAUCHHS ~ Ha0T g B

- ~. K

T
gadn o i5kp g

Ecnu , TO HYJIEBYIO THIOTEe3y “*9 OTBEpraioT Kak MpaKTHUYECKH HEBO3MOKHYI0. Eciu

T

, TO HyJIEBYIO TUIIOTE3y **© NPMHMMAIOT (TOYHEE, HE OTBEPIakoT).

v _- T7
£2HaGn ~ £MKp

XKC

IIpoBepka runore3nl 0 3aK0He pacnpeejieHusi no kpurepuio [lupcona

OnHoi 3 BaXKHEUIIINMX 33]1a4 MATEMaTUYECKON CTATUCTUKHU SIBISICTCS. YCMAHOBIEHUE Meopemuyecko20
3aKoHa pacnpedeneHus CAy4aHou 6eluyUnbl, XapakTepUu3yIouleil n3y4aeMblil MPU3HAK, 110 ONBITHOMY
(AMIUPUUECKOMY) pacIpee]ICHUI0, MPEACTaBISIONIEMY BapuallMOHHBIN psa. Eciam Ha ocHoBaHumM
TEOPETUYECKHX MPEANOCHUIOK WM ONbITa AHAJIOTUYHBIX MCCIEAOBAHUM, WJIM HAa OCHOBAHHUH
rpaduuecKkoro M300paKEHHsI CTATUCTUYECKOTO pACIpEACNiCHUsT MOXKHO TPEIINOJOXKUTh, YTO
TEOPETUYECKHI 3aKOH paclpeiesieHuss HMeeT ONpeNeNE€HHbIN BUA, Hampumep A, TO NPOBEPSIOT

H -,

HYJIEBYI0 THUIOTE3Yy ~ ©: TeHepajbHas COBOKYIHOCTh pacmpeaeneHa 1o 3akoHy 4. [lpum sTom
HEU3BECTHBIC MMapaMeTphl pacupeneicHus: A 3aMEeHsI0T HAaWTYYIIMMHU OLIEHKaMU 10 BBIOOpKE, KaK 3TO
yKa3aHO BBILIE.

Kaxk 6b1 xopomio Hu ObuT OAOOpPaH TEOPETUUYECKUM 3aKOH paclpeeIeHUs, MEeXAY IMIUPUUECKUM U
TEOPETUUYECKUM paclpeeieHus MU HEeH30eKHbl pacXokIeHusi. ECTeCTBEHHO BO3HUKAeT BOIPOC:
OOBSCHSIOTCA JM O3TH PACXOXKACHHUS TOJBKO CIy4alHBIMM OOCTOATENbCTBAMH, CBSI3aHHBIMU C
OTpaHUYEHHBIM YHCIIOM HAOJIIOJCHUM, WM OHU SIBISIFOTCS CYIIECTBEHHBIMU M CBSI3aHBI C TEM, UYTO
TEOPETUUECKUI 3aKOH pachpeeieHus: nogo0pan HeyaauHo. Jljist oTBeTa Ha 3TOT BOIPOC BHIOMPAIOT
CTaTUCTUYECKUN KPUTEPUIN — Kpumepuii coenacusl.

Kpumepuem coenacus Ha3pIBalOT CTATUCTUUYECKUN KPUTEPHIl MPOBEPKU TUIIOTE3BI O MPEANOIAraeMoM
3aKOHE HEW3BECTHOTo pacmpeneneHus. VMeercss HECKOJIbKO KpuTepueB coriacus. Ha mpakrtuke

2
Haubollee YacTO UCHONB3YIOT KpuTepuii X~ (xm-kBaapar) [IMpcoHa, KOTOPBIH NPUMEHHM K JIOOBIM
pacnpeeneHusMm, B yéM u COCTOUT ero JIOCTOMHCTBO.

B kadecTtBe KpuTepus NPOBEPKH HYJIECBOW TMIIOTE3BI Ho IIPUHUMAETCSl CllydaiiHas BEJIMYUHA:

2_ i (ni —nj)?
- ’
i N

rae 'V T uacToThl  JMCKPETHOTO MM HHTEPBAILHOIO  BAPHALMOHHOIO pAAa  BBHIOOPOYHOI
m
COBOKYITHOCTH 00BEMa =1 . Yncma " TP maspBarorcs meopemuueckumu uacmomami

IPEANOIaracMoro  3akOHa  pachmpelencHus  cinydanHon  BenuuumHbl X .  Eciom  ciydaiiHas

BenMunHA X TUCKPETHAs, TO BEPOATHOCTH P!HaXomAT 1O COOTBETCTBYIOIIMM 3aKOHAM €&
pacnpenenenus: OuHomMuanbHOMY, llyaccona, rumepreomerpuueckoMy U T. m. Ecnu ciywaitHas

BCJ'II/I‘II/IHaXHerepBIBHaH, TO BCPOATHOCTHU bi BBIYUCIIAKOTCA uepe3 3HAa4YCHUA (bYHKHI/II/I

pacIpeeneHus F(x)
pi=P(o; <X <By) .

WJIH TJIOTHOCTH BEPOSITHOCTH F) o dbopmyie

HanpuMep, pH HOPMANEHOM Paclpe/IeleHHH CITydaiiHoil BenmuuHbl X BeposTHOCTh P! Haxomutcs
10 U3BECTHOU (hopMyIie
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rae = /7 hyHKIHMS Jlannaca, & BpIOOpOYHAs cpenHsisi, ~* BBIOOPOYHOE cpenHee
KBaJIpaTHYECKOE OTKIIOHCHHUE.

Bennuwmna %~ B ¢Gopmyse ciydaiiHas, Tak Kak B Pa3lIHUYHBIX ONbBITaX OHA MPUHUMACT Pa3JInYHBIC,

3apaHcC HE HU3BCCTHBIC, 3HAYCHMUA. ﬂCHO, 94TO 4YCM MCHLUIC Ppa3JIN4YaroTCsad SMIIMPUYCCKUC & u

n. Ar 2 o
TCOPETHUICCKHC "7t 4acCTOThI, TCM MCHBIIIC BCIMYHUHA KpUTCpUA ~o CJ‘ICI[OBaTeJ'IBHO, OH B U3BECTHOU
MECpPEe XApaKTCpU3ycCT 6HH30CTB OMIIUPUICCKOTO n TCOPECTUICCKOI'O paCHpeﬂeHeHHﬁ.

HOK&?»&HO, 4To IIpH 00 3aKOH pacClpCaCICHUSA cnyqaﬁHoﬁ BEJIMYMHBI X~ W3BECTEH U MPAaKTUYICCKU

HE 3aBUCUT OT 3aKOHA paclpeiesieHusl CIy4alHON BeIMYMHBI XT€HEpalbHONW COBOKYIMHOCTH. 3aKOH

n—

< < 1’ > . 1
pacrpesiesieHds.  BENMYMHBI < HA3bl6aemcs *~ -  pacupeielieHueM ¢ < 717 1 creneHamu
cBoOoabl, A€ ' uyMCcIO WHTEpBANOB, Ha KOTOpble pPa30MBAIOT JAaHHBIA JUCKPETHBIA WIH

2

HEMpPEPHIBHBIA  BAPUALIMOHHBIM pAl; ! YUCIO TMapaMeTpoOB TEOPETHUYECKOTO paclpeesieHus,
BBIUMCJICHHBIX 110 BBIOOPOYHBIM JaHHBIM. B uyacTHOCTH, eciu MpeanojiaraeMoe pacrhpeesieHne —

AL VY ~7 VTN
LI\ J—= U T a j=

<

HOpPMaJbHOE, TO OLCHMBAIOT MO BBHIOOPKE [Ba Tapamerpa u , mooTOoMy ' =< 1
v - — a1 i) 1 — 339 2

YUCIIO CTeNeHel cBoOojapl K =#1 < 1=it S Jlng pacnpenenenus [lyaccoHa OIEHHBAECTCS OIMH

napamerp nostomy 7 =1 u YIHCITO cTerneHen cBoOOIpI K =Mi—i—i=m—2

]
~

T

1

i

CxemMa TIpUMEHEHHS KpPUTEpHMs X JUIA NPOBEPKU THIOTE3BI ~ ' © CBOAMTCA K CIEAYIONIEMY.

o

1. CHauasa BBIYMCIAIOTCA BeposTHOCTU 7 mo dopmyste (12.39), a 118 HOPMAILHOTO pachpeeeHus

. — N N.
f6; — 11 17y

no ¢opmyne (12.40), 3aTeM TeopeTHyecKHWe 4acTOThl ' £', a 3aTeM HaOJIOJaeMoe 3Ha4YeHHE
KPUTEpUS:
m -2
2 :Z(ni n;)
XHaﬁn L n
=1 i .
2 _
2. 1514 BBIOpAHHOTO YPOBHSI 3HAUUMOCTH X 110 TaGmumne X pacnpeneneHus HaxoaAT KPUTUYECKYHO
Xip = (0, K) . —m—r—
TOYKy ~ *P pu 4YHUCIIe cTeneHen cBoGompr K=m—r—1 pu KOTOPBIX
2 2 —
P> X (o, k)=
Xiacn = Xap (0t K) H
3. Ecmu P , TO rHmore3a ~~ 0 OTBEpraercs Kak IIPAKTHUYECKU HEBO3MOXKHA.
2 2
X <xz. (o, k) .
Ecu “ma6n P , TO HET OCHOBAaHUU OTBEPraTh HYJIEBYIO THUIIOTE3Y Ho , TaK KaK OHa He
[POTUBOPEYUT OIIBITHBIM JaHHBIM.

3ameuanue O6bEM BHIGOPKH JOIKEH OBITH JOCTATOYHO BEIHK, BO BCAKOM cilydae 1= 50 B

Ka)XJIOM YaCTHYHOM HHTEpPBAJe (o, B) JOJDKHO OBITh HE MEHee 5-8 BapuaHT Xi  Ecnu B KaKkoM-

HUOYZb> MHTEpBAJE YHCIIO HAOIIOACHUM n <5

, AIMECT CMBICJI O6'beI[I/IHI/ITL COCCAHUEC UHTCPBAJIbI B
OJIUH, CYMMUDPYA YaCTOTEI. ITocne aToro IMpHU BBIYUCIICHUHU YHCJId CTEIICHEeH CBO6OI[BI k=m-r-1 B

Ka4yCCTBC BCJINMYHHBI m 6CpéTCH COOTBCTCTBCHHO YMCHBIICHHOC YHCJI0 HHTCPBAJIOB.

4. Tunbl CTATUCTHYECKUX KPUTEPHEB NPOBEPKH T'MIIOTE3

Ha pa3Hpix 9Tamax CTaTUCTUYECKOrO0 MCCIEIOBAHMS  BO3HHKAET HEOOXOJUMOCTh B
(bOopMyTUPOBAHUN U IKCIIEPUMEHTATIBHONW MPOBEPKE HEKOTOPBIX MPEANOIOKUTEIbHBIX YTBEPKICHUN
(runote3).CTaTHCTHYECKOM HA3bIBAIOT TUIIOTE3Y O BHJE HEU3BECTHOTO PACIPEICICHUS WU O



Hp

nmapaMeTpax U3BECTHBIX paclpeneneHuil. BriaBuraercs ocHoBHas (HyneBas) THUIIOTe3a u

pOBEpSIETCs, HE MPOTUBOPEUYHUT JIM OHA WMEIOUIMMCS SMIHMPUYECKUM JaHHBIM. KoHKypupyromen
H,

(ampTEepHATUBHON) HAa3bIBAIOT TMIOTE3Y -, KOTOpasi IPOTUBOPEUHUT HYJIEBOM.

B pesynbpTare craTMCTHYECKOH NPOBEPKM TUIOTE3bl MOTYT OBbITh JOMYILIEHBl OMIMOKH JBYX
ponoB. OmmlOKa INepBOro poaa COCTOUT B TOM, 4yTO OylIeT OTBEprHyTa IpaBWJIbHAs THIIOTE3a;
BEPOSITHOCTb ~ COBEPIIUTh  TaKyl0  OIMMOKY  OOO3HAYaIOT & M  HA3bIBAlOT €€ YPOBHEM
3HayuMocTH. OmmbKa BTOPOro poaa COCTOUT B TOM, YTO OYyJET NMPUHATA HENpPaBUIIbHAS TUIIOTE3a,

B 1-43
BEPOATHOCTb KOTOPOI 0003HAYal0T =, @ MOIIHOCTBIO KPUTEPUS ABISAETCS BEPOSTHOCTD

[Iponienypa 060CHOBaHHOTO COMOCTABJICHUS BBICKA3aHHOW THIOTE3bl C UMEIOIIEHCS BBIOOPKOIA
OCYILIECTBIISIETCS. C IOMOLIBI0 TOIO WM HHOTO CTaTUCTHUYECKOIO KPUTEpUS M HA3BIBACTCSA
CTaTHUCTUYECKOM mpoBepkod runore3. [log KpuTHYeckoil 00/1aCThI0 IOHMMAIOT COBOKYIHOCTb

Hp
3HAQYCHUI KPUTEPHUs, IIPU KOTOPBIX HYJIEBYIO THIIOTE3Y oTBepratoT. Kputuueckyro o0nacTs npu
3alaHHOM YpPOBHE 3HAUYMMOCTH CJEAYET CTPOUTH TaK, YTOObI MOIIHOCTb KpHUTEpHUs Oblia
MaKCHUMaJIbHOM.

Craructuyeckue KpUTEpUU IMPOBEPKU THUIIOTE3 Pa3HOOOpPa3HbI, HO y HUX €IMHas JIOTWYecKas
CXeMa ITOCTPOCHHUS, KOTOPYIO MPEACTABUM Ha PUC.

BeriGop kpureps

BriaBmkeHrEe THIOTE- 3ajaHne KPHTHYECKOH
361 Hy CTATHCTHKH
TTpnastie Ho mm :) Haxoxnenue obnactn
aTBTePHATHBHOM OpHHATHS runoTe3s! Hg
runoTessl Hy

Onpejienenre Ha-
GIOIaeEMOT0 3Ha-
YEHHA KPUTHYEC-
CKOIf CTATHCTHKH
1. CpaBHeHMe ABYX IMCIIEPCHl HOPMAJIbHBIX F'eHEPAJbHBIX COBOKYNHOCTEM. [Ipu 3aganHOM
YPOBHE 3HAYMMOCTH & MPOBEPSIETCSA HyJEBask TUIIOTE3A, COCTOALLAS B TOM, YTO I'€HEPAJIbHbIC

JTUCIIEPCUU pacCMaTPUBAEMbIX COBOKYITHOCTEH paBHbBI MEKIy co00ii:

H, = D[X] = DJY].
B xauecTBe KpuTEpHs IPOBEPKH HYJIEBOW TMIMOTE3bl MPUHUMAIOT CIYYalHYIO BETUYMHY OTHOIICHUS
OoJIbIIIeH UCTIPaBICHHOMW TUCIIEPCUN K MEHBIIICH

F=82 /s,
Bennuuna F umeer pacnpenenenue @umepa-CHepekopa, KOTOPOE 3aBHCUT TOJIBKO OT YUCEI
k]zﬂl—l kzzﬂz—l
CTENEeHENW CBOOObI U .
IIpumep VccnenoBanue AIMTENbHOCTH OOOPOTHBIX CPEJCTB ABYX IPYIII HpeanpusaThii (o 13
HPEANpUATHHA B KaX101) 1aJ0 CIEAYIOIINE Pe3yIbTaThl:
y* =26 ﬁr:‘E=3 ﬁry2=5
x* = 23 nus, JTHEN, TS, THEMN.
MOXHO JIn CUUTaTh, YTO OTKJIIOHEHUS B JUTMTEIBHOCTH 000pOTa OOOPOTHBIX CPEJCTB IPYII
IPENIPUATHI OAMHAKOBHI 17151 ypoBHs 3HaunuMocTH 0,17
Hs : D[X] = D[Y]
Pemenue. B 3101 3a1a4e Hal0 TPOBEPUTH HYJIEBYIO THIIOTE3Y O PaBEHCTBE
TE€HEPAIbHBIX AUCIIEPCUA HOPMAJIBHBIX COBOKYITHOCTEH IPU KOHKYPUPYIOIIEH
H,: D[X]# D[Y]
THUIIOTE3€E . Ucnionbs3yeMm kputepuit @umiepa-CHenexopa co CTENEHIMU
ky =k:=13-1
cBO0O1BI Y BBIUMCIIMM Ha0JIl01aeMo€e 3HaueHue KpuTepus (OTHOIIEHUE OobIIeit

JUCTIEPCUU K MEHbIIICH )
n

Foun = Sﬁzf‘sz = EGS/LIG':‘E = G’:;’G’: = 5;"3 = ]



[To Tabnuue npuioxeHus 6 Mo ypoBHIO 3HAYMMOCTH JIJIsl IBYCTOPOHHENW KPUTHYECKON
a/2=0,1/2 =0,05 ki =k:=12
oOnactu Y 4KcIIaM cTeneHeil cBoOO bl HaxOJUM KPUTHYECKYIO
TOYKY

Fyp(0,05:12; 12) = 2,60.
Foun =2 < 2,60 = F,
Tak xak , TO HET OCHOBaHUI OTBEPraTh HYJIEBYIO THIIOTE3Y O PABEHCTBE
OTKJIOHEHHH B IMTEIBHOCTU 000pOTa 0OOPOTHBIX CPEACTB ABYX IPYII IPEIIPUITHH.



2. METOAWYECKHWE YKA3AHUS 11O TPOBEJEHUIO IPAKTUYECKHX 3AHATUI

2.1 lIpaktuyeckoe 3anaTue Nel (2 yaca)
Tema: «Onpenenurenn»

2.1.1 3axanue ajs padboThli:

1. Beruncnenue onpeaenuTencii BTOporo U TpEThEro Nopsiaka Mo ONpeesICHUIO.
2. Munop, anredpandeckoe JOMOJTHEHHUE.

3. Beruucnenue onpenenureneil no reopeme Jlamiaca.

4. Beruucnienue onpeaenuTenci MeTo oM 3pPEeKTUBHOTO MOHKEHHS TOPSAKA.

2.1.2 KpaTkoe onucanue NPpOBOANMOIO 3aHATHSA:
Bomnpocsr:

1. Onpenenenue onpeaeuTeNsl BTOPOro U TPETHEro NOpsIKa.
2. OnpeneneHrue MUHOPA U aNreOpanvdeckoro JIOMOJTHCHHUS.
3. Teopema Jlannaca.

4. CBoiicTBa ONpEIETUTEICH.

5. Cytb MeTosa 3 PEKTUBHOTO TTOHMKEHUS MTOPSIKA.

Pemenue 3amau:
1. BeraucinuTe onpeaenuTenn BTOPOTO U TPETHET0 MOPSAKA MO OMPEAEICHUIO.

7 3 -8 0 4 -7
1) ; 3) ; 5) ;
-2 5 15 4 6 8
I 2 2 9 36 0 I 1 1
2) |2 -2 D6 60 5|3 )2 -3 1
2 -2 1 3 48 5 4 -1 -5
3 -1 2 4
2. Han ompenenuTend | _, 3 1 |. HalTh ciaemyromue MUHOPHI U aldreOpanvecKkue JAOTOTHEHUS
4 1 3 2
5 3 1 -3

MaTpHIIbl, COOTBETCTBYIOLIEH JaHHOMY OonpenenuTento: Moz, My, M3y, A3zr, Assz, Aza.
3. BeruncnuTh onpeaenuTeny no reopeme Jlammaca.

1 4 -2 2 -3 5 1 2 -3
Hi3 -2 1]; )10 27; 3)| 4 9 1

0 5 3 2 3 -4 -6 —-15 20
4. BeluncnuTh onpeaenuTenn MeTo1oM 3(h(PEeKTUBHOTO MOHMKEHUS TOPSIKA.

0 3 -4 1 2 3 4 2 1 -3 1
P2 5 3| )2 3 4, 4 s 0 -1

4 —2 3 341 2 -6 3 1 2

4 1 2 3 2 -2 1 4

4. PemiuTh ypaBHEHUS:

x 3 =5 2 -1 x
il 2 -3=3; 2) |7 —x 4{=-39.

4 1 —x 6 2 1

2.1.3 Pe3yabTarhl U BHIBOABI:

Ha JaHHOM IIPAKTHUYCCKOM 3aHATUHM CTYACHTBHI IIOJYYWJIM 3HAHUA OCHOBHBIX MMOHATHH U
HHCTPYMCHTOB aJIF€6pBI, an06peJm YMCHHA PpCIIATh THUIOBBIC MAaTCMATUYCCKHUE 3a1a4vu,
HCITOJI30BaTh MaTEMaTHUCCKUH SI3BIK 1 MAaTEMaTUYCCKYIO CUMBOJIHUKY.



2.2 lIpakTuyeckoe 3anaTue Ne2 (2 yaca)
Tema: «Matpuibp»

2.2.1 3axanue ajs padboThi:
1. elicTBUs HaJl MaTpULIAMHU.
2. Haxoxaenne oOpaTHOM MaTPHIIHI.

2.2.2 Kparkoe onucanue nNpoBOJAMMOroO 3aHATHSA:

Bomnpocsr:

1. Onpenenenne MaTpULIbI.

2. CnoXeHre U BRIYMTaHUE MATPHII.

3. YMHOXeHUE MaTpUIIbl HAa YUCIIO.

4. ITpousBeaeHre MaTPHII.

5. Teopema o CyIIECTBOBAHUHU U €AMHCTBEHHOCTH OOPAaTHOW MaTpHIIBI.

Pemenue 3amau:

1 3 0 0 2
1. Haittu matpunst C =24—-B' u B tne A=|2 -1 3| B=|-3 4 5]|.
1 -1 3 2 -1 3

-3

1 2 1
2. Berancnute matpunty D=ABC-3E,tne A=|1 0 2 |, B=|2|, C (2 0 5), E — enunnunas
4 5 3 1

MaTpHIla COOTBETCTBYIOIICH pa3MEPHOCTH.

2 0
P 3 4 2 1 3
3. Beruucnuts matpunty D = (AB)' —C”,rtne A= | ,B=|1 3,C= .
0 5

0 5 0 4
A 4 1
4. ITpu kakux 3HaueHusix A marpuna A=|2 5 —1| He uMmeeT 0OpaTHOM?
0 4 1
5. Onpenenuthb, UIMEIOT JIM JaHHBIE MAaTPHUIIBI OOPATHBIE, U €CIIM UMEIOT, TO BHIYUCIUTD UX:
4 -8 -5 12 -3 12 -1 12 4
Di_g 7 _1]5 2)la 5 o ls 0 2 413 0 -1/
-3 5 1 1 -1 1 1 1 -1 2 1 1

5 2 -3 2
6) Haiitu matpuryy C = A~ + 2B, ecniu A = , B= :
7 3 4 -2

7) Haiitu panru Matpui;

2. 5 6 1 3 72 5
Dia -1 552|210 48 3]
2 -6 -1 3 6 10-4 7

2.2.3 Pe3yabTaThl U BHIBO/BI:

Ha panHOM mnpakTHYecKOM 3aHSITUM CTYAEHTHl TMOJYYWIM 3HAHUS OCHOBHBIX TOHATHUM U
WHCTPYMEHTOB aireOpbl, NPHOOpENr yMEHHs pellaTh THIIOBBIE MaTEMAaTHYECKHE 3aadH,
HCITOJIH30BaTh MAaTEMAaTUUECKHUH S3bIK 1 MATEMATHYECKY0 CUMBOJIHKY.



2.3 lIpaktuyeckoe 3anaTue Ne3 (2 yaca)
Tema: «CucteMbl TMHEUHBIX YPABHEHUI»

2.3.1 3axanue ajs padboTbli:

1. Pemienue cuctemMbl B MAaTpPUUHOM BHJIE.

2. Pemienne cucremsl o popmynam Kpamepa.

3. Pemenne cucremsl meton ["aycca. Panr marpunel. MccinenoBanue pewenus cucteM. OIHOPOAHbIE
CHUCTEMBbI JINHEHHBIX YPABHEHU.

2.3.2 KpaTkoe onucaHue NPOBOANMOIO 3aHATHSA:
Bomnpocsr:

1. CyTb M€TOZA pELIEHUS] CUCTEMBI B MATPUYHOM BHJIE.

2. CyTb MeTOJIa pelIeHus CucTeMbl 1o ¢hopmysnam Kpamepa.
3. Cytb MeToza peuieHus cucteMbl meto ["aycca.

4. OnpeneneHue paHnra MaTpUIbI.

Penrenue 3agau:
1. Peuts CJIY MaTpUyHBIM METOJOM:

4x+y-3z=9 4x+y+4z=19
)y x+y—-z=-2 ; 3)2x—y+2z=11;
8x+3y—6z=12 x+y+2z=8
2x+3y+z=12 Tx+4y—-z=13
2) 2x+y+3z=16; 4) 4 3x+2y+3z=3 .
3x+2y+z=8 2x-3y+z=-10
2. Pemmuts CJIY no popmynam Kpamepa:
—3x+5y+6z=-8 2x-y+2z=0
)y 3x+y+z=-4 ; 3) 4x+y+4z=6;
x—4y-2z=-9 x+y+2z=4
3x+4y-2z=11 2x—y—-3z=0
2)y 2x—y-—z=4 ; 4) 3x+4y+2z=1.
3x=2y+4z=11 x+5y+z=-3
3. Pemuts CJIY meronom ["aycca:
3x-2y+4z=21 xX—-y+2z=3
1) {3x+4y—-2z=9; 3) ¢ 3x—-y+3z=13 ;
2x—y—z=10 —S5x+y—4z=-23
2x+3y+z=4 5x-9y—-4z=6
2)2x+y+3z=0; 4)3 x-Ty—-5z=1.
3x+2y+z=1 4x-2y+z=2

2.3.3 Pe3yabTaThl H BHIBO/BI:

Ha panHOM TIpakTHYeCKOM 3aHSATHH CTYASHTHl TOJMYYHJIM 3HAHUS OCHOBHBIX TIOHATUU W
UHCTPYMEHTOB  aJIreOpbl, NPHOOpETM YMEHHs pellaTh THIIOBBIE MaTEeMaTHYSCKHE 3aJavH,
UCIIOJIb30BaTh MATEMATUUECKUH S3BIK U MATEMATHUECKYIO CHMBOJIUKY.



2.4 IlpakTuyeckoe 3anaTue Ned (2 yaca)
Tema: «Bextops»

2.4.1 3ananue ajs padboThi:

1. JleiicTBUs HaJ BEKTOPAMHU B TEOMETPUUYECKON U KOOPIUHATHON opMe.
2. JlnmvHa BeKTOpA.

3. CxansipHO€ MPOU3BEICHUE BEKTOPOB.

4. ITpoekiuusi BEKTOpa Ha OCh, €€ CBOMCTBA.

2.4.2 KpaTkoe onucaHue NPOBOANMOI0 3aHATHSA:
Bomnpocsr:

1. Onpenenenue BeKTOpa.

2. CyMMa, pa3HOCTb BEKTOPOB.

3. YMHOXKEHHE BEKTOpa Ha YUCIIO.

4. JlnvHa BEKTOpA.

5. Onpenenenne CKaasipHOrO IPOU3BENEHUS BEKTOPOB.
6. OnpeneneHne MPOEKIIMU BEKTOpa Ha OCh.

Penrenue 3agauq:
1. [Ipu kakoMm 3HaueHUU @ BEKTOpHl a = (;—3;2) u b = (1;2;—«) B3aUMHO TIEPIECHANKYJISIPHBI?

2. B TpeyronbHoii upamuse SABC U3BECTHBI BEKTOPHI S4 = ;,ﬁ = Z;S_C: = ¢. Haiitn BEKTOP S—O,
ecnu Touka O SBIsSETCS NEHTPOM Macc TpeyroibHuka ABC.

3. Jlexar nu touku A(1;2;-1), B(4;1;5),C(—1;2;1), D(2;1;3) B 0HOM MIIOCKOCTH?

4. lansl koopauHathel Touek A(4;6;3), B(—5;2;6),C(4;—4;-3) . Haiitu:

a) MOJTyJIb BEKTOpa a=4CB— A_C:;

0) ckansipHOE TPOU3BEICHUE BEKTOPOB aub=AB ;

B) IPOEKIIUIO BEKTOPA CB ma BEKTOP AC ;

T') KOOPAWHATHI TOYKU M, nensiiei oTpe3ok AB B oTHoleHuu S:4.
5. Jlana npsmoyronsHas Tpaneuuss ABCD, mymHbel ocHoBaHUN AD u BC KOTOpPOH COOTBETCTBEHHO

—_— s

paBHel 4 u 2, a yron D paBeH 45°. Haiirn npoekuuu BekTopoB AD,AB,BC,AC Ha ocCb,
OIIpeNIeNIIEMYI0 BEKTOPOM cD.

a

6. Beruncnuts (a—b)*, ecnu

= 242; [p[- 4 (ZAEJ =135,
7. Hanbr nBe BepmuHbl A(2;—-3;-5), B(—1;3;2) mapamitenorpamma ABCD W TOYKa MepecedeHus: ero
nuaroHaneil E(4;—1;7). HaliTu koopAMHATHI OCTAJIbHBIX BEPILINH NapajuleIorpaMMma.

2.4.3 Pe3yabTarhbl U BHIBOJBI:

Ha pmanHOM mpakTHMYeCKOM 3aHSATHU CTYJASHTHI TONYYWJIM 3HAHUS OCHOBHBIX TIOHATHH U
WHCTPYMEHTOB alreOphbl M TeOMETPUH, MPUOOPENIN YMEHHUS PENIaTh TUIIOBBIE MATEMATHUECKUE 3a[auH,
WCITOJIH30BaTh MAaTEMAaTHUUECKHUH 361K  MATEMATHYECKYI0 CUMBOJIHKY.

2.5 lIpakTuyeckoe 3anaTue Ne5 (2 yaca)
Tema: «BekTopHOE TPOCTPAHCTBO BEKTOPOB»

2.5.1 3ananue ajs padboTbli:

1. PaznoxeHue BeKkTopa mo 0asucy.

2. Ilepexon k HOBOMY Oa3ucy.

3. OtbickaHHe COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX 3HAYEHU MATPHII.



2.5.2 KpaTkoe onucanue NPOBOAMMOIO 3aHATHSA:
Bomnpocsr:

1. Onpenenenue 6azuca Ha IVIOCKOCTH U B IPOCTPAHCTBE.
2. OnpeneneHue JUHEMHO 3aBUCUMBIX BEKTOPOB.

3. Onpenenenne TMHEWHO HE3aBUCUMBIX BEKTOPOB.

4. OnpeneneHue cOOCTBEHHBIX 3HAUCHU MATPHIL.

5. Onpenenenne coOOCTBEHHBIX BEKTOPOB MATPHIL.

Pemenue 3anau:

1. BBIACHUTB, SIBASIOTCS JIW JTMHEHHO 3aBUCUMBIMU BEKTOPHI ;(2;—1;3), Z;(1;4;—1), 2(0;—9;5).

2. JlokazaTb, uYTO BEKTOPbI a=3i —2_1:, b=i+ 5;’ obpaszytor 0Oazuc. Ecimm 3T0 Tak, TO HailTu
KOOPJMHATHI BEKTOPa c= 62’+13;’ B Oa3uce {;l;}

3. W3BecTHBI KOOpIMHATHI BEKTOpOB Oa3uca a(—4;5) u I;(—Z;l). Paznoxenune Bektopa ¢(18;—-3) mo
3TOMY 0a3UCy UMEET BUJ C = X-d + y -b . Haiitu CyMMy X+ ).

4. VI3BeCcTHBI KOOpJAWHATHI BEeKTOpOB Oasuca d(8;—3) u 5(—1;4). Paznoxxenue Bextopa ¢(—7;—1) mo
3TOMY 0a3uCy UMEET BUJl C =X -d + ) -b . Haitu CYMMY X+ ).

5. Jloka3aTh, 9TO BEKTOPHI a=i- ; + 3%, b=3i— ; + %, ¢ = ;+% oOpasyroT 6a3uc. Ecnm 310 Tak,
TO HaWTH KOOPAMHATHI BEKTOPA d=—-2i+ 5;’ —k B Gasuce {:1 b, E}

6. /loxazaTh, 4TO BEKTOPHI ;(1;2;0), 5(3;—1;1), 2(0;1;1) obpasytor 6azuc. Ecim 310 Tak, TOo HaWTH

koopauHaTel BekTopa d(1;1;1) B 6azuce {;, b, c}.
7. Halitu coOCTBeHHBIE 3HAYCHUS U COOCTBEHHBIE BEKTOPBI MATPHIL:

300 1 2 -2
1) 4=]0 3 0}]; 2) A4=|1 0 3
1 1 3 1 3 0
8. CTpyKTypHas MaTpHLa TOProBIU TpexX cTpaH S, S,, S; UMEeT BUJ
09 0 0l
A=[01 09 0,1
01 02 0,5

Haiitu HanmoHanbHBIE TOXOBI I COAIAHCUPOBAHHOMN TOPTOBIIH.
9. CtpykTypHasi MaTpuiia TOPTrOBJIM YETHIPEX CTPAH UMEET BU/I:
0,2 03 02 0,2
04 03 01 02
03 03 05 0,2
01 01 02 04
Haiitu 610/0KeThI 3TUX CTpaH, yJOBIETBOPSIONINE COATaHCUPOBAaHHON Oe31e(UIIMTHON TOProBie Ipu
YCIIOBHH, YTO CyMMa OOJDKETOB 3a/laHa: X, + X, + x; +x, = 6270 (yci. geH. en.).

A=

2.5.3 Pe3yabTarhl U BHIBOABI:

Ha pmanHOM mpakTHMYeCKOM 3aHSATHU CTYJACHTHI TONYYWJIM 3HAHUS OCHOBHBIX TOHATHH U
WHCTPYMEHTOB alreOphl U T€OMETPHH, OCHOBHBIX MAaTEMaTHYECKHX MOJENIel MPUHSATHUS PEIICHUI;
npuoOpeny yMeHHs peraTh TUIIOBBIE MAaTEMAaTHYECKUE 3a/1a4d, UCTIOIB30BaTh MAaTEMAaTHUECKHUI S3BIK
U MaTeMaTHYeCKyI0 CHMBOJIMKY, pElIaTh TUIOBbIE MaTEMaTUYECKHE 3aJlay, HCIOJIb3yeMbIE MpHU
MPUHSATHHN YIIPABICHUYECKUX PEIICHUI.



2.6 IlpakTuyeckoe 3anaTue Ne6 (2 yaca)
Tema: «YpaBHEeHHE NPSAMON JTUHUHU Ha TUIOCKOCTU. CTIOCOOBI 3a1aHMS TIPSIMOIDY

2.6.1 3ananue ais1 padboThi:

1. YpaBHeHHE IPAMOIA € YTTIOBBIM KO3 (HULTUEHTOM.

2. YpaBHEHHE NMPSAMOU, TPOXOJISIICH yepe3 JaHHYIO TOUKY C YTIIOBBIM KO3(PUIIMEHTOM.
3. YpaBHeHuUE NPsSMOH, TPOXOASILEN Yepe3 ABE JaHHbIE TOUKH.

4. YpaBHEeHHUE NIPSMON B OTpE3Kax.

5. Yroa Mexay AByMs IIPSMBIMHU.

6. YcioBue napajyiieIbHOCTU U MEPIEHIUKYISIPHOCTH MPSMBIX.

2.6.2 KpaTkoe onucanue NpOBOANMOIO 3aHATHSA:

Bomnpocsr:

1. Onpenenenue npsiMON JIMHUU.

2. YpaBHEHHE NMPSAMOU C YTIOBBIM KOIPPUIIUESHTOM.

3. YpaBHeHuUe NpsSMOiA, IPOXOIAIICH Yepe3 NaHHYIO TOUYKY € YITIOBBIM KO3 (DUIIUEHTOM.
4. YpaBHEeHUE NIPAMOM, MPOXOAAIIEH Yepe3 1B TaHHbIE TOUKHU.

5. YpaBHeHHUE NIPSMOH B OTPE3Kax.

6. Yroa Mexay IByms IPSIMbIMH.

7. YcnoBue napayuieaIbHOCTH U NEPIEHAUKYISIPHOCTH IPSIMBbIX.

Pewenue 3anau:

1. CoctaBuTh ypaBHEHHE MPSMOM, MpOXoJsiiel dyepe3 Touky 4(2;3): a) mapamiensHo ocu Ox; 0)
nmapanensHo ock Oy; B) COCTAaBISIONIEH ¢ ocbio Ox yrox 45°.

2. CocTaBUTh YpaBHEHUS MPIMBIX, poxoasumx depe3 Touku: a) A(3;1) u B(5;4); 6) A(3;1) u C(3;5);
B) A(3;1) u D(—4;1).

3. Cropousl AB, BC u AC TtpeyronbHuka ABC 3agaHbl COOTBETCTBEHHO YpPaBHEHUSIMU
4x+3y-5=0,x-3y+10=0, x—2 =0. Onpeneauts KOOPJAUHATHI €TO BEPILIHH.

4. HaiiTn ypaBHeHHE MHOYKECTBA TOYEK, paBHOYIAICHHBIX OT Touek A(—4;2) u B(-2;-6).

5. CocTaBUTh ypaBHEHMsI IPSMBIX, IPOXOAIINX YEPE3 TOUKY NepecedeHus npsamelx 2x —3y+1=0 u
3x — y—2 =0 mapamienbHO U MePHIEHANKYISIPHO IPsIMO y = x + 1.

6. HaiiTu ypaBHeHUe mpsiMOU, MpOXosIIei yepe3 Touky A(4;3) u oTcekaromeld OT KOOPAMHATHOTO
yria TpeyrojbHUK IJIOAAbI0 3 KB. 1.

7. Hau TtpeyroapHuk ¢ BepmuHamu —A(—2;0),B8(2;4)u C(4;0). Haiitu ypaBHEHUS CTOpPOH
TpeyrojabHUKa, Menuanbl AE, BBICOTB AD u nnuHy Mmeauansl AE.

8. B TtpeyronbHuke ABC paHbl ypaBHEHMs: CTOpoHBl AB: 3x+2y—-12=0, BbicoTBl BM:
x+2y—-4=0, BoicoTel AM: 4x+y—6 =0, rae M — Touka nepeceuyeHus BbICOT. HaliTn ypaBHEHHE

cropon AC, BC u BeicoTbl CM.
9. JIBe CTOpOHBI MapajjieaorpaMma 3aaHbl ypaBHEHUSIMU Yy =x—2 U x —5y + 6 = 0. [luaronanu ero

nepeceKkaroTcs B Hauasie KoopAuHaT. HaliTu ypaBHEHHs BYX APYTHX CTOPOH IMapajiesiorpaMMa U ero
JIMaroHaJeH.

10. Janbl YpaBHEHHUS CTOpOH TpPEYrojbHUKa AB:3x—-4y +24=0,
BC:4x+3y+32=0, AC:2x—-y—-4=0. CocraBuTb ypaBHEHHE BBICOTHl, MEIHUAaHbl U
OMCCEKTPUCHL, IPOBEICHHBIX U3 BEPIIUHBI B, U HAUTH UX JJTUHBI.

2.6.3 Pe3ynbTarhl M BHIBOABI:

Ha pmanHOM mpakTHMYeCKOM 3aHSATHU CTYJASHTHI TONYYWJIM 3HAHUS OCHOBHBIX TIOHATHH U
WHCTPYMEHTOB alreOphbl ¥ Te€OMETPUH; IPUOOPEN YMEHHSI pEIIaTh TUIIOBBIC MATEMATHUECKUE 3a[auH,
WCITOJIH30BAaTh MAaTEMAaTHUUECKHUH 361K 1 MATEMATHYECKYI0 CUMBOJIHKY.



2.7 llpakTuyeckoe 3anaTue Ne7 (2 yaca)
Tema: «YpaBHEeHHE NPSAMON JTUHUHU Ha TUIOCKOCTU. CTIOCOOBI 3a1aHMS TIPSIMOIDY

2.7.1 3ananue ajs padboThi:

1. OOmiee ypaBHEHHE IPSMOIA, €r0 YaCTHBIE CIIyYau.

2. PaccrosiHME OT TOYKH A0 MPSIMOIA.

3. YpaBHeHuUE NpsIMOH, IPOXOASAIIEH Yepe3 JaHHYIO TOUKY C HOPMaJIbHBIM BEKTOPOM.

4. YpaBHEHUE NIPAMOM, MPOXOASAIIEH Yepe3 JaHHYI0 TOUKY C HAIIPaBJISAIOUIUM BEKTOPOM.

2.7.2 KpaTkoe onucanue NPOBOAMMOI0 3aHATHSA:

Bomnpocsr:

1. OOuiee ypaBHEHHE TIPSIMOM.

2. YacTHbIe ci1ydan 00IIero ypaBHEHUS MPSIMOH.

3. ®opmyna pacCTOSIHUSI OT TOUYKHU A0 IPSIMOM.

4. YpaBHEeHHUE NIPSAMOM, MPOXOISIIEH Yepe3 JaHHYIO TOUKY C HOPMAJIbHBIM BEKTOPOM.

5. YpaBHeHHUE NIPSMOH, IPOXOAALLIEH Yepe3 JAaHHYIO TOUKY C HAIIPABJISIOLIUM BEKTOPOM.

Pewenue 3anau:

1. CocraBuTh ypaBHEHHE BBICOTHI, MPOBEACHHOW uyepe3 BepminHy A TpeyroiabHuka ABC, 3Has
ypaBHeHUs ero cTopoH: AB:2x+y+3=0, AC:x-5y+7=0, BC:3x+2y—-13=0.

2. lan tpeyronapHuk ¢ BepmmHamMu A(3;1), B(—3;-1),C(5;—12) . HaiiTu ypaBHEHHE U BBIUNUCIUTD JIUHY
€ro MeJlMaHbl, IPOBEIEHHON U3 BepuInHbI C.

3. Haiitu ypaBHeHus NepHEeHAMKYISIpOB K IpsMoi 3x+5y—15=0, mpoBeneHHBIX Yepe3 TOUYKU

[IEpECEUCHMS JAHHOU MPSMOM C OCAMU KOOPIAUHAT.

4. Yepes Touky nepecedyeHus NpsaMbix 2x—5y—-1=0u x+4y—7 =0 npoBecTu mnpsAMymo, ACIALIYIO
oTpe3ok Mexkay Toukamu A(4;—3) u B(—1;2) B otHomeHnn A =% .

5. Ilo uene p, =2 neH. ell. NOTPeOUTENN TOTOBBI KYIIUTh ¢, =4 €1. TOBapa, a 1o LeHe p, =4 IeH.
ell. TONBbKO ¢, =2 en. ToBapa. HaliTu: a) 3aBUCUMOCTB CIIpoca ¢ OT LICHBI TOBapa p U MaKCUMAallbHOE
3HAYEHHE CIpoca; 0) IeHy, MpU KOTOPOH CIpOC Ha TOBAp MPOMAILT; B) 00beM pblHKa O = p-g H €ro
MaKCHMalbHOE 3HaYEHHE.

6. Ilo nene p, =2 neH. en. NpeaIOKEHUE COCTABIAET s, =1 ex. ToBapa, a pu LeHe p, =5 NeH. ex.,
IpeUI0’KEHNE BbIpacTaeT 10 §, =4 en. ToBapa. HailiTu: a) 3aBUCHMOCTb IPEUIOKEHUS § OT LIEHBI
TOBapa p W IeHY, IPU KOTOPOM MPOU3BOJICTBO MPEKPATUTCS; 0) ¢ y4eToM yciaoBus 3aaa4u 121, HaiiTh
PAaBHOBECHYIO LIEHY p, U 00BEM PbIHKA AJISl TOM LIEHBI.

7. Crnpoc W TpemsioKEHUE Ha HEKOTOPBIM TOBap Ha PHIHKE OIMMCHIBAIOTCS 3aBUCUMOCTSMH BHUA
D(P)=15-3P, S(P)=0,5P+1. Onpenenuts paBHOBECHYIO IieHy. HaliTu rpadudeckum criocodoom,

SIBJISIETCS JIM MOJIENb IIAyTUHHOT'O PBIHKA «CKPYYUBAIOLICHC».
8. Cnpoc W TpemIoKeHHe Ha HEKOTOPBIH TOBap Ha PHIHKE OIMMCHIBAIOTCS 3aBUCHMOCTSIMH BHIA
D(P)=5-0,5P, S(P)=L15P+1. Onpenenutb paBHOBECHYIO IIeHYy. HaifTu rpadgudyeckum criocooom,

ABJIACTCA JIWX MOAECJIb TAYTHHHOI'O PhIHKA «Cpr“II/IBaIOH_[eI\/'ICH».

2.7.3 Pe3yabTaThl U BHIBO/BI:

Ha pmanHOM TIpakTHYeCKOM 3aHSATHM CTYASHTHl TOJMYYHJIM 3HAHUS OCHOBHBIX TIOHATUU W
WHCTPYMEHTOB ajreOpbl M T€OMETPHH, OCHOBHBIX MATEMAaTHYECKUX MOENCH NpPUHSATHS DPEUICHUH;
MPUOOPETN YMEHHUS peliaTh TUIOBBIE MATEMATHUECKHUE 3a/1a4H, UCTIOIb30BaTh MATEMATUIECKHI S3BIK
U MaTeMaTHUYECKyH) CHMBOJIMKY, PElIaTh THUIIOBBIE MaTeMaTHUYECKHE 3aJayH, HCIOJIb3yeMbIe TpHU
MPUHITHA YIIPABICHUYECKUX PEIICHUH.



2.8 IIpakTuyeckoe 3anaTue Ne§ (2 yaca)
Tema: «JIuHUM BTOPOTO MOPSIAKA»

2.8.1 3ananue nis padboThi:
1. [TocTpoenue nuHuit BTOporo nopsiaka. HaxoxaeHne ux OCHOBHBIX 3JIEMEHTOB.
2. CocraBiieHUE ypaBHEHUH JTMHUNA BTOPOTO MOPAJIKA IO UX OCHOBHBIM 3JIEMEHTAM.

2.8.2 Kparkoe onucanue npoBOJAMMOroO 3aHATHSA:
Bomnpocsr:

1. Onpenenenuie IUHUKA BTOPOTO MOPSIKA.

2. OnpeneneHne 1 KAHOHUYECKOE YPAaBHEHUE OKPYKHOCTH.
3. Omnpezenenrie ¥ KAHOHMYECKOE YpaBHEHUE SJUIHIICA.

4. OnpeneneHne U KAHOHUYECKOE YPaBHEHUE TUIIEPOOJTHI.
5. Omnpenenenne 1 KAHOHUYECKOE YpaBHEHHUE MapaloJIbL.

Pemenue 3anau:
1. OnpenenuTs TUI JUHUNA, UX OCHOBHBIC 3JIEMEHTHI U CII€NIaTh PUCYHOK.

1) x*+y* +8x-3y+34=0;

2) 4x* +9y° —36=0;

3) 25x% —4y* —100=0;

4) —9x> +16y° =144.

2. CocTaBUTh ypaBHEHHE MPSIMOH, MPOXOASAIIEH Yepe3 UEHTPbl OKPYKHOCTEH x>+ y2 =5 u

x> +y° +2x+4y—31=0. Haiitu oTHOIIEHHE PaTHNyCOB OKPYKHOCTEIA.
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3. Dmunc, CMMMETPUYHBIM OTHOCUTENIBHO Havyajla KOOPAUHAT, IPOXOJUT uepe3 Touku M, (4;——) u
M, (0;4). Haiitu nomayocu, KOOpJUHATHI (POKYCOB U SIKCLIEHTPUCUTET SJUIUIICA.
4. CocraBuTh ypaBHeHHs mapaboi, npoxoaaumx vepe3 Touku: a) (0,0) u (-1,-3), cumMMeTpuyHO

otHOcuTenbHO ocu OX; 0) (0,0) u (2,-4), cHMMETPUIHO OTHOCUTENBHO ocu OV.
5. Haiitn ypaBHEeHHe mapaboiibl U €€ TUPEKTPUCHI, €CITH W3BECTHO, YTO Mmapaboiia MMeeT BEpIIMHY B
Havaye KOOPAWHAT U CHMMETPHYHA OTHOCHTEIBHO OCH OX M YTO TOYKA IMEPECCUCHUS PSIMBIX ) = X U

X+ y—2 =0 nexwur Ha mapaboue.
6. HaiiTu ypaBHEHHE T€OMETPUYECKOIO MECTa TOYEK, IS KaXKIAOW M3 KOTOPBIX OTHOIIEHHE

. 5
pPacCTOSIHUA 10 TOYKHU A(\/g ;0) K pacCTOSHHIO 10 NPSAMOK J5:x=9=0 nocrosmHo 1 paBHO 3

Cnenatp ueprexx. IlpuBecTH ypaBHEHHE JHMHMM K KAHOHMYECKOMY BHIY, HaWTH (OKYCHI,
JKCLIEHTPUCHUTET.
7. HaliTu ypaBHEHHE T€OMETPHUYECKOTO MECTa TOYEK, I KaKAOM U3 KOTOPBIX OTHOIIEHUE

. 5
paccrosiHus 10 Touku A(—/20;0) k paccTOsAHHIO 10 IPSIMON J5-x+8=0 mocrosHHO 1 paBHO ER

Cnenarp ueptex. IlpuBecTn ypaBHEHHWE JHHHM K KaHOHMYECKOMY BHAY, HalTH (QOKYCHI,
HKCLIEHTPUCUTET, ACUMIITOTHI.

2.8.3 Pe3ysabTarhl M BHIBOABI:

Ha pmanHOM mpakTMYeCKOM 3aHSATHU CTYJASHTHI TOJYYWJIM 3HAHUS OCHOBHBIX TOHATHH U
WHCTPYMEHTOB aJIreOpbl M TEOMETPHUH; IPHOOPETH YMEHHUS peliaTh TUIIOBbIE MAaTEMaTHYECKUE 3a/1a4H,
MCIIOJIb30BAaTh MAaTEMATUUECKUH SI3bIK U MATEMATHUYECKYI0 CUMBOJIHKY.



2.9 lIpaktuyeckoe 3anaTue Ne9 (2 yaca)
Tema: «IImockocTh 1 IpsiMasi B TPOCTPAHCTBE»

2.9.1 3ananue s padboThi:

1. CriocoObI 3a1aHusI TUIOCKOCTHU B IIPOCTPAHCTBE.

2. YpaBHEHHE PSIMOM B MPOCTPAHCTRBE.

3. B3auMmHOe pacmoiokeHHue MpsIMON U TUNIOCKOCTH B IIPOCTPAHCTBE.

2.9.2 KpaTkoe onucanue NpOBOANMOIO 3aHATHSA:
Bomnpocsr:

1. OnpeneneHue MIOCKOCTH.

2. KaHoHn4eckoe ypaBHEHUE NPSIMOM B IIPOCTPAHCTBE.

3. Crioco0OsI 3a1aHus IPSIMOM B IIPOCTPAHCTRE.

3. CriocoOsI 3a/1aHus TUIOCKOCTH B MIPOCTPAHCTBE.

4. YcnoBue napajienbHOCTH MPSIMBIX B IPOCTPAHCTRBE.

5. YcnoBue napaiieslbHOCTH INIOCKOCTEN B IIPOCTPAHCTBE.
6. Yroa Mexay npsiMoil U IIIOCKOCTBIO.

Penrenue 3agauq:

1. Hansr koopauHaTel Touek A(5;5;4), B(1;—1;4), C(3;5;1), D(5;8;—1).. CocTaBuUTh ypaBHEHUS:
a) miockoctu ABC;

0) npsimoii AB;

B) ipsiMoit DM, nmeprneHANKYISpHOH K MIIocKocTH ABC

r) npsmoit CN, napanienbHol npaMoi AB;

1) TUIOCKOCTH, TIPOXOJISIIEH Yyepe3 TouKy D mepneHIuKYISIPHO K psMon AB.
Boruucnuts:

€) CHHYC yriia Mexay npsiMmoid AD wu miiockocteio ABC;

) KOCHHYC YIJla MEXy KOOPJAWHATHOM MIOCKOCThI0 Oxy U 1uocKocThio ABC.
2. 3anucaTh ypaBHEHHUE MJIOCKOCTH:

a) mapayuIeIbHON MIIOCKOCTH Oxz U mpoxo e yepe3 Touky M (7;-3;5);

0) mpoxossmieit uepe3 ock Oz u Touky A(—3;1;-2) ;
B) mapayienbHo ocu Ox u mpoxo e uepe3 ase Touku A(4;0;—2) u B(5:1;7);

r) npoxozsmeid uepe3 Touky C(2;1;—1) 1 umeronyro HopMalbHBIN BEKTOP Z(l;—2;3) ;

1) mpoxosmen yepe3 Touky D(3;4;—5) mapajienbHO IBYM BEKTOpaM ;(3;1;—1) u 5(1;—2;1) .
3. CocraBuTh  ypaBHEHHE IUIOCKOCTH: a) mpoxonsamend uepe3 Ttoukun  A(LLL) wm
B(2;3;4) nepnieHquKymsIpHO K TUIockocTH 2x—7y+5z+9=0; 0) mnpoxomsmeld uepe3 TOUKY
M (7;-5;1) u oTcekaromieil Ha OCSIX KOOPAUHAT PABHbBIE MOJIOKUTEIbHBIE OTPE3KHU.
4. BBIYMCIUTDh KOCUHYC YTJIa MEXAY IIOCKOCTSIMU X —2y +2z—-3=0 u 3x—4y+5=0.
5. CocTaBUTh YypaBHEHHE IUIOCKOCTH, Tpoxojsmied uyepe3 Touky A(3;4;,0) u  mpsmyro
x=2 y-3 z+l

o2 2

6. CocTaBUTh ypaBHEHHUE IUIOCKOCTH, MIPOXOAIICH Yepe3 cepeuHy oTpe3ka AB , mepneHAuKyIsIpHO
K 3TOMy 0Tpe3ky, ecinu A(1;5;6) u B(—1;7;10) .

7. Haiitu paccrosinue ot Touku M (2;0;—-0,5) no miockoctu 4x -4y +2z+17=0.

2.9.3 Pe3yabTaThl 1 BHIBO/BI:

Ha pmanHOM TpakTHYeCKOM 3aHSTHH CTYASHTHl TOJYYHJIA 3HAHUS OCHOBHBIX TIOHATHU W
UHCTPYMEHTOB JIreOpbl M TEOMETPUH; PHOOPENA YMEHUS PellaTh THIIOBbIE MATEMATHYECKHE 3a/1a4H,
UCIIOJIb30BaTh MATEMATHYECKUH S3BIK U MATEMATHYECKYIO CHMBOJIUKY.



2.10 IIpakTnueckoe 3ansitue Nel( (2 yaca)
Tema: «OyHKIUSA OJHON TEPEMEHHOIN»

2.10.1 3apanue nyist padoThI:

1. O6nacTh onpeneneHus U 00J1aCTh 3HAYUEHUH QyHKLNU.
2. DneMeHTapHble QYHKIMH, UX TpaduKy.

3. UccnenoBanue Ha YETHOCTb, HEYETHOCTh (DYHKIUH.

2.10.2 KpaTkoe onucanue NpoBOAMMOro 3aHATHS:

Bomnpocsr:

1. Onpenenenne GyHKIUU OJHOMN EPEMEHHOM.

2. Onpenenenue 00JacTH OIPENEICHUs U 00JaCTH 3HAUEHU N (PYHKIIUHU.
3. DneMeHTapHbIe (YHKIIUH.

4. OnpeneneHue YeTHOW U HEYETHOM (PYHKIIMH.

Pemenue 3anau:
1. Haiit 0o6sacth onpeaesieHus caeayrommux GyHKIui:

1) y=+x*-6x+5; 3) y = arcsin(2x” + x) ;

1
2) y=+x +InQ2x-5); 4) y=———+3x+2.
lg(1-x)
2. Haiiti 06macTh 3HaYCHUH CIIeNYIONUX QYHKITAN:
1) y=sinx+cosx; 2) y= 6x2'
1+x

3. IlocTpouts rpaduku GpyHKIHUIL:

—x x<l I+x, x<0
I)J/:{ ’ ; 2) y=4{2sinx, 0<x<rx.

x2=2, x>1
X—7T, X227

4. VccrnemoBaTh Ha YETHOCTh (HEUETHOCTH) (PYHKITUHU:
. 1+x 2" +1
1) y=x’sinx; 2) y=In—=; 3) y=x—".
I-x 2" -1
5. UccnenoBarh Ha YCTOMYMBOCTh M @CUMIITOTUYECKYH) YCTOMYMBOCTH HYJIEBOE PEIICHHE CHCTEMBI,
o01iee perieHrne KOTOpoil UMEeT BT

x()=C, +C,e™
y(t)=Ce ™ +C,sint

5. Ilpn kakux 3HaueHUSIX b Tpapuku (YHKIHA y=2bx"+2x+1 U y=5x"+2bx—2

MePECEKAOTCS B OJTHOM TOUKE?
6. Haiimure obmacte onpeneneHus GyHKITHI:

1) y=4—xx; 3) y =4 (x-1);
2) y=(x=2nx ; 4) y=yJ1-xWx-2.

7. Tlpy KakuxX 3HaueHMSAX a Hymd QyHKIHH f(x)=x"+2(a—2)x+2a—5 pacronoKeHbl MEXIy
yuciamu -2 u 4?

2.10.3 Pe3yabTaThl M BHIBOABI:

Ha panHOM mIpakTHYeCKOM 3aHSATHM CTYASHTHl TOJYYHJIM 3HAHUS OCHOBHBIX TIOHATUU W
UHCTPYMEHTOB ajreOpbl M TEeOMETpUH, MAaTeMaTUYeCKOTo aHajlu3a; NMpUOOpeNlrd YMEHHs peliaTh
TUIMOBBIE MaTEeMaTUYECKHE 3a/aud, HCIOJIb30BaTh MATEMAaTUYECKUM SA3BIK U MaTEeMaTHYECKYIO
CUMBOJIUKY.



2.11 IIpakTnueckoe 3ausitue Nell (2 yaca)
Tema: «HucinoBbIe MOCIEA0BATEIEHOCTI

2.11.1 3apnanue nis padoThbI:

1. IToHsATHE YMCIIOBOM MOCIIEN0BATEIbHOCTH.

2. [Ipenen yncmoBOM MOCIEAOBATEIBHOCTH.

3. OCHOBHBIE CBOMCTBA CXOIAIINXCS MOCIIEI0BATEIbHOCTEH.

2.11.2 Kpatkoe onucaHue NpoBOAMMOro 3aHATHS:
Bomnpocstr:

1. OCHOBHBIE YHCIIOBOM MOCIIEI0BATEILHOCTH.

2. Onpenenenue npejesa YucaoBOM MOCIEA0BATEILHOCTH.
3. CBoHCTBa CXOIAIINXCS OCIEN0BATEILHOCTEN.

Penrenue 3agau:

. n
1. Jloka3aThb, MOJIB3YsICh OMpeAETICHUEM Mpeaena, 4To lim 5 =3.
n—>0 n +

2. Halitu npenesnbl mociaea0BaTEIbHOCTEM:
2+3+4+..+(n+1)

1+3+5+...+(2n—

D,

1) lim ; 4) lim
) n’+1 ) 2n° -3
(11 1
2) lim(l+L+ 12+...+ ! _lj; 5) hm(—+—+—+...+
noo\ 3 3.2 3.2 3.2" oo\ 248
3) lim1+4+7+...2+(3n—2) :
n—w 37’1
3. Haiitu npenens! GyHKIHIA:
2 _ 2
1 limx +3x 7; 3 limx +34x 3’
x—5 X — 8 x—>-2 X -
. (x+2)cosx . sinx
2) lIim—————; 4) lim
0¥ +3x+4 =7 |7
2
4. YCcTpaHHUTh HEOTPEACIEHHOCTh
4 2 5
1) lim 3)51 +x +x 3) lim 4x +23x 18;
xow Tx* +3x -2 xow3x 4+ x° —2x
3 6 2
2) lim 2 F 2 1 4y lim3> L
x—>°°2x —x+4 X—0 3+x
2.11.3 Pe3yabTaThbl U BHIBOJBI:
Ha pmaHHOM TmpakTHYEeCKOM 3aHSATHU CTYIASHTHI TOTYYHIIH

b

)
2" )

3HAaHUS OCHOBHBIX IIOHATUM U

UHCTPYMEHTOB aireOpbl M TI'eOMETPUH, MAaTEeMAaTUYECKOrO aHajiu3a; NMPHOOpenH yMEHHUs peliath
TUIIOBBIE MaTEMAaTUYECKHE 3a7add, HCIIONb30BATh MATEMAaTHYECKHH S3bIK M MAaTEMaTHYECKYIO

CHMBOJIUKY.

2.12 IlpakTuueckoe 3ansitue Nel2 (2 yaca)
Tema: «[Ipenen ¢GyHKIII»

2.12.1 3apanue ajs padoThI:

1. IIpegen pyHKUMM B TOUYKE M HA OECKOHEUHOCTH.
¢ynkunu. Teopemsl 0 npeaenax GyHKINH.

2. PackpbiTHEe HEOTIPEACICHHOCTEH.

3. JIBa 3ameuaTenbHbIX NIpeaena.

BeckoneuyHo Malible B OECKOHEYHO OOJIbIIHNE



4. DKBUBaJICHTHbIE OECKOHEYHO MAJIbIE M UX MCIIOJIH30BAaHHE MPU BBIYUCICHUU TIPEIIEIIOB.
5. JIeBbIil ¥ IpaBbIi peACIIbl G YHKIIHH.

2.12.2 KpaTkoe onucaHue poBOIMMOro 3aHATHS:
Bompocstr:

. [Ipenen pynkuuu B TOUYKE U HA OECKOHEUHOCTH.

. beckoneuHo mainsie 1 0eCKOHEYHO OoubIIHE (DYHKIIHH.
. Teopemsl 0 mpeaenax GyHKIUHA.

. PackpriTHe HeonpeneneHHOCTE.

. IlepBbIil 3aMedaTenbHbIN Ipeaed.

. Bropoii 3aMeuartenbHbIi mpeaei.

. OnpeneneHre SKBUBAICHTHBIX OECKOHEYHO MAJIbIX.

. Onpenenenne OTHOCTOPOHHUX MPEEIIOB.

03N N A W~

Penrenue 3agau:
1. YcTpaHuTh HEONPEAEIEHHOCTD:

2

D lim 2V 4 3) lim Y2 0 5) lim(x(vx* + 4 - x));

x—0 3x x—9 3 _ \/; x>0

2x> —9x +4 . ?+ax+1 .

o) lim— 2 X ) i o A 6) lim(x(vx® +5 —x? +1)).

4[5 x —aJx =3 >l x+3-4/5+3x o
2. Haiitu npeaens! GyHKIMN, HCTIONB3Ys (POpMYITy IEpBOTo 3aMeuaTeNIbHOTO mpeena:
1) lim tg3x - 21n 4x : 2) lim sin3x +sin 7x : 3) lim 1g5x - cos8x '

x—0 X x—1 2x x—0 2x
3. Haiitu npenens! GyHKIUH, HCTIONB3YS (hOPMYITy BTOPOTO 3aMEUaTEILHOTO Mpeea:

X x+2 2x
. [ 2x+1 . -

1) lim(l +ij ; 2) lim al ; 3) llm(ﬂj .

x¥—0 Tx x| 2x —1 x>0\ 3x+2
4. BBIUMCIIUTH TPEIEIBI, UCIIONIB3Ys SKBUBAJICHTHBIE OECKOHEYHO MaJIble ()YHKITHH:
1) lim sin 5x : 3) hml—co§6x; 5) lim cos3x —zcosx;

0 gretg2x =0 4x x>0 2x

: sin2x

2) lim 2030 4) lim—szm(x 3) . 6) lim—+— — L

x>0 sin 2x =3 x° -5x+6 0] —cos7x

5. Tlpupoct HacenmeHust cTpaHbl coctaBisieT 3% B ron. Yepe3 CKOJIbKO JIET HAceJICHUE CTpPaHbI
YABOUTCA?

6. IlepBoHauanbHBIA BKJIak, MONOKEHHBIH B OaHk moa 10% romoBbeix coctaBui 6 muH. py0. Haiitu
pa3Mep BKJIajaa 4epe3 5 JeT MpH HAYUCIEHWU MPOICHTOB: a) €XKEroAHOM; O) MOKBapTaibHOM; B)
HEIPEPHIBHOM.

7. IlepBonavanbHas cymma 7000 py6., mepuo HauucaeHUs 2 rojia, CIoKHasl POIleHTHas ctaBka 12%
rojioBbix. Hauncnenue npoueHToB MpouCcXoauT HenpephiBHO. HaliTh HapanieHHyo cymmy.

8. Brimaguuk momoxwun B Oank, BeimnaunBarommii 10% ciaoxabeix rogoseix, 2000 Toic.g.e. Kakas
cyMMa OyzeT Ha cdeTe BKJIaauuka yepes 3 rona? Kakas cymma OyneT Ha cdeTe BKJIAIUMKa, €Clid OaHK
BblT1aunBaeT 10% mpoCThIX TOAOBBIX?

2.12.3 Pe3yabTaThl M BBIBO/IBI:

Ha JaHHOM TPAKTHUYCCKOM 3aHATUMU CTYACHTHI TOJYUWJIM 3HAHUA OCHOBHBIX MOHATHH U
HHCTPYMCHTOB anrerH U TCOMCTPHH, MATCMATHYCCKOI'O aHalIn3a, OCHOBHBIX MAaTCMAaTUYCCKHX
MOI[CJ'ICﬁ MpUHATUSA pemeHI/Iﬁ; HpI/IO6pCJ'II/I YMCHHA PCHIATH THUIIOBBIC MATCMATUYCCKUC 3aadaydu,
HCIIOJIB3YCMBIC MIPU NPUHATUH YIIPABICHYCCKUX pemeHHﬁ, HCITOIB30BaTh MaTeMaTHUYCCKUM S3BIK U
MAaTCMAaTUYCCKYIO CUMBOJIMKY IIPH IMOCTPOCHUU OPraHHU3aAIIMOHHO-YIIPABJIICHYCCKUX MO)ICJ'ICﬁ.



2.13 IIpakTnueckoe 3ansitue Nel3 (2 yaca)
Tema: «HemnpepoiBuble (QyHKIIUU. ACUMITOTHI rpaduka GyHKIUI»

2.13.1 3apnanue nis padoThbI:

1. HenpeprIBHOCTD ()YHKIIMH B TOUKE U HA HHTEpPBAJE.

2. Touku pa3peiBa. Knaccudukaius Touek pa3poiba.

3. AcumnToThl rpaduka QyHKIMH: BEPTUKAIbHBIE, TOPU30OHTAIbHBIE U HAKIIOHHBIE.

2.13.2 KpaTkoe onucanue NpoBOAMMOro 3aHATHSA:

Bomnpocstr:

1. Ompenenenne HeNpepbIBHOW (QYHKIIMH B TOUYKE M HA HHTEpBAJIE.
2. OnpeneneHye TOUKH pa3pbiBa.

. Kimaccudukarus Touex paspsisa.

. Onpenenenne acCUMNTOTHI rpaduka.

. Onpenenenne BEpTUKAIBHON ACHMITOTHI.

. Onpenenenne ropu30HTAILHON ACUMIITOTHI.

. OnpenieneHne HAKJIIOHHON aCUMIITOTHI.

N W

~ O\ D

Pemenne 3agau:
1. UccnenoBaTh GyHKIIMM HA HETIPEPHIBHOCTh B YKa3aHHBIX TOUYKAX:

1
a) f(x)=2"7+1; x,=4,x,=5;

-3
6) f(x)="—"; x,=—4,x,=-3.
x+4
— l, x<0
2. MiccnenioBath QYHKIHIO f(y) = J 2 g 0 < x <] Ha HEIPEPHIBHOCTH, OIPEAEIHTE POJ] TOUCK Pa3phIBa
—-x+4, x2>1

U TIOCTPOUTH TpauK.
x—=1, x<0

3. UccnenoBate dyHkmuio f(x)=4sinx, 0<x <7 Ha HENPEPHIBHOCTh, OMPEIACIUTh POJ TOYCK

3, x2nr&
pa3pbiBa U OCTPOUTH IpaduK.
4. HaiiTn acuMnTOThl (QyHKLUII:
3—4x 3x -1 2x?
1) y=——mom, 2) y= ; 3) y= .
)Y 2+5x )y x+1 )y x+1

x+2, x<-1
5. Tlpu kakux 3HaueHusx mnapametpoB A um B dymkuma f(x)={A(x* +1), —1<x<1 6ymer
Bx+3, x>1
HETPEPHIBHOW?
—-x>+5, x<I1

6. Ilpu xakom 3HaueHHUU napamerpa A QyHKIus y = OyzeT HenpepbIBHOM?
Acosmx, x>1

2.13.3 Pe3yabTaThbl U BHIBOJBI:

Ha pmanHOM mpakTHMYeCKOM 3aHSATHU CTYJACHTHI TONYYWJIM 3HAHUS OCHOBHBIX TOHATHH U
WHCTPYMEHTOB aJIreOpbl W TEOMETPHUHM, MATEeMAaTHYECKOTO aHajdu3a; MPUOOpeNrd yMEHHUs pelaTh
TUTOBBIE MaTEeMaTHYECKHE 3a/aud, HCIOJIb30BaTh MATEMAaTUYECKUM SA3BIK U MaTEeMaTHYECKYIO
CHUMBOJIUKY.



2.14 IIpakTnueckoe 3ansitue Nel4 (2 yaca)
Tema: «[IpousBogHas (GyHKIHI»

2.14.1 3apnanue nist padoThI:

1. 'eomeTpuyeckuii, MEXaHUYECKUI 1 SKOHOMUUYECKUN CMBICI IPOU3BOAHOM.
2. IlpaBuna muddepeHmpoBaHusI.

3. IuddepennupoBanue CIoXKHOU U 0OpaTHON (DyHKIIHIA.

4. luddepennmpoBaHne Moka3aTeabHO - CTETICHHON (YHKIIUH.

5. IlpousBoHast HesIBHOU (YHKILIUU.

6. IIpon3BogHbIE BBICIINX MOPSIIKOB.

2.14.2 KpaTkoe onucaHue NpoBOAMMOro 3aHATHSA:

Bomnpocsr:

1. Onpenenenne Npou3BOJHON (QYHKIIUH.

2. 'eoMeTpHUUeCKrii, MEXaHUYECKUH U SKOHOMHYECKHUI CMBICI MPOU3BOTHOM.
3. IlpaBmia nuddepeHupoBaHus.

4. luddepennupoBanue CI0KHOU QyHKITUH.

5. IlpousBoHast HesIBHOU (YHKILIUU.

6. OnpeneseHne NPOU3BOIHON BBICIINX MOPSIIKOB.

Penrenue 3agau:
1. Haiitn mpou3BoaHbIe ()YHKIIHIA:

2
1) y:4\/?+i3——4—1n2; 2) y=x° —4x° + 2Inx—ctax.
XX
2. Haiitu mpon3BoaHbIe (PYHKITHIA:
1) y=x’tgx; 4) y =x"log, x —e'tgx;
2) y=4x*Inx; 5) y = x-arccosx;
2
x°+1 Vx
3) y= ; 6) y= -
x> -1 Vx +1
3. Haiit mipousBoiHbIC QDYHKITUI:
1 2
I e T
cos x sin x
e’ —1

; 6) y= (xez" + 3)5 )

1
2) y= arcctg£+—ln(x2 +4); 4)y=
2 2 e +1
4. Haiitu nmpoun3BoiHbIe (PYHKINH, 3aJaHHBIX HESBHO, B YKa3aHHBIX TOYKAX:
x> +xy+y° =6, x,=51y,=-2;
2)e'siny—e’cosx=0, x,=0,y,=0;
3) 2y=1+xy°, x,=1Ly,=1.
5. HaiiTi mpou3BOIHBIC MOKA3aTEIbHO-CTENECHHBIX (DYHKIINNA:

1) y=(ctg(7x+4))m; 2) y=(x+5)res,

6. HaliTu npou3BoIHBIC BTOPOTO MOPSAIKA OT (HYHKIIHIA:

1) y=tgx; 2)y=e_x2.
3 2

7. B KakMX TOYKaxX KPUBOW y = X% +7x +4 KacaTeJabHas COCTaBJISIET ¢ 0Cblo Ox yroiu %?
3

2
8. [To ocu Ox ABWKYTCS JIBe MaTepUAIbHBIC TOYKH, 3aKOHBI JIBUKCHHS KOTOPhIX X =3f"—8 U

x =2t>+5t+6, rae x — paccrosuue (M), ¢ — Bpems (c). C Kakoil CKOPOCTBIO yHATIAIOTCS 3TU TOUKH
JPYT OT Ipyra B MOMEHT BCTPEUH?



9. ®yHKIUU cOpoca ¢ U NPEUIOKEHHUS] S OT LIEHBI p BBIPAXKAIOTCSI COOTBETCTBEHHO YpPaBHEHUSMHU
q=T7—p u s=p+1. Hailtu: a) paBHOBECHYIO 1IeHY; 0) DIIaCTUUHOCTh CHPOCA U MPEIJIOKEHUS IJIs
ATOM LIEHBI; B) U3MEHEHUE 10XoAa (B %) Npu yBeIUYEHUH LIeHbl Ha 5% OT paBHOBECHOM.

2.14.3 Pe3yabTaThbl U BHIBOJBI:

Ha JaHHOM TIIPAKTUYCCKOM 3aHATHUH CTYACHTBI IOJYYWJIUM 3HAHUA OCHOBHBIX MMOHATHH U
HHCTPYMCHTOB anre6pbl n TCcOMCTpUHU, MATCMATHUYCCKOI'O aHaJIn3a, HpI/IO6pCJ'II/I YMCHHUA pPCUIATh
THUIIOBBIC MAaTCMAaTHYCCKUC 3aJadu, HUCIIOJIb30BaTh MaTeMaTHUYEeCKUU S3BIK H MAaTCMaTU4YCCKYIO
CUMBOJIHKY.

2.15 IIpakTnueckoe 3ansitue Nel5 (2 yaca)
Tema: «luddepennman dyHKIHID)

2.15.1 3apnanue nist padoThI:

1. Onpenenenue nuddepennuana.

2. 'eoMeTpHUUECKU CMBICII.

3. IlpubnmkeHHbIEe BBIYUCICHUS C IOMOLIBIO TuddepeHIrana.

2.15.2 Kpatkoe onucaHnue NpoBOAMMOro 3aHATHS:

Bompocsr:

1. Onpenenenue nuddepenunana.

2. 'eomerpuueckuii cmbica quddepeHiuana.

3. ®opmyna npuOIMKEHHBIX BEIYUCIEHUH ¢ moMomIsio auddepennnana.

Pemenue 3anau:
1. Haiitu muddepennman GyHakimii:

1) y=x"cosx; 3) y=In(x" +5x-2);
2) y =+/sin(5x° =3); 4) y= arccos v/x .

2. Haiitu nudpdepeniman GpyHKIuii 10 BTOPOTo MOpsiaKa:

1) y =cos2x’; 2) y =In(cos3x).

3. C nmomomipio auddepeHnnana HauTu TPUOTHKEHHBIC 3HAUYCHUS:

1) V101 ; 3)9;
2) /1,04 ; 4) 33.

4. Haittu npuparmenue pyskuun y = 2x° +3 npu u3MeHenuu abenuccest ot 2 10 2,001,

5. lap pammuyca 20 cm Obl1 Harper, oruero ero paguyc yBenuuwics Ha 0,01 cMm. Ha ckonbko
yBEJIUYUTCS 00BEM mmapa’?

6. Haiitu nepBoHauasibHOE 3HAUYEHUE paguyca Kpyra, eciu paauyc ysennuwics Ha 0,1 cM, npu 3ToM
Iomaab Kpyra yseauuuiaacs Ha 107z e’

7. Haiitu muddepenunan gyakuun y = In(1+e'**)+~+/x* +1 . Boraucants dy npu x =0, dx = 0,1.
8. Kako#t myrp mpoiimer Teno mpu cBoOoaHoM maneHun Ha JlyHe 3a 10,04 ¢ oT Hayama majaeHwus.

.12

VYpaBHeHue cBOOOIHOTO MajeHus Tena fH = gLT, g, =16 m/c’.

2.15.3 Pe3yabTaThl U BHIBOABI:

Ha pmanHOM TIpakTHYeCKOM 3aHSTHH CTYASHTHl TOJMYYHJIM 3HAHUS OCHOBHBIX TIOHATUU W
UHCTPYMCHTOB ajreOpbl M TEeOMETPUH, MATEeMAaTHYECKOTO aHaliu3a; MPUOOpENd yMEHHs peliaTh
TUTIOBBIC MaTeMaTUYeCKHEe 3a7add, HCIOIH30BATh MATEMATHYECKHH SI3BIK U MAaTeMaTHYECKYIO
CUMBOJIHKY.



2.16 IIpakTnueckoe 3ansitue Nel6 (2 yaca)
Tema: «[Ipumenenue nuddepeHIInaNIbHOTO HCUUCICHUS K UCCIET0BAHUIO () YHKITUN

2.16.1 3apnanue nist padoThI:

1. Bo3pacranue u yobiBanue rpaduka GyHKIHH.

2. OTtpIcKkaHre HanOOIBIIETO ¥ HAMMEHBIIETO 3HaYeHUH (QyHKINU Ha OTpe3Ke.
3. Beimykis1ocTh 1 BOTHYTOCTh rpaduka pynkmun. Touka neperuoda.

2.16.2 Kpatkoe onucanue NpoBOAMMOro 3aHATHSA:

Bomnpocsr:

1. Onpenenenue BO3pacTaroero u yosBaromero rpaduka GyHKIuH.
2. OnpeneneHue TOYEK IKCTpEMyMa.

3. Onpenenenue BHITYKIOTO U BOTHYTOTO Tpaduka pyHKIUH.

4. OnpeneneHue TOUKH TMeperuoa.

Pemenne 3agau:
1. HaifTu mpoMeXyTKH MOHOTOHHOCTH, TOYKH SKCTpeMyMa (yHKIMH, HauOojbllee W HauMEHBIIee
3Ha4YeHus GYHKLUHU HA OTPE3KE, €CIIU OH yKa3aH.

4
2
D y="-22, [13]; 2) y=—i 3) y="""
4 Inx x-3
2. HaliTn mpoMeXyTKH BBIMTYKJIOCTH U BOTHYTOCTH, TOYKH Mepernda (pyHKIHii:
1) y=x"—6x" +1; 2) y=G+x)-e’; Hy=—r.
e +e

3. CTOMMOCTB KeJNe3HOAOPOKHON MEPEBO3KH Ipy3a Ha 1 kM paBHa 4 y.e., a aBTOMOOMIIBHOM — 5 y.¢. B
KaKOM MECTE HaJl0 HayaTh CTPOUTH IIOCCE, YTOOBI KaK MOXHO JCIIEBIIEe TOCTaBIATh IPYy3 U3 MyHKTa A

B nyHKT C. KakoBa HauMeHbIIasi CTOUMOCTD I1epeBO3KHU rpy3a? M3BecTHO, 4TO |AB| =6 KM, BC| =3
KM.
C
3
P
imannng

4 6xu B

4. lleMeHTHBIH 3aBOA MPOU3BOAMT X T. IleMeHTa B JeHb. [0 TOroBOpy OH JOJIKEH €XeIHEBHO
MIOCTABJIATh CTPOUTENbHON (upme He MeHee 20 T. meMeHTa. [Ipon3BOACTBEHHBIE MOITHOCTH 3aBOJA
TaKOBBI, YTO BBIITYCK LIEMEHTa He MOKeT npeBblath 90 T. B neHb. OnpeaenuTs, Ipu KakoM o0beMe
IPOM3BOJICTBA YHEIbHBIE 3aTpaThl K/x OyayT HauOOIBIIMMHU (HAUMEHBIINMH), €ClId (YHKIHS 3aTpat
umeer BuI: K = —x° +98x% +200x.

5. [Ipennpusatue npou3BOIUT X €AUHUL] HEKOTOPOH OJHOPOAHON MPOAYKIIMH B MECSAL. Y CTaHOBIIEHO,
YTO 3aBHCHMOCTb (DMHAHCOBBIX HAKOIUIGHMH MpeanpusaTHs OT o0beMa BBINYCKa BbIpaXkaeTcs

dopmymoit f(x) = —0,02x” +600x —1000 (nen. exn.). Mccnenosars MOTEHIUAN TIPEAIPUSTHS.
6. CyTouHble pacxoibl NMPH IJIABAHUU CYAHA BBIUUCIAIOTCSA O dopmyne f(v) = as +kSv?:, tHe S -
v

paccTosiHuE MEXIy MOPTaMHU; V - CKOPOCTh; d, Kk - IOCTOSIHHBIE MapaMeTpsl, npuuem a >0, k>0.
[Ipu xako#l ckopocTH IIaBaHKUE CyHA OyAeT HanboJee BHINOJHbIM?

2.16.3 Pe3yabTaThbl U BHIBOJBI:

Ha paHHOM DpakTUYECKOM 3aHATHM CTYINCHTHl IOJNYYMJIM 3HAaHUS OCHOBHBIX IIOHATHH H
UHCTPYMEHTOB ajreOpbl M TIE€OMETPUM, MaTEeMaTH4YeCKOTO aHalu3a, OCHOBHBIX MAaTeMaTHYECKUX
MoJieJIe NPUHATHUS pPELIeHUl; NpUOOpenr YMEHHUs pellaTh THUIOBbIE MaTeMaTHYECKHE 3aJauH,
UCIIOJIb3YEMBIC IIPU NPUHATUHU YIPABJICHUYECKUX PELICHUM, MCIOJIb30BaTh MAaTEMAaTHUYECKHH SA3BIK W
MaTE€MaTUYECKYI0 CUMBOJIMKY IIPU ITIOCTPOSHUH OPraHU3alMOHHO-YIIPABICHUYECKUX MOJEICH.



2.17 IlpakTudeckoe 3ansitue Nel7 (2 yaca)
Tema: «IlonHoe nccnenoBanue GyHKIUI)

2.17.1 3apanue s padoThI:
1. AnropuTt™ uccienoBaHus GyHKIIUH.
2. UccnenoBanue ¢pynkuuu. [loctpoenune rpaduxka.

2.17.2 Kpatkoe onucaHnue NpoBOAMMOro 3aHATHS:

Bomnpocsr:

1. Onpenenenue BO3pacTaroero u yosBaromero rpaduka GyHKIuH.
2. OnpeneneHue TOYEK IKCTpEMyMa.

3. Onpenenenue BHITYKIOTO U BOTHYTOTO Tpaduka pyHKIUH.

4. OnpeneneHue TOUYKH Meperuoa.

Pemenne 3agau:
1. UccnenoBaTh pyHKIMH, TOCTPOUTH UX I'padUKH.

2
; B) y=+1-In’x;

XZ

6)y=2x-877; r) y=3x’-3x.

2. ITox moceBBI AAUTHBIX KYJABTYP BBIACTIINA 3eMENbHBIN Y4acTOK MPSIMOYTOJIbHON (hOPMBI TIOMIA B0
3,24 ra u BAOJL BCeW IpaHMIlbl OKonaiu pBoM. HaliTu pazmep ydacTka, 4ToObl CTOMMOCTH pBa Oblia
HauMeHbIIeH. BBIUNCINTS CTOMMOCTD PBa, €CJIHM MOTOHHBINH MeTp ero ooxoautcs B 50 pyoO.

3. [IpssMOYTOJIbHBIA Y4aCTOK 3€MJIHM, MPUMBIKAIOIMIMN K CTEHE 3aBOJCKOIO 3/1aHUsI, HY’)KHO OTPaJuTh
3abopom. Yactp 3abopa, mapajuienpHas CTEHE, OJDKHA ObITh KaMEHHOM, a ocTajlbHas 4YacTb
nepeBsinHoM. [1nomans yuactka 90 M. CTOUMOCTB 1 M KaMEHHOTO 3abopa 10 pyO., a 1epeBsIHHOTO - §
pyO. Haiinute Takue pa3Mepsl ydacTka, YTOOBI CTOMMOCTH BCeil orpanabl Obliia HauMmeHblei? Kakosa
3Ta CTOUMOCTB?

a =
) Y -

2.17.3 Pe3yabTaThbl U BHIBOABI:

Ha paHHOM mNpakTM4EeCKOM 3aHATUM CTYACHTHl IIOJIYYWIM 3HAHUS OCHOBHBIX IIOHATHH U
UHCTPYMEHTOB ajreOpbl M TE€OMETPUM, MAaTEeMaTH4YEeCKOTO aHalu3a, OCHOBHBIX MAaTeMaTHYECKUX
MoOJiele NPUHATHUS pELIeHUl; NpUOOpeNr YMEHHUs pellaTh THUIOBbIE MaTeMaTHYECKHE 3aJauH,
UCIIOJIb3YEMBIC IIPU NPUHATUHU YIPABICHUYECKUX PELICHUM, MCIOJIb30BaTh MAaTEMAaTHUYECKHH SA3BIK U
MaTE€MaTUYECKYI0 CUMBOJIMKY IIPU ITIOCTPOSHUH OPraHU3aMOHHO-YIIPABICHUYECKUX MOJEICH.

2.18 IlpakTuueckoe 3ansitue Nel8 (2 yaca)
Tema: « DyHKIHS IBYX IIEPEMEHHBIX»

2.18.1 3apanue ajs padoThI:

1. O6nacte onpeaeneHuss GyHKIMH IBYX MEPEMEHHBIX.
2. YacTHbIEe IPOU3BOIHBIE IEPBOTO U BTOPOTO MOPSAKA.
3. [Monusiii nuddepennmar.

4. IlpousBosHas 1o HarpaBieHUIO. ['pagueHt.

5. HeoGxoaumoe 1 JO0CTaTOYHOE YCIOBHS KCTPEMyMa.
6. ®ynkuus Kobb6a-/[yrnacca.

2.18.2 Kpatkoe onncanue NpoBOAMMOro 3aHATHSA:

Bomnpocsr:

1. Onpenenenue o0macTu onpeaeacHus QYHKINH ABYX TEPEMEHHBIX.
2. OnpeneneHne 4aCTHBIX IPOU3BOAHBIX (QYHKIIUH JIBYX MEPEMEHHBIX.
3. Omnpezenenuie MPOU3BOIHOM MO HAMPABIICHHUIO.



4. OnpeneneHue rpaueHTa.
5. Heob6xoauMoe 1 TOCTaTOYHOE YCIOBUS SKCTPEMyMa.
6. ®ynkuus Kobb6a-/[yrnacca.

Pemenue 3anau:
1. Haiiti 1 mocTpouTh 00J1acTh onpeneneHus GyHKIUi:

‘ 2 2 3
1) z = aresin(x - y); 2 Z:\/E+J9 ’ xl;rf 144
X" +10y" —

2. IlocTpouTh JIMHUHM YpOBHEH W NPUMEPHOE H300pa’keHHE MOBEPXHOCTEH uisd (YHKUUN IBYX
IIEPEMEHHBIX.

X Y 2
1) z=—+"—; 2) z=x+y".
)= 3% 16 ) Y
3. Haiitu nipesienbl, €CiM OHU CYLIECTBYIOT:
2 2 2
1y lim> 4 2) lim—> 7

b 2xy—1 oAt +yt +1-1

4. HaiiTn 3HaYCHUS YaCTHBIX MMPOU3BOJHBIX Q)YHKHI/II\/'I HCCKOJIBKUX IICPEMCHHBIX B YKA3aHHBIX TOYKAX:

Dz=r, (@ 5) 2= cose—o). (Taol;
_ x4y’ . 2.3 4.2 2 5 i
2y Zz=¢€ , (L0); 4) z=3x"y  =5x"y  +5xy—-Tx" +6y”, (1;1).
5. Haiitu rpaguenT QyHKIUH ¥ €ro MOIY/h B YKa3aHHBIX TOUKAX:
Dz=x+)" (32); 2) z=—"2—, (03).
X +y +1

6. BbluMcauTh 3Hau€HUE MPOU3BOJHOM IO HANpPaBIEHUIO « B TOouke M (2x/§; ﬁ) i yHKIHH

7T
z =xy+Inx. M3BecTHO, UTO @ COCTaBIISET YToJ 7 c ocero OX.

7. UccnenoBath Ha 3KCTpeMyM (DyHKITUH:

) z=x"—xp+y° +9x -6y +20; 3) z=x" +4x° +2xp+y> —2x-2y;

2) z=3x+6y—x—xy—y°; 4) z=x" -y’ =3xy;

8. IlycTh MpOW3BOJCTBEHHAs] CHUCTEMa XapaKTEPHU3yeTcs MPOM3BOJACTBeHHOW (yHkiueit Kobba —
Jyrnaca. 3a nepuos BpeMeHu cucteMoit 0bu10 npousseneHo 100 equHUL mpoayKiuu mpu 3arparax 20
enuann  Tpyaa u 40 emuHun kanwrtana. W3Bectno, uyto «a =0,75, F=0,25. 3ammcare
npou3BoacTBeHHYIO GyHkuuio Ko6b6a — [lyrmaca. CKOJBKO €IMHHUIl IPOAYKTa OyaeT NMpOU3BEEHO
cucteMoil mpu 3arparax 25 emauHunl Tpyaa v 50 egunun kanutana? OnpeAaenuTs Uil AaHHOU
MIPOU3BOJICTBEHHOW CHUCTEMBI CpPEIHHME MPOAYKTHI Tpyda U Kamutana. OnpenenuTtb mpeaeibHbIe
IPOAYKTHI TPYy/la U KanuTaa.

2.18.3 Pe3yabTaThl U BHIBOJBI:

Ha paHHOM mpakTHYeCcKOM 3aHSATHM CTYICHTHl TMOJYYMJIM 3HAHUS OCHOBHBIX TIOHATUH H
UHCTPYMEHTOB ajreOpbl M TeOMETpUH, MaTeMaTHUYeCKOTo aHaln3a; NMpUoOpelrd yMEHHs peliaTh
TUTOBBIE MaTEeMaTHYECKHE 3a/aud, HCIOJIb30BaTh MATEMAaTUYECKUM SA3BIK U MaTeMaTHYECKYIO
CUMBOJIUKY.

2.19 IlpakTuueckoe 3ansitue Nel9 (2 yaca)
Tema: «IlepBooOpasHas 1 HeolpeIeIeHHBI HHTErpa»

2.19.1 3apanue ajs padoThI:

1. HemocpeacTBEHHOE MHTETPUPOBAHUE.
2. 3aMeHa IEpEMEHHOM.

3. UHTerpupoBaHue Mo YacTsM.



2.19.2 KpaTkoe onucaHue NpoBOMMOro0 3aHATHS:
Bompocstr:

1. Onpenenenre mepBoOOPa3HOM.

2. OnpeneneHue HEONPEAEICHHOTO HHTeTpaa.

3. CyTh M€TOJ1a HETIOCPEICTBEHHOT'O HHTETPUPOBAHUS.
4. Cytb MeTO/1a TO/ICTAHOBKH.

5. CyTb M€TOJIa UHTETPUPOBAHUS 110 YACTSIM.

Pemenue 3anau:
1. HaiiTu HeomnpeieneHHbIe UHTETPAJIbl HEMTOCPEACTBEHHBIM UHTETPUPOBAHUEM:

1 Ux4+2\/;+3x/;+l—lzjdx; 4) [e (1—-]@;

X X
2) J- —sin? xdx; 5)J'3x +3x? +1dx;
sin? x x*+1
X X 2 d
3) J.(sin—+cos—j dx; 6) J-—x
2 2 (x+3)(x-5)

2. HaliTu HeonpeieJIeHHbIE MHTErPajibl OICTaHOBKOM:

1 sm\/_ 4 sin 2x
) J- ) '[\/cos 2x+

5 .
) J.sm 3x\/ctg 3x
.[4\/1n(3x+2 6) J»[arccos 6x]dx

2) Ie“’sz" sin 2xdx ;

7

3x+2 J1-36x%
3. HaiiTu uHTerpasisl ¢ KBaJpaTHbIM TPEXUWIEHOM B 3HaMEHAaTele:
| j dx . 3) _[ (x+Ddx
~2x+5 Jx —4x+3’
_[ (2x+Ddx j (Bx—1)dx
x> +6x+18° X2 4+2x+2
4. HaiiTi MHTErpaJibl METOJIOM UHTETPUPOBAHUS 10 YACTSIM:
1) j In(2x + 1)dx; 4) j (x> — 4)sin Sxdx ;
2) j (2x — 5)sin 3xdx ; 5) j (x> +x)e"dx;
3) j arctg2xdx ; 6) [(3x +1)In4xdsx.

2.19.3 Pe3yabTarhbl U BHIBOJBI:

Ha paHHOM DpakTUYECKOM 3aHATHM CTYNCHTBI IOJNYYWJIM 3HAHUS OCHOBHBIX IIOHATHH H
UHCTPYMEHTOB aireOpbl M T'eOMETPUH, MAaTEeMAaTUYECKOro aHajiu3a; NMPUOOpeNnH yMEHHUs pemiaTh
TUIIOBBIE MaTEMAaTUYECKHE 3a7add, MHCIIONb30BATh MATEMAaTHUYECKUH S3bIK M MAaTEMaTHYECKYIO
CUMBOJIUKY.

2.20 IIpakTuueckoe 3ansitue Ne2( (2 yaca)
Tema: «/HTErpUpOBaHIE PALIMOHATBHBIX ()YHKIHI»

2.20.1 3apanue nus padoThI:
1. Pa3noxeHue panmoHaIbHON IPOOH HA IPOCTEUIITHE.
2. HTerpupoBaHye paluoOHAIbHBIX (QYHKIIUH.



2.20.2 KpaTkoe onucaHnue NpoBOAMMOro 3aHATHS:
Bonpocsr:

1. Onpenenenne paoHaIBHON Apo0u.

2. Buapl anemMeHTapHBIX APOOCH.

3. Meron HeonpeaeaeHHbIX KO3 PHUIINEHTOB.

Pemenue 3anau:
1. Paznoxute ApoOHO-paliMoHAIbHBIE (YHKIMM HAa CYMMY HPOCTEHIIUX JIpoOei, He omnpeaess
KOX(P(UIMEHTOB Pa3I0KCHHUS:

1 x*+3x-9 2) x* -5
(x> —=4)(x* +8)’ (x* -1
2. Haiitu unTerpasnsl (KOpHU 3HaAMEHATENsI IEHCTBUTEIIbHBIE PA3JIUYHBIE):
xdx 6x +15x —3dx

D) | ———m—; 2

)'[2x2—3x—2 )I ?-3x
3. Haiitu unTerpansl (KOpHU 3HaMEHaTeNs ,Z[GI/ICTBI/ITCJIBHBIG COBIIAJIAIOLIHE):

5
1).[ x dx ) 2).[)6 +x* dx.

(x-D*(x*=1’ 44y’
4. HaiiTi uaTerpassl (KOPHU 3HAMEHATEIS KOMIUICKCHBIE Pa3JINYHBIC):
1 J- (3x* +9x +10)dx
x* +2x% +5x
2) _[ )3cdx : 4 .[ 2x° +24x22+2x—1
(x+D)"(x" +2x+2)

2.20.3 Pe3yabTaThl M BHIBOABI:

Ha panHOM mpakTHYeCKOM 3aHSATHM CTYASHTHl TOJYYHJIA 3HAHUS OCHOBHBIX TIOHATUU W
UHCTPYMEHTOB ajre0pbl M TeOMETpUH, MATeMaTHUYeCKOTo aHaln3a; NpUoOpelrd yMEHHs peliaTh
TUIMOBBIE MaTEeMaTHYECKHE 3a/aud, HCIO0JIb30BaTh MATEMAaTUYECKUM S3BIK U MaTEeMaTHYECKYIO
CUMBOJIUKY.

2.21 IlpakTuueckoe 3ansitue Ne21 (2 yaca)
Tema: «OnpeneneHHblil HHTErpaD

2.21.1 3apanue ajs padoThI:

1. Beruucnenue onpeneneHHbsix naTerpanoB. ®opmyna Herotona — Jleitoawua.
2. 'eomeTprueckuii ¥ 3JKOHOMUYECKHUM CMBICIT ONIPEAEIEHHOTO0 UHTErpasa.

3. MeTroabl MHTErpUPOBAaHUS B ONPEACIIEHHOM UHTErpale.

2.21.2 KpaTkoe onucaHue poBOIMMOro 3aHATHS:

Bompocstr:

1. Onpenenenue onpeaeIeHHOTO UHTETpaa.

2. ®opmyna HeroTona — Jleiibuuma.

3. 'eomeTpruyecKuii U SJKOHOMUYECKUH CMBICIT OTIPEICIICHHOTO HHTETpara.
4. BerurcneHnue onpeieIeHHbIX UHTETPAJIOB MOACTAHOBKOM U IO YaCTSIM.

Pemenue 3anau:
1. Beraucnuts uHTErpassl mo popmyse Hetorona-Jleibunuma:

2 ) . 2 ) L .
1) '!(3x —1)dx; 3) !(x v



I 74
dx
2) ; 4) |sin4xdx.
'([ 1+ x? ’!

2. Beruncnute HUHTErpajibl MCTOAOM 3aMCHbI HCpCMCHHOﬁI

2 1

“dx
1) | x(2-x) dx; 3 e—;
)!( ) )£1+e2x

%) T dx 4) sinxdx
lx\/1+lnx’ Ox/cosx+1'

3. Berunucnuth HHTErpajabl METOAOM MHTEIPHUPOBAHUS 110 YACTAM:

—o [N

3z 2

1) jxsinxdx; 3) J-xlogzxdx;
2z 1
1 6r

2) J'xe*xdx; 4) .[xcos2xdx.
0 4z

4. HaiiTn 3HaueHue CyMMBI @ + [, €Cll | ——= =

5. Haiitu 3Ha4eHue pasHOCTH o — [, eClH

2.21.3 Pe3yabTaThl M BBIBO/BI:

Ha pmanHOM mpakTHYeCKOM 3aHSATHM CTYASHTHl TOJYYHJIMA 3HAHUS OCHOBHBIX TIOHATUU W
UHCTPYMEHTOB ajreOpbl M TeOMETpUH, MATeMaTHUYeCKOTo aHajln3a; NpUoOpelrd yMEHHs peliaTh
TUIMOBBIE MaTEeMaTHYECKHE 3a/aud, HCIOJIb30BaTh MATEMAaTUYECKUM S3BIK U MaTEeMaTHYECKYIO
CUMBOJIUKY.

2.22 IIpakTnueckoe 3ansitue Ne22 (2 yaca)
Tema: «[IpunoxxeHus onpeaeaeHHOro HHTerpazay

2.22.1 3apnanue niist padoThbI:
1. ITnomanp ¢puryp Ha MIOCKOCTH.
2. Haxoxnenne o0bema Tesra BpalieHusl.

2.22.2 KpaTkoe onucaHue poBoIMMOro 3aHATHS:
Bompocstr:

1. ®opMyJIbl HAXO0XKICHHS TUIOIIAAeH PUTYpP HA MIOCKOCTH.
2. ®opMybl 00bEMOB TEJI BpAIICHUS.

3. DKOHOMHUYECKHI CMBICH OMPEIeICHHOTO HHTErpasa.

Penrenue 3agau:
. 2 _
1. BeraucnauTs miomanas GUrypsl, OrpaHUUCHHON JIMHUSAMU YV = X~ U Y =/ X .

2. BbluucnuTh IWI0mans GUIyphl, OrpaHUYEHHON MMHUAMU y=2", y=x"—4x+5, x =2 U 0ocAMH
KOOpJIMHAT.
3. Beiuuciauth 00bEM U IJIOMAAH MMOBEPXHOCTH Tella, 00Opa30BaHHOTO BpalleHHEeM BOKpYyr ocu OX

(urypsl, orpanndenHoit napadonoit y° = 4x , mpsamoit x =1 u ockio OX.
4. Beruncauth 00bEM W TUIOMIAL TOBEPXHOCTH TeJia, 0OpPa30BaHHOIO BpalieHueM BOKpyr ocu OX
(urypsl, orpanndenHoi muHMAMH Y = x +1, x =3 1 ocbio OX.



5. MI3BecTHO, 4TO CHPOC Ha HEKOTOpHI ToBap 3adaercs GyHKImeidl p=4—¢q>, rae ¢ - KOIMYeCTBO
toBapa (IT.), p - ILIEHa eAuHUIBI ToBapa (py0.), a paBHOBECHE Ha pPBIHKE JAaHHOTO TOBapa
nocturaercs npu p* = g* =1. Onpenenure BeIMUNHY HOTPEOUTETHCKOTO N3IHIIKA.

o . 8000
6. 3BeCTHO, YTO CIPOC HA HEKOTOPHIA TOBAp 331aeTcst PyHKIMEN ¢ = ———, NPEJUIOKEHUE JIAHHOTO
P

ToBapa xapakrepusyercst ¢pyHkmueit ¢ =500p . Onpenennure BeIUYUHY TOTPEOUTETHCKOTO M3JHINKA
MpU MOKYIIKE TOBapa.

. . 231
7. W3BecTHO, YTO CHpPOC Ha HEKOTOPBIM ToBap 3adaercs (yHKIMEH p=—1, npeyIoKeHNe —
q+

byakuueir p =g +11. Onpeaenure BeIMUYNHY BBIMTPHIIIA TOTPEOUTEIIS TPU TIOKYIIKE TOBApA.

2.22.3 Pe3yabTaThl M BBIBO/BI:

Ha paHHOM mNpakTUYEeCKOM 3aHATUM CTYAEHTHl IIOJAYYWIM 3HAHUS OCHOBHBIX IIOHATHH U
UHCTPYMEHTOB ajreOpbl M TI€OMETPUM, MAaTEeMaTH4YEeCKOrO aHaln3a, OCHOBHBIX MAaTeMaTHYECKUX
MoJeNell MPUHATUS PELeHUN; NPHOOpenH YMEHHs pellaTh TUIOBBIE MaTeMaTHYeCKue 3aJauu,
UCIIOJIb3YEMBIC IIPU NPUHATUHU YIPABICHUYECKUX PEUICHUM, MCIOJIb30BATh MAaTEMAaTHUYECKHH SA3BIK W
MaTE€MaTUYECKYI0 CUMBOJIMKY IIPY IIOCTPOECHUH OPraHU3alMOHHO-YIIPABICHUYECKUX MOJEICH.

2.23 IlpakTuueckoe 3ansitue Ne23 (2 yaca)
Tema: «HecoOcTBeHHBIE MHTETPATTBDY

2.23.1 3apanue nus padoThI:
1. HecoOGcTBEeHHBIE MHTETPAJIBI IEPBOTO POJIA.
2. HecoOcTBEeHHBIE MHTETPAIbl BTOPOTO POAA.

2.23.2 Kpatkoe onucaHue NpoBOAMMOro 3aHATHSA:
Bomnpocsr:

1. Onpenenenne HeCOOCTBEHHOTO HHTETPAIbl IEPBOTO POA.
2. OnpeneneHre HECOOCTBEHHOTO MHTETPAJIBI BTOPOTO POJIA.

Penrenue 3agau:
1. BeIurcnuTh HECOOCTBEHHBIM HHTETPA WIH yCTaHOBI/ITB €ro paCXO,Z[I/IMOCTBI

+00 dx 0 s
D | —; 3) | xe " dx; 5) ;
I | j o
2) [ dx; 4) j xex 6) j X227 dx |
0 —0
2. BBI‘II/ICJII/ITB HeCO6CTBeHHBII/I I/IHTera.H NN yCTaHOBI/ITB €ro paCXO,Z[I/IMOCTB:
1 1
dx xdx dx
D |—; 3) 5 | —;
s 75 e
1 1
dx dx
2) | —; 4) | ——; 6) | xIn xdx .
)'([Vl—xz )!x2_4x+3 )'!.

1
dx
3. Onpenenuthb, MPU KaKuX 3HAYCHUSAX kK HHTETpall .[ — > (k>0, k#1) cxonurcs.
X
0

4. Haiitu tutomaap moj KpuBod y = Inx B mHTEpBasie oTr x =0 g0 x =1.



2.23.3 Pe3yabTaThbl U BHIBOABI:

Ha paHHOM mNpakTM4EeCKOM 3aHATUM CTYAEHTHl IIOJIYYWIM 3HAHUS OCHOBHBIX IIOHATHH U
UHCTPYMEHTOB aireOpbl M TI'eOMETPUH, MAaTEeMAaTUYECKOr0 aHajiu3a; NMPUOOpenH yMEHUs periarh
TUIIOBBIE MAaTEMATUYECKHE 3a7add, MHCIIONb30BATh MATEMAaTHUYECKHHM S3bIK M MAaTEMaTHYECKYIO
CUMBOJIUKY.

2.24 IlpakTuueckoe 3ansitue Ne24 (2 yaca)
Tema: «KOMILIEKCHBIC YHCIa»

2.24.1 3apnanue nus padoThI:

1. OnpeneneHne KOMIJIEKCHBIX YHCEI.

2. JleiicTBHsI HaJl KOMILUIEKCHBIMH YMCIIAMH B alre0pandeckoit popme.

3. Tpuronomerpuueckas hopma KoMIUIeKCHOTO yncia. @opmysna Myaspa.
4. JleficTBUS HaJ KOMIUIEKCHBIMU YHCJIaMU B TPUTOHOMETPUUECKOH popme.

2.24.2 KpaTkoe onyucaHue NpoBOAMMOro 3aHATHSA:

Bonpocsr:

1. Onpenenenne KOMIUICKCHBIX YHCEN B alredpandeckoit popme.

2. OnpeneneHue KOMIIEKCHBIX YHCEIT B TPUTOHOMETpHYECKOU Gopme.

3. JlelicTBHs Ha/l KOMIUIEKCHBIMHU YMCIIaMU B TPUTOHOMETPHUYECKON (hopMe.

Pemenue 3anau:
1. Pemuth ypaBHEHUS:

D x*+x+1=0; 3) x* +8=0;
2) 2x* +18x+45=0; 4) x> —6x+34=0.
. . . z
2. JlaHbl KOMIUIEKCHbIE uncna z, = 5—12i, z, =—6+8i. Haitu z, +z,, z,—z,, z,-z, U Z—l
2
3. Kommnekcuble uucna z, =—1+i u z, = 1++/3i NPEJCTaBUTh B TPUTOHOMETPUUECKOH (Gopme U
N z)
Haltw z,-z, U —
2
4. Haittn z = (—\/5 +0)%.
(1+6)"”

5.Haiitn z = —F.
(3 -i)

6. Pemuts ypapaenue x*' +1=0.

7. Haiitu Bce 3HaYeHUsI KOPHEN KOMILJIEKCHBIX YHACEIL:

1) 3-1++3i;
2)V-2+2i.

2.24.3 Pe3yabTaThl M BBIBO/IBI:

Ha paHHOM DpakTH4eCKOM 3aHSATHUM CTYIEHTBHl MOJIY4YWJIM 3HAHUS OCHOBHBIX IIOHATHH W
UHCTPYMEHTOB aJIreOpbl M TIeOMETpUH, MAaTeMAaTUYECKOro aHajiu3a; NPUOOpeNnH yMEHUs peliaTh
TUIIOBBIE MaTEMAaTUYECKUE 3aJaud, MCIIONb30BaTh MATEMAaTHUUYECKUHM S3bIK M MAaTEMaTHYECKYIO
CHUMBOJIMKY.



2.25 IlpakTuyeckoe 3ansitue Ne25 (2 yaca)
Tema: «/luddepenunansupie ypaBHEHU»

2.25.1 3apanue ajs padoThI:
1. lnddepenunanbHble ypaBHEHUs C pa3feIeHHbBIMU U Pa3IeIAIOLMMUCS TIEPEMEHHBIMU.
2. Jluneitnble nuddepeHanbable ypaBHeHus. Y paBHeHus bepuymm. Meron bepnyinu.

2.25.2 Kpatkoe onucaHue NpoBOAMMOro 3aHATHSA:

Bomnpocstr:

1. Onpenenenue nudhepeHnaIbHOTO YPaBHEHHUS.

2. Onpenenenue ob1ero pemeHus 1updepeHnnanIbHOro ypaBHeHHUS.
3. Onpenenenue 4acTHOTo pereHus JupepeHIaIbHOI0 YpaBHEHUS.
4. Onpenenenue TMHEHHOTO AU PepeHInanbHOT0 ypaBHEHHS.

5. Onpenenenue ypaBHeHus: bepHysim.

Penrenue 3agau:
1. Haiitn obmee pemenue (uHTerpan) nud@epeHuanibHOr0 ypaBHEHUs, TOCTPOUTh MHTETpabHbIE
KpHBbIE, pemuTh 3anady Komm:

1) 3y—x'=0; (13 1)

) xy'=y=0, y4)=2.
2. Haiitm o6mee pemenue (uHTErpan) auddepeHImanbHbIX YpaBHEHUN C  pa3AeiIsIOIIMMUCS
[IEPEMEHHBIMY, peluTh 3a1ayy Kommn:

Doy =1-2, y(1)=2; 4y +ldv=2xydy, y(1)=+3;
2) xydx +(x+1dy =0, y(0)=1; 5) L+ x?)yy' =x(1+y%), y»(2)=5;
N xpy'=x+1L y1)=2; 6) y'=10"", y(0)=0.
3. Haiitu obmee pemieHne (MHTErpan) JMHEHHBIX AU epeHnnanbHbIX ypaBHEHUH:
I)Q—Z:x; 4)xy'—L:x;
dx x x+1
2) y'+Q:x3; 5) y'+y=2xe™;
X
3) Y +2xy=xe " ; 6) (1+x7)y' —2xy = (1+x%)2.
4. Haiitu oOmiee perienue (MHTEerpai) ypaBHeHu beprym:
) y'—§=x2y2; 3) y'+y=x;
2) y’+X:xy3; 4) xy'+2y=x"y".
X

2.25.3 Pe3yabTaThl U BHIBOABI:

Ha nanHOM mpakTHYeCKOM 3aHSATHM CTYASHTHl TOJYYHJIMA 3HAHUS OCHOBHBIX TIOHATUU W
WHCTPYMEHTOB aireOpbl M TEeOMETPUH, MATEeMAaTHYECKOTO aHallu3a; MPUOOpeNd yMEHHs peliaTh
TUIIOBBIC MaTeMAaTHYCCKHE 3ajaud, HCIIOJIb30BaTh MATEMATHYCCKHHA S3bIK W MaTeMaTHYECKYIO
CUMBOIIUKY.



2.26 IIpakTnueckoe 3ansitue Ne26 (2 yaca)
Tema: «/luddepeHnmanbapie ypaBHEHHS

2.26.1 3apnanue nist padoThbI:

1. JIuneitable nuddepeniranbable ypaBHeHUs. Y paBHeHus bepuymm. Meron bepnymnu.
2. OnHopoaHbie nuddhepeHInaIbHbIe YPaBHECHHUS.

3. Pa3HOCTHBIE ypaBHEHUS.

2.26.2 KpaTkoe onucaHnue NpoBOAMMOro 3aHATHSA:

Bomnpocstr:

1. Onpenenenue nudhepeHnaIbHOTO YPaBHEHHUS.

2. Onpenenenue ob1ero pemeHus 1updepeHnnanIbHOro ypaBHeHHUS.
3. Onpenenenue 4acTHOTO peieHus nudepeHuanIbHOr0 ypaBHEHUS.
4. OnpeneneHue ogHOPOIHOTO MU GepeHITNAIBHOTO YpaBHEHUS.

5. OnpenesieHre pa3HOCTHOTO YPABHEHHUS.

Penrenue 3agau:
1. Haiitu o61mee pemenue (MHTErpan) ypaBHeHui bepuymm:

D) y'+xy=xy’; 3) ¥+ 24y =0;
x+1
2) xy'+y:—xy2; 4) xy’+y:y21nx.

2. Haiitu o61uee pemenue (MHTErpai) OXHOPOIHBIX AU depeHnanbHbIX ypaBHEHUH, PEIIUTh 33/1a4y
Komm:

1) y’:l—l; 6) 2xy' =x+3y;
X
2) (x* + y*)dx —2xydy =0; 7) (x+2y)dx—xdy =0;
3) ydx +(2y/xy = x)dy = 0; 8) (v ++/xy)dx = xdy;
, X+ ’
4) y' =222 9) x*y' = p(x+);
xX—y
5) ¥y +x*y' =xn'; 10) (Xyr—)’)a’”c’tglzﬁ
X

2.26.3 Pe3yabTaThbl U BHIBOJBI:

Ha paHHOM DpakTUYECKOM 3aHATHM CTYNCHTBl IIOJNYYWJIM 3HAHUS OCHOBHBIX IIOHATHH H
UHCTPYMEHTOB aireOpbl M T'eOMETPUH, MAaTEeMAaTUYECKOr0 aHajiu3a; NMPUOOpeNnH yMEHUs pemiarh
TUIIOBBIE MAaTEMAaTUYECKHE 3a7add, MHCIIONb30BATh MATEMAaTHUYECKHH S3bIK M MAaTEMaTHYECKYIO
CUMBOJIUKY.

2.27 IlpakTuueckoe 3ansitue Ne27 (2 yaca)
Tema: «/{uddepenunanbubpie ypaBHEHUS BBICIINX TOPSIIKOBY

2.27.1 3apnanue aAjs padoThI:
1. JIOJY BToporo nopsiaka.
2. JIHJ1Y BTOpoOro nopsaka.

2.27.2 Kpatkoe onucaHue NpoBOAMMOro 3aHATHSA:

Bonpocsr:

1. Onpenenenne qudhepeHIHATEHOTO YPABHEHHSI BTOPOTO MOPSIKA.

2. Onpenenenue oduero peuieHus nuddepeHuanIbHOro ypaBHEHUSI BTOPOTo MOpsiiKa.
3. Onpenenenue 4acTHOTO penleHus TuddepeHarIbHOr0 ypaBHEHUS BTOPOTO MOPSIIKA.
4. Onpenenenue JIOAY BTOporo nopsika.

5. Onpenenenue JIHY BTOporo nopsiaka.



Penrenue 3agau:
1. Haiitu o61mee pemenue quddepeHnaabHbIX ypaBHeHUH]:
1

D y"=e™; 3) y'=—;

X
2) y¥ =sinx; 4) y"(x+2)° =1.
2. Haiitu o6miee pemenue auddepeHnnanbHbIX YpaBHEHNN:
D x(y"+D+y"=0; 3) v =y
2) y'=y"+x; 4) y"(e*+1)+y' =0.
3. Pemuth nuddepennmranbapie ypaBHEHHUS:
D () +2y-y"=0; 3) 2y-y"=(y) +1;
2) yiy"=-1; 4) y-y" =~

4. Haiitu oO1iee perieHne JMHEHHbIX OJHOPOAHBIX AU depeHnnanbHbIX ypaBHEHUI:

) y'=4y'+4y=0;

2) y"=8y'+25y=0.

5. Pemute 3agauy Komm:

D) y"=5y"+6y=0, »0)=1, »'(0)=0;

2) y" =3y +2y=0, ¥0)=1, y'(0)=2;

6. Haiitu ob1ee penieHre TMHEHHBIX HEOTHOPOIHBIX (P epeHIINaTbHbIX YPaBHEHUM]:
D y'=2y'+y=e";

2) ' +2y =8y =(12x+14)e™ .

7. Pemuth 3agauy Komm:

D) y"=2y"=(x* +x-3)e", y(0)=2,y'(0)=5;

2) y"—2y"+10y =10x> +18x+8, »(0) =2, »'(0)=9;

8. HaiiTu BeIpakeHrne oO0beMa pealn30BaHHON MPOAYKIHMH y = )(f) W €ro 3HaA4CHHE MpHU ¢ = 2, eClH

1
M3BECTHO, 4YTO KpHBas crpoca umeeT Bua p(y)=3—-2y, HOpMa akcejepanuu 7=1,5, HOpMa

unBectuimii m = 0,6, y(0) =1.

9. st HekoTOpoil pupmbl PYHKIMS Map>KUHATBHONW BBIPYYKH OT MPOAAXH CBOEH MPOMYKIIMH UMEET
Bug MR =10-02¢g, rae R - obmas Bbipydka, MR - mapxuHanbHas Beipyuka (MR=R") 9 .
06beM mponykuuu. Hy)kHO HaiiTi 0011yt0 BeIpYdKy pupmbl R (yKa3aHuUE: y4ecThb, UTO MPU HYJIECBOM
ypoBHe npoaax R(0)=0).

10. Haittu pynkuuro noxona Y (¢) = I(¢) + C(¢), eciiv U3BECTHO, YTO BEIIMYMHA MOTPEOICHUS 3a1aeTCs
byakuueir C(¢) =2¢, kKodQPUIMEHT KamUTAIOEMKOCTH Tpupocta goxoma b =0,5, cymma
unBectuimii 1(t) =bY'(¢t) u Y(0)=2.

2.27.3 Pe3yabTaThbl U BHIBOABI:

Ha panHOM mpakTHYeCKOM 3aHSATHM CTYASHTHl TOJYYHJIMA 3HAHUS OCHOBHBIX TIOHATUU W
WHCTPYMEHTOB aJIreOphl ¥ TIE€OMETPHH, MATEeMAaTHYECKOrO aHajiu3a, OCHOBHBIX MaTeMaTHYeCKUX
MOJIeJIe TPHHSITHS PEIICHUH; MPUOOpeNd YMEHHUs peliaTh THUIOBBIE MAaTEMaTHYEeCKHE 3aadH,
UCIIOJIb3YEMbIC TIPH MPUHATHU YIPABICHYECKUX PEIICHHH, WCIOJIb30BaTh MAaTEMATHUCCKHHA SI3BIK H
MaTEeMATHYECKYIO0 CUMBOJIMKY TPU MTOCTPOCHUH OPTaHU3AIMOHHO-YIIPABICHYECKUX MOICIIECH.



2.28 IIpakTnueckoe 3ansitue Ne28 (2 yaca)
Tema: «3HaKOMOJOKUTEIbHbBIC PSIBD)

2.28.1 3apnanue nist padoThI:

1. UccnenoBaHue 4MCIIOBBIX PSAJIOB HA CXOJUMOCTD.

2. [Ipy3HaKu CXOAMMOCTH 3HAKOIOJIOKHUTEIIBHBIX PSJIOB.
3. DTalOHHBIE PSAJIBI.

2.28.2 Kpatkoe onucanue NpoBOAMMOro 3aHATHS:
Bomnpocstr:

1. OnpeneneHune 3HaKOMOIOKUTEILHOTO Psia.

2. Ilpu3Hak cpaBHEHUS.

3. IlpenenbHbIi MpU3HAK CPABHEHUS.

4. ITpuznak /lanambepa.

5. Ilpuznak Komu.

Penrenue 3agau:
l. HaﬁTH CyMMY psifia, 10Ka3aB, YTO OH CXOAUTCA:
1 1
1) — .+ +
I 3 2-4 n(n+2)
2) 1 + 1 + 1 +..+ 1 +
1-4 4.7 7-10 Bn-2)(3n+1)
2. Halitu cymmy psizia, €ciii M3BECTHA €ro #-asg YaCTU4Hasi CyMMa:

6n* —5n+4 B Nnd —n

1§, = on—onts s =Y
) S 3n* +7n* -8 ) Nand —n? +5

3. UccnenoBath Ha CXOAMMOCTD PSAJIBI C TIOMOIIBIO HGO6XOI[I/IMOFO YCIIOBHS CXOJUMOCTH:

4, HccnenoBaTh Ha CXOOUMOCTD PAAbI C ITIOMOIIBIO HpI/ISHaKa CpPpaBHCHUA:

)Z(n+1)(n+4) 3)2614 — n+3
1 1 1 < 1

+ + +...; 4) ) —.
31 5°-1 7°-1 ;1/4n(1+n2)

5. UccnenoBarh Ha CXOAMMOCTD PsIZIbl C TOMOULIBIO IIPEAEIBbHON (POPMBI IPU3HAKA CPABHEHMUSL:

5n° = 2n? 3n+1
; 3
)2711 +5n-1" )ZJ

)Z —3nt4 4) Z_;m(w%j.

2)

“Tn® +4n* +1°
6. I/ICCJ'IC,Z[OBaTb Ha CXOJIMMOCTB PsI/Ibl C IOMOIIBIO MpeenbHOM GpopMbl mpu3Haka J[anambepa:
= 1 n (n + 1)
1 ; 3
) nzzll 2n+1)! ) ,Z
> 3nm Bn+1)!
2 : 4 .
);(n+1)! ); 10"

7. UccnenoBaTh Ha CXOAUMOCTH PSIJIBI C TTIOMOIIBIO npenenLHoﬁ dbopmbl mpusHaka Komm:

S 10m nz.
)2(10n+5j ’ )Z

“In" (n+1)



2.28.3 Pe3yabTaThl M BHIBOABI:

Ha panHOM mNpakTMYEeCKOM 3aHATUM CTYAEHTHl IIOJIYYWIM 3HAHUS OCHOBHBIX IIOHATHH U
MHCTPYMEHTOB ajireOpbl M TEOMETPUH, MATEMAaTUYECKOTO aHajlu3a; NpUOOpesln yMEHHs pellaThb
TUIIOBBIE MAaTEMAaTUYECKHE 3aJadd, HCIOJIB30BAaTh MATEMATUYECKUM A3BIK U MaTEMaTHYECKYIO
CUMBOJIHUKY.

2.29 IlpakTuyeckoe 3ansiTue Ne29 (2 yaca)
Tema: «3HaKoUYepeyIOIIUECS PAIBDY

2.29.1 3apanue aAjs padoThI:

1. [TonsiTre 3HaKOUEPENYIOIIETOCS PSAAA.
2. Ilpusnax JleiiOnuna.

3. AGcontoTHas U YCIIOBHAs CXOAMMOCTb.

2.29.2 KpaTkoe onucaHue NpoBOIMMOro 3aHATHS:
Bompocsr:

1. Onpenenenue 3HaKOYEPEAYIOLIETOCS PSa.

2. Ilpusnax JleiiOnuna.

3. Onpenenenrie aOCONMIOTHON M YCIIOBHOM CXOAMMOCTH.

Pemenne 3agau:
1. UccnenoBaTh Ha CXOAMMOCTb PAJbl ¢ NMOMOLIBI0 Npu3Haka JleilOHuna. B ciywae cxonumocty,
yCTaHOBI/ITB a0COJIIOTHO WJIN YCJIIOBHO cxonmca p;m'

n=1

<1)" S (—3)" .
3)z¢nT 7);(4%1)"’

» (=1)" sin—
=D". 3

4 8 _—
); 5" )nz=1: 2vn’ +1

2.29.3 Pe3yabTaThbl U BHIBOJBI:

Ha pmaHHOM mpakTMYeCKOM 3aHSATHU CTYJACHTHI TMOJYYMJIM 3HAHUS OCHOBHBIX TIOHATHH U
MHCTPYMEHTOB aJIreOpbl M TEOMETPUM, MATEeMAaTHUYECKOTO aHalIn3a; MPUOOpeNrd yMEHUs pelaTh
TUTIOBBIE MaTEMaTUYCCKHE 3a/aud, HCIOJIb30BaTh MAaTEMAaTHYECKUH S3BIK W MaTEeMaTHYCCKYIO
CHUMBOJIUKY.

2.30 IIpakTnueckoe 3ansitue Ne30 (2 yaca)
Tema: «CTeneHHbIC PAIBI»

2.30.1 3apanue niist padoThI:

1. Panuyc u mHTEpBaAI CXOAMMOCTH CTEIIEHHOTO psija.
2. Psan Teiinopa u MakiopeHa.

3. [IpumeneHue psaOB B TPUOINKEHHBIX BHIYUCICHHSIX.



2.30.2 KpaTkoe onucaHnue NpoBOAMMOro 3aHATHSA:

Bomnpocsr:

1. Onpenenenue CTENEHHOIO psija.

2. Onpenenenue paguyca U HHTEpBaJla CXOJUMOCTH CTEIIEHHOTO psija.
3. ®opmyisl pa3noxeHust QyHKUMH B psag MakiiopeHa.

Pemenue 3amau:
1. Haiitu paguyc u 06J1acTh CXOJIMMOCTH CTEMEHHBIX PSIOB:

> (x—2)" e .,
1) Z(n—z); 33 ()

n=l1 n=1
» S, 4)2( 1) n’ (x=2)".

n=l1 n'
2. Pasnoxuts B psag MakiopeHna (byHKuI/m:

e’ —1 x+In(l-x
ny=<"1 3) y=2rl=0,
X X

sin \/;
—

2)y:x-ln(l+x2); 4) y=

3. Beruncauts npubimxeHHo ¢ TogyHocThio 10 0,001:

EUKE 3) n3/130 ;

0,5
2) In(1,04) ; 4) e
0

2.30.3 Pe3yabTaThl M BHIBOABI:

Ha JAaHHOM IMPAKTHUYCCKOM 3aHATUMU CTYACHTHI MTOJYUWJIM 3HAHUA OCHOBHBIX MOHATHH U
HHCTPYMCHTOB a.nre6p1>1 n TreoOMCTpUH, MATCMATHYCCKOI'O aHaJIn3a, HpHOGpCJ’II/I YMCHHUA PCUIATh
TUIIOBBICE MAaTCMAaTHYCCKUEC 3aJadyu, HCIIOJIb30BATh MaTeMaTHYeCKU S3BIK U MAaTeMaTU4YCCKYIO
CUMBOJIHKY.

2.31 IIpakTuueckoe 3ansatue Ne31 (2 yaca)
Tema: «OcHOBBI TEOpUN BEPOATHOCTEN»

2.31.1 3apanne nus padoThI:

1. CymHOCTb ¥ yCIIOBUS IPUMEHEHHS TEOPUU BEPOSTHOCTEH.

2. Knaccuueckoe M CTaTUCTHUECKOE ONPEAETICHUS BEPOSTHOCTH.
3. TeopeMmsl CII0KEHHS U YMHOXKECHHS BEPOSITHOCTEN.

4. ®opmyna noaHo BepositHocTH. Popmyia baiieca.

2.31.2 KpaTkoe onucaHnue NpoBOAMMOro 3aHATHS:

Bomnpocsr:

1. [TonsiTUe UCTIBITAHUSI.

2. [TonsaTHe cry4aiiHOTO COOBITHS.

3. Knaccuduxkanus coObITHH.

4. Knaccuueckoe M CTaTUCTUYECKOE ONpPENETICHUsI BEPOSITHOCTH.
5. TeopeMsl CIIOKEHUS U YMHOKEHUS BEPOSITHOCTEH.

6. ®opMyIia MOJIHON BEPOSTHOCTH.

7. ®opmyna baiieca.

Pemenue 3anau:

1. HaGupass Homep TenedoHa, aOOHEHT 3a0bul mocieaHue 3 mudpbl ¥, MOMHS JIMIIb, YTO OHH
pa3iuuHble, HaOpan ux Haynady. KakoBa BepoOsITHOCTh TOro, 4yro Homep TesedoHa Obul HabpaH
BEepHO?



2. Ky0, Bce rpanu Kotoporo okpaieHsl, pacnwieH Ha 1000 oguHaKkoBbIX KyOMKOB, KOTOPBIE 3aTEM
CIIOKWIM B KOpoOKy M mepememanu. M3 kopoOku Haynady BbIHMUMalT oJuH KyOuk. KakoBa
BEPOSATHOCTb, YTO ATOT KyOUK MMEET OKpALIEHHBIX I'paHeil: a) oaHy; 0) nBe; B) Tpu?

3. Cpenu 25 cTyneHTOB, U3 KOTOPBIX 15 AeByllek, pa3birpblBatoTcs 4 Ouiera, IpuueM Kax bl MOKET
BBIMTPaTh TOJBKO OJuH Omier. KakoBa BEpOSITHOCTh TOTO, YTO cpeAu oOjanarenei Ouiierta oKaxyTces
TPH FOHOLIU U OHA J€BYIIKA?

4. Dkcnenuuus H3AaTeNbCTBA OTIpaBUIA Ta3eTbl B TPU IOUYTOBBIX OTHAEIEHMS. BeposTHOCTbH
CBOCBPEMEHHOH JOCTAaBKHU raser B IepBoe oTaenacHue pasHa 0,95, Bo Bropoe ornenenue — 0,9 u B
tpethe — 0,8. HaliTu BepoATHOCTH CIEAYIOMINX COOBITHI: a) TOJIBKO OJHO OTACJICHUE MOTYyUUT ra3eThl
BOBpEMsI; 0) XOTs Obl OHO OTJEJIEHNUE NIOJYUUT ra3€Thl C ONO3/1aHUEM.

5. CTyzmeHT pa3bICKUBaeT HYXHYI eMy (opMylly B Tpex CIpaBOYHUKaX. BeposTHOCTH TOro, 4To
dbopmysa CoIepKUTCS B IEPBOM, BTOPOM M TPEThEM CIIPAaBOUHHKAX, paBHA cooTBeTCTBEHHO 0,6, 0,7 1
0,8. HaifTu BeposSITHOCTb TOT0, UTO 3Ta (hopMyiia COAEPKUTCS HE MEHEE, UEM B JIBYX CIPaBOYHHKAX.

6. B xopobke 10 xpacHbIx, 3 cuHMX M 7 KenThIX Kapanpameil. Haynauy BelHUMalOT 3 kapanjaiia.
KakoBa BepoATHOCTb TOTO, YTO BCE OHM: a) pa3HBIX LIBETOB; 0) OAHOTO LiBeTa?

7. VluBecTop peurwl BJIOKHUTH IOPOBHY CPEJICTB B TPU NPEANPUATUS NPU YCIOBUM BO3BpaTa €My
KOKIBIM IPEANPHUATHEM uepe3 omnpereseHHbl cpok 150% oT BiokeHHOM CyMMBI. BeposTHOCTBH
0aHKpOTCTBA Kaxxaoro u3 mnpeanpuatuil paBHa 0,2. HaliTu BeposSTHOCTH TOrO, YTO MO HUCTEUEHUU
CpOKa KpeJUTOBaHHs HHBECTOP MOJIYYUT 00paTHO, IO KpaiiHel Mepe, BIOKEHHYIO CyMMY.

8. B ypHy, conepxainyro aBa mapa, onyieH Oenbiii map. [locie yero u3 Hee Hayady U3BJI€YEH OJAUH
map. KakoBa BepoOSITHOCTb TOT0, UTO U3BJIEUCHHBIN 1Iap OKAXXETCsl OEJIbIM, €CJIi PaBHOBO3MOXKHBI BCE
BO3MO>KHBIE MPEATNOI0KEHHUS O IEPBOHAYAIbHOM COCTaBE 1IapoB (110 LBETY)?

9. Ilpn npoBepke u3Jenus Ha COOTBETCTBUE CTAaHAAPTY BEPOSATHOCTH TOrO, YTO OHO HMPOWUIET Yepes
nepBoro KoHTposepa, paBHa 0,55, a yepe3 Broporo — 0,45. BeposTHOCTb Npu3HaHUSA HU3JEIUA
CTaHJIApTHBIM y MEPBOTO KOHTpoJsiepa paBHa 0,9, a y Broporo — 0,98. KoHTposepsl UMEIOT pa3IMuHYIO
kBanu¢pukanuo. Mznenue npu npoBepke ObUIO NMPU3HAHO CTAaHAAPTHBIM. HaliTu BEpoOsATHOCTH TOrO,
YTO ATO U3JIEIHE MIPOLUIO Yepe3 BTOPOro KOHTPOJIEPA.

10. B nanHbIi palioH M3A€nus NOCTaBIAIOTCA TpeMs ¢upmamu B cooTHoweHuun 5:8:7. Cpenu
IPOAYKIMH TepBOi (pUpMBI cTaHIapTHBIE U3enus cocTaBisaoT 90%, BTopoil — 85%, Tperbeit — 75%.
Haiitu BeposTHOCTH TOro, 4TO: a) NPUOOPETEHHOE U3JEINE OKAXKETCSl HECTaHIAPTHHIM; O)
nproOpeTeHHOoe U3/eIHe OKa3aloch CTaHJapTHBIM. KakoBa BEpOSATHOCTb TOTO, YTO OHO HU3IOTOBJICHO
TpeTbel pupmoii?

2.31.3 Pe3yabTaThl U BHIBOABI:

Ha JAaHHOM IMPAKTHUYCCKOM 3aHATUMU CTYACHTHI TOJYUWJIM 3HAHUSA OCHOBHBIX MOHATHH U
HHCTPYMCHTOB MATCMATHUYCCKOI'0O aHajin3a U TCOpUHU BCPOHTHOCTCﬁ; HpI/IO6p€J'II/I YMCHHUA pPCUIATh
TUIIOBBICE MAaTCMAaTHYCCKUEC 3aJadyu, HCIIOJIb30BAaTh MaTeMaTHYeCKU S3BIK U MAaTeMaTU4YCCKYIO
CUMBOJIHKY.

2.32 IlpakTuueckoe 3ansitue Ne32 (2 yaca)
Tema: «BeposTHOCTH COOBITHSI TPH MOBTOPHBIX UCIIBITAHUAX)

2.32.1 3apanue nus padoThI:

1. ®opmyna bepuysmim.

2. JlokanpHas Teopema Jlamaca.

3. UnTerpanbHas Teopema Jlamnnaca.

4. Teopema Ilyaccona.

5. HauBeposiTHelimee 4iciio HaCTYIUICHUH COOBITHSI IIPU MMOBTOPSHUH MCTIBITAHUM.

2.32.2 KpaTkoe onucaHue poBOMMOro 3aHATHS:

Bompocsr:

1. [ToHsATHE BEpOSATHOCTH COOBITHS TIPH MOBTOPHBIX UCIIBITAHUSIX.
2. ®opmyna bepuymin.



3. JlokanpHas Teopema Jlamaca.

4. UnrterpanpHas Teopema Jlamaca.

5. Teopema Ilyaccona.

6. HauBeposiTHellee Y1cio HaCTyMIEHUI COOBITUS TP TOBTOPEHUH UCTIBITAHUN

Pemenne 3agau:

1. JIBa paBHOCMJIBHBIX IIAXMAaTHUCTA UTPAIOT B IIaxMartbl. UTO BEpOATHEE, BHIUTPAThH JBE MapTUU H3
YeThIPEeX WM TPU MapTHU U3 IECTH (HUYbH BO BHUMAHUE HE IPUHUMATD)?

2. IIpon3BoauTcs 3a1m U3 WECTH OPYAUM 110 HEKOTOPOMY 00BEKTY. BeposTHOCTh nonasanus B 00bEKT
u3 Kaxzaoro opyaus paBHa 0,6. HallTu BeposTHOCTh JMKBUAALMM OOBEKTa, €CIU Ji1 3ITOrO
HE00X0uMO 4 monagaHus.

3. B cpeanem no 15% m0roBopoB cTpaxoBaHUs KOMIIAHUS BBIIUIAYMBAET CTpaxoByr cymmy. Haiitu
BEPOATHOCTh TOTO, YyTO U3 10 JAOroBOpPOB C HACTYIUIEHHEM CTpPaxoOBOIrO ciydas OydeT CBs3aHO C
BBITJIATON CTPAXOBOW CYMMBI: a) TPH JIOTOBOpa; 0) MEHEE JIBYX JOTOBOPOB.

4. Ilpennonaraercs, uto 10% OTKpBIBAIOIIMXCS HOBBIX MAajblX MPEANPUITHI IPEKPAIIAIOT CBOIO
JESTENIbHOCTh B TeueHHe roja. KakoBa BEpOSTHOCTb TOTO, YTO W3 LIECTH MajblX MPEANPUATUN HE
0oJjiee IBYX B TEUEHHE IOJja MPEKPATAT CBOIO IEATEIBHOCTH?

5. Cratuctuueckasi BEpOSITHOCTh pOoxkieHus AeBouku paBHa 0,51. HaliTu BeposTHOCTH TOTO, UTO Cpenn
100 HOBOpOXIEHHBIX OyAeT poBHO 50 AEBOYEK.

6. BepositHoCTh nosiBneHust coobITHs paBHa 0,7 B kaxaoM u3 2100 HezaBucuMBbIX UcnbiTaHui. Haiitu
BEPOSITHOCThH IMOSIBIICHUsI COOBITHS: a) He MeHee 1470 pa3; 6) He menee 1470 u He Gonee 1500 pas; B)
He 6onee 1469 pas.

7. BeposTHOCTH OOpallieHus B MOJUKIMHUKY KaKJOTO B3POCIOro 4YeJoBeKa B IMEPHOJ SMHIEMUU
rpunna pasHa 0,8. Haiitu, cpeam Kakoro 4yucia B3pOCHBIX YEJIOBEK MOXKHO O0XXMJIaTh, 4TO B
MOJIMKJITMHUKY OyZeT He MeHee 75 oOparieHui.

8. B By3e oOyuatorcs 3650 crynenToB. BeposTHOCTh TOTO, UTO J€Hb POKIACHUS CTYACHTA MPUXOIUTCS

1
Ha OIPCACIICHHBIM ACHL I'0OJld, paBHA % Haiitu: a) Hauboee BCPOATHOC YHCIO CTYIACHTOB,

poauBLIMXCA 1 Masi, U BEPOATHOCTb TaKOro coObITHS; 0) BEPOATHOCTb TOTO, 4YTO, IO KpaiiHeH Mepe,
3cTyneHTa UMEIOT OJIUH U TOT K€ JAECHb POXKJICHMUS.

9. YueOHuk uznan tupaxom 10000 sk3emmiisspoB. BeposTHOCTH TOro, 4ToO 3K3EMIUISp yuyeOHUKa
cOpomrtopoBan HenpaBwibHO, paBHa (0,0001. HaliTu BEepOSITHOCTH TOTO, YTO: @) TUPAX COJCPKHT 5
OpakoBaHHBIX KHHUT; 0) 110 KpaiiHell Mmepe 9998 kHuUr cOpOLIIOPOBaHbI IPAaBUIBHO.

2.32.3 Pe3yabTaThl M BHIBOABI:

Ha panHOM mNpakTMYECKOM 3aHATUM CTYACHTHl IIOJIYYWIM 3HAHUS OCHOBHBIX IIOHATHH U
MHCTPYMEHTOB MAaTE€MaTHYECKOr0 aHajli3a M TEOPUU BEPOSATHOCTEM; NMPUOOpENM yMEHHUs pelaTh
TUIIOBBIE MAaTEMAaTUYECKHE 3aJadyd, HCIO0JIb30BAaTh MATEMATUYECKUM A3BIK U MaTEMaTUYECKYIO
CUMBOJIHUKY.

2.33 IlpakTuueckoe 3ansitue Ne33 (2 yaca)
Tema: «CiydaiiHble BETUYNMHBD»

2.33.1 3apanue nist padoThI:

1. JluckpeTHble ciaydyaiiHble BEIMYMHBI. 3aKOH paclpeAeiieHUusl BEPOSITHOCTEN JUCKPETHOH ciiydaiiHON
BEJINYUHBI.

2. YucnoBble XapaKTEPUCTUKU JUCKPETHON CIIydaiiHOM BEJIMYMHBI.

3. HenpepbiBHBIE CilyyaliHble BeTMYMHbI. DYHKIMS pacnpeaeneHus u e€ coiictpa. [notHocTh
pacnpeneneHus BEpOSTHOCTH HENPEPBIBHOM CIIy4aiiHOW BEJIMYUHBI.

4. YucroBble XapaKTEPUCTUKU HENPEPHIBHOW CIIy4ailHON BEJIMUMHBI.



2.33.2 Kpatkoe onucanue NpoBOAMMOro 3aHATHS:

Bomnpocsr:

1. Onpenenenne JUCKPETHOM Cllyd4aliHOM BETUYUHBI.

2. OnpeneneHue 3aKOHA pacipeiesieHNs BEPOSATHOCTEN JUCKPETHOM CIIy4ailHOM BEJIMUMHBI.
3. Onpenenenre HeNPepbIBHON CiIydailHOM BEIMYMHBI.

4. Onpenenenuie PyHKIUU pacTpeeeHusI.

5. Onpenenenue ypaBHEHUS IUIOTHOCTU PACIIPEAEICHUS BEPOSTHOCTH.

6. UucnoBble XapaKTepUCTUKU TUCKPETHON U HEMPEPHIBHOM CIIy4alHOW BEJTMYMHBI

Pewenue 3anau:

1. Bemymeno 1000 notepeiiHbIX OMIJIETOB: Ha 5 W3 HUX BbINaAacT BBIUTPHIIT B cymMe S00 pyOueid, Ha
10 — Berpsimn B 100 py6neit, Ha 20 — Bomrpeimt B 50 py0neit, Ha 50 — Bemmrpsitr B 10 pyoGuneil.
Onpenenuts 3aKOH pacHpeleeHUs BEPOSTHOCTEH CIIy4allHOM BeNMYMHBI X — BBIMIPBIIIA HA OIUH
ouner.

2. HaiiTn MaTemMaTHuYeCcKO€ O’KUAaHUE YUCIIA OYKOB, BBINAAIOIUX IPU OPOCAaHUU UIPaIbHOM KOCTH.

3. YCTpOHCTBO COCTOUT U3 TPEX HE3aBUCHMO PabOTAIOIIMX AJIEMEHTOB. BEposATHOCTH OTKa3a Kax10ro
a71eMeHTa B 01HOM onbITe paBHa 0,1. CocTaBUTh 3aKOH pacHpeleleHHs] YNCIIa OTKA3aBIINX 3JIEMEHTOB
B OJIHOM OIIBITE, IOCTPOUTh MHOI'OYTOJIbHUK paciipeneneHus. Haiitu pynkuuto pacupenenenus F(x) u
noctpouts ee rpadux. Haiitu mMaremarnyeckoe oxuJaHue, JUCIEPCHIO M CPEIHEE KBaJApaTHUYECKOe
OTKJIOHCHHME TUCKPETHOU CIIy4allHON BEJIUYMHBL.

4. B ropone 4 koMmMepueckux 0aHka. Y KakaIoro puck OaHKpOTCTBA B TeueHUe roga cocrasisieT 20%.
CocraBpTe psii pacHpeleleHHsl uuciaa OaHKOB, KOTOpPbIE MOTYT OOaHKPOTHTBCS B TEUEHHE
CJIEYIOILEro roja.

5. JlaH 3aKOH pacupeneseHns JUCKPETHON CIIy4alHOM BEIUYHUHBI X
X 2 a 6 7
Di 0,3 0,4 0,2 b
Haiitu 3HaueHus napamMeTpoB a U b, €cliM MaTeMaTU4YEeCKOe 0’KUJAHUE CIIy4allHON BEIMUYMHBI PABHO
4,1.

6. CiyuaiiHas BeJIMUMHA 33/1aHA IIJIOTHOCTHIO pacHpeleIeHUs

0, x<urm,
f(x)=q—cosx, m<x<l5x,
0, x>157.

a) OIpEeleNINTh BEPOATHOCTh IMONAJaHMs CilydaliHOW BenuuuHbl X B uUHTepBan [m;5/4m]; 0) Hailtu
MaTEMaTUUYECKOE OXKHJAaHUE CIIy4aiiHON BEJIMUUHBI X, B) AUCIIEPCHUIO CIIy4aliHON BEIUUYUHBI X.
7. Cnyuaiinas BennunHa X 3aJjaHa INIOTHOCTBIO BEPOATHOCTH:

0, x<1,
f(x)=4C-(x—-1), 1<x<3,
0, x>3.

TpeOyercsi: a) Haiitn kodpdunment C; 0) Halith QyHkIUIO0 pactpenenenus F(x); B) Haiitu M(X),
D(X), o(X); r) Haiitu BeposaTHOCTh P(0 < x < 3); 1) moctpouth rpaduku GyHkmui fx) u F(x).

8. HenpepriBHast ciydaliHas BeIM4MHA 3a7aHa Ha uHTepBase 0 < x <1 IUIOTHOCTBIO pacrlpesesieHus
f(x)=2x,aBHe 3Toro unreppana f(x)= 0. HaiiTu ee unciaoBble XapaKTEPUCTUKH.

2.33.3 Pe3yabTaThl M BHIBOABI:

Ha pmanHOM TpakTHYeCKOM 3aHSATHM CTYOSHTBHl TOJMYYHJIA 3HAHUS OCHOBHBIX TIOHATHU W
UHCTPYMCHTOB MaTEMAaTHYECKOrO0 aHaliu3a M TEOPUU BEPOSATHOCTEH; MPHOOpEIM yMEHHs peliaTh
TUTIOBBIC MaTeMAaTUYEeCKUE 3a7add, HCIOJh30BATh MATEMATHYECKHHA S3BIK U MAaTEMaTHYECKYIO
CHUMBOJIHKY.



2.34 IIpakTnueckoe 3ansitue Ne34 (2 yaca)
Tema: «HopmanbHbIN 3aKOH pacnpeiesIeHUs CIy4aitHON BeTUYUHBDY

2.34.1 3ananue niist padoThI:
1. BepoaTHOCTb MONagaHust HOPMAJIBHO PACHPEEIICHHOM €. B. B 3aJaHHbIN UHTEPBAJ.
2. [IpaBusno «Tpé€x curm».

2.34.2 KpaTkoe onucaHue NpoBOMMOro 3aHATHS:

Bompocsr:

1. Onpenenenne HOpMaIbHO paclpeaeIeHHON ClIy4aiiHON BEIMUUHBI.

2. BeposTHOCTB NonagaHusi HOPMAJILHO PACIPEIEICHHON CIy4aillHOW BEJIMYMHBI B 3aJaHHBII
UHTEPBAIL.

3. [IpaBuso «Tpé€x curm».

Pemenne 3agau:

1. TToezga MeTpo UAYT cTporo mno pacrnucanuto. UutepBan nuxenus — 5 munyt. CoctaBuTh f(X) U
F(x) cnydaiinoil BenuuuHbl X — BPEMEHU OXHJAAaHUSA OYEPEIHOrO MOe3/la U MOCTPOUTHh UX TpaduKu.
Haiitu M(X), D(X).

2. HenpepsiBHas cilydaiiHasi BeIMYMHA pacHpejesieHa IO I0Ka3aTeIbHOMY 3aKOHY C MapaMeTpoM
A =2. CoctaBuTh QYHKIUIO pacnpeneneHusi, QyHKIUIO IMJIOTHOCTH STOW CIy4yallHOW BENUYHHBI.
HaliTn uuncnoBble XapaKTEpUCTUKHM W BEPOSTHOCTb TOTO, YTO ClydaiiHas BeJIMYMHA NOMNaAeT B
unrtepsai (0,3;1).

3. [eranu, BbIIyCKaeMble LIEXOM, IO pa3Mepy AUAMETpa paclpeiesieHbl 110 HOPMaJbHOMY 3aKOHY.
CranpapTHas J[iuHA JuamMeTpa JeTajld paBHA a=35, cpelHee KBaJpaTUUYECKOE OTKIOHEHHE o =4.
TpeOyetcsi: a) cocTaBuTh (DYHKIHMIO IJIOTHOCTH BEPOSITHOCTEH; O) HAWTU BEPOSATHOCTH TOTO, YTO
IMaMeTp Haynady B3ATOH netanu Oyxaer Oombme o =34 u mensiie [ =40; B) HAUTH BEpOSITHOCTD

TOTO, YTO JUAMETP JEeTall OTKJIOHUTCS OT CTAaHAAPTHOH JUIMHBI HE OOJIbIle UeM Ha O = 2.

4. 3ajaHbl MaTeMaTHYECKOE OKUAaHUE a=4 U CPEJHEKBAAPaTUYECKOE OTKIOHEHHE O = 6 HOPMAaJIbHO
pacnpesielleHHONW ciydallHOW BenuuMHbl. TpeOyercs: a) HamucaTh IUIOTHOCTh paclpeaeieHus
BEPOSATHOCTEN; 0) HATU BEPOATHOCTH TOT0, YTO X MPUMET 3HaUeHUE U3 uHTepBaia (5; 9).

5. Ommnbka u3MepuTess JaIbHOCTU MOAYMHEHa HOPMAJIbHOMY 3aKOHY C CUCTEMAaTHYECKOW OLIMOKOMN
20M U CcpeoHUM KBaJpaTHYEeCKUM OTKJIOHeHHMeM 60M. HaliTu BEpOSITHOCTH TOro, 4TO HU3MEPEHHOE
3Ha4YeHUe JaIbHOCTU Oy/eT OTKIOHATHCS OT UCTUHHOTO He Oosiee, yeM Ha 30M.

6. Juamerp Banuka - ciydailHas BeJIMYMHA, pacHpelnei€HHas 1[0 HOPMAJbHOMY 3aKOHY C
napamerpamu M (X)=10 mm u o(X)=0,61. Haiitu unHTEpBans, B KOTOPBIM C BEPOSTHOCTHIO

P =0,9973 OynyT 3aKJIFO4YEHBI JUAMETPBI U3TOTOBISEMBIX BaJIUKOB.

7. CnyvaiiHag BenuunHa X HMeEeT HOpPMAJIbHOE paclpeiesieHue ¢ MaTeMaTHYeCKUM OXHJIAaHHEeM
a =50 u cpenHUM KBaJpaTHUECKUM OTKJIOHeHHeM o = 20 . HaliTu BepoATHOCTb TOTO, YTO CiIy4aiHas
BenuyrMHa X OTKJIOHUTCS OT CBOEr0 MaTeMaTHYECKOTO OXHUIAHUS IO a0COJIIOTHOM BETUYMHE HE
Oouplre, ueM HA O =4 .

8. KopoOku ¢ xoH(eTaMn ynakoBBIBAIOTCS aBTOMAaTH4YECKU co cpennerd maccoit 540 r. [lomnaras, uto
CpenHsisi Macca KOpoOOK pacmpezienieHa [0 HOPMAajJbHOMY 3aKOHY CO CpPEIHHM KBaJApaTHUYECKHM
otrkioHeHnueMm 30 r, HalTU: a) B KaKOW MHTEPBal, CAMMETPUYHBI OTHOCHUTEIHHO MAaTEMaTHYECKOTO
OXKMJIaHUsl, yKiIaabIiBatloTCs 88% KopoOOK; 0) Kakol MpoIeHT KOpoOOK MMEET Maccy B Mpejaenax OT
500 mo 540 r.

2.34.3 Pe3yabTaThbl U BHIBOJBI:

Ha pmaHHOM mpakTMYeCKOM 3aHSATHU CTYJACHTHI TMOJYYMJIM 3HAHUS OCHOBHBIX TIOHATHH U
MHCTPYMEHTOB MAaTEMaTUYECKOr0 aHalIM3a M TEOPUHM BEPOSITHOCTEH; MpUOOpenu yMEHUs peuiaTh
TUTIOBBIE MaTEMaTUYCCKHE 3a/aud, HCIOJIb30BaTh MATEMAaTHYECKUHM S3BIK W MaTEeMaTHYCCKYIO
CHUMBOJIUKY.



2.35 IIpakTnueckoe 3ansitue Ne35 (2 yaca)
Tema: «OcHOBBI MaTEMaTUYECKOW CTATUCTHKI

2.35.1 3apnanue nist padoThI:

1. BapuanuoHHble psiabl, UX XapaKTEPUCTUKH U Irpaduueckoe n300pakeHue.
2. OyHKIUSA pacpeieIeHus.

3. YucnoBble XapaKTEPUCTUKH.

2.35.2 Kpatkoe onucanue NpoBOAMMOro 3aHATHSA:
Bompocsr:

1. Onpenenenne BapuallMOHHOIO psja.

2. XapaKTepuUCTHKHN BApUALIMOHHOTO Psa.

3. Onpenenenue MOJIUroHa U THCTOTPAMMBI.

4. Onpenenenue pyHKLUUU pacrpeaeIeHus.

Pemenue 3amau:
1. Haiiti sMnmpryeckyro QyHKIUIO 110 JaHHOMY pacipeieIeHUI0 BBIOOPKH U TIOCTPOUTH €€ TpaduK.

a)ﬁjlﬂlﬁzﬁ; G)Hj1324; B)i“]f533'
2. HOCTpOI/ITL IMOJIMTOH YaCTOT U OTHOCHUTCIIbHBIX YaCTOT 11O JJAHHOMY PAaCIpCACICHUIO BLIGOpKI/IZ
)23 [5]6 X;[15|20]25]30]35 Xl 2045710
2y [ 101515 [20]. 5) UL[10]15]30]20[25] [#%] 15]20[10]10]45
3. I[TocTpouTh rUCTOTPAMMY YaCTOT IO TAHHOMY PACIPEICIICHUIO BHIOOPKH:
1-5|5-919-13 |13-17| 17-21 27 [7-12 [ 12417 |17-22 | 2227
gy L10]20] 50 [ 12 8 | L3 [ 10 ] 25 6 )
4. TTocTpOUTH THCTOTPAMMY OTHOCHTEIIBHBIX YaCTOT MO IAHHOMY PacIpeeICHIIO BHIOOPKH:
02[2-4]4-6 10-15 | 15-20 | 20-25 | 25-30 | 3035
g 5 . 7
a) 2013050, 5) 2 4 8 4 2

5. 13 renepanbHON COBOKYITHOCTH U3BJIEYEHA BHIOOPKA!
X;[2 |5 [7]10
Fl;116 [12 8] 14
Haiitu: a) BeiOopouHOE cpennee; 0) BHIOOPOUHYIO U MCHPABICHHYIO TUCIIEPCHUIO; B) BRIOOPOYHOE U
UCIIPaBJIEHHOE CpeIHee KBaJpaTUYeCKOE OTKJIOHEHHWE; T') Ko3()QHUIMEHT Bapualuu; 1) MOAY; €)
MeJuaHy BBIOOPKHU.

6. 13 renepanbHON COBOKYITHOCTH U3BJIEYEHA BHIOOPKA!
X[ 1]3]6
Fl;) & [40] 10
Haiitu: a) BeibopouHoe cpeanee; 6) BRIOOPOUHYIO M UCHPABICHHYIO AMCIEPCHUIO; B) BHIOOPOYHOE U
UCIIPABJIEHHOE CpEJHEe KBaJpaTUYECKOE OTKJIOHEHHWE; I') KOo3(pPUIMEHT Bapualuu; 1) MOAY; €)
MeJMaHy BBIOOPKH.

[
L=

| ]

2.35.3 Pe3yabTaThl M BHIBOABI:

Ha JAaHHOM TMPAKTHUYCCKOM 3aHATUMU CTYACHTHI TOJYUWJIM 3HAHUA OCHOBHBIX MOHATHH U
HHCTPYMCHTOB MAaTCMAaTH4YCCKOI'0 aHajlin3a, TCOPHUH BCPOHTHOCTCﬁ, MaTeMaTH4YeCKOM M COIUaIbHO-
3KOHOMHYECKOH CTaTUCTHUKH, HpI/IO6pCJII/I YMCHHA pPEeIIaTb TUIIOBBIC MATCMATHUYCCKUC 3aJadvu,
HCII0Jb30BaTh MAaTEeMAaTUYECKUU SA3BIK U MAaTCMAaTU4YCCKYHO CUMBOJIHKY, 06pa6aTHBaTB OMIIUPUYICCKHEC
U DOKCICPUMCHTAJIbHBIC JaHHBIC, C(I)OpMI/IpOBaJII/I HaBBbIKM MAaTEMAaTUYCCKUX, CTAaTHCTHYCCKHUX H
KOJIMYCCTBCHHBIX METOAOB PCHICHUSA TUIIOBBIX OPraHU3alIMOHHO-YIIPABJICHUYCCKUX 3a1a4.



2.36 IIpakTnueckoe 3ansitue Ne36 (2 yaca)
Tema: «OcHOBBI TeOpUH BEIOOPOYHOT'O METO 1AM

2.36.1 3apnanue nist padoThI:
1. CTaTI/ICTI/I‘IeCKOG OLICHUBAHHUC HapaMeTpOB, METOABI HAXOXIACHHUSA OLICHOK.
2. TOYHOCTPH OIEHKH, HAJICKHOCTh, JIOBEPUTEIBHBIN HHTEPBAJL.

2.36.2 KpaTkoe onucaHue NpoBOIMMOro 3aHATHS:
Bompocsr:

1. Onpenenenue CTaTUCTUYECKOM OLIEHKH [TapaMETPOB.
2. MeToapl HAaX0XKAECHHS OILCHOK.

3. Omnpezenenrie TOYHOCTH OLEHKH.

4. OnpeneneHue HaAC)KHOCTH OI[CHKH.

5. Ompezenenne TOBEPUTEIHHOTO HHTEPBAJIA.

Pemenue 3anau:

1. Haiitu goBepUTeNnbHBIM HMHTEpBaN [UIsl OLEHKM C HaJexxHOCcThio  0,99Heu3BecTHOrO
MaTEMaTUYECKOr0 OXKHUJAHUS @ HOPMAJIbHO pacHpelesieHHOro mpu3Haka X TeHepalbHOU
COBOKYITHOCTH, €CJIM U3BECTHBI T'€HEPAIIbHOE CPEIHEE KBAaAPATUUECKOE OTKJIOHEHHE O , BBIOOpOYHas
cpensss x, u o0beM BblOOpkU n: a) 0 =4, x, =10,2, n=16.

2. Bribopka u3 601b110i naptun anexkTposaMi coaepxkut 100 namn. CpenHss NpoIoJKUTENBHOCTD
ropeHus Jamnbl okazanach paBHoil 1000 4. Halitu ¢ HagexHocTeio 0,95 noBepuTenbHbIA MHTEPBAI
JUIsL CpeHEN MPOJOJKUTEIBHOCTH @ TOPEHHUs JIaMIbl BCEHl MapTUM, €CIM HU3BECTHO, YTO CpEIHEe
KBaIPaTUYECKOE OTKJIOHEHHE MPOAOIKUTENBHOCTU TopeHus Jamnbl o =40 u. [Ipeanonaraercs, 4ro
IPOJOHKUTEILHOCTD TOPEHHUSI JITaMII pacipe/ielieHa HOpMaibHO.

3. 13 renepanbHON COBOKYITHOCTHU U3BJIEYEHA BHIOOPKA!
x, |-211]2(3]4]5

l

n |2 (1]212]|2]1

l

Ouenuts ¢ HagexHoCcThIO 0,95 MaTeMaTnyeckoe OXKUAAHUE @ HOPMAJIBHO PACIpeeIeHHOIO IPpU3HaKa
reHepabHONH COBOKYITHOCTHU 10 BEIOOPOYHOM CpeiHel MpH MOMOLIH JOBEPUTEIbHOIO HHTEPBaa.
4. Ilo naHHBIM JAEBSTH HE3aBUCHMBIX PABHOTOUHBIX M3MEPEHUH HEKOTOPOH (PU3NYECKOW BEIMUMHBI

HaiileHsl cpeHee apupMeTHYecKoe pe3yiabTaToB u3MepeHuil x, =30, u ucnpaBieHHOE cpenHee

KBaJpaTUYECKOE OTKJIOHEHHE §=6. OLEHUTh HCTMHHOE 3HAYEHUE HU3MEPSEMOW BEJIMYMHBI C
IOMOIUIbIO JIOBEPUTEIBHOIO HMHTEpBaia ¢ HajaexxkHocThio 0,99. [lpenmonaraercs, 4To pe3yiabTaThl
U3MEPEHUI pacipeesIeHbl HOPMAJIBHO.

5. Ilo nanHbIM 16 HE3aBUCHMBIX PaBHOTOYHBIX H3MEPEHUN HEKOTOPOM (U3UUYECKOH BEINUYMHBI

HaiileHbl cpeqHee apupMeTHdecKoe pe3yibTaToB M3MEpeHUil x, =42,8 M HUCHpaBIeHHOE CpejHee

KBaJpaTUUECKOe OTKJIOHeHHEe §=8. OLEHUTh HMCTUHHOE 3HAYEHHE H3MEPSIEMON BEJIUYMHBI C
IIOMOUIBbIO JOBEPUTEIBHOIO HMHTepBasa ¢ HajaexHocTbio 0,999. Ilpennonaraercs, 4To pe3ysbTaThl
U3MEPEHU pacipeesieHbl HOPMAJIBHO.

6. Ilo naHHbIM BBIOOpPKM OObeMa n =16 U3 reHepaJbHON COBOKYNHOCTH HaWIEHO HCIPaBICHHOE
cpeHee KBaJpaTU4YECKOE OTKJIOHEHHE § =1 HOPMalIbHO PACIHPENEICHHOIO KOJIMYECTBEHHOTO
npu3Haka. HaliTu 1OBEpUTENBHBIN UHTEPBAJ, IOKPHIBAIOIINNM I'€HEPAIbHOE CpEJHEE KBAJAPAaTUYECKOE
OTKJIOHEHHE O C HaJeKXHOCThIO 0,95.

7. IlpousseneHo 12 wu3MepeHuidt ogHMM NpuUOOpoM (06€3 CUCTEeMAaTHUECKUX OIIMOOK) HEKOTOpOii
(Gu3n4ecKoil BeNUYMHbI, IPUYEM HCIIPABICHHOE CpeJHEE KBAAPATUUECKOE OTKIOHEHHE S CIIydalHBIX
omuOOK u3MepeHus okazajioch paBHeIM 0,6. Hailitu TouHOCTH TpubOOpa ¢ HamgexHocThiO 0,99.
[Ipennonaraercs, 4To pe3yabTaThl U3BMEPEHUM pacpeelIeHbl HOPMAIBHO.

8. HaiiTu noOBepUTENBHBIM HMHTEpBaJ UIsl OLEHKM ¢ HajexHocTbio  0,99HensBecTHOrO
MaTEMaTUYECKOI0 OKHUJAHUS @ HOPMAJIbHO pACIPENEICHHOrO0 Mpu3Haka X TIeHepalbHOU
COBOKYITHOCTH, €CJIM U3BECTHBI T'€HEPAIIbHOE CPEJIHEE KBAaAPATUUYECKOE OTKIOHEHHE O , BBIOOpOYHas

cpeaHsst x, U o0beM BbIOOpKU n:a) 0 =5, x, =16,8, n=25.



2.36.3 Pe3yabTaThbl U BHIBOJBI:

Ha pmaHHOM mpakTMYeCKOM 3aHSATHU CTYJACHTHI TMOJYYMJIM 3HAHUS OCHOBHBIX TIOHATHH U
WHCTPYMEHTOB MAaTEMaTUYECKOI0 aHaIW3a, TCOPHH BEPOSTHOCTECH, MAaTEMaTUYECKOH M COIMAIBHO-
SKOHOMUYECKON CTaTUCTUKU;, MPUOOpPENTH YMEHHS pellaTh THUIIOBbIE MaTeMaTHYeCKUEe 3aj/layw,
UCITOJIH30BaTh MAaTEMATUYECKUH SA3bIK M MAaTEMAaTHYECKYI0 CUMBOJIMKY, 00pa0aThIiBaTh IMIUPHUICCKUE
U OKCHEPUMEHTAIbHBIE JaHHBbIC; CHOPMHPOBAIU HABBIKM MAaTEMATHUYECKUX, CTAaTUCTUYECKUX U
KOJMYECTBEHHBIX METOJIOB PEIICHUS TUIIOBBIX OPraHU3aIMOHHO-YIIPABICHUYECKUX 3a/1a4.

Pazpaborana: B.A. PoroBa




