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Jlexkuma Ne 1 (2 yaca)

Tema: « MaTpuLbI U ONpeAeTUTEIN
1 Bompocs! JieKnuu:
1.1 Marpuubl, BUABI MATPHII.
1.2 JdeiicrBus Haag maTpunamu. [lIpuBeneHne MaTpunbl K CTYIEeHYATOMY BUAY.
1.3 OnpenesanTe/ M KBaApaTHBIX MATPHIl M HX CBOICTBA.
1.4. MuHoOpBI ¥ anredbpandyeckue A0N0JHeHUs. BoIuncienne onpeneanTesiei.
1.5. O6paTHas maTpuua.

2. Kparkoe conep:xaHue BONMPOCOB
Marpuubl, BUIbl MATPHIL.
Onpeodenenue. Mampuyeti Ha3pIBAETCS MPSMOYTOIbHAS TaOJIHIIA YHICETT.

a,;, 4a, .. a,

a a a
A=| 2 22 2n

a a a

ml m2 mn

a;; i ” .
O6o3HayeHus: A — MaTpuia, U - 5JIeMEHT MaTpHIbl, | ~HOMep CTPOKH, B KOTOpPOW CTOUT JaHHbI

3JIEMEHT, )= HOMEP COOTBETCTBYIOLIETO CTOIOA; M — YUCIO CTPOK MAaTPHIbI, N — YUCIIO €€ CTOIOLOB.
Onpeodenenue. Ynucna M u N Ha3bIBAIOTCS Pa3MEPHOCTAMH MaTpPULIbL.

Onpedenenue. Matpuila Ha3bIBaeTCcsd KBagpaTHOH, ecnmd M = N. Yucio N B 3TOM cilydae Ha3bIBAIOT
MIOPSIIKOM KBaJPATHON MATPULIBL.

0 O 0
0 O 0
Onpeoenenue. Matpuna Busa 00 0 Ha3bIBACTCS HYJICBOH.
1 0 0
0 1 0
0 O 1

Onpedenenue. Marpuna Buaa

Ha3bIBAETCS €AUHUYIHOM.

HefictBus Hag maTtpunamu. [IpuBeneHne MaTpuIbl K CTYNEHYATOMY BHAY.
Onpeodenenue. TpaHCIIOHUPOBaHUEM MAaTPHIIBI HA3bIBA€TCsl 3aMEHa €€ CTPOK CTONONaMU C TEMH JKe

HOMEpaMH.
g 1y e @ - By
e ¢ ¢ et ] Lo
21 22 an T 12 22 w2
A= . A=
a ':I:wﬂ I:IM?! ':11:'4 aﬂx ':I?md

s ynoGcTa Bce onepanuy OyaeM BBOAUTH JUISI MATPHLL pa3MepHOCTH 3X3.
1. Cnoxenne Matpuil: UToObI CIIOXKUTH JIBE MATPHUIIBI HY)KHO CIIOKUTh COOTBETCTBYIOIIHE SIEMEHTHI

OTUX MaTpHUIL:

all alZ a 12 b13 all + bll a'12 + b12 a'13 + b13
aZl a22 a23 + bZl b22 b23 = a21 + b21 a22 + b22 a23 + b23
a‘31 a32 a33 32 b33 a31 + b31 a32 + b32 a33 + b33
2. Brrunranue marpui: BeinonHsieTcs aHaIOTHYHO CIIOKEHUIO.
3. YMHOXEHHE MaTpUIbl HA 4HCI0: UTOOBI YMHOXHUTH MaTpHUIly HAa YHCIO HEOOXOIMMO KaXIbIi

QJICMCHT MaTpHllbl YMHOXHWTH HA JaHHOEC YMCJIO:
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a, a, a; kall ka12 ka13
k a, a, ay|= kaZl kazz kaza
a; ady, ag ka31 kasz ka33
4, YMHOKEHHE MaTpPHII;
a; bn b12 b13 a, - b11 +a, - b21 +ag,- b31 a, - b12 +a, - bzz +a;- bsz T b13 +a,- b23 +a;- b33
Ay | X b21 bzz b23 a, - b11 +a, - b21 +ay- b31 ay, 'b12 +a, 'bzz +a,- bsz a, - b13 +ay,- b21 +ay- b33
Ay, b31 b32 b33 ay - b11 +a, - b21 +a, - b31 ay - blZ +ay - bzz +ay - b32 ay 'b13 +ay - b23 +ay 'b33

Onpeodenenue. dneMeHTapHBIMU TTPe0OPa30BaHUIMI MATPHIIBI HA3BIBAIOT CIEAYIOIINE OTIEPAIIHH:

1. MepecTaHoBKa JIIOOBIX ABYX CTPOK (CTONOI0B) MATPHIIBI,
2. YMHOXEHHUE JIF000# CTpoKH (CToN0LA) Ha MPU3BOIBHOE, OTIMYHOE OT HYJIS, YHCIIO;
3. CIIO’KEHUE JII000H CTPOKH (CTONOIA) ¢ APyToid CTPOKOH (CTOIOIIOM), YMHOXKESHHOM

(YMHO)XEHHBIM) Ha TIPOU3BOJILHOE, OTIMYHOE OT HYJISI, YUCIIO.

all alZ a13 aln
o a'ZZ a23 a2r|
0 0 a, a,,
0 0 O a

Onpeodenenue. Marpura Bujga m/ Ha3bIBAETCS CTYTIEHYaTOM.
JIro6yro MaTpHily MOXKHO IIPUBECTH K CTYNEHYaTOMY BHJLy C TIOMOIIBIO 3JIEMEHTapHBIX MPeoOpa3oBaHUi
HaJl 3JIeMEHTaMH MaTpPHLIBL.
Onpeaeanresin KBAAPaTHBIX MATPHUI U UX CBOJCTBA.
Kaxxnoit kBasipaTHOI MaTpuIle MOKHO ITOCTAaBUTh B COOTBETCTBHE YHCIIO, OMPEAETIIEMOE
€IMHCTBEHHBIM 00Pa30M € MCIIOJIb30BaHUEM BCEX IEMEHTOB MaTPHUIIBl. DTO YHCIIO HA3bIBACTCS
OTIPENEITUTETIEM.

ay Ay .. A,

dy,y Ay . Ay,
A, =

d,; ad,, ... 4,

Onpeodenenue.OtpenennuTeneM BTOPOTO MOPSIKA HA3BIBAETCS YHCIIO, TIOIYYSHHOE C IIOMOIIIBIO 3JIEMEHTOB
KBaJIPaTHOW MAaTPUIIBI 2-TO MOPSIJIKA CIEAYIONUM 00pa30oM:

A= ay 8y

=a; 8y, —apdy
a, ay

HpI/I OTOM U3 MPOU3BCACHHA JJICMCHTOB, CTOAIIMWX Ha TakK Ha3bIBa€MOM ITIaBHOM AyvaroHajin MaTpuUIlbl
(mmymed w3 JIEBOTO BEPXHEro BIIPABBIA HIDKHUM YTOJN) BBIYMTAETCS MPOU3BEACHHE JIIEMEHTOB,
HAXOJSIINXCS HA BTOPOH, WM MOOOYHOM, TaroHalIH.

Onpeoenenue. OrpenenuterneM TPEThETO IMOPSIKA HA3BIBACTCS YHCIO, OINMPENeIsIeMOe C IOMOIIBIO
3JIEMEHTOB KBaIPAaTHOW MATPHIIBI 3-TO TMOPSIIKA CIASTYIONIAM 00pa3oMm:

a‘11 alZ a13
A= a21 a'22 a23 = a11a22a33 + 3133213.32 + a‘12a23a‘31 - a13a22a31 - a12a21a33 - a11a23a32'
a31 a32 a33

3ameuanue. J[1st TOro YTOOBI Jierde 3allOMHUTH 3Ty (GOPMYIy, MOXKHO HCIIOJIb30BaTh TaK Ha3blBaeMOE
MIPAaBHJIO TPEYTONbHUKOB. OHO 3aKITIOYAETCS B CIEAYIOIIEM: 3JIEMEHTHI, TPOU3BENCHHS KOTOPBIX BXOASAT B
OIIPEAETUTENL CO 3HAKOM «1», pacroiaratoTcs Tak:
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81 782 7%l ofpasys ABa TpPEYroJbHHKAa, CHMMETPUYHBIX OTHOCHMTEIHHO IVIABHOW JMATrOHAJIH.

SJ'ICMCHTLI, MPOU3BCACHUA KOTOPBIX BXOAAT B ONPEACIUTCIIL CO 3HAKOM «-», pPACHOJIararoTCsa
all a12 a‘13
a'21 a'22 a23'

> aSl a‘32 a33
aHaJIOTUYHBIM 06pa30M OTHOCHUTEIHLHO TTOOOYHOM JUuaroHan:

OcHoBHBIE CBOMCTBA onpeaeauTeNne.
CdopmynupyeM 1 JOKa)keM OCHOBHBIE CBOMCTBa oIpenenuTesneid 2-ro U 3-To mopsaka (10Ka3aTeabCTBO
MIPOBEIIEM TSI OTIpeeuTeNel 3-To mopsaKa).
CgoiictBo 1. OnpenenuTens He U3MEHSAETCS IPU TPAHCIIOHUPOBAHUH, T.€.

a; a; a; a; ay ay
a, a4y Ax|=d; Ay Agl
Ay Az Ay Q3 Ay Ay

3ameuanne. Cremyronme CBONCTBa ompenenuTeneid OymyT (GopMmymupoBarbcs TONBKO TSt CTpok. Ilpwm
9TOM U3 CBOWCTBA 1 CIIEAyET, YTO TEMHU KE CBOMCTBaMU OymyT 00a1aTh U CTOJIOIIBL.

CgoiictBo 2. Ilpu yMHOXXEHHH »SIIEMEHTOB CTPOKH OIPEACIUTENs] Ha HEKOTOPOE YHUCIO BECh
OIpeneNuTeb YMHOXAETCS Ha 3TO YHUCIIO, T.C.

kall kalZ ka13 all a12 al3
Ay 8, Au|=ka, a, ay|
d3 dp Ag 83 83 Ay .
CaoiictBo 3. Onpeaenurens, UMEIOIIMN HYJIEBYIO CTPOKY, paBeH 0.

CgoiictBo 4. OnpenenuTeinb, UMEIOIINA 1B paBHBIE CTPOKH, paBeH 0.
CgoiicTBO 5. Onpeaenurensb, IBe CTPOKU KOTOPOTO MPOTIOPITMOHANIBHEI, paBeH 0.

ay 8 8y

ka,, ka, ka,/=0.

d3 Ap A8y

CgoiicTBo 6. [Ipu mepecTaHOBKE ABYX CTPOK OMPEAEIUTENS OH yMHOXKaeTcs Ha —1.
ay 8p ay a4y 8 8y

dy 8 (= (@y Ay 8y

d3 83 A Ay 83 A

CBOIicTBO 7.

b,+c, b,+c, by+c,| b, b, by| |c, ¢C, ¢
Ay A Ay | = |8y 8p Ayplt(@y Ay 8yl
Az Az Ag A3 83 QAg3| Ay dyp Ay

CgoiictBo 8. Benmumna omnpenenuTens HE HU3MEHHTCS, €CITU K 3JEMEHTaM OAHOM CTPOKH NPUOaBHUTH
COOTBETCTBYIOIINE 3JIEMEHTHI IPYTON CTPOKH, YMHOKEHHBIE Ha OHO H TO XKe YHUCIIO.

a; + ka21 a;, + kazz a;; + kazs a,; d, a;
a, ay, Ays =8y Ap Ayl
as, a;, Ass d; Az Ag

MuHopsbl M anredpanyeckue 10noIHeHus. BoIuucjienne onpeaeauTeseii.
Onpedenenue. MUHOPOM 3JIEMEHTa OINPEACIUTENS Ha3bIBACTCS ONPEICIUTENb, TOJyUYEeHHBIH U3 JaHHOTO
MYTEM BBIYEPKHBAHUS CTPOKH U CTONIOLA, B KOTOPBIX CTOUT BHIOPAHHBIN AJIEMEHT.

a. — . ,
Ob6o3Hauenue: ! BBIOpaHHBIN BJIEMEHT OmNpeneuTens, !  ero MUHOpP.



1 2 3

-5 1 1 2 3
a, =—5M,, = —8+3=11.
2 -1 4 -1 4
TIpumep. Jns
Onpeodenenue. AnredpandecKuM JOMOTHEHHEM A‘j JIIEMEHTa OTPENCIUTENs] HA3bIBACTCA €r0 MHHOD,
eci CyMMa HMHICKCOB JaHHOTO 3JIEMEHTa I+] eCTh YHCIIO YeTHOE, WIH YHCIIO, MPOTHBOMOIONKHOE

Ay = )™M ij -

MHHOPY, €CJTH i+] HEYETHO, T.C.

OoparHas maTpuuna.

Onpeoenenue. KBanparnast MaTpuia A Ha3pIBaeTCs OOpaTHMOM, €CITH CYIIECTBYET KBaJApaTHas Marpuma X
TOM e pa3MEepHOCTH, yIOBIETBOpstoNas cooTHomeHMsIM A X=X A=E.

Martpura X Ha3bIBaeTCs 0OpaTHOI K MaTpuie A u o6o3Hauaerca A, re. 4-A'=A1-A=E.

Obpamuyto mampuyy A yooicno nasimu no cnedyroweti popmyne:

41
Al=— &
El |4 4 &

, TAC — OIPCACINUTCIIb MaTPHUILIbI — TPAHCIIOHUPOBAHHAA MaTpuLa

aNreGPAMYeCcKIX JOMOIHEHHH COOTBETCTBYOMINX SIEMEHTOB MAaTPHIBI 1

Jleknusa Ne 2 (2 yaca)

Tema: «CucTeMbl JTHHEHHBIX aJredpanyecKux ypaBHeHH»
1 Bonpocel Jexkuun:
1.1 OmnpenesieHne cucTeMbl TMHEHHBIX YPAaBHEHMI.
1.2 Pemenue cucrem JIMHeHBIX ypaBHeHUH meToaoM Iaycca.
1.3 Pemenue cucrem JimHeilHbIX ypaBHeHnH MeTonoM Kpamepa.

2. KpaTkoe coxep:kaHune BOIPOCOB
OmnpenesieHue cucTeMbl THHEHHBIX YPABHEHH.
Onpeodenenue. CucteMol JIMHEWHBIX ypaBHEHUW (JIMHEMHOW CHUCTEMOI) HA3bIBACTCSl CHUCTEMa
BUJIA
ay X, +apX, +..+a, X, =b
Ay X, + 8, X, +. 3y X, =D,
A X, +a,,X, ..+ a,, X, =0, (1)
a; b X .
rae Y, '-4ucna, ) - HEM3BECTHBIE, N — YUCIIO HEU3BECTHBIX, M — YUCIIO YPAaBHEHUM.

o Xogs Xgpseeen X
Onpeodenenue.PenieHneM TUHEWHOM CUCTEMBbl Ha3bIBaeTCsl HAOOp umcest 01’ 7027 70n* koTophle

IpU MOJCTAHOBKE BMECTO HEU3BECTHBIX OOpAIIalOT Ka)J0€ YpPaBHEHHUE CHCTEMBI B BEpHOE
PAaBEHCTBO.
Pemenue cucremMbl THHEHHBIX YpaBHeHHH MeToaoM aycca.
3ameuanue. JluHeilHas cucTeMa MOXKET MMETh €IUMHCTBEHHOE pelleHue, OECKOHEYHO MHOTO
pELICHUH WIK HE UMETh HU OJHOTO PEILICHMUS.

VYcnoBusi CyliecTBOBAaHUS U KOJMYECTBA PEIICHUN JMHEHHOW cucTeMbl OyAyT H3Yy4YEeHBI B
JanbHeIeM, a Ioka pacCMOTPUM CIIOCOOBI HAXOXK/IEHUS €JTMHCTBEHHOTO PEILIEHHs CUCTEMBI,

a X, +anX, +..+a,X, =b
Ay X, + 85X, +..+8,,X, =h,

N . A X +a,X, +.o.+a, X, =Db,
B KOTOPOH YHUCJIO YPAaBHCHHUH PaBHO YHCJIY HCU3BECTHBIX!



ay # 0(3Toro BCETZIa MOYKHO JTOOWTHCS, TIOMEHSB ypaBHEHUs MecTaMu). Pazgenum obe

YaCTH IIE€PBOIo ypaBHCHHUA Ha a'111/1 BBIUTEM IMOJTYYCHHOC YPaBHCHHE U3 KaXKJI0Iro U3 OCTaJIbHBIX

ITycth

. a .
YpaBHEHUH CHCTEMbI, YMHOXXHUB €ro MpeIBapUTeIbHO Ha 1'rme | — HOMEp O4YepeaHOro
ypaBHeHHs. Kak n3BeCTHO, MOIy4YeHHas! IPH 3TOM HOBasi CUCTeMa Oy/IeT paBHOCHIIbHA HUCXOAHOM.

Koa(HIpeHTs! mpH X1Bo BCeX YPaBHEHHSX 9TOM CHCTEMBI, HAYHHAS CO BTOPOT0, OyayT paBHsI 0,
T.€. CUCTEMA BBINVISIIUT TaK:

X, +8,X, +.+3,X, =b;
ApX, +.o+ 8y X, =D,

Takum ke 00pa3oM MOXHO HCKITIOYHUTH X2 13 TPETBET0 M TOCIEAYIOUIUMX YpPaBHEHUM.
IIpomomxass 3Ty omepauuro Ui CIEAYIOIIMX HEU3BECTHBIX, IPUBENEM CHUCTEMY K TakK
HAa3bIBAEMOMY TPEYTOJIbHOMY BUY:

X, +8,X, +...+8,X, =b;
X, +..+ 8, X, =D,

a,.4;,,b, b y
3nece cumBoimamu 17U’y T 0003HaYeHBl M3MEHUBLIMECS B PE3yNbTare IMpeoOpa3oBaHUit

YHCIIOBBIE KOY(PPUIIUESHTHI 1 CBOOOIHBIC YICHBI.

W3 mocnenHero ypaBHEHHs CHCTEMBl €IMHCTBEHHBIM 00pa3oM OMpeIemsieTcs X“, a 3arem
HOCJIe/I0BATeNIbHON MOACTaHOBKOM — OCTalbHbIE HEM3BECTHBIE.
3ameuanue. MHorna B pesynbrare npeodpa3oBaHUil B KAKOM-JTM0O W3 ypaBHEHUI 0OpaIlatoTcs B
0 Bce k0od(PUITMEHTHI U MpaBasi 4YacTb, TO €CTh OHO MpeBpalaercs B ToxkaecTBo 0=0. Uckmouns
€ro W3 CHCTEMBI, Mbl YMEHBIINM YHCIIO YPaBHEHUH 1O CPaBHEHUIO C YHCIJIOM HEHM3BECTHBIX.
Takast cucTeMa He MOXKET UMETh €JUHCTBEHHOTO PEIICHHUS.
Ecnmu ke B mporecce mpuMeHEeHHsi MeTofa laycca Kakoe-HHOyIb YpaBHEHHE IPEBPATUTCS B
paBeHcTBo Buja 0=1 (kodddunmentsl npu HeusBecTHbIX oOparunuck B 0, a mpaBas 4acTh
NPYHSUIa HEHYJIEBOE 3HAUYEHHE), TO MCXOMHAs CHCTeMa HE MMEET pelIeHUs, TaK KaK MoJo0HOe
PaBEHCTBO SIBJISIETCS HEBEPHBIM MPH JIFOOBIX 3HAYCHUSIX HEM3BECTHBIX.
Pemenne cucrem JuHeiHbIX ypaBHeHUueM MeTo0oM Kpamepa.

IIpaBuio Kpamepa.

Paccmorpum cucteMy (1). HazoBeM IIIaBHBIM ONPEIEIUTENIEM 3TON CUCTEMBI ONPEAETUTENL A
AIIEMEHTaMH KOTOPOTO SIBISIFOTCS KOY()(UIIMEHTHI TPH HEM3BECTHBIX:

d;; dp .. Qg
dyy Ay . 3y,
A= Ay 8y e Apy

HpC,Z[HOJ]O)KI/IM CHaydaJia, I{TOA # 0. VYMHOXHUM KaxI0€ YPaBHCHUC CUCTEMBI Ha anre6pa1/1qec1<1/1e

Ajr A

JIOTIOJTHEHHSI 20 Ay 3IIEMEHTOB j-ro cTonbia A-
CJI0KMB 3aTeM BCE YPaBHEHHUSI, TIOIYIUM:



ZXi(aliA1j +au A+t Ay Ay) =B A DA, DA,
i-1 .

8y A e @y e 8y ey,

Ay Ay e Ay e Ay By,
aliAlj +a2iA2j +...+amAnj =

anl a‘n2 ani ani "'ann

OTMeTHM, 4TO .
(j-# cromberr)

(Pesynbrar mody4eH M3 pa3IOKEHHUS OMPEACIHUTEN MO |-My cToioiy). Takoil onpenenuTels
pasen O mpu'” Ju pasen Anpum i=j. IlpaBas wacte paBeHCTBa NpeiCTaBIseT CcoGOl
onpeznenutens A, B KOTOPoM BMECTO i-ro cTonbua CTOMT CTOI0€E1 CBOOOJHBIX YWICHOB CHCTEMBI.

. A .
HazoBem Takoii omnpenenurelib Y. PaccmarpuBas I1=1,2,...,n, TOIy4uM CHCTEMY,
A-X =4,
A-X, =A,
. A-X, =A, A .
SKBUBAJICHTHYIO HCXOJHOM: " . PazpgenuB Bce ypaBHEHHA Ha , Hailzem
X _ Axl X _ AXZ X AXn
1 = 1 N — 1y Ny T
€IMHCTBEHHOE PEIICHUE: A A A
0-x =4,
0-x, = %
A Xn = Ax
[Tpennonoxum teneps, uto A=0. Torna cucrema (2.6) npuMer BUA: "
0-x,=0
0-x,=0
A, 0-x,=0
B »stom cnyuae, ecnu Bce =0, cucrema BBINISIAUT Tak: U nMeeT OEeCKOHEYHO

. A o
MHOTI'O pCHICHUU. Ecnm sxe xoTs OBl OIUH U3 i * 0’ CHUCTEMA PCIICHNUU HC UMCCT.

Takum o6pazom, npasuio Kpamepa no3Bonser HallTH €IMHCTBEHHOE PEIIEHUE CUCTEMbI WIIH
CZleaTh BBIBOJ O CYIIECTBOBAHUU OECKOHEUHOIO YHCIIA PEMICHUH JTNO0 00 UX OTCYTCTBHH:

1) Ecm A7 O’CI/ICTeMa (1) umeeT emMHCTBEHHOE pelIeHHE, OmperenseMoe mo Gopmynaam:
XleX1,X2:AXZ, | n—AX"
A A A
2) Ecmu A= Ay =0, cucteMa UMeeT OECKOHEYHO MHOTO PELICHH.
3) Ecim A=0, a xoTs1 GBI OIMH U3 Axi #0, CHCTEMA HE UMEET PELICHUM.



Jlekuust Ne 3 (2 yaca)
Tema: «IIpeneabl 1 HeNMPEePHIBHOCTb)»
1 Bonipocel JieKIIMU:

1.1 IIpenen pynxuuu B Touke. Teopembl 0 mpeaesax.

1.2 Beckoneuno majbie 1 0eCKOHe4YHO 00IbIIMe (PYHKINH, HX CBSI3b M OCHOBHBIE CBOMCTBA.

1.3 PackpbITHe HeompeaeJeHHOCTEI.

14 IlepBbIii M BTOpPOW 3aMedaTeibHble Tpeneabl. O000MIEHHBI BTOPOW 3aMedaTelbHBIH
npeneJ.

1.5 Tabdnnua HSKBUBAJIEHTHBIX O€CKOHEYHO MAJbIX, €€ HCHO0Jb30BAHHE NPU BBIYHCIECHUH
npeaesoB.

1.6 HenpepbIBHOCTh (PYHKIHH B TOUKE M HA MPOMEKYTKeE.

2. KpaTkoe conep:xanue BONpocoB
IIpenen ¢pynxkuuu B Touke. Teopembl 0 npenesiax.

IIyctp @ — TOuYka 4YHMCIIOBOM MNpsSMOM, at {b‘ C:I. [lyctp dyHKIHS f I":'}[":Ionpe;:[eneHa Ha

E= {.}r;l x € (b; c)\{a}}

MHO>XECTBC .

X
Uucno A HaspIBaeTCs npedeiom @yHKyuu fx) npu x, crpemsmieMcsi ka (oOo3Hauaercs

A =lim,_.o £ () ), echu AJst JT000r0 MOJOXKUTEIFHOTO YHCiIa E(HE > 0) CyLECTBYET Takoe
d (36 =0) x (Vx)

TIOJIOKHUTENBHOE YHCII0 qTOo s J060T0 TaKoro, 41O

0<|x—al<d§x€E flx)—Al<¢

, BBITIOJTHEHO HEPABEHCTBO
Yucno A: HaswsiBaeTcs npedenom gyuxyuuf(X) cieéa B TOUKe @, ecnu id Kaxaoro &> 0

xE(a—4;a)

cymectByer o> 0 Takoe, 4YTO JUIA  BCEX BBIMIOJIHACTCS ~ HEPABEHCTBO
flx)—Ayl<e
Yucno A, HasbiBaeTcs npedenom gynuxyuu f (X) cnpasa B ToYke @, ecnu i Kaxmoro &> 0

x € (a;a+8)

CyHICCTBYCT 0> 0 TakKo¢€, 4qTo JUIS BCEX BBITIOJTHACTCA HEPaBCHCTBO
fx)— Al < e
A=1lim,_.of(x)

[Ipenen cleBa o0b6o3HagaeTCst npenen cripaBa
A=lim,__.,f(x)

Gyt npeacjabl XapaKTCPU3YHOT MOBCACHUC q)YHKLII/II/I CJICBa U CIIpaBa OT TOYKH a. Mx wgacro
Ha3bIBAKOT OAHOCTOPOHHUMU IIPCACTIaMU.

Ecin anst kaxgoro &> (0 CyIiecTByeT Takash O-OKPECTHOCTh TOYKH &, 9TO sl BCEX X,
YIOBJIETBOPSIIOIIMX YCIOBHIO [X — @] <J, X # @, BoInonHsAercst HepaBeHcTBo  |f (X)| >¢, To roBopsT, 4to

y lim,_. f(x) =
¢yukis f (X) umeer B Touke @ GECKOHEUHBIN MpeIet: r~a [ (X)

Ecnu s kaxzaoro €> 0 cymectByeT Takoe 0> 0, 4To st JTF000T0 X>0 BBINOIHSIETCS HEPABEHCTBO
If (x) — A| <&, To ToBOPAT, yTO Mpeaen ¢pyHkimu f (X) Ipu X, cTpeMAIIeMcs K IUIF0C OECKOHEYHOCTH, PaBeH

o dim,_ o F(x) = A

AnHanorudHo QopMyIHpyeTcs ONpeieieHue TMpeaeia TP X, CTpeMslieMcsl K MHHYC

lim,__. f(x)= A.

OECKOHEUHOCTH:
Ceoiicmea npeoenos
Ecnu cymectByer lim, f(x) =4 U CYLIECTBYET lim,, g(x) = B, TO:
) lim,_.(f(x) + g(x)) =lim,_, f(x) +lim,_, g(x) =A+ B

) lim,_,(f(x)— g(x)) =lim,_, f(x) —lim,_, g(x) = A — B;



limx—a (f{k:' ) Q(k)) = limx—a f{k:‘ ' limx—a g{t:’ =A- B
. {x) limy g flx) A . ,
lim,. = =— (B=0

im, . (5) (B #0)

-
i =
Ll

3)

limy_q g0x) 5

4) .
Teopema: FEcnu B HEKOTOPOM  OKPECTHOCTHM  TOYKHWA  BBITIOJNIHSETCS ~ HEPABEHCTBO

g(x) < f(x) < hi(x) ; lim,_, g(x) =lim,_, h(x) =4 o lim,_, f(x) = A.

3ameuanue. B nanpHeiimeM OyneM Moab30BaThCs TEM, YTO AJIS JHOOO0H dleMeHTapHOU (yHKINH

lim,_, f(x) = f(a)

f(X) u mro6oit TouKKMa U3 ee 0OIACTH ONPENEIIEHNS CIIPABEIIMBO COOTHOIIIEHHE

Beckoneuno majbie 1 0eCKOHe4YHO 00IbIIMe (PYHKIMH, HX CBSI3b M OCHOBHBIE CBOMCTBA.
o X—a
Onpeoenenue. Oyuxiys f(X) HazpiBaeTCst OeCKOHEUHO OOJBIION MPH , €CIIM IS JII000T0

Ol =C
MOJIOKHUTEIBLHOTO unciaC CyIeCcTBYET OKPECTHOCTh TOUKH @ TaKas, 4To |f ( ) | IS JIF000ro X M3
BBIOpAHHON OKPECTHOCTH TOYKM «@ W TpPUHAICKAIEero obmactu onpenaencHus ¢yakuun  f(X).
O06o3HaueHnE

lim,_, f(x) =90 (lim,_, f(x) = +co, lim,_, f(x) = —)

o X—a
Onpeoenenue. Oyuxius f(X) HaspiBaeTCs: OECKOHEYHO MaJoOi MpPH , €CIT ISl IFI000T0

0l =C
ITIOJIOKUTCIBHOI'O tII/ICJ'IEl(j C}/HICCTBYCT OerCTHOCTB TOYKH a Takas, 4TO |f( ) | JUISL JHO6OFO X U3
BBIOPAHHOW OKPECTHOCTH TOYKM «@ W TpUHAICKAIEro obmacth onpenenacHus ¢yakuun  f(X).

O0o03HayeHne
lim,__ f(x) =0

ChopmynupyeM OCHOBHBIC COOTHOIICHHS JjIsi OSCKOHEYHO OOJIBIIMX U OECKOHEYHO MaJIbIX

(GYHKIHIA.
1

] )= C) = limx—ﬂ .=
llmx—n:: f(:"":' — 'Djf(l;:l il 'DJ TO fix)

Ecimu , u oOparHo, ecnH
. 1

lim,_ f() =0 MMaa7es =0

Boy Mg f1(X) = 0 lim,_, 5 (x) = A, olimy_ o (fy (x)+ L) = 3

Ecmn limx—n:: fl {}") = —|—C;:-H limx—~a f: {}") = +m, 10
lim,_o(,00) + (%)) = +oo

Eem lim,__ fi(x) = ©_ lim, .. f(x)=A# {]’ o
lim,_,(A(x) f2(x)) =

Eemn lim, ., fi(x)=A4#0, L(x)#0_ lim,__ f(x) = 0, o
lim,_, 2% = o

faix)
. N _ lim,__ 2% — 0
Ecn hmx—a ﬁl (3&,) = A u llmx—-a fZ (3&,) = m’ TO T )

PackpriTHe HeonmpeaeIeHHOCTEN.
Buviuucnenue npedena ¢ cnyuae neonpedenennocmu
HpI/I BBIYMCJICHHUU TIIPEACIIOB MOI'YyT BO3HUKHYTH CHUTyallud, KOrga HEIIOCPEIACTBEHHOC
MIPUMEHEHUE TEOPEM O CBOWCTBaX MPEAETOB, OECKOHEYHO OONBIINX U OSCKOHEYHO MabIX (DYHKIHN HE
JTAeT BO3MOXKHOCTh WX BBIYMCIIHTD. Takoe MoJIoKeHUE BO3MOXKHO B CIEIYIONINX CIydasX:

: (2]
lim,._. . f, o
1) g\.-k.-




g
0) lim,_, f(x) =lim,_, g(x) = [z])

(cumMBoNIMUECKHM 0003HAYACTCS
limx—a (f(l;) g (k))

lim,__ f(x) =0, lim,__ g(x) = o [0+ o],

(cumBoNMYECKH 0003HAYACTCS
limx—a (JF(:‘;) — 4 {k))

lim,_q f(x) = lim,_, g(x) = W(CI/IMBOJH/I%CKH 0603HauaeTcs [0 — m])

B ToMm ciydae, korja ©UMeeT MECTO HeONPEACICHHOCTD, JJIsS BRIYUCIICHHS Mpeieia — * pacKpbITUS
HEOTIPEIETICHHOCTH — TIPEoOPa30BHIBAIOT BBIPAXKEHHE TaK, 4YTOOBI IOMYyYHUTh BO3MOXKHOCTH €0
BBIUMCINTE. [l Takux mnpeoOpa3oBaHUN HCIONB3YOTCS WM TOXJICCTBEHHBIC COOTHOIICHUS WA

2 lim,_ . f(x) =lim,__ g(x)

(cumBoNIMUECKHM 0003HAYACTCS

2)

3)

CpaBHEHMS NOBeACHUS (QYHKUUI IPHU CTPEMIICHUN r a(COOTHOIJ_IeHI/ISI 9KBUBAJICHTHOCTEH).
IlepBblii M BTOPOH 3aMeyaTe/bHbIE IPeiesibl.
JIns BBIYMCIEHUS MPENETIOB YaCTO HCIIOIB3YIOT TaK Ha3blBa€Mble 3aMeydareiIbHbIC
Hpenebl:

sl X
=1
r—0 *
X
im |1+—| ==&
x

Taﬁ.lmua JKBHBAJIEHTHBLIX 0€CKOHEYHO MaJlbIX, €€ MHCIHO0Jb30BAHHEC IIPU BbIYUCJICHUH

NpeeJIoB.

OyHKIUSA f(k) OKBUBAJIEHTHA (DYHKIUU Q(X)HPH_}; - a(f(k) "VQI.':};') mpH X = &),

a(x)
ecinu CYIIECTBYET TaKas GyHKIHS , 91O
FO) =a(x)-g() @@ =1 x>0
0 x—0
CHOGHbLE IKGUGATIEHIMHOCIU RPU
SINX~X
1;'2

1 — ¥ o —
COsS X 2

tg x ~x
arcsin x ~x
arctg x ~x
g —1~x
a*—1~xlna
In(1 +x) ~x

X
log (1 +x)~—
Ina

(1+x)™—1~mx

HenpepbIBHOCTE (DYHKIMHU B TOYKE H HA IPOMEKYTKe.



Oyukims Y = f(X) HaspiBaeTCs HEMPEPBIBHOW B TOYKEXo, €CIAM mpenest (yHKIUU MpU
X—>X

0 paBeH 3HAYCHUIO (PYHKIMU B ITOH TOUKE.
Oyukimsa Y = f(X) Ha3piBaeTCs HENpepbIBHOW HAa HEKOTOPOM MPOMEXKYTKE, €CIIU OHa
HETIpepbIBHA B KAXK/I0M TOYKE JTAHHOTO IPOMEXKYTKA.

Jlekuust Ne 4 (2 yaca)
Tema: «IIpousBoaHas»
1 Bonipocel JieKIIMU:
1.1 IpupaunieHue apryMeHTa U Npupamenne GPyHKINU.
1.2 TlousiTne MPOU3BOAHON (PyHKIIHM.
1.3 T'eomeTpuveckuii, MeXaHNYeCKH, OHOTOTMYECKHIT CMBICJIBI POU3BOTHOMM.
1.4 TIpaBuna quddepeHunpoOBAHMS.
1.5 IIpou3BoaHBbIE OCHOBHBIX 3J1€MEHTAPHBIX (PYHKIUA.

2. Kparkoe conep:kaHue BOIIPOCOB
IIpupaienue aprymedTa 1 npupamenie pyHKumnu.

v = (a; b)

Paccmotpum dyrkimio , OTIPEIENIEHHYIO HA HEKOTOPOM MHTEPBAJIE
X —x,=4Ax (x,x, € (a; b
Onpeodenenue. PazHoCTh 0 ( 0 € (a; :')
TOYKE Xo.

Ha3bIBAIOT npupaujernuem apeymenmax B

Onpeoenenue.  PazHocth flxo +4x) — flxp) = Af ("LD)HEBBIBEIIOT npupaweniem
@ynxyuuf(X) B TOUKE Xo.
IHonsiTe MPOU3BOAHOM (PYHKIIUM.
Onpedenenue. Eciv CylecTBYeT TpPeAeNl OTHOIICHHS MpUpAIIEHUs QYHKIUHA K TPUPAIICHUIO
apryMeHTa, IPU YCJIOBHMH, YTO MPUPAIIEHHE apryMeHTa cTpeMUTcst K 0, TO €ro HasbIBAIOT NPOU3E0OHOI

fx)

limy,_o 220 — £7(x,)

X
ymuxyuu 6 mouxe  “u 0603HAYAIOT

Ax
Haxoxxnenne mpou3BoqHON Ha3bIBaeTCs qudQepeHupoBaHreM (YHKIIHH.

I'eomeTpuueckuii, MexaHu4eCKNi, 0MOJOTHYECKUI CMBbICJIbI IPOU3BOAHOM.
Teomempuueckuit cmplcl RPOU3600HON COCTOUT B TOM, YTO TPOU3BOAHAS €CTh YIJIOBOM

. v =f(x) y Xg. N
KO2(GUIMEHT KacaTeIbHOH K TpaduKy QyHKIMH - B JIaHHOM TouKe ~ “; ¢pusuueckuii cmoicn —
B TOM, YTO NPOW3BOJAHAS OT MYTH IO BPEMEHU €CTh MTHOBEHHAs CKOPOCTBH JBMXKYLIEWCS TOYKH NPU

. t .
IIPAMOJIMHERHOM JiBrKeHNH S = S(t) B MOMEHT BpeMeHH ~ ; Guonozuueckuii cMbict: €CIA 3aBUCUMOCTD
MEXJIy YHCIIOM OCO0eil MOMyNISIMU MHUKPOOPraHM3MOB Y M BpeMeHeM t ee pa3sMHOKEHHs 3aJaHa

an ¥
ypaBueHueM Yy = p(t), TO P (f)—
MHUKPOOPraHn3MOB B MOMCHT BPECMCHU t.
IIpaBuna nuddepeHupoBaHus.
1. F@+e@) = @+g 0.

(F@-9@) =@~ g' (.

MIPOU3BOAUTECIIBHOCTE  JKU3BHCACATCIIBHOCTU  IOIIYJISAIINU

2.

3. (F0)-g()) =) g +f) - g' ().

4 (c -f(.'a;))I = ¢ f'(x),rae ¢ — 4HCI0,
(L5) =i g =0

IIpou3BoaHBIE OCHOBHBIX 3JIEMEHTAPHbIX (PYHKIMI.
(c)'=0.

(.\’.1:)! — '?’l.‘t.']:_ 1 .



v o
YAaCTHBIC Cﬂy'{aﬂ: =V
'

(a*) = a*Ina.
b
xuro__ X
yactHblit ciyuait: (&) =7
1

(IOga x) - xIna;

. _ (nx) = 2
YACTHBIN CITyyaii: x;
(sinx)’ = cosx.
(cosx) = —sinx.

1
tgx) =
(D ) Coszx;
1
ctex) = —
( = ) sin? 3
: v
arcsinx)’ = —=—
( ) W 1—.7;'2;
Y 1
(arccosx) = ———
y 1—)&'2 .

R

(arctgx)' = et

1
arcctgx)' = —
( = ) 1+x2_

Jleknus Ne5 (2 uaca)
Tema: «IIpuiiokeHue Nnpou3BOIHOIN
1 Bompocs! JieKknuu:
1.1 HUccnenoBanue pyHKIHM C MOMOIIBLIO NPOU3BOAHBIX. O0LIMII NJIAH HCC/IeTOBAHUSA.
1.2 IMpusnaku Bo3pacTaHus U yobiBaHusi pyHknuu. Heo0xoammoe u 10CTATOUYHOE YCI0BHE
CyLLECTBOBAHUSA IKCTPEMyMa.
1.3 IMpu3Haky BBIMYKJIOCTH U BOTHYTOCTH pynkuun. HaxoxkneHue Touek nmeperunoda.

2. KpaTkoe conep:xanue BONpocoB
HccnenoBanue pyHKIHUYU ¢ MOMOLIBIO NPOU3BOAHBIX. OO0l IUIAH MCC/IeI0BAHMS.
Haiitu o6nacte onpeneneHust GyHKIHH.
Onpenenuts NoBeAcHUEe (GYHKIIMK Ha FPaHUIaX 00IaCTH ONPEeIe/ICHUs.
Haiitu Touku nepeceuenus rpaduka QyHKINU ¢ OCIMH KOOPIUHAT.
Haiitn npoMeXxyTKH 3HaKOIIOCTOSTHCTBA.
HccnenoBath GyHKLINIO HA YETHOCTh U IEPUOAUIHOCTb.
Haiitn mpomMexxyTK MOHOTOHHOCTH (DYyHKIIHH.
Haiitu sxcTpemMmyMbl (hyHKITHH.
Haiitu npoMexyTKH BBIITYKJIOCTH U TOUKH nepernda rpaguxa QyHKIUH.
UccnenoBars QyHKIMIO Ha CYIIECTBOBAaHHE BEPTHKAJBbHBIX, TOPU3OHTAIBHBIX U HAKIOHHBIX
ACHMIITOT.
10. IToctpouts rpaduk GyHKIHH.
IIpusnaku Bo3pacrtaHusi u yoObiBaHus (yHxkuuu. HeoOxonumoe u JgocrarouHoe
Yci1oBHuE CYILIECTBOBAHUSA IKCTPEMyMa.
Teopema. Jna toro utoObl muddepeHimpyemas Ha npomexyTke Xopyukmus Yy = f(X) Owura
Bo3pacTaromeil (yObIBaroIeii) Ha 3TOM TPOMEXKYTKE, HEOOXOAMMO W JTOCTAaTOYHO,  YTOOBI TUTSI

xeX F>0(f(x)<0)

JIF000r0 BBITIOJTHAJIOCHh  YCJIOBHC

xo € D(f)

©o~NoT~wWwN

Ha3bIBAIOT Mmoukou maxkcumyma (munumyma) gyuxuun y = f(X)

Onpeoenenue. Touky

¢ obmacteio ompenenenus D(f), ecim cymectByer mHTEpBan



. . X+ X
conepxkammuiics B D(f), Tako#t, uro mis kaxmoro Ou3 osroro wMHTEpBana  BHINOIHAETCH
xX) = X, xX) = X
HepaBEHCTBO FO) < flxg) (f(x) > fC o))_
.!L-G_ )
Jpyrumu cioBaMu, TOYKa TOYKa MakCUMyMa (MUHUMYyMa), €CJIM 3HaYeHUE (DYHKIMH B 3TOU
Touke Oonpime (MeHbINE), dYeM 3HadeHwe (YyHKIMH BO BCEX JAPYIHX TOYKaX HMHTEpBasa

C ICHTPOM B TOYKE , IpUHAJICKAIIETO obmactu OIIPEACIICHUS.
OI’IPEOEHEHM& Touknu MaKCUMyMa U MHUHHUMYMa Ha3bIBAIOT MOYKAMU IKCMpemyma (I)yHKI_[I/II/I, a
3HA4YCHUA (byHKHI/II/I B 9THUX TOYKAaX HA3BIBAIOT SKCMpemymamu d)yHKI/;UU
Hpu3nal< 3Kcmpe/nyfna: Ecan q)yHKHI/Iﬂ y = f(X) BO3pacTacT (Y6I)IBaCT) Ha HCKOTOPOM HHTEPBAJIC

(x, — &; .L'G,)’ (Xg; Xg + 5),

coneprkariemcs B D(f), To Touka

comepxamiemcs B D(f) m yObiBaer (Bo3pacTaeT) Ha HMHTEpBaie

X € D(f)—

TOYKA JIOKAIBHOTO MakcuMyMa (MUHUMYMa) QYHKIUH Y

BO3p. | YOBIB. yOBIB.| BO3p.

I A F O Xp—0X gXgtd *
X0 :-T;ng§,1,;.+c: X o LA gt

[«

= (x).

IIpu3HaKku BBIMYKJI0CTH U BOTHYTOCTH GpyHkuun. Haxoxaenne Touexk neperuda.

v =f(x :
Onpeoenenue. PyHkuus - f( )Sbll’lyK]la seepx (evbinykna 6HU3) B TOUKE '}"'3', eciu

M(xq; ¥
rpaduky QyHKIMM B TOUKE (X0 o )nemm BhIIIE (HIKe) Tpaduka.

Teopema: J{ns Toro 4to0bl rpaduk aBaxabl auddepenimpyeMoii Ha uHTepBaie (a; b) GpyHkunu
y = f(X) ObLT BRIYKJIBIM BBEpX (BBIMYKJIBIM BHH3) HA 3TOM HHTEPBaJE, HEOOXOAUMO H IO0CTATOYHO, YTOOBI

CYyHI€CTBYCT HMHTCPBAJ TaKOfI, YTO JJI1 BCEX €TI0 TOYCK X KacarcjJbHasad K

x € (a;b)
JUIs TF000TO BBITIOJTHSUIOCH HEPABEHCTBO
n E {] n E D
f (%) =)
T n — 0
04kH, B KoTopbix f (X) WIM HE CYIIECTBYET, Ha3bIBAIOT TOYKaMH Teperuda rpaduka

byukuuu y = f(X).

Jlexumsa Ne 6 (2 yaca)
Tema: «HeonpenesieHHbII U ONpeeIeHHbI HHTErPaJDy
1 Bonpocsl Jexkuun:
1.1 IlepBooOpa3Has u ee cBONCTBA.
1.2 HeomnpeneJieHHBIH MHTErpaJ, ero cBoiicTBa.
1.3 Tadamua HeonpeaeJeHHbIX HHTErPaJIoOB.
1.4 TIpocreiimmne nNpueMbl MHTETPUPOBAHMSA: HENOCPEICTBEHHOE MHTETPHPOBaHME, METO/
MOACTaHOBKHM. MeToJl HMHTerpMpoBaHusi 1o d4actaM. WHTerpupoBaHue panHOHAJIbHBIX
apobeii. Pekyppentnasi ¢popmy.ia.
1.5 3apaya o HaxoxKIeHUM IUIOMIAAU KPUBOJMHEHOH Tpaneuuu. IloHATHE HHTErpaJbLHOI CyMMBI.
OmnpenesieHHbIN HHTErpaJI.
1.6 dopmyna Heiorona-Jleiionuna. OcHoBHbIE CBOIiCTBA ONpPeAeIeHHOI0 HHTerpaJja.
1.7 IIpocreiimue Npuo:KeHNs onpeaeileHHOro HHTerpaJa.

2. Kpatkoe conep:xanue BONpocoB
IlepBooOpa3Has u ee cBolicTBA.



Onpeoenenue. dyuxiusF(X) HaspiBaeTcs mepBooOpasHoit miast  ynknum  f(X) Ha
untepBasiec X=(a,b) (koneuHoM mim OECKOHEUHOM), €CIIM B KaXI0# TOoYKe 3Toro nutepBaia f(x)

SBJIsICTCS Ipou3BoAHOM st F(X), T.e. Flx) = fx) :
W3 3TOrO0 ompeneneHus CIeayeT, 4To 3a/1a4a HaxoXkKICHHs IepBO0Opa3Hoil oOparHa 3a1a4e
muddepenmpoBanus: 1o 3amanHod ¢yHkuum f(X ) TpeOyercs Haiitm QyHkumioo F(X),

npousBoaHas kotopoii paBHa f(X). IlepBooOpasHas ompezeseHa HEOMHO3HAYHO: IS (PyHKIUH
1

L+x? nepBooOpasHpiMu ~ Oymyr u  QyHkmus  arctgX, u  ¢yHkuums  arctgxX-10:

(arctg x)' = (arctg x — 10Y = !

1+x* _ Jlng Toro, 4ToGBI ONMCATH BCE MHOMKECTBO MEPBOOGPA3HBIX
¢dynkimu f(X), paccmorpum
CBoiicTBa 1epBO0OPa3HOIA.
1. Ecmu ¢yukuus F(X) - mepBooOpasnas mias ¢yukuuu f(X) Ha maTepBame X, TO
¢dyukuus f(X) + C, rne C - mpousBosibHas IOCTOSIHHAS, TOXKE OyzeT nepBooOpasHoit mis f(X) Ha

sTOM uHTepBae. (JJok-Bo: Fix)=(Fx)+C) = fx) ).

2. Ecnu dynkuus F(X) - HekoTopas mepBooOpasHas ist ¢pyHkimu f(X) Ha uHTepBase
X=(a,b), To mobas apyras neproobpasnas F1(X) moxket ObITh nipesicTaBiacHa B Buae Fi1(X) = F(X)
+ C, tne C - mocrostaHast Ha X QyHKIHUA.

3. Jst mo6oii nepBooOpasuoii F(X) Bemmonusercs pasenctso dF(X) = f(x) dx.

W3 sTux cBOMCTB cienyet, uto ecnu F(X) - HekoTopas mepBooOpasHas (QyHKIHH
f(X) Ha wmHTEepBame X, TO BCE MHOXKECTBO MepBooOpasHbix QyHkimu f(X) (T.e. GyHKIWIA,
umeronmx npousBoanyto f(X) u muddepenuman f(X) dX) Ha >TOM HHTEpBane OMUCHIBACTCS
BeipaskeHreM F(X) + C, rae C - mpou3BosibHAs IOCTOSHHASL.
HeonpenejeHHbI HHTEPaJl, €ro CBOMCTBA.

: x)Ha(a b
Onpeodenenue. MHOXKECTBO BCEX TEPBOOOPA3HBIX F('}") + C):[Jm (dyHKIMH f ( ) ( ! )
Ha3bIBAIOT  HEONPEeOeNeHHbIM — UHme2panoM W 00O3HAYAIoT

Jf)dx  fCo)
flx)dx -

. . X o
MOAMHTETPAJIbHON  (yHKIMEH, — TOAUHTETPAIbHBIM BBIPAKEHUEM, ~— — [IEPEMEHHOU
MHTEIPUPOBAHUS.

Ha3bIBACTCA

Cesoiicmea neonpedeneHHozo uHmezpana

J(fe) £ g(0)dx = [ f()dx+ fg(x)d.x:;
, [kfG)dx =k [ fax,

, A f(Dd0 = f(¥)ax.

4 (f FC)dx)' = f(.x:);

[dF(x) = F(x) + C,

TZﬁ.ﬂHHa HeOHpeHEHeHHl)IX I/[HTeraJIOB.
y Jodx=c.
2 [ldx=x+ C;
, S G:i +C (a=-1)
& _Inlx|+€ (x #0)
g 7 ox ;

[ a*dx =fi+C (a>0,a%1), [eXdi=e"+C
5) na ,



6) [sinxdx =cosx + C.
2 [cosxdx =sinx +C.

ﬂl . T
[Z =tgx+C (x=Z+mkkeZ)
8) cosZx 2 :
d -
[ ’; =—ctgx+C (x =nkkeZ)
9) SIncx ;
d -
_]'1:2 = arctgx + C
10) x ;
d -
_]'1:2 = —arcctg x + C
11) x ;
dx 1+x
12) x x ;
dx .
[ 1"_2 = arcsinx + €
13) © Vi-x ;
d -
[ 1"_2 = —arccosx + C
14) © Vi-x

IIpocreiimne npueMbl HHTETPUPOBAHMS: HENOCPEACTBEHHOE HHTErPHUPOBaHUE, METO/I
MOACTAHOBKHU. MeTo HHTerpupoBaHus N0 YyacTaM. UHTerpupoBanue paumoHaJIbHBIX
napobeii. Pexkyppentnasi ¢popmy.ia.

1. Memoo nenocpeocmeennozo unmezpuposanus.

HHTerpan BBIYUCIAETCS ¢ OMOLIbIO TAONUIBI OCHOBHBIX HEONPEAEICHHBIX HHTETPAJIOB U IPaBHII

HMHTETPUPOBAHHUS.
2. Memoo 3amenbl nepemenHoil.

. . x)dx .
CTb TpC €TCs HAUTU HCOIIPCACICHHbBIM UHTCTPAJI KOTOPBIN HECJIB34 BBIYUCIUTH C
Iy Oy f fx) ,
MOMOIIBI0 TaONHITBI UHTETPAJIOB M MPABII WHTErpupoBanua. OO003HAYNM TOAMHTETPANTBHYIO (PYHKITHIO

WM €€ 4YacTh 332 HOBYIO IEPEMEHHYIO Q( ) . BrIpazum nepemeHHYyIO 'x'qepegf:'}; (p(f)n
HalgeM

dx = de(t) = {p’(f)dtl
Taxum obpazom, ‘J.f(k)d}" - f f((,ﬂ(f))i;ﬂr (f)df.

3. Memoo unmezpupoeanus no yacmsam.

Ulx) u V(x)
[lycte pyHKITMEN MMEIOT HeTIpePhIBHBIC MTPOU3BOIHBIE HA HEKOTOPOM MPOMEKYTKE

(a; b) . Torga Ha 3TOM MPOMEXYTKE CIIpaBeanBa (GopMysia HHTETPUPOBAHUS 110 YACTSIM:
[Udv = UV — [vdU

Kak IpaBUJIO, JAHHBIM MCTOAOM IMOJB3YIOTCA, KOI/Ia NOAUHTCTpAIbHAA (1)YHK]_[I/I$I npeacTaBjIiCHa

dV

IMPOU3BCACHUCM (bYHKI_[I/Iﬁ Torz[a (O11:4% q)YHKLII/II-O 0003HAYAOT 32 , @ OCTaBLICCCA BBIPAKCHUC 3a ,
Tak 94TOOLI BHOBH HOHy‘IGHHBIfI HUHTETpall CTaa JIerde.
P(x)

4. ]Insi unmezpuposanus payuoHAIbHOU QOYHKYUU Q(X), rme P(X) u Q(X) - mOmUHOMBI,
UCIIOJIL3YETCS CIIEYIONIast OCIeJ0BATEIbHOCTD IIIATr0B:

1. Ecnu apo6w HempaBwibHas (T.e. creneHb P(X) Gombine crenenn Q(X)), mpeobpa3oBath c¢e B
MPaBUIIBHYIO, BBIJICITUB 1IEJI0C¢ BHIPAKEHHE;

2. Pasnokuth 3HameHarenb Q(X) Ha TpOM3BENEHWE ONHOWICHOB W/HIM HECOKPATHMBIX
KBaJ[PATUYHBIX BBIPAKCHUIA;

3. Pa3nokuTh palMoHaILHYIO Ipo0b HAa MPOCTEUIIHe IpoOHU, UCTIONB3YS MemO0 HEeOnpedereHHbIX

KO puyuenmos;
4. BBIYHCIUTH HHTETPAJBI OT MPOCTEHIIINX APOOCH.



PaccmoTrpuM ykazaHHbIe maru 6oiee moapooHo.

Ilac 1. IIpeobpazosanue HenpasuIbHOIU PAUUOHATILHOU OPOOU

Ecnau npoOb HenpaBwibHas (T.e. creneHb yucnutedas P(X) Oonpmie crenmenu 3nameHarens Q(X)),
pazaenum mHorowieH P(X) Ha Q(X). [Tomyunm cremyroliee BeIpaKeHHUE:

P(x) R(x)  2(x)
=K I:x:l + \
Q(x) Q(x] e & (x). NpaBUIbHAS pallMOHAIBHAS IPOOk.

1Haz 2. Paznoscenue 3namenamens Ha npocmeiiuiue opoou
3anuiremM MuorouieH 3uamenaress Q(X) B Buae
A v
O(x) = (x=a)" - (x-8) [ +prtg) - (x" +rats],
e KBaapaTHyHble (PyHKIMU SBISIOTCS HECOKPATHMBIMH, TO €CTh HE UMEIOIIUMHU JISHCTBUTEIHHBIX
KOpPHEH.
a2 3. Paznoscenue payuonaibHoil Opoou Ha cymmy npocmeiuiux opooeil.
3anuineM panroHaNbHYI0 (PYHKINIO B CIEAYIONIEM BH/IE:
Rix b
(1) __ 4 _+ Al“_l+___+‘q“'1+___+ 8 =+ Blﬁ_1+___+ £y
Cx) (x-a)" (x-a) x-a (x-8Y  (x-8) x=b
Kx+l K+l . Eox+log Lo, MEEN O MM M_1x+Nv_1.

+ Rt
a1 . 2 v 2
rrprtg (x +rx+s) [x +rx+s)

(xz +px+g)# [x2+px+q) T e+

Ob6mee uncino HeonpeneneHHbIXx kodhdummentos A \Bi, Ki, Li, Mi, Ni, ... TomkHO OBITH paBHO
crenenu 3Hamenarens Q(X).

3aTeM yMHO)XUM 00€ 4YacTW MOJYYCHHOTO ypaBHEHHs Ha 3HaMmeHatedb Q(X) W mpupaBHIEM
K03(GHUIMEHTHl NPU ClaracMbIX C OJMHAKOBBIMH CTENEHSAMH X. B pesynbrare Mbl HONTYy4HUM CHCTEMY
JTUHEWHBIX YpaBHEHUN OTHOCHUTEIBHO HEM3BeCcTHBIX kodddumumento A B, Ki, Li, Mi, N, .... Jlannas
cUcTeMa BCerJa MMeEeT eAWHCTBeHHoe pemieHune. ONHCAaHHBIM alrOpUTM TPENCTaBIseT coboil memod
HeonpeodeleHHbIX KO3 duyuenmos.

1llaz 4. Humezpupoeanue npocmeniwiux payuoHaibHulx opooeil.

[pocreiitme npobu, MOTyYCHHBIE TIPU PA3IOKECHUN MPOU3BOJIBHOMN MPaBUIBHOW PallMOHAILHON

JIpoOH, HHTETPUPYIOTCS C TIOMOIIBIO CISTYIONINX MECTH POPMYIL:

I cfx=1n|x—a|
1, Yx-a

A 1
I Fix = 1 1
2. V(x-a) (1-k)x-a)
V npobeii ¢ KBaJpaTHYHLIM 3HAMEHATEIEM CHAYaj1a HEOOXOIUMO BBIICIUTh MOJIHBINA KBAJIParT:

Ax+ 8 =J- Ax+ &

(x2+px+q)k (£2+m2:]£,

i=x+ L m3=ﬂ g“=3—ﬂ_—p_

e 2 4 2 3areM NpUMEHSIOTCA clieaytonue GopMyIIbL:
telt 1 2. a2

‘I‘—2 2=—1n|[.i§ +m)
3 Y+t 2

J- £t _ 1
o T (Ernt) 20108 )

(@4
WnTterpan MOXKET OBITh BBIYKCIICH 3a K [I1aroB ¢ moMomIb0 (OpMYIIbl peIyKIHH

P B : = B
(Brnd ) 2w (k-1 +a) T 2 (BT

(52 + mg)ﬁ;—l'



1. ®opmynsl TpHUBEACHHUS MO3BOJSIIOT TMOHU3WTH WM TIOBBICHTH CTENEHb IOABIHTETPaIbHON
(GYHKIUH H TOCIIEIOBATEIbHO CBECTH UHTETPAN K H3BECTHOMY. JTOT MPOIECC MOKHO PaccMaTpHUBaTh Kak
3aJlaHue peKyppeHmHou @yukyuu, TO ecTh Takoh (YHKUWH, BUJA KOTOPOW ompenensercs depe3 e€
3HAYEeHHS MPU MEHBIIEM 3HAYeHWH HEKOTOPOTO Mapamerpa. B Hamem ciydae 3THM mapameTpoM Oymer
MOKa3aTesb CTENEHH.

PaccMotpum uHTErpan Buaa:

@) de.

_ n
[IpuMeHNM K HEMy WHTETPHPOBAHKE TI0 YaCTSIM, TTOJIarast U= [f (I )] , TOT/a:

JIf@I"de = alf@]" —n [[f@)""af (@) dz.

Ecmm yaacTces KaKHUM-JI100 cII0cooom npeaACTaBUTH HUHTCTpall
Jlf@rer @) de = p@)+ C [(f@ " de
, e ¥ —

!
(BOBMOXKHO cofeprkaiasi Kakon-To uHTerpai GyHkun oTL f (I)’ HO HE cozeprkaras B iBHOU (popme

rﬂeﬂ- = N

HeKoTopasi (DyHKITHS

ke
UHTErpaa OT [f (I}] , ke N), C = CONST, 1o MBI MOKEM BBIPA3UTH MHTEIPA YePe3 HHTErPal ¢
MEHBIIEH CTENEHBIO:

m n—1
[If@) dz = o(2) + € [1f(@)]"" do
WITH, €CIT PaCCMaTPHBATh HHTETpall Kak (QyHKIHMIO mapamerpa 1.
Iﬂ- = @(I) + Cfn—l-
Bamensiss Ttuall + 1, OyJleM HWMETh BBIPRKCHHE, CBS3BIBAIONICE IMOCICAYIONICe 3HAUCHHE C
HPEIBITYIIIM:
J;r*.r'e.+1 = @(I) + Clrﬂ-
B o0miem ciyuyae:
Iﬂ-+1 = @(I) + C‘J_In + CEIn—l + ...
3agaya 0 HAXOKACHHM IUIOIIAAW KpHBOJIUHeiiHOW Tpanmeunu. IloHsATHe MHTerpajJbHOM
cymMbl. OnipenesieHHbINH HHTErpa.
BolrunciieHue miomaa KpUuBOJIUHEHHOH Tpanemuu.
[TycTpb Ha oTpeske [a,b] (b>a) 3agana HenpepwiBHas Gyukuus y = f(X) , npuHIMaromas Ha

Sz x (e b
ITOM OTpe3Ke HEOTPHUIIATEIbHbIC 3HAUCHUS : npu . TpeOyercst ompenenuthb
wiomaab S kpuBonuHeiHo! Tpanenun ABCD, orpanudeHHo# cHH3y oTpe3koM [a,b], ciea u

cmpaBa - TpAMBIME X = a uw X = b, cBepxy — c¢ymxkmmenr y = f(x).
iy ” c ¥ ?C
vz |
Zi i
] g |
B :
o 7 :
0 A N4 4
gy 1> |2
>

/xlfm"?f; /xetfxs [ xﬁi b=xf,-'x _a=xul | =
a 9 &b &5 % &

Jlns perieHust 5TOW 3a7auu pasfevM MPOU3BOJIBHBIM 00pa3oM ocHoBanue AD ¢uryps

TOYKaMHU Xo = @, X1,X2, ..., Xn-1 = @, Xn = b Ha N gacreit [Xo ,X1], [X1 ,X2], ..., [Xi-1 ,Xi], ..., [Xn-1
fo . My =x;-x;_.i=12... .1

Xn]; cuMBoioM % OymeM 00O3Hauyarh IIMHY i-TO OTpeska:  °  * U=l . Ha

KaKJIOM M3 OTPE3KOB [Xi-1 ,Xi] BEIOEpEM MPOU3BOJILHYIO TOYKY & , HaliaéM f (éi:', BBIYHCIIAM



MIPOU3BECACHUEC Filidxg —xpq) = F&)hx; (71O MIPOU3BEACHUC paBHO JIomaau

npsiMoyrosibHuKa Pi ¢ ocHoBaHueM [Xi-1 ,Xi] u BeicoTOM & ) ¥ IPOCYMMUPYEM 3TU IIPOU3BEICHUS
o BCEM HPSIMOYTOJIbHUKAM. [Tonydennyo CYyMMY 0003Ha4YUM S cryn:

Serm = Filé1)bey + (L2 0bxy + .+ Fildp-1)bxg 1 +F (5 )oxy = Z'. Figi)hx;

i=1
Scryn paBHO IUIOHIANM CTyNEHUYaTOH (QUrypbl, 0Opa3oBaHHOM MpsMOYyrojibHUKamMu Pij, i =
1,2,...,n; HA JIEBOM PUCYHKE 3Ta IJIOMIA/Ib 3aITPUXOBAHA. Scryn HE PaBHA MCKOMOMU Iiomanu S,
OHa TOJIBKO JaéT HEKoTOpoe nmpubamxeHue K S. Iyt Toro, 4ToObl yAyYIIUTh 3TO TPHOIMKEHHE,
6YI[€M YBCIMYMNBATH KOJIMYCCTBO n OTPC3KOB TAKUM 06pa30M, T-ITO6I:I MaKCUMaJIbHAaA OJIMHA 3TUX

max A
orpe3kon I L. CTpeMIJIach K HYJIO (Ha PUCYHKE CTyHeH4arble (purypsl n300paskeHbI
max Sy — 0 —> o)
npu N =7 (cieBa) u npu N = 14 (cnpaga)). [Mpui =12 & pasHUIA MEXIY Scryn
u S Oyzner TOXeE CTPEMUTHCSA K HYJIIO, T.C.

§= i cha YAx;

% i=1
S I )
Omnpenesienne onpene.ﬂéﬂﬂoro HHTerpaJia.
[Tycts Ha orpeske [a,b] 3amana ¢ynkuus y = f(X). PazoObém oTpe3ok [a,b] mpou3BOIBHBIM
o0pa3oM Ha N yacteit Toukamu [Xo ,X1], [X1,X2], ..., [Xi-1 Xi], ..., [Xn-1 ,Xn]; AauHY i-rO OTpe3Ka

o i ﬁxi =Xy X i1 i= 1,2,...,?1
0003HaYNM H 5 MAKCUMAJIbHYIO U3 IJIMH OTPE3KOB 0003HaYUM
A A= e Ay
i=17 __n

. Ha xaxnom wu3 orpeskoB [Xi-1 ,Xi] BbiOEpeM MpPOU3BOJIBHYIO TOUYKY 51'1/1
COCTaBUM CyMMY

N
a= f& ey + F(E)xn o+ F (G-t )X -1 + F(Gn )hxy =, F(E)x;
i=1
Cymma < Ha3pIBaeTcs MHTErpalbHOM cymmoil. Eciam cymiecTByeT (KOHEUHBIH) mpeden
TIOCIIEIOBATEILHOCTH HMHTErpatbHbIX cymMMm Zmpu 4 —*U | He 3aBucammit Hu or cmocoba
pasbuenus orpe3ka [a,b] wa wactu [Xi-1 ,Xi], HE OT BbIOOpa TOUYEK é", to ¢ynkius f(X)

Ha3bIBACTCS MHTETPHPYEMOH MO OTpe3ky [a,h], a 3ToT mpemen Ha3bIBaeTCS ONpENCIEHHBIM
uHTerpanom ot Gpynkuun f(X) mo orpesky [a,b] u 0603HaqaeTcst

[ ()b
a .
Oyukmusa f(X), kak 1 B ciaydae HEONpeAeIEHHOTO WHTErpasia, Ha3bIBAeTCsl MOJBIHTEIPAILHOM,
gucia a U D - COOTBETCTBEHHO, HIKHMM M BEPXHHM MpEACiIaMH HWHTErPHUPOBAHMS.
Kparko onpenenenue nHOra 3aKuChIBaOT TaK:
b

dr = liry ik 3
[ £ix) . ﬁx;—z»ﬂ,zlf@'}

a i3

B sToM ompenenenun mpeamnonaraetcs, 9ro b>a. Ius Apyrux ciiydacB MPUMEM, TOXKE IO



OIMPCACIICHUIO:

b b a
[ () =0 [ £ (e = [ f ()b
Ecmu b=a, To @ ; ecii b<a, To @ b .

Teopema cyiecTBOBAHUSA ONPeeTEHHOI0O HHTErpaJia.
Ecnu dynkius f(X) HenpepbiBHa Ha oTpe3ke [a,0], TO OHA HHTErpUpyeMa 1Mo 3TOMY OTPE3KY.

I'eomeTpuyeckmnii CMBICJI ONIPEAEJIEHHOTO MHTEIPaJAa.
b

[f @)
Ecmu f(X) >0 na orpeske [a,b], To 2 paBeH 1uiomaan kpuBoiauHelHoi tpanenuu ABCD,
OrpaHMYCHHOW CHHU3Y OTpe3KoM [a,b], cineBa u cnpaBa - mpsiMbiMud X = @ U X = b, cBepxy —
byukuueit y = f(x).
®opmyna Herorona-Jleii0numa. OcHOBHBIE CBOIiCTBA ONpeAeIeHHOI0 HHTerpaJa.
Borunciienue onpenenéHnoro uarerpasaa. ®opmyaa Herwrona-JleidOnuna.
Ecnu f(X) HenpepsiBHa Ha orpeske [a, b], u F(X) - Hexotopas nepBooOpasHast QyHKIHH

£ o
b
[fx)dx = F @) - F @

@®opMys1a HHTErPUPOBAHUS 1O YACTIM JIJIs1 onpeneJéHHOro mHTerpaia. Eciu u(x),
V(X) - HenpepsiBHO AuddepeHnrpyeMbie GyHKIUH, TO
b N b
Iu'dv = uv| —Iv'du
i
[} [+ i
3amena nepeMeHHoll B onpenejénHoMm wuHrterpasie. Teopema. Ilyctp dyHKuIMs
x = @)

1. OHpe,[[eJIeHa HereprBHO ,[[I/I(i)(i)epeHI_lI/IpyeMa 1 MOHOTOHHA Ha OTpe3Ke [{I’ 'ﬁ] y
2. @(&'}I:d’@:ﬁ)zb,
3. q)yHKHI/IH f(x:l HerepLIBHa Ha OTpCSKe [a, b]

Torma

b A
[ Fxiax = [ Floe) o 0

CBoiicTBa onpeneIéHHOI0 HHTErpaJa.
1. JIuneiinocts. Eciin dynkuun y = f(X), y = g(X) uHTErprpyeMsI o oTpe3ky [a,b] , To
10 ATOMY OTPE3KYy UHTerpupyema ux JmHeiinas komounaius Af(x) + Bg(x) (A, B = const),
b

b b
[l4F ) + Bg(x)lde = A[ f(x)dx + B[ g(x)dx

2. ApauruBHocTb. Ecnum y = f(X) unrerpupyema mo otpesky [a,b] um Touka C
NPUHAJUIC)KUT STOMY OTPE3KY, TO

b c ]
[£ o) = [ f () + [ f (x)dbe

3. Hurerpan ot exunnunoii pynxuuu(f(x) = 1). Ecim f(X) = 1, To



b ]
[£(x)de = [de =b-a

4, Teopema 00 MHTerpuMpoBaHHM HepaBeHCTB. Eciau B 11000H Touke 220
<
BBIMOJIHACTCS HEPABEHCTBO flx)ig (x}, u pyakmun f(X), g(X) uHTErpHpyeMBI MO OTPE3KY
[a,b], To
] B
[£ ) < [gx)dx
i 1]
5. Teopembl 00 OLleHKe HHTErpaJa.
< 4
5.1. Ecin Ha otpeske [a,b] dyHKIMS yIOBIETBOPSIECT HEPABEHCTBY S G S o , TO

b
mb-a) < [ f(x)de <M(b-a)

5.2. Eciiu pyukims f(X) uaterpupyema mo orpesky [a,b], To
b b
[ G| < [If (o)
[t 2

6. Teopema o cpexnem. Eciu f(X) HenpepsiBHA Ha oTpeske [a,b], To cymecTByeT Touka

el , TaKas 4To

b
£ () = fie)e-a)

IIpocTreiilne npuIoKeHUs oNpeaeIeHHOT0 HHTerpaJa.

Boimme  ObUT  OMHMCaH TEOMETPUYECKHH CMBICI — ONPEACICHHOr0 HWHTErpaja — IUIOHIAJh
KPUBOJIUHEHHON TpANEIIUN.

Ecmu xe f (x) < 0 Ha [a ;b], To —f (x) > 0 na [a ; b]. ITosTomy mIoMmAAE SCOOTBETCTBYIOIIEH
KPHUBOJIMHEHHON TpaIeny HaXOMUTCs 1Mo hopMmyIie

3

r r

.5'=—J_f[x|d.x .5'=‘J Fix)dy

17001 (2)

Hakonen, ecau nunust y = f (x) nepecekaer ock Ox, T0 0Tpe3ok [a ;b] Hamo pa3duTh Ha 4acT, B
npezenax KoTopeix f (x) He MeHseT 3HaKa, W K KaXIOH YacTH MpUMEHHTHh Ty u3 (opmyn (1) mwm (2),
KOTOpasi € COOTBETCTBYET.

BrlunciieHre AIWHBL IYTH U IDIOMIAA TOBEPXHOCTH.

Jnunoi dyeu Ha3pIBaeTCs Mpeie, K KOTOPOMY CTPEMUTCS JUTMHA JIOMAHOM JIMHUH, BIIUCAHHON B
9Ty JyTYy, KOIJa JJIMHA HauOOJBIIIEro 3BeHa JIOMAHOH CTPEMHTCS K HYIIIO.

Jlnunal nyru AB, 3ananHoii ypasaenuem Y =f (X1, x € (@81 (f (x) — dynkuus, HM(;:}oma;{ Ha [a ;b]

= J1+37 ax
HENPEPHIBHYIO MIPOU3BOHYIO), BEIpaxkaeTcs hopmynoi a 4)
a Tomags S  TOBEPXHOCTH  BpalleHUss 3Toil  Ayrd  BOKpyr ocuOx —  dopmynoit
O0beM  VTenaB, 3aKJIIOYCHHOTO  MEXJy IUIOCKOCTIMHU X = a u x = b,

y KOTOpOro IUIOIIA[(b HEPNeHIUKYISIPHOTO ock Ox cedeHus Ui KaKIOoro x U3 oTpeska [a ;b] ects
byuxmms Q (x) (Q (x) menpepsiBHa Ha[a ; b]), HaxoauTCs IO Popmyie
B

V= | Oix) dr
e (6)

B gactHOCTH, eciu Teno 00pa30BaHO BpaIleHHEM BOKPYT ocuOx

KPUBOJIMHENHON Tpaneuuu, OrpaHUuYeHHON HENPEPhIBHON KPUBOH y =




E
V=1ItJ Fx)dx
[

f (x) (f (x) > 0), ocbto Ox u psiMbIMu * =&, %=k, (@ < &) 1o LI =mf(x) , & 3HAYUT, WITH
3

V= ‘II:JI- }Ij dx
2 (7)

Jlexus Ne7 (2 gyaca)
Tema: «/IupdepeHunanbHbie ypaBHeHU»

1 Bompocs! JieKnuu:

1.1 OcHoBHbIE MOHATHS.

1.2 JuddepeHuuanbHbie ypaBHeHHUs MEPBOro NOPSIKA.
1.3 JduddepenuuanbHbie ypaBHeHHs1 BTOPOIro MOPsIKA.

2. KpaTkoe conepikaHue BOIPOCOB
OCHOBHbIE OHSITHS.

3agaum, npuBoasuye K 1u¢depeHnaTbHBIM YPABHEHUSAM.

Pemenne paznuuHBIX TEOMETPUYECKHX, (PU3MUECKUX W HMHXKEHEPHBIX 3a1ad YacTo
IOPUBOJAT K YPAaBHEHMSIM, KOTOpPbIE CBA3BIBAIOT HE3aBUCUMBIE IIEPEMEHHBIE, XapaKTepU3yIoline
Ty WJI UHYIO 3a/a4y, C Kakoi — Ju00 (QYHKIMEH 3TUX MEePEeMEHHBIX M IPOU3BOJHBIMH 3TOU
(GYHKLIHHU pa3IMYHBIX MOPSIKOB.

CkopocTh pacnaia pajausi MPONOPLUOHAIbHA KOJUYECTBY pajaus B JaHHBIH MOMEHT
BpeMeHH (nepuo noiypacnana paseH 1600 ner).

CKopocTh OXJIAXKAEHMSI BOJbI IPONOPLUOHAIBHA PAa3HOCTH TEMIIEpaTyp BOAbI B
pe3epByape U B OKpY’Karollel ero cpezne.

YacTHble u 00mue pemenns.3agaqya Kommn.

Huppepenyuanvnvim ypasneHuemHa3bIBaeTCd ypaBHEHUE, CBSA3bIBAIOIIEE HE3aBUCUMYIO
NepPEeMEHHY10, (YHKLIHIO 3TOM mNepeMeHHOM M mpou3BoAHble (WM auddepeHmansl) 3Toi
byHKIMN.

HauBpictmii mOpsSIOK NMPOW3BOAHBIX, BXOISIINX B YPaBHEHUE, HA3BIBACTCS NOPAOKOM
oughghepenyuanvrozo ypasHenus.

Obwum unmezpanromaudHepeHInaTbHOTO YpaBHEHUS Ha3bIBACTCS JII000€ ypaBHEHUE, HE
coJiepalliee MPOU3BOAHBIX M AU(QepeHnnanos, Uil KOTOPOro JaHHoe IuddepeHnuanbsHoe
YpaBHEHHUE SIBIISIETCS CIIEIACTBUEM.

Humeepanvhoti kpusotiHasbiBaeTcst Tpapuk Y = @(X)pemenus auddepeHnnanbHoro

ypaBHEHHUS Ha MII0CKOCTH XOVY .

Obwum pewenuemnuddepeHINAIBHOTO YPaBHEHUS TIEPBOTO MOPSIKA HA3bIBACTCS TaKas
muddepernmpyemas yakmms Y = ¢(x,C), KoTopas IpH MOJCTAHOBKE B MCXOJHOE YPAaBHCHHE

BMECTO HEU3BECTHOU (DYHKIIMU 0OpaIaeT ypaBHEHUE B TOKIECTBO.
Ecnu mpu kakux-mu00 HAYalbHBIX YCIOBHAX X =X,, Y(X,) =Y, CYyIIECTByeT Takoe

snauenne C =C,, mpu KOTOpoM pelieHueM IU(PPEPEeHINATLHOTO YpaBHEHHS SIBISICTCS
byHKIHS y=¢(x,C,), TO byHKIHSA y=¢(X,C,) Ha3bIBACTCSI YACMHBIM

peuwenuemnubGepeHINATEHOTO YPAaBHEHHUS IEPBOTO MOPSIIKA.
3a0aueri Kowwuna3piBaeTCsi HaXOXXICHHWE YaCTHOTO pemeHus aupdepeHnanIbHOro
ypaBHenus Buaa Y = ¢(X,C,) , yI0BIETBOPSIOIIETO HAYATBbHBIM yCIOBHAM Y(X,) = Y, .

JuddepennuaibHbie ypaBHEHHs IEPBOro MOPSIKA.



Anddepennuanbupie  ypaBHEHHUSIC  pa3deJieHHbIMH W Pa3aesiiONUMUCH
nepeMeHHbIMH.
HudbdepennmanbHoe  ypaBHEHUE yv'=f(x,y) Ha3bIBACTCS  VpaABHEHUemM  C

PaA30eNSIOWUMUCS NEPEMEHHbIMU, €CITA €T0 MOXHO 3armucath B Buae ¥’ = o(x)B(y).
Takoe ypaBHEHHE MOXKHO MPEJICTAaBUTh Takxke B Buae: X (x)dx+Y(y)dy =0;

j X (x)dx + j Y(»)dy=C
Tloce HaxXOKACHUA COOTBCTCTBYIOIIUX HHTCTPAIOB II0JIy4YacTCs o6mee pemicHuc
nuddepeHIMAIBHOTO YPaBHEHHUS ¢ Pa3ISSIOMMMUCS IEPEMEHHBIMHU.
ECJII/I 3aaHbl Ha4YaJIbHBIC yCJIOBI/ISI, TO HpI/I X IIOJACTAHOBKE B 06mee pemeHHe
HaxXOoIUTCA IIOCTOsSITHHAas BEJIMYMHA C, a, COOTBETCTBEHHO, U YaCTHOC PECIICHUC.

JluneitnpiennddepennuaibHble ypaBHEHHS IEPBOT0 MOPSAKA.

JuddepennnanbHoe ypaBHEHUE HA3bIBACTCS JUHEUHbIM OTHOCUTEIBHO HEM3BECTHOM
(GYHKIHU ¥ ee TIPOU3BOJHOM, €CIIM OHO MOXKET OBbITh 3aITUCaHO B BHU/IC:

y'+ P(x)y = 0(x),

Py 3TOM eciii mpaBas 4acTh Q(X) paBHA HYJIIO, TO TAaKOE€ YPABHEHUE HA3BIBACTCS JIUHEUHbIM
00HOpoOHbIMIA(PEepEHIINATBHBIM YpaBHEHUEM, €Clid mpaBas dacth Q(X) He paBHa HYIIIO, TO
TaKoe YpaBHEHHUE HA3bIBACTCS JUHEUHbIM HeOOHOPOOHbIMAN(PdEpEeHIINaTbHBIM YPAaBHEHUEM.

Cyth MeTona bepHysum 3aKiIro4aercss B TOM, YTO MCKOMash (DYHKIHSI TPEACTABIISICTCS B
BUJIC IPOU3BEACHUS ABYX QYHKIMHA y =uv.

, dv du
IIpu 3TOM OYEBHIHO, YTO )’ =u e +v- o nudhepeHIIMPOBAHKE 10 YACTSIM.
X X

[ToacraBnsisi B CX0IHOE ypaBHEHUE, MOTYyYaEM:

u v + v@ +P(x)uv=0(x) wnm u dv + V(@ + P(x)uj =0(x)
dx dx dx dx

Jlanee cremyeT ycioBue — BEIpaKEHUE B CKOOKaX NMPUPABHUBACTCS K HYJIO U HAXOIUTCS
byHkuusa U =Uu(X), 3atem apyras QyHKIHSL.

Onnoponnbie nuddepeHunaIbHbIe YPABHECHHS.
Oyukmmst  f(X;y) Ha3BIBaeTCA 00HOPOOHOU N — 20 u3Mepenuss OTHOCHTEIHHO CBOWX

apryMeHTOB X M Y, €clu Juisl J1o00oro 3HaueHus mapamerpa t (Kpome HyIis) BBITOJIHSAETCS
ToxaecTBo: f(tx,ty) =t" f(x,y).

Juddepennmanpaoe ypaBHeHue Buaa )’ = f(x, y) Ha3pIBaCTCsS OMHOPOTHBIM, €CIIU €T0
npaBas 9acte f(X;y) ecTb omHOpOMHAS (YHKIUS HYJIEBOTO H3MEPEHHS OTHOCHTEIHHO CBOWX

apryMEHTOB.

Jlroboe ypaBHenue Buga P(x,y)dx+Q(x,y)dy=0 sBaseTcs OTHOPOIHBIM, E€CIIH
byukipm P(X, y) u Q(X, Y) — oqHOpoaHbIe QYHKIIMK OAMHAKOBOTO U3MEPCHUS.

Perenre 1106010 OJHOPOAHOTO YPaBHEHHS OCHOBAHO Ha NMPHBEIECHUU 3TOTO YPaBHEHHS

y

K YPaBHEHHIO C pa3/ICiIONIMMUCS IEPEMEHHBIMH MOJICTAaHOBKOW Bua t = =, y' =t'X+t.
X

JuddepennuaibHble ypaBHEHHsSI BTOPOTO IMOPSIAKA.

JudpdepennnaibHbie YypaBHEeHH , J0NYCKAIOLIHE IOHMKEHUE MOPAIKA.
Huppepenyuanvrvim ypasnenuem nopsoka N Ha3bIBaeTCsl ypaBHEHHE BUA:

' (n)\ _
F(x,y,y,...y")=0
B HEKOTOpBIX CiTydasix 3TO ypaBHEHHUE MOYKHO Pa3pemIuTh OTHOCUTEIHHO y("):

Y = £, ).



Tak e Kak M ypaBHEHHE NEPBOr0 MOPSAKA, YPABHEHHUS BBICIIUX MOPSIKOB HUMEIOT
0ECKOHEUHOE KOJIMYECTBO PELICHUH.
Pemenre y = @(x) yIOOBIETBOPAET HAYaIbHBIM YCIOBUAM X, Y, y(’),...,y(‘)”’l), €CIIN

(P(xo) =Yo> (p'(xo) = y(,), ceee (p(n_]) (xo) = y(()”‘])‘

Haxoxnenue pemeHus ypaBHeHus  F(x,7,)',...»")=0, ymOBIETBOpSIOMEro

Ha4aJIbHbIM YCIIOBUAM X, V> Vo see-s y(()”_l) , Ha3pIBaeTCs peweruem 3aoauu Kowu.

Teopema Kowwu. (Teopema 0 HEOOXOOUMBIX M JOCTATOYHBIX YCJIOBHUSX CYIECTBOBAHUS
pemenns 3amaun Komm): Ecnu ¢yuxyus (n-1) —ii nepemennvix suoa f(x,y,y,.... " ")e
nekomopotu ooracmu D (n-1)- mepnoco npocmpancmea nenpepuléna u umeem HenpepvleHvle

-1 _
yacmuvie npoussoonvie no y,y',..., vy, mo xaxosa 6vi ne 6vina mouxa (Xg> Vo> Vo ¥ ") 6

0
amoul obracmu, cyuwecmsyem e0UuHCmeEeHHoe peuierue v = @(x) ypasnenus

Y = F(x, 0,9y YD), onpedenennozo 6 nexomopom unmepeane, codepacaujem mouKy Xxo,

(n=1)
0

JuddepennyanbHple ypaBHEHUS BBICIIMX IIOPAAKOB, PELIEHHE KOTOPHIX MOXKET OBITH
HalIEHO aHATMTUYECKU, MOXKHO Pa3JeIuTh Ha HECKOJILKO OCHOBHBIX TUIIOB.
Vpasuenus Buga Yy' = f(X), F(x;y;y") =0, F(y;y;y") =0 HasbBarorcs HenonHvimu
oughpepenyuanvrvimu ypasHeHusMu, TOIYCKAIOIMMY TOHIKEHUE TOPSAIKA.
[Monmxenue nopsaka auddepeHIMaIbHOIO yPaBHEHHS — OCHOBHOM METOJ pelICHHsS
ypPaBHEHUH BBICIIMX HOPAAKOB. DTOT METOJ JA€T BO3MOXKHOCTh CPABHUTENILHO JIETKO HAXOIAUTh
pelleHue, 0JHAKO, OH IIPUMEHHM JAJIEKO HE KO BCEM YPABHEHHSM.

’
ydogﬂemeopmomee HAYAallbHbIM YCIOBUAM Xy, Vs Viyseees V

Bug 1Y OcoO6eHHOCTh Crnoco06 pemieHus

y' = f(x) He conmepskariee y u Y’ JIByKpaTHOE HHTETPUPOBAHHUE
F(x;y;y")=0 He conepikariee y IMoacranoBka y' = p(X),y" = p'(x)
F(y;y;y")=0 He conmepixariee X IMoxcranoBka y' = p(y),y"=p'-p

CTpykTypa o001Ier0o pelieHuss JHHEHHOro OJAHOPOAHOro auddepeHUATIBLHDbIE
YpaBHEeHUA. XapaKTePUCTHYECKOE YPABHEHHE.

®Oynkumn Y, (X) u Y,(X) HasbBaIOTCS AuHelio Hesasucumbimu Ha uHTepBaie (a;b), ecimm

paBeHcTBO Y, (X)+a,Y,(X) =0, roe oy,a, € R, BEMoONHsACTCA TOTAA M TONBKO TOTZA, KOTJa

o =a,=0.
®Oyukuun Y, (X) u Y, (X) uneino 3asucumer Ha nutepane (a;b) Torma m TombKO TOrAA,
X
KOTJIa OHU TPOIOPIHUOHAIBHEI, T.e. JUIsl BceX X € (a;b) BwimonHsieTcs paBeHCTBO %:l,
Y,(X

A—const.

Junetinvim 00Hopoonvim Oouggepenyuanvnviv ypasnenuem (J10Y)emopozo nopsoxa
Has3bIBaeTCs ypaBHenue Buma Y + p(X)y' +q(X)y =0, rae p(x) u q(X) — QyHKIMH, 3aBUCAIIIHE
OT apryMeHTa X.

Teopema. Ecmu dyukumu Y,(X) u Y,(X) SBISIOTCS YaCTHBIMH PEIICHUSMH YpPaBHEHUSI
Y+ p(X)y'+q(X)y=0, ToO pelmieHueM O3TOTO YpaBHECHHUS SBISETCS Takke (QYHKIUSL
y=C,y,(X)+C,Y,(X), rne C, u C, —npou3BoibHbIC NOCTOSHHBIE.

Dynoamenmanvuou cucmemou pewenun JIO/Y emopoco nopsoka Ha3bIBaeTCA
COBOKYITHOCTB JIBYX JIHHEWHO HE3aBUCUMBIX pemieHuit Y, (X) u Y,(X) .

Teopema (cmpyxmypa obwezo pewenus JIOAY emopoeo nopsioka). Ecnu 1Ba 4acTHBIX
pemenus Y, (X) n Y,(X) JIOAY Broporo mopsmka o6pa3yoT (GyHIaMEHTAIBHYIO CHCTEMY, TO



o01IuM pelIeHneM 3TOTO ypaBHEHUS SBIISIETCSI COBOKYITHOCTb byHKIHA
y=C-¥,(x)+C,-y,(x),rne C;,C, eR.
Ecnu koaddunmenTsl p U q HOCTOSHHBI, TO ypaBHeHue Y'+ py'+qy =0 Ha3bBaeTCs

JUHEUHBIM 0OHOPOOHBIM OUppepenyuanrbHbiM YpagHeHuem 6mopoco NopsaoKa ¢ NOCMOAHHbIMU
K03 puyuenmamu.
Xapaxmepucmuueckum  ypaenenuem  JIOJY — emopoco  nopsokay"+ py' +qy=0

Ha3BIBAeTCA KBaJApaTHOE ypaBHenue Buaa K° + pk+q=0.

Bug 1Y Ha3Banue Crnoco0 pemieHus
y'+p-y'+q-y=0 JONY ¢ C NOMOIIBIO XapaKTEPUCTUYECKOTO YPABHEHHS
HOCTOSTHHBIMU k?+p-k+q=0:
KodppunreHTamMu

a) D>0: klyzzﬁj y=C.e“* +Ce*;

6) D=0: k1=kz=_7p:> y=Ce4% +C,xel"

2
8) D<0:a=_P:p= 49-p°
2 2

= + i ;
C,e** cosbx+C,e** sinbx

IHoa0op yacTHOrO pemieHWsi MO0 BHAY NMPABOH YaCTH JHUHEHHOr0 HEOJIHOPOAHOIO
au¢pdepeHuHaTbHbIC YPABHEHUS.

Jlunetinvim HeoOHOpoOHbIM Ouppepenyuanvrvim ypasuenuem (JIH/[Y)emopozo nopsoka
HasbIBaeTcs ypaBHeHue Buaa Y' + p(X)y +q(xX)y= f(x), rae p(x), q(x), f(x) — dynkuun,
3aBHCSIIUE OT apTyMeHTa X .

Teopema (cmpykmypa obwezco pewenus JIH/[Y emopozo nopsoka). O0muM pemieHuemM
V.. JJHIAY Broporo mopsinka Y'+ p-y' +q-y = f(X) sBusercsa cymma obmiero pemienus V, ,
coorBerctByomero JIOJY Broporo mopsiamka Y'+ p-Y' +0-y=0 u ero mpou3BOJLHOIO

YaCTHOTO peIeHus YV, ., - V,, =V, o +yq_H .

Bug 1Y Hassanue Crioco0 pereHust
V' +p-y+0q-y=f(x) JIHJY ¢ Bun npaBoit yactu:
HOCTOSHHBIMH I f(x)=e"-P(x)=Y,, =X -e"P,(x)
koa¢pdunreHTaMu

! . £(x) =& - (P, (x) cos i +Q, (x)sin fx )=
¥ TIPaBOH YaCThIO C anle ~ )
cnenuanpaoro Buaa | Y., =X € (Ps (X)cos Bx +Q, (X)SIn,BX)
| —amcno coBnanenuii o + i ¢ KOpHAMHU
XapaKTEePUCTUYECKOTO yPaBHEHMUS,;
s = max{n; m};
P(X)=A; P(X)= Ax+B;
IS2 (X) = Ax? + BX + C — MHOTOUJIEHHI C
HeomnpeeleHHbIMU K03 dhulineHTaMu




Jlexnus Ne 8 (2 uaca)
Tema: «Teopusi BepOATHOCTH H MATEMATHYECKAS CTATHCTHKA»

1 Bompocs! JieKknuu:

1.1 Teopusi BepoSITHOCTEIN.

1.2 DjeMeHTbl KOMOMHATOPUKH: pa3MelleHHsl, MePeCTAHOBKHU, COYETAHMUSI.

1.3 Co0bITHS, BHABI COOBITHI: TOCTOBEPHOE, HEBO3MOKHOE, ciTyuaiiHoe. CirydyaiiHbIe PO ECChI.

1.4 OTHOCHTEbHAN YACTOTA COOBITHII M ee cBolicTBa. Kitaccuyeckoe omnpenesieHne BePOSITHOCTH H
ee cBoiicTBa.

1.5 CioxeHue n yMHOKeHHE COOBITHIA.

1.6 CoBmecTHBIE, HECOBMECTHDIE, 3aBHCHMbIE U He3aBUCHMBbIE COOBITHS.

1.7 TeopeMbl c/10:KeHUSI U YMHOKEHHUS BEPOSATHOCTEH. YCI0BHAA BEPOSTHOCTD.

1.8 Teopema nosHoii BepositHocTu. @opmyasl Baiieca.

1.9 MounsTne cayyaiinoii Besuunubl. [Ipumeps! ciaydaiiHbIX BeanduH. Buabl cryyaiiHbIX BeJMYMH.

1.10 duckpeTHas caydaiiHasi BeJTUYHHA, €€ 3AKOH pacrpeeieHust.

1.11 YwucioBble XapaKTePUCTHUKU [TUCKPETHOW cJyyaiiHOW BeJMUYHHBI: MaTeMaTHYecKoe
OKU/IaHHMe, THCIEePCHsl, CpelHee KBajpaTudeckoe OTKJIoHenue. CBOHCTBa MaTeMaTH4eCKOIr0
oxxuaanus u gucnepeuun JCB.

1.12 HenpepbiBHasi ciay4daiiHas BejdudnHa. MHTerpajibHas (YHKIUS pacnpeaejeHusi H ee
cBOMCTBA.

2. Kparkoe conep:xanue BOIpocoB

Teopusi BepOATHOCTEH.

Teopus BeposTHOCTEH — 3TO MaTeMaTHueckas HayKa O KOJIMYECTBEHHBIX 3aKOHOMEPHOCTSX
MOJIETICH CIIy4YalHbIX SIBICHUNA HE3aBUCUMO OT UX KOHKPETHOU IPUPOJIBI.

DjieMeHThl KOMOUHATOPUKH: pa3MellleHUsl, IePeCTAHOBKH, COUETAHUS.
Komoéunamopukoii Ha3pIBaeTCs paslen MaTeMaTHKH, H3yYaloIMi BOMPOC O TOM, CKOJBKO
KOMOMHAIIUN OTIPENIETICHHOTO THUIIAa MOKHO COCTaBUTh U3 JAHHBIX MPEIMETOB (3JIEMEHTOB).

Pazmewgenusamu u3 N pasInIHBIX 3JIEMEHTOB IO M 31eMEHTOB (m < 1) HA3bIBAIOTCS KOMOWHAIINH,
COCTaBJICHHBIC M3 JAHHBIX N 3JIEMEHTOB IO M 3JIEMEHTOB U OTIIHYAIONIKECs MO0 CAMUMH DJIEMEHTAMH,
JIUOO0 TIOPSIIKOM DJIEMEHTOB.

)

Yucno Pa3iudHbIX pa3memenuﬁ U3 N 3JIEMEHTOB II0O M JBJIEMCHTOB (0603Ha‘leHI/Iei

m_ . N .
onpezensercs mo Gopmysie Ay =nn—l)yr—2).[n—m+1}

Ilepecmanoekamu 13 N pa3IMYHBIX YIEMEHTOB HA3bIBAIOTCS Pa3MELICHUS UX 3TUX N 3JIEMEHTOB I10
n.

Kak BUJIHO U3 OHpeI[eJ'IeHI/II‘/'I, MEPECTAHOBKU MOXKXHO CUMUTATh YaCTHBIM ClIydacM paSMeHIeHI/Iﬁ nmpu
m=n.

CrnenoBarenbHO, YUCIIO BCEX IIEPECTAHOBOK M3 N 31eMeHTOB (00O3HAYeHHE: Pﬂ) HaXOJHUTCS O
bopmyre PF=nin—-1})(n-2)..321=nl

Couemanusamu v3 N Pa3IUYHBIX 3JIEMEHTOB IO M 3JIEMEHTOB HAa3bIBAIOTCS KOMOMHAIMU,
COCTaBJICHHBIE U3 JAHHBIX N 3JIEMEHTOB MO M 3JIEMEHTOB U OTIIMYAIOLIUECS XOTSl ObI OJHUM 3JIEMEHTOM.

OT™MeTHM Pasnuyy MCEXAy COYCTaHMIAMHU W PasMCUHICHUAMHU. B COUCTAHUAX HE YUUTBIBACTCHA
IMOpAaOK JJIEMEHTOB, 4 B PasMCIICHUAX — YUYHUTBIBACTCA. Yucno codeTtaHwii U3 N 3JIEMEHTOB MO M

fn"l qq: nl

3NEMEHTOB (0003HaYeHHE: G , uHOTAa M. ) HaxomuTcs mo Gopmyse ml (n —m]!

Ceoiicmea couemanuii. 1. Ci - Cg =G=1

2 C‘,'f=C:'m (m=0,1,2,3..,nl

— " ¢ ” =

3 A+l 4= 4 Q-+ +(-1)C=0

CoObITHSI, BUIbI COOBITHII: 10CTOBEPHOE, HEBO3MOKHOE, CIydaiiHoe.

OrnpiT, IKCIIEPUMEHT, HaOJIIOICHHUE SIBJICHUS Ha3bIBAIOTCS UCRBIMAHUAMU.
[IpumepamMu ucCHBITAaHWI  SIBISIIOTCSA: OpocaHWE MOHETHI, W3BJICYCHHE IIapa W3 YpHBI, OpocaHue

UTpabHOMN KOCTH.
Pe3synbrart, Mcxo/, UCHBITAHUS HA3bIBAIOTCS COObIMUEM.



CoObITHSIMH  SIBIIIIOTCS: BbIMajcHUEe repOda wWiad mudpel, B3sTHE O€IOr0 HIM YEepPHOro Iiapa,
MTOSIBJICHUE TOTO WUTH WHOTO YKICJIa OYKOB Ha OpOIIEHHOM UrpallbHON KocTH. [ 0603HaueHUs COOBITHIA
WCTIOJIB3YIOTCS 3ariaBHble OYKBBI JIATUHCKOTO aidasuta: 4, B, Cu T. 1.

JIlBa COOBITHS HA3BIBAIOTCH COBMECHIHBIMU, CCIV TIOSBICHHE OIHOTO W3 HHUX HE HCKIIOYaeT
MOSIBIIEHUE IPYTOTO B OJJTHOM H TOM YK€ UCTIBITAHUH.

JIBa cOOBITHS Ha3BIBAIOTCS HECOBMECHHBIMU, €CIH TIOSBICHWE ONHOTO W3 HHUX WCKIIOYaeT
MOSIBJICHHE JIPYTOr'O B OTHOM U TOM € UCTIBITAHUU.

JIBa coObiTHsA M A HA3BIBAIOTCA INPOTHBOMONOKHBIME, €CIM B JAHHOM HCIBITAHMM OHH
HECOBMECTHBI M OJTHO U3 HUX 0053aTeTbHO TMPOUCXOIHNT.

CoObITHE Ha3bIBACTCA 0OCHIO6EPHBIM, €CIIA B JAHHOM WCIBITAHHH OHO SIBISCTCS CIUHCTBEHHO
BO3MOXHBIM €TO HMCXOIOM, W HE603MOMCHbIM, €CIH B aHHOM WCIBITAHHA OHO 33aBEJOMO HE MOXET
MPOU3OUTH.

CoObITHEA HA3BIBACTCS CIYUAUHBIM, SCITV OHO OOBEKTUBHO MOXKET HACTYIHTh WIN HE HACTYIUThH B
JTAaHHOM HUCTIBITAHUU.

OTHocHTeIbHAsI YacTOTA cOOBITHI U ee cBoiicTBa. Kilaccuueckoe onpenesieHue BEPOSITHOCTH
U ee CBOlicTBA.

ONpeAcheHHC. OUMREOCHDEE AR WICHOHGE  [4o-
CHHOCHEN ) COOWRINR HATLIBIECA  SHEI8
Af
% PrA) =, (1.4 =

rne M —wmcno mowenerrd  cobeTTHa A, N —ofmee
YO0 NPOAECAEAREBR HCORITREHE.

CeoBcrra 4acTocTH coBhITHA.
1%, Yacmocme cobwrmur — eeuvunia  BeIpaiMepnan
BOWTMORHATTIT S M MR R

[0, 1]=[Pridp 0 peidy=ti.  (114.7)

2% Ygemocme  docmogepriosy cofihmun pasng

I Yaemoome wesoruomcneso colbimuA pasua 1.

A, Yacmocme cAyuging =0 coBWMUNA HTMOHACMCT A
MM eraee {0 17

Cooitctaa 19— 4" qereo AOKATHAAOTCR C IIOMONILHY
ONPEICICHHE TacTolW ¥ KIacoHgmkammn cobatiit, Tax,
HANTHMET, NVCTE CiETHE A a0cinnema. 3Te omasacT,
YTO B OCpEE M3 Y RCIWETARMA OND NACTYRHIG N pa

Pr{Aye o,
X
BeposmuocmeioP (A) coObiTusiA Ha3bIBacTCs OTHONICHHWE 4YHCIAa DJIEMEHTapHBIX COOBITHIA,
pa =2
OJaronpUsSTCTBYIONINX COOBITHIO A, K YUCITy BCEX 3JIEMEHTAPHBIX COOBITHI, T. €. no
N3 kgaccu4eckoro OIpPEAeTCHUs] BEPOATHOCTH cienyeT: 1) eeposammnocmy 0ocmoseprnozo
CoObImuA paBHA COUHULIE; 2) GEPOAMHOCIL HEBOIMONCHOZO COObIMUA PABHA HYIIO; 3) 6epOoAmMHOCHIb
106020 cobvimus A ynosnetsopsier ycnopuro U = Fild)l <10 4) snemenmapnvie coovimus asnsiomes
Ppasnoseposamubimu, T. €. 001aJaI0T OAHOM U TOM K€ BEPOSTHOCTHIO.
CJ0:xeHne 1 yYMHOKeHHE COOBITHIA.
Cymmoin coobitrii A u B HaszpiBaioT coObiTue C, cocrosliee B HACTYIUICHHUH XOTS ObI OJHOIO M3
coObITHii A uiu B.
Ilpouseedenuem cobovitnii A 1 B HazpiBaroT codbiTre C, cocrosiiee B COBMECTHOM HACTYIJICHUN
coObITHii U A u B.
CoBMecTHbIe, HECOBMECTHBIE, 3aBHCHMbIe M He3aBHCHMBbIe COOBITHS.
[Ba cOOBITHS Ha3BIBAIOTCA COEMECHHbIMU, €CIIU TIOSBICHWE OIHOIO W3 HHUX HE HCKIOYaeT
MOSIBJIEHUE IPYTOro B OJJHOM UM TOM K€ UCIIBITAHUH.
JIBa COOBITHS HA3bIBAIOTCS HECOBMECHIHBIMU, €CIH TIOSBICHHE OIHOTO W3 HUX HCKIoYaeT
MOSIBJIEHUE IPYTOro B OJJHOM M TOM K€ UCIIBITAHUH.



JBa coObITHsiA 1 B Ha3bIBAIOTCS HE3ABUCUMBIMU, €CITH BEPOSTHOCTD TOSBICHUS KaXKIOTO M3 HUX
HE 3aBHCHUT OT TOTO, TIOSBHIIOCH JAPYroe COOBITUE WIIH HET.

B mpotuBHOM ciiyyae coObITHSA 1 B Ha3bIBaIOT 3aBUCHMBIMHU.

TeopeMbl cJI0KeHH U YMHOKEHHS BEPOSITHOCTEH. YCJI0BHAS BEPOATHOCTh.

Teopema. BeposSTHOCT CYMMBI IBYX HECOBMECTHBIXCOOBITUHA M B paBHa cymMMe BepOSTHOCTEH
atux cobwituii: P(4 + B) = P(4) + P(B).

Touno Tak ke Qopmynmupyercs TeopemMa W A JIOOOTO  KOHEYHOTO YHCIa IOMapHO
HECOBMECTHMBIX COOBITHH.

Cneocmeue. Cymma BEPOSITHOCTEH MPOTHBOMONOKHBIXCOOBITHIA 1 A paBHa emmunne: P(4) +
P(4)=1.

[IlyctbA 1 B — 3aBUCHMBIE COOBITHA. YCI06HOU 6epOAMHOCHbIO COOBITUSIBHA3BIBACTCS
BEPOSITHOCTH COOBITHA B, HaliieHHast B IPEANIONOKEHHIH, YTO COOBITHE A yKe HACTYIIUIIO.

Teopema 1. BepoaTtHoCcTh mpou3BeneHus ABYX 3aBUCUMBIX COOBITUHA W BpaBHA IPOU3BEICHHUIO

BEPOATHOCTU OJHOTO M3 HUX HA YCIOBHYIO BEPOSTHOCTH JIPYrOro, HAaUACHHYIO B MPEANOIOKEHUH, YTO
PiAB)=F(4)-FylE) (1)

FyE)

TepBOe COOBITHE YK€ HACTYIIHIIO:

Teopema 2. BeposTHOCTh MPOU3BEACHUS IBYX HE3aBUCUMBIX COOBITHIIA U BpaBHa TpOHM3BEICHUIO
BEPOATHOCTEH 5TUX coObiThit: FlAF) =FlA}-P(E) (2)

Teopema. BeposSTHOCTE CyMMBI JIByX COBMECTHMBIXCOOBITUHA W B paBHa cymMMme BepOsSITHOCTEH
5TMX  COOBITMH  MHHYC  BEPOATHOCTH WX  mpousBenenus: — FlA+E)=F(A) +F(E) —F(AE)
Ecnu coObiTust A U B HECOBMECTHMBI, TO WX TMpousBeaeHue A B — HEBO3MOXHOE COOBITHE W,
cnenoBarensHo, P(4 B) =0, 1. e. Fld+E5)=F(4d) +F(E)

Teopema noJiHoii BepositHocTH. @opmy.bl Baijieca.

Teopema. Ilycth uHTEpecyrlee Hac CIy4ailHOE COOBITHE MOXKET MPOU3OUTH IIPH

HEKOTOpBIX ycnoBusix Hi, Ha, ... ,Hn (TUIOTE3BI), KOTOpBHIE CaMH SIBISIOTCS OOpasyOIIUMH IOJHYIO
n

H =E
TPYIINY CIy4alHBIMH COOBITHUSMHE: = u Hi-Hj = U — HeBO3MOXXHOE COOBITHE TPH JHOOBIX | # J.
Torna BeposITHOCTD COOBITHS A TIPH 3TUX YCIOBHUSIX MOXET OBITH OIpe/iesieHa COOTHOIIICHUEM

P(A)=§1;P(Hi)-PHE (4)

B pdaAc ciiydacB MPUXOAUTCA HUMETh JACJIO C ONbITaMH, B KOTOPBIX CHy‘IaﬁHHM o6pa30M MOXET
MMPUCYTCTBOBATh TO HUJIKM MHOEC YCJIOBUC. HpOBOIlI/ITCSI OIIBIT W IO IMOJYYCHHBIM pE3yjibTaTaM BO3HUKACT
HGO6XOZII/IMOCTI) BBISICHUTBH, KaKOBa BEPOATHOCTH TOI'O, YTO B IMIPOBCACHHOM OIIBITC IMMPUCYTCTBOBAJIO OJHO

u3 BO3MOYKHBIX CITyYaifHbIX YCIIOBHA.
Teopema (Baiieca). Ilycrs Hi, Ho,...Hy— nonHas rpymnmna coosituii. Torma
BP(H,) Fy, (4)
Py (H)= n’i

ZIP(H;-)PH,. (4

Honsitne cayyaiinoii BeauuuHbl. IlpuMepnl ciay4yaiHbIX BeJdWYUH. Buapl ciaydyalHbIX
BeJUYHH.
CnyuyailHOM BENMYHMHON Ha3bIBaeTCAd NEPEMEHHAs, KOTOpas MOXET NPUHUMATh T€ WIN HHBIE
3Ha4YEHUS B 3aBUCUMOCTH OT PA3IUYHBIX OOCTOATENHCTB.
CrnyuaiiHas BeTMYMHA HA3bIBaeTCS AUCKPETHOW, €CIIM BCE €€ 3HAUYEHUS M30JIMPOBAHBI U UX MOXKHO
3aHyMEPOBATh.
CrnyuaiiHasi BeTMYMHA HA3bIBAETCSl HEMPEPBIBHOM, €CIIN €€ 3HAYEHHUS 3aIlONHAIT KOHEUHBIH WIN
OEeCKOHEYHBIN TPOMEKYTOK.
CrnyuaiiHple BeTWYHHBI 0003HAYaIOT 3arfiaBHBIMU JaTuHCKMMU OykBamu A, B, C, m T.a., a ux
3HAUYEHHSI MAJIBIMU JIATHHCKUMH OyKBaMH X1, X2, X3, M T.1I.
JuckpeTHan ciyyaiiHas BeJIMUMHA, ee 3aKOH pacnpe/eseHns.
3akoH pacnpenesieHUus] JMCKPETHOM cJIy4aiiHOll BeJIMYMHBI
Gynkums P(x), cBsA3bpBarolas 3HAYCHUs CIIyYaiHOW BEIMYMHBI C COOTBETCTBYIOUIMMH UM
BEPOSTHOCTSIMH, TPEACTABIsIET COO0M 3aKOH paclpeneieHnus TUCKPETHOM, CIIy4ailHOM BemwdwHbI. Ero
yA0OHO 337aBaTh B BUJIE TAOIUIIBI, B BEPXHEH CTPOUKE KOTOPOH PaCIONIOKEHBI BCEBO3ZMOXKHBIC 3HAYCHUS
CITy4allHOHM BEJIMYMHBI, @ B HIDKHEH CTPOYKE PACIIONOKEHBI COOTBETCTBYIOLIME UM BEPOITHOCTH: pi = P (X
= xi) .



3HaueHue xy  fx2 fl... [Xn
BeposiTHOCTB 1 2 |.-- |Pn

Cobpitust X = xi (i = 1,2, ... ,N) ABIAIOTCS HECOBMECTHMBIMU M €IHHCTBEHHO BO3MOKHBIMH, T.€.
OHH 00pa3yloT TONHYK CcHCTeMy coObiTuil. [loaToOMy cymMMa BEpOSTHOCTEH WX paBHa EIUHUIIE:

M
Z P = 1
i=1

3aKOH pacHpeneleHus] MOXHO MpeAcTaBuTh rpaduuecku. s 3TOro Ha IUIOCKOCTH B
NpPSMOYTONBHOW CHUCTEME KOOPAMHAT CTPOSIT TOUKH C KOOpAWHATaMH (Xi, pi). A 3aTeM COCAMHSIOT HX
MOCNIEZIOBAaTEIbHO OTpEe3KaMu TMpsiMOM. B pesynbsraTe mMmoiydaroT MHOTOYTOJBHUK pPacIpeesieHus
BEPOATHOCTEU CITy4alHOU BEJTUYMHBI.

YucnoBple XapaKTepUCTHKH JUCKPETHOM CJAy4ailHOH BeJMYMHBI: MaTeMaTH4YecKoe
OJKMIaHHe, JHCIepCcUsi, CpelHee KBaJpaTH4ecKkoe OTKJOHeHMe. CBoiicTBa MaTeMaTH4ecKOro
oxxuaanusi u gucnepceuu 1CB.

Mamemamuueckoe odcuoanue

CsoiicTBa:
1) M(C) = C, C - nocrosiHHas;
2) M(CX) = CM(X);
3) M(X1 + X2) = M(X1) + M(X2), tme X1, X2 - HE3aBUCHMBbIC CITydaiiHbIC BETUYNHBI,
4) M(X1X2) = M(Xl)M(Xz)
Jucnepcus
p(x)=m|((x -M(x)}) D(x)=M(x?)-(M(x)}
CsoiicTBa:
1) D(C) =0;
2) D(CX) = C?D(X);
3) D(X1 + X2) = D(X1) + D(X2), tme X1, X2 - He3aBUCUMBIC CITy4ailHbIC BETHYUHBIL.
Cpeonee xeadpamuueckoe OMKIOHEHUe CIYUAUHOU genuyunvl X

alX )= \m~

HenpepoiBHasi caydaiiHass BeauuyuHa. HHTerpagbHasi (yHKIUS pacnpelejieHMs M ee
cBoOiicTBA.

NurerpanbHoi (QyHKIHEH pacrpeseieHus ciaydaiiHod BeauuuHbl X HaspiBaeTcs GyHkuus F(X),
BBIp@)KAIOMIasi JJisi KaKIOr0 X BEPOATHOCTH TOTO, YTO CiydaiHas BelUYMHa X MPHUMET Kakoe-HUOYIb
3Ha4YeHHe, MEHBIIIEe X !

F (x) = P(X<x).

CaoiicTBa GyHKIMM pacnipeneleHust

1. Ecmu F (X) — unTerpanphas ¢yukims pacapenenenus, To 0 < F(X) < 1 mist moboro x.
Oto ciexyer U3 omnpeAereHus (QYHKIUM PACHpPENENeHHs], MOCKOJIbKY BEPOATHOCTbH JIHOOOTO COOBITHS
3aKito4eHa B mpomexxytke ot 0 o 1.

2. OyukIms pactpeneneHns He yosBaet u P (x1 < X<x2) = F (x2) — F (x1).

3. Ecmu F — dyukius pacnpenenenus, To F(X) — 1 mpu X — + oo u F(X) — 0 pu X — — oo,

4, Ecnu x — ecTh TOUKa HENPEPHIBHOCTH (DYHKIIMU paclpe/iesieHus CIyYaifHONH BETMIUHBI X,
To P(X=x)=0.

5. Ecimm x1 — ecTh TOWka HENMpepBIBHOCTH ISl (PYHKUIWH pacipeneneHus F ciydaitHon

BEIIMYHHBI X, TO
p(Xl < X<)C2) =p (X1<X<XQ) =F (XQ) —-F (xl).
I'paduk pyakmmm pacupeneneHus HEMPEPHIBHON CITyIaitHONW BETUIMHBI UMEET BU]T







BBEJIEHUE

JlanHoe  y4eOHO-METOIMYEeCKOe  IOocOoOMe  TpPEAHA3HAYeHO ISl BBINOJHEHHS
CaMOCTOSITENILHBIX paboT o AucuuIuiMHe «MaremaTtuka» sl CTYJCHTOB CIEIHaTbHOCTEH
40.02.01 TIIpaBo wu opraHuzanusi conmaabHOro obOecrmeueHus. [locoOme COOTBETCTBYET
TpeOoBaHUsAM (peliepaTbHOTO TOCYIapCTBEHHOTO oOpa3oBarenbHoro crtangapra CIIO u paboueit
IporpamMmsl 10 AUCHHUILUINHE.

Tak kak camocTosiTeNbHas paboTa SIBISETCS OO0S3aTEIBHBIM YCIOBHEM OpTraHU3aluU
y4eOHOT0 MpoLecca, TO TaHHOE ITOCO0He MPU3BAHO CIIOCOOCTBOBATh MPUOOPETEHUIO CTYACHTAMH
HEOOXOJMMBIX YMEHHI W HaBBIKOB TIPU BBINOJHEHWHM WHAWBUIYAIBHBIX DPa0OT, pPa3BUTHIO
JIOTUYCCKOro MbIIIJICHUSA, YMCHUIO IPHUMCHATH IIOJTYYCHHBLIC 3HAHUA B HpO(I)eCCI/IOHaHBHOfI
JESITeTbHOCTH.

Y4eOHO-MeTOInYeCKOe MocOOne COMCPKHUT 3aJaHUS Ui CaMOCTOATENBHBIX padoT U
MOJIPOOHBIC METOIMYECKHUE YKa3aHUs M0 MX BBIMOJIHEHUIO C Pa300paHHBIMEU puMepamu. Takke
B IOCOOMY MPHUCYTCTBYIOT TaOIUIBI M POPMYIIBI, KOTOPBIE TOMOTYT CTYJICHTY PEIINTh 3a1aHusl.

B mpouecce wu3y4YeHHsT JaHHOW JUCHUIUIUHBI CTYACHT JIOJDKEH BBINOJHUTH BCE
npeajaracMbIC 3alaHus. HOMCp BapuaHTa B KaXJIOM M3 HUX AACTCA JIMYHO IPEIogaBaTCiicM U
COOTBETCTBYET HOMEPY CTYJICHTA B y4eOHOM XKypHaJe.

Bpewmsi, BEIOpaHHOE Ha CaMOCTOSITENbHYIO paboTy Mo JaHHOW(BIM) Teme(aM) 0OOCHOBAHO:
CJI0)KHOCTBIO MaTepuaia, 00JbIIMM 00bEMOM BBIYMCIUTENbHBIX JEHCTBUI U TPeoOpa3oBaHUM.



SAJAHUA T CAMOCTOSATEJBHBIX PABOT
3aganue 1
BreinosnauTe AENCTBUS ¢ MaTPULIAMM.

2 1 -3 2 1 2
1) nokaxkure, uto A - B+ B- A, rnie 8 7 6 B3 -5 4|
3 4 2 1 2 1
3 5 -6
2) naiimure 4 - A, ecmu A4 2 4 3 |;
-3 1 1

2 8
3) maiigure BL - B, ecrn B4—3 —1L O |
a4 5

1 7 3

4) naiimure A%, ecrn A= —4 9 4|
0O 32

o © O

6 2
5) Haitaure B, ecrm B=| 1 5|
4 2

2 3 4

3
6) nokaxwure, uto A - B# B- A, rue 3 44 B=|0
1 2 2, 1

© O Ww
N NP

—1
7) Haiioure A7 - A, ecrm A 1
1

P NN
o,_\n—\

N W

8) Haiimure B - B, ecn B

=
LA o
oog,o

W N PR
~ o P

6
9) Haiimute A%, ecrm A=| 9
0]



3 0 1
10) HariguTe B3, ecnin B= o 2 7

1 -3 2
3 12 0O 12
11) noxaxute, uto 4 - B# B- A,rne A={—1 0 2| B=[2 1 1|
1 21 3 7 1
2 3 2
12) naiimure 4 - A%, ecrn A= 1 3 —1|;
41 3
32 -1
13) maitaure Bt - B,ecrm B=|3 1 2|
53 0
6 7 3
14) naiimure 4%, ecrm A=3 1 O};
2 21
2 0 5
15) naiimgute B%, ecru B— 4 —1 2|
4 3 7
3 10 -1 0 2
16) nokaxute, uto 4 - B# B- A,tne A=3 5 1| B 1 -8 5]
475 3 02
2 1 -3
17) naitnure AL - A, ecrm 8 7 6
2 41 2
18) naiinure B - B, ecru B3 —5 4 |
1 2 1
3 5 -6

19) maiimure 4%, ecu A= 2 4 3 |,
31 1



2 8
20) Haiimure B3, ecu 3 - O |
4 5 -3
1 7 3 6 5 2
21) noxkaxute,uto 4 - B# B- A, rne A=-—-4 9 4| B=|1 9 5|
0O 32 4 5 2
2 3 4
22) naiimure A - At ecm A 3 —1 —4;
-1 2 2
331
23) Harioure B'.B,ecn B= 0 6 2|
19 2
2 1 41
24) naiimure 4%, ecrm 4= 2 —1 1 |
1 0 1
3 6 O
25) naviaure B3, ecrn B 2 4 6|
12 3
3aganue 2
PemuTe cucremy TUHEHHBIX YpaBHEHUH TpeMsl CliocOOamMHu:
a) o popmynam Kpamepa;
0) ¢ MOMOIIbIO 0OPATHOM MATPUIIBL;
B) MeTojoM ["aycca.
(2x—y+z=3 (x+2y—F=1 (2x+3y+z=-3
1) X+2y+2z=4: 2) 1 2XA+3y—z=-; 3) \X—2y+X=1 ;
(X—y+4z=2 (XA y—2Z2 =2 X—y—2z=—+7
(2x+3y—22=0 (x-+2y+3z=1 (3x+2y+27=3
4) X+2y+z=-1 : 5) 12X—Yy+22=6; 6) 1 2X—Yy+z=1
(Sx+Ay+22=1 (X+y+5z=—1 XA+ =5




HK+H4y+z=1
7) 1 2X—y—z=2
X+2y+272=4

(X-+y-+2=6
10) \X—y+z=2
[x+2y+z=1(

(x—2y+4z=11
13) 12Xy &Z=2;
Xx+By-+2=-1
(2x-+4y+z=4
16) 3X+6y+22=4:
[Ax—2y—=1

(X+3y+22=4
19) {2X+6y+z=2:
(AX+8y—z=2

(2x+3y—z=2
22) {X—y+XZ=-H4;
3X+by+z=4

(X+5y—z=-1
25) 2X+y—2Z2=7,
(X—4y+z=0

3ananue 3.

(2x—2y—3=3
8) {X+y+2z=-1:
(2X—y—2=2

(X—y+z=4
11) \X+2y+22=2;
(Ax+By—5z=0

2X+3y+4z=1
14) —6y—2=-;

4x—3y+8z =1
(2x+y+3Z=3
AX+2y+57 =5;
(X+4Ay+72=2

N

17)

(2x—3y—5z=1
20) SX+Yy—X=-+4;
(X—2y+z2=5

(4x+3y—272—=1
23) X+Yy+z=3
(X—2y—F=8

Haiigute npenenst GyHKIUHT.

| i X2
) @) x—>2 A& 1>’

r) lm——-—;
x0 4x

C (IS
D0 e e

(X—2y+3Z=-1
9) \&X+Yy—Zz=—;
(X—DBy+22=2

(X+By+z=5
12) A X—Ay—27=8:
(SX+2y+32=3

HKA+2y+22=1=
15) 12x—3y+X=1<

4x+y—6z=9
(3x+4y+22=8
18) {X+By+2Z2=5
(2X+3y+4z=3

(Xx—3y+z=2
21) 3 2X+y+32=3:
2x—y—2z=8

K2y+272=3
24) 2X+y—z=95:
5x—y+XZ =4

8
Y B A



3)

4)

5)

6)

7)

8)

T 2R 53
B %eo? lé —:I_,'

_ XA 52
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G Yo YL |
B) )le;
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5) limMm—;

S Vv

_ A-252
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_ 384
) lim——;

oo X3¢

) B sa2

. B2 38
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oo ST
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) lim————;
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19)

20)

21)

T -
x-o3E 4 x+4



Jx+1
22) a) Ilm—1
X_

Sire x
r) lhm—;

x—0 X4

23) a) lins =<8
Y 232 .50z

o i S|ﬁ3x

3aganue 4

i 5=
(= = I—

»%?M

X 3X
ouf )

Uccnenyiite nannyto QyHKITHIO U TOCTPONTE €€ TpaduK.

1) y =3x*- 15x% + 36
2) y=x%-9x% + 24x
3)y=x>-3x*-9x +4
4)y=2x*-4x>+3
5)y=6x2-3x*+1
6) y=2x°-3x2+7
7y=x>-3x*-9x+2
8)y=3x*-6x2+1
9) y=x>-9x?+24x-16
10)y=3x*-8%+1
11)y=x>-12x
12)y=x*-2x*-3
13) y = x3 + 3x?

T 8c-3FC
»%azg%’



14) y = 2x* - x?

15) y = x% - 3x% - 9x
16) y = x* - 4x% + 3
17) y = x> + 6x°

18) y = x3 - 3x
19) y = x* + 2x?

20) y = x° - 6x% + 5x
21) y=x>-12x*+ 36
22)y=2x*-3x*+15
23) y=6x2-3x*+5
24) y=3x*-8x3-2
25)y=x>-3x+4

3amanue 5
Haiiaure rmomans Gurypsl, orpaHiueHHON yKa3aHHBIMH TUHUSAME. CenaiiTe yepTex.

Dy=x-1,y=x*-4x+3
2)y=x-3,y=x>+4x-3
3)y=1-x,y=3-2x-x?
A)y=x,y=2+2x-x°
B)y=x*-x+1,y=x+1
6)y=2-2x*y=x+1
Ny=x"+3x+1,y=-2x-3
8)y=-3x>+21x-11,y=3x+4
9)y=2x-3,y=-x>+3x-1
10)y=3+2x-x%,y=x+1

1
11)y=2x-10,y = g(x-5)2

12) y=x"+4x+3,y=x+3
13)y=x?-2x-1,y=x-1
14)y=x%y=x+2
15)y=x?-2x+3,y=3x-1
16)y=x?-2x,y=x+1
17)y=9-x%y=0
18)y=4x-x%y=0
19)y=x*-2x+3,y=6
20)y=x"+2x+3,y=6
21) y=x°-4x,y=0
22)y=x2-3,0X,x=-1,x
23)y=-x*+9,0X, x=0,x
2d)y=x"+1,0X,x=1,x=4
25)y=x%,0X, x=-1,x=1

3ananue 6

|. Haiitu oOmiee pernenue nugdepeHnuaibHoro ypaBHeHus (JIETKHi ypOBEHB):
1)y"=3y"—4y =0

2)y"+5y'+6y=0

)y"' -y —6y=0

4 y" +3y'—4y =0



5y" =9y +20y=0
6)y"+y =20y =0
Ny"+4y"+3y=0
8)y" —y' =20y =0
9y"+y' —6y=0
10)y" —6y'+9y =0
11)y" —12y" +36y =0
12) y" —14y' +49y =0
13) y" —10y' + 25y =0
14) y" —30y" + 225y =0
15)y" =2y +y=0

16) y" — 16y’ + 64y =0
17)y" = 22y"+121y =0
18) y" + 20y’ + 100y =0
19)y" — 18y’ +81y =0
200y"+y' =2y =0

21) y" —12y' =36y =0
22) y" — 10y’ — 25y =0
23)y" -2y —y=0

24) y" — 16y’ — 64y =0
25)y" —y' =2y =0

Il. Haiitu yactHoe pemeHne auddepeHInaabHOr0 ypaBHEHUs NPH yKa3aHHBIX HAYabHBIX
YCJIOBI/IﬂX:

Dy"+4y"+5y=0,y(0) =-3,y'(0)=0
2)y" —12y"+ 35y =0,y(1) =10,y'(1) =2
y"+4y"+5y=0,y(0)=-3,y'(0) =0
4)y"+2y'+2y=0,y(0)=1y'(0)=1

5 vy" +25y'=0,y(1) =20,y'(1) =10
6)y"—y"'=0,y(0)=0y'(0)=1
Ny"—4y'=0,y(0)=0,y'(0) =8

8)y" —4y=0,y(0)=1y'(0) =2
9y"+9y=0y(0)=0y =1

10)y" —5y' +4y =0,y(0) =5,y'(0) =8
11)y" +8y"+16y =0,y(0) =1,y'(0) =0
12)y" =7y + 6y =0,y(0)=2,y'(0) =0
13)y" —8y'+ 15y =0,y(0) =1,y'(0) = -2
14) y" —4y'+4y =0,y(0) = 2,y'(0) = -1
15)y" —=7y"+10y =0,y(0) =1,y'(0) = -1
16) y" —6y'+9y =0,y(0) =2,y'(0) =1
17)y" +10y" + 25y =0,y(0) =5,y'(0) =3
18)y" +8y'+7y =0,y(0) =1,y'(0) = -2
19)y" —7y"+12y =0,y(0) = -2,y'(0) =2
20)y" —2y"+5y=10,y(0)=0,y'(0) =0
21) y" —=5y"' =4y =0,y(0) =1,y'(0) = 2
22)y" =7y"' =10y =0, y(0) = 2,y'(0) = -2
23)y" —2y' -2y =0,y(0) =1y'(0) = -1
24) y" —6y' =9y =0, y(0) = -2,y'(0) = 2
25)y" —4y' -4y =0,y(0) =-2,y'(0) =1



3amanue 7

3ajaH 3aKOH pachpelefieHds CiaydyalHOW BeNWYuHbl X (B MEpBOM CTPOKE TaOJMIIBI JJAHBI
BO3MOJKHBIE 3HAY€HUs BEJIMYMHBI X, a BO BTOPOM CTPOKE YyKa3aHbl BEPOATHOCTU p ITHUX
BO3MOXKHBIX 3HaUeHHi ). [locTpoliTe MHOrOYTrOJbHUK paclpeAesieHusl U HalIuTe:

a) MmaTemaTudeckoe oxxunaanue M(X),

0) nucnepcuto D(X);

B) cpeiHee KBaJpaTH4eCKoe OTKIIOHEHHE o),

r) ¢pyHkmIo pacnpenenenus F(x) u moctpoiire ee rpapux.

1)

X 23 25 28 29

p 0,3 0,2 0,1 0,4
2)

X 18 22 23 26

p 0,3 0,1 0,2 0,4
3)

X 12 14 16 20

p 0,5 01 0,2 0,2
4)

X 78 80 84 85

p 0,3 01 0,2 0,4
5)

X 25 27 30 32

p 0,4 0,2 0,1 0,3
6)

X 35 39 42 46

p 0,3 0,4 0,2 0,1
7)

X 31 34 37 40

p 0,5 01 0,3 0,1
8)

X 37 41 43 45

p 0,5 0,2 0,1 0,2

9)



24 26 28 30

0,2 0,1 03 0,4
10)

45 47 50 52

0,4 0,1 03 0,2
11)

28 32 34 36

0,2 0,5 0,2 01
12)

25 28 30 33

0,2 03 0,4 0,1
13)

21 25 28 31

0,4 03 0,1 0,2
14)

46 49 51 55

0,1 0,2 03 0,4
15)

17 20 23 27

03 0,2 0,1 0,4
16)

16 21 25 27

03 0,1 0,2 0,4
17)

30 32 35 40

05 0,2 0.1 02
18)

60 64 67 70

0,3 0,4 0,1 0,2
19)

56 58 60 64

0,4 0,2 0,3 0,1




20)

X 12 16 19 21

P 01 0,5 0,1 0,3
21)

X 42 45 48 52

P 0,4 0,1 0,2 0,3
22)

X 53 55 58 61

p 0,4 0,2 0,1 0,3
23)

X 13 15 18 19

p 0,2 0,2 0,1 0,5
24)

X 34 36 40 42

p 0,3 0,1 0,2 0,4
25)

X 65 68 72 74

p 01 0,2 0,4 0,3

METOJAUYECKHUE YKA3AHUMSA 11O BBINTOJIHEHUIO 3AIIAHI/II71 JJIA
CAMOCTOATEJBHBIX PABOT

3aganue 1

BrinonHuTe A€MCTBUS C MaTpuamu.

a) nokaxure, yTo 4 - B# B - A, rne

2 5 7 1 3 4
A= (6 3 4 ) B={2 0 3
5 -2 -3 -2 1 -3

Pewenue
YMHOKHUB 110 0OYepeN CTPOKU MaTpUIlbl 4 Ha CTOJIOIBI B, MOIyYUM:

5 a3
S a4 203
5 = ——_



2:145-247-(-2) 2:3+5-0+7-1 2:445-347-(-3)
6-14+3-244-(-2) 6-3+3-0+4-1 6-443-3+4-(-3)
5:14+(-2)-24+(=3)-(-2) 5-3+(-2)-0+(-3)-1 5-4+(-2)-3+(-3)-(-3)

=
—
== 1SRt —
== < 1 =
AHaJOrn4HoO HaXOAMUM Ipou3BeaeHue B - A:
1 3 4 2 5 7
B-A=|2 0 3 6 3 4 | =
-2 1 -3/ W -2 -3
1-24+3-6+4-5 1-543-34+4-(-2) 1-743-44+4-(-3)
2-240-6+3-5 2-540-3+43-(-2) 2-74+0-443-(-3)

(-2)-2+4+1-6+(-3)-5 (-2)-5+1-3+(-3)-(-2) (-2)-7+1-4+(-3)-(-3)

2+18+4 20 54+9-8 7+12 —12 40 6 7

4+ 15 10 — 6 14 +(—=9) |=| 19 4 5

—4+6-15 —-10+3+6 —-14+4+9 —-13 -1 -1
TakuMm oOpa3zom, nmosydaeM, uto 4 - B# B - 4;

6) Haiiaute 4 - A, ecnm

2 5 7
A=(6 3 4)
5 -2 -3

Pewenue
Uro6s! HatiTh A - A, Hy)HO cHauana momydYuTh MaTpuIly A — 06paTHYIO A1 MaTpuILs! A.
Haxongum onpenenurens MaTpuLibl 4 0 NpaBUILy TPEYTOJIBHUKOB!

2 5 7
A=16 3 4|=-18-84+100—105+16+90=-207+206=—1%0 syaqur,
5 -2 -3

AaHHast MaTpulla HCBBIPOKACHHAA.
Brrancianm a.nre6pa1/1t1eCKI/Ie AOIIOJIHCHHA 3JICMEHTOB MAaTPUIIbI A:

_ 1+1| 3 4| _ _
Ay = (-1) |_2 JARECER EESE . s

’ A= (D)™ |5 Y —27,

Ajp = (_1]‘1” |g _43| = 38,



5 7 5 7
4= (075, =1 A= (07 =1,
Ay, = (—1)%*2 g _?3| = —41. Ay, = (—1)3*2 2 1 = 34.
2 5
Ay = {_1)2+3 = 29,
5 _El Ay = (—1)°*3 g g = —24,

CocTaBuM BCIIOMOTaTeIbHYIO MaTpuLy B*:

Ay; Aqp Agg -1 38 —27
B = |43 Ap Ay B =1 —-41 29 |
31 Azz  Aaz -1 34 24
HT =
CocTaBUM TPaHCHOHUPOBAHHYIO MaTpully B | 3ameHus B MaTpune B CTPOKH CTOJIOIAMHU:

. —1 1 —1
B =| 38 —41 34
=27 29 24

1
Cocrasum obpaTHyto MaTpuiy A o gopmyne «A * :_AB’T :

-1 1 -1 1 -1 1
Al=(-1)| 38 —-41 34| = A4'=|-38 41 -34]|
—27 29 —24 27 —29 24

Brruuciaum npousBenenue A At

2 5 7 1 -1 1
A-At'=|6 3 4 ||l-38 41 —34]|=
5 —2 —-3/\27 —20 24
2.1+5-(=38)+7-27 2-(—1)+5-41+7-(-29) 2-1+45-(=34)+7-24

6-1+3-(—38)+4-27 6-(—1)+3-41+4-(-29) 6-143-(—34+4-24)
5-14(—2)(—38)+(—3)27 5-(—1)+ (—2)41+ (-3)(—29) 5-1+(—2)(—34)+(—-3)24

1 0 0
=|0 1 0|=FE
0 0 1 :

pu Beraucnenun A - A, T.e obpatHas matpuua A ymMHOXkaeTcs cieBa OT MPAMOI MaTPHIIBI A,
B pe3yJIbTaTe€ TAaKXe IIOJYy4YaeTcsl €IMHH4YHasg MaTtpuma FE. OTO SBIAETCS NPOBEPKOM INpHU
BBITIOJTHEHHUH JICCTBUI HaJ MaTpUullaMu Bujga A Atu AT - 4;

B) Haitmute B, ecim



1 3 4
B={2 0 3
-2 1 -3

Pewenue
Tak kak jgeiicTBHe B° MOXHO NPENCTABUTh KakK B® = BBB = BZ-B, TO BBIIIOJIHUM CHadaaa
neiicTBre B2, YMHOXKHMB 110 O4epel CTPOKH MATPUIIBI B Ha CTOIOIBI B, MOTydnM:

a1 = 1=
O =20
——1- ——1-

AHAJIOTHYHO BBHINOIHUM YMHOXKEHHE MATPHIIBI B Ha MaTpuIly B:

== 2yrais h'ga B
=20
—— -

3ananue 2

Pemure cuctemMy JIMHEHHBIX ypaBHEHUN TpeMsl ClIOCOOaMu:
a) mo popmynam Kpamepa;

0) c MOMOIIIBIO 0OpPaTHOM MaTPHUIIBL;

B) MetozoM ["aycca.



x+2y—3% =0
2x-y+4z=5
x+y-z=2

a) mo ¢popmynam Kpamepa.

Pewenue
CocTaBHUM YETHIPE ONPEACITUTEIS:

1 2 —

A=2 —1 4|_rjauslii, cocTaBieH U3 KO3 QHUIMEHTOB IPU HEU3BECTHBHIX.

3 1 =

0 2 =3
"ﬂj_ = 5 - 1 4 — COCTAaBJICH U3 I''IaBHOTO, 3aMEHON CTOH6H3. KOSq)(bI/IHI/IeHTOB IIpH X HA
2 1 -1
CTOH6€H CBOGOI[HI)IX YJICHOB, aHAJIOTHUYHO:
1 0 -3 1 2 0
3 2 -1 3 1 2

Brramcisem cocTaBlIeHHBIC OIpPCACIIMTEIIN 110 IMMPpaBUITy TPCYTOJIbHUKOB!:

1 2 -3
A=12 -1 4|=1-6+24-9-4+4=10+0
3 1 -1
0 2 =3
Ai=|5 -1 4|=0-15+16—-6—-0+10=5
2 1 -1
1 0 -3
Ab=|2 5 4|=-5-12+0+15-8-0=20
3 2 -1
1 2 0
Ay=1[2 -1 5/|=—24+0+4+30—-0-5-8=15
3 1 2
Haxonum pemenue no gpopmymnam Kpamepa:
Al Az A
X=—] y=—"3 Z=—=]
A A A
X=E :1'; y=£022; z =£5=l LS
10 2 10 10



Ilposepxa:

1
§+2-2—3-1,5=D "H"

1
2-§—2+4-1,5=5 "H"

1
3-§+2—1,5=2 "H"

x=05
Orser: (Y =2 ;
1=15

0) c MOMOMIBIO 0OPaTHOM MaTPHUIIBL.

Pewenue
CocTaBuUM TpU MATPUIIBI:

1 2 -3
A=2 —1 4 | 3 x05hPUIHEHTOB MPH HEH3BECTHBIX.
3 1 1
X
X =Y |- cronbuosas U3 HEM3BECTHBIX.
z
0
H =15 |- u3 cBo6omubIX 4eHOB.
2

CucreMy MOHO 3amucaTh B BHJE: A-X=H , Tne marpuna X HaxoguTcs 1o Qopmyie

— A1 . _
X=A"""H Taxum 06pa3om, Hy’KHO HaiiTu MaTpuiy 4™, o6paTHyIO 1y MaTPUILHI A.
Haxoaum onpenenurens MaTpuibl A4:

1az2
— =3 & 4 neBppoKICHHAS.
3 1

CocraBuM anrebpandeckue JTOMOJTHEHUS dJIEMEHTOB MATPHIIBI 4.

e



45%’:23121 An= (1[5 7=,

Ay = (—1)* g _11 =5 Ay = (—1)* _21 _43 = 5.
Ay = (-1)° f j = 1. Az = (-1)° ; _f = —10,
4 =1L T =s, A= (-0 % |=-s,

CocraBuM Marpuny B us MMOJIYYCHHBIX anre6pa1/1quKI/IX JIOTIOJTHCHUI:

3 14 5
41 8 5
5 105

CocTaBUM TPaHCHOHUPOBAHHYIO MAaTpULly B, 3aMeHHB CTPOKH CTONOIAMHU:

‘3 -1 5O
F=148 -4cC
5 5 5,

A—l A_l _ — = ET
OOpatHy0 MaTpUILy COCTaBUM 110 opmyJie A , TAaKUM 00pazoM:

31 5
/11=i 148 -4
5 5 5

Haiinem marpuny X no ¢popmyie X=A"-H :

-
—?E"” &f!.!
i
S ~
x=20,5
Otser: 1Y =2
1=15

B) MeTosioM ["aycca.



Pewenue
Pacumpennas Matpuiia CUCTEMbI UMEET BU:

1 2 30
2 1 45
31 42

Vcnonb3ys srieMeHTapHble peodpa3zoBaHus, IPeodpa3yeM pacuIMpeHHY0 MaTPHUILYy CHCTEMBI.
1-11 wae. Tak xak a11 # 0, TO yMHOKas IEPBYIO CTPOKY MaTpuIlsl Ha uncia (-2) u (-3) u npubasisis
MOJTy9E€HHBIE CTPOKU COOTBETCTBEHHO KO BTOPOH M TPEThEH CTPOKAM, UCKITIOYNM MIEPEMEHHYIO X
U3 BCEX CTPOK, HAYMHAS CO BTOPOI:

1 2 30 1 2 30
2 1 4 5|-|0 5 10 5]
31 42 O -5 8 2

2-11 wae. Tak kak tenepb a2 = -5 # 0, To yMHOXas BTOpPYIO CTpoky Ha (-1) u mpubaiss
MOJIY9EHHYIO CTPOKY K TPEThEH, NCKITIOYUM U3 HEE IEPEMECHHYIO V.

1 2 30 1 2 30
O -5 105|-|0 5 10 5
O 5 8| 2 O o0 23

3-1i wiae. ITony4nM cleayIonlyo CUCTeMY ypaBHEHMIA:

x+2y—3 =0
—Sy+1Q@=5
—272=-3

4-1i wae. Vcnonb3ys oOpartHbli xon Merona laycca, HaiiieM M3 TPETbEro ypaBHEHUS

—3 ==5>_a& =% S

szz =1= u3 BTOPOTO  F=— 5: = == "W U3 IEepPBOI0 ypPaBHEHUI
SRS ZC)
x=10,5
Orser: Y =2
1=15
3aganmne 3

Haiigure npenenst GyHKIUHI.



3X+5
a) liM——
x—7 X—5

Pewenue
Ha ocHOBaHuM HENpephIBHOCTH (YHKIUU B TOYKE X = 7 WMCKOMBIA IMPEAeN PaBeH 3HAYCHUIO
GbyHKIUM B 3TO TOUKE, T.€.

Pewenue
0

I[JISI PACKPBITHUA HCOMPECACICHHOCTH BHIA |:O:| Pas3jIoXKuM 4YHUCIHUTCIb W 3HAMCHATCIIb Ha

MHOHTEIN U COKpaTHM APO0h Ha MHOXKHTENb (X — 2):

31ech IpeaBapUTEILHO UIMEEM c%éﬂé%%, I'JI€ X1 ¥ X2 — KOPHU KBaIpaTHOT'O

TpeXdIeHa.
&@_6345 1
1) uncnuTeny De=— 0 ==, X =2
oA 2
i%éagi =
) AaheaesiE 2,
HaMCHATCJIb — - A -
3 c c. 6 6, 1 3, 2 y
3F 151
B) ]

Pewenue

(e8]
NmeeMm HCOMMPCACIICHHOCTL BU 1A |:;:| . YT-II/ITBIBaSI, YTO MOBCACHUC YUCIIUTEIA U BHAMCHATCIIA ITPH

X — 00 OIIPECACIIACTCA YJICHAMU C HaHOOJIBIINMH ITOKa3aTEIIMH CTCIICHEH (COOTBCTCTBCHHO 3X2 n
xz), pasaciavM YUCIIMTEIIb U 3HAMCHATEJIb Ha )C2, T.€. Ha X C HauOOJIBIIIUM I10KA3aTeJIEM CTEICHU
YUCIUTEIA U 3BHAMCHATCIIA. I/ICHOHBSYH TCOPCMBI O IIpCALIax, IMOJTyYnUM:



TaK KakK

Pewenue

0

Nmeem HCOIIPCACICHHOCTL BHAA |:6i| HCHOJ’IBSYH HepBHﬁ 3aMedaTeabHbII npeaci BUIA

. Sirx
lim— =1, nonyunm:
0 X

i 23\~
D o

Pewenue
203 i

© I — p—{ @l o
NmeeMm HeonpeneneHHOCTh BUAa [1 ], TaK KaK )|(| I Hin—l_l o . Ucnonw3ys BTopoi

X
. 1
3aMevaTelIbHBIN Mmpeaes Buaa Q@@—b- =€, BBIJICIUM Y JIpOOU IENIYIO YaCTh:
o'

]
=y | =L
3ananue 4

WccnenyiiTe qanuyio GyHKIHIO U IOCTpOiiTe ee rpaduk: y = x° - 6x2 + 9x - 3.




[lpu wuccnemoBannu (YHKIHMA W TIOCTPOCHUU HMX TPAPHUKOB PEKOMEHIYETCS HCIIOIb30BaTh
CJICAYIOUIYIO CXEMY:

1) HaiiTu 00y1acTh onpeneseHus PyHKIUH;

2) uccnenoBarh GYHKIIMIO HA YETHOCTh-HEYETHOCTD;

3) HaliTH BEPTHKAIbHBIC aCUMIITOTHI,

4) uccnenoBarh nMoBeAcHNE (PyHKIINN B OECKOHEYHOCTH, HAUTH TOPU30HTAIBHBIE HITH HAKIIOHHBIC
ACHIMIITOTEI,

5) HaTH SKCTPEMYMBI U HHTEPBAIBI MOHOTOHHOCTH (DYHKITUY;

6) HaliTH MHTEPBAJIBI BHITYKJIOCTH (YHKIIMU ¥ TOYKHU TIepernoa;

7) HAUTH TOYKHU MEPECEUCHHS C OCSIMU KOOPIMHAT U, BO3MOXKHO, HEKOTOPBIC JTOTIOJTHUTEILHBIC
TOYKH, YTOUHSIOIINE TpaduK.

Pewenue

1. @yHKIMS onpesiereHa Ha Bcell UnciaoBoy NpsaMoH, 1.e. D(y) = (-oo; +o0).

2. lanHast QyHKIHS HE ABIISETCS HU YETHOM, HU He4eTHOH (pyHKIMs 001Iero Buaa), Tak Kak (-
X) # £ p(X).

3. BepTukanpHbIX acUMOTOT HET, TaK Kak (YHKIMS OMpeiesieHa MPH BCEX JIeHCTBUTEIbHBIX
3HAUCHUSX X.

4. IoBegenue GpyHKINUU B OECKOHEYHOCTH:

- =, T.¢. rpauK JaHHOW (QYHKIMH aCUMIITOT HE MMEET.

5. DKCTpeMyMbl U UHTEPBAJIbl MOHOTOHHOCTH.

Haxoaum nepByro Npon3BOAHYIO:
~

RS2 2== = = R
y'=0mpu 3x?- 12x + 9 =0.
Pemras naHHOE ypaBHEHME, ITOTYUNM:
D=122-4-3-9=144 - 108 = 36 = 67;
= S 3 - Y s oW e S

1= — =, 2 — p—— B

2z S 2z S

T.C. KPUTHYCCKHUEC TOYKH X1 = 1, X2 = 3. DTH TOYKHU JCIIAT 06J'IaCTL ONIpCACIICHUA q)yHKI_II/II/I Ha TpH
npomexyTtka: (-o0; 1), (1;3), (3; +o0).

X (-0; 1) x1=1 (1;3) x2 =3 (3; +0)

' + 0 — 0 +

Y
y __— Max T min I

B nepBom u mociennem u3 Hux y'(X) > 0, B mpomexxytke x € (1;3) mpoussognas  y'(x) < 0.
CrenoBatenbHO, B IPOMEKYTKaX X € (-00; 1), x € (3; +00) hyHKIUS BO3pacTaeT, a B IPOMEXKYTKE X
€ (1;3) — yosiBaer. [1pu nmepexoie uepe3 TOUKY X1 IPOU3BOIHAS MEHSET 3HAK C MII0OCA HA MUHYC, &
IpU MEepexo/Ie Yepe3 TOUKY X2 — C MuHyca Ha naioc. To eCTh X1 1 X2 — TOUKHU SKcTpeMyMa. Haxoaum
3Ha4YeHHE QYHKIMHU B TOUYKAX IKCTPEMyMa:

M SEOL=3: SBEEES I3

Takum o6pasom, (1;1) — Touka Mmakcumyma, (3; —3) — Touka MUHUMYyMa.

6. IHTepBabl BBITYKIOCTH U TOUKH Ieperuoa.

Haxonnm BTOpYr0 IPOU3BOAHYIO:

)’)tééla@:%l; y"=0mpu 6x-12=0; orcroaamoigydaem x = 2.



Touka x =2 genut 001acTh ONpeesieHUs] PYHKIIUHN Ha JBa MPOMEKyTKa: xe(-00; 2) u xe(2; +o0).

X (-o0; 2) x=2 (2; +0)
yn _ 0 +

mouxa
Y m ne 6 U
peauba
B nepBom u3 Hux " < 0, T.e. KpuBas BBIIYKJIA BBEPX, @ BO BTOPOM "' > (), T.€. KpuBas BbIIYKJIa
BHU3. CienoBarenbHO, TOUKa X = 2 sABJseTca TOUKoi nepern6a. Haxonum 3HaueHue GyHKUMU B
9TOU TOUKE:
S “
Takum o6pasom, (2; -1) — Touka neperuoda. 14 flx) = x3 — 6x% + 9x — 3
7. Haxogum Touky nepeceyeHus rpaduxa C OCBIO
OY: nipu x = 0 3HaYeHNE PYHKIUU
-@é'%. 0 1 2 3 x
Touku nepeceuenuss rpaduxa QyHkuuu ¢ ocero OX ~14
HANTH 3aTPYAHUTENBHO, TaK KaK JUIsl 3TOTO HEOOXOAUMO
pemuTh Kyonueckoe ypaBHenue y(x) = 0.

[To monmydeHHBIM TOYKAM MOCTPOMM TPUOITMIKEHHBIN
rpaduk 1aHHOM QyHKIUU.

'

3aganue 5
Haiioure ILIOIIATh burypsl, OrpaHUYECHHOU
yKa3aHHbIMU JTUHUSAMU. CrenaiTe yepTex.

y=—x; y=2x—x°

Pewenue
CrnemnaeM yeprex:

Y = —X —npsamas,
— 2
y=2x—x"_ napaloJia, BETBU HalpaBjeHbl BHU3, OCb cUMMeTpun x = 1.

. — 2 Oy
Haiinem Touku nepeceuenus napadossl ¥ = 2X — X" n npssMoit ' = X, pemuB CUCTEMY 3THX
YpaBHEHUN:



{f:zx—xz yA

V=X
[Tonyunm:
—x = 2x — x°?
3x—x*=0
x(3—x)=0

[Tpoenupys ¢urypy Ha och adciuce,
BUJIUM, YTO HCKOMAsI TIOMIA/Ib — 3TO
wiomanb (Urypsl, 3aKIIOYCHHON
MEXIy KPHBBIMH; IPH OSTOM Ha
otpeske [0;3]:

ARy

[Tpumenum hopmyiy A BEIYUCICHHS IUIOMAACH MI0CKUX QUryp:
b

SHRAI O

aa
/i€ IpeieJlaMi UHTEerpUpoBaHus Oy yT adciuccsl Touek O u A:

S = f((Zx— x%) — (—x)) dx

C nomorsio popmynsl HetoToHa — JleliOHMIIa BBIUMCINM 3HAUE€HUE TUIOIIAIU (QUTYPBI:

S= [ Bx—x*)dx =3[ xdx — [ x*dx = ze_%) K —Z_T_T g
27_18_9
2 2 2

Omsem: S = 4,5 (e0?).

3ananue 6

|. Haiitu obmiee pererre quddepennuanpaoro ypasaeaus: y'' — 3y’ + 2y =0

Pewenue.

Pemas xapakrepuctudeckoe ypasHenue A2 — 31 + 2 = 0, Haxomum ero Kopau A1= 1 u A2 = 2.
Torzna obluee pelleHHe NAaHHOTO YpaBHEHHs Haxoaurtcs 1o dopmyne y = Ce*1* + C,e?2* n
umeer Bua y = Cre* + C,e?*.

Il. Haiitn uwactHoe pemieHue Iu(QPEpeHINATBLHOTO YPAaBHEHHS MpPU yKa3aHHBIX HadalbHBIX
yenosusix: y'' —2y'+y =0,y(0) =1,y'(0) =0

Pewenue.

Pemas xapakTepucTuueckoe ypasHeHue A% — 24+ 1 =0, momyuaem A1 = A2 = 1. CormacHo



dopmyne y = C;e?* + C,xe? Teopembl obmee pemenue mud(epeHIMATEHOTO yPABHEHHS
umeet Bug y = Ce* + Crxe* = (€ + Cyx)e*.

Tak kak y(0) = 1, 10 C1=1 1, nockoneky y' = (C; + C,x)e* + C,e* =y + C,e*u y'(0) =0,
to C2 = -1. Takum 00pa3oM, OKOHYATEIBHO MOJTy4aeM 4acTHoe peuienue y = (1 — x)e”.

3aganue 7

3amaH 3aKOH pacrpenelieHus] ClydailHOW BenudyuHbl X (B MEPBOM CTPOKE TaOJUIBI JTaHBI
BO3MOJKHBIE 3HAUEHHUs BEIMYMHBI X, a BO BTOPOM CTPOKE YKa3aHbl BEPOATHOCTU p 3STUX
BO3MOKHBIX 3HaUeHUi1). [locTpoliTe MHOTOYTOJBHUK PACIpPECIICHUS U HAUIUTE:

a) MaremMaTuieckoe oxunanue M(X);

0) nucnepcuto D(X);

B) CpeliHee KBaJApaTHYEeCKOe OTKIOHEHUE o),

r) hyHkuuio pacupenenenus F(x) u mocrpoiite ee rpaduxk.

X 5 9 12 16
p 0,4 01 0,3 0,2
Pewenue

[TocTporM MHOTOYTOJIbHUK PACIIPEICIICHHSI.

CTpouM MpSIMOYTOJIBHYIO CUCTEMY KOOpAMHAT, MPUYEM IO OCH abcuucc OyIeM OTKJIabIBaTh
BO3MOYKHBIC 3HAUCHUS Xj, & 10 OCH OPJMHAT — COOTBETCTBYIOLINE BEPOSTHOCTH pi. [locTpoum
touku M1(5;0,4); M2(9;0,1); M3(12;0,3) u M4(16;0,2). CoeiMHUB 3TH TOYKH OTPE3KAMH MPSMBIX,
HOJIyYHM HCKOMBI MHOTOYTOJIBHUK PAaCIpPEICICHUSL.

pi A

04 ("

03 [~

PR TR

0} 50 SR S W— A

01 bemoo

e ——
[ g M U —

v

16 Xi

o
o1
©
[EN
N

a) MAaTEMaTUYICCKOC OKUAAaHNEC PABHO CYMMC HpOI/I3BC,Z[eHI/Iﬁ BCEX BO3MOJKHBIX 3HaUeHMI X Ha uxX
BEPOATHOCTH, T.C.

AES3R

HO}ICT&BJ’IHH YHUCJIOBBIC 3HAYCHUS, ITOJTYUHUM:




0) BBIYKMCIIMM JUCIIEPCHUIO 110 (OpMyJIe W—M JUJIst 5TOro HYKHO HaHTH

2
M (X ©) . 3anumem 3axon pacrpeneneHus X2:

X2 25 81 144 256
P 04 0,1 0,3 0,2

o 2
HaI/I,I[eM MaATEMAaTHUYCCKOC OXXHUJIaHUC M (X ) .

Haiinem nckomyro nucnepeuro:

o =W : o 2= P

B) HaliJIeM HCKOMOE CpEHEE KBAIPATUYECKOE OTKIOHEHHUE:!

R, =2Te =S P =- =

r) ecmn X <5, 1o F(x) = 0. JleiicTBUTEIBHO, 3HAYCHNH, MEHBIINX YUCIa 5, BeanunHa X He
MPUHUMACT.
CnemoBatenbHo, pu X < 5 ¢bynkmus F(x) = P(X<x) = 0.

Ecmu 5 < x<9, 10 F(x) = 04. JleiictBuTensH0, X MOXET NPHHATH 3HAYCHHE 5 C
BepoATHOCTHIO 0,4.

Ecm 9 < x<12, 10 F(x) = 0,5. JleficTBuTEeNbHO, X MOXET NPUHATH 3HAYEHHE 5 C
BeposTHOCTHIO 0,4 1 3HaueHue 9 c BeposiTHOCTHIO 0,1; clieroBaTeIbHO, OJTHO U3 3TUX 3HAUYCHUH,
0e3pa3nuyHO Kakoe, X MOKET MPUHSATH (110 TeopeMe CIOKEHHUs BEPOSTHOCTEH HECOBMECTHBIX
cobbITHit) ¢ BeposatHocThio 0,4 + 0,1 =0,5.

Ecrm 12 < x<16, 10 F(x) = 0,8. [e#ictButrenbHo, X MOXET MPUHATH 3HAYCHHE S5 C
BepositHOCTBhIO 0,4, 3HaueHne 9 c BepositHocThiO 0,1 u 3Hauenue 12 ¢ BepositHOCTHIO 0,3;

CJIeIOBaTEeNbHO, OJHO M3 ITHX 3HAYEHUH, O0e3pa3nuyHo Kakoe, X MOXKeT MPUHATH (10 Teopeme
CJIO’KEHUS BEPOSTHOCTEN HECOBMECTHBIX COOBITHH) ¢ BeposaTHOCThIO 0,4 + 0,1 + 0,3 =0,8.

Ecmm x > 16, To F(x) = 1. [leficTBUTENHHO, COOBITHE X <16 JIOCTOBEPHO U BEPOSITHOCTH
€ro paBHA AMHHUIIC.
Wrak, uckomasi QyHKIHSI pacTpeic/IeHUsT UMEET BUI:

(O npx=5S
04 npib<x<9
F)=05 mp®<x<12
08 mpi Z2<x<1¢
1 npxw>16

—

[Toctpoum rpaduk 310 QyHKIMH.
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1 Mampuywot u onpedenumenu.

1.1 Bompocsl k 3aHATHIO

JlelicTBUA ¢ MaTpHUIIaMU.

OO6parHas maTpuia.

MuHops! 1 anredpandeckue JOMOTHEHHUS.
Ornpeaenureny BTOPOro MopsiaKa.
Onpenenurenu TPETHEro MOPsAKa.
Ornpenenureny BHICHINX MOPSAKOB.

ok wdE

1.2 IIpu nmoAroTroBke K BOIIPOCAM AKIEHTUPOBaTh BHUMAaHUE HEOOXOIMMO Ha CIEIYOLIMX
BOIIPOCAX: YCIIOBUs, HAKJIAbIBAEMbIE Ha MATPULIbI JJI ONEPALMI CI0KEHUE, BHIYUTAHUE U IIPOU3-
BEJICHHUE MAaTpPHULL; YCIOBUS CyIECTBOBaHUS 0OpaTHON MaTpulbl. [Ipy moAroToBKE K BOIPOCAM aK-
LIEHTUPOBaTh BHUMaHUE HEOOXOIUMO Ha CIEAYIOIIUX BOMNpOCax: MPaBUJIO TPEYrOJIbHUKA, IPUME-
HEHHE MHUHOPOB M aireOpanyecKux JOMOJIHEHUIH K BBIYHCIECHUIO OINpEleNUTeNel: pa3IokKeHHue
OIIPEAEIUTEIIS 110 JIEMEHTaM CTPOKH WU CTOJIOIA.

1 20 2 11
IMpumep 1. Janbl 2 maTpuibl A= 42 1)yp=|0 1 2
11 3 313

Haritu: A + B, A - B, AxB, A".
Pemenue: CoryacHo ornpeieneHrIo onepanyii Hajli MaTpUIlaMH:
1 2 0 2 1 1) (a2 24 323X

A+B=l4 2 1,0 1 2|40 2a n2tta 33
113 313 \msrmazzgllazs

=
N
o
[\
—
—

(A=222a 3.1 3T

0
S
|

~
[}
=
o
—
N>
|

|42 1249 1. A

5 2 4
73 2

Tpumep 2. MeTo10M 3JIeMeHTapHbIX NpeoOpasoBanuii HaiiTh A 11 MaTpunb: A=
Pewenue. IlpunuceiBaeM K HICXOAHOW MAaTpHULIE CIIPaBa €AMHUYHYIO MaTPHUILy TOTO K€ MOPSAIKA:

2 1 -1|11 0 0
52 4|01 0

73 200 0 1 .
. C moMoI11bI0 3JIeMEHTapHBIX PeoOpa30BaHuil cTOIOLIOB MPUBEIEM JIEBYIO

“HOJIOBUHY” K €AMHUYHOM, cCoBepIIasi OJHOBPEMEHHO TOUHO TaKHe MpeoOpa3oBaHUsl HaJl IPaBOit
MAaTpHUIIEH.
JU1st 5TOro MOMEHsIeM MeCTaMH MEPBbIi U BTOPON CTOJIOIBI:



2 1 -1|1 0 0 1 2 -110 1
52 4|01 0 2 5 411 0
73 20 0 1 37 2|00 .
~ . K tpetbemy cTos1011y npubaBum nepBblii, a KO BTO-

1 0o 1 0

1 6|1 -2 1

. . ) 1 5|0 0 1

pOMY - IepBBIH, YMHOKECHHBIH Ha -2 . 3 nmepBoro crosdua BEIYTEM YIBOCH-

10 0)-2 1 -6
o1 o3 -2 13
1

. . . . 1 -1j{o 0o 1
HBI BTOPOH, a U3 TPETHETO - YMHOKEHHBIN Ha 6 BTOPOI; . [IpubaBum

1 0 0]-8 -5 -6
o1 018 11 13

. o -141 1 1 .
TPETUi CTOJIOEI K IEPBOMY U BTOPOMY: . YMHOXHM NOCIEIHUI cTOI0eL

1 0 0]-8 -5 6
o1 018 11 -13

ma-1; 00 0 1)1 1 -Lf [TonydeHHas crpaBa OT BEpTUKAIBHOM YEPThHI KBaJpaTHasi MaTpuU-
11a SIBJIAETCSI OOpaTHOU MaTpulled K nanHoi matpuile A. Uraxk,

-2 -5 &
At=112 11 -13
1 1 -1

IIpumep 3. Boranucants onpeaenuTenu:

10 -2

o =27 3|=17 (=403 (-1)+(-2)-2:0-
4| = ‘:9-2—7-3:13—21:—3:

P2 -1 0 -4

8 7 , , ,
|*41|=‘2 2‘=3'2—7'2=15—14=2= —(—2)-?-[—1)—0-2-[—4)—1-3-0=—28—0—0—14—0—0=—42
|A2|=;]) Z‘=2-2—7-1=4—7=—3: 30 -1

L Bl=|6 7 3|=37:(-4)=0:3(-3)+(-2)-6-0-
l4;| = . 2=(—1)-2—?-0=—2—0=—2 30 -4

~(<2)7(=3)-0-6+(-4)-3-3-0=-84 =0+ 0-42-0-0=-126

ITpumep 4. CocTaBUTH MUHOP M, MIOJIyYEHHYI0 U3 UCXOJHON MaTpUIbL:
1 5 9 13

2 6 10 14
3 7 11 15
4 8 12 16

Perenue:



1 5 9 13

5 13
26 10 W |
270 7 11 15
| 4 8 16
IR VA ]
1 4 7
Ipumep 5. Haiitu anrebpandeckue TOMOTHEHHS BCEX JIEMEHTOB MaTpuIpl A=|2 5 §|.
3 6 9
Pemenue:
8 2 8 5
Au()lﬁg A= (1L As= (1
4 7 1 7 4
Ay =[-17" =—6; A,=(-17" =-12; A,=(-17" = -6;
R N I
4 7 17 41 4
Ay = (=17 =-3; =(-1 =—6; An=[-1 = -3,
S M TP O A AP
-1 -4 0 -2
IIpumep 6. Beruucnuts |A|= o 1 5 4
3 1 1 0
-1 0 2 2
Pemenue.
-1 -4 0 -2
0 1 5 4 .
|":|l.|= z{_-l']'f}.':_1"'11.::_1"':11.:;:_D'-'i_-::
3 1 1 0 T ’
-1 0 2 2
o 5 4
=(-4) 4, +4,,~4, =(-4)(=1)]|3 1 o0+
-1 2 2
-1 0 -2 -1 0 -2
(=173 1 ol=(=1 o 5 4=
-1 2 2 -1 2 2

—4.(=2)=(-16)=(-12)=-12

2. Cucmembl TUHEHHBIX YPAGHEHUIL.

2.1 Bompock! K 3aHATHIO
Cucrempl TMHENHBIX ypaBHEHUN. Oniepaliun HaJl ypaBHEHUSIMU CUCTEM.
OcHOBHasl ¥ paclIUpeHHas MaTPUILIbI.
PaHr cucreMsl TuHENHBIX ypaBHEHUNH. KpuTepnii COBMECTHOCTH CUCTEMBI.
Pemenne cucreM nuHENHBIX ypaBHEHUN MeTo10M ['aycca.
Pemenue cucrem IMHENHBIX ypaBHEHMH 110 npaBuiy Kpamepa.

uinkwnpPE

2.2. [Tpu mOATOTOBKE K BOIPOCAM aKIEHTUPOBATH BHUMAHHE HEOOXOIMMO Ha COCTABIICHUN
OCHOBHOW M PACIIMPEHHON MATpHIL UL CUCTEMBI U COCTABIEHUHU CUCTEMBI 110 M3BECTHBIM OCHOB-
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HOM ¥ pacIIMPEeHHON MaTpHIaM, HA IPaBHJIaX MPUBEICHUS MAaTPUIBI K TPEYTOJIBHOMY BHY, OIIpe-
JICJICHUs] paHra CUCTEMBl JIMHEHUHBIX YPaBHEHMM, CPABHEHUE PAHIOB OCHOBHOM U paCIIMPEHHON
MAaTpHILI.

IIpumep 1. Pemuts Metosiom "aycca cuctemy ypaBHEHUN:
Ax+2y—5z=-1

2x—y+3z=13
x+2y—z="9
3anuiieM pacliupeHHY0 MaTPUILy CUCTEMBbL:
32 =i5k1
2 =1 313
1 2 -1/9
CHayaJsia CMOTPHUM Ha JIEBOE BEPXHEE YHCIIO:
(3 2 -sp1)
2 =k F|l3
\l 2 =19 )

[Toutn Bcerga 37ech MOJKHA HAXOAWTHCS eAuHMIA. Boobiie roBops, yctpout u —1 (a uHOTAA H
JIpyTUe YKCclia), HO KaK-TO TaK TPATUIUOHHO CIIOKHIOCH, YTO TyJa OOBIYHO MOMENIAIOT €IUHHUILY.
[IpeobpazoBanue nepBoe: MEHSIEM MeCTaMHU NEPBYIO Hu TPEThIO CTPOKHU:

302 =51 1 2 -1%
2 -1 3[13|—=|2 -1 3|13
1 2 =15 3 2 =51

Teneps nmepBasi CTpOKa y HAC OCTAHETCS] HEM3MEHHOM 710 KOHIIA PEIICHUS.
Tenepr HY>KHO MONTYYUTH HYJIM BOT HA ATHX MECTAX:

(1 2 -1]9)
(2) -1 3|13
B) 2 -5k

Hynu momydaeM kak pa3 ¢ momolipio mpeoOpazoBanus. CHayana pasdupaemcsi co BTOPOit
cTpokoii (2, —1, 3, 13). Uto HyX)HO clenaTh, 9TOOBI HAa IEPBOM MO3UIIMHU TOJIYYUTH HOJIB? HyXHO KO
BTOPOI CTpOKe MpUOaBUTH MEPBYIO CTPOKY, YMHOKEHHYIO Ha —2. YMHOKAeM MEPBYIO CTPOKY HA —
2: (-2, 4, 2, —18). U nocienoBarelbHO MPOBOAMM CJIOXEHHUE, KO BTOPOM CTpOKe mpubaBisieM
MEPBYIO CTPOKY, YK€ YMHOKEHHYIO Ha —2!

0 -5 3 -5
| ! I |
-2 -4 2 -13
+ + + +
2 -1 3 13
Pe3ynbTat 3anucbiBaeM BO BTOPYIO CTPOKY:
302 =541 1 2 =18 1 2 =19

2 -1 3213 |—=|2 -1 3|13|—=|0 -5 515
1 2 =19 32 =5K1 32 =51

AnHanmoru4Ho pazoupaemcs ¢ TpeTbeit cTpokoit (3, 2, -5, —1). UToObI MoNyunTh Ha MEPBON MO3UIHN
HOJIb, HYXKHO K TpeTheil CTpoke NpuOaBUTH NMEPBYIO CTPOKY, YMHOXKEHHYI0O Ha —3. YMHOXaeM
nepByto crpoky Ha —3:. (-3, —6, 3, —27). I K TpeThel CTpoKe MPUOABISEM IEPBYIO CTPOKY,
YMHOXXEHHYIO Ha —3:

6



0 -4 -2 -zB
I I I I

-3 -6 3 - 27

+ + + +

3 2 -5 -1

Pe?:y.]'IBTaT 3aIIMCbIBACM B TPECTBIO CTPOKY:

32 =51 1 2 1% 1 2 1|9 1 2 =11 %
2 =1 3[13|—=|2 -1 3[3]|—=|0 -5 5E5|—=|0 -5 4|-5
1 2 -1|9 202 =51 a2 =51 0 -4 228

Ha IIPaKTUKE OTHU HeﬁCTBHH OOBIYHO BBIIOIHSIOTCS YCTHO M 3aIIMCBIBAIOTCA B OAWH IHOAr:

He HyxHO cumTath BCE Cpa3y U OJHOBPEMEHHO. [lOpSIOK BBIUMCICHUN W «BIIMCHIBAHUS
pe3yabTAaTOB MOCIEIOBATENICH:

1z -1y (12 -1}y (1 o2z -y (12 -1y (1 oz -9
wow wl sl o* kel slg -5 % slg -5 S50 -5 515
* ¥ * [ * ok K | * E S A+ [ * * * [ * A+ * | *
1 2 -1¢9 12 -19 12 -1 1 2 -9
-0 -5 s5|k5|=|0 -5 sps|=|0 -5 5F5|=|0 -5 5|-5
0w x| 0 -4 *|* 0 -4 -2/* 0 -4 -2/-28

[[anee Hy)KHO HOJ‘Iy‘lI/ITB e,Z[I/IHI/II_Iy Ha cneny}omeﬁ «CTyHeHBKe»:
M1 3 == i

0(=5)5|-5
. 7

ey

\0 -4 -2|-28)

B nanHOM mpuMepe 3TO clenarh JIETKO, BTOPYIO CTPOKY AeNuM Ha —5 (TIOCKOJBKY Tam BCe
yucia JeNsTces Ha 5 0e3 ocTaTka). 3a0/HO JACIIUM TPEThIO CTPOKY Ha —2, BEJb YeM MEHBIIIE YnCa,
TEM TPOIIe pelIeHuE:

302 =51 1 2 =15 1 2 -1 5% 1 2 -1%
2 -1 3[13|—=|2 -1 3|13|—=[0 -5 5|-5|—=|0 1 =11
1 2 =15 3 2 =5K1 0 -4 —-Z-28 02 1[4

Ha 3axirountensHOM 3Tare 3J€MEHTApHBIX MPeoOpa3oBaHUM HYXKHO MOJIYYUThH €Ie OJUH

HOJIb 34€Ch:
(1 2 -1]9)
0 1 -1f1
0 2) 114)

JJIs 3TOTO K TPEThEH CTPOKE MPUOABIIIEM BTOPYIO CTPOKY, YMHOKEHHYIO Ha —2:
302 =511 1 2 =18 1 2 -1 9 1 2 =19

2 -1 3[13|—=|2 -1 3|13|—=(0 -5 5|=-5|=|0 1 =11 |—=

1 2 -1|9 3 2 -s5-1) lo -4 -2t28) lo 2 1)4
12 -1]9 12 -1

=01 =11 |=]o 1 -1f
00 3f2) loo 104

Jlenum TpeThio CTPOKY Ha 3.



B pesynbTare aneMeHTapHBIX TpeoOpa30BaHMil TOJTyYeHa YKBUBAJICHTHAS UCXOAHOM CHCTEMa
JIMHEWHBIX YPaBHECHUMN:

x+2y—z="9
y—z=1
z=4

Teneps B neiicTBue BeTymaeT oOpaTHBIM Xxon Mmeroxa ['aycca. YpaBHEHHS «pacKpy4YHBAIOTCS»
CHU3Y BBEDX.

B TpeTheM YpaBHEHHH y HAC yKe TOTOBBIH pe3yibrat: Z =

CMOTpHM Ha BTOpOE ypaBHeHue: »  © =1 3pavenme wem y’K€ U3BECTHO, TAKUM 00pa3oM:
y—4=1

¥=5
W, mnakoHen, miepBOoe€ ypaBHEHHE: x+2y—z=9. «rpek» W  «3€T» HU3BECTHHI:
r+2.5-4=9
r+éE=9
r=73
Ommtx=1y=12=4

Ipumep 2:
Pemmuth cucremy o ¢popmynam Kpamepa.
3m - Z2x +dx =21
Zxn tdx, - 2x =5
2x —x—x=10

Pemenne: Perium cuctemy o gpopmynam Kpamepa.

3 -2 4
4 -2 B -2 |3 4
D=p 4 -2=3 +2. +4. =
(RS | I | R R
2 -1 -1

=3 {-4-2)+2 (-3+4)+4-{-3-8)=-18+2-44=-60=0

CAMHCTBCHHOC PCIICHUC.

, 3HA4YUT, CUCTEMA NMECT

21 -2 4
4 -2 9 -2 9 4
D1=9 4 —2=21. + 2. +4. —
1 -1 0 -1 0 -1
0 -1 -1
=21 {-4-2)+2 (-9+20)+4 . {(-9-40)=-126 + 22 - 196 = 300
xI:DI —300 _.
D~ 60
3 21 4
9 -2 3 -2 309
D=3 9 -2=3 -21. +4. =
0 -1 2 -1 2 10
2 10 -1
=3 (~9+20)-21-(-3+4)+4. {30-18)=33-21+48= 60
D80
D -60



5 -2 21

4 9 -2 21 2 21
D=3 4 9|=3 -3, 2 _
-1 10 -1 10 4 9
2 -1 10
=32 (40+49)-3 (- 20+21)+ 2. (-18-84) =147 -3 - 284 = —60
x3=%=_—60=1
D —60
Omer: 1= >%R="lxm=1

3 Ilpeodensvl u Henpepvl6HOCMb.
3.1 Bompocsl K 3aHATHIO

1.
2.

Nooak w

8.

[Ipenen GyHkImH.

0
PackpbiTHe HEOnpeneneHHOCTH « 0
»

[ o]
PackpeITHE HEONIPENENECHHOCTH « ] N

PackpeiTie HeonpeneneHHOCTH « X — Py,

IlepBblii 3aMevaTeNbHbBIN PEAC.

Tabnuiia SKBUBAJICHTHBIX OECKOHEYHO MAaJIbIX.

Hcnonbs3oBaHue BTOPOTO 3aMeUaTEIbHOTO IIpeiesa JUisl paCKpbITUSL HEONPEAEIECHHOCTH
(17).

O0600111eHHBII BTOPOH 3aMeyaTeIbHBIN Mpee.

3.2. IIpu noaroToBKe K BOMpOCaM aKIEHTUPOBAaTh BHUMaHUE HEOOXOAMMO Ha CBs3b Oec-
KOHEYHO OOJIBIINX M OECKOHEYHO MaJIbIX (PYHKIIUM, IIpaBUia pacKpPhITHs OCHOBHBIX HEONPEIEIICH-
HOCTEH; Ha MPUBEICHUH TpeieNa K BUY MEepBOro 3aMeuaTesbHOro MpHU/eia, UCIOIb30BaHUM Tal-
JIUIbl SKBUBAJIEHTHBIX O€CKOHEUHO MaJIbIX, IPUBEACHUH Mpeesia K BUAY BTOPOTO 3aMeYaTeIbHOIO

npenena.

IIpumep
Pemrenue.

x?

NERT x®—1
1. Haiitn 1M, _ 5 FERTP
[Tonw3ysick cBOMCTBaAMU IPEIEIOB MOJIy4aeM, UYTO
-1 Jim ("~ 1) (-2)° -1 3 __,

lim

x——2 X3 —

IMpumep 2. Beraucnuts npenen

Pemenue.
5x3

2x+1 lim (* —2x+1) (=2)F-2-(-2)+1 -3

X—=—2

5x%+2x%—4

lim
GxZ+8x+0 "

X—++oo
= ]
Hmeem HeompeieieHHOCTh BUAA | - |-

+2x*— 4 - 5x? ~ bx
= lim = lim — = oo,

lim

x—+= 6x2 +8x+9 x—+oo Bx2 x—=+= 0O

ITpumep 3. BeraucnuTs npeznen lim, .. (Vx—vx—1)

Pemenue.

[-c;::- —-:;::-]'

Nmeem HCOIMPCACIICHHOCTh BHA VYMHOXHM U pasaciiiM  BBIPpAXKCHUC

(ivi=1 =)

~1) ua BBIPQKEHHE EMY CONPSHKEHHOE, TO €CTh Ha (Ve+



lim,_,,, W amt) gy ) g, 1
Xt l[w.'x+x'x—1j' Xt l[*-.'.x+-.'x—1, Xt l[*-.'.x+-.'x—1, '
: 2% —Sx+4
Hpumep 4. BeraucauTs npesen lim,_, PR
0
Pemenue. Mmeem HeonpeaeneHHOCTh BUAA [E]
x*=bx+4=x-1(x-4)
x? —4x+3=(x—-1)(x—3)
lim x?—5x+4 — i x—1)(x—4) 1 (x-4) -3 _3
*=1 o gxt3 = e 1)(x-3) *=lielzy -2 2
fim sin(3x)
Hpumep 5. Haittu npenen *>° 2%
Pewenue.

IloxcraBisieM 3HaYEHHE:

fm sin{zx}=<g>

=0 2x 0

[Tpuiiy K HeONPEIENEeHHOCTH HOMb JEIUTh HA HOJIb. CMOTPUM B TaOIHIly HEOIPEeAEIeHHO-
cTei/Isl onpeienieHust Meroia pemeHus. KomOuHanus cuHyca 1 ero apryMeHTa 1ojicka3blBaeT HaM
0 IPUMEHEHHUHU IIEpBOro 3aMeYaTesIbHOrO Mpe/ielia, HO JUIsl TOro CHavyalla Hy>KHO HEMHOTO IIpeo0-
pa3oBaTh BelpakeHHE. JJOMHOKHM Ha 3X M YUCIUTEIb U 3HAMEHATENb IPOOH.

~osinl3x)  fob . 3x-sin(3x) . ((sin(3x) 3x)
him ——={ —'=lm —— = lim _— =
x— : ¥ 0 x—l 3.1( . (: .1(1:| x—0 jx 21’._]
. (3 sin(3x)
=]JI - . :
= : jx- J
. (sin(3x]))
lim = =
x=0l i
B cuny crnencrBus u3 nepBoro 3aMevaTeNbHOrO npeaena - x , TO3TOMY MPUXOAUM
K Pe3yJIbTaTy:
tim( 3. 500)) 3,3
=o0l2  3x 25 2
. 1- 2
].I.I'l'l CDS;[ I]
Ipumep 6. Beruucauts npegen *=°  3x

Pemenue.
IToxncraBisieMm 3HaUEHME:

, 1-cos{2x) _ 1-cos(2-0) _1-1_ <D>

lir . ;
x=0 3x° 3-0° 0

0

[Tpunuy K HeonpeIeIeHHOCTH HOMb JEIUTh Ha HOJIb. [IpeoOpasyemM ducauTenb, HCIOIb3Ys
(hOpMyJIBI TPUTOHOMETPUH.

. l—cos(2x 0 . 2sin?(x

]1111—2( ]= — =].I.I’n—2( ]

x—0 Iy 0 x—0 3Ix
CTtano BUAHO, YTO 3/1€Ch MOKHO TPUMEHHUTH NIEPBBIM 3aMeUaTeIbHbINA MPEIe:

Tt 2 o] "y : . 3 3

. 2smlx) . (2 sinx sinx) 2 2

im—-nr—=lm| ——m —— | =—-1-1=—

x— jx" .1'—:C,~. 3 it e ...I 3 3

lim arcsin[4x]

Ipumep 7. Beraucnuts npegen ¢ 3x
Pemienue.
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IToncrasisieMm 3HaYeHUE:

tim arcsin(4x}= arcsin{4- U) _ E

x—=0 3x 3-0 0
[Tpunum K HEONPEACICHHOCTH HOJb JISTTUTh Ha HOJIb. CliesaeM 3aMeHy.
ITycts

aresin(4x )=t =

sin (arcsin(4x)) = sin (¢)

n

R |
4r=sin(t)= x= n sinfr)

lim(arcsin (4x )} = arcsin(4-0)=0 0 x
x>0 , cneyoBarensHo, { > Ynpn
Tora mpezien mociIe 3aMeHbl IePEMEHHO IIPUMET BUT:

i arcsin (4x) _ <9> ~tm t _

—}[J_

a1l 3x 0 3.—sin {I ’J
1 \

IMpumep 8. [Ipumep. .
x*+l

. 2
i)
el x? 41

Brranciuts npeaen

Pemrenue.

[ToncrasisieM 6ECKOHEYHOCTB!

m1-—— |  =|1-—— =0-0)"=(1"}
e xt+1) Lo+l ‘

[Ipumnm Kk HeonpeIeIeHHOCTH €IMHULIA B CTETIEHN 0eCKOHEYHOCTh. CMOTpUM B TabIuUIly He-

OHpCI[eJ'IeHHOCTef/'I AJIsL OPCACIICHUA METOJla PCHICHUSA U OCTAHABJIMBACMCS HAa IPUMEHCHUN BTOPO-
ro 3aM€4aTCJIbHOTO IMpEacia.

CrenaeM 3aMeHy repeMeHHbIX. [TycTh
¥ +1 T +1 t
> =
2 4 2
Ecu X =% g0 I =%

Hcxonnbrit npeacia IIOCJIC 3aMCHBI MNpuMeT BU:

xi+l

1 L

-2t 73 1
lim[l— ;2 J‘* ={1°°}=]J'111[1+1J2 =]im[[l+1)] =eg?
e e = P == | "

e
IMpumep 9. Beraucauts npegen =\ * +1
Pemienue.

IToxcraBisieM OECKOHEYHOCTE:

X

-1

) 10 | (20

==l x +1 =gyl 1+0
X

[Ipumm K HEONpeIeIeHHOCTH €AMHUIIA B CTENeHH OECKOHEYHOCTh, KOTOpas yKa3bIBaeT Ha
IIPUMEHEHHUE BTOPOI'O 3aMEUYaTENIbHOTO IIpesiena. Belienum 1enyro 4acTb B OCHOBAaHUU MTOKA3aTelb-
HO cTeneHHOW (QyHKIUU:
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x—l_x+1—2_x+1_ 2 -1 2

x+1 x+1 _x+1 x+1 x+1

Torz[a mpeaciI 3anrmecTCsa B BUJIC:

E%E_QZ{P}Lm@—JLj
ol x +1) el x+1)

CnenaeM 3aMeHy nepeMeHHBbIX. [IycTh

z=—$:a2z——r 1= x=-2r-1

e

Ecmmu X —o0 , TO I — oG
I/ICXOZ[HI)H/I npeaci mocCjic 3aMCHbIL HpI/IMeT BU/I:.

Him T—' ={1 }=]Jm I——— | =lm 1——! =
.\-—mx.‘.x _]____u .\-—mx.‘. T+1 x| I-__l
i =2 | . ) =

= lim 1—1! I—l! | =lm 1——% lim 1——! =

- I_.J t) ,i iax ¢! = !

| R G T
~ tim |1—_e | -[1—_! —e? f1-0)" =

i= t | 5 y:.rll

B npeo6pa30BaHm1X OBLIM HMCIOJIH30BAaHbI CBOMCTBA CTEIIEHH U CBOMCTBA npecaciioB.

4 Ilpouseoonas.

4.1 Borpocsl K 3aHSTHIO

[Ipupamienue aprymeHTa u npupamieHue QyHKIUH.

Boruncnenue npou3BoAHOM MO ONpeAENeHUIO U 10 MpaBuiaM u Gpopmysam.
I'eomeTprueckuii, MEXaHUYECKUI U OMOJIOTUYECKHI CMBICIIBI IPOU3BOIHOM.
[IpousBoHas CIOXKHON HYHKITUH.

Brruncnenne npon3BOAHBIX BBICIIAX OPSIKOB.

uvkhonE

4.2. IIpu MOArOTOBKE K BOMPOCAM AKIIEHTUPOBaTb BHUMaHME HAa MPUMEHEHUHU TaOIHUIIbI
MIPOM3BOJIHBIX OCHOBHBIX 3JIEMEHTAPHBIX (DYHKUMN U mpaBui IuddepeHIpoBaHus, TPUMEHEHNE
NPOU3BOHON K 3a7ayaM (M3MKU W OMOJIOTMH, NMPABHJIO BBIYMCIECHUS HPOM3BOJHON CIIOMKHOMN
GyHKIUH.

Ipumep 1. Haittn npoussonyto pyHkmmm » 3cos A

PemeHHe'
={3cosx) =3(cosx)' = 5(—sm x)

y=6+x+3x" —sin x—2m+i2—llcf,gx
IMpumep 2. Haiitu npon3BoaHy0 QyHKINN x .
Pewenue:
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y':(6+x+3x2 —gin x—21§+i2—llcr.gx] =
x
1y r
= () 4+ () + (32" — (sin x)'— [2;{1 +(x'2) —(1lctgx)' =

1 t
= (6) + (2 + 3(x%) = (sin ) 2[;?} +(x?) —11(eegn) =

sin® x

2
:U+1+3-2x—cosx—2-%-x§+(—2}.x‘3_11_(_ ! ]:
e 2z,

33\(;;_3 = sn‘x

Hpumep 3 Haiiti nponssoanyto QyHKmn -~ —
Pemenne:

=14+6x—cosx—
3 .
X arcsin x

¥ = (x" arcsin 20" = (x*) arcsin x+ x° (arcsin x) =
! = 3x° arcsin x4 x

1-2* N1=x*
_2(3x-4)

IMpumep 4. Haiftu npon3BoHy0 QyHKINN 41
Pewenue:

2 - 3
=3x"arcsin x+3x7-

=

. (2G4 . (3x-4) _

Y _( 41 ]_2 (x2+1] B

s Gx—(x*+ - Cx—" +1")

- (x% + 17 -

5 (D -3 -D 2x s 3x° +3-6x" +8x )
B (%2 +1)° B (x* +1)° B
_2(=3x +8x+3)

(XD

5 Ilpunoscenue npouseoonoil.
5.1 Bompocs! Kk 3aHATHIO
1. UccnenoBath GyHKIIUIO HA MOHOTOHHOCTh M SKCTPEMYMBI
2. UccnenoBaTh QYHKIIMIO HAa BBITYKJIOCTh M TOUKH Meperuda
3. Uccnenoanve GpyHKIMIA ¢ TOMOIIBIO IIPOU3BOIHOM 10 TUTAHY.

5.2. Ilpu moATOTOBKE K BOMPOCAM aKIIEHTUPOBATh BHUMaHWE HEOOXOAMMO Ha IMPHUMEHEHUHU
MPU3HAKOB MOHOTOHHOCTH, MPU3HAKOB BBHITYKJIOCTH U BOTHYTOCTH (DYHKIIMU K MCCIIEJOBAHUIO, BbI-
YHCJICHHE OJHOCTOPOHHHX MPEIENIOB W NMPHUMEHEHHE MX K MOCTPOSHHIO TpaduKa, HaXOXKICHUH
acUMIITOT Tpaduka QyHKIHH.

Ipumep 1. Haiiti wuHTEpBaJbl MOHOTOHHOCTH W TOYKH OKCTpeMyMmMa (QYHKIUH
r = 3x° - 5x3

Perenue:
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1.y' = 15x*- 15x°,

2.y'=0, 15x*- 15x*=0,
¥@%-1) =0
x1=-1,x2=0, x3=1.

iR

— 4 o ~_ 1 _—

3.
4. xmax = -1, Ymax = Y('l) =
Xmin = 1, Ymin = y(1) = -

Ilpumep 2. HaiitTu wuHTepBanbl BBIMTYKIOCTH W TOYKH Ieperuda (QyHKIHH

y = 3x° - 5x?
Pemenne:
1. y" = 15x*- 15x%
"= 60x°- 30x
2.y" =0, 60x%- 30x=0,
30x-(2x2-1) =

x1=-0,7, x2=0, x3=0,7.

3.
4. xmn =-0,7,
- - - L im_n.(-_og) =1 20 B
SN 07 N o N o7 NS v X”’~”~ ; 017 Ymn(0) =
ymn(0,7) = '1,2.

IMpumep 3. MccnenoBath JaHHYIO GYHKINIO U IIOCTPOUTH €€ TpaduK:
y =x* —6x* +9x— 3

Pewrenue:

1. ®ynkuus onpeaeneHa Ha BCe YUCIOBOU MPSMOH, T.e. D(y) = (-0, +o0).

2. lanHas GyHKIMS HE ABISETCA HU YETHOW, HU HeueTHOH (pyHKIus ol1iero Buaa), T.K.
%) # £ ().

3. BepTukanbHbIX aCUMITOT HET, TaK Kak (YHKLUsS ONpeseseHa Ipu BceX JAeHCTBUTENb-
HBIX 3HAYCHHSIX X.

lim(x*—6x*+9x—3) =+

4. TloBenenue (GyHKIMH B OECKOHEUHOCTH: X~ I , T.C.
rpaduK JaHHOW (PYHKIIMU aCUMIITOT HE UMEeT.

5. DKCTpeMyMbI 1 HHTEPBAIBI MOHOTOHHOCTH.

y'=(x*—6x*+9x—3) =3x*—12x+9

Haxonnm nepByro npon3BoIHYO:

y'=0mnpu 3x®-12x + 9 = 0.

Pemras nanHOE ypaBHEHME, TOTYYUM:

D=122-4-3-9=144-108 = 36 = 62;

x1=1; x2=3,

T.€. KpUTHUYECKHE TOUKU X1 = 1, X2 = 3. DTH TOUKHM AensAT 006JacTh onpeaenaeHus QyHKIUN
Ha TpU pomexyTka: (-o0; 1), (1;3), (3; +o0).
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X (-o0; 1) x1=1 (1:3) x2 =3 (3; +o0)
y + 0 — O +
Y / Max \ min /

B nepBom u nocneanem u3 Hux y'(x) > 0, B npomexytke x € (1;3) mpousBoanas y'(x) < 0.
CremoBaresnbHO, B IPOMEKYTKax x € (-00; 1), x € (3; +o0) QyHKIIMSA BO3pACTACT, a B MPOMEKYTKE
x € (1;3) — yosiBaer. [Ipu nepexoje uepe3 TOUKY X1 MPOU3BOIHAS MEHSET 3HAK C IUIOCA HA MH-
HYC, a IIPH NIEPEX0/ie Yepe3 TOUKY X2 — C MHUHYCAa Ha IUTIOC. TO €CTh X1 ¥ X2 — TOUKH IKCTPEMyMa.

Haxonum 3HadeHue QpyHKIUH B TOUKAX IKCTpEMyMa:

y(1)=1;y(3)=-3.

Takum obpazom, (1;1) — Touka MakcumymMa, (3; —3) — TOUKa MUHUMYMa.

6. MaTepBalibl BRITYKJIOCTH M TOYKH IEeperuoa.

y'=0Bx*—-12x+9) = 6x—12.

Haxoaum BTOpYIO MPOU3BOAHYIO:
6x - 12 =0; orcrona nomxyyaem x = 2.
Touka x =2 genut 061acTh onpeaeneHus QyHKIUN Ha 1Ba IPOMEXKYTKa: X € (-00; 2) u x €

y" =0 npu

(2; +00).
X (-o0; 2) x=2 (2; +o0)
yu _ O +
mouka  nepe-
Y /\ euba \/

B nepBom u3 Hux y"” < 0, T.e. KpuBas BBIIIyKJa BBEPX, a BO BTOpoM )" > (), T.e. KpuBas
BbIMyKJIa BHU3. Clie0BaTENbHO, TOUYKA X = 2 SBIAETCS
Toukoi mepernda. Haxomaum 3HaueHue (QYHKIHH B ITOU YA
flx) = x3 — 6x2 + 9x — 3

ToUKe: y(2]=23—6-22—|—9-2—3=—1. Ta-

KUM 00pasowm, (2; -1) — Touka neperuoda.
7. Haxomum Touky mnepecedeHus rpaguka ¢ OChio
oVv: npu X = 0  3HaueHue byHKIUN

y(0)=0*-6-0°+9-0—3 =-3

Touku nepecedeHus rpapuka (YHKIHU C OCBIO
OX HailTu 3aTpyJHUTENBHO, TaK Kak JUIsl 9TOr0 HEoOXo-
JTUMO PEInTh KyOnueckoe ypaBHeHue y(x) = 0.

[To moMy4YeHHBIM TOYKAM IMTOCTPOUM TPUOIIIKEH-
HbII TpaduK TaHHOH QyHKIUH.

X

IIpumep 4. VccnenoBath QyHKIMIO U TOCTPOUTH €€ rpaduk ’ 1+x%

1. Oo6uacts onpenencHus GyHkwu D(y)= (—oo; +o0). Touek pa3pbiBa HET.
Ilepeceuenue ¢ oceto OX: x = 0,y=0.

OyHKIMS HEYEeTHAs, CIIeI0BATEIhHO, MOJKHO HCCIIEZIOBATh €€ TOJIBKO Ha MpoMexyTke [0,

+00).
y,_1+x3—2xg 3 1-x*
= = 2
5 (1+x2)2 (1"'5*2} . Kputnueckue Touku: X1 = 1; Xo= —1.
;
__}’mm :f{_]-] }'W
Lo T
.ymax = f{]']: 2
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= —2x[:1+x2)2—(1— x2)2(1+x2).'2x _ —2x—2x —dx+dx _ 2% — 6x
(1+X2)4 (1+ x2)3 (1+J:2)3 |
2x3—6x=0. x =0, x2=—m.l'§, x3=~.l'r§.

{1+x2}3
f(wﬁ}=—§w0,4

3.
.}"W
- F & ¥ 3
T ./ N N/
4, a) BepTukanbHBIX aCUMOTOT HET
x>+ k= lhm ~=0, b= lim [ "2]=U
0) relt x I+ x . Acumnrora — Y = 0.
x—>-00 k= lm 12=U, E=0 y=0
s x
y )
_] 0 7 x

6 Heonpeodenennwlii u onpeoeyeHHblil UHMeZPaJl.

6.1 Bompocsl k 3aHATHIO

Brluucienue HeonpeaeneHHoro HHTerpania.

Metoa HEMOCPEACTBEHHOTO HHTETPUPOBAHUS.

MeTton 3amMeHbl IEPEMEHHON B HEOIIPEIECIIEHHOM HHTErpalie.
Metoa HHTETPUPOBAHUS TIO YACTSIM.

HuTerpupoBanue pallioOHAIBHBIX APOOEH.

Brruncnenue onpeneneHHOro HHTETpaa.

Brruncnenue niomany KpuBOJIMHENHON TpaneLnH.

NoabkowhE

6.2 Ilpu moAroToBKE K BONPOCAaM aKLEHTHPOBAThH BHUMaHHE HEOOXOAUMO Ha TO, YTO MH-
TEerpupoBaHue sBiIsieTcss oOpaTHOM omnepauued kK quddepeHIMpoBaHUIO, TPUMEHEHUN CBOWCTB
HEOIPEeeIEHHOr0 UHTErpaia K peleHrio MpuMepoB, Ha (GOopMyJIbl 3aMEHbl IEPEMEHHOM, U Ha
TO, YTO IOCJI€ OTHICKAHUSI MHTETpaia OT HOBOIl MepeMeHHOW HeOOXOIMMO BEPHYTHCS K UCXO-
HOU NEepeMEeHHOH, c/ienaB 00paTHYIO MOACTaHOBKY, Ha TO, YTO MOCJIe IPUMEHEHUsT (POPMYJIIbI MH-
TErpUPOBAHHUS 10 YACTSAM MOJYyUYEHHBIH UHTErpail MOXKET OBbITh PEIlleH Tak ke Mo (GopMysie HHTe-
TPUPOBAHUS TI0 YacTsAM; Ha MIPOBEPKE OTCYTCTBHSI TOUEK pa3pbiBa (PyHKIIUN HA MPOMEKYTKE UH-
TErpupOBaHUs, IPUMEHEHNE CBOICTB MHTErpajia JAJis peluleHus IPUMEpPOB, IpUMEHEeHne GopMy-
ab1 HetoToHa-JleiiOnuma (o4epeHoCcTh MOJCTAHOBKH BEPXHETO U HUXKHETO MPEeesIoB MHTErpH-
pPOBaHMsI), HA HEMPEPBIBHOCTh U HEOTPULATEIBHOCTh (PYHKIIMHM Ha MPOMEXKYTKE MHTETpPUpOBa-
HUSL.
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(2vz+1)®

——dx
Ipumep 1. Haiitu nunTerpai: xvx
Pemnrenue:
1
2vx+1 Bx +12x+6x2+1 _1 1 _3
f["” ) J 3 dx = f 8+12x2+6-—+x2)dx
xw,,fx x
2
=8J.dx+12f dx—|—6J.——|-J. Zdx = 8x + 24x + 6 In|x| — —+ C.
VX
f dx
Ipumep 2. Haiitn = 1-2x,
-1 _ Xx=—-——-t
Pemenue. Ilomoxum t=1 2x Torna
dx = d(i—it) - (E—it) "dt = —=dt
2 2 2 2
ITomygyaem
1
dx — Jdt d
f—:j( z) =_1 —t=—£ETl|f|+C=—EEHI1—2JC|—|—C_
1-2x t 2t 2 2

IIpumep 3. Haiitn f cos(3x + Z)dx.

dx = gd(3x) = gd(3x+ 2)

Pemenue:

Torna:

[cos(3x +2)dx = _]'%cc-s(Ex +2)d(3x+2) = g_l" cos(3x +2)d(3x+ 2) =

isin(Ex +2)+¢C

—-2x
IIpumep 4. Haiitu f xe dx

Pemenue.

— — —2x _ _ 1 -2
v=Jdv=[e®dx=—-e |

Torna:

_rxe_:x dx =x(—%e“3‘*] — f(—fe_jxjdx = —fx x4 = (—ij 4 C= —%xe“jx —

J‘ —I
;e ¢

Tak kak u = x, 170 du = dx

u=x,dr =e *dx
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1 2
[ x%dx
IIpumep 5. Boruncauts ©0 .

x3|1 1# o? 1
3

Pemenue: 0 3 3

JenoBasi urpa no teme: "Bpruncienne uaTerpajion"

Hesn ypoka:
1. OOGyuaromas 1ens: CucTeMaTH3UpOBaATh MPAKTUYECKUE U TEOPETHUECKUE 3HAHUS, BBIPa0o-
TaTh YMEHHE HaXOANUTh HEONPEACICHHBII U ONPEAeIeHHbII HHTErpabl. Pa3BUBaTh KyJIbTYpY

YCTHOI'O BBIYHCIICHHS OIIPEACIICHHBIX HHTCI'PAJIOB

2. PaSBI/IBaIOH_[aH Ocib: Pa3BuBaTh MEBIILIEHHE U pEUb O6y‘laI-OH_II/IXC$I. Pas3BuBaTh HaBBIKU caMO-
CTOATCIIBHOTO MBIINJICHHSA, MHTCIIJICKTYAJIbHBIC HAaBbIKH (aHaJII/B, CHUHTC3, CPaBHCHHUEC, COIIOCTAaB-

JIeHUE), BHUMaHUe, TaMsTh;

3. BocrimrarenpHas menb: CoAeiicTBOBaTh BOCIIUTAHUIO MHTEpPECA K MAaTeMAaTHKE, aKTHBHOCTH,
MOOWIJIBHOCTH, UCIIOJIB3YSl IIPH 3TOM 3[I0POBbECOEpETaroIne TEXHOJIOTUN BeJCHUs YpoKa (YpOK-
urpa).

3apaum ypoka:

v Pa3BuTHe o3HaBaTENBbHOIO NHTEPECA K IIPEIMETY;

v BOCIIUTaHHE CAMOCTOSITEIbHOCTH, HACTOMYMBOCTH TP JTOCTUKEHUU KOHEYHOI'O Pe3yJib-
TaTa.

v (bopMHpoBaHKE KYJIbTYpbl Y4€OHOH €ATEIbHOCTH U HH(POPMAIIMOHHOM KyJIbTYpHI;

v o0ecneynTh NOBTOPEHNE OCHOBHBIX MOHSTUH.

dopma npoBeAeHHus: YPOK-UTpa
Tun ypoka: ypok 0000IIeHUS U 3aKpETICHUS
Oo6opynoBanmue:

1. MeHro /U1 KaXJ10r0 CTOJIMKA, TaOJIMUKa C HOMEPOM CTOJIA.

2. Kaptuaku 0111071, ¢ pa3HOYPOBHEBBIMU 3a/IaHUSI.

3. “Xne6”- OJaHKH CO CIPABOYHBIMH MaTepHaJaMH, TIOMOTAIOIIAMH MIPH HAXOXKICHUN WHTE-
IpajoB.

4. TlpeseHrarus

5. 3angaHus BBIIOJIHUMEBIE HA JOCKE

IIpeaBapuTe/ibHAs MOATOTOBKA K NMPOBEIEHUIO YPOKA:
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- pa3OUTh TPYIITY Ha TPYMIHI 110 4 YeIoBeKa (pacipeeInuTh M0 CTOIMKaM B Kade)
- MPUTOTOBUTH Pa3HOLBETHBIC OJAHKH 3a/la4 COOTBETCTBEHHO MEHIO, TaOJIMYKH C HOMEpaMu
cToJIOB (B TOM 4mciie VIP CTOXN il TOCTe Yypoka), OJaHKH CO CIPABOYHBIM MaTepHajoM,
MOMOTAIOIINX TPH HAXOXKJACHHM HHTETpaioB (Tak Has3biBaeMbli “Xie0”), KapTHHKU
npeJiaraeMbIx OJI10]] C pa3HOYPOBHEBBIMU 3aJaHUSIMHU.
ILnan ypoka
1.  OpraHuzanuOHHBI MOMEHT.
2.  Tlposepka /1.3. Uctopuueckas crpaBka. (CooOuieHue)
3. Pabora yctHo. [IpoBepka “KpeauTocrnocoOHOCTH .
4.  3akperyieHHEe HW3yueHHOro marepuana. I[Ipuém oduumMaHTamMM 3aKa3oB OT Ka)XJIOro
CTOJIUKA.

e HaxoxaeHue HeonpeaeIeHHbIX HHTErpasioB. (X0I0aHbIE 3aKYCKH).

¢ Briuucienue onpeaeneHHbix nHTerpainos. (I[lepsrie 6mona).

e BriuncieHne mionaan KpUBOJIMHEHHOM Tpanenun. (Bropeie 6iroa)
5.  Pednekcus. (Hanutkwm).

6. IlomBeneHue UTOTOB ypOKa.

Xoxa ypoka
1. Opranu3auuoOHHbINA MOMEHT
- CeroHsImHNI ypoK sl X049y HadaTh CO CJIOB:
“Umoowvl nepesapusamsy 3Hanus,
Ux Haoo noziowiams c annemumom’”
A.@panc
- MBI CETOJIHA C BaMM IIOCETUM HEoObIUHOE Kae, MaTemaTHueckoe, ¢ HazBaHueM «MHTrerpam.
[Touemy Takoe Ha3BaHUE, KaK Bbl AymaeTe?
- Jla, IMEHHO MTOTOMY, UTO Ce€iiuac U3y4aeM 3Ty TeMy.
- A Kax BBI ymMaeTe, OTKYJa BOSHUKIIO OHATHE UHTeTpasa?
OtBetbl: [loHATHE WHTErpasa W WHTETPATbHOE WCYMCICHHWE BO3HUKIM U3 TOTPEOHOCTH
BBIYUCIIATH IUIOMIAIU (KBaIpaTypy) JMOOBIX GUryp 1 00BEMBI (KyOaTypy) IPOU3BOJIBHBIX TE.

2. IlpoBepka nomamiHero 3agaHus (coodueHue)

EBnoke Kuuackmii : - 5 gokazan teopembl 00 00bEMe MUPAMHJIBI; TEOPEMBI O TOM, UTO IIJIO-
[IaJId IBYX KPYTOB OTHOCSTCS, KaK KBaapaThl UX paanycoB. [Ipu mokazareabcTBe MPUMEHUI TaK

Ha3bIBaeMBIi METOJ KMCUCPIIBIBAHUS).
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Apxumen:Yepes 1Be THICAYU JIET METOJI «MCUYEPIbIBaHU» ObUI IpeoOpa3oBaH B METOJl MHTE-
TPUPOBAHMSI, C TTIOMOIIBIO KOTOPOTO YAAIOCh OOBEAMHUTE CaMbIe PA3HBIC 3a/1a4M — BHIYHCIICHHUE
wionaau, o0bsémMa, Macchl, padOThI, JABICHHS, JICKTPHUECKOTO 3apsia, CBETOBOTO MOTOKA U

MHOTHE, MHOTHE JIpyTHE.
Uto npeacTaBisieT CO00M «MeTO HCUEPIBIBAHUS» ?

Odunuant: PaccMoTpum npumep, MpearnosiokuM, 4TO HaJO0 BBIUUCIUTH 00BEM JIMMOHA, UMeE-
IOLIET0 HEMPaBWIbHYIO (hOpMY, 1 IOITOMY MPUMEHHUTH KaKy0-THO0 U3BECTHYIO (pOpMyITy 00bE-
Ma Henb3s. C TOMOIIBIO B3BEIIMBAHUS HAUTH 00BEM TaKKe TPYIIHO, TaK KaK TUIOTHOCTh JTUMOHA

B pa3HBIX YaCTAX €ro pasHasd.

[Toctynum cnenytomum obpazom. Pa3pekem JIMMOH Ha TOHKHE N0abKU. Kaxkayro n0onbKy mpH-
OJIMKEHHO MOYKHO CYUTATh MUJIMHAPHUKOM, paJnyC OCHOBAHHA, KOTOPOIr0 MOXHO H3MCPUTL.
O0BbEM Takoro MUIMHAPA BEIYUCIUTH JETKO M0 ToToBOK popmyre. CI0kKUB 00bEMBI MaIEHBKHX
HWIMHPOB, MBI IOJIy4YUM HpUOIIKEHHOE 3HaueHne 00bEéMa Bcero nuMoHa. [Ipubnmxenue Oy-

JC€T TEM TOYHCC, YCEM Ha 0oJice TOHKHE YaCTH MbI CMOKEM pa3pe3aTrhb JIMMOH.

Apxumen: S nponoskui pa3BUBaTh MJIEW CBOUX IMPEALIECTBEHHUKOB, OINPEAETHI JJIUHY
OKpY’>KHOCTH, IUIOIIAAb Kpyra, 00bEM U IOBEPXHOCTb 1Iapa, [OKa3al, YTO OINpeleeHue 00beé-
MOB IIapa, JUIMIICOM[a, TUrepOosona U napabosoua BpalleHUs] CBOJUTCS K ONPEAEICHUI0

00BbEMa IIMIIMHAPA, T.€ ONPEAETUI HHTErPaJIbI.
EBgoke Kuuackmii : Yto ke Takoe uHTerpan’?

Horannom Bepnyaiu: CoBo «MHTerpamn» MpOU30LIUI0 OT JATUHCKOro integer — IeJbld, TO

€CTh 1ICJ1as, BCA — IIOIIAaAb.

Jleiionun: CoBpeMeHHOE 00O3HAYEHHE HEOIPENIeIEHHOI0 MHTerpaja ObUIO BBEAECHO MHOH B

1675 rogy. S aganTupoBall MHTETPAIbHBIN CUMBOJ , 00pa30BaHHbIM U3 OyKBBHI S — B CHM-

BOHf: f (x)dx.

- Hy, a reneps nepeiném k tpamnese.

Ceronnsi, BBl JOJDKHBI OTBEJAaTh B HalieM Kade KOMIUIEKCHBIN 00es, MpeICTaBICHHBIN W3
XOJIOJTHBIX 3aKyCOK —HAX0KJICHHE HEOMPEICIICHHBIX UHTETPAJIOB, MIEPBbIC OJIF0/1a - BHIUMCICHHE
OTpe/IeIeHHBIX HMHTETpalioB. BTopple Onoa - BBUKCICHHE IUIOMIATNA KPUBOJWHEHHOU
Tpanenuu.3a Kaxiasle Oiroja Bl Mmojydaere 0asuibl, oPUIIMaHThl (PUKCUPYIOT BCe HaOpaHHBIE

OaJIIbl U B KOHIIC BaM MMPEAOCTABAT CUCT.
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[TepBbIM memoM AaBaiiTe TPOBEPUM, a KPEIUTOCTIOCOOHBI JTU BbI? XBaTHUT JIM Y BaC 3HAHHUH IO
teme ” IHTerpasr’, 4To0bl BKYCUTH BCIO IpeiecThb 3Tux 0mon? Hy 4To ke, mpucTynum.

3. Pa6ora yctHo. [IpoBepka “kpeantocnocodnoctu”. (CM. npuiioxkeHue)

3ananue 1.IIpogomxure npennoxenne: (Bompockl BHICBEUNBAIOTCS Ha JOCKE)

1. Ecmu mas moboro X u3 MHOKecTBa X BhINOJHSETCS paBeHcTBO F'(X) = f(X), To dyHKInIo
F(x) mnst pynkun f(x),Ha3bIBaroT .... NepBO0OpPa3HOii;

2. Jlrob6as nepBooOpaszHas ais ¢pyHkuuu f Ha mpoMexxyTKH | MOXkeT OBITh 3amucaHa BHIE. ......
Fx)+C

3. CoBOKymHOCTH BceX nepBooOpa3Hbix pyHkuud  F(x) + Cuns nannoit gpynkiuu f(X) Ha3bI-
BaeTCs ... Heonpe/eJdeHHbIH nHTerpaa gynknuu f(x)

4. C nomomipio Gpopmyiiel HetoTona — JleliOHMIIa HAXOIAT. . .ONpeAeIeHHbII HHTerpaJ;

5. Ilycts Ha otpeske [a;b] ocuOx 3amana HenpepsiBHas Gynkius f(X), He uMmeroas Ha HEM
3Haka. PuUrypy, orpaHMYeHHYI0 rpadUKOM 3TOH QyHKIMHU, oTpe3koM [a;b] u mpsMeiME X = a
uX=Db,Ha3bIBAIOT. . ... KPHBOJIMHEHHOH Tpaneuuei

3aganue 2: Vcnpasute ommOKy. (CM. IpuiioxeHue)

1). McnipaButh OMIMOKY B 3aIUCH f 2dx=2 +C;, (2x +C)

| —5dx=5x (-5x + C)
| 3x% dx = 3x? &3+ ()

xZdx= 4 (=1 ic=-Yic
f —1 4 -1 v

13_13_*i____13__i__
f, 4 dx =4[ Pdx=4+> | =4-0=1=4/ x*dx=4 —=4-0=1 (1)
Ji cosxdx =sinm — sin0 = 0

4.3akpensieHne U3y4eHHOr0 MaTepuaJia

AIMUHUCTPATOPHI-OQUITUAHTHl TTPUHUMAIOT 3aKa3bl.

- [lepen BamMu Ha CTOJIAX JIGKUT MEHIO CETOAHSIIHETO JHSA. CaMOCTOSATEIBHO BEIOHpaiiTe 011010,
oOpaTuTe BHIMaHUE, U4TO MpeiiaraeMblie 0J1r01a pa3HbIe 10 CBITHOCTH U CTOUMOCTH. CTOMMOCTB
KakZoro oyrona obo3HaveHa B Oajuiax.

1. O(I)I/IL[I/IE[HTLI PA3HOCAT XOJOJAHBIC 3aKYCKHU.

ITpuctynaiite. Xenaro Bam npusATHOro anmneruTal
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3ananue 1. HaiiTu HeompeaeleHHbIEe HHTErPAJIbI:

CaJjat «BecHa» - 3 6ajuia

1) f(3x*+ B)dx; 2) f(2x—T)dx; 3)[(8x® — sinx + 8)dx;
#)[(6x>— cosx + 11)dx;
Omsers: 1) X* +5x+ C; 2) X2+ 7Tx+C; 3)2x* + cosx+ 8x + C;

NH2x® —sinx+ 11x + C;

CaJuar «MHTEerpajaLHas pancoaus» - 4 0ajaia

Ix(l— 2% dx

1)3)J (9x? + sinx — 15)dx;2)
Orserst: 1)3x° — cosx — 15x+ C; 2) Pewenne

[x(1-2x)dx = [ (1 - 6x+122 —82)dx= [ (x - 62° +122° —Bx*)dx =

x2 x3 x4 xj xg ij
=2 6l 412t gt o=t o 3 -2 20 O = const
y 3 4 5 2 5

3)

Cajart «Heonpeaeaennas meuray - 5 0ayuioB
A 0
v rcdr
1)
20941 2 ‘ 3
a : e Ia dro e
f vildr = /:rﬁ:‘cn’:r =+t 0= +C=—7——+C
Pemenne i’ 3

/ rsine + Va2 + 1
i

dx

Peurenmne.

Pa3pgenuMm mowieHHO Ha I

TrEinT <—2 1 2 1
/ rsine + v + dr = / (Hlll:]‘.“ + a1 4 —) dr =
I I
) 1 1
= f (Hlll:]‘.’ + 7 4 —) da
xI

CornacHo CBOMCTBaM HEOIpEAENEHHOT0 UHTErpaja, HHTerpajl OT CYMMbI paBeH CyMMeE UHTe-

TpajioB OT KaXXJ10ro U3 cjiaracMnbIX:
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/ rsinr + 2
xI

1 i :
t fdy = / sinrdr + / r~adyr + / —
xr

dr

HOJ'Iy‘{I/IJ'II/I CYMMY TaOJIMYHBIX HHTCI'PpajioB, KOTOPLIC B CBOIO OYCPC/Ib PABHBI

rsine + v + 1

/ €T

dr =

L=

q ?l 1";,-'_2
=—{{::-|I+ 5 +Iner+C =—cosx + 5
E )
rsinr + v +1 2
/ - v tdr = — cos v + ' Ve + Ine + C
OrTBer. T 2

OOyuaromuecs: BBITIOJHSIOT 3a/1aHUSL.

] 1 da
/ sinrdr + / ridr + / —
T

+Ine+C

- Bol Tak YBJICHUCHEI ITpEAJIaracMbIMU 6J'IIO,I[3.MI/I Haluiein HHTeraHLHOﬁ KYXHHU, UTO OAXKE 3a0bLIH

o “xne6e”! Ceituac Bam ’xJ1e0” OyJIeT OYeHb KCTATH.

- IIpoBoguTcst cmeHa Omroa. UM ceifyac Ha BammMX CTOJAX IMOSBSITCS
nepBbIe OIroa.

2. OdunuaHThl pa3HOCAT NEPBBIE OO/,

3ananue 2. HaiiTu onpenesieHHbIEe HHTErPaJIbl:

Bopix ¢ maTerpaJom - 3 6ajuia

Df (2x - T)dx; 2) [, (352 + 1)dx; 3)f (5x* — 8)dx;

IMPCKPACHLIC MHTCI'PAJIbHBIC

Orseroi: 1) (X% —7x) | § = —6; 2)(x*+x) |} = 2; 3)(x° - 8x)| }= —7;
Cyn 3 Kypuubl (MHTErpajJbHoOe HCKYCCTBO) — 4 Oanna
j dx
2x +1)°
1)f12 (3x? + 5)dx; 2)f12 x?2+7dx. 3! (@x+1)
OTBeThI: 1)(X3 + 5x) | E= 12; 2 (X_l +7x) | E= 6%
j dx 1 *_ 1 ( 13y 1.1 2 1.
3)1(2.7c+1)2 22x +1)|, 25 23 10 6 30 15°

Oxpouika - 5 6annoB

n

I (1+cos2x)dx
1) o

J[ 1n»—+cos—) dx
: 4
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1)Pemenne

X
12

!

ST n

(1+cos22x)dx = (x + %sin 2x)

2) Perenue

IO
[+

K In

3 W 3- 3
J sin = + cos = d.r=j 1+ 2sin > cos = dx=J 1+sin> Wx =
4 1 ) 44 ) 2

4

=(x—2cosg]l§=[23—n~2cos%~} (0-2cos0) = ?_1 2__23_TE 1;

(OdummanTel MPOBEPSIOT PAOOTHI, BEICTABIISIOT OAJIIBI B OLICHOYHBIH JIUCT)
3.0¢dunmanTe pa3HOCIT BTOPHIC OIrO/A.
bimaunku ¢ msicom «PaBHOBecHE»:

3ananue 3. Bpryucauth miomaab GUrypbl, OrpaHM4YeHHOM JINHUSIMH:

BJINHYMKH ¢ «<HHTErpajoM»- 3 dasuia

ly= x?, y=0,x=0,x=1. ®urypy HeOOXOMMO aKKypaTHO H300pa3UTh.

1
OT1BeTHI: 3 KB.e/.,

ILaoB «Muterpaabuas danrazus» - 4 0auia

1 Yy=x*-2x+4;y=3;x=

2-:—2-;
OTtBeT: 3 KB. €]
B)x’—2x+4=3, x°—2x+1=0. (x—1)’=0, x=1: R
A ]--j:z—ln't:
S5 = SicpE—Spepp= [(x" —2x+4)dx—-2-3 =
-1 ¥=3 B

[ 9 c B,
=-”‘—-1.‘—4x||-ﬁ 82 _g=22. |-1'1 N

S 3 3 x=— | x=i

«MHTerpaJbHblii Ouduirekce»- 5 oama

y=x*—4x;y=4-x°,
8

Otser: 3 KB. el

-1 . durypy HE0OX0IUMO aKKypaTHO U300pa3uUTh.
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a}§3—4x+4f4—x]:
2 —4x=0;x"-2x=0:x=2;x=0;

-

S 4cBD = S.408D — S0 = (4 - x* ) —
0

2 2 ‘ 253 |2
— [(r* —4x+ )dx =[ (4x - 2x )dx =| 2o -
0 il ',

3 Jo

(OdunranTel MPOBEPSIOT pabOTHI, BEICTABIISIOT OAJUTBI B OIICHOYHBIH JIUCT)

4) Hanutkn: kokreilsb « MHTErpam» (cM. NpujIokKeHue)
(Odunmantel  TPOBEPSIIOT PadOTHI, BBHICTABISIIOT OaUibl B OICHOYHBIN JIUCT, CYMMHPYIOT

HaOpaHHBIC OAJIIBI, BEIBOJIAT CPEIHUIN OaiwT)

5) IMoxBeneHue UTOTOB.

B cooTBeTcTBHYM ¢ KOMMYECTBOM HAOpAaHHBIX OAJIIOB KaXKIbI MMOCETUTENb Kade MmoryduT “0oHy-

o5

CbI” B JKypHAIL

7 Jughghepenyuanvusie ypasnenusn

7.1 Bonpochl K 3aHATUIO

1. Iuddepennnanbabie ypaBHEHUS C pa3/IeICHHBIMU IIEpEMEHHBIMHU.

2. luddepenimanpabie ypaBHEHUS € PA3ASISIIONIUMUCS TIEPEMEHHBIMU.
3. JIuneiinbie nuddepeHIanbHble ypaBHEHHS IEPBOTO MOPSAKA.

4. YpasHenus bepuynnu

5. 1Y BTOpOroO nmopsiaKa, I10MyCKarolue MOHMKEHUE TOPSAKa.

6. JIOJLY BTOpOTO MOpSIKA.

7.2 Ilpu moATrOTOBKE K BOMPOCAM aKIIEHTHPOBATh BHUMaHWE HEOOXOIMMO Ha OCHOBHBIC
HOHATHUS U METOJIbl TEOPUH TU(PepeHIINaTbHBIX YPAaBHEHUH.

IIpumepl. Haiitu obmee pemenue quddepeHnaIbHOro ypaBHeHUs x2dx + ydy =0
szdx+jydy =0

3 2 3 3
%4_%:(: - 00LIMii MHTErpaT = y2 = 2C—2%:> y:i1/2C —2% - o0mIee pereHue

IIpumep2. Haiitu oOwee pemenue quddepeHnnansHoro ypasaenus xy' +y =0,

O6mee pemenne qudPepeHIHATBHOTO YPaBHEHUS UILETCS ¢ TIOMOIIIBI0 MHTETPUPOBAHMS JIEBOU
U TIPaBOM YacTell ypaBHEHHS, KOTOPOE MPEABAPUTENHHO TPE0OPa30BaHO CIAEAYIOUTUM 00pa3oM:
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dy

dx

xdy+ ydx=0

dy , dx_
X

X—+y=0

0
X
X

Iny+Inx=C
Inxy=C

y
Tenepbs UHTETpUPYEM: .[ d—;/ + J d— =C

C
Xy=e
xy=C

C
y = — - 93T0 o0IIee pereHne UCXoaHoro nudGepeHMalIbHOTO YpaBHEHUS.
X

JlomycTtuMm, 3aJlaHbl HEKOTOPBIE HAauYaJIbHbIE YCIOBUS: Xo = 1; Yo = 2, TOr/1a UMeeM

2=%; C=2;

[Ipy nojcTaHOBKE IMOJIyYEHHOTO 3HAYEHUS MOCTOSHHOM B 00llee pelieHue IMoJIydaeM
YaCTHOE peIIeHHUE MPH 3alaHHbIX HadalbHbIX YCIOBUAX (perienue 3aaaun Komm).

2
y=-
X

COS X

Ipumep3. Pemmrs ypasuenue Y'+ Y -SinX = 4xe
y=-uv, Y =uv+uv
u'v+uv’ +uvsinx = 4xe**

u'v+u(v' +vsinx) = 4xe**
v +vsinx=0(1)
{u'v =4xe™" (2)
@) v +vsinx=0

ﬂ+vsinx=0
dx

ﬂJrsindx:O
Vv

jﬂﬂ‘sinxdx:o
Vv
In|v|—cosx=0
In|v|=cosx
V:eCOSX
(2) uIeCOSX — 4xeCOSX
u’ = 4x
u=2x*+C
y=e*.(2x* +C)

Hpumep4. Pemuts ypasuenus 1) y'+7y' -8y =0.(y=C,e* +C,e*.)
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2) y'-8y'+16y =0.(y =(C, +C,x)e™".)
3) y'-2y'+10y =0.(y =e*(C, cos3x+C,sin3x).)

1)

y'+7y' -8y =0
k?+7k-8=0

k, =1

k, =-8

y, =C.e* +c,e”™
2)
y"—8y'+16y =0
k* -8k +16=0
k, =k, =4

Yo = e (Cl + sz)
3)

y"—2y'+10y =0
k?-2k+10=0

T =4-4.10=-36
2 ++/-36

k,=""""_-1+3i=a=1b=3
* 2

. :
Y, =€ (c, cos3x + ¢, sin3x)

Ipumep5. Pemuts ypaBaenue y" —2y"'+ y =3e”.

CocraBUM XapaKTepUCTUYECKOE YPaBHEHHE Ul COOTBETCTBYIOIIETO JMHEHHOTO OIHOPOIHOTO
TuQpepeHIMaIbHOr0 YpaBHEHUS:

k?-2k+1=0; k, =k, =1

OGiiee perieHne 0JHOPOHOTO ypaBHenus: Y, = C.e* +C,xe".
Teneps HalijieM YacTHOE pelIeHHe HEOHOPOJHOTO YPAaBHEHHS B BUJIE:
y, =x'e”Q(x)
a=1; r=2; Ox)=C;
y, = Cx%e*.
Bocnonb3yeMcst METOZI0M HEOTPEAETIEHHBIX KO (PHUIIUEHTOB.
y, =2Cxe* +Cx%e*;  y’ =2Ce* +2Cxe* +2Cxe* +Cx’e".
[TojicTaBIIsAs B HCXOIHOE YPABHEHHE, [TOTyYaEM:
2Ce* +4Cxe* +Cx’e” —4Cxe* —2Cx’e" + Cx’e” =3e”.
2C =3; C= E
2

3 24X
YacTHOE peleHne uMeeT BUL: Y, = 2 Xe’.
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. 3
OGuiee pereHne TMHEHHOro HeoAHOpoAHOTO ypaBHerus: Y, = C.e* +C,xe” + > x%e”.

IIpumep6. Pemuth ypasuenue Y + Y =—Sin2X.

CoCTaBUM U PElUM XapaKTepUCTHIECKOe ypaBHeHue: k° +1=0; k,=%1

OO1wee pemeHue 0JHOPOAHOro ypaBHenus: y, = C, cosx+C, sinx;

Jinst dynxnun f(X) pemrenne mmem B Buge: y, = X' e (Q, (x)cos X + S, (X)sin £X) .
Anammsupyst pyukiio f(X), nomyqaem: M,(X)=0; Py (x)=-1 a=0; =2, r=0;, =0

Takum o6pasom, y, =Ccos2x+ Dsin2x;
y, =—-2Csin2x+ 2D cos2x;

y, =-4Ccos2x—-4Dsin2x;
—4Ccos2x—4Dsin2x+Ccos2x + Dsin2x = —sin2x;

—3Ccos2x —3Dsin2x =—sin2x

Uroro: y, = %Sin 2X;

O6miee perieHue HEOAHOPOIHOTO AU (HEPEHIINATIEHOTO YPaBHEHUS:

y, = %sin 2x+C,cosx+C,sinx;

8 Teopus eéeposmnocmu u mamemamuuecKas CmamucmuKa

8.1 Bormpocs! k 3aHATHIO

1. Coueranusl.

Pa3zmenienus.

IIepecranoBKM.

Ciy4aitHbI€ MTPOIIECCHI.

OTHOCHTEIbHAS YaCTOTA COOBITHSL.

[Toacuer BepOSTHOCTH COOBITHS.

HuckperHas ciydaiinas senuuuHa (J{CB). 3akon pacnpenenenus JICB.
Uucnoseie xapakrepuctuku J[CB: maremarnueckoe OXUAaHUE, ITUCIIEPCHS,
CpelHEeE KBAJpaTUIECKOE OTKIOHEHHUE.

©ONDCAWN

8.2 Ilpu moAroTOBKE K BOMPOCAM aKIICHTHPOBATh BHUMaHUE HEOOXOJUMO HA MPABUIIb-
HOCTBH BBIOOpa (DOpPMYIIBI JJIS pelieHUs JaHHOM 3a/layd, BaXXHOCTH TMOPSAJIKA B COCTaBICHHBIX
MMOAMHOXKECTBAaX, HAJIMYUE U OTCYTCTBUE MOBTOPEHUN 3JIEMEHTOB B KaXKJIOM U3 COCTABIIIEMBIX
MMOJMHOKECTB; Ha OMPEACICHUN JUCKPETHON CIIy4YalHOW BEJIMYMHBI, U HA TO, YTO CyMMa BEPO-
ATHOCTEH B TaONUIIE paclpeieNIeHHs CTyuyaifHOW BETUYUHBI paBHa 1.

Ipumep 1. 3ammcarek Bce pa3MmenieHuss 0e3 MOBTOPSHUH 00BEMOM 2, KOTOPHIE MOYKHO

COCTaBUTh U3 1eMeHTOB MHOXecTBa { 1, 2, 3 }.
2

Yucro Takux pasMerieHuit onpeaensiem mo gopmyne (4.1) AT =3-2=6.
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Dto 6yayt cnenyromue pasmemmenuss  (1,2), (1,3), (2,1), (2,3), (3,1), (3,2).
Ipumep 2. 3anicaTh Bce MEPECTaHOBKH U3 dlIeMeHTOB MHOKecTBa { 1,2,3 }.

Uwucro mepecTaHoBOK ompeaensieM kak  P#=3!=2-3 = 6. Dro OyayT cienyromue
MepeCTaHOBKU
(1,23),(132),(213),(2,31),(3,1,2), (3,2,1).
IIpumep 3. CKOJIBKUMHU CITIOCOOAMU MOXKHO COCTABHUTH CIIMCOK M3 25 CTY/JICHTOB.
UYucno Bcex cioco00B, OUEBUAHO, ONPEAETSAETCS YUCIOM BCEX NIEPECTAHOBOK U3 25

pa3HBIX AIEMEHTOB U BbhIUMCsgercs kak P2+ = 25!
IIpumep 4. CkoJIBKUMHU CITOCOOAMH MOXHO BBIOpaTh 5 HOMEpoB u3 367
Uwucno Takux croco00B OyJeT paBHO YUCITY HEYIOPSIOUYEHHBIX BEIOOPOK
0e3 NOBTOpeHU 00BEMOM 5, KOTOPbIE MOKHO COCTaBUTh U3 36 3JIEMEHTOB, T.€. 3T0O OyayT

coyeTaHus Mo 5 3nemMeHToB. Yucio ux OyneT paBHO
36353435

P e M
c¥= 1.2.3-4 = 376992.

IIpumep S Jlorepest cocrout u3 1000 6uneros, cpeau HuX 200 BeiurpeiHbiX. Hayran BoiHuma-
etcs oguH Ouser u3 1000. Yemy paBHa BEpOATHOCTH TOTO, YTO STOT OHMIIET BBIUTPHIIIHBIN?
Pewenue: paznuunbix ucxonos B 3ToM npumepe 1000 (n=1000). B unrepecyroiee Hac coObl-
tre A BxoaaT 200 ucxonoB (m=200). Takum oOpazom,

pA) = o= 02

1000

IIpumep 6. B xopodke nexar 200 6enbix, 100 kpacubix u 50 3enensix mapo. Haynauy BbIHE-
MaeTcsl OMH 1ap. YeMy paBHbI BEPOATHOCTH HOJYUYUTH IIap OEJI0ro, KPacHOro WM 3€JIEHOI0
nsera’?
Pewenue: Paccmorpum coObiTusi: A={BbIHyaM Oenblii map}, B={BblHyiu KpacHbii ap},
C={BbIHynH 3enenbIil map}. n=350, Torga

Py - -2,
350 7
o 2
PE) - -2,
®) 35007
pey=2-1
35007

IIpumep 7 K xaxkum knaccam coObITHH (BO3MOKHOE, HEBO3MOXKHOE, IOCTOBEPHOE) OTHO-
CATCS: @) PaCCTOSIHUE MEXKIY ABYMS MPOU3BOJIBHBIMU FOPOAAMHU MeHbIIE, YeM 50 ThICSY KUIIO-
MeTpoB; 0) Hayraj BHIOpaHHOE CIIOBO PYCCKOTO SI3bIKa 3aKaHUMBaeTCsl OyKBaMH «H30»; B) Bacs
BBIMIPAET B JoTepee?

Pewenne.
[TepBoe 13 cOOBITHI TOCTOBEPHOE, @ BTOPOE — HEBO3MOXKHOE. TpeThe COOBITHE MOKET MTPOU30ii-
TH, 2 MOXET HE MPOU30HTH — OHO SBJISIETCS] BO3MOXKHBIM, HO HE JOCTOBEPHBIM.

IIpumep 8. YkaxuTe coObITHS, MPOTUBOIOJIOXKHBIE JaHHBIM: @) Ha KyOuKe BbInaso 1; 0)

Cgerta nosryumsia Ha 9K3aMeHe «5»; B) MOCe HOUM HACTYIAeT yTpo?

Pewenne

a) Ha xy6Ouke He Bbinano 1; 6) CBeTa He moyryunsia Ha sK3aMeHe «5» (B ToM cityuae, eciau Ceera
c/1aBajia HK3aMeH, TO MOXKHO YTBEepKJ1aTh, YTo CBETa MOMyUyHIia KaKyro-TO IPYTYIO OLEHKY); B)
MOCJIE HOYM HE HACTYIAET yTPO. 3aMETUM, YTO COOBITHE, MPOTHBOTIOJIOKHOE COOBITHIO B) SIBJIS-
€TCsl HEBO3MOXKHBIM (BO BCAKOM Cllyyae, B Hallleil 0ObIIeHHON KU3HN).

IMpumep 9. CoBMecTHBI 1 COOBITHS: a) Ha TEPBOM KyOuKe BhImaio 1, a Ha BTopom — 2; 6) FOpa
nomén B IIKOJTY, a 3aBTpa OyIeT 10K/b; B) FIBaHOB B HacTosIee BpeMsl ABIISETCS IPE3UIEHTOM
cTpassl, ¥ [1eTpoB sBASETCS NPE3UIAEHTOM TOW K€ CTPAHBI.
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Pemenue.
[Tapa coOpITHII 3 IpUMEpa a) COBMECTHA, TaK KaK MOKET IPOU30UTH OHOBpeMeHHO. TouHO Tak
K€ COBMecCTHa U mapa coOwitrii 0). [lapa coObITHIT B) HECOBMECTHA, TaK KaK HE MOYKET IIPOU30#i-
TH OJTHOBPEMEHHO.
Hpumep 10. [TakeTs akuuii komnanuii A, B u C MoryT aaTh J0XO0/ BJIaJEbIly C BEPOATHOCTHIO
0,7, 0,8, 0,6 coorBeTcTBeHHO. HaliT BEpOSITHOCTH TOT'0, YTO BJIAJIEJCI] MAKETOB aKIMil pa3iny-
HBIX (UPM MOIYYHT JOXO/[ @) TOJIBKO MO OAHOMY IMaKeTy akiuii; 0) XOTs ObI IO OJTHOMY MAKETy
AKIUH.
a) [Iyctb coObiTHE A COCTOUT B TOM, YTOOBI OMYYUTH 0XOJ TOJIBKO MO OAHOMY
nakery akiuil. PaccMoTpum Takue coObITHS:
Al - moay4uTh NPUOBLIb OT AKIIUN IPEANPUITHS A,
A2 - mony4uTh NpUOBUIE OT Ak IpeanpusTas B,
A3 - moay4uTh NpuOBLIL OT akiui npeanpustus C.
COOTBETCTBYIOIINE BEPOSTHOCTH COOBITUI PABHBIL:

plag)=07. plas)=03. pla;)=0,6.

pla)=pla) plas) p(E: )+ p(E) plas) p(Bs)+ p(&: ) p(Es) plas) =
=0,7-0,2.04+0,3-0,8-0,4+0,3-0,2-0,6 =0,188.
0) Paccmotpum coObiTHE B, cocTosiiiee B TOM, 4TO BiIaJeliel] He MOIy4YuT npuosun. Toraa,
npuHUMAasi 0003HAYCHUS MIPEIBIAYIIETO TyHKTA, MOTYYHUM:

p(B)=p(E) p(&E;) p(&:)=0,30,2.04= 0024

CoGbiTie B, mpoTHBOIONOKHOE COOBITHIO B, COCTOUT B TOM, 4TOOBI TIOTYUYHTh IPUOBLIH XOTS
ObI 110 OJTHOMY TaKkeTy akiuid. CieaoBaTenbHo,

p(B)=1-p(B)=0,976 .
IIpumep 11. Ha 3aBose, U3roToBistonieM OONTHI, epBasi MallMHA MPou3BoauT 25%, BTOpas -
35%, tpetba - 40% Bcex u3genuil. B ux mpoaykuuu Opak COCTaBIsieT COOTBETCTBEHHO 5, 4 u
2%. a) KakoBa BepOATHOCTB TOTO, YTO CIIy4aifHO BBIOpAaHHBIN 00T 1e(heKTHBIN?
6) Ciy4aiiHo BEIOpaHHBIN U3 MPOAYKLMHU OONT OKazajcs nedekTHbIM. KakoBa BEpOsTHOCTH TOTO,
YTO OH OBLI MPOU3BE/IEH NEPBOIl, BTOPOH, TpETheil MalTMHON?
Pemtenue. [Tyctb cobbitue A = {BbIOparh neeKTHBIN GONT}.
BriBuraem Tpu TumnoTessr:

H, ={00JT U3rOTOBJICH MEPBOI MAIITHOM }, P(H, )20,25, P(ﬂr’Hﬂ:O,OS;
H2={60J'IT u3rotosiex sropoii mammnoit}, £(Hz2)=0,35, P(A/H2)=0,04;
H3={60J1T U3TOTOBJICH TPEThEW MAIIMHOM }, P[HE:):OA, P(A/Hs)=0,02.
a) P(AY=10,25.0,064+0,35.0,04 +0,4 0,02 =0,0345:

5 P(H./A) = [11215 : EIEEIE _ %g:

0,35.0,04 28

P(Hz/A4) = 0,0345 60
0,4.0,02 16
PUH/) = 5355 = 50

IIpumep 12. luckpeTHas ciayyaiiHas BenndynHa X 3aJjaHa TaOlIuIeH pacipeaeneHus:
X 2 3 5 6
P 0,5 0,2 0,2 0,1
Haittu M(X), D(X), o(X).
Pemenwue. Haiinem marematudeckoe oxxunanue: M(X)=2[10,5+3(10,2+5(10,2+6[10,1=3,2.

— 2 2
Jlucriepcuio BBIYUCIUM 110 hopMyJie D(X)=M(X7) =M (X)
M(X*)=2"-05+3"-02+5.02+6"-01=124.
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D(X) =12,4-(3,2)" =2,16.
(X)) = /216 = 1,47

Hpumep 13. [lycTh cnydaiiHas BeIMYMHA UMEET CICAYIONIUI 3aKOH pacrpeaeaeHust

-1 10 2
1/4 | 1/4 | 1/2
Brerancnute MaTemaTuueckoe oxkuganue ME, mucnepcuto DE m cpemHekBaapaTuieckoe
OTKJIOHEHHE .
Pemenue. [1o onpenenenuo mareMaTuueckoe okuaHue & paBHO

O

Hanee, a MIOTOMY

CpenHekBaapaTuuecKoe OTKIOHEHUE Gﬁ/@:‘vﬁ—g

Ipumep 14. J{ns napsl caydallHbIX BEJIMYUH U3 337a4M 3 BBIYMCIIUTH M (7).
Pewenue. Tlonp3yemcst popmyIioii, yka3aHHOH BbIIIE. A HIMEHHO, B KXKIOW KIIETKE Ta0IH-

16l BBITIOJHSIEM YKa3aHHYIO OINepanuio (T.e. yMHOXKeHUE 3HadYeHu Xi v Yi ) ¥ pe3ynbTaT yMHO-
’KaeM Ha BEPOATHOCTh B KJIETKE, U BCE 3TO CYMMHpPYEM 0 BCeM KjeTkaMm Tabnuisl. B utore mo-
JTy4yaem:

IIpumep 15. HaiitTu unTerpaibHyo QyHKIHIO pacipeesieHus: clydyailHOM BEeIHYMHbI X, 3a/1aH-
HOM PSJIOM pacipeaeieHus:

X 1 2 3

P 0,3 0,2 0,5

U TIOCTPOUTH €€ Ipaduk.

Pemenwne. [Tycte x < 1, Torga F(X) = 0, Tak kak coObiTHe X < x OyaeT HEBO3MOXKHBIM. Ec-
a1 <x< 2, To Ha ocHOBaHHM paBeHcTBa MMeeM F(X) =p1= 0,3. Ecmu 2 <x < 3, to F(X) =
p1+p2=0,5.

Ecmu x> 3,10 F(X) = p1 + p2+ps=1.

OKoOHYAaTeIBHO MOJTy4YaeM

b
0, ecrer x 21, FExy

0,3, ecrml < x € 2, 1r re—

RO = .

0.5, ectmtd < x 2 3, !

|, ecmx =3, :

Fpaduc ymawm F(x) w306 | o

alPUuK HKIIUN X) HU300pa’XC€H Ha 1 1

p YHEIL p 03t —] :

puc. ! ! .
1] 1 2 3 X
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